AD=A067 429 STATE UNIV OF NEW YORK AT BUFFALO DEPT OF ENGINEERIN==ETC F/6 18/10
SOME ANALYTICAL AND NUMERICAL RESULTS FOR CLADDED FUEL RODS SUB==ETC(U)
JAN 79 S HUANG: F A COZZARELLI NODO14=75=C=0302

UNCLASSIFIED 105 NL

END
DATE
FILMED
6-79
I DDC




e

o

2
vt "
i

B
Ey IR TR

= 1l

O,

|




1BEy &

Department of Engineering Science P
FACULTY OF ENGINEERING AND APPLIED SCIENCES

State University of New York at Buffalo

Report No. 105 “

SOME ANALYTICAL AND NUMERICAL RESULTS
' FOR CLADDED FUEL RODS SUBJECTED TO
THERMOIRRADIATION INDUCED CREEP

ADAQ0 67429

a by
-
(-
‘;J S. Huang and F. A. Cozzarelli
B
— B L) S
= femEm 7
January, 1979 Qf APR 18 1979 ”
LOLIUTE
D
W 4 /T ( ._//

No. N0O0014-75-C-0302. Approved for public release. Distribution unlimited. - C

€9 U4 16 021

This research was supported in part by the Office of Naval Research under Contract 4 —_—




TABLE

OF CONTENTS

ABSTRACT . ¢« « v s o+ &

LIST OF FIGURES.

NOTATION . . . « . . &

1.

2.

4.

INTRODUCTION. . .

BASIC EQUATIONS OF THE PROBLEM.

2.1 Field Equations.

.

2.2 General Method of Solution

SOLUTIONS IN SOME SPECIAL CASES

3.1 Case I - Material Properties Independent

Transient Creep Terms Excluded.

3.2 Case II - Material Properties Independent of Position-

of Position-

Transient Creep Terms Included . .

3.3 Case III - Material Properties Dependent on Position-

Transient Creep Terms Excluded.

DISCUSSION OF RESULTS .

REFERENCES . . . . .

FIGURES: ¢« ¢« ¢ « o« ¢ &

HRENIN W

m Wi Gostion
L] Bt lostiee
OUARROUNCED 0

SUSTIFIGATMN. e &

" -
STTRIBNTION/AVAILABILITY 0008

AVAIL wnd/or SPEGIAL

Al

.

ii

10

14

14

21

28

40

TR

46 i

8 F

P — N SRS




ABSTRACT

Stresses and velocities are analyzed for a hollow cylinder of

fuel encased in metallic cladding and subjected to high temperature

and high neutron flux fields. The material is represented by a com-
pressible nonlinear thermoirradiation viscoelastic model. A stress
function for axisymmetric plane strain is introduced, and the problem
essentially reduces to solving a nonlinear ordinary ditferential equa-
tion in the interfacial contact pressure. Some analytical results are
obtained for the case of material properties independent of position.
For the case of temperature, flux and thus material properties
dependent on position, an approximate formulation is emploved whereby

the cylinder is divided into discrete rings with constant properties.
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NOTATION
i
a radius of central hole in core, Fig. 1
AII'BII’CII‘DII’EII’ coefficients in contact pressure equation for
GII’HII'III Case 11, eq. (51.a)
AIII,BIII,CIII,DIII,EIII,coefficients in contact pressure equation for
GIII’HIII’IIII Case III, eq. (89.a)
b outside radius of core, Fig. 1
BI,CI,EI,HI,II coefficients in contact pressure equation for

Cl(t) ch(t) ,C3(t) ’
ca(r),cs(r)

Crs* Rt “1s*Crt

Case I, eq. (29.a)

integration functions, eqs. (26),(49)

creep constants, eq. (5)

D differential operator, 3/3t

E Young's modulus

£ interfacial contact pressure, eq. (13.b)

F-CRSFR+CTSFT prescribed function of r , eq. (70)

FR’FT functions of temperature and flux, eqs. (8)

FRO’FTO mean values of FR’ FT

gl(t)’82(t)’84(r) integration functions, Equations (73-76)

h thickness of cladding, Fig. 1 1
H stress function |
I1 first stress invariant

J2 second invariant of stress deviator

JRS'JRt’JTs’JTt creep compliance functions, eq. (5)

k nondimensional constant, eq. (44)




K, 3K Bq s K

13K0:KqsK, Ke K
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m
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n=2m+1
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°111

vi

nondimensional material constants, eqs. (38)

and (63)

creep power in cladding

creep powers, eq. (5)

creep power in one-dimensional test, eq.
number of rings in Case III

internal pressure, Fig. 1

constant internal pressure
differential operator, eqs. (16)
radial coordinate

functions for i-th ring, eqs. (83)
stress deviator

time

temperature

radial displacement

radial velocity

functions of material constants for Case II,

eqs. (49)

coefficients of nondimensional contact pres-

sure equation for Case I, eq. (33)

coefficients of nondimensional contact pres-

sure equation for Case I1I, eq. (55)

coefficients of nondimensional contact pres-

sure equation for Case III, eq. (92.a)
functions of r , eq. (23)
material function ¢f r , eq. (71.b)

Kronecker delta

(11 .a)
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strain

ifrradiation and thermal reduced times, eq. (5)
one=dimensional irradiation and thermal steady
creep parameters, eq. (12)

one-dimensional irradiation and thermal tran-
sient creep parameters, eq. (12)

Poisson's ratio

stress

irradiation and thermal retardation times,

eq. (5)

f lux

functions of temperature, eqs. (7)

functions of the flux, egs. (7)

tunctions of material constants, eqs. (20) and
(49.b)

indicates quantity in Case 1

indicates quantity in Case 11

indicates quantity in Case 111

indicates quantity in cladding

indicates quantities in irradiation and
thermal creep

indicate steady and transient creep quantities
indicates nondimensionalized quantity

indicates moditied material constants, egs.

(21),(27) and (406.¢)
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1. INTRODUCTION

A hollow cylinder of ceramic fuel (e.g., UZO) encased in metal-
lic cladding (e.g., stainless steel) is a widely used configuration for
a nuclear fueld rod [1]. The cladding provides structural strength
and also prevents the fuel from contaminating the coolent, and there

is usually a gap between the fuel and the cladding at assembly. How-

ever, after the power of the reactor has been on for some time, this

gap closes as a result of thermal expansion and swelling. An inter-
facial contact pressure is therefore developed between these two
materials, and we may assume that displacements are continuous at the
interface. The plenum pressure is transmitted to the central hole of

the fuel, and this pressure may be time-dependent due to the immigra-

ol T S T T 3 T

tion of gaseous products released from the nuclear fission reaction. 4
The diameter of the central hole is assumed to be constant in the
present study, since in practice its change is generally small. The !
geometry of the fuel rod is shown in Figure 1, where a 1is the radius H
of the central hole, b is the fuel radius, h 1is the cladding i
thickness, and p(t) is the plenum pressure. i.
Creep material parameters are usually highly dependent on tem- f
perature. For problems with variable temperature fields Morland and
Lee [2] employed the concept of a thermorheologically simple material,
whereby a temperature dependent thermal reduced time gT is introduced
to convert the memory integral to one with constant material properties.
Realizing the analogy between irradiation induced creep and thermally
induced creep, Cozzarelli and Huang [3] introduced the concept of a

fluxorheologically simple material, whereby a flux dependent irradiation
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reduced time is employed in the irradiation induced creep compli-

