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ABSTRACT

Stresses and velocities ar e ’ ana lyzed for a hollow cylinder ot

fue l  encased in metal 1 Ic t - Iadd t u g  and subjected to high  t emper a t  un’

and high neutron f l u x  f ie ld s .  The m at e r i a l  is represented by a com-

pressible nonlinear thermoirradiat Ion viscoelast Ic model .  A st r~~ss

function for ax i sy n m wt r ic  plane  strain Is In t r o d uc e d , and the problem

essent ia l ly  reduces t o  s o l v i n g  a nonlinear ord m ary d it t er e nt  t a t  equa—

t ion In the t n t er i a t ’ lal contac t p ressurt ~. Some sn a lv t  ical r e su l t s  are ’

ob tained  fo r  the  case’ ol m a t e r i a l  p r op ert  tes Independent  ot  p o s it  ton .

For the case of temperature’, fl ux and t h u s  m a t e r i a l  p r ope r t  tes

dependent on position , an approximate I ormetlat  ion is employed whe ’ t

th e  cv i  inder  is d i v i de d  in t o  d isercte’ rings with constant propert It’s.

II
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NOTATION

a radius of central hole in core , Fig . 1

coefficients in contact pressure equation for

G11,R11,111 Case II, eq. (5l.a)

A111,B111,C111,D111 ,
E
111,coefficients in contac t pressure equation for

G111,}1111,1111 
Case III, eq. (89.a)

b outside rad ius of core , Fig. 1

B1,C1,E1,R1,11 coefficients in contact pressure equation for

Case I, eq. (29.a)

c1(t),c2(t),c3
(t), integration functions, eqs. (26),(49)

c4
(r) ,c

5
(r)

CR ,CRt~
C
T ICTt 

creep constants, eq. (5)

D differential operator , ~/~ t

E Young ’s modulus

f interfacial contac t pressure, eq. (l3.b)

F
~
ëR

rR+~T
r
T 

prescribed function of r , eq. (70)

FR,FT functions of temperature and flux . eqs. (8)

F
R ,FT mean values of FR, 

F
T

g1(t),g2(t),g4(r) integration functions , Equations (73—76)

h thickness of cladding , Fig. 1

H stress function

first stress invariant

second invariant of stress deviator

creep compliance functions , eq. (5)

k nond iniensional constant , eq. (44)
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K
1
,K2,K3,K4,K5,

K
6 nondimensional material constants , eqs. (38)

and (63)

m creep power in cladding

creep powers , eq. (5)

n=2m+l creep power In one—dimensional test , eq. (ll.a)

N number of r ings in Case III

p ( t )  in ternal  pressure , Fig . 1

p0 constant internal pressure

P d i f f e r e n t i a l  operator , eqs. (16)

r radial coordina te

Ri,Sj functions for i—th ring , eqs. (83)

s~ s tress deviator

t t ime

T temperature

u radial displacement

v radial velocity

X1,X2,X3 
functions of material constants for Case II ,

eqs. (49)

ct~~ S1 coefficients of nondimensional contact pres-

sure equation for Case I, eq. (33)

coefficients of nondimensional contact pres-

sure equation for Case II, eq. (55) p

coefficients of nondimensional contact pres—

p
Ill sure equation for Case III, eq. (92.a)

r R~rT functions of r , eq. (23)

material function of r , eq. (71.b)

Kronecker delta
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1. INTRODUCTION

A hollow cylinder of ceramic fuel  ( e . g . ,  U 20) encased in metal-

lic cladding ( e . g . ,  stainless steel) is a widely used configurat ion for

a nuclear fueld rod [1]. The cladding provides structural strength

and also prevents the fuel from contaminating the coolent, and there

is usually a gap between the fuel  and the cladding at assembly.  How-

ever, after the power of the reactor has been on for some time, this

gap closes as a result of thermal expansion and swelling. P.n inter—

fac ial contact pressure is therefore developed between these two

materials, and we may assume that displacements are continuous at the

interface. The plenum pressure is transmitted to the central hole of

the fuel, and this pressure may be time—dependent due to the immigra-

tion of gaseous products released from the nuclear fission reaction .

The diameter of the central hole is assumed to be constant in the

present study , since in practice its change is generally small. The

geometry of the fuel rod is shown in Figure 1, where a is the radius

of the central hole, b is the fuel radius, h is the cladding

thickness, and p(t) is the plenum pressure.

Creep material parameters are usually highly dependent on tem-

perature. For problems with variable temperature fields Morland and

Lee [2] employed the concept of a therinorheologically simple material,

whereby a temperature dependent thermal reduced time is introduced

to convert the memory integral to one with constant material properties .

Realizing the analogy between irradiation induced creep and thermally

induced creep , Cozzarelli and Huang [3] introduced the concept of a

fluxorheologically simple material , whereby a flux dependent irrad iation



reduced time is employed in the Irradiation induced creep compli-

ance function . Also , in dealing with the combined case of therino—

irradiation Induced creep where both the temperature and flux fields

are high , they used two reduced t imes where each is dependent on both

temperature and flux. This approach results in two sets of memory

integrals and differs from the approach employed by Rashid [4], where

a single reduced Cim ~ depe ndent on temperature and flux was used .

Experimental evidence [5] has shown that irradiation induced creep

st rain fo r both ceramic and metall ic mater ials is essen t ially linear ly

dependent on stress. However, for thermal creep at moderate stress

levels, although the strain for a ceramic material may still be linearly

related to the stress , it is generally highly nonlinear for a metal .

Therefore, we consider that the present problem consists of a linear

viscoelastic cylinder encased in a nonlinear viscoelastic cylinder.

Because the fuel rod is long , this can be treated as an axisyminetric plane

strain problem . Also , since th e cladding thickness is small in compari—

son with the radius of the fuel (h << b ) ,  membrane theory can be applied

to the outer cylinder . For simplicity , we neglect the thermal expansion

and swelling terms in the cons t i tu t ive  relation , and also ignore inhotno—

geneity and cracking in the fuel material. Finally, we note that we do

not assume incompressibility since irradiation induced creep may not

occur with conservation of volume, as pointed out by Gilbert and Straalsund

[6] and Gittus [7]. We follow the approach of Courtine, Cozzarelli and

Shaw [8] and Cozzarelli and Huang [3), whereby Poisson coefficients are

introduced for each component of creep. For simplicity we set all of

these coefficients equal , but not necessarily equal to 1/2

- - 

- -
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5

.‘ . B A S I C  ‘Vi i OF 1’HE PROBLEM

~.1 Field Equations

The tuel rod is a~ siiuit’d to he in fini t ely lung and in a s t , i t e ’  c i

axiallY sy m m e t r i c  p lane s t r a in .  Thus  t h e equilibrium e q u i t  i on  in ro 1.i~

c o o r d i n a t e s  i s  g i ven  by

I + ~~~ -

- 

- - o ( I
‘ t  1~

where  c and a r e  t he rad iii and t r a n s v e r s e  51 res  s L’om ponen Ir

and r is the rad t a l  coord  i n at e .  A l s o , t l ie c on t p a t  ib ill tv equi t ion  Is

- ‘ I I — Ir r e
+ ~~~~~~~~~~ =

r

Wile? re r and 1 F e ’ t he r a d i a l  and t r ansvc  r se s t r a i n  cemp5 ’tle ’nt S.

Finally, the  strain—disp lacenient ri’l a t  ion s  a re  g i v e n  as

I —
r - i

U
— 

r

where u is  t h e  r ad i a l  d i s p l . u c e m t ’nt

As discussed in  [3 ]  , a st  r u c t u r i l  e’ i enit ’cit under  s t r ess  and sub-

jec ted  to hi gh neu t ron  t lux and t eniper i t  t i l e’ I i c ids  ~~
‘ i l l  expe ’r lence b o I l l

the rmal  and i r r a d ia t i o n  Induced c r eep .  A cy l i n d r i c a l  f u e l  rod in ~i

L ~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . 
_____
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r e a c t o r  is an element where bo th  these e f f e c t s  can be very sig n i f i c a n t .

The total strain will be expressed as a summation of l inear e las t ic ,

steady thermal creep, steady Irradiation induced creep, transient

the rmal  creep and t r a n s i e n t  i r r a d i a t i o n  induced creep components. A

mechanical  sp r ing—dashpo t  model of the nonlinear general ized Kelvin

type  can be used to represent  such a summation of s t ra in  components

and th i s  is shown in Fi g. 2. The form of the correspond ing c o n s t i t u t i v e

re la t ion  fo r  e i t he r  the  fue l  or the c ladding  is taken from [ 3 ] ,  and

Is w r i t t e n  in in tegra l  fo rm  as

1+ V V

~ij E (o~~ — 
1 + v ~l 6~~ )

+ CT J ~Ts -r~ T~~~ L~2~ 6(1±v) 
2~~~~ 

~~~ I~ 6~~ )}dt ’

+ C
R J ~~~~~~~~~~~~~~~~~~ 6(i+~) ~ 

Rs 

~~~ I 16 1~ )}d t t

+ 
~~‘t J ~ Tt (n T n

~~
)
~~~~’ [~2÷ 

~~~1+V) ~~1j ~~~ l
1
6
1~ )}dt

!

+ C
Rt I 

J
Rt (n R

_ )~~~~I{~ J
2+ 6(i+~) 

~~ 

Rt 

~~~ 1
1
6
11 )}d

t ’

(5)

In order to limit the complexity of the problem we have assumed

In eq. (5) that the thermal expansion and Irradiation swelling are r

neg l igibly small , and have set all Poisson coefficients In both the

fuel and cladd ing equal to v . in the above equation , 
~1 

= is

th e first invariant of stress and J , = • )  S~~~~S~~~ Is tile second

~~~~~—~~
‘-
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7

invar ian t  of the st ress  d e v i a t o r  
~~~ 

0 j~ — k °kk ~~~ • Subscripts

Ta , ‘It , Rs and Rt desi g n a te  the  thermal  stead y ,  thermal  t r a u i s i t ’ut ,

