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Page 1.

THEORY OF TWO~-DINENSIONAL ANTENNA ARRAYS WITH RANDONM ARRANGEMENT OF
ENITTERS (Part I)..

L. G. Sodin.

Are investigated the strongly rarefied two~dimensional
antenna-arrays with the random arrangemeat/position of emitters. Is
shown the possibility of obtaining the lov sidelobe lsvels and the
high resolutions vith a comparatively ssill number 2f call/elements.

Is carried out th» comparison of these antennas with %¥ills’s cross.

Introduction.

In recent years rapidly iacrease the siza/dimensions >f tae antennas,
utilized in radiotelescopes. In a number of those operatiag, there
are antennas with the size/dimensions of more than kilometer, and are
design/projected antennas with size/dimsensions into tians >f
kilometers. Logically, in this case, there cannot be the speeches

about systeas with continuous aperture. Actually can be used only the

e e g e e e
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antenna arrays whd>se cell/elements are placed either along plane
curve (circumferaice, cross, etc.), or it is irregulac over certain
area. Pirst type antennas include widely known circular (7]},
cross-shaped (1, 2) and T-shaped [ 3, 4, 5, 6] systeas, imdong the
antennas, close to the second type, it is possible to call/name the

connected systeam I[SCAN [10] and project VLA [8, 9].

Antenna arrays with the cell/elements, arranges/lacated on plane
curve, possess ths essential deficiencys/lack: along tie directionms,
tangential to curve, into one point it is design/projectel a large
quantity of emitters. Due to this the radiation patte:n (DN) has in
some sections the large ainor lobes to lower which by usual method -
the alequate/approaching lav of the excitation of emitters - is
impossible. It is necessary to resort to extremely coaplex
procedures, for example, to "time/temporary” synthesis of DK [ 11] or
to the su;ct-synthosis [is regulated the excited level >f each pair
of emitters, and theam in a M-eizsent anteana 0.5 8 (#-1),). In
cross-shaped and T-shaped radiotelescopes is necessary to multiply
arms of DN wvhich is also inconvenient (is lost averags value of DN,
and the main DN of radiotelescope from power is deterainei DN from
the field of its -omponent antennas, vhich shagply increases the

side~-1lobe level).

In connection wvith this more promising are "area' antennas vith
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the irregular arringement/position of emitters. T> thas stady of such

antennas is dedicated a series of workst® [ 12, 13, 14, 15, 16, 19]).

POOTNOTE t. Sufficiently detailed bibliography can be found in (23}

ENDFOQTNOTE.

the most complete investigation is carried out in work [ 12]. However,
sose results of tiis work need refinement, a series of interesting

questions there is not examined.

Page 4.

In connection with this in the present work, will be nade the attempt

to investigate nonequidistant two-dimensional grating ia sore detail.

During the irregular arrangement/position of eaitters in the

plane of aperture, it is possible to distinguish twd cases:

1)emitters are placed stochastic with the aid of random

sampling;

2) emitters are placed vith the aid of certain fanctional or
theoretica l-numserical algorithm analogously, for example, how are

selected nodes in irregular quadrature focsulas [ 17, 18].
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Unfortunately, checking known theoretical-numerical algorithas did
not yield positiva results: in some sections the aperture of antenna
decomposes on several rarely arranged groups, which lsais to the
appearance of intense diffraction lug/lobes ia DN. In connection with
this are further 2xamined only the antemaas with the candonm
arrangement/position of cell/elements, in this case, tha
arrangement/position can be controlled by the assignel hit
probabilities cell/element into one or the other point antenna. Por
example, it is possible not to allow/assume the incidance/impingenment

of a large number of emitters into one series, one diagonal, etc.

In vork the parameters of antemnas ¢ill be detersineil by average
(on the final ensesble of unifora antennas) values, but it will be
shown, that for sufficiently large antennas statisticil average
values are close to average in separate realization. rh2 utilized
procedure is analogous in essence used in [19) and is its developament
for tvo-dimensional antenna arrays vith the randoa

arrangesent/position of emitters.