CR
ance function. Also, in dealing with the combined case of thermo-
irradiation induced creep where both the temperature and flux fields
are high, they used two reduced times where each is dependent on both
temperature and flux. This approach results in two sets of memory
integrals and differs from the approach employed by Rashid (4], where
a single reduced time¢ dependent on temperature and flux was used.
Experimental evidence [5] has shown that irradiation induced creep
strain for both ceramic and metallic materials is essentially linearly
dependent on stress. However, for thermal creep at moderate stress
levels, although the strain for a ceramic material may still be linearly
related to the stress, it is generally highly nonlinear for a metal.
Therefore, we consider that the present problem consists of a linear
viscoelastic cylinder encased in a nonlinear viscoelastic cylinder.
Because the fuel rod is long, this can be treated as an axisymmetric plane
strain problem. Also, since the cladding thickness is small in compari-
son with the radius of the fuel (h << b), membrane theory can be applied
to the outer cylinder. For simplicity, we neglect the thermal expansion
and swelling terms in the constitutive relation, and also ignore inhomo-
geneity and cracking in the fuel material. Finally, we note that we do
not assume incompressibility since irradiation induced creep may not
occur with conservation of volume, as pointed out by Gilbert and Straalsund
[6] and Gittus [7]. We follow the approach of Courtine, Cozzarelli and
Shaw [8] and Cozzarelli and Huang [3], whereby Poisson coefficients are
introduced for each component of creep. For simplicity we set all of

these coefficients equal, but not necessarily equal to 1/2 .

e e S i i 0




Stresses and velocities in viscoelastic cylinders have been
extensively studied in connection with solid rocket tuel propellants,
e.R., see [9-13]. These analytical studies generally dealt with
linear incompressible viscoelastic materials containing a pressurized
central hole and in some cases reintorced by a thin outer elastic ring.
Although these studies serve as a useful guide to the analysis ot the
1 present problem, the analytical methods ot solution emploved are not

directly arplicable here because of the increased complexity of the

present fuel rod problem due to thermal gradients, tlux gradients,
nonlinearity and compressibility. Several comprehensive computer
codes have been developed recently tor the stress analvsis of tuel
rods, emploving approximate tormulations and numerical solution tech-
nique such as tinite dittervence [14] and tinite element methods
[15-17]. Although such methods are necessary tor the general problem,
the development of analytical results tor various special cases is
also important in that such results provide additional fnsight into
the significance of the various input parameters. The development ot

"exact" formulations and analytical solutions is a major goal ot the

present paper, but we do resort to approximate tormulations and
nunerical solutions when necessary.

In section 2, the basic equilibrium, compatibility and consti-

tutive relations, along with the associated boundary and initial con-
ditions, are given tor the fuel rod problem. A general solution 4
procedure is discussed, whereby a stress tunction is introduced and a
contact condition at the tuel-cladding intertace is used to obtain a

nonlinear ordinary ditterential equation in the i{ntertacial contact
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pressure. Once this equation is solved, the stress and velocity tields
tollow directly. In section 3, this general procedure is used to obtain
nondimensional solutions in three special cases: [ - material properties
independent of position and transient creep excluded, 11 - material
properties independent of position but with transient creep included,
and 111 - material properties dependent on position and transient creep
excluded. In case 1 analytical solutions are obtained, in case 11
"exact" equations for equal retardation times are solved by numerical
techniques, and in case IIl an approximate formulation is obtained for
the incompressible case by dividing the cylinder into discrete rings
with constant properties. The nondimensional stress and velocity dis-
tributions in the radial direction and their variation with time are
then discussed for the three cases (n section 4, with attention given
to the effect of varving the various nondimensional material parameter

ratios and the Poisson coefficient.




2. BASIC EQUATIONS OF THE PROBLEM

2.1 Field Equations
The fuel rod is assumed to be infinitely long and in a state of
axially symmetric plane strain. Thus the equilibrium equation in polar

coordinates is given by

et (1)

where - and 04 are the radial and transverse stress components

and r 1is the radial coordinate. Also, the compatibility equation is

Cr 'r TN
WSS = 0 (2)
ar r

where €. and €q are the radial and transverse strain components.

Finally, the strain-displacement relations are given as

B (3)

where u 1is the radial displacement.
As discussed in [3], a structural element under stress and sub-

jected to high neutron flux and temperature fields will experience both

thermal and irradiation induced creep. A cylindrical fuel rod in a




reactor is an element where both these effects can be very significant.
The total strain will be expressed as a summation of linear elastic,
steady thermal creep, steady irradiation induced creep, transient
thermal creep and transient irradiation induced creep components. A
mechanical spring-dashpot model of the nonlinear generalized Kelvin

type can be used to represent such a summation of strain components

and this is shown in Fig. 2. The form of the corresponding constitutive
relation for either the fuel or the cladding is taken from [3], and

is written in integral form as
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In order to limit the complexity of the problem we have assumed
in eq. (5) that the thermal expansion and irradiation swelling are

negligibly small, and have set all Poisson coefficients in both the

fuel and cladding equal to v . In the above equation, Il = Oex is

% {
the first invariant of stress and J2 e Siksik is the second ;,
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- 0ij 3 %%k éij . Subscripts

invariant of the stress deviator s

13

Ts, Tt, Rs and Rt designate the thermal steady, thermal transient,
irradiation steady and irradiation transient creep quantities, respec-
tively. The creep powers L mTt' Mes and mRt are non-negative

integers, and the creep parameters CRs' CRt’ LTs and CTt are positive

constants, The various creep compliance functions are defined as

st[“T(t)] = nT(t) (6.a)
JRs[nR(t)] - nR(t) (6.b)
[=n,. (t)
JTt[nT(t)] =1 - exp o (6.0)
T
F;nR(t)
JRt[nR(t)l % L = e (6.d)
R

where nR(t), nT(t) are the irradiation and thermal reduced time

scales and R TT are the retardation time constants. Also, the

reduced times are defined as
nR(t) -

. (] ¥ =}y
@R(l)wR(¢) dt (7 =)

nT(t) = @T(T)WT(¢) dt ' (7.b)

Q@ Yt Q ———=rt

where ®R(T). YR(¢), OT(T) and WT(¢) are some functions of tempera-

ture T and flux ¢ . In the present analysis we assume that 7T and

¢ have reached steady state, thus T = T(r) , ¢ = ¢$(r) and eqs. (7.a)




and (7.b) simplity to
ng(t) = Fpt
np () = Ft
where F, = ¢ ¥ and F_. = ¢ ¥ .

R R'R ¥ %

eral be nonlinear. The constitutive relations, eq.

linearly dependent on the stress, the thermal creep strain will

rewritten for the case of axisymmetric plane strain in the form

C. F Ts F
1+v lb T 1-2v 2 Rs R
i R A et S i . e s it
€r [k T 7 T U

B i
“Re'R R']
+ - ¥ =
D /1 [(1- -v)o_ \uO]
: n,, fi=t
- ii3>+ EI§EI (J .+ 1-2v 12) ﬁs+ Eﬁshk +
‘o E D 2”1+ 1 D

C, F /1
+ --M—-J[(l \‘)u - \ml_]

in subsequent work we will set

where D {is the differential operator 3/30t , and where

in stress tor metals, it may be lirear for ceramic materials.

