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ABSTRACT

The paper introduces a class of linearly constrained convex

programs whose duals are unconstrained in the sense that their

solution must be in the interior of the feasible region . A complete

duality theory is developed for these problems . Several examples are

discussed .
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A DUAL I TY THEORY FOR A CLASS OF PROBLEMS

WITH ESSENT IALLY UNCONSTRAINED DUALS

• by

A. Ben_Ta l,* V . Barz ila i ,* A. Cha rnes**

1 . I nt roduc t ion

In the st udy of a p rob le m ar is ing  in Statistica l Information

Theory [3], [1], whose ma thema ti cal model i s a l i nea r l y  cons t rai ned

conve x p rogram :

(P) inf{f(x): Ax = b},

i t was revea led tha t the dua l p roblem is unconstrained. Moreover ,

dua lity states were fully characterized. Similar results can be

obta i ned for problems arising in Transportation Engineering (estimation

of In terzona l Transfers) [4], Accounting [2], and C i v i l  E ngineer in g

(see Example 1 of this paper).

For convex programs without asympotic ideas as in [12) , only partial

statements can be made regarding duality states [9], [11]. Therein (i)

only suffici ent condi t ions are given wh i ch guaran tee a tta inment of the

pri ma l— infimum (or the dual supremum) , ( i i)  prima l feasibility implies dual

boundedness , bu t is not necessarily implied by it. For linear programs,

atta i nment of the primal Infimum Is equiva lent to the orthogonality

* Technlon — Israe l Institute of Technology , Ha i fa, Israel
Computer Science Department.

** Center for Cybernetic Studies , Un i versity of Texas, Aust in ,
Texas 78712 , USA.
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.

condition :

(1.1) “the price vector is orthogonal to the nu ll space of the

coeff icient matrix ”, ____________________

and , wi th th i s , primal-feasibility is equivalent to dua l boundedness .

In this paper we study convex programs of type (P), whose objective

function belongs to a sub—class of strictly convex functions , satisfying

certain smoothness properties .

For these programs , an orthogona lity condition , similar to (1.1),

is necessary and sufficient for the atta i nment of the primal infimum .

Moreover, under this condition , a Slater—type constraint qualification

turns out to be necessary and sufficient for attainment of the dua l

supremum. But the most significant consequence is that the dua l

problem is “unconstra i ned”, in the sense that the opt ima l solution

must be in the interior of the feasible set, and thus can be computed

by, say, mini mizing the norm of the objective function gradient.

2. Essential ly Unconstrained Prob l ems

Let f be a continuously differentiable function : Rn -
~~ R, and

consider the unconstrained problem:

(U) lnf f(x).

The eolution Bet of problem (U) is the (possibly empty) set

~ {x: f(x) ~ f( y) , Vy E R~} .

For a convex problem , 1’~ is characterized simply by the critica l

points of f , i.e.

(2.1) {x: Vf(x) — 0).

‘L . ~~~~.
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If f is defined on a subset S of Rn , the problem

Inf f(x)

(E)

subject to x € S

is a constrained prob l em, and (1) generally fails to characterize its

solution set.

We will term problem (E) eBBenti42lly unconstrained , i f

(I) m t  S is non—empty,

(ii) f is continuously differentiable on m t  s,
(iii) the solution set of (E) is g iven by

(2.2) rE — {x E m t  S: Vf(x) — 0),
where m t  S denotes the interior of the set S. We note that from

the computationa l viewpoint , an essentially unconstra i ned problem is

unconstra i ned~ Indeed , for an unconstrained nonlinear problem , the

solution set is typ i cally the set of critica l points.

A simple example of an essentia lly unconstrained prob lem is:

m i n _ / i~_ x
2

(2.3)

s.t. -l~~~x~~~1 k

The Dua l of a Linearly Constra i ned Convex Problem

Since we are Interested In linearly constra i ned convex programs whose

duals  are essen tia l l y unconstrained , we begin by Introd’sc l ng the ?.nchei—

Rookafe liar duality echeme [9].

_
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We recall that the convex conjugate f* of f: S + R, is defined by:

f*(x) sup{<z,x> — f(z)}
zES

n
(where <z,x> E z~x~ is the inne r product in R”), and the concave

i—i
conjugate g

~ 
of g: S + R, is defined by:

inf{<z ,x> — g(z)} .
zES

The Fenchel-Rockafellar dual prob l em of

(2.4) inf {f(x) — g(Ax))
x€S

Is

* 1(2. 5) sup {g~(y) 
— f (A y)),

where f is a convex function with domain in W1, g a concave function

with domain in Rm , and A is an mxn matrix.

