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The Equation of a Geodesic Line on the Surface of an.Oblate Ellip-
soid of Revelution

Jan Panasiuk

Let us consider the surface of an oblate ellipsoid of revolu-
tion in the form:

7= lnaa.u.(-l—).). @ cosu sin(A - Ag), bsinu], (1)
wHhHeo= {u.l): ll<-—;-;-;->;ll(-l.l)’. a

a, b — semi-axes of the meridian section A = XG’
AG — established value of parameter ).
The metric of a line on the surface is dependent on the quantities:

E w7 = (oyT=ooe's) ,

F=?,-72=0,

G = |72 = (scosw)®,
H = |7,x7)) = a’cosn )/ T—cToos™s .

(2)

The first-order differential equation for a geodesic line placed on

the surface (1) has the form:

acosnsind = const = ¢. (3)

Parameter A in (3) designates the direction angle:

L
= "), ()
N

Amg(Po,d) = -n(

Symbol ¢ — a certain arbitrary constant taking values from the inter-
val {-a, a). Including (2) in (4), we have:

e (ETN & (5)




If we speclify the constant ¢ in the form:

€ = ACoshg ’ (6)

and in the environment of the meridian XG we limit ourselves to an

interval:
HEl~ug ug), g €(0,%[2),
(7)
in which 1is satisfied the condition:
o
then in interval 7 differential equation 3 will take the form:
: T cosug \*
A
o i e’ (8)
Cosu
cos T1-e'cos’n .
e 1Y P (9)
§-
Ty
in the case of a sphere e¢ = 0, we have:
dl = — *—‘?;‘."‘:z..-:: ==,
cosu ) cos*u— Ng (lo)
B e _Clucdn s
m’lﬁ—‘l"“ﬁ— (11)
Substituting:
o
(gu = ""'"(—J- -u-dv) (12)
we obtain:
—dw
A-Ag = fm = Srcoos v.
and thus:
(6o0(i— dg) = Crpmetpn) m (tgn = g con(i—Ae)). (13)
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This is the equation sought for a geodesic line on a sphere!.
The line under consideration with equation 13 passes through
point G(uG’ XG) and is orthogonal to meridian AG at that point. If

parameter x in relation 13 runs across interval 7 once, then param-

eter A) = A—AG runs across the interval:

Ale0,m. (14)

The range of variation of parameter AA in interval 7 does not depend

on parameter Uge It is assumed that interval 14 constitutes one half {
i of the period of oscillation, independent of Ups of the geodesic
line (13) in relation to u = 0. Let us also see what happens to

§ equation 9 1f in its changed form:

- - o |
!
we take the substitution:
(q - |m.(45°+ -—)) (16)
3 In this we obtain:
% -‘;fn'ciifq_ L
| “""“'“l/l e o (17)
Considering equation 17, as well as e = 1 and ¢ > 0, we have:
| ==
| i o (18)
| cosmotinhg By
_, = (19)
I
k. 'In the following interval (7) of revolution of parameter u,
i.e., in the interval A=dg = AA & (%, 27) s, in which -;-»& . equa~
tion 13 retains its binding force.
3
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Performing further substitution:

(cosug cosh g = w) = (cosug sinh g dg = dw)

we get:
(oo jipjeetmma
== e 3)
Since:
-

relation 22 can finally be written in the form:

COSHg = cosucosdi. (24)

This 1s an analytic description of segment 53, of the normal to the

semli-axls A = XG’ which passes through points:
GG, de), Gylug, = 0, Ag, = Ag+ug). (25)

It should be noted that equation 24 at points » € (0, —uG) is no
longer binding. In passing through zero, parameter u causes a change
in the sense of vector 3u.

The subsequent path of the geodesic line for e = 1 in the in-
terval u € (0, —uG) with the condition g% < 0 is predicted by the
segment ETE: of the normal to semi-axis ) = AG + 2uG. This straight

line passes through the points:

Gilwg, = 0, k:. Ao+ ng), ct“;- —Ng, h.-. h‘fh.)- (26)

On segment G;G2, with consideration of the characteristic sense of

the direction angle 4, equation 3 remains satisfied. In this connec-
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-tion equation ‘3 and equation 24, which are related on segment EET,

analytically describe a certain broken line inscribed in a circle.

This line passes through point G. The vertices of this broken line

depend on the parameter Uge They are located on the circumference of

a circle with radius a at points:

Amdg,+2kug, k=m0 ), 42,..

(27)

In the general case e € (0, 1), by substituting into equation 15:

(cose = cigugtpu) = (—a-a. ... .1 a)

we arrive at the equation:

@ l/lr“__“*"'i’;';"_’.
1+ tgiug cos’v

After making simple transformations, we have:
sinug sinle

di = 1= dcor'ng l/ ""’“"‘

By taking the new variable:

Lo [
& = i (sinng, v) [.“_I,_ e

and integrating equation 30 bilaterally, we finally obtain:

o ,/r:;s.—.'.—.[ Yi=veati e,
Tw ~~
Vi=ecosine '
ot 2 sin jam sinse, 1).

(28)

(29)

(30)

(31)

(32)

(33)
(34)

Here am(sinuc, t) states the inverse function 31 with the substitu-

tion 2 = ¢t.




The original function 32 is also the function am(T, #) and

thus the inverse function for the Legendre form elliptic integral
of the first kind (31) with parameter 33.

We therefore have:

A= = Yi=ecos’ug am(z, ik, v), (35)
where
o (36)

The system of relations 28, 31, and 35 presents an interesting de-
pendence between the parameters A and u.
From 28, 30, and 35 it is evident that 35, as a function of

parameter A\ = A — AG is a periodic function with a half-period:

_____ 4 v -~
- V‘“"“"‘[]/itm—»:"' (37)

This half-period depends on u, and e and always takes values from

G
the interval:

@€ (0,n). (38)

This statement is true, because from it and from the assumption that
the eccentricity e belongs to the interval (0, 1) it is possible to
educe the irreversibility of Soldner's system and thereby to demon-
strate the ambigulity of a solution of a so~called inverse problem
for a geodesic line.

The path of a geodesic line on a surface (1) has been the sub-
ject of studies by many scholars, including H. Schmehl [3], [4],
Cayley [1], F. Hopfner [2], and Z. Zorski [5], [6]. References 3 and
4 are among the leading studies in this area. Reference 5 deserves
special attention. It definitively explains the problem of ambiguity
in the solution of an 1inverse problem for a geodesic line. In the

present study 1t is shown that the problem of geodesic lines on a




e

surface (1) has a global solution. From the global solution it is

evident that all of the properties known thus far for geodesic lines
on a surface (1) are consequences of the combination of the func-

tions which have form 28, 31, and 35.
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Equations of geodesic line on a spheroid

Summary

In the article is presented a certain variant of geodesic line equation for any rotational ellipsoid. in
m‘Mi!inn 1o the general case, where excentricity ¢ € (0,1} two extremities (¢ = O and ¢ = 1) were separately
fhscusscd. It was preofed that if ¢ = 1, the geodesic line is a periodical curve of the curvature reversed,

1 inscribed within the circle of radius =a, and with the half-period o = 2ug
It is shown that in the general case e € (0,1) the half-period «» depends directly on parameters ¢ and
U, where u, is the reduced latitude of the turn point.
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