(8.a)

(8.h)

(8.¢)

Although the {irradiation induced creep strain will be taken as

in gen-

(5), can then be

m
1
)

-2y 2
Z)(l*\) 1

(9.a)

“br t

—_—re

6 (140)

~|—
'
+ 0

(9.b)

- \\(\1‘4-0-\\“)
has been eliminated trom the right hand side. VYarthermore, experimental
evidence [5] Indicates that, although thermal creep strain {s nonlinear

Accordingly,




Mg = Wy, = m for cladding material (10.a)

st - n = 0 for core material. (10.b)

Following [3], the axial and lateral strain for a one-dimensional

creep test o = o U(t) (U(t) is unit step function) may now be written

as
{oo o, o .M -F,t/rT
€, = {=— +(==) F .t +() (l-e )
X D) AT ) 11.1,
g a -F_ t/1
+HEOFE D Qe N R)}v(c) (11.a)
|4
R R
€, =ve, (11.b)
where
,m/ (2m+1) (m+1) / (2m+1) :
n = 2m+l, 2\ - = (1+v) R l‘+\
T 1/(2m+1) R~ €,
C Rs
Ts
5t 2m/(2m+l)(;+v)(m+1)/(2m+l) i o s
T . 1/(2m+l) . i
Cpe Rt

1t will be convenient in later work to use n, XT' \R' Hep and VR

C Cnoy anid €

instead of m, Rs® STt

Cre? Rt
We consider the case of a known plenum pressure p(t) in the
central hole suddenly applied to t = 0. The boundary conditions in

this case (see Fig. 1) are then written as
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10
“r“‘") = -p(t) (13.a)
uru».t) - =f(t) (13.b)

where f(t) {s the unknown contact pressure at the interface ot the

tuel and the cladding, and where p(U-) = £(0) = 0. The cylinder is
inftially stress-tree and responds in a purely elastic manner at t = 0,

and thus the initfal condition may be given efther as

vr(r.‘r) -0 (14.a)
or as
o (r,0%) = g‘:ll_".};\ll‘((‘+)(%"§' - r%)qm")(f;_- - L) (1d.b)

where the latter is simply the radial stress of a corresponding clastic
problem. When transient terms are included we will require additional

fnitial condftions at t = 0t ; such conditions may be generated trom

the governing diftferential equation with homogeneous conditions at

t = 0t and this will be discussed in subsequent sections.

2.2 General Method of Solution

For the present plane strain problem a stress tunction H  can be

introduced via the definitions

. Te 8§ U W= (15.a.b)

thereby ensuring that equilibrium equation (1) {s fdentically sat{st{ed.

Combining eqs. (2),(9) and (15), a compatibility equation in terms ot

1




11
H s obtained as
3 [ W _ v ]| 1 [3m 1 aM]
- o Y, A - A b D |y - — — - () P
S {l‘fl \)ij - J‘J' & ey s ArJ ( (lo,a)
where ' {s the differentfal operator
| J ¥ k ¥
I+v 3 .2 T, 5 R q iy R
P - e (e = - =)+(C.. F.+ C. F.)(- - - -
I ¥ Jl‘&t \”‘(At ¥ \‘) (\Ts}T LRs"R)(M \.)(At » 1 )
1 R 1 R
I 1 ¥ ¥
2 .3 R k d L3
ki th ‘l Wat ~}\’ th . At at » [‘ SR
G 'R y Folle 1

Since FR and FT are tunctifons of T and ¢ which {n turn arve

tunctions ot v , ditterentfal equatfon (10) {s third order fn r with
r-dependent variable coetticients. The ovder (n time {8 thitd {n peneral,
but reduces to second {t R "y and to tirst {1 e 'R > w (f.0.,

no transient creep). The solution tor H  with boundary and i{nitfal

conditions (13,14) may be obtafned by varfous analvtical and numerical i
procedures, and this will be discussed {n detafl {n later sections. The i
stresses then tollow svmbolfcally trom eqs. (15.a) and (15.b) as ;
2

"r - nr(t\t). Ty t) (17.a)

9y " no(l(t). s t) (17.b)

where ((t) {8 to be determined by constderatfon ot the c¢ladding. ¥

The cladding & thin (b« 1) and may thus be treated as a mews

brane, vielding via eq. (13.h)




c
0y = «ift)

c b
Og = Y £e)

where superscript ¢ designates a variable in the cladding. (A

variable without a superscript will always relate to the fuel.) Now,
for plain strain the invariant term in eqs.

to

Jp A2 g2 (L[ oy a2)= o o (19)
2 6(1+v) 1 2 g 8 r o

Substituting eqs. (18.a) and (18.b) into eq. (19), we obtain for the

cladding

c 1-2v 2 £ b, <
J + 6(1+v)(1 ) 5—:}+ (—) - vw(l - E)T]' (20)

Then, substituting this result into constitutive relation (9.b), we

obtain the relation for the tangential strain in the cladding as

I W e > Cpe /7o
c 14y Rs Tsf b, - B “Re' 'R
€ " {"EE YTyt amp [1 R *v“'E*Z] A
D+ ler
C;t i€ 2m
C (2m )[l"' (-) _V(l =S —)? }[(l“\)) s = \)]f ’
D+ 1/‘

(21.8)

with modified constants

2C { o C =C = C Cc
Crs = Cre FR Cps = Cps Fqp

(18.a)

(18.b)

(9.a) and (9.b) simplifies

~C ~C C C -
R YR/FR Ty TT/FT (21.b-e)

P IS S ————
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where F; and F; are assumed independent of r since the cladding
is modeled as a membrane. Finally, we assume that the fuel and the
cladding press against each other tightly such that the radial dis-
placement at the interface {s continuous, and thus we obtain trom
eq. (4) the contact condition
€g = €4(b) (22)

The formulation ot the problem is now complete, since a substitu-
tion of eqs. (9.a),(9.b),(17.a) and (17.b) into eq. (18.a) vields a
nonlinear differentfal equation in f . Once this equation is solved,
stresses follow directly from eqs. (17.a,b) and the radial velocity may
be obtained trom eq. (4) in conjunction with eq. (9.b). This general
procedure will be applied in the next section to the tollowing three
special cases of fuel rod problems: 1 - material properties indepen-
dent of position with no transient creep components, 11 - material
properties fndependent ot position but with transient creep components,
and 111 = material properties dependent on position with no transient

creep components.
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3. SOLUTIONS IN SOME SPECIAL CASES

As previously mentioned, the thermal and irradiation creep com-
pliance functions are functions of temperature T and neutron flux ¢ ,
which in turn are generally dependent on the position r . In order
to account for this dependence, we express the functions FR and

FT [see eqs. (8)] in the form of M-th order radial power series

expansions about their mean values, i.e.,

M
. i
Pp(r) = B, T (x) = B 120 key T (23.a)
- 3
Pz} = B Fo(r) = B 120 Koy ¥ (23.b)
where FRo and FTo are the mean values of FR(t) and FT(r) in
the fuel, which in turn require that the mean values of FR and YT
equal unity. 1In the previously described Cases 1 and 11 FR = FT =1
and thus IR = rRo and FT = FTo , but in Case III FR and FT are

not constant but are taken as functions of r 1in accordance with

eqs. (23).

3.1 Case I - Material Properties Independent of Position - Transient

Creep Terms Excluded !