CALCULATION AND THE INVESTIGATION OF RADIATION PATTERY

Is examined rectangular grating witi N N, by the n>des, numbered

as follows:
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Ny —1 o
k=—21"1 &?1 0 N,;1 .
’-—-N-!:.L. N._!_T_3 0 N.-—l
2 2

In node (k, 1) can be located the emitter. In all in the lattice
points is placed 1 of emitters, the current of each is a2qual to 1/M.
To the presence of emitter in node (k, 1) compare eveat gu=I, to
absenee - 7u«=0. rPhe incidence/impingement of emittar iats> any node-
ve comsider egquiprobable to: P(vu=l)=ﬁiy-
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FOOTNOTE t. Purthsr instead of N,N, let us write in cartain cases N2,

Page 5.

The combined hit probability of emitters into modes (k, 1) and (r, s)

M M—1
let us take as equal to Mo

2 By these we liait the ensemble
of the random antannas only by such, in wvhich is accucate N of

cell /elements.

It would be possible to establish/install more rigsrsus
copdistions on probability. Por example, to requirs, s> that
Plgu=1, q..=|}'<P{q,.,=l}, i.e. so that one series could not hit too many
cell/elements, etc. However, it is not difficult to saov that with
N2>>1 this leads to a very small change in the averaga parameters of

antenna.

In some works the emitters place so that their dansity would
decrease to the edges of antenna [ %4-16). In this casa, average DN it

vill have the lowered/reduced sidelobe level. But in th2 strongly

rarefied antesnas the sidelobe level is i1etermineil avaraga DN, but
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its fluctuations. The latter increase during the nonuniform
arrangement/position of emitters in comparison with the case of

uniform arrangement/position [ 12, 19).

In accordance with the selected probabilities
M

F » k=r, l=s,
- MY 1)
Qu = v Qriges= (
- M M1 cransubix cnyuanx.w
Nt N*—|

Key: (1. in the remaining cases.

FOOTNOTE !. Feature indicates on top statistical avariginj.

ENDFOOTNOTE.

DN on field for the antenna in question is recori/uritten as

follows: —Nt172

Fen, ) =Fx »+Lx »+inx y= ;“- 2 que
: N—1

R, = —

1 (kx+1v)

@
Here f(x, y), C(x, Y. n(x, y) - middle field and its fluctuation

(real and imaginary components),
28 e s
X A u, y Y v,
u=cosesinA, v=cosecosA,
€, A - angle of 2levation and azimuth, i, and D, - distance between

the lattice points along principal axes, A - vavelength.
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Page 6.

Average DN

L sin ﬁ‘;— sin N—:’-
Fe 9=—= : @
N, sin "< Ngsin %
F of the fluctuation
Nt
1 2 M
E+in - E (lh:— N—') e (hxtin)
B e =t

f Pinding the lawv of random nuaber distribation ¢ and )7 - task is very
complex. However, since with N2>>1, ¢ ani q - sum of a2 large number

of almost indepenient term/component/addends, them it is possible to
consider normaslly distributed according to central liiit theorem. As
it vill ba shown in the second part of the article, the calculations

of concrete/specif ic/actual gratings confirm this assamption.

£f {+in ~ normal random vector, then for a complete
descriptions of DN is sufficient to Xnow:
T 9% % ), My &m w &

Let us give the resultant expressions for these values:
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/ N,
dn&-(x—x;) sin—%(y —yy)
9 2 i

= —n N,sln"—_——;’l n,nn”—z"

slngL (x+ %) sin 5 4+ 9
2 2 —

£ 5 N Lt b
- Ngsin 2

N N
sin &3‘ sin &f‘— sin —*l-isln Yol
X P P ’ (
X1 LN i O S
N3 N3 sin - sin 3 sin s sin 2

N, sin

N N
sin = (x—x;) sin — (y— )
NM—M z2 : T

= 3 =
2M (N* — 1) N sl X — X Ny sin Y 2!/1

N N
sin -~ (x4 x,) sin 2w+
2 2
N; sin£—+§ﬂ- Ny sln'lii{y-"

(5)

T =Ln=0. 6).

Page 7.

