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I. Introduction

Optimal estimators have been derived for very general ciasses o

nonlinear systems [1],[2]. However, the optimal estimator requires,

in general, an infinite dimensional computation to generate the
conditional mean of the system state given the past observations. This
computation involves either the solution of a stochastic partial
differential equation for the conditional density or an infinite
dimensional system of coupled ordinary stochastic differential equations
for the conditional moments. For linear stochastic systems with linear
observations and white Gaussian plant and observation noises, it is known
that the optimal conditional mean estimator consists of a finite
dimensional linear system (the Kalman-Bucy filter [3]). Many types of
finite dimensional suboptimal estimators for nonlinear systems have been
proposed [4], and many numerical experiments have been performed to
compare the various suboptimal estimators. In addition, upper and lower
bounds on the performance (error covariance) of optimal and suboptimal
estimators have been derived for certain classes of nonlinear systems
[51-[10]). However, throughout most of the previous research, the
question of how good the performance of a suboptimal estimator (or a
lower bound) is, as compared to the performance of the optimal estimator
(not as compared to that of other suboptimal estimators), has remained
unexamined.

Recently, Marcus, Willsky, and Lo [11]-[15] have derived finite
dimensional optimal nonlinear estimators for certain classes of nonlinear

systems with white Gaussian plant and observation noise. The existence
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of such optimal estimators allows us to investigate how both optimal and
suboptimal estimators process information, and to examine the differences
between them. The classes of systems for which finite dimensional
estimators are implementable are described by certain polynomial
nonlinearities or by certain classes of Volterra series expansions. One

class of models considered in [11]-[12] is described by the Ito

equations
dx(t) = F(t)x(t)dt + G(t)dw(t) (1)
J(t) = (ag + ig_l x(DADY(t) (2)
dz(t) = H(t)x(t)dt + dv(t) (3)

where x(t) is an n-vector, y(t) is a k-vector or kxk matrix, {Ai} are

kxk matrices, w and v are independent Brownian motion (Wiener) processes,
and x(0) is Gaussian. The optimal estimate, with respect to a wide
variety of criteria, of x(t) given the observations 2t 4 {z(s), 0<s<t),
is the conditional mean x(t|t) (also denoted by Et[x(t)] or E[x(t)lzt])
[4]. It is well known [3],[4]) that the computation of X(t|t) can be
performed by the finite dimensional (1inear) Kalman-Bucy filter. However,
the computation of §(t|t) requires in general an infinite dimensional
system of stochastic differential equations. In [12], Marcus and Willsky
have proved that ?(t]t) is computable with a recursive finite dimensional
estimator, if the ideal. generated by Ao in the Lie algebra {Ao.Al....,AN}LA
15 nilpotent. Using Volterra sefies expansions [16]-[17], Marcus and
Willsky have also proved a similar result for systems described by (1),(3),
and in which y(t) is given by a certain type of Volterra series expansion




or by polynomial type feed-forward nonlinearities [11])-[12], as
illustrated by the following system:

dxl(t) - 0 xl(t) dwl(t)
X A

2 dt + q 2 Fx(t)dt+qiam(t) (4)
dxz(t) 0 -8 xz(t) dwz(t)
dy(t) = (v y(t) +x,(t)x,(t))dt (5)
dzl(t) xl(t) i dvl(t)

= dt + r (6)
dzz(t) xz(t) dvz(t)

where a, B, v>0, Wis Wos Vis and v, are independent, zero mean, unit

variance Wiener processes, and x1(0), x2(0), and y(0) are independent

Gaussian random variables which are also independent of the noise

processes. Here (5) involves a polynomial feed-forward nonlinearity.