Irradiation steady and IrradIation transient creep quantities , i e ’ s p c e - -

t ively. The creep powers nc~, ,  ~~~~ m~ and are non-ut’g~It ly e

integers , and the creep parame ters CR ,  CRt~ 
C
T and C~~ , t r t ’ p o s i t iv e ’

constants. The various creep compliance functions are defined as

J~ [v~ 
(t) J — q (t) (b.a)

~s T  T

J R5 [n R
( t ) ]  - nR(t) (b.l~

L

JTt [n T
(t) l 1 — exp~ 1

T

r-n
JRt l

~ R
(t)l — 1 — exp 

T
R

where n
R(t) fl

T
(t) are thue Irradiat ion and thermal redu c ed t l ine’

scales and R ~~ 
are the retsrd~it Ion  t ime constants. Also , t u e

reduced times are defined as

nR
(t) — J ~R(T R

(
~~ 

kit ’ ~

nT
(t) — J 4T (T 

~~~~ 
dt ’

where c
~R

(T) 
~~~ 

~~ , 
T 
(T) and i r are some t tine t I ouis ot  t ‘ncpe ’ I a -

tu re  T and f l u x  • . in t I ?e  present analysis we assume that 1 and

~ have reached stead y state , thus T T(r ’i , 4 4t, t~ and eqs. t, 7 . a i

- -~~~~ 
S. 

~~~~~ ~‘ -- 
~ 

- S - 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 

5 ’—-- - -- 5 - —
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.tIl d ( 7 . b )  s i m p l i t v  t o

ti~~( t )  — F~t ( 8 . , i~

— F’,1,t

wtue i t  1’R 
— 1 R ’11R and F’,1, — ~~ , i . (8 . c )

A t  though the Er t i t !  t a t  ton I ndu c ’ ed ci  t ’ e ’p St c a in w i l l  be’ t a k e n  as

linearly dependent on the si F t ’S S  , I l i e ’ I heritca I c i c e  p st ra i i i  w i l l  In  gi lt —

e 1.11 be noni iuiear . ‘l ice c ens I i t  u I ly e  c e ’  I a t  I en s , eq. 1, ‘I • e’itIl t h en  be ’

rcwr I t  t eui I or the c a s e ’ o I ax I symme t I Ic p lane strain I tu the t orni

il l , , ‘ ‘- [1+\ + ( 1 +  
\: 

~~I) 

18
4 

(
~~~~

F R 
+ 

t :YT 1’ i’ 1 1 4

+ _S R R 1  [ ( l - v ) c  —

- + 
t’:~, 1’~ 

(s1 ) 4 
~~~~~~~~~ 

i 
~~ ~~s L~~~1~~ 

+ 

itl~~

~R FR/ c R
+ 1(1  - “f 

I (~ .b ~

w h e t e  I) is the di I t e ’r e n t  La I epe ’t a  01 ~ 1, 1 t • and whie ’ru ’ o — ‘ I ’’

has been ci Initiated I rem t h e’ r I g lu t  hand s i d e .  u .c r t he u ’ nceu e, , t ’xpt ’u Int ent  a I

e’v ideuice [1 1 ind icates t ha t  • a t  t hough t he m a  I creep  st ra iu i I s  non I t ii ’a t

Iu i stress t o r  m e t a ls , It may 1* jj i~~~~ r t o m  c - c- u ncu t’ m a t e r i a l s .  Acc o r d in g l y ,

I n  subsequcui t work we’ w i l l  set

- 5-— ‘- —‘. ,.~~ - 5T5



V

— rn. — m i c r  c l add iu i g  m a t e r i a l
Is I t

m.., — DL, — 0 I c r  ~‘orc ’ u t i a t e r l a l .  i, 1O .b )
I s  I t

Following L 3 1  , t i de ’ SX 1.i I ~uui d I a t e ’ral s t r a i n  I c r  a o n e — d i m e n s I o n a l

creep test o — ~‘ 1 (t )  ( 1 ( t )  i s  u n it  st .~p f u n c t i o n )  may now he w r i t t e n

as

(~ o n c’ it —i” ,t /i
C - {—~ 

+(—
~~~

) F ,t +(--
~
) ( i - c ’ 

i 1)
x 1. A

T 
‘
~

~ t / ~
+(-~-~ ) F ~ t +(--~~~) ( 1— c ’ R R) ~t~(t) (ll .at

R 11R

C — — VC (ll.b ’)
y x

where

(ni+l)/(’m+l)
n — ‘m+l k — 

çl5+,V)_ , —-— ‘ T 
~~~~, 

l / ( 2m + l)  R
is

— 
~m/ ( 2 m + l )

ç~~~~~(m + f l/ (2m + l )  
— 51_+,y 

( I ’  t~ (l )
T 

CTI 
‘R CRt

I t  w i l l  be conven ien t  In 1st e’c work  to  use ii , 
~~~~ ~R ’ ~‘ ,1 and

Instead of ni , CT t  C~~~. C1~~, and CRI

We consider the case i~~I a kno~~i p lenum pressure p ( t) In the’

central hole suddeuily applied t o  t — 0 . The boundary couid It Ions In

this  case (see Fi g.  1) a r e  then w m l t t e n  as

~~~~~~ 

_ _ _ _ _

~

--—

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . _ _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~; ~~~~
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— — p t t ~

— — I  ( t ~~ ~~i ~~~~~

wh et e t ~ t \ is I lie’ t inkut owu c~OUt  ~t c~ I pc e ’sset u e ’ at t h e ’ t n t  e’u I .t~~e ’ 01 1

I cc’ 1 auud t h uc ’  c 1 add I ccg • _ u u~l ~‘t t e i  e ’ r i_ i l  ‘I — 1 (t) ‘I — 0. l i c e ’ c’ V I I  i ide i Is

I i i  I t  l a i t y  st  i e s s-  I ret’ and i e ’S j ’o i t c l s  I n  , t  pii t e i y  t ’l ast  I c  maiuue’ r ~I t  I — 0 ,

and thu s  t lu ~’ In it Is I c O u ch I t  l ou c uuu a v i ’~’ g iy t ’ ui c i t  hcec  as

— (1 (l4 ..I~

or as

o ( i  • O+ ) - 
a h ’ p ( ( t ~~ ( - - I ( (1 + ) ( ~ I i_ 14 . h~

W i l e ’ r t’ the  1 a t  t er I u s  i nip I v I lie’ rat !  (a  I St  i i ’ uS ci a t O t  i e ’spond I cig e ’ I s st  I c~

p i oh ’ 1cm . Whc e ic t ran s I e’iut t e• c- cuts a i t ’ t ne I nO ed we w (I I c equ I it’ add It I eic .i I

Iii  I t  1.1 I ~
‘ 011(1 I t  t c u t  S i t  t — 0+ sti cl i  ~‘ond I t  b its u u i . i  V he ’ geult ’  I .11 i’d i i

he’ g o ver n i ng  d ( i t  er eu lt  I a I e ’qua t ton  wit It homogeneous couid i t  I ens a t

t — 0+ ~iiici  I i i  I s wI  11 be d l  se c i S Se ’ cI ( I I  sul ’seeiue’iit  5 e’ c’ I. b u s .

~~~~~~ 
( i ~~~~~i Method ot  Solu t  Ion

l’oi t i l e’ p1’ e’SCflt plane ’ st F a l i t  prou i I e’iii a st le ’S s  I t in e I I out ii c au c be

lilt  u e d t i c  t’d v Ia t Ice de’ f l i t  i t  I otis

I ,lfl— - o — - -

‘i- r ~u- t t

thereby e’nsur lug t h a t  eqtc Ii iht’ ium e’quat ion IS 1~ is Iden t  Ic ’S l i v  sa t  1st it’d .

Combining c’qs . ( .)  , (~~ ,i ucd ( I  ‘~‘t • a e’ernpat t b i  I Its’ equal ion In  t e r m s  ot

— — ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ — - - -.5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--

~~ 
-



_ _ _  -~~~~~~
_ -_S~~~~~~~~~~~-~~~-- -

II

ii (is obtained apt

1’ (1 ~ 1’  
- ~ - 

) I I  
= it  (S

I I  I ~~~~~ ~ L t ’ ’  I-

wiu cu— e’ 1’ I s he’ d i t t  t ’i  ,‘u l t  t a t  ~‘prI  i i  ot

- 
I + v  

+ + 
~~~~~~~~~~~~

H’
i~~ 

t
Rs

F R~~~,~t 
+ 4 -

~~~~~~

- 

1 u , - 

R I I
+ I ’ ‘ ( + ‘1 4  

~ 
- ‘ t, 4 ‘1 .I t  u~ . ,t (  ,~~~ R I 
~~ 

1t .11

S i f l e’ t’ F R Slit 1 1’
l : t i  e ’ I i t u c t  I l, ’ui~ ot I and 4’ whu I c ’l i  In  t u i u u  . u i  e

I unct bouts ol i • O t t  I i- l o u t  t a t c ’q c t a t  t o u t  I(u ’t Is t itli 0 ci ~I i u  In  u w u l l u

u’ —depend e’ult v a t  I at’ Ii’ ~ c ’ e ’ ( I  I t  1i ’nt . litt ~ c ’ t c l u ’ u In I (tnt ’ Is t h  It ~l I t t  geue’i a I .

l’tu reduce ’s t o  u , ’, ~‘uc~! It — 
~ 

SlIt1 1 0 I lust ~~ i .
~ 

• I R “ I

no h a l l s  I et c  I c i  •‘i’~~’ ‘1 tin’ uc ’ l i i i  i t u uc I ,‘ i II W1~ h i Iu o iu i t ~la  I V a l I ct  I n t l  I s !

c-cud It (t i l l s  I 1 , IA’I iuuav h~- o l u t  ab ice ’,! by ~~, i i  I e’us sUit I t t  I c ’S I :uii ~i i t t u ~~* i I

t’roceduue~ . au tO t hi s wI 11 1’.- 0 I ,,, uuus e,t in  c l O t S  I I  In  l~it c ’i  se, - t  l o u t s . I l t e ’

, u t  c e s s e ’  s t htc ’ui l o t  low svuuul ’o l I,al I v  I l oin eqs.  i _ i  “ . M ~~ .itid (S I ’ , .t ~’1 as

— 0 1, 1 i _ t ’ , ~ • ~~‘i 
~, I . a ’ 1

(St • i • ‘1 ~I .h~’1

w i i i ’ t e ’ I ( S t  ‘I i s  ( t u  be Oct  eruii hiii ’ci by ,‘oui ~; lde’u’aI ion  ot  ( l i t ’ c I ad~I h u g .