With x=x,, y=¢, from (4) and (5) ve will obtain dispersions ¢ and)]:

s V5 pa il
Fal N —M sinNyrsinNy o 2 2

==
A" ‘ : v (D
2M (N* —1) m Nisinxsiny sk an L
Srd 2 2
NM-—M sin Nyxsin Ngy
= 1 1 _
v 2M_(N'—1)( Nisinxsiny ) @

DN of the average "scattered" powver
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—

AF=D+p=_N=—M o
T+ 7

o

®

d Y
N‘dn.— =
2 sin 2

In the direction of major lobe of DN (x=y=0) [2=n2=0 Eluctuations are
absent. Therefore the form of major lobe virtually coinziles with the

form of average radiation pattern.

In the directions of minor lobes (x>~l;- U>£—)f‘_=n7-_-o'a:?;‘— (vith

N2>>M), which coincides with the results of works [12, 14, 23].

The mean squares ¢ and }I,of the undertaken on the period one

realization DN,
1 n N
<> =7,;5 5 T (x, y)dxdy, <vt>=
- —%

- j frf(x. 9) dxdy.

—% —5

L Integrating real and imaginary parts (2) on period, w2 will obtain

N—M
= \J T ————
B> =<n> —

It is evident that and with N2>>N the average in realization coincide
vith statistical average in the region of minor lobes. With x>w/Ng
and y>wv/N, for ths strongly rarefied antennas froa (3), (7) and (8)
it is evident that Tan>fi(xy).
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Consequently, in the field of minor lobes of DN is coapletely

determined by raniom component.

Correlation functions ¢ and77 in this region take the fora

N N,
sin =2 (x — x;) sin— (y — p,)
m]=o‘ 2 gl

N1tsin x_:;_'_ alny—Ty‘

™

; N
sln-N?‘ (x + x;) sin —,;- Y+ )

munﬁ,‘;—"l .ine”%ﬁ

If ve exaaine DN im one half-planes (for example, x>), by second
term in (10) it is possible to disregard. Since I, and ny, find to
be dependent on differences in the argumants, ¢ andq' the unifors
stray fields. The fluctuations of field in the secoand half-plane are

completely correlated with fluctuations in the first nalf-plane:

Ex PE(—x—y) =1, n(x Yn(—x—y) =1
and they it is possible not to exanmine.
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27
7iggr

f

[+

i

0

a3 -

8 O

"y — levenue y=0

——=Ceventie z=V

Fig. 3. Key: (1). Section.

Page 9.

rigure 1 gives dependences [, {/o* and 1/9* on x for two typical
sections y=0 and y=x. Prom the figure one can see that out of the

region of major lobe [* and 7 it is in effect coamstant.

All this shows that in the region of minor lobes of DN Z(x, y)= :

V @+4n' forms unif ora Rayleigh field with one-dimensijonal density of
distribution ?

o 28
2%

(@) =~ exp
o
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FOOTNOTE t, More precise than DN forms field with the distcibution of
Rice at average value (3). For real tasks the neglect of middle field
admissibly leads to essential simplification in the fi>rmulas. Precise
calculation althoigh leads to bulky formulas, it is not coapliex.

ENDFOOTNOTE.

yn
2VM
lobes and does not depend on the size/dimensions of ant2nna N, and

Average valus Z=l/-§-0~ comstantly in the ra2gion of minor
Na. By the force of this Z, badly/poorly are describel the properties
of real antonua; So, with N,, Nr>oco DN acjyuires the narrow large
diffraction lug/l>bes, which do not virtually affect average value.
It is much better to describe properties of DN with the aid of the

oversioots of stray field Z(x, y) above certainm fixad laval.

Let us examine certain section of DN: x=t cos #, y=t sin ¢. In
this section minor lobes form the Rayleigh random process Z(t) wvith

the correlation function of its orthaogonal components

i
1= wsinN,———-"; .

N?sin !2;?33111 '—"?nl

sin Ny

C(I)E(H- 7) =o*

The overshoot s of this process fora random flowv wvith average j
value [(21) in the unit interval

w@=(—E0)" Lew ZZ
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and vith the asyaptotically Poisson distribution of a number of

overshoots vwith 2>>¢

-— 5 ‘
p(v)-s%e . (1
Here R" (0) - the second derivative of thep aoefficisnmt >f correlation

€(t) of »=0.
Page 10.