In this case st = mTt = (0 and e TR + o _ and constitutive

relations (9) simplify for the fuel to t
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C, + C
1+v Rs Ts Y/
€, ( E + D ) [(1-v)Lr - vool (24.a)
A -
1+v Rs Ts S
€ ( v + D ) [(l—v)o8 - vor] (24.b)
where
CTs 3 LTs F'l‘o CRs = CRs FRo (24.¢)

Accordingly, the compatibility equation in the stress function H

leq. (16)] reduces to

W) 3 g v oML L 25
[E vt st Cpgd x| T arl¥ o)) " ° (25)

This equation may be solved by successive integration to vield

t

e R : . gy =W -
H = kl(t)-z— 5 Lz(c)\nr + Ll(t)+ La(r)e (20)
€. + ¢ )E
Rs Ts i . . S R s
where w ey and »l(L). ‘:(‘)' tjkt) and »4(r) are tunc

tions of integration.
Using eq. (206) in definition (15.a) with a prime indicating d/dr

we obtain for the radial gstress

~ ~ o |
() () eltm) _
(8] - S + ) + e
: 4 e 3

trom which we may conclude that cl(O‘) = g (0") = cz(r) = 0 in
order that initial condition (l4.a) be satistied at every v . We

may now enforce boundary condition (13) with p(07) = £(07) = 0




lo

to evaluate integration functions cl(t) and c¢,(t), and the stresses

are obtained with the use of egqs. (15) as

op = b [p(t)(%_w - -0y - %»)] (27.a)
a-b- 1 1 ! 1 1 3
% bi-al [p(t)(ET + -!—_-v_-r)—t(()(u.\ + ;_T)J (27 .b)

Note that egs. (27) are in the same torm as the elastic solutions
[e.g., see Eq. (14.b)], but here £(t) {s strongly dependent on the
Creep properties. The circumferential strain at r = b in the fuel

now follows from egs. (24.b) and (27) as

X
‘ M4y (CRs+ Cre (1-v)2a- (1=2v)b"+a’ _ 7]
to(b) - t? + D )jH:(b:-a-‘) P(t)‘ (b;_a;) “t)‘!
(28)

Equating eqs. (28) and (21), we finally obtain for the contact pres-

sure the nonlinear ordinary differential equation

. : 2t .
. - % 29 ¢
Blt + th + Elt Hlp llp ( 1)

where a dot indicates d/dt and

b
(1-v) =+ v ) Srs
B, & e B ST BE(1-2v)
1 EC E(b-a.)

C - CC (1"\')E * \‘] & (CRS:Tszla‘t b- (1—“\))]
1 Rs h | T = a0

éC

o i b, * 0
. (1~w)2\'ﬂ[1 i E)]




2a” (1=v
I E(b--a-)

2a° (€ R CTS)(l—v)

T 29 pe
I (b7=ah) (1+v) (29.b-£)

with subscript [ wused to identity quantities in Case 1.

The pressure in the central hole of the fuel is now assumed as
constant after being suddenly applied to t =0 , i.e., p(t) = por(t).
In order to obtain the solution to eq. (29.a) for t(t), we require an
initial value of f(t) . This can be obtained by integrating eq. (29)
with respect to t from 0= to 0% and setting f(07) = 0 . Then,

the problem is reformulated as

B. ¥+ C. £ %K ¢ o S TR E > U (30)

with the initial condition

x S “uYEChH
Hllo i Jas (1-V)E 10
B, (1= (B/M)+v ] E(b- =a- Y+[a~+b- (1=-2\) JEC

£(0%) = 31

It is difficult to assign typical numerical values to the coetti{-
cients in eq. (30), since they contain creep constants which vary over
very large ranges. However, if this equation is rewritten in nondimen-
sional form we need only specify ratios of these creep constants, and
the analysis of the solution is greatly facilitated. Thus we introduce
the nondimensional variables

t E(LRS+ G}

- e | Ts
(1+0)

(32.a,b)

£ (0%

Y Tt 1




and eqs. (30,31) become

e

+a f + 07 i B t >0 (33)

oY =1 (34)

where the dot now indicates d/dt . In eq. (33) the nondimensional

coetficients are given by

E((;:+ 1-2v)h + Kl(l‘v+vﬂ)(l-§3)]
s S (35)

1 : - e -e o
(1=-v + vh)(1-a“)+(a-+1-2v)Eh
J’NK,g*m(l—v)-m\1+\)mf.m+l(l—§:)[l+ﬁs-vkﬁ~l):]m(l-v+vﬁ3
§, = —— e R = g
. [(1-v+vh)(1-a-)+(a9+1—:v)£h]‘m+1
(30)
where
a =2 h=d 37.a,b)
" b b h (7.8,
are nondimensional geometric constants; and
- gC
, . — ‘L‘.\‘
F E (38.a)
c
FRo
-
\R .
k - - ‘36 b‘
b ¥
Ro_ , ‘To
\
\R T
n
s 2.k n-1
sC 2
PT(\%) P,
TR E e 18. ¢
kz v ¥ (38.¢)
Ro + _To
\ \

S —
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are nondimensional material constants. Note that Kl and K, have
been expressed in terms of one-uimensional creep constants through the
use of eqs. (l2.a-d) in conjunction with definitions (2l.a, 24.c¢).

The solution to differential equation (33) is easily obtained in

implicit form as

dX

l-dlx— 51

e s me 0,1,2,"°" (39)
22

(ad]
n
Pt ]

+0 as t > ® , an algebraic equation in the asymptotic con-

ile

Since

tact pressure follows from eq. (33) as

- = 2m

f(=) fa; + 6. £(=)""| =1, m=0,1,2,+" (40)
In the special linear case m = 0 an explicit solution is obtained

from eq. (33) as

_ l—[l—(a1+51)] exp[-(a1+61)g]

f = 5 m=0 (41.a)
QI+61

where we see that

f(w) =

GI+5I 5 m= 0. (41.b)

We may now express the nondimensional stress and velocity solutions

in terms of f . First we let
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o)
o - - r
T == o_ =
b T f(0+)
(0]
5, - 9+ 5 - “E+ (42.a-d)
£(07) b£(0")

where ;, s 9 and u are the nondimensional radial coordinate,
radial stress, tangential stress and radial displacement respectively,

with f(0+) given in eq. (31). Egs. (27) then yield

= a? 1 =1 1

o, = 1352[F(1— =) -t - ?E{J (43.a)
= =2 =

Gy = 1352[%(1+ %79_f(§7-+ %7?] (43.b)

where we have introduced the nondimensional constant

_ (1-v+vh) (1-a?)+(a’+1-2v)Eh
2(1-v)a’Eh

k (44)

The initial values of stress Er(;,0+), 66(;,0+) and the asymptotic
values Er(f,m), Ee(E,m) follow directly from egs. (34),(40) and (43).
Finally, eqs. (4),(24.b) and (23) give for the nondimensional velocity

v = Ju/at

- _ataw (. - I = o =2ml) [(1-2v)r | I
v = W{k‘_(l-Zv)r+ -%-[l—&-(l-al)f-élf _l 57 + ?- (45)

where the initial and asymptotic values G(;,0+) and v(r,») again
follow from eqs. (34) and (40) respectively.
In the next subsection we investigate the effect of the transient

creep terms.

Sl
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Lol Case 11 = Matertal Properties Independent of Posfition Tranafent
Creep Terms Iocluded
Wo now fnclude both thermally and frvadtatton induced transient
creep in the problem.  For simplicity we shall set all the retardat fon
times equal, and heace constftut fve relatfons (V) tor the fuel aimplify n

this case to

v a6 o
BT | il O e Ml | s e i
€y N D YA \ @ =V, (0. a
- C. L C.. * C.=
RN Rn Tau 1 Rt 1t
- ’ < e - a“\ WY by, \\
Yo v D ! t D1/ ‘l“\ o \] W

where we have used detinftions (Ja.¢) along with
\.;(\_“\
[QAv) 82 on o a 42

| v+

which fs now second ovder o ¢, and thus we must supplement fnfe tal

condfitfon (la.a) with the second tnttial condit fton

1
3‘ (r,0%) = 0 (i)

By successive (ntegratton oq. (47) (e eanfly solved as




T — e — k

v
He \“(t)‘," + ¢ . (t)tnr + t"(en ¢, (r)e 1 + ¢ (r)e ° (49.a)
- o Al

where “l(l). €, (), < (b)), €,(r) and ¢ (r)  are integration functfons

aud

i -X:"y.\:z-éxrli\"
o b ""“;}-l e
, % L’:'\‘
i
X, = (€ + Cp)+ : (':}“ b Gyt Gy
x‘ i CRHT ‘{8 . 43 )

After using {nft{al condit{fons (14a,48) to show that v“\r\ - r\(l\ - 0
and entorcing boundary conditfons (13) we obtain the same torm for

the stress solutions as In Case 1, f.e., eqs. (J7). However, since

the interfacial pressure {s obtafned through the contact condftion which
fn turn {nvolves the materfal behavior, the (t(t) {(n eqs. (27) tor

the present case {s clearly not the same as {n Case 1.