‘I’ltc ~
‘ I add lug 18 1 Ii I u t  t. It ti ‘I Slid 1fl4\’ I hu t s  tue i t  e at  i’d 55 5

bran i ’  • V Ii ’  ld tug v is eq .  i, 1 1 .1’ ‘1

— —~ — — _

. 
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- -f(t) 
(l8 .a)

- ft 1(t) 
(18.b)

where superscript c designates a variable in the cladd ing . (A
v a r i ab l e  w it h o u t  a s u pe r s c r i pt w i l l  a lways  r e l at e  to the f u e l . )  Now ,
for plain strain the invariant term in eqs. (9.a) and (9.b) simpl ifies
to

~~ 
~~~~~~ 

o~)- 2v o o 7  (19)

Substituting eqs. (l8.a) and (18.b) into eq. (19), we obtain for the
cladding

+ 
6(l+ )~~~~~ 

— f~[i+ b 2 
— v(1 — ft)~J . (20)

Then , s u b st i t u t i ng  th is  resul t  into const itu t ive  relat ion ( 9 .b ) , we
obtain ~he relation for the tangent ial strain in tile cladding as

p~ ~~~~~~ + 
D [‘ +(ft ) ’ _v (l . 1~

’J m+ ~~~~

+ 
CT /;T 

f [  (ft) -v(l - ft + v]f
T 

(2 l . a)

w i t h  modi f ied  constants

CC _ C C 
FC ~ C _ C C Fc

Rs Rs R Ts Ta T

— ‘r~ /F~ — -r~ /F~ (2 1.b— e)

- - - ~~~~~~~~~~~~~~~~~~
‘ ~~~~~~~~ 5 5
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i i

where i”~ and F~, u t ’ assuiute’d I ndop ’uide’nt ci i S t  i t e  e t h e ’ c 1 adO I itg

is modeled as a membrane . I-’ Iuu ~ l i v  • we assume’ t list t h e  t u t ’ 1 c u d  t i l e ’

cl ing press aga ins t  e’St ’ll ot he u t I ght  I v  such that t Ice’ i ad ba t di

p lacement at the [u t ter  I ac t ’ I u ccit t I tinotis , acid thus We’ ol ’ C a i i i  I i ’flI

eq .  (~~‘I t he  con tac t  coitd i t  ion

e — ~~ (h’)

‘ilie t o  rucu lat ict i  c ’ I I h i ( ’ p rob 1 enc I now c’ eni p ie~ t e’ • i 11cc’ a ‘- c u t ’  ~- 1 i t t u

t [cii ot ee l s .  ( C I  . 5 )  , i _~I , b ’1 • ( I . ’ . . c ’ 1  and I .h ’1 h i t  o eq .  15 .a’1 v i i ’ ld ~- - %

unt i l [near d I f f e r e n t i a l  equal  ton  in  C . OU c e ’ t h i l s equ a l  ion  Is ~-~~‘ I ved

St  re’s se’s t e l  low d I FOc ’t lv  I ron eqs . I, I ’ . a • h ’t and I lie ’ 1 St1 t~~i vi ’ l ee i t  V l t t , t \

be ’ ob ta ined  I rout eq.  i_. + ’1 l it  e’cu ui~ cite  I lout  w i t h  eq.  i_ Q . b~ . I I t I s ~~~ ‘ t t e ’ u , i  I

procedure  w i l l  be app l i e d  in the  n ex t  sect Ion t o  t h e  t o t  l ow Iii~ l i i i  cc

spot ’ (a ! t ’SSe ’S ol t u t ’ I rod p r ob l em s : I — ma t  or is 1 p u o p e u  I Ii ’ s  l t i c t e ’p e ’ul—

dent 01 ~~05 i t  (c i i  w i t  hi no h i  t i c s  I out t c re’e’p C Ot flp outt’ t \  I -  • i t  tics t t ’ t  t a t

p r op eu -t it’s iu ’t d epe ut de ’u t t  c ’t  I ’os i t  I , ‘ t u  b i t t  wit it t i ,tuu ~. c ’S (  cc  e ’ ’ r  , oml’ ,’tcc ’ u u t  S

.tnd 1 1 1 — m,it ct is! prept ’ c I O S  cl e ’ l u e ’ildt ’il t out r°~ i t  l o u t  ‘n i l  h i it o I I i t t - i c - i t t

c rc ’ t ’p component  s

p

—i-- — —— —
- -S- . -.  .- _ _
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3. SOLUTIONS IN SOME SPEC iAL CASES

As previously mentioned , the thermal and irradiation creep coin—

pl iance functions are functions of temperature T and neutron flux 4’

which in turn are generally dependent on the position r . In order

to acco unt for this dependence, we express the functions F
R 

and

F1, [see eqs. (8)] in the form of M—th order radial power series

expansions about their mean values , i.e. ,

F~ (r) - F
R

I’
R
(r) — F

R0 
~~~ 

r
i 

( 2 3 . a )

F
T

(r) F
T

F
T
(r) — F

T 
~ 

k,~ r
1 

(23.b)

where FR and F
T are the mean values of F

R(r) and F
r
(r) in

the fuel , which in turn require that the mean values of F
R 

and F
T

equal unity. in the previously descr ibed Cases 1 and 11 F
R 

— F
T 

1

and thus ‘R 
— ‘Ro and F

T 
— F

T , but in Case III “R 
and F

T 
are

not constant but are taken as functions of r in accordance with

eqs. (23).

3.1 Case I — Material Properties Independent of Position — Trans ien t

Creep Tsr-ins Excluded

p

In th i s  case in,., — m — 0 and • “ ~~ , and constitutive
is Tt T R

relations (9) simplify for the fuel to

_ _  _ _ _ _ _  __________
- _ _ _ _  
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1”

/i l+ ~’ Rs is
— I~’~’~’ + —“—“-‘

~~
‘ - --  - I ( l — v ) ’ — ~~

C t1 
- + 

~~~~~~~~~~~ 

[~~1-v) ~~ 1 - ~e ]  ~~~~~~

where

C , C,, F , C — C F’
is ls ‘lo Ks Rs Ko

According l’e’ , the  c om p at i b i l i ty  equa l ion in the  st r e ss  lunctitui c U

[eq. ( lb) 1 reduces to

~i ~~~Rs~ 
~~~~~~~~~~~~~~~~~ ~~~~~~ 

-

This equation may be’ so lved  by s ucce s s iv e  integration to yield

H e
1

1,t) ~ + c’~~ ( tl ~~t l t  + C
3

( t ’ 1 +  c .(r)e~~
t

(C , + C , )1-.
Ks ‘is

where 
~ ~~~~~~~~~~~ 

and c
1
(t~~, c ,(t’1 , c~~(t’1 and c (Sr’1 , t r e  i tut ~~

t ions ot i:ttegratioui .

l’slng  eq.  ( S .~t.-c) ici cle” t l i i i  t ion (1’ . , i’1 w ith a pm lute’ m d  [cat lug 0 JOt ’

we obtain tor t he  r ad ia l  s t re s s

c (t) c ,(t ’1 c~~( r)
1 — -4

0 - - ç~~~~ 
+ ‘ ‘v” -- + ~~~~~~~~~ - 0r r-

p

rem wit ich ‘ne~ may C one lud e I hat c (t~ ‘I — c (t~~~) e r’1 i’1 In

order t h a t  i n i t i a l  c on d i t t o u i  ( 1 4 . : i ’ 1  be s1ct ist  led at, every i .

may now e nfo r c e  boundary t’oudi t  ion ( I  .~~ ) with p (t~~’1 t ( S t 1 ’ 1  0

- - —~~~~~~~~~~~
—,

~~
-S . -- S -- - - 

____ - - - ---~~~S-



I c ’ evaluate itl tegratiout tunctions c
1

1,t )  and C ,(t) . and h i t ’ s t r e - s s c ’ s

arc obt ~~j~~d wit h tht’ U S c ’ ot  eqs .  ( 15) as

r 1 1 ~ 
10 

1
- . - . p ( t ~~~( 1

-
~ - ) - t ( t ) ( ~ -~ - 

~~~

~ . :  p(t) (~~ + -t  ( t )  &~~~
- , + ~::~ ( 7 .10

Net~’ th at eqs. (.7) art’ in thw sante t o r n  as the  el a s t i c  so l ut i on s

t e.g. , so t ’  l~q. (1~~.b) 1. but hero t (St 1 is strong ly depend en t on t h e

e :eep p r op e r t i e s .  i ’lce’ c ir cun c i c- r en t  lul strain at r — 1~ In the fuel

t io~ h ollows t rout eqs. ~~~~~ and (. ‘)  as

e
~~
(b) - I’~ 

+ 
~~~t ) -  

~~~~~~~~~~~~~~~~ 
1 ( 1)

Equating eqs. (~ S’t and (.~1I , we I i u af l~ - o b t a i n  i c r  t h e  L’Cflt at’t p r o s —

sti i c ’ t ht cccii 1 tilt ’S r ord i na t - v d f t  t e r e u t  lal equat loti

B
1
t + + 

~~~~~~~ }1 + l
i
p

wicc re a dot indicat ’~ d . ti t and

B - 

(1-~ ) 
-

~~~ + v  
+ ~~~~

I I ’ , + i’ , ) [ a - ’
+ b ” t l - .,’ v l Jb Ks is

~ l C R S L “~ h ’ ’ ”
~ 

+ 
(b — a ’l

1 + — ~‘(1 — ‘
ti~ ~

S ~~~ -. ~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~ —.-.. .---. , ,- - .  S
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H —
I 1-’ (Sb’ —a