Since Z(t)=%2(-t) further overshoots will be compated on the hailf

minimunm period of DN: OKtg<w. Average number of overshoots in this

interval: “ =

v(2) =[-;:-(N';’ cos® @+ NZsin® w)]m —f—exp ?? ,
Set/assuming further o—(2M)~'2 and Njcos'p+ NisintpaN®, if N2N,,
then

v @2 =(T’§)”’ NZM'" exp (—MZY) (12)

virtually for any section of DN.

In accordamca vith (11) the dispersion of a numbar of overshoots
is equal to )/, consequently, the difference between ra2alizations by
the ne-equidistant curve of antenna is nd>ticeable for such levels of

DN vhere v is small. Exponential dependence +(Z) (12) leads to the
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fact that the traasition from small ones to large ones v requires
very insignificant change Z. Hence it follows that th: 1ifference
betveen the DN of the separate realizations of antenm: is small. In
cther vords, in the ensemble of nonequidistant antennas in question
the overvhelming majority is close to average, very pror and very
good antennas are encountered extremely rarely. Durinj the design of
concrete/specific/actual antenna, poor vsrsions, i.2., versions with
the mound arrangement/position of cell/elemeats, easily are
screenned. As far as versions are concerned best, they; temporarily
exceed average (according to a number of pvershoots of DN), antenna.
In confirmation this, let us make a rough estimate of the side-1lobe
level in the best version. Since for amny version zr %—p/%;. best asust
have Chebyshev type DN: in the region of the minor lodes z(t)~A|cos at|.
Por this DN the side-lobe level is connected with average level

n ad/
by simple correlation:, , =~ -;szl,, ‘

It is obwious that to carry out
the appropriate arrangesent/position of emitters is iapossible (at

least because 2wva« it does not depend on N), and by ths Eorce of

this
nd/2 1,39
Zane > M2 . M2 (13

Por a real antenna let us accept the folloving deteraminatiom of
side-lobe level z,. In each section of DN above leval z,, aust be on
the average one overshoot. In this case, of (12) for to we obtain the

transcendental eguation
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2
Mxo
fy

1/2 1,95
M 2z, !
solution of which in interval 100£N2<2¢107 takes the form:

z.=';:+3. 3 (14)

Compacrison (13) aad (14) shows the unesssntial differances between

the best antenna and the average.

Page 11.

Therefore, if we take any realization of noneguidistant antenna with
the random arrangement/position of cell/slements and artificial to

remove some amomalies in the location of emitters, will be obtained

DN very close to calculated. In wvworks (14, 15] they ace iavestigated

DN of the antennas, position of emitters in which wer2 o>ptimized on
compuaters by the method of dynmamic programming. Aowavar, those given
in these works with the DN of antennas, as a rule, ara worse than
average. In followving work [16) examined statistical
arrangesent/position of cell/elements on antenna are >btained the
results, vhich well coincide with calculated omnes in th2 jiven above
forsulas, but the main thing, best, than during the use of the

roughly optimized arrangement/position of cell/elanments.

The >vershoots of one-dimensional section of DN canndt be
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considered the as comprehensive characteristic. Bore letailed
description give the overshoots of the two-~disensional stray field
z(x, Y). Strict theory of overshoots of tvwo-dimensional field at
present is not yst constructed. But, if level z, abova which are
examined the overshoots, it is sufficiently high, so so that in the
section of overshoots the horizontal plane z would be only simply
connected regions, it is possible to use the method dascribed in
[22]). In accordance with [ 22) over the single area of plane (x, y)

the stray field has on the average n; of the overshoots above level

z, vhere - =
n (@)= -—J 2dy S Py (2, 0, z,, 2,,) 2,,d2,;
here 2,2‘%;‘. z‘=—:i—, Z‘x-g;:—' P‘(z' - zy’zn)

- the four-dimensional density of field z and it derivatives. P, let
us find through s2ight-dimensional density ¢, 77 and thes
derivatives:

Py (Cv m C;v Nxs Cy' Ny Cer M .u) =P;(n, M) Py (cx) P, (cy) Py(nd P, ("l)°

P, - tvo-iimensional, P, - one-dimensional norsal density, moreover:

Fo gl eq? 72 -2 P2 o3 i p(x, v) __O'N\N,
S e R e e L™ n "
N — M

-t?,=ﬂi,=0|’; CCu='l'lu=—°|2‘ o M(Nt—1)

During transition to polar coordimates [=zcosg, n=2zsing

(Jacobian of transforsatioa 2*) and duriang integratioa we will obtain

7, (z)s.'il'l_v”.l?!_z'e'""(l——;—’?) : (15)

Actually (15) it is used with H8z23}1, inm commectisa with which

R I N OIS —

PSR Py SO ——
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second term in brackets we further disrejard. By the force of parity
z(x, y) we examine overshoots in ome half-planes on half-period
0(!('. -w< ’('.