I

In section II we construct, for the system (4)-(6), the optimal

W—

‘ estimator and three suboptimal estimators: the extended Kalman filter
f (EKF), the constant gain extended Kalman filter (CGEKF), and the best
| linear estimator (BLE, also known as the linear minimum-variance
estimator). Section III is concerned with the derivations of error
covariance propagation equations for both optimal and suboptimal

estimators and a lower bound based on that of Bobrovsky and Zakai [10]

for the system (4)-(6). The existence of the optimal estimator allows

a direct comparison of the lower bound, the error covariance of the
optimal estimator, and the error covariance of suboptimal estimators for
various parameter values and signal-to-noise ratios. Results of

Monte-Carlo simulations are presented in Section IV.
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II. Optimal and Suboptimal Estimators

The optimal finite dimensional estimator for the system (4)-(6) is
constructed as follows [11]-[12]. First, the state x of the linear

system (4) is augmented with the state n satisfying

] Je-v-rk o ] e
= +
Ay(t) 0 B-v-Ppa(t) || ny(t) x,(t)
n(0) = ny(0) = 0 (7

where Pii(t)’ i=1,2, are the elements of the (nonrandom) Kalman-Bucy
filter error covariance matrix P(t) for the linear system (4),(6) (P(t)
is obviously diagonal). The Kalman-Bucy filter for the linear system
(4),(7), with observations (6), computes the conditional expectations

x(t|t) and n(t|t). Finally, y(t|t) is computed according to

aj(e]t) = [-v3(t1) + %, (tI0R(e10)]at + 2hr(eIt)P(t)av(t)

% (8)
y(0[0) = E[y(0)]

where the innovations process v is given by
dv(t) = dz(t) - x(t|t)dt, (9)

dz(t) = [dzl(t).dzz(t)]'. and the prime denotes matrix transpose. Hence,
the structure of the nonlinearity in (5) allows the computation of §(t|t)
with a five-state (X,n,y) estimator.

The existence of a nonlinear time-invariant steady-state estimator

for this problem is also demonstrated in [12). The assumption which

i S s i A L .

e e -
i : TN e ¥ Pt o ,
™ = i i " i N e A LN e g TR R e HEW SSRGS WSS




assures this result is the controllability and observability of the
original linear system (4),(6), and some additional derivations show
the existence of a steady-state estimator for n and y.

The EKF [4] for the state of the nonlinear component of the system
(4)-(6) is given by

ai(tlt) = [-¥itele) + Ky (e10R,e10)]ae+ L[k (01 ky00)]av(e)
¥(0]0) = E[y(0)] (10)

where the "gain" terms satisfy
Ry(8) = [a-v= 3Py (0)]Ky(8) +Py (D,(¢]E) (1)

l.(z(t) & [‘B'Y' %Pzz(t)]Kz(t) "'Pzz(t);l(t't) (12)

K (0) =K,(0) =0, il(tlt) and X,(t|t) are generated by the Kalman-Bucy
filter, and dv(t) is given in (9). Notice that the EKF (10) and the
optimal estimator (8) differ only in their gain terms. The question of
whether constant gains in (10) will suffice is also studied (see

Section IV), by utilizing the constant gain extended Kalman filter (CGEKF)
of Safonov and Athans [18]; however, their results are not strictly
applicable to the system (4)-(6), because polynomial nonlinearities

do not satisfy the finite incremental gain conditions of [18].

Now consider the best linear estimator (BLE). Such an estimator can
be constructed by first finding a new state equation which is linear, with
additive white Gaussian noise, and has the same first two moments (mean
and covariance) as those of the original system (4)-(5); then the Kalman-
Bucy filter for the new linear state and the observation (6) computes
the BLE ([19]), p. 152). Let X = [il.iz.il' be the new state. We first




compute the mean and covariance propagation equations for the original
state [x',y]'. Letm (t) = E[x,(t)), m (t) = Elx,(t)], and

1 2
my(t) =E[y(t)]. Then,

mxl(t) . -amxl(t) 5 mxl(O) = E[x,(0)] (13)
ﬁxz(t) = -smxz(t) ; mxz(O) = Elx,(0)] (14)
m(t) = -vmy(t)+mx1(t)mx2(t)-. m (0) = E[y(0)] (15) i

Let r(t) be the covariance matrix of [x',y]'. (I is symmetric and

rxlxz = 0). Applying Ito's differentiation rule [4] to the elements of

r(t) and taking expectations in the resulting differentials, we have
fxlxl(t) = q-2arx1x1(t) 5 rxlxl(O) = var(x,(0)) (16)
Fagx (1) = 9= 28T, () P S0 = weagiily - S00)
f‘xly(t) ? A W B T 5t =8 (18)

l"x (0) =0 (19)