+ ~
‘ 

-Rs Is
— 

( S b —a ( l + v ~ 
t_ ~~ t~~t I

w i t h i  s u b s c r i p t  I used  to ldent it v titt ailt it los in Case’ 1

11cc p ressu  Fe ’ in  I he’ e out  c , t l  Icc Ic c u t  t Ito t u e  I I s now assumed as

cons tan t  a t  ter be’ l u g  ~t t d de ’n l v app ! it ’d t o t 0 , i . e .  , p( S  t ‘~ ~~~l ( S I

Iii o rder  to o b ta i n  t I l t ’ 50 L e i l  (cc t o  eq.  (S ~ . a) t o  I ( S t  ‘I , We’ t’e’qti l i t ’ - I l l

i n i t i a l  v a l u e  ci  ( I I  . Th Is  c’.t i i  be ob t a i ne d  t ’v i u l t t ’gr at  lug e’q. ~, :d l \

w ithi rt’spec t t o  t I rom 0 t c ’ 11+ acid set t icig I ( S 0 1  — 0 . I ’lut ’ti

the problem is r t’t o r mu l a t t ’d ~is

B ~ + C t + F: 
~ 

t~~~~~ - l~ p , t 0 (~ 0 I

with the Initial cetid lt Ion

11 
~
‘ (S 1— v1 i t 1’

(0~~1 - - 
~~~~~~ (Si’ tcl+ -a- l + L a +b~~~1-~~~I ] ~~ ’

It is d i i i  i~’tiII t o a s s i gul t v p i ~ ’ .i l necnt ct’ l~’ai v a l ue s  t o  t l t e ’ ~-c~- t i  1—

t ’ i e’ tl t  S itt t ’ c~ . I. . 0 ’) ( l i C e ’ I hle ’V cc ’ u c t  ,t in  C t e ’oi’ c oi i st at lt s  wit lelt v ,etv ovet

ye’ rv  larg e c’angt ’s • HOWOve ’t’ , it III is ‘q c iat  I Ott is t’ c’Wi it t cit lit t tc ’t ld l ut c e i t—

s lona 1 i orm we need on ly  spe c ’ it v t a t  I c ’S 0 t th~ sc’ c’ t’e’e’p c 0115 t au c t s . and —

t he a n a l  vs is  o t t he’ Sc ’ 1 - a t  t on  to g c c , i t  lv t ac ’ 11 it~ct e’d . l’htis t ,e ’ h i t  c o d u c - e ’

th e noud irncns ions! v , i t  I ab l ’S

t F t C , + C , I
-
~ t — Ks i s
I — - — —  t — ______ —-—-‘  —- ——— i,

t (SO’h

‘A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---— - ——--— — -‘-.—S--— , --5 5- —-—,- - - S —  
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,iuid eqs . i, tO • 3 1 1 be~ otis’

+ ~ — 1 , t

— I

who t’ e’ tile ’ dot  ciot ,’ m d  i c’ S t  i ’S d/d  t . In  e’q . t~ 
‘
~ he’ nouid imens  I ens I

k
I I c  lents S it ’ g iv e - c t ~~

E 1( S ; -’+ l - : v lh  + K 1 ( S 1 - v + \ h I ( S 1 -~~~~]

(i-v ~ (S l--~~-’I+(S~~ +l-:\ IEh

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
(S ~(‘~

wlct’rt’

— -i — hia —  
~
,, ~~~~~

,u rc’ nond incus ioutal ge ’c ’mc ’ t t  Ic c c ’Ui S t an t  s ; and

— f~
’ (S S , c i ’

~

F”

K
1 

— 
~~~

- - - 1’- —-j
~
-—-

+
‘K 1’

i-c
- 1 ti—I}‘~~(S~~. I p

K , — ~~
- -  

‘
~ - (S iS .c ’t

— Ko 
+

~~
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are nond imensional materia l constants. Note tha t K1 and K , icave

been expressed in term s c t t  oule — e. imens ional  c reep  c o n s t a n t s  t h r o u g h the

use of eqs, (SU .a—d) in conjunction with definitions ( . 1 .a , .~— c . c I .

The solution to dif te ren tial equation (33) is easil obtained in

implicit form as

dx 
,2~~~1 

‘ 
o , i ,:~~ ” (391

~

S i n ce  t 0 as t ~~‘ , an a 1gebr a i~’ equation In the asympto t  I~’ C O d —

tact pressure follows from eq. ( 3 3 )  as

~~~~~ + S ~~~~~~ — 1 , m — O ,l ,.,’
L

In the spec ial linea r case ’ ni 0 an explicit solution Is obtained

t roi” eq. (33) as

- 
l—[ l-(~t

1+’ ~~f = , in — (,) t-+1 .a )

where we see that

f(~~) — --- --
~~
-‘— , in 0.

ct
1 
+~

We may now express  the  nond imensional stress and volocit solutions

In terms of IT . F i r s t  we let

____________________________________ ---“-- — 5- -‘ - - -~~~~~~~
.-S ,- ..~~ - .
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C— r —r = — , C =
r f ( 0 ~ )

- 
= 

uE (42.a-d )
f(0 ) bf(O )

where r, a , 
~~ 

and u are the nonditnensional rad ial coordinate ,

radial stress , tangential stress and radial displacement respectively,

with f ( 0 +) given in eq. (31). Eqs. (27) then yield

= ~~~~2 [k(1 ~~)-~ (~~ - (43.a)

~

5,
.

= 
1~~ 2[k

l+~~~)?(4~- + ~~~-)j (43.b)

where we have introduced the nondimerisional constant

k — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 44— 

2(l—v)ä2~ li 
(

The initial values of stress ~r-
(~~,0

+), ~~(~ ,o+) and the asymptotic

values ~~~~~~~~ a0~ r- ,~~ follow directly from eqs. (34),(40) and (43).

Finally , eqs. (4),(24.b) and (23) give for the nondimensional velocity

=

= ~~){k[(1_2~)~ + 4]
_ [l+(l_ct~ )?_uS~?

2
~~

l

J 
[(~~~ + ~~}(4s)

where the initial and asymptotic values ~(~~,0’f) and ~~(~~,o’) again

follow from eqs. (34) and (40) respectively .

In the next subsection we investigate the e f f e c t  of the t ransient

creep terms.

‘ - ~~
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in the cladding equal to those In fuel (i.e,, ~ — ~~), we

obtain from eqs. (21 ,50) the second order nonlinear d:~fferent ia1 equa-

tion

+ B
1~~ 

+ C11f + D,ft2~~~~ ~
11f

2m+l_ G11~ + + ‘li p (51.a)

where

b

— 
(‘l -i-v)[(l—v)~ + v ]  

— (~+v)[2b
2v—(a2+b2)]

II E(b2—a2)

(l+’v)1(1—’cc)~~ + “i - b - b+ C~8[(l v)~ + v]+C~t [
(l_v)

~ 
+ v]

(l+’~)(2b2’~— (a
2+b2 ) )  (

~Rs
+ C

T )[2b v (a +b )]
— 

E(b~—a2)-f 
— 

(b2— a2)

— 

(CR + CT~
)[2b.1v_ (a2+b?fl

— 
~(b2 —a2)

CR b (
~Rs

+ C
T

) [
~
h v ( a +b )]

C11 [(l—~)j~ + ~~ — ______________

D11 ~~~[l+(~ )~~~v (1_ ~)1
[(l_v)

~ 
+ v] 

C
C

E11- ~~
‘
~~[1+(ft~~

’
_v (i_ b 2][

b 

]

— (l+v)(l—v)~ a~II E(b’—a7)

(l+~)(l—v)2a
2 

+ ~~Rs
+ 

~TS
)(1_v)2 a- (CRt

+ C
T~

)(l_v)2a
~

~
‘II E(b?_a ’)r (b2—a2) ~(b2— a

2)

(
~ + ~ ) ( 1_v)2a 2

— -~~-~~- - ,. (51.b—i)I,

—, —5.- _t_S& ~~~~~~~~~~ — ~~~~~(, ,_“4’ E 
~~~~~~~~~~ 
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w i t h  subscr I pt 11 i n d i c a t i n g  c o n s tan t s  i~ Case I I .

in order to I m d  the solut ion he r I’ • we require two lu ti t hal

condit Louis, which are read liv obtained by integrating eq. (ill twi ce ’

wi thi respect Cu I I rem 0 t o  O’~ and then set I lug I’ (0’l — I ( S 0 1  ~O

It the  pressure at t hit ’ ce nter h o l e ’  Is again maintained c o n s tan t  at

p for t “ 0 , we obtain thte followin g difte rentl al equation and

m i t  h a l  conditions:

+ B 1 + C 11 f + fl 1~~~~~~~~ + F 11
(~~~~

1 
— i~~~ , t 0

f ( O +) 
‘11 0
A 11 (S~~ 

11

- 
U - _ I_i 0  - (G

UPo~~~
i’”

Note that C11 /A 11 
— 111 /B 1 [see eqs. (51) and (291j, and thus C lue

In itial contact pressure ’ given 1w eq. (53) Is identical wit h the re-suit

given by eq. (31) in Case ’ I. A c’losed form solution to eq. (S u 21 Is

no t genera l ly  oI~t a inable , b i t t  aft or itondiniensiona Ii zat Icuc a lu ti me ’r I i~8 I

solution may be obtained ,

We shall employ t he same det In It ions I el the uiond incens lona I cent , i C

pressure and the ’ nondimension+u l t ime as In Case I [eqs. ( 12 .kt ,bI j . Fqs.