The circumterentfal strain (n the core material at the position

r = b now tollows trom eqs. (27,40.b) as

¢, + ¢ Cy *+ C , ‘

4v . Rs’ “Ts 1 CTt CRt][(1-v)2a (1=20)b 4
) = s I A . e o gyt .t .

€gl" [k‘. D MV _i[ G =’ at)

o
By enforcing the contact conditfon €q -nﬁ(h\ with retavdat fon ti{mes
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c
p i

o

in the cladding equal to those in fuel (i.e., T = tC = fg), we
obtain from eqs. (21,50) the second order nonlinear differential equa-

tion

o . 2l;l'+ 2m+1 = .
af+BtHc feD 6 B Eqf GyyP + Hy b+ I p (51.a)

where
b
P 3 (‘L"‘\))[(l’\))i =+ \)] = (lﬂ)[szv—(az'ﬂaz)J
11 EC E(b%-a®)
Qe -2 4 v
B = : + & [1-v)2 + oS [~ + v]
I1 ECt Rs h Rt h
" 2 B
_ ) [262v-(a24b2)] _ Cget Cpg) [2D7V-(a*4b?)]
E(b%-a?) 7 (b2-a2)
) g (cRc+ cTt)[Zva-(a2+b?)]
7 T(b<-a?)
vy (6. + ¢_ )[2b2v-(a24b2)]
Rs b Rs Ts
CII= —? [(l—\))'ﬁ' “+ \)] - ’f(bT—aT“-T

-
3 T b, 7™ b P
D= ﬁ[l"'(ﬁ) gl 'E)] l:(l-v)?{ . v] [CT3+ —i‘—]

L i 2 hat)
B 5%—:-[“(%) -v(1- %)] [(1-v)(%)+ v]

o.» (1+v) (1-v)2a?
11 E(b?-a?)

(éRs+ CTS)(l-v)2a2 (Cpet cTt)(l-v)za?

W= Sl+v§§l—v22&2 + . 13
1I E(b’-a?)% (b“-a®) t(b2-a?)

C > - 2
(CRs+ CTs)(l v)2a

(51.b=1)

11 T(bZ-a?)
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with subscript 11 indicating constants in Case II.

In order to find the solutfon for f , we require two initfal
conditions, which are readily obtained by integrating eq. (51) twice
with respect to t from 07 to 0% and then setting f(07) = {(07)=0.
[f the pressure at the center hole is again maintained constant at
p for t > 0 , we obtain the following differential equation and

0

initial conditions:

ah. e 2m+ 2w+l )
At + B f+Cpf +0 D+ . ¢ 21 i T
(52)
G

f(0+) " IIpo

I (53)
: 2mt1

g cn . DptPs  ByibyaPy  Dpg [Oygb,

foh) = 42 - L e (54)
11 I i1 \ M

Note that GII/AII - HI/B[ [see eqs. (51) and (29)], and thus the
initial contact pressure given by eq. (53) is identical with the result
given by eq. (31) in Case I. A closed-form solution to eq. (52) is
not generally obtainable, but after nondimensionalization a numerical
solutfon may be obtained.

We shall employ the same definitions for the nondimensional contact

pressure and the nondimensional time as in Case 1 [egs. (32.a,b)]. Egs.

(52-54) then become

pomtl 0 (S'\‘

foh) =1 (56)

NS

Ol

-—




£(0") =1 - 811 ~ Y11

where f = df/dt , and

(1-v+vE)(1-52)(K1+K3+K5)+(52+1-2v)EE(1+K3+K5)
II - T[(1-v4+vh) (1-32)+(a’+1-2v)ER]

Ex3x1(1-v+vﬁ)(1-52)+Ex3(;2+1-2v)
o [(I=v+vh) (1-a2)+ ER(a’+1-2v)]

2m

2 (1_V)2m54mg2m+1

[1+52-v(ﬁ-1)2]m(1-v+v5)(1-32)(x2+x6)(1+v)

25

(57)

(58)

(59)

m

[ (1-vhvR) (1-82)+ER (a2+1-2v) ) =11

22m(l_v)2m54mﬁ2m+1

(60)

[1+52-v(ﬁ-1)2]m(1—v+vﬁ)(1—32)(1+v)mx?x3

[ (1-vvB) (1-a2)+ BR(a241-2v)] %=t

In definitions (58-62) we find the nondimensional constants

(61)

(62)

5, hy &

Kl' K2 previously defined in eqs. (37,38) as well as the additional

nondimensional material constants

(63.a)

(63.b)

(63.c)




K e ¥ % (63.d)

Note that Case 11 degenerates to Case 1 as {1 + o | i,e., for
l(‘3 - KA = KS = Ko =0 eq. (55 reduces to eq. (33). A standard com-
puter subroutine was used at the SUNYAB Computer Center to obtain
numerical solutionsto nonlinear differential equation (55). The routine
uses a predictor-corrector method for nonstitf equations, and a
variable-order method for stiff equations. The latter method is used
in dealing with our problem when m is large. The asymptotic value
f(») may be obtained analytically by setting fe- % = 0 1in eq. (595),
whereupon we get aIIF(w) + GIIf(w)l which can be shown to be
identical with eq. (40) of Case 1.

We now introduce the same definitions for the nondimensional

variables r, 0_, 0

¥ 0 and u as in Case 1 [see egs. (42.a-d)], with the

additional definition for the nondimensional strain

= Eee
o " 0 s

Using these definitions we of course cbtain from eqs. (27) the same

form for the nondimensional stress relations as in Case 1 [i.e., egs.

(43)]. The governing differential equation for the nondimensional I
circumferential strain is now obtained by substituting definition (64)

and stress solutions (43) into eq. (46.b), and thus we obtain
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3%e e -
8 o _ a2+ ff1-2v , 1), 53 .
w2 T EeE T @ (‘27’ ¥ ?7)[ F-L AV iR ) R,1]
+ Ky(L-2v+ Iy )k} = G(%,D) (65)

where G(r,t) 1is known in terms of the numerical solution for f(t).
The initial conditions for Ee are obtained by following the same
procedure used in obtaining f(0+) and £(0+) for eq. (52), and

accordingly we obtain

- a2 -
5, (5,0 = %%;%%?—[%(l-2v+ -+ %zol (66)

= 1+v) a? 1-2v , 1
€e(rs0+)= Sz1§%§y [kBII * YII-Z-K5)(—-E-~2'2 + =7)

Q|
rt

+R(14K,) (1-2v + %2)1 (67)

Finally, eq. (65) coupled with condition (67) can be solved by the

method of integrating factor to obtain aEe/aE . By the use of eq. (4), i

we then find the nondimensional velocity as

- age -8 - = + =
= — = — Al A}
T oF r[ °F ee(r,O Ve + e 6(r,t')de }

<4l

]
Q|
ndcv

_°E o =R
K3t J K3(t t")
0

(68) *

Note that the initial value of v(r,0%) obtained with the use of
eq. (67) is not the same as the result obtained by setting t = 0

in eq. (45) of Case 1. However, one can show that the @symptotic

e e ——————

value v(r,®) [obtained from eq. (65) by setting BZEG/BEZ =0 ,
98, /3E = V(T,®)/T, fafa0 and = E(=)] is identical with the

result obtained in Case I by letting t + « in eq. (45).




e

All solutions obtained in this section reduce to the corresponding
solutions for Case 1, when we let T » « and set K3 - KA = KS - Kh = 0,

In the following subsection we again ignore transient creep, but intro-

duce the ettect of position dependent material properties.

