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This technical memorandum discusses hydrocynamic mass and presents

a tabulation of several hydrodynami c mass factors and equations that
pertain to bodies under translati onal motion in a fiuid.~~ Thi~ r~ater ial
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* V N(YP ATI ON

A — area
r

a ,b,c ,d ,l — dimensions oV bocHem L

e - dista nce from boundary to bottom of body L

• F — for ce

• i,j — Indices ~i~ e i  in tensor notation

k - wave number I/ I

K — hydrodynaTni c mn~ s factor  C
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NOTATI~~, Continued

2
- mass rr/L

nih — hydrodynamic mass F’r2/L

— virtual mass FT2
/L

N — ratio of wing area to area of body section 
2

j )  — den$ity of fluid in whi ch the body is immersed FT /L4

4, — veloci ty potential.
NT~$ WI~It. $scflse ~— normalized vel ocity potential

s — distance from free surface to center of bod y L 

— direction index 
.. 

V — Leptacian operator (.i.. + .,.. I. ‘i~ •airnun.u,n~nisiun cuu
‘~~ 1,’ ~~~ III. 

_ _ _

DISCUSSION 

~~~~ 1. 
_____

When the forces acting on a body that is iiioving at á~ns tant velo-
city in an ideal fluid of constant density are Integrated over the
surface of the body, the resul tant force is found to be zero. This
is commonly referred to as D~Alembert’s Paradox because, in a real
fluid , a body moving at constant veloci ty has a resisting force whereas
the Integration results imp ly that there is no resist] rig force.

For the case of a body moving wi th unsteady motion, the resil—
tant force is found to be:

By introducing the normal1~ cd veloci ty potential 
~ 

, It. 1~ i i

that the force F Is identical wi th that induced by a ;nas~ of’ f’ iiI~1
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added to that of the body and equal to:

~~ = —pj 
~~ 

(2)

This mass is commonly referred to as added mass, increased inertia ,
or hydrodynamic mass. The sum of this additional mass and the body
mass is usually called the virtual mass . In this memorandum, hydro—
dynamic mass is identified by the above expression; virtual mass is
the sum of body mass and its hydrodynamic mass.

The hydrodynamic mass of the body is a second order tensor, as
shown above. Thus, for a body having six degrees of freedom, as
shown below, the hydrodynamic mass is represented by a 6 x 6 matrix.
The subscripts indicate motion along or around 3 orthogonal ex~s.
subscripts I to 3 are for translation; subscripts 4 to 6 are for
rotation.

m11 m12 m13 m11 rn15 ‘°l6
m~3 m~4 m25 m26

~ m31 ~~~~~~~ 5’3h Yfl 3tj  m36

5141 ITt42 m43Nn
~ h 

JR45 ln~y

rn51 ~‘c2 m53 
m~~’ ç rn c6

m~] ~67 ~63 m64 ~~~~~~

Reference (b) proves that mij = n~ 1. Thus , if’ all six mod~~. of
motion are considered, 21 terms are needed to completely describe the
hydrodynamic mass of a body of arbitrary shape.

The process of Integrating equation (2) becomes qui te complex
as body shapes deviate from simple shapes, such as bodies of revo-
luti on or two—dimensional bodies. Also, if the body is oscillati ng,
the computed )‘iydrodynamic mass is valid only f  or low frequency oscil—
lations because , In the analysis from which the hydrodynami c mass
expression Is derived, Lap lace’s equati on) V~~$ ~.O , numt he
satisfied . A more general solution would satisfy the Hatmhol z
equation , ~~~~~ 

~~~~~~~~~ , as wall and would show thaL the hydro—
~1ynarni c masn is  a function of frequency.

Q~ IS BEST qUALIT’~ P1~ILCTICA~ IS
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If the body is near a boundary, the hydrodynamic mass is affected
by the presence of the boundary. This can be accounted for analytically
by the image method. (An image on the other side of the boundary is
required to maintain the boundary condition such that the velocity
normal to the boundary is equal to zero.)

o 0
bo4y imaGe

boundt’i ry

BODIES UNDF~ TRANSLATIONAL MOTION

A full evaluation of the 6 x 6 hydrodynamic mass vnatri~c is
required to describe the motion of a body moving with six degrees of
freedom. Many of the practical problems, however, are concerned with
motion in one direction only.

Upon examination of the techni cal papers and literature on this
subject matter, it was decided that it would be worthwhile t0 consoli-
date a certain number of hydrodynamic mass calculations and to present
them in tabular form for easy reference. See Appendix I.

In this Appendix, the direction of translation relative to the
body, the corresponding hydrodynamic mass and the information source
are given for each body shown. The hydrodynarnic mass is shown as a
cons tant ( the hydrodynemic mass factor) times the fluid density times
a volume ( characteristic of the body).