( ‘ 2 — 5 4 )  th en become

I + + a11T + ( f 2m+ l ) + cc
1 

2m+ l 
—

1(0+) — 1 

- ----5 —
55 ”.-.
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- 1 - - ‘~u (57)

where f  — df / d t  , and

( l— v + v i ) ( 1— ~~’ ) ( K 1+K 3+K 5)+(~ ” + 1—2 v)E i (l +K 3+K5)

~II  — 
[ ( l — v + v F Ø ( l — ä~’)+ (A7+ 1—2v)~~E] (58)

EK3K1(l—v+vh)(l—a ’ )+EK
3

(a ’+l~ 2v)
cc,1 ((1—v+v~ )(i—~2)+ ~~ (A ’+l—2~ ) )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1~~ )
m

11 - 
[(1_v÷v~ )(l_ )÷~~ (~ 2+l_2v)]21~~~ (60)

K.
6 — ____________________________ —~---—

II — — — — —
[( l—v+vh)  ( 1—a 2 )+ Eh(a 2 +l—2 v)

(61)

p~ 1
K
3
. (62)

In definitions (58—62) we find the nondimensional constants a , h , E,

K1, K2 
prev iously def ined in eqs. (37,38) as well as the additional

nondimensional material constants

K
3

— F F (Sb3.a)

+
\~ R 

AT
1
‘ C
R -K4 — 

‘F F ~ ( S 6 3 . b )

\A R ~‘T

K5 — ~R 
+ 

~T (63 ,c )

\A R AT

— — .~~~~~~~~~~ - — S - — 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~t



/1 ~ n—I

~~~)p o
— 

‘F F ’  • (tc i.d)

~
( .J~

_° +\ 1R

Note t h a t  c ase ii degenerates to  Case I as i -
~ ‘~‘ , i,e., tor

K 1 K , — K
5 

— Kb 
— 0 eq. (55) reduces to eq. ( 3 3 ) .  A standard conc—

puter subroutine was used at  the SUNYAB Computer Center to obtain

numerical solutionsto tionlinear difterenti al equation (55). The routine ’

uses a predictor—corrector method for nonstiti equations , and a

var iable—order method b r  stiff equations . The latter method i s  used

in dealing with our problem when tic is large. The asymptotic value

ma y be ob tained analy t i ca l ly  1w setti ng r T 0 In eq. (55),

whereupon we get a
11 r(’= ) + ~~~?(~)

2m
~~ which can be shown to he

identical with eq. (40) of Case I.

We now introduce the same definitions for the nondimensional

variables 
~~‘ ~r ’ 

o~ and ~ as in Case I [see eqs. (42.a—d)], with the

addi tional definition for the nond imensional strain

— Es
0- f (0k) (S t~~ I

Using these definitions we of course obtain front eqs. ( S 2 7 )  the ’ same

form for the nondimensional stress relations as in Case I [i.e ., eqs.

(.i.1)1. The governing differential equation for the nondimensioc-ini

circumferential strain is now obtained by substituting d e f i n it ion ~~~

and stress solutions (4 11 Into eq. (S46.b), and thus we obtain

—S. -~~~~ -55 ‘ ‘ ‘~~~~~~~ ‘ 5. —55 ~~~~~ _ S-SS’ SSS~~~~ =SS555S’S-S 55 
5- ~11
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::~~~~~ 

+ K3~~~~ - + [-~ -~~( l+K
3+K5

)-K
3?]

+ K
3
(l—2v+ .~~-)k} G(~~,~ ) (65)

where G(r,t) is known in terms of the numerical solution for f(t).

The initial conditions for ~re obtained by following the same

procedure used in obtaining ~(0+) and f(0+) for eq. (52), and

accordingly we obtain

- (i+v) ~~ 2 [ (  
1 ) ( l2V 

+ ~)] (66)

h~ 
~~~(~~~0 f)=  ~~~~ [ ( 8~~ + y11—2—K5

) (~~-~~ + ~~
)

+k(1+K
5
)(1-2v + 

~2-)] 
(67)

Finally, eq. (65) coupled with condition (67) can be solved by the

method of integrating factor to obtain ac 0
/at . By the use of eq. (4),

we then find the nondimensional velocity as

= ~ ~~ o 

~~~~~~ 
~~
(
~~
,0+)e

~~~~
+ ~ e

_K
3

_t!)
G(~ ,tu)dt t]

(68)

Note that the initial value of ~(~ ,0+) obtained with the use of

eq. (67) is not the same as the result obtained by setting t = 0

in eq. (45) of Case I. However , one can show that the asymptotic

value ~(~ ,m) [obtained from eq. (65) by setting ~
2 c 6 / a~

2 = 0

= v ( r ,~~) / r , ~~ = — 0 and ? — ?(~~~) ]  is identical with the

result obtained in Case I by letting ~ -* in eq. (45),

.-~~~‘. ~~~~~~~ ~~~~~~~~~~~ — - s~ - - 5~555.S5-~~~~~~ - 
~~~~~~~~~~~~~~~~~~~~~
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All solut Ions obtained iii t h i s  ~~t c  l ion reduce  to lice corresponding

solut locis for Case 1 , wh en we l e t  ~ ‘ and set K — K — K — K - I, ) .I .~ ‘-i t~
in the t ollowing subsect ion W e ’ again i~~u t e r t ’  t r a n s  le n t  c r e e p ,  b u t t  h i t  r c ’—

duct ’ the et t cc t UI posit tout depe’itdcnt material properties.

3. 3 Case Ill — Material l’r~’pert I e ’~~ Ilepetident on Pos it  ion — 1ra i i s  i e i c t

Crt’t-p Terms Excluded

In t h I s  C S S e ’ , the c u a t e r i . c l p I o ~’~’t  t it ’s .crt’ u-cot c-ocistauit bu t  ~1r t ’

taks’ut as dependent on Ch it ’ posit I c ’tt In  acc ordanLe ‘~
- i t  h i powe ’ u se ’l I c ’s u, .’ I I

T h e  const  i t u t  ive r e l at  b u s  f e i  t i t t ’ f u e l  . i i e  t i t u s  ob t a i n e d  I r ent eq .  ( S k t ~~

cIs

r 
- + ~- (SJ) [(1-\-Ie - (b~~.a~

= ~l+\  
+ [ ( S  1 \  I~i - ( b ~~.i~I

where us ing eq.  ( S 2 - 4 . c )

F ( rI  = C 1’ (r) + c” , ,  i’ ( r )  ( .0 1
R sR  1 sT

which is a prescr ibed f u n c t i o n  of r . in the present case’, compatl

b IL ity condition (Sl6) becomes

+ ~~~~ (1-~I~~~ -

+ + ,\ (c -I ~ - - 0  ( 7 1 . a ~

_ 
-



where

.~ . T)  - ~~~~~~~ ( 7 1  . b )

T h e  general s o l u t i o n  to eq.  ( 7 l . a)  is not easily obtained , hu t

in t he  spec fal case ’ oh incompressible materials (v l/ 2 )  I t  s I m p l I I  Ie ’~

to  t h e  f a c t o r e d  form

~ r~~~- + ~(r) )~~
- (

~~ ~~~~
) 0 ( 7 2)

Eq. (72) is now readil y solved t h r o u g h  the  use of an integrating f a c t o r

and successive In tegra tion , and thus we confine our attention to this

special case in the rema inder cci this subsection . Accordingly, the

stresses as defined in eqs. (15) are obtained as

I 
-\ ( r ’) (t - t ’)

— - - -
,
-~~- - g,(t ’Ie dt ’dr ’

r j r  J
a

r
c — ,\1,r I t

+ ) g ( S t ’) e  di ’ -4- g 1( S t I  ( S 7 3 . a )

r t , , r
-
. — -~ (Sr ) ( t — t  ) — ,\~ r l t

= -,--
~ 

g . , ( t ’ )e  dt ’d~~’ + g . ( S r ’)e  di ’ + g~~( S t 1

a 0+

1 -.\ ( r ’) ( t - t ’)
! + ~ g-, ( t ’)e dt ’ + g (r ) e  ( 7 3 . h I

0+

where g1(t ) , g 2 ( S t )  at-cd g , ( r l  are three Integration functIons.

Expressions for these lut e - g r i t  ion  f u n c t i o n s  may be ’ obtained 1w apply ing

- — S

- -S -S— 
—
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I 0

coicd it ens (SI ) and I. .+ . b I t o e ’ c~ . ( 7  . , and .c~ cord tug Iv

-p (t ~~

1’ 

~~~~~ ~~~~~~~~~~~~~~ ¼0 + 1 (~~
- -~~\ ( S 7 :~

—~\ 1,~ l ( t — t  I
( St  ‘ I c  d t  ‘ dc ‘ — p ( S t  —t 1— ~~~~~ p (0 + 1_ I  ~~~~~

- 1 ,r ’ )t
— e  

~~~ ~~~~~~~ ( S71 ’ I

SO t ’ that alt h ccuc giu g
1 ( S t~ and ~ ( S i )  , c 5 e  now J~~t e’1 ut~j u e ’J v i a  ec I s .

(S -, — 
• e ~ . I sacs t c r st l’~’ c c i t ed  w i t  ii C it e  con t ac C c end it i c ’ti

b~’ t  O Ft ’ 

~
. .  ( S t  and I ( S t  c . cu i  b e  J et  cc  ‘~~ iti ~’d . i t t  a sv n h i ’t c t  Ic

r ,-‘) and o r • a Fe ’ e a  l i v  de ’ C c’ rut i ned by sot  t lug 3 , 31 0

in e q .  ‘2 ~ and r e -p t -at  i t t ~~ C i te ’ .;be ~~ ’ solut ion 1’ ‘~~ e’dui~~~, v

F

- 

-

~~ 
- T ~ 

•
-
~ ~~~~ + ~~~~~~~~

g (- ‘ I
c’ ( t .O~”~ — c (r , ”-I + - Z 1 , . .1 t -  3~~i ~

In the pro sen case’ Ci t e ’ t t . u u i s  t e ’ t i  ~
- rc’e’p to ruts , i 1 e’ a b S e n t  acid

t h e  l’s’ I sson cc’ Ic I cut s  as e~ a 11 e ’ q u a  t e I / 2 t he  t’qua t i cci o r  C he

c ir ctcnc1er ~- u i t  ial s t r a i t - c  In tit e ci add lug t heit t c i  lows t rem eq. 1,2 1

r 1~ C
e ,

— + + , ( S 1  + ~ I t
~Y

t1t 
(1+ ~~~~~.~ 

, - -

A Is ~‘ , the’ c tic nut C e’ r e n t  c a l  ~~t a in hu t  t itt’ I Ut’ 1 .i t r = 1’ u s  el’ t . u t  t i e d

I rout eq .  (S t ’”~ .~~‘ 
‘
~ , wit i cii l’e’c’ c ’flit ’S I o u  v — 1 / 2
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I F’ i, c ’t 3
~. ( S i )  — ~~

-
. + - -  - - - -

‘ 
- I

LI ~~ 
1) 