(8 = (BT, (6 +m, (0T, (0): T

Fyy(t) = _2yryy(t)+-2E[y(t)x1(t)x2(t)]-2mx1(t)mx2(t)my(t)

(20)
ryy(O) = var(y(0))

The expectation of xl(t)xz(t)y(t) in (20) is computed as follows.
t
e[yt (t)xy(1)] - E*[e'Yt y(0) + L e Yit-m) xl(t)xz(t)dr]xl(t)xz(t);

t
= " my(Om, (thny ()4 L e YT Elx, (t)xy(7)]
« E[xp(t)xy(T)]dr
gt n,(Om, (t)m, (t) +Q(t) (21)
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where Q(t) can be expressed in differential form

2 ¥ 2 2
(e) = ~(argmae) + [of, (1) rxlxl(t)] EACE PXZXZ“’]
a(0) = 0 (22)

Substituting (21) into (20), we have, if y#a+8,
2 2
my (t)mx (t)

Pyy(t)

[1 . e-(Y-a-B)t] }

-ZYryy(t) +2Q(t) (23)

-zvryy(t)+z{o(t)- e

n>

and Q(t) = Q(t)-mil(O)miz(o)t e'(Y+“+B)t, if y=a+B. The linear state

equation for X is thus formulated to be

dx(t) = FR(t)dt +&(t)dw(t) + [0.0,mxl(t)mxz(t)] i (24)
where
S e ¢ %
Fslo ¢ @l. Biy=lo o o |.
0 0 -y 0 o0 Va2q(t)

and w(t) is a Brownian motion of dimension 3 with Q(t)dt =E{dw(t)dw'(t)}.
Moreover, G(t)Q(t)G'(t) should satisfy

— —

0 m (t)r, . (t)
q Xy Xy Xy

G()A(t)G'(t) = 0 q my (BT (8) | (25)

_mxz(t)rxlxl(t) mxl(t)rxzxz(t) 20(t) ;

Then the mean and covariance propagation equations for x(t) have the




same forms as those given in equations (13)-(19),(23). Observe that ’
in (24), il(t) = xl(t) and iz(t) = X5(t); only the nonlinear component ‘
of (5) has been altered. The BLE is the Kalman-Bucy filter for the
system (24) with observation (6).

i e e e




III. Performance of Estimators and Estimation Lower Bound

In this section we shall derive the error covariance propagation
equations associated with the optimal and suboptimal estimators. We are
interested in computing the error covariance of y, since the error

covariance of x is readily implemented via the Kalman-Bucy filter.

Though many lower bounds have been proposed to facilitate the evaluation
of suboptimal estimators, for example, Snyder and Rhodes [5],[6] for

i Gaussian state processes, Gilman and Rhodes [7],[8] for systems with
cone-bounded nonlinearities, and Zakai and his colleagues [9],[10] for
fairly general problems in both discrete and continuous time, only

the lower bound derived by Bobrovsky and Zakai [10] is applicable to
the system (4)-(6). iWe shall investigate the tightness of Bobrovsky

and Zakai's lower bound on estimator performance -- that is, how close

is the lower bound to the covariance of the optimal estimator?

The error covariance of y is the expected value of the conditional
error covariance E[(y(t)-—?(tlt))zlzt]. Taking the expectations in the
equation ([4], equation (6.100)) satisfied by the conditional error

covariance, we obtain the error covariance propagation equation

associated with y(t|t):

. () = -2vx(t) + 26 [ECLy(thxy ()xy(8)1 - EXLy(0) iy (), 01]
- 1 e[+ (1)

£(0) = var(y(0)) (26)

where £ (t) = E[(x,(t) - X,(t]t))(y(t) - §(t|t))|2%], 1=1,2. In the

sequel, we assume that x,(0) and x,(0) are independent, zero-mean,
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Gaussian random variables. It is easy to show that zl(t) = zz(t) =0,
for xl(t) and xz(t) are independent, zero-mean, Gaussian processes.