,T(z)=—’°‘--m¢""'. (16)

Page 12.

The total area of this region of DN is ejual to 2»2 ani tdtal number

of overshoots

Pigure 2 giva to the dependence of a number of overshoots on a
number of cell/elements of antenna with N2=103, 10¢, 105 and
22=0.001-0.1. Curve/graphs these are constructed taking into account
a precise value of ¢2 (8). Por the illustration of ths possible
evacuation/rarefaztion of antenna Pig. 3 gives dependances H/N2 (in

percentages) on ¥t for 22=0.0%1 and by 0.0316 amd 0=V and 10.

According to an average number of overshoots (16) it is possible
to find quasi-saxisum sidelobe level 2zx - the level for which
probability P4 of the absence of overshost is sufficisntly close to

anit.
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Page 13.

(1)

In accordanc? with

e"‘“") \

nt N*Mz?

exp ( —-

P” =e
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In Pig. 2 in right lower angle is plotted scale P,. Usually is
sufficient to taks Py=0.5. In this case, the half of th2 salected
randomly realizations of antenna will not have minor lobes above 2zu

After assigning P, 2y and by a number of emitters N, it is possible

to determine the permissible size/dimensions of antenana. Por

illustration is given by table 1, designed for Py=0.5 and 2} =004

In [12], vas made an attempt at calculation P, 012 th2 assumption

that the overshoots appear in a finite nuaber of directions, for
vhich the fluctuations of DN are not depanded. Logically, obtained in

this case formula is not precise 1!,

POOTNOTE !. Besidas in additiom to this, in [12] is paraitted the
erpor: not registration/accounting syametry of DN. Ercor this is

corrected in (23], and here is given the corrected formula.

ENDFOOTNOTE.

Por one-dimensional section of DN formula (12) takes the form

PL = ( 1 __e—.\l:')le‘
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€able 1.
M 127 223 370 500
N? 350 2100 2.07-10% 2.3.107

Nt > ‘.Nr‘.g

to o & Lomaviagd

—

ot oy Byt § R
T

"'.n a,‘a‘w 2 % 6 & W
0 7 J 4367890° 7 3 4567 =M
'19. 3. '19- 8
3
Fig. 3.

Key: (1) . dB.

Page 14.

Here L - length of antenna which entered into formula in connection

vith the fact that DN is examined in the region of "visibility® |«(< !
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E <}, |x|<2"Td). Correct formula
g (VT
|
In the region of DN vhere P-—I,
P, = l———ie"“". Pox~1— V—%.VMz—%e‘M".
Pigure 4 gives curve/graphs (P,)*. and (P.)M:, Erom which it is
evident that formula (12) gives the high probability >f the absence

of overshoot.

Advantages and disadvantages in the proposed antennas.

1. Let us coapare antenna with random arrangement/position of

cell/elements with Mills®'s cross t.

FOOTNOTE '. Among antennas with the regular arrangeseat/position of
emitters, are optimum circular and T-shaped {24). Howaver, is more

resistant to fluctuations Mills's cross. ENDFOOTNOTE.

Let us suppose both of systems have the identical resslution,
equivalent to grating from NxN cell/elemants., In this casa Mills's

cross contains on 2N emitters in each arm, in all 4N 2mitters?,

FOOTNOTE 2. They sometimes erroneously assume that Nills®s cross,
from k¢k cell/elerents is equivalent on resolution to antanna from

kxk cell/elements. ENDFOOTNOTE.
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In the main sections of the DN of cross according to power, is

equivalent the DN on the field of regular antenna froam 2Nx2NW

cell/elements. Out of main sections they are multipli2d by the DN of

tvo arms of cross. Therefore the greatest side-lobe lavel is observed

in main sections. Disregarding minor lobes by the regular DN of
cross, let us assume at first that the sidelobe leval of 2ach arm is
connec ted with tha amplitude-phase errors for the curceats of its
cell/elements. Than dispersion of DN in the region of minor lobes
{20] is equal to3:

02 =%+
2(2N)

’

while DN itself will be the Rayleigh stationary randoa process, wvhich

has above level R on the average

Rl
V/;~ em)
+

of overshoots.