-~

Then in’ subst itut log eqs. (S ‘ I I  t or t hi t’ St r ess t -s  L u t e  eq.  ( -
‘ ‘~ I • ~~

- t ’

get withi tice use s’i det in it t out  (S ; 1 . b~ t h e  s imp le  c- su I t

— 
i D  g~~~t 1

whue ie we so ‘ thuat t hit’ as sumj’ t ion ci  u t ce ’r n p s t s s  lb  lilt v 1 ea~l s t ~‘

s t r a i n — r a t e  wh i ch i  is se’pau-ah 1 e’ ic c r and t . liv equat  ing e e l s .  1, ‘5 ‘~

and ~S0I at  r — 1’ ~ in a~-~- c r J , u t c e  w ith t cci t t  a c t  couid i t  ion C 2 2 1  I We ’ , c t  e’

able t o  ob t a i n  thie e’x p r e ’ss iou

Eh~ 1’ ~~
‘ 1’ t i s  b ~~~~ 

— ut - + 1’
— 1,1+ hi ” 2 L

1~~~~C C +  
Ic~~ ~ 2rn~+t

’c
~~ ~~

~ hi ich stay now h e ’ c t t t e ’ci w c i ii eq . .‘ (‘~ .

because’ thit’ integratid out  t ice he ’ l l  hand s ide ci eq . .~ c-~I is not

s e par a b le  in r ,cud t , t 0 ~‘e ~t t t’J d U t t’ sen C I at c c c i  t~’ It l i u c’s ~~e ’ c t  t 0 1 
*

w i l l  not ‘~ le ld a s i tuc p le  d c t  t o t  c ’~~~t i . u l .  r e l i c t ion be’ t w e ’e’t u g , C t I  acid

1 (t ) . li-c order  t o  ob t .u in ~-u 5-h ,t d i t t t ’re ’n t . i a l  u~ ’L c t  i o n  wii i~’h i t t  t u r n

wou ld  y i e l d  a d i t u  e ’ r em t i_ i l e ’qu ~ct ion tOt Ci te ’ c- O u t a~- t  p r es s u t e ’ whce ’n C 0t ~~

b m e d  w it hi t’ei • (81) . we emp 1ev ati .cpp sex tuu , c  it ’ t ormu lat ton in whu i c t i

t he ’  f u e l  e’ c’ i O  i s  J t v I d e ’d i n t o  N con~’e n t  r ~c’ t tu g s .  lu - c  ea~’h r u t c ~ t h e’

mater t .c I p t  o ~ e’ i t  ics as e as sucme ’J t 0 be c ens t a n  t , acid We’ Se ’ C

— A~~, r~~~ ~ c r . ( S I  — l ,~~” • N ;  r —  a,t~~ — 1’”

where .1 1 is the mean V.1 1 cue ’ to t h e  I - C it r I u g . I s iutg e ’~~ . ~S 2

__________________________________ - 
.4 
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s,u v a pp  u ox c ~~ t o eq . (S - 
(‘ ‘~ .c -1

N
— I ( t ~ — - s 1 (t  (S ~~~~

i
i 

i 
C 

- ‘ j ( S 1 1  ‘ )  - .~ 1 t
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’ e’ R
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T
~1_ I

i — ~t

T h e  1 u u L e ~~r ,u  i s  in  th e’ t u t c c ~ ’t  l ou t s  , c i , ’ new se’par at ec i  in  s .cnd 1
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t,- h c t , ’ sucpe ’l s c r  i pt  (K ~ it - cd i c . i t  es Cite  K — t l c  C lute du ’r c v . u t  i V e ’ o t  1 t . i ’~’ e ’

F’qs . (5 I . .cI and ( S5 .~I 5’ouSt  i t  u t t e ’  .1 S e t  c ’t N4 - l equat ions in t i c ’ N

I u t f l c t i on s  S~~( S t )  and C i t e ’ i u i t  i ’~~u . c t  Ion t t u n c t  Ion 
~~ 

‘
~ . i h I s  s c I  ‘~. i V

be ’ rc ’dtcced by s imp i 0 .c l  ~ e i ’t . c  Ic  o l  Irn  m utt ion  t o a s in g  it ’  d i t t  t - u  en  t a l

r e ’ 1 c t  i o n  between g,( S t I cud 1 ( 1  ‘t , w i t h  a l l  C i te ’ S
1

C t ~~ e’l i s~I t i . c t e c I .

As a s l ticp le I t  iLust  r a t  I en We ’ c on s  I de ’r a I 1 * 0 — c  ing _ i p p t c ’X 151.11 I O U  (S t . e’

N~ 21 w I  t ic r hugs o I t’qut u I hi I C ’ kn es s  t he t h ire c  cqLua t  I ct -cs g ive ’n by eqs

(8 ~I .a I  cund ( S84 18re  t iow
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p — f — ~, 
S 1 

( 85)

i—i

p - I — — + g 2 (t )  ~ 
(86)

i— i i— i

- - 

i~

’
1 

A~ S~ - g1 ( t )  ~~A 1R~ 
+ ~2

( t )  
~~1

R 1 
(87)

A f t e r  e l iminat ing S1 and S1 f rom the above equations , we ob ta in

the fol lowinc ;  d i f f e r en t i~t 1 re la t ion  between g 1 and I

( p — f ) + ( A 1+A 2 ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (88)

This relat ion may now be combined with contact condi t ion (81) to obtain

the governing differential equation in ti-ce contact pressure for the two —

r ing approximat ion . According l y ,  we ob ta in

+ B 111f + C 111f + D 111
(f ~~~~’)+ E 111f 2ut+l

+ H
111p + 1111p (89 .a )

where

A 111 
(R

1
+ R 2 ) b -  -

~~
-
~~ (1+ ~) + 1

B 111 
= (.~1R 2 +,’ 2 R 1

)b -  ~~ (1+ ft)+(RtR ~~b~~~~
5 (1+ 

~~
)+ (

~~~1
+ 2

~~

2E
C111 

(~~1
R 2+ 2 R 1 )~~ 

Rs (1+ b )

-
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E
D111 = (R 1-4-R2 )b 2 

2
2m_ 1~~

1’
~ 

ft)
C
c

E 2iuc-h-1
E
111 

= (~~1R2+2 2 R1)b ’ TS
21~~1(l+ 

~
.)

G III = 1

L III ~1 ~2 (8 9 .b—i )

with subscript I II  indicat ing constants  in Case I I I .

Since eq. (89 .a)  is second order we require two initial condi—

tions , which are obtained b y the same procedure discussed for  the

previous cases as

C p
f ( 0~ ) ~~~ ° (90 .a )

III t
2m+l

— ‘~ ‘“ °  — 
A~~~~

(
~~~~

’°)  (90~ b)
III III i i i\  III

For additional simplicity we shall also assume that the functions

r
R
(r) and F

T(r) in eq. (70) are equal in each ring of the two—ring

approximation . Then in eqs. (89.b—i) the mean value of ~(r) in the

i— th ring becomes upon setting v = 1/2 in eq. (71.b)

(~ + ë  )2E
= 

Rs Ts 
1=1 ,2 (91)

where is the corresponding mean value of rR(r) (or r
T
(r))

In the i—th ring .
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For the load we assume again that a constant pressure p0 
Is maixtained

at the cent~~l hole for t>0. After introducing the sauce nondimensional

contact pressure f and time t as in Case I [eqs. (32)], eqs. (89.a)

and (90) became

2m+l
f + 

~III~ 
+ 

~III~ 
+ 1iii~ + 

p
ill ( 9 2 . a)

1 ( 9 2 . b )

= 1 — — ‘y’
~~~~~~ 

( 9 2 .c )

ifl the  above ( )  — dJdt , and

r 1
(3+a)(1—a) r

2
(3a+l)(l—a) 

______

[ (l+~ )~ 
+ ( l.4-a)2 a2 1(1+~)+ 

~2 
(1+~ )K 1E +2 ( I’ 1+r 2 ) E h

r(1_~2) (l+~) + 2~~] 

-—

L~~
~~~~~~~~~~~~ 

r 2 (3a +1)(1— a

(l+~ )2  + 
~~l+~ )2 a2  ~~K1( 1+h)+2r 1r 2Eh

~( l—a 2) 
(l~+ -i) + 2~ i~a2

2m+l
1—a — ~2uc+l 3

m
a 

K
2a

2m+l~ 111 
[i - 2 j

__________________________________
r1
(3+~)(1—a) r2(3~

+l)(l—~)-1 2m+1

L 1÷~~~2 + (1+~ )2 ã2  J ( 1~~~) 
~2m’f 1 m K 2

l_a 2
a2

p 111— r 1 r 2 . 
(93.a—e)
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Ii’s P = 1 ‘ci -cond c’rde’t di I I (‘rent lal eqtc:c t Ion (~~2 . cl  I s

e’qu i v a l e it t  to l u s t  C i!  i h e ’S i ’q u l a t  le t - c  1 11 o t  ( ‘ :1St’  1 ( w i t h c  V I / ,‘)

s l u i c e ’ I t  m ay be show ’ C i t t  C icon eq. (S ~2 ~ I ~~ ~ 1 ~~~~~~ c e’ntb I f l a t  ion  o I

eq. (S ~!1 and I t s  I l r s t d ’ r  I v - c t  i v o  . Wt c i  so see t h a t  eq .  ( ‘ 12 .  a 1 i s

vi’ t ~
- s Inc 11 cu t  In  I o i’m t o  n~ n I I u n ’ : c  S see end o rde  u t ’qu at  leuc il ci ~:u SO 11

:uu d ticus tIu~ SS ni e ’ ui unt et  i i’:i 1 pre~’c ’dtcut ’ muty bc used lt obt :1 In  hug I

uluc d we takouc mOl t’ t i t a n  C wo c t u g s  ( I  . . • N 21 in  otu c -  : cp p c e x  Im :it e’