In terms of the ind i cator function

O x E C
6(xIC) —

+~~

Problem (P) Is equiva lent to (2.4)  wi th

g(y) a — 6 (y I{ b })

whose conjugate i s

3
(2.6) — lnf{<u ,y> — g(u)) — <b ,y>,
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so that (2.5) can be written as:

(2.7) sup h(y)
yERm

with

(2.8) h(y) a <b ,y> f*(AT )

Note that the Lagrøi9i.z~2 dual of problem (P) (see e.g., [5]) is:

sup h(y)
yERm

with

(2.9) h(y) — Inf{f(x) + <y, b—Ax> )

However , (2.9) Is equivalent to (2.8) since

inf{f(x)+Cy,b-A x> } — <y,b> — SUP{<ATY , X> — f(x)) —

— <y,b> - f*(ATy) .

3. Examples of Linearly Constra i ned Convex Prob l ems with Essentially

Unconstrai ned Duals

Example :~ Optimal des i gn of a pi pe network.
Consider the prob lem :

• . n
m m ~ L 1d 1

j 1  ~

(3.1) s.t. Zcsi j mjdr — P~ - P~ I — 1 , .. ., p -:
- d~ > 0 J 1 ,...,n .

4 This problem arises In conjunction with the computation of the
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diameters d., , j 1 ,...,n of n p i pes in a tree—shaped fluid trans-

portation network , so as to minimize the cost of the network , while

maintaining pre—assigned minimal pressures at the end—points (see e.g.

(8] and [10]).

Here L~ denotes the length of the j—th pipe , and the objective

function reflects the cost of the network. The matrix 
~~~~ 

describes

the structure of the network as follows :

1 if pipe j belongs to the path from the source to
= 

end—point i .
IJ

0 otherwise.

For the j—th pipe , the pressures 
~A ’ ~B 

at its end—points A , B

satisfy :

(3.2) P~~_ P ~~= _.j.

where m~ is a constant wh i ch is i ndependent of the diameter ~~

and 6 is a dimensionless constant.

Denot i ng the pressure at the source and at end—p oint I by P0, P.

respectively, the constraint

n
Z c z  m. d. 0 _ p 2 _ p 2 L.

j al lJ~~~i 0 I

I
relates the difference between the pressures at these two points, to the

sum of pressure losses (given by (3.2)), on the path connecting them.

Problem (3.1) will be written in the form:
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n —
mm 1 L.x.

j_1 J i

s.t. Ax a b

x > O

where A is the pxn matrix whose entries are g i ven by:

ii ~j  j

and

1

—6x. = d.
J J

b~~~ P~~— P ~~.

We note that A is a non—negative matrix, with at least one positive

entry in each col umn (otherwise there is a pipe that is not a member of

any path in the network).

We now compute the dua l of a more general problem :

I. fl

inf ~ c;x 1 ~~~~ 
> 0

~~~~ ~s.t. Ax — b

x~~~0

Here A is not assumed to be non—negative . However, we require that

at least one row of A is positive (as is the case when one of the

constraints is of the form Z x1 1). Under this assumption , the dua l
i_ i 

- 
-

of (3.4) Is essentially unconstra i ned.

A direct computation shows that the conjugate of

c1 x x> 0

I
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Is

8 i 
_____

*— (x ) (c 1 B~) (1 + ~~ 
) x ~ 0* *q.(x ) —

I 

*x > 0

and since f(x) E q.(x1)i— I

* I * * * n
f (A y)a Z q.(x 1 ) wit h x~ = E a . . y.

ial j=l ~

Thus, the dua l of (3.4) is

(3.5) ~~~~~~~~~~~~~~~~~~~~~~~ (1+~!_) ~~~~~~~~~~ }
m

s.t. ~ a..y. ~~0 i = l,..., n
j—l ~~‘ ~

Despite its forma l representation as a constrained problem we shall

subsequently show that (3.5) is essentia lly unconstra ined .

• Example 2: Let c(y) be a given density function of a random variab le V.

The fundamental approach of Information Theory (see (7]) to find a

dens i ty which most close l y resembles c(y), is to find the density x*(t)

(the so—called conjugate denaity , (see [61) which minimizes the divergence:

Jx(~) log ~~~dy

Usually, x*(t) Is required to satisfy constraints such as:

JT(y)x
*(y)dy — B

• 

. - .~~~ :.: - --
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where 1(y) is some statistic , and 8 is , in most cases, a multi-

dimensiona l parameter of the population .