FOOTNOTE 3. Errors we consider not correlated. ENDFJOIN)TE.

Por a nonequidistant antenna level of DN on fieli let us

designate as before through z. Obviously, during tha2 coaparison of

the cross of Mills and antenna with the irregular

arrangement/position of emitters one should take R=z2 and
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s o 3/2 — Nz
g 4 )// n /N 2 - exp— #,
Ve |/ ortog o2 +og )

FOOTNOTE ¢. Takiny into account that the overshoots are concentrated
in two main sections of DN, into this formula is adieil factor by 2.

ENDFOOTNOTE.
Page i5S.

Typical valuas o) and ae (4] comp>se 0.015 and
n,~ 16,7N°"7 2 exp (—67N2Y). (162)
The *randoa®™ ant2ana of the same resolution and with the same nuambher
of emitters will have

n, & 2, 1N exp (—4N2) (17)

the overshoots abjve level z.

Comparison (16a) and (17) shows that with small ones zn, >/

Since 2z2=0.01 7+ and ¢ depending on N are given in Table 2.

Table 2 shows that than the more resolution, the maor2 noticeable
the advantage of antenna with the irregular arrangemeats/position of
enitters. In nonequidistant antenna will be in actuality advantages,

also, with small N. In this case minor lobes the averige DN of

7'44»/,
100 [4m)flmm
"+ 84 | 93 | 07

n.| 380 | 0,15 )10~
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Mills’s cross will have noticeable value in comparison with the
overshoots of the random component (but above them th2y disregarded).

So with N=100 the average DN of cross it has 240 overshoots above

level z2=0.01.

2. In nonequidistant antenna averaga distaance betwzea adjacent
emitters into -ﬁ%; of times more than in antenmna with regular
arnangenent/positl&n of emitters, which composes (3-1)) once in
typical versions. Due to this the comsunication/conne-tion between
emitters and, as a result, dependence of the impedanc2 >f emitter on
the position of ray/beam with electrical phasing it is
attenuate/veakened. This simplifies the task of the ajrzeaent of

eaitters vith the system of phasing.

3. Main disaivantage in antenna array witH randos location of
cell/elements is complexity of system of feeder communications and
phasing. The necessary quantity of antenna cables and phase inverters
proves to be greater than for reqular antennas of the typ2 of the
cross of Mills or T-obraznoy (with an identical number of enitters).
In more i2tail this question will be examined in the 3second part of

the wvork.

4. Noticeably differs nonequidistant grating fron >ross of HMills

and T-obraznoy antenna in value of front-to-rear factor and in its
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de pendenc2 on position of ray/beam. Front-to-rear factor of
nonequidistant antenna is close to MD,, vhere D, - front-to-rear
factor of elementary source. Therefore during a chang2 in the
position of the ray/beam of a change in front-to-rear factor is
repeated the DN of emitter. In turnstile antennas, on the contrary,
front-to-rear factor weakly depends on the direction >f paasing, but
its 7value in the iirection of normal to grating is less than MD, [8).
Is in more detail the calculation of front-to-rear factor and

corparison with T-shaped antenna will be made in II part.
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table 2.

Page 16.

Conclusions.

The possibility of the essential decrease of a nimber of antenna
cell/elements vith high size/dimensions and on low siie-lobe level
makes the describad above antenna arrays promising on2s. Apparently,
the antennas very high size/dimensions will be coastructel precisely
accord ing to this principle. Independence of DN from the

concrete/specific/actual version of the arrangement/ps>sition of

emnitters is the iaportant factor, which simplifies th2 iesign of

large antennas.

Let us note, however, that with a namber of emitters (N<50-100)

the optimization >f their location can give noticeabls results,
Pigure 2 shows that for M<50 the statistical arrangzm2nt/position of
enitters is pgssible only vith the small degree of

evacuation/rarefaction, or on high side-lobe level.

Article received 16/I1I1 71. Revised 9/VIII 71.
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