It should be kept in mind that the force due to the hydrod ynami c
mas:~ is not the only force acting on an accelera t ing body because of
the fluid ; a resistance due to viscous forces wil l, a lso  be present
for a body accelerating in a real. fluid.

Attention is again i nvi ted to the fact that the mass that should
be used to compu te the natural. frequency of an immersed body is the
virtual mass , which is the summation othydrodynami c mass and body mass.
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‘i
A first approximation to compute the force F that accel erates a

body of mass m is: -

where : a - acceleration
= hydrodynamic mass associated with the

particular direction of motion
m = body mass

CONCLUSIONS AND REC~~~~NDATI~ 4S

As mentioned in the previous section, all 21 significant terms
of the 6 x 6 hydrodynamic mass matrix must be determined to analyze
the motion of a body with 6 degrees of freedom. Work of this nature
is being performed by the University of Rhode Island under a contract
with Underwater Sound Laboratory.

Extensive experimentation is required to determine the hydro—
dynamic mass coefficients for various bodies.

Th~ effect of frequency of oscillation on hydrodynamic mass
should ~~so be investigated.

KIRK T. PATTON
Mechanical Engineer
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- APPENDIX I

TABLE CF HYDRODYN AMIC MASS (P BODIES UND ER I

TRANSLATIONAL MOTION IN A FLUID

I

I

Note: * lumbers listed under “ source ” refer to the publications
show n in the “List of References” .

Latters t and e listed under “source” indicate that
the data were obtained from theory and experimentation.
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APPENDIX I

NO DIMENSIONAL BODIES

rranslauoeml ilydrodynamic Mass
Section Through Body Direction per Unit Length Source

Vertical

(4)t

Vertical

t ~~~~ ~ (4)

Vertical

% : l r r p S2 (4)t

- Vertical

_______ 
2 (4)t

(6)e

2a/bi OO = 1 Tr ,,p a (4)t

a/b~1o mh = 1.14 irp a2 (4) t

a/b 5 1.21 ir- j ’  aZ (4) t

a/be 2 1.36 rrp a2 (4) t

a/ba 1 1.51 7’r p a2 (4) t

a/b~l/2 = 1.70 ~~~~~~~ a~ (4)t

a/ballS = 1.98 Tr~~ ~
2 (4)t

a/b:1/lO = 2.23 7r,,p a2 (4) t

I
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~raodatIona1 Hydrodynamic Mass
S*ction Through Body Direction per Unit Length Source

Vertical
d/a~.O5 ~h 

‘ 1.61 Trbp a2 (4)t

4/a~.1O 1.72 TT J) a2 (4)t

d/a~.25 2.19 7TjO a2 (4) t

Vertical
a/ba 2 

__________ 

mh .85 ‘YT~j~ a2 (4) c

~~~~~~ 
~ 

a/ba 1 .76 1I ,~ a2 (4)t

a/b~1/2 

— 

.67 1T,~ ~2 (4) t

a/b 1/5 mb .61 7T ,J) a2 (4)t

______ 
Ver tical
normal to

4= a/bs l rae .arface) mh .75 Tr~p a2 (4)t

______ Horizontal

~ ~~~ 
(parallel t~

_____ 
s/ b - 1 ~ree a~rface) 

.25 flfl ~
2 (4)t

a/b 1’ Vert ical
.75 TT JO 

a: 
(4) t

— e/~~2~ 
.83 7TJ? a (4)t

= •/b~l.1 tmh .89 ~rp a2 (4) t

— — — _~~~_ — ./b:15 mh 1.00 ~~~ a2 (4)t

e/b .5 m~ 1.35 ?f,JO a2 (4)t

./b .25 
_________ 

ab 2.00 IT,,O a2 (4) t
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nsl&tlona
Body Shape Direction Hydrodynamic Mass Source

______ 
Vertical

-PI’.’A+C gj,
4’ 2.11 ‘rr ~~ a (6).

THREE DIMENSIONAL BODIES

1. Flat Plates
Circular Disc Vertical mh = f ,J) a3 (1)t,

_______ 

(5) t
t Effect of Frequency

4’ /.4 of Oscillation (5)t
on Hydrodynamic Mass

~ 0’ ~ Jo’ S 10’ S Ic’
- ~~~~~ NDN D I M Ei4SI ONA L PRf ~ u~ N CY —

Elliptical Disc As Shown mh = t~ba
2 

~,
p (7)t

b/a 
00

14.3 .991
12.75 .987
10.43 .985
9.57 .983
8.19 .978
7.00 .972
6.00 .964
5.02 .952
4.00 .933
3.00 .900
2.00 .826
1.50 .748
1.00 .637

III.
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Trans1sti~ &l
Body Shape Direction Hydrodynamic Mass Source

“torpedo” Type Body Vertical ab .818 rr,Pb2(Za) (6).

a/b~~5.0

Area of Horizontal “Tail” 1O7~ of Area of Body Madmum H~~z nta l Sec tion .