The other expectation in (26) is computed as follows:

e* [ (0xy(0)] - ¥ n(e)] ¥, (2dxy(2)]

{)t o) )Et [x (52, (52%, (£1x,(0)]
-Et[xl(s)xz(s)] Et[xl(t)xz(t)] ‘ds

t ~
= £ e-Y(t-s) [Pll(sstst)iz(slt)iz(t't)+P22(S’tst)§1(5|t)xl(t|t)

+P11(s,t,t)P22(s,t.t)] ds
= Py ()R, (E[t)R,(t]t) + Py (t)R,(t[ )X, (t]E)

t
+f0 eY(t-s) Pyp(S,tst)Pyy(s,t,t)ds (27)

where P, (s,t,t) = E[(xi(s)-ii(slt))(xj(t) -Qj(tIt))lzt], i,j=1,2, are
the nonrandom conditional cross-covariances defined in [12, Lemma 2.1];
here, Plz(s,t,t) = P21(s,t,t) = 0. A crucial component in computing (27)
is the use of [12, Lemma B.1], which expresses the higher order moment
Et[xl(s)xz(s)xl(t)xz(t)] of a Gaussian distribution in terms of lower
order moments. We need only compute the expected values of ﬁl(t!t)iz(tlt)
and ny(t|t)X,(t|t), since the last integral in (27) is nonrandom.
The state equation of £(t|t) 4 [(x'(t|t),n'(t|t)1' is the Kalman-Bucy
filter for the augmented system (4),(7) with observation (6). £

satisfies

d§(t|t) = c(t) E(t]t) + ¢ D(t)av(t) (28)
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where

0 1 a-Y-qul(t) 0 0 523(t)
-1
Ll 0 0 B"Y'quz(t)_l _514“:) 0 h

t

and S(t) is the conditional error covariance matrix of £(t) given z~; it

satisfies the Riccati equation, and Sll(t) = Pll(t) and Szz(t) = Pzz(t)'
Since the innovations process v is a standard Brownian motion process
with unit variance [2], the covariance ¢(t) of E is easily computed

according to
B(t) = C(t)a(t) +o(t)C'(t) + L D(t)D'(t). (29)

E[ﬁl(tlt)iz(tlt)] and E[ﬁz(tlt)Ql(tIt)] are, respectively, the (2,3) and
(1,4) elements of &(t). Expressing the last integral in (27) in

differential form, we have
ft eY(ES) b (5,t,8)P,, (s, t,t)ds = P, (t)P
0 11 S d] 22 s Ly 9 = 11 ) 22(t)6(t)

where 6(t) satisfies
8(6) = 1+[arger-ap]}(t) - aPpp(0)]6(8); 8(0) =0 (30)
Finally, equation (26) is rewritten as
£(t) = -Zyz(t)+2{Pu(t)023(t)+P22(t)¢14(t4) +P13 (0P, (£)8(6)}

& _2yz(t) +26(t) (31)
where 6(t) >0 for all t>0, is a function depending on the system

parameters (a,B,y) and noise covariances (q and r). As shown in [12],




the augmented linear system (4),(7) is time-invariant in steady state
and S(t) has a unique positive-definite steady-state solution S.
Similarly, equations (29),(30) have steady-state solutions ¢ and &,
respectively, where ¢ is positive definite and § is positive. Hence,
at steady state, the solution of (31) is £ = 6/y.

The lower bound [10] for the system (4)-(6) is obtained by applying

the Kalman-Bucy filter to the following linearized system

dh(t) = A(t)h(t)dt +G(t)dw(t) (33)

dk(t) = B(t)h(t)dt + r? dv(t) (34)

where h(t) and k(t) are 3- and 2-dimensional vectors, respectively, and
w(t) and v(t) are independent standard Brownian motions of dimensions 3

and 2, respectively. A(t), B(t), G(t) are 3x3, 2x3, 3x3 matrices,

respectively:
-0 0 0 q 0 0
A(t) = 0 -B 0], G(t) = 1|0 q 0},
0 0 -y 0 0 0
and B(t) is the solution of
IR 1
F+¢-]-E[x2(t)] 0 0
fe z W e
Lenis(e) 0 Leleld)] o
N 0 y 3

h(0) is assumed to be a zero-mean, Gaussian random vector with nonsingular
variance, and k(0) = 0.

The lower bound ZLB(t) of Bobrovsky and Zakai, which lower bounds




the error covariance of any estimator of y, is the (3,3) element of the

error covariance matrix for the system (33)-(34). ZLB(t) satisfies

Comparing (31) and (35), we have zLB(t) < Z(t) for all t, as expected.