I or t c c u i : c t  t ou t , we w ould  have  ,‘i ’t a l n c ’,h an N — t i c  or d e r  d l i i  ere ’uit i a l  equal i on

in I . hlci ~’ u ’v t ’ u t h e  sami ’ c - c ucn te c  lcci i n t et ho d  c arc a I SC ’ hi ’ ap p i  I od t o  t h e

so lut I on oh tic I it i glier  o c d  or t’qut c t i on .  Add f t I eu al m i t  1 :4  1 C ’ end I t  t o u i s

must  ci c ol Ic  c t  hi ’ ~ e’nt ’ u a t  Oil l i i  : ic ’ , ’ c c , i a n u t ’ w i t h  l i c e  p t i ’~~e ’d ic u i ’ p u t ’—

v i o t u s l v  d -u . c cc i l ’ee l  . As h u t  t h e  r r ’~’ t on s  , ‘ :ist ’s t he a svtupt o l  ic  v a l ue  t (- ’ ‘I

s tay l’e c’i’ta tuted ac icu lvi I c c ~1 I v  1~v i-crC C lug  I I Ct Itt t’q . (~~~
‘ . c i )
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~~~~~~~ 

wit I cli may t Icon be LI sod in

eq s .  ( , ‘ 7 )  . N o t e  t hi :it S luiec ’ t h e  pIe’seut utcit c’S I :~] I s  not t’qtt I va I e ’t’u t  t o

one w i th  ce ’ t t s t , u t c t  pr op ot i he’s u s  ( -“ , Ciii’ ccsVcicp tot is ’ ‘~‘t lllR w i l l

Icc g e t - c o t  a I be d Ii I c ro tc  I I t , ‘ni I l ie so In  t lie p u c ’vI  ens cast ’s .
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lii ’ hu t e~~rat lug  I cute I ion g , ( S t  
‘
1 V ( c c  eq . (S 5 1) 

• t i-ce s I t e  sse’ s ci e C lien

oh tic I ned I rout eqs . (S - . — ; ~~ . Vi t o best proc educe well Id be i i ’ di op ( i c e

mci I t  I I t ig  c i p p u  ox lutcu t I on t i  it! u-c p o i n t  , and ev a h i a t t ’ t h e  I ci t  e g u : c  I s I t t

( ‘ 3) nucme’ t I ccc I t ~ ov e t t u s  in  g (lit’ ccc C ua 1 d i - cit I Inc t i~~t i I 0 t .\ (S~’I

and t lie uc i ’~- o h ’ t alit ~
- c i i i  I n icoc ts  ci 1st r I liii t i ens I ec h’o iii o ( S c ‘I :tnd ,‘
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( S c )

iI , ’t,’(’~’(’ I • ci u-u i mp i ec’ c’s I i n t a t  e’ t o  ~ 1 ~~~ in’ o u t  - c I nod by cii u-co ‘‘ri’ 1 cvi ucg

l ice ’ st  e’i ’ appr ox tuni C I ot t  t c A ( S t - I  In  e’q . (S 7 1 . ci I . i h u t u i c  we mind Im en s  I on—

c u t  .‘ e ’ in  ccc .- c u d a n ~’ e w i t  Ic eqs (S ,‘~ •‘ I ~~~cj ~‘utp ii’’,’ t he  t W ~~— t  t ug  Rpp i O1’~ 1%Wc t t I enS
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m — 2m+l-~2m
1 1 1 1 1(1+1 ) df K2 2 (1+h ) E —2m+ 1

- 

~~~ 
0~ 

h 
+

K (1-s-i ) —r 1
(~~—~~’)

+ 1
r ?}e di’

- 
1

)e
1 1t

k

- - 1+a
for  (a ~~ r

t - m , —~ 2m+l -12m
i[i ~II J (1+1 ) d1 

+ 
K 12 c,1+h1 I’ 

?2m+ 1
- 

(1+~~~] jl  ~~ dt’

— X
1
(1+h) — l’

1
(t—t ’)

+ ii 
d~~’

t K , 2m ( l÷h)
2m

~~ j~2m

+ !r ~ — Li I j ( l + h )  ~~~~~~~~ + 
‘-

2[( 1-4-a) .’ 
~~~~~~ ~~

j - dt ’

K 1(1+h) —r , ( t — t ’)
+ ~ _ I } e  dt ’

+ (1.~~-T) (k _1){[ 4.~- - 4.,
~
e
~~1t

+[(1
~~
)

,_ Tle } - k

1+a —for (S— —-~~~r~~~ 1 I

(S i ) . 4 ’)
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Note that 0r 
is continuous at the junction of the reg ions , whereas

tile slope \ o / ~cr is discontinuous. A similar approximate procedure

app lied to eq. (73.b) for would yield a less useful result ,

since we see f rom the last term that a would be discontinuous at

ti-cc junction oh the  r i ngs .

Turning  now to the evaluation of displacement , we iirst com-

bine  eqs.  (80) and (81) to o b t a i n  tice strain—rate in terms of t as

-

~~~~~~~ 

= 

~~~ ~~ , + ~~~~(1+ ~~~ + 4~~~~(l+ b ) f ~ n~~1J ( S95 )

A f t e r  nondirneusional izing  in a c c o r d a n c e  witic eqs. (32)  and (ti ~~~) this

rela tion becomes

- m — 2m+ l -- 2m
3 3 f( l+h) K ,,2 ( 1+hi) - 2tt-I- l

— f + 
~[( ~)(1+~ )+2r [~~~

2m

K
1
(l+h) )

+ ——
~~

---
~~~~~ ( 9rc )

Note ti -cat the t angen t i a l  s t r a i n — r a te  and i ts  d e r i v a t i v e s  are cont inu-

ous t h roughout  t h e  whole f ue l  reg ion .  F ina l ly . the nond imensional  r ad ia l

ve loc i ty  is obtained t ram eq.  (4 )  cus

= ~~~~- = (S 97)

wher e I~ 1 / t t  has been giveuc i i i  eq .  ( 9o)  • l’lce Ictit h a l  and a s y m p t o t i c

values v(r ,O’F) arid v(~~, ’)  h ollow in the usual manner.

_ _  _ _ _ _  ~ -- -- - 5 - -
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In the next section , some typical values are chosen for the

nondimensjonal material parameter ratios and the Poisson coeffic ient ,
in order to study the nature of the stress and velocity distributions
in the three parts of this section.

_______________ 
- -- -
i
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4.  D i S C U S S I O N  01-’ RE SULTS

in order to i l l u s t r a t e  t h e  solutions obtained in the previous ly

discussed Cases 1 , 11 and I l l , we select b r  the nond imensional ge o-

m e t r i c  and e l cu s t  Ic c on st :c ut t s  the  t y p ica l  va lue -s  a 0. 3 , Ii 0 .1

and E 1.0 ~see e q s .  ( 1 1  .a ,b) at-cd (S 18.a) I. T u r n i n g  I lr st  to

Case ’ 1 (Smat or l al  prepert ic’s I n dep cn d t ’ut ci  p o s i t i o n  — t rims let-ct e c o op

c-xcluded) , we si-cal l  s e l e c t  two set s  s’b va lues  b a r  the nond im en s iona l

creep cons tan ts  K 1 and K , in recognition of ti-ce large range ol

variation for these constants. Using ti-ce one—d imensional test con—

deucted at a stress equal to the  internal pressure p0 as t h e  measure ’

of material behavior , we shal l  d e s i g n a t e  as Cicsc l.a th e situation

In wh ich the steady t i i e ’rncal s’rt’e’p strain rates are of the same order

In t u e  f u e l  and c l a d d i n g  m a t e r i a l s , whi le  being oh o u e  order higher
fr~

t i tan  ti-ce co r r e spond ing  steady Irradtat ion creep str:cln rates. Thus ,

rd erring to eq. (11 .c c )  • we set In Case 1 . c t

F 1, c n— i l, c’

10 —
~~~ 10 (98)

-i

whereupon eqs. (35.b ,c) y ield Clue values K1 
0.091 and K , 0.909.

In add it ion , we consider the  case in which  tiuc steady at-cd irradiat ion

creep strain rates cure oh the same order In th e fuel materi:u1 , attd

ot  one order h ig h e r  t it an  the corresponding creep rates lu-c the c l a d d i n g

m~ut e’ r I~ul . Designating titis as Cat -c e l . b , we accord ing ly set

F
c it-

c_ I i.e

= - -~~-
° = 10 = 10 ( CI  c))

‘
~1’ ‘R ( \

(
)~

-‘ - -  - -- C - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 



and obtain K1 K., — 0 . O’ i .

The nondimensional  s t ress  and v e l oc i t y  so lu t ions  in tu e tue ’l b r

Case l.a are given by t i lt ’ solid c u r ve s  in Figs. 3—b . 1-cc these  ac-cd

all subsequent curves 0. I ~ r ~ 1.0 (from central hole to interlace )

and 0’
~ t ‘- (from init ial to asymptotic solutions) , l o u tic — 0

and 2 ( l i n e ar and non l inear the rmal  creep in c ladding)  and w i t h  ‘~ 
— 0

and 0.5 (not-c—contracting and incompressible materials) . l’ccse l.a is

especially Iccterest ing ‘n t hat  i c r  tic — 0 we obtain a1 — = 1

as a consequence of K
1 

+ K , — 1 [see eqs. (S35— Jofl , and t itus eq.

(S 1.a) g ives a constant co n t a c t  pressure I — 1. Fig. 3 give ’s t ue
radia l  at-cd c i r c u m f e r e n t i a l  st r e s s  d i s t r i b u t i o n s  p l o t t e d  versus

pos i t ion  r in the f u e l ;  ti -ce v a l u e  01 v had a minor e t i t e c t  on the

stresses in ti-is case and thus on ly  the  curves tar ‘C’ — 0 .5  h a v e

been shown here. We see thi cut o is compressive and ~‘ Is tensiler

at all points. Also we find that t h e  i n i t i a l  e las t ic  and ct svc c cptot ic

s t ress so lu t ions  fo r  m — 0 are iden tical , which  is a direct con-

sequence of tI’te fac t ti-cat f — 1. Figures 4 cit-cd S pre sen t t ic radial

and circumferential stresses respectively at the interfacial position

— 1 , but p lo t ted  now versus t ime t • Note  t i -cat  b o r  in ~ 0

I increases with time whereas o decreases w i t h  time • andr e
that  ti -ce e f f e c t  of ‘~‘ is minor when compared to the e ile ’ct at in

F inally, the radial veloc ity at the interface is plotted versus C hine

in Fi g,  b , and we SC& ~ tha t  the values of both -c v at-cd m icave a very

sign ificant effect on these time decreasing solutions .