V-Fin Type Body Vertica l mb ~ .3975pL
3 (6).

b c

Parall.lepip.ds Vertical mh ‘ K p  a
2b (6)e

(H b/a K
I 2.32

Iv
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DansLa~ ona1
Body Shape Direction Hydrodynamic Mass Source

Ellipsoid with Attached 4 2Rectangular Flat Plates Vertical mh a K.T rr~p ab (6).
Near a Free Surface.
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  a/b 2.00; c b

10Q_ c.d N 71 ab

_ _ _  N K

‘
~~~~~~ ~~~~~~ .20 1.0354

- .30 1.3010
.40 1.4610
.50 1.5706

Streamlined Body Vertical mh 1.l24.p[~
_ ’Trad~ (6)e

LrIII~?4
. .- 2 . l l

Area of Horizontal “Ta il” ~25~ of Area of Body Maximum Horizont al Section.

Streamlined Body Vertical mh .672~P{~-rr ad~j 
(6)e

d c+b

Area of Horizontal ”Tail” 207. of Area of Body Max .~n Horizont~l Section.

V

,

- -~~~~~~~~~~~
-.—-. “ ‘~~~~

‘ ‘ “
~~~~~ 

‘ ‘ ‘
~~~~ ~~‘



— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- —  

- ‘
‘— 

~~

‘ - ‘  - —- ‘ - - .  -

Tracslsdonal
Body Shape Direction Hydrodynsaic Mass Source

Sphere Near a Free 
3Surface Vertical = z} IT p a (6).

:~

~:1
— — — — 3.0 1.16

3.5 1.12
4.0 1.04
4.5 1.00

Ellipsoid Near a Free 4 2S~irf ace 
— — — —

- Vertical mh = K. T TT~~ ab (6).

%~~~ 4 S a/b a 2.00
_ t (

* I. A 2k~-_ .  — s/2b K

-z~~~P~I 
- : :

2. Bodies of Arbitrary Shape 2
- 

Ellipsoid with Attached Vertical mh K. 4.. ~rp ab (6)e
Rectangular Flat Plates a/b • 2.00, cub

_ _ _ _ _  
c . d a N r r ab

0 .7024
.20 .8150
.30 1.0240
.40 1.1500
.50 1.2370

_ _ _ _ _ _ _ _ _  I _ _ _  _ _ _ _ _ _  _ _
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Body Shape Direction Hydrodyna aic Mass Source

- I Ellipsoids (continued) a/b K axial LIa~~~I8.01 .029 .945
9.02 .024 .954
0.97 .021 .960

0 1.000

Approx imate Method for Elong ted Bodies of Revolution .

2~~~~9b
mh K1pY- K. [lp.17.O(Cp_2/3) 24 .2 .49(M_l/2) 2+.283 [(r0_l,2) ~_ (rj _ l/ ~~fl

where; K1 - Hydrodynamic Mass coefficient for axil mot: n

K. - Hydrodynamic Mass Coefficient for axil mat : ‘n
of an ellipsoid of the same ratio of a/b

V - Volume of body
- 4 V

Cp - Prismatic coefficient = b’(2a)

K - Nondimensional abscissa L~,1 corresponding
to maximum ordinate

r0, r 1 - D imsn~ ioDlesa radii of curvature at noi ~and tail

= Ro (2a) rj = Rl ~2a)
b’

Lateral
Motion Hunk has shown that

tI* hydau4namic mass
of an elongated body
of revolution can be
reasonably approxi -
mated by the product
of the density of
the fluid, the vo.hise
of the body and the
k - factor for an
ellipsoid of the
same a/b ratio.
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Transladotmi
Body Shape Direction Hydrodynamic Mass Sour ce

Rectangular Plates Vertical 
2 (6)e

K b

I E! K

2.5 .953
3.0 1.00
3.5 1.00
4.0 1.00
oo 1.00

Triangular Plates Vertical (6)e

~ ~~~~ tmh = ~~~ a~(TAN9)4~’2

4—.1q ~./ 
3 cu;-)

3. Bodies of Revolution Vertical (1)t
~~~~~~~~~~~~~ 

Wh = T ~TJ ~ a3 (2) t

Ellipsoids Vertical K.f rrp ab2 (1)t

a/b Axial Lateral
_____ 

Motio n Motion
1.00 .500 .500
1.50 .305 .621
2.00 .209 .702
2.51 .156 .763
2.99 .122 .803
3.99 .082 .860

.059 .895
6.01 .045 .918
6.97 .036 .933
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