The bound does not depend on the measurement noise covariance r; for some

g values of r it is far from the optimal error covariance (see Section IV),

en—

that the lower bound of Bobrovsky and Zakai can be quite loose in some
cases. This was to be expected, since the bound is based upon the
Cramer-Rao lower bound, which can be loose if the signal-to-noise ratio
is small [20]. However, in steady-state I(t) -+ ZLB(t) as r+0, which can

be shown as follows. Based on the discussions following (31), the steady

state solution of I(t) is

W ¢
i v{ 11 23”’22"’14”’11"225}
where
P11 = -ar +Va2r2+qr- s Pyp = -Br+V82r2+qr ’

" P11P22 iy P11P22
14 ° (Panzlr) + (G-B"'Y)Pzz 25 (PIIPZZ/r) + ('3+8"'Y)Pu tq’

_ (P11P3o/v) + 26(P 1Py TSy _(P§1Poplr) * 20(Py Pap/r)Syq
23" 7 281(-a*pt)Py; +a] 18 T T gaq(a-ty)Pyp +al
and
1

6§ = .
-¢'B+Y+Q(1/P11 + I/PZZ)

I g(t) = -2vgp(t) (35)

since 8(t) in (31) is nonzero and can in fact be large. This demonstrates




We can easily see that as r+0, I + zLB(=0); thus, at least at steady
state, this result confirms the prediction by Bobrovsky and Zakai [10].
The EKF generates an "approximation" E(t) to the conditional error

covariance E[(y(t) - y(t|t)) 1, which is given by

E(t) = ~2vE(t) + 2K ()%,(t]t) + 2Kp( )R (t]£) = [Ky (£)12 - [Ky(t)12  (36)

Taking expectations in (36), we find that the EKF approximation E[Z(t)]
to the error covariance E[(y(t) -i(tlt)zl satisfies

3 B0 = -2vEE(e)) (37)

Thus I, g(t) = E[Z(t)] < E(t), indicating that E[Z(t)] may not be a very
good approximation to the error covariance E[(y(t) -§(t|t))2] of the EKF;
for, since y(t|t) of (8) is the optimal mean-square error estimate, it is
clear that in fact £(t) < E[(y(t) -9(t|t))2]. Hence, as is well known,
one should exercise caution in using E[E(t)] as an indicator of EKF
performance.

Denoting I(t) 2 Ef(y(t) -9(t|t))2], the error covariance matrix
associated with y(t|t) of the BLE, we have
Z)(t) +I,(t)

K(t) = -2vi(t) +20(t) - L——2—; §(0) = var(y(0)) (38)
where
: Pa(BE (D)
E(t) = -(at)E,(t) sm (0ny (0 - o= B -0 (39)
i 5 Pyo(t)Zy(t)  _
Ip(t) = -(8mEy(e) #m (v, (6) - EE—s B0 =0 (40)

and Z,(t) = EC(x,(t) - X (t[))(y(t) - {(t]t))1, 1=1.2.
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Consider now the stability of (38)-(40). First, as t+w=, mxl(t) and
m"z(t) approach zero. Also, since (4),(6) is controllable and observable,
Pu(t) and Pzz(t) approach positive constant values. Thus [24, p. 113],
il(t) and iz(t) approach zero as t+«, Comparing (38) and (23), we
find that I(t) has the same performance as that of I‘yy(t) (the a priori
covariance) as t+«. Furthermore, if xl(o) and x2(0) are zero-mean,
mxl(t). mxz(t), El(t). and fz(t) will be zero for all t>0. Thus, the
observation process z(t) is uncorrelated with y(t) in this case, and
y(t|t) is just the a priori mean my(t); that is, the BLE for y(t) does not
take advantage of the observations during the course of estimation. The
error covariance I(t) of the BLE is also the a priori covariance r‘yy(t)
which, at steady state, is

it q?

r FEOREERS. e
s 4aBy(at+B+y) (41)

Although in this case y(t) is uncorrelated with z(t), it is not independent
of z(t); hence the optimal estimator which computes the conditional mean
y(t|t) can in fact perform quite well, as is demonstrated in Section IV.