When V is a discrete fin ite random variabl e , we are led then to

the following problem :

(1) in f  ~ x~ log 
.1

j—1 3

s.t. 
~ 

= e m I = l~ . ..,m
J~

.l

n

~ x. = 1
j=1 J

x~~~ O j 1 ,...,n

or rore generally

i nf x~ log L

~j — i  j

(3.6)
s.t. A x — b

x~~~0

where c3, j 1,.. .,n are given pos i tive scalars , A is an rnxn real

matrix , and b is an rn-vector. Note that in the special case (Prob l em

(I)), A has at least one positive row (corresponding to the constraint

lXj 
a 1).

a ’ n x.
The objective function f(x) — E x~ log ~~~ is separable , hence

i— i j

* 
n 

* xf (x) ~ q3
(x) with q.(x) — x. log

i— i .i .i

A sim ple calculation shows that

q~ (x) _ sup {x z _ z J o g ~~ ..}_ ~~
j
~ X_ i 

,
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so that the dua l of (3.6) is

n
(3.7) sup <y,b> — c.

y I— i ’

which is an unconstra i ned prob l em, i ndependently of the data A , b and c.

Example 3. The primal problem is

- 

inf ~ q~ (x~)i—i
(3.8)

s.t . A x — b

x~~~0

where ’ q 1 (x 1) is g i ven for i — 1 ,...,n by

— 
~ 

log x
~ 

a1,8 1 X
i 

> 0

q~ (x~) —

• -I .4. — X i ’
~~

O

The conjugate of q 1 (x~) is given by

q~ (x~) — sup {x~z - ( ~-u~z2 - 
~i log z)} .

t The supremum therein Is attalned at 
~ 

sat sfyIng ‘

I — 
Bi *a 1 z 1 — x 1 .

zi

Hence 

— 
x~ +/~x~)2 +

- . , , , .  . - L ~~~~~~~
V 

- —
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I
* * * x~~+~~~x~ )2 +4a j B j (x~~~~~~~2 + Iq 1 (x )— x 1 -—— - — +

2a1

x~~ + V ~x~ )2 + 4a.B .
÷ 8 ~ log

and finally, denoting by a ’ the i—th col umn of A , the dual of (3.8)

i s  g i ven by

sup{cy,b> - 
.
~~ {~~~

_ 
{<a

1 ,y>(<a~ ,y~ + V~~’ Y>2 + ka
1
B.) -

- ~~:a
i,y: - ~~~~~~~~~~~~ + 4a

1 8~ } +

+ 
~~ 

log(ca i ,y> + Vf~~’ ,y> 2 + 4ai B.)} + constant }
Since, for a,B > 0

X + l k Z + 4c&B— > 0 Yx ,Zcs

the dua l of (3.8) is unconstra i ned .

Example 4. The prima l problem is

- n
inf — Ec

i xi c 1 > 0 , 0< 8 .  < 1
i 1  1~,~

0 
s.t. A x — b

x~~ 0

Denoting

—B 
Iq 1 (x) — {-c1 x 1 , x~~~0), I I

F• .11~.
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we have

____ 
1

1 *

* * 

— (—x .) •(c~s1) 
‘ • ( 

~~~~

— — 1) if x < 0

q~~(x ) =

*if x~~~ 0 ,

and the dua l of (3.9) is

‘I S i

sup {<y ,b> + E (c.~~.)
’ • ( ~~ i)(- <a~ ,y>)

1 }
(3.10)

Is.t A y < 0 .

I-

Note,that (3.10) is essentiall y unconstra i ned , since its feasible

set is open , whereas the feasible set of prob l em ~~~~~~ 
is closed . This

shows that despite the resembl ance between problems (3.4) and (3.9),

they are of qu i te a different type .

4. Essentially Unconstra i ned Duals

A closer examination of the above examples reveals , that the

reason for Examples 2 and 3 (Probl ems (3.6) and (3.8)) to have an

*unconstra i ned dua l , is that f is finite throughout R’~, i.e.

(4.o) don f* R” . ‘

Here don f denotes the effective domain of f:

doni f — {x: f(x) < + }.

~~~~~~
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• This lmp l les that, for the dual objective function h, dom h — Rm.

Cond i ti on (4.o) in turn , is a consequence of the fact that the

gradient Vf maps the interior of dom f onto R’~.

This Is not the case with Examples 1 and 4 (Probl ems (3.4) and

(3 .9)) . However , they also belong to a class of problems for wh i ch

the dual Is essentiall y unconstra i ned. Moreover, the duality theory

corresponding to this class is more complete and closer to the duality

theory of linea r programing, than the genera l theory.

One of the common features of the problems in the above mentioned

class is that the objective function of (P) is eeaentially emooth.