3.3 Case IIl1 - Material Properties Dependent on Position - Transient
Creep Terms Excluded
In this case, the material properties are not constant but are
taken as dependent on the position in accordance with power series (23).

The constitutive relations for the fuel are thus obtained from eq. (9)

as

1+v F(r)
- = gt —_— -\u)QO - Yy 9.
€. [E - D ]((l V) " v 6] (69.a)
14y Fer)
- —— -\) 0 - VO 9.b
€q [ ¥ D .][(l V) o \ r] (69.b)

where using eq. (24.c¢)

- 4 = ~ 2] ~ . - )
F(r) CRSIR(r) + CTSIT(r) (70

which is a prescribed function of r . 1In the present case, compati-

bility condition (16) becomes

13 3°H _ 1 3H])
y S -2 = 0 .a)
+ F{[St + ’\(r)] [““ - 3!]] ( (71.a

e ——




where

ary = BEEE) (71.b)

1+v

The general solution to eq. (71.a) is not easily obtained, but
in the special case of incompressible materials (v=1/2) it simplifies

to the factored form

-ur-

3_|e3c3 8 1 sHy} 5
ar[% (at = A(r))ar(r Dr?} 0 (72)

EQ. (72) is now readily solved through the use of an integrating factor
and successive integration, and thus we confine our attention to this
special case in the remainder of this subsection. Accordingly, the

stresses as defined in eqs. (15) are obtained as

faf (") (e-t")
U, ™ J P 4 J gz(t')e dt far'
a ot
* -A(r')t
i J ga(r')e dr' + gl(t) (73.a)
a
¥ 1 % ~A(r') (t-t") ' -A(r')t
o/ J TS J Sz(t')e dt'dr' + I ga(r')e dr' + gl\t) ‘
a ot
‘: t t L}
1 ~A(r*) (t-t") -a(r)t
% ;?-I g,(t")e de' + g, (r)e (73.b)

ot

where gl(t). gz(t) and gé(r) are three integration functions.

| Expressions for these integration functions may be obtained by applying
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conditions (13) and (14.b) to eq. (73.a), and accordingly

SIKC) = -p(t)

(74)
y . a“b.‘ ‘Ot =5 + :‘\. >
8,(r) = Tr—x(p(0%)-£(0 V1) (75)
b 1 £ =4(pt) (e-r") alb?
J';r: J go(t")e de'dr' = p(e)-f(t)- BT P (0N -1 (0h)
a ot
t,f L =A(r ")t
| S ' 76
J =73 dr (/0)
a

We see that although gl(t) and gg(r) are now determined via eqs.

(74=75), eq. (760) must tirst be combined with the contact condition

before g,(t) and f(t) can be determined. The asymptotic values

or\r,w) and uo(r.w) are easily determined by setting 3/3t = 0

in eq. (72) and repeating the above solution procedure, yielding

r

[ 845(®)
Y (r,w) = | e '+ g () 77.8)
\rk o) J l"“\(l") dr b.l\ J \/{.8

a

S)(“‘)
Y > s = 77

u‘{‘(l’.ﬂ, - or(r,-ﬂ 2 TT\-(—I) (77.b)
In the present case the transient Creep terms are absent and

the Poisson coefficients are all equal to 1/2 ; the equation for the

circumferential strain in the cladding then follows from eq. (21) as

¢ -
& d . _Rs “Ts b, dm 2m|
€6 [2EC B i ok

Also, the circumferential strain in the fuel at r = b is obtained

from eq. (69.b), which becomes for

ve=1/2

gy
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- = 3. =
; {3 F(r)] e ' r .
£ (%) sz *3 _}‘ 7 ) (79)

Then by substituting eqs. (73) tor the stresses into eq. (79), we

get with the use of definition (71.b) the simple result

P -'—jv— \ 3
zv(t) 52D 52\t) (80)

where we se: that the assumption of incompressibility leads to a

strain-rate which is separable in r and t . By equating egs. (78)

Y

and (80) at r = b (in accordance with contact condition (22)) we are
able to obtain the expression

i

= C 2 =
byt . b Sutl
s\1+ h)l * ‘2m+lkl+ h) ! \

-

A C

which may now be combined with eq. (70).

Because the integrand on the left hand side ot eq. (70) is not
separable in r and t , repeated differentiation with respect to t
will not yield a simple differential relation between g,(t) and
f(t). In order to obtain such a differential relation which in turn
would yield a differential equation for the contact pressure when com-
bined with eq. (81), we employ an approximate formulation in which
the fuel core is divided into N concentric rings. In each ring the
material properties are assumed to be constant, and we set

A(x) = A r < reyr, (1w f v N reoar - b) (82)

1t =1~ -3 N

where A{ is the mean value in the {-th ring. Using eq. (82) we

- v ===

g e e ey

—




may approximate eq. (70) as

N
p(t) - f(t) = ‘ 51“\ (83.a)
f=]
where
) 4 t
-1 1 ~4q(t-t") —Ait s2p2
S ) = - ) Ye ‘dr '+2 P =
\i(t‘ J =S J y:kt ¢ dt'dr'+le ki T67-a%)
e
li_l (
. “\\O"'\~f (U+\ ]
ii dr' 1,1 )
g A f=
i-1

The integrals in the functions Si are now separated in r and t
and thus the K-th order time derivatives of eq+ (83.a) with 1 < K < N

assume the simple form

ey N K -~ N -
ey . ¢ ¢ \ <Y R A
p\k)_t(k)=k_1)k ) Atsi + ) \-l\J 1g&k J (t) |} A{ lRi K=1, N
i=] j’l e =] v

where superscript (K) indicates the K-th time derivative of a variable.
Eqs. (83.a) and (84) constitute a set of N+l equations in the N

functions Sikt) and the integration function g:\(\. This set may

be reduced by simple algebraic elimination to a single difterential

relation between g:(t) and f(t), with all the Si\t\ eliminated.

As a simple {llustration we consider a two-ring approximation (i.e.,

N=2) with rings of equal thickness; the three equations given by egqs.