It should also be pointed out that for the system (4)-(6) the optimal
estimator is also the best quadratic estimator; that is, it is the best
estimator whose input/output map can be expressed as a Volterra series of
order 2 with input as the innovations process v(t) (see [21]).

In [10] Bobrovsky and Zakai showed that for a scalar problem and for
sufficiently small values of r, optimal linear filtering yielded practically
the same filtering error as that of the optimal nonlinear filtering. This
is not the case for our multivariable problem. In fact, for sufficiently

large q and small r, I 1s much greater than I and £ g (see Section IV).




i ; IV. Simulation Results

In order to compare and evaluate the performance of the optimal

estimator, the EKF, the CGEKF, the BLE, and the lower bound, digital

Monte Carlo simulations were employed. In this section it is assumed that

x1(0) and x(0) have zero mean. Since the error covariance propagation
equations for the optimal estimator (31), the BLE (38), and the lower

bound (35) are ordinary differential equations, they were computed off-1line
and stored. Simulations were conducted on the EKF (10), the CGEKF, and

the optimal estimator (8). Identical noise sequences were used to allow

direct comparison. Our approach to the statistical analysis of the

Monte Carlo simulations parallels that of Bucy and his associates [22].

The mean-square error

u = EL(y(t) - y*(t))?) (42)

where y*(t) denotes the estimate (e.g., y(t|t) or ¥(t|t)), was used as
the performance measure in the simulation. Suppose that {y;} and {yn}.
n=1,...,N, are sequences of independent realizations of y;(t) and y(t),
respectively. Then the statistic

- N

M= % n)-:l (Y,,-J!‘,';)2 (43)

is an approximation to u for sufficiently large N.

In the experiments, the paramgters were varied as follows:
a, B,y = 0.9
q=2
r=0.04, 0.2 and 1
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75 sample paths, each of which contained 5000 steps of length 0.001s, were
run in each simulation. The constant gains in the CGEKF were chosen to be

the average gain values (the gains in (10)) over 75 sample paths; both

gain values were quite small (we also simulated the zero-gain EKF; the

simulation result was almost the same as that for nonzero gains). Figs.1-3

display, for three cases, graphs of mean-square error (averaged over 75

sample paths) of the optimal estimator, the suboptimal estimators (EKF,

CGEKF, BLE), and the lower bound. | |
As expected, the steady state optimal error covariance approaches the

lower bound for very small values of r (=0.04) and is greater than the

lower bound for large r (=1). The BLE remains unchanged in the three

figures, since it is just the a priori mean. The EKF performance is quite

close to the simulated optimal error covariance in every simulation run;

further simulations [23] have indicated that the gain terms (see (8) and

(10)) of the optimal estimator and the EKF are almost equal. The performance |

of the CGEKF is somewhat less effective than that of the EKF, but is far {

superior to the BLE performance. The estimate §(t|t) of the CGEKF is the

result of passing the a posteriori means il(tlt) and iz(tlt) through the

nonlinear filter (10) with gains set to near-zero values, while the y(t|t)

of the BLE results from passing the a priori means mxl(t) and mxz(t) through
(15). This of course explains why the CGEKF, which utilizes the observations,

% has better performance than the BLE. It should be noted that the difference
; between the averaged mean-square error of the optimal estimator and the

actual optimal error covariance is due to the fact that averaging over 75

sample paths does not give a good approximation to the expectation.

18
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V. Concluding Remarks

A nonlinear system with a finite dimensional optimal nonlinear
estimator has been considered. Based on such a system, optimal and
suboptimal estimators and an estimation lower bound have been studied.

The optimal estimator is used as a criterion in evaluating the performance
of the suboptimal estimators and the lower bound. Simulation results
indicate that the performance of the EKF is as good as that of the

optimal estimator, and the Bobrovsky and Zakai lower bound is tight for
very high signal-to-noise ratio (r+0) but is less effective for large
values of state and observation noises. As far as suboptimal filter design
is concerned, the CGEKF is probably preferable, in most of the cases
studied, to the optimal estimator and the EKF, due to its simple
computational requirements. In fact, a naive estimator which passes
il(tlt) and Qz(tlt) through a model of the nonlinear system (5) performs

almost as well.
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