Definition 4.1: A convex function is essentially smooth, if it

satisfies the following three conditions:

(4.1) m t  (dom f) ,‘ 0

(4.2) f Is differentiable throughout int(dom f) ;

(4.3) UVf (xi )Il 
a for every sequence

x1 +xEb d(dom f)

where bd S denotes the boundary of the set S.

In part icular , f Is essential ly smooth If it is smooth (i.e.,

fini te and differentiable throughout R”), i n which case (4.3) ho l ds

A 
vacuously.

The following are examples of essential ly smooth functions:

a) the objective functions In the four examples of Section 3, i.e.
n

(i) i; c1x1 ~m ’ c~, x1 
> 0

1—1
—5
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( I i )  
~ 

x~ Iog(x 1 /c1 ) c~ > 0, x~ ~‘0 .
i— i

( i l l )  2~ ( ct j x~ — 8
~ 

log x1) ~~ 
8~’ x 1 > 0 .

i— i

n 8
( iv) — ~~ c1x 

~~, c~ > 0, 0 < < 1 , x~ >~1—1

n P
b) Z (x 1 

— log x1 ) P~ > 1 , x~ > 0
i—i

c) I x 1 log x
~ 
+ h 1 (x~

) + a
i 
x~ x~ > o

i—i

with h 1 (x) twi ce differentiable and satisf ying

1+ h.(x) > 0

‘h 1 (0) < a

h 1 (O) < a

> - a~~

Examples for such h 1 are

~
Bix i ~•(i ) e , 

~i’ 
Si > 0

(ii) f x~ log x 1 + a
1
x~ with -

n 
a r

d) f(x) — 
~ I log log (t+1)dt , x1 ~~Oi— i ~0

e) f(x) — I c&1 x~ + 5 1
x
~ 

> 0
i—i
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n •

f) f(x) — — I 
~i log x 1 , cz~ > 0, x1 > 0

1—1

g) f(x) = I 
~~~ 

tg x~, ai > 0, — 
~ - < x

~ 
<

I— i 
•I

n ~~~~~~h) f(x) — I c~ (i — x1 ~ 
~~

‘ 

~i < 0, P~ ~ 1 integer ,
i— i

1 x 1~~~1.

The following proposition relates essentially smooth functions to

essentially unconstra i ned problems .

Proposition 4.2. Let f be an essent ially smooth convex function .

Then the problem

inf f(x)
(4.4)

x E domf

is essentially unconstrained .

Proof. We have to show that every solution of (4.4) is a critical

point of f.

Let {x1 } be any sequence such that x1 C ln t (dom f), x1-.xEbd(dom f),

and define

0 

— Urn f(x1) .

We estab lish th. ex i stence of a point

(4.5) y € int (dom f), with f(y) a .
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Consi der first the one dimensional case. Assume that int(dom 
~ ) a

(a ,b), and x — b . Then b is finite , and f’(x) must tend to +a

as x 1 ~‘ x — b, by (4.3), since f’(x) Is increas i ng . Let x
4. 
E (a,b)

be a point with f’(x) > 0. Then f(x) is strictly increasing on

+ 1 1 +[x ,b). Denoting y — r b + 1x , we have by convex i ty of f

f (y) 
~~~ 

f( b) + ~ - f(x~)

hence

(4.6) f(b) > 2f(y) - f(x~) f (y) + (f (y) - f (x~)] > f(y)

which implies (4. 5) . Applying the same argument at the left—hand

side boundary point a, (this time f’(x) + — as x + a), completes

the proof for the one dimensiona l case.

In the n—dimensio nal case, define

g(t) — f(x0 + t( 
- xe

))

where x0 is any point in int(dom f)  (which is not empty by (4.1)).

Now g is a one-dimens i onal essentially smooth function , and the

above argument shows that a point y satisfy i ng (4.5) exists , wh i ch

implies that {x~} is not an infin imizing sequence .

0

a
Three important properties of essentially smooth functions are . •

stated below (see [9, §26]). We recall that a convex funct ion is

called oloaed If it is l ower semi—continuous .

- 

‘

~~~~~~~~~~~~~~~~~~
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Theorem 4.3: Let f be an essential Iy~~~ oth function wh i ch i s
* strictly convex in int(dom f). Then

(i) f* Is an essentially smooth closed function , wn l ch i s
strictly convex in lnt(dom f*),

(ii) Vf is a one—to—one mapp i ng from int(dom f) onto int (dom f*)~

continuous in both directions ,

( i i i ) Vf* a (vf)~
1

The symmetry in the above theorem may suggest that if the objective

function f, of the prima l probl em (P), Is an essentially smooth convex

func ti on , so i s f*, and consequently (D) is also an essentially

unconstra i ned problem. This is , however , not enough as shown by the

following example , since (P) restricts x additionally from domf to Ax — b.

Example. Consi der the primal problem

inf~~
.!__ +

s.t. -x1 +x 2 — 1

• x1,x2~~~O

its dua l according to (3.5) is the one—d imensiona l prob l em

max y + v ç + vC~

s.t. —y~~~O

y~~~O ,

which evidently is not essentially unconstra i ned, since its feasible •

set is the singleton y — O , wh i ch is not a critical poin t of the objective

function . We now give a sufficient condition for (D) to be ess enti ally •-

unconstr:i ned. 

— — —. -‘- — 

~~~

• •  ‘ 
~~~~~~~~~~
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We denote by N(A) the null-space of the matrix A:

N(A) a {x: Ax — 01.

When a vector x is orthogonal to a set S, i.e.,

<x,y> O V y € S ,

we will denote this shortly by xi. S. The set of all vectors orthogonal
.1. 

‘

to S will be denoted S .

Theorem 4.4: Assume that in the primal prob l em (P),

(i) f is essentially smooth and strictly convex in int(dom f).

(II) 3 x0 C int (dom f) 3 Vf(x ) .L N(A). 3
Then the dua l prob lem (0) is essentiall y unconstra i ned.

Proof. By Proposition (4.2), the assertion will be proved if we show that

h(y) — <y,b> - f*(AIy)

is essentiall y smooth.

Since N(A)1 — range of AT, it follows from (ii) that Vf (x0) is

in the range of AT, i.e., there exists y~E Rm , such that

(4.7) Vf(x0) — A1y0 .

By Theorem 4.3, there exists x~, such that

(4.8) Vf(x0) — x~ € int(dom f
*)~ *

Hence there exis ts an e~> 0, such that for each 0 ‘~~ ‘

~~~ 

we have

(4.9) AT(yo+CB) ‘1 A
Ty +CATB x~ + CA

TB C int (dom f*)

-___ _
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where B i s the unit ball in Rn:

B _ { x E R m: Ii xfl~~~1).

From (4.9) we see that y0 E int (dom h), so that h satisfies (4.1).

Si nce

* 1Vh(y) — b — A Vf (A y)

(where Vf*(AIy) denotes the grad i ent of f*(•), evaluated at ATy),

h also satisfies (4.2) and (4.3), i.e., h Is essentially smooth.

0

Condition (ii) in Theorem 4.4 will play a centra l role in the

subsequent sections. It will be termed “the orthogonal ity condition ”.

A simple case for which this condition holds , indep endenti~ of the

n)2trix A is when f possesses a critica l point.

5. Dua l ity Theory

In this section we study the program

(P) lnf{f(x): Ax — b , x E dom f}

where f is a closed, essentially smooth function , which Is strictly

convex on int(doin f).

Probl em (P) Is called oonaiatent if It has a feasible solution, ‘

• and eup.roo~Wiat.nt i f

(5.1) 3 € lnt (dom f) such that Ax a b. •~

The dual of (P), by Sect Ion 2, Is

(D) sup{ cb,y> - f*(AI )}
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This problem is euperconaietent if

(5.2) ~ y such that AT; € int (dom f*)•

Condition (5.2) in turn is equivalent to the previously used

orthogonality condition:

(5.3) 3 x0 € int (dom f) such that Vf(x ) .L N(A).

On int (dom f*) the conjugate function coincides with its

Legendre transform (9, §263 i.e.,

L(u) a qvf)~~(u),u>— f((Vf)
1 (u))

and under condition (5.3) , ci L(ATy) — f*(ATy), where ci 1(u) —

lim Inf L(v) (see (9 , Theorem 9.5]). Therefore, under the orthogonailty
v~ucondition , the dua l prob l em of (P) is

(D) sup{cb ,y> — <(Vf) l (ATy),ATY> + f((vf)~~ (A Ty) ) }

s.t. ATy € range vf

Our first duality result will show that the orthogonality condition

• (5.3) guarantees the lack of duali ty gap, and is a sufficient and . 1

‘almost ’ necessary condition for the atta i nment of the infimum of

Problem (P).

~~~~~~~~ If (P) is consistent and satisfies the Orthogonal ity

condition , thin the infimum of (P) is atta i ned, and is equal to the

supremum of (D). Conversely, if the infimum of (P) is atta i ned at an • -
•

interior point of don f, then the orthogonality condition holds .

-I- •
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1

f
Proof. From (2.6) we have

dom g~~a R
m.

A l so, the existence of a vector y € Rm such that

ATy E int(dom