(83.a) and (84)are now
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p-f= % Sy (85)
i=1
T 2 B
p-f=- izl ASy + gz(t) izl Ry (86)
2 2 2
p-f= 121 425, = gplt) iZlAiRi + gz(:) 1£1R1 (87)

After eliminating Sl and S, from the above equations, we obtain

the followins differential relation between &) and £
(p—f)+(Al+A2)(p-f)+A1A2(p—f)=(Rl+R2)gz(t)+(A1R2+A2R1)g2(c) (88)
This relation may now be combined with contact condition (81) to obtain

the governing differential equation in the contact pressure for the two-

ring approximation. Accordingly, we obtain

4 . durtl, . . 2wl
Apppf + Bypgf * Cppyf + Dppq(F 7 ¥ Eppyf
CyyrP * HppgP + TpgP (89..8)
where
A= (R4 RO oo (14 D) + 1
111 * ByIb” fe h
we
B... = (5.R,+A,R b2 = (1+ E)+(R+Ro)b2CR52E(l+ by ra.+a,)
111 1 Ry*8, R ID® Fe TR i i
v é;szs 5
Crpp = (AR +,R DY —5—(+ )
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~c
C= B
Ts b
= 2 hene t, o]
Hygp = RIS —5iplh 3
32
~C
: CTsE b 2m+1

b B e g g

S ™

Bits = Gytagd

IIII = Al A2 (89.b-1)
with subscript III indicating constants in Case III.

Since eq. (89.a) is second order we require two initial condi-
tions, which are obtained by the same procedure discussed for the
previous cases as

GrrP
ot = L2 (90.a)
L
2mt+l
2.0 BprPes  BrpsCroiPy  PrirffiiriPs
£(07) = 3 o s A (90.b)
111 111 111\ 111

For additional simplicity we shall also assume that the functions
PR(r) and FT(r) in eq. (70) are equal in each ring of the two-ring
approximation. Then in eqs. (89.b-i) the mean value of A(r) in the

i-th ring becomes upon setting v = 1/2 in eq. (71.b)

(C, +¢C_)2E
= Rs Ts &
Ai = Fi 3 i=1,2 (91)

where Fi is the corresponding mean value of FR(r) (or FT(r))

] f in the i-th ring.

Pr DY T e

et e o e

N

DT X
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For the load we assume again that a constant pressure p_ is maintained
at the centml hole for t>0. After introducing the same nondimensional
contact pressure f and time t as in Case I [egs. (32)], eqs. (89.a)

and (90) became

& 2 - =2urtl =2m+1

£+ 8 ppf toppf Yyt 4 St Prir (92.a)
£ohH -1 (92.b)
o) = = =

(D 0 B WSS TR (92.¢)

In the above (‘) = d/dt , and

rl(3+5)(1-5) r2(35+1)(1-5)

[ Tz T T @2 &2
B .= i
LT - |
[(—1531 (1+h) + ZEE:]

g 1_5?) = = i |
](1+h)+ 3———52 (1+h)K E+2(1 +7,) ER

T (a+3)(1-a) TI.,(3a+l)(l-a
EL 1 + 2
3 (1+a)?2 i “(1+a)’a’
111 1-% = =
L'-(-—E%l (1+h)+2Eh]

)1Kl(l+h)+2FlF2Eh

Q

=0 B 2m+1_
(13%—J(1+h) gomtl 4o K,

L6 & S
l:(gz—"') (1+h)+2 El;] .

r.(3+a)(1-a) T, (3a+l)(l-a 2m+1
[-1 2 )](1+E) gamtl gm

QFay? T (a e 2

LEE }2m+1

| o
[?ng—)(l+h)+2Eh

Prrr~ 1 T2 - i

"
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For rl - rz = 1 second order differential equation (92.a) is
equivalent to first order equation (33) of Case 1 (with v = 1/2) ,

since 1t may be shown that then eq. (92.a) is a linear combination of
eq. (33) and its first derivative. We also see that eq. (92.a) is

very similar in form to nonlinear second order equation (55) of Case 11,
and thus the same numerical procedure may be used in obtaining f .

Had we taken more than two rings (i.e., N > 2) in our approximate
formulation, we would have obtained an N-th order differential equation
in { . However, the same numerical method can also be applied to the
solution of this higher order equation. Additional initial conditions
must of course be generated in accordance with the procedure pre-

viously described. As in the previous cases the asymptotic value f(=)

L

may be obtained analvtically by setting f =1 0 in eq. (92.a),

vielding ulll?(w) + Slll?:m+l(m) = p][I which may then be used in
eqs. (77). Note that since the present material is not equivalent to
one with constant properties as t > o , the asymptotic value will

fn general be different from those in the previous cases.

Having obtained approximate values for the contact pressure and
the integrating function g:(t) via eq. (81), the stresses are then
obtained from eqs. (/3-75). The best procedure would be to drop the
multi-ring approximation at this point, and evaluate the integrals in
eqs. (73) numerically over r using the actual distribution for A(r)
and thereby obtain continuous distributions tor both ur(r) and n“(r\.
However, a simpler estimate to 0, may be obtained by also employving

the step approximation to A(r) in eq. (73.a). Thus we nondimension-

alize in accordance with eqs. (42) and employ the two-ring approximations

to g,(t) and A(r) to obtain the estimate
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Note that Sr is continuous at the junction of the regions, whereas
the slope aSr/a? is discontinuous. A similar approximate procedure
applied to eq. (73.b) for 9 would yield a less useful result,
since we see from the last term that % would be discontinuous at
the junction of the rings.

Turning now to the evaluation of displacement , we first com-

bine eqs. (80) and (81) to obtain the strain-rate in terms of f as

o 2m
Ts (14 by (Zm+1
5 2mt+1 h

(%]
<

|

t 2EC (93

Lo

€ e .
w23 gy ByE L ac byt
B ;T[}' (1+ h)2 * LRs(l+ h)2 *

After nondimensionalizing in accordance with eqs. (32) and (64) this

relation becomes

o, 20l =2m i
3 - 3 [+ = i kg 5 —2m+1
TR TooE o i
b [ (1+h)+2Eh ]
K () _
S f} (96)

Note that the tangential strain-rate and its derivatives are continu-
ous throughout the whole fuel region. Finally, the nondimensional radial

velocity is obtained from eq. (4) as

_,_/.
™ |
(o>}

(97)

<l

[ ]
c.)’w
Mmici

]

i
.
rrl

where BEO/RE has been given in eq. (96). The initial and asymptotic

values v(r,0") and v(r,») follow in the usual manner.
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In the next section, some typical values are chosen for the
nondimensional material parameter ratios and the Poisson coefficient,

in order to study the nature of the stress and velocity distributions

in the three parts of this section.
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4. DISCUSSION OF RESULTS

In order to illustrate the solutions obtained in the previously
discussed Cases 1, Il and 111, we select for the nondimensional geo-
metric and elastic constants the typical values a = 0.3, h = 0.1
and E = 1.0 [see eqs. (37.a,b) and (38.a)]. Turning first to
Case 1 (material properties independent of position - transient creep
excluded), we shall select two sets of values for the nondimensional
creep constants Kl and K2 in recognition of the large range of
variation for these constants. Using the one-dimensional test con-
ducted at a stress equal to the internal pressure p, as the measure
of material behavior, we shall designate as Case I.a the situation
in which the steady thermal creep strain rates are of the same order
in the fuel and cladding materials, while being of one order higher
than the corresponding steady irradiation creep strain rates. Thus,

referring to eq. (ll.a), we set in Case l.a

2 -1 o
F FS po F ¥
Xlo . loco“ . =10 \Ro =10 go (98)
1 (XT) R \R

whereupon eqs. (38.b,c) yileld the values Rl = 0.091 and K2 = 0.909.

In addition, we consider the case in which the steady and irradiation

creep strain rates are of the same order in the fuel material, and

of one order higher than the corresponding creep rates in the cladding

material. Designating this as Case 1.b, we accordingly set

i
- 10 =% (99)
‘R
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and obtain K

y - KZ = 0.05.