A corresponding set of stress and velocity solutions b r  t ’c c se ’ l .li

is given In Figs .  7—10. Th Is case d ill  ers sharp ly  f rom the prey icius

case In tha t  I always grows w i t h  t ime (Ssee Fi g .  8) at-cd is neve r

- s —— - - - ~~ -—~~~~~~ ——~~~~— - - -~ --S —--S .- ~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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constant. Furthermore , FIgs. 7—9 show that the value of v now has

a very s ign i f i can t  e f f e c t  on the  s tress  solut ions . In fac t , the

Poisson ra t io plays a very interesting role in Case I . b  In t h a t  f o r

v 0. 1822 the solut ions are independent of the  creep pow er in , and

curves for  this  value of v have also been shown . On comparing

Cases L . a  and I . b  we f ind  tha t  the  various so lu t ions  approach d i f f e r -

ent asymptot ic  values , and the  rate of approach Is generally faster in

Case l .a .  We also note  tha t  a l though the in i t ia l  stresses are identical

In both cases the initial velocities are different since these are

affected by the stress rate.

We turn next to Case II it -u which the  ma te r i a l  proper t ies  are

independent of posi t ion whi le  t rans ien t  creep terms with equal retarda-

tion times are included , and fo r  the sake of b rev i ty  we will  consider

only one set of material creep constants. We again use the one—

dImensional test at p as the measure of material behavior , but now

also specif y that the creep terms in eq. (ll.a) be compared at t = 2~

since the transient terms h-cave essentially reached their asymptotic

values at this time . We shall take Case II as an extension of Case I.a,

and thus we assume that under the above conditions all of the thermal

creep strain components in the fuel and claddi-ug materials are of the

same order as the elastic stra in , whereas all of the i r r a dia t i o n  creep

strain components are of one order lower . Accordingly, r e f e r r ing to

eq. (ll.a) we set

C n—i n—i2~ F f lF  p pTo T o o  1 o A
(\ C

) 
fl 

= 

(~~
c )~ 

E

101F 2O~ FC
Ro Ro 10 10

— — - - - - — — - —  (100)
b R 

c
R

— ---S -- -- - - - -S
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whereupon eqs . 1. IS . hi , ~- )  autd ~~ 
I . a—d ) v ie  ld K — 0 .  0’1 1 , K , — 0 .

K — 1.815 , K — 0.182 , K — 2.000 auud K — 1. 818.

in Case I I  t i c e  curves b r  ~‘ and C’ vs .  r at t — 0 and -‘
it

ir e  sh own on Fi g.  I i, idetit I~ a 1 wit it u a  se 1 . a)  • t h e  c c c  t v t ’ s  I o t - ‘

~~ 

,iu d

vs. t at  r 1.0 . i i e ’ g iven  ,u s dastced l ines cu -u F i g s .  -~ , ‘ . and

l a s t ly  the gx-ap lcs 01 a t  r — 1.0 ar t ’ p i~~se’i t t t -d  sep a r a t e l y  in

Fi g .  11. F t  gu res  .1 , -~ and 
‘ c l e a r  1 ‘~‘ de ’m~~its trate th uat t ice c-cs~-mp ( C ~ I Ic

va lues  of 
~ 

and o at t h ~’ i n te r f a c e’ are i d en t  ical in e.u’ct - ,c I . a

autd 11 • w h i c h  is as expected s I c e  Case I i  r educes  t o  I . a as lice ’ t ran—

lent e ft e’c ts d Ic out . W -  a I so not  t’ In l- gu re’s -~ and ~ t hia t t lie ’ r , u  Ce ’

at approach to the’ asvnlp to t  Ic St  r o s s  v~u h ues  is g e n e r a l ly  s low e r  In

Case I i  t h a n  in Case 1 . a , al  though in thue spec 1a1 case in — 0 we’

~u g a  in h i ve’ r — i . On compct r Iutg t h e ’ ~‘eloc its’ ~o luu t ions t or I h ose ’

two cases (S F i geure s ‘ and 11) , we S e t ’ t h at , wit i it’ v (S 1 , t )  is  cou cs t an t

t a r  in — 0 and si [g u t  ly  de c ro~u s i t c g  lot m — 2 in Case’ I . a. .c 11 \ e ’ l C ’O i t ”

so lu t Ions  de c r e ’ us e ’ t h r o u g i u  ,u muc h g r o a t  or r at ige  h u t  Case  I I  . l i t  i s  i s

a d i r e c t  c ouse q u u c ’i us - e ’ ob  t he ’ I . l C ~~t i t _ u t the  twe cas e ’s h a v e ’ d u l l  ot eu tt

i n i t i a l  veloc it  i t ’s ( Case ’ 1 1  it i u c h i  ~ t e :ct c i )  bu t  e ’ C l uc _ i  I clsvtluptot ic ‘ C e  h O C  I —

t los , as dI scus sed pre~’ locus l v  i n s e c t  t on .2

Wt’ I ln&t l lv  t u r n  t o  C as e ’ I l l  i t t  w h i c h  t he  i r a ns  l e n t  c roe -p i~

Ignored wh l i e ’ t h e c re’t’p p rope ’ r t  i os .urc ’ cii lowed to v a c~ - w i t  Ii Chit ’ r~kI i . t  I

p o s i t i o n . You w i l l  r e c a l l  t h a t  we s i m p l i f i e d  t he  . u n c t l v s i s  j u t  sec t  t on

3. .1 by assuming Inc otucpr oti s ib I l  it  ~ (S ‘C’ 0. ) autd l’s’ oucip b y  tug a mu 1 t I —

r tug app rox ima t Ion .  lu - c ,u b u t ’ 1 t o d  t he  t e mp e r a t u r e  tend I i u~-~ and

accord it tg lv tite C i c ’ op p a r  ~Utie ’ t o t - s and “ R w i l l  ~i e’ C i c ’ as e’ in t i t t ’

rad ial d i re ’C t  ion . I -o r  t h t ’ purpos e’ oh i l l u s t r a t i o n  we’ sit ~e i i  asstc tc i e

- - - S  ~~~~~~~~~~~~~ —-— - - -—~~~~~~~-— 
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-
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that 
T 

F~ I where 1 Is a parabolic f unction [I.e. . 11 2 in

eqs. (23)] with dl’/dr 0 at .3 , w i t l c  ( . 3 )/  (1) 2 . ti , and

r 1
w i t h  the  mean (1/.7) F(r )dr ’ I as previously required.

J .3
b’~e t h e r eb y  obtain

F(~~) 1.116 + .948~ — l .5s0~ - (101)

whereby F ( . 3 )  = l . 2~ 6 and (1) . 484 , which is a change ci moderate

m a g n i t u d e .  We consider  t i -ca t  ti -ce average m a t e r i a l  behavior  is t i - ce  same

as in Case l .a  [see eqs. ( 9 8 ) ] ,  and employ t i-ce two r ing a p p r o x i m a t i o n

for ti-ce radial dependence , with the average value i t t  t h e  i x c c c e r

rIng (0.3 ~ r ~ 0.uS) and r~ ti-ce average value itt the outer ring

(0 .6 5 ~ ~ 1.0) . Ti-ce comp lete set of uioudimensional c reep  c o n s t a n t s

fo r  use in eqs . (93) is then g iven as K1 = 0 .091 , K , = ~~~~~~~~~~~ ‘1
I i = 1.193 , r , = 0.806 .

For Case III we evaluated 0r by means of ti-ce simple estimate

given by Eq. (4) (which uses the step approximation to 11(r) throug h-c—

out)and V by means of eq .  (97); the curves for c (r ,~-’), ~r
(
~
1 t )  and

~ (1,t) (for m 0,2) are shown as dash—dot lines on Figures 3,4 and

6 respectively . Note ti-cat as expected the slope of the radial stress

is d iscontinuous in Figure 3 at the po int r = 0 .65 .  On comparing

Case III with Case l.a we see from Figure 4 ti-cat the asymptotic value

of I is greater in Case I I I , and thus for m 0 the contact

pressure in Case III is no longer equal to unity . i inall , on examining

E L gure 6 we see that neither the initial nor the asymptot i~- v e l o c i t i e s

are equal for the two cases , and hence f o r  in — 0 the  v e lo c It ~’ ~it  t he

i n t e r l  ace  is a g a i n  no longer  c o n st a n t  fo r  Cas t ’ I l l .  i~e must  p o i nt  out
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that these curves are solely for  the purpose of illustra tion , and t h a t  it

would generally be necessary to use more than two rings to obtain good

estimates for the contact pressure and the integration function g
2
(t)

Furthermore , as we have po in ted  out , one could not only obta in  a be t t e r

estimate for the radial stress but could also obtain a reasonable continu-

ous estimate for the tangential stress by using the actual  rad ial d i s t r ibu-

t ion  fo r  the creep properties in eqs. (63) .

t~~S previously stated , our major goal here was to obtain some analyti-

cal solu tion s fo r  var ious spec ial cases , which could then be compared with

numerical results i ron existing computer codes. In order to obtain such

solu t ions for  t h i s  very complex problem , we found it necessary to make a

number of simpl if ying assumptions. As one attempts to relax these assump-

tions , the comp lexity of the problem increases only slightly in some cases

while  consider abl y more in some other cases. For example , ti-ce solutions

presen ted may be eas ily extended to include time dependence in the  inner

rad ius and pressure , and an external pressure may also be easily included .

On the other hand , the i n c l u s i o n  of swelling and thermal expansion would

r e su l t  in a s u b s t a n t i a l  increase in complexity since nonlinearity precludes

the use of simple superposition . Finally, the relaxation of some o t h e r

assumptions would result in problems which are orders of magn i tude  more

diff icult. In this category we have thte inclusion of nonlinearity it-u the

thermal creep of ti-ce fuel as well as of the cladding , since ti-ce compatibility

relation in the stress function is then a nonlinear partial differential

equation.
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