The nondimensional stress and velocity solutions in the fuel for
Case l.a are given by the solid curves in Figs. 3-6. For these and
all subsequent curves 0.3 < r < 1.0 (from central hole to interface)
and 0% < t <« (from initial to asymptotic solutions), for m = 0
and 2 (linear and nonlinear thermal creep in cladding) and with v = 0
and 0.5 (non-contracting and incompressible materials). Case l.a is
especially interesting ‘n that for m = 0 we obtain ay = 61 -]

as a consequence of Kl + K, = 1 [see eqs. (35-36)], and thus eq.

(41.a) gives a constant contact pressure f{ = 1. Fig. 3 gives the
radial and circumferential stress distributions plotted versus
position r in the fuel; the value of v had a minor effect on the
stresses in this case and thus only the curves for v = 0.5 have
been shown here. We see that Sr is compressive and 50 is tensile

at all points. Also we find that the initial elastic and asymptotic

stress solutions for m = 0 are identical, which is a direct con-

sequence of the fact that f = 1. Figures 4 and 5 present the radial

and circumferential stresses respectively at the interfacial position

¥ = 1, but plotted now versus time t . Note that for m # 0

]Gr\ = T increases with time whereas o, decreases with time, and

8

that the effect of v 1is minor when compared to the effect of m .
Finally, the radial velocity at the interface is plotted versus time i
in Fig. 6, and we see that the values of both v and m have a very
significant effect on these time decreasing solutions.

A corresponding set of stress and velocity solutions tor Case 1.b :
is given in Figs. 7-10. This case differs sharply from the previous 1

case in that f always grows with time (see Fig. 8) and is never
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constant. Furthermore, Figs. 7-9 show that the value of Vv now has
a very significant effect on the stress solutions. In fact, the
Poisson ratio plays a very interesting role in Case I.b in that for

v = 0.1822 the solutions are independent of the creep power m , and
curves for this value of Vv have also been shown. On comparing

Cases I.a and I.b we find that the various solutions approach differ-
ent asymptotic values, and the rate of approach is generally faster in

Case I.a. We also note that although the initial stresses are identical

in both cases the initial velocities are different since these are
affected by the stress rate.

We turn next to Case Il in which the material properties are
independent of position while transient creep terms with equal retarda-
tion times are included, and for the sake of brevity we will consider
only one set of material creep constants. We again use the one-
dimensional test at P, as the measure of material behavior, but now
also specify that the creep terms in eq. (1l.a) be compared at t = 271
since the transient terms have essentially reached their asymptotic
values at this time. We shall take Case II as an extension of Case I.a,
and thus we assume that under the above conditions all of the thermal
creep strain components in the fuel and cladding materials are of the
same order as the elastic strain, whereas all of the irradiation creep
strain components are of one order lower. Accordingly, referring to

eq. (ll.a) we set

#1C n-1 n-1
2?FTO = - I"I‘o 0 B Py - &
X "o n E
T (x;)“ U (u;)
c
20%F 207F
” - Ro _ - Ro _ %g - lg (100)
R XR R VR
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whereupon eqs. (38.b,c) and (63.a-d) yield Kl = 0,091, K, = 0.909,
K, = 1,818, K, = 0,182, K, = 2.000 and K, = 1,818,
3 4 ) 6
In Case 11 the curves tor ;r and ;0 vé. rat t =0 and =

are shown on Fig. 3 (identical with Case l.a), the curves for :r and

0y VS. U at r = 1.0 are given as dashed lines on Figs. 4,5, and

b T AR s T

lastly the graphs of v at r = 1.0 are presented separately in

Fig. 11. Figures 3,4 and 5 clearly demonstrate that the asymptotic

values of ;r and :0 at the interface are identical in Cases l.a S
and 11, which is as expected since Case Il reduces to l.a as the tran- :
sient effects die out. We also note in Figures 4 and 5 that the rate N
of approach to the asymptotic stress values is generally slower in i
Case 11 than in Case l.a, although in the special case m = 0 we :
again have I=1. On comparing the velocity solutions for these ?

two cases (Figures 6 and 11), we see that, while v(l,t) {is constant
for m = 0 and slightly decreasing for m = 2 1in Case l.a,all velccity {

solutions decrease through a much greater range in Case 11. This is

ey

a direct consequence of the fact that the two cases have different

initial velocities (Case Il much greater) but equal asymptotic veloci-

ties, as discussed previously in section 3.2.

We finally turn to Case 11, in which the transient creep is

ignored while the creep properties are allowed to vary with the radial

position. You will recall that we simplified the analysis in section
| 3.3 by assuming incompressibility (v = 0.5) and by employving a multi-
ring approximation. In a tuel rod the temperature and flux and

accordingly the creep parameters YT and YR will decrease in the

radial divection. For the purpose of illustration we shall assume




o~
P

that YT = FR = I where I 1is a parabolic function [i.e., M = 2 in
eqs. (23)] with dI'/dr = 0 at r = .3, with I'(.3)/I'(l) = 2.6, and
1
with the mean (1/.7) J I'(r')dr' = 1 as previously required.
3

We thereby obtain
I'(r) = 1.116 + .948r - 1.580r° (101)

whereby TI'(.3) = 1.258 and TI'(l) = .484, which is a change of moderate
magnitude. We consider that the average material behavior is the same
as in Case l.a [see eqs. (98)], and employ the two ring approximation

for the radial dependence, with T the average value in the inner

1

ring (0.3 < r < 0.65) and Fz the average value in the outer ring
(0.65 < r < 1.0). The complete set of nondimensional creep constants

for use in eqs. (93) is then given as K, = 0.091, K

1 = 0.909,

2

r, = 1.193, T, = 0.806.

1
For Case 111 we evaluated Et by means of the simple estimate

given by Eq. (4) (which uses the step approximation to A(r) through-

out)and Vv by means of eq. (97); the curves for Er(;,w), Er(l,f) and

v(1,t) (for m = 0,2) are shown as dash-dot lines on Figures 3,4 and

6 respectively. Note that as expected the slope of the radial stress

is discontinuous in Figure 3 at the point r = 0.65. On comparing

Case III with Case l.a we see from Figure 4 that the asymptotic value

of f is greater in Case I1I, and thus for m = 0 the contact

pressure in Case III is no longer equal to unity. ©iinally, on examining

Figure 6 we see that neither the initial nor the asymptotic velocities

are equal for the two cases, and hence for m = 0 the velocity at the

interface is again no longer constant for Case I11. We must point out
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that these curves are solely for the purpose of illustration, and that it
would generally be necessary to use more than two rings to obtain good
estimates for the contact pressure and the integration function gz(t) .
Furthermore, as we have pointed out, one could not only obtain a better

estimate for the radial stress but could also obtain a reasonable continu-

B IR0 2 g

ous estimate for the tangential stress by using the actual radial distribu-

tion for the creep properties in eqs. (63).

4:
5
{
£
&

As previously stated, our major goal here was to obtain some analyti-
cal solutions for various special cases, which could then be compared with
numerical results from existing computer codes. In order to obtain such
solutions for this very complex problem, we found it necessary to make a
number of simplifying assumptions. As one attempts to relax these assump-
tions, the complexity of the problem increases only slightly in some cases
while considerably more in some other cases. For example, the solutions
presented may be easily extended to include time dependence in the inner
radius and pressure, and an external pressure may also be easily included.
On the other hand, the inclusion of swelling and thermal expansion would
result in a substantial increase in complexity since nonlinearity precludes
the use of simple superposition. Finally, the relaxation of some other
assumptions would result in problems which are orders of magnitude more
difficult. In this category we have the inclusion of nonlinearity in the
thermal creep of the fuel as well as of the cladding, since the compatibility
relation in the stress function is then a nonlinear partial differential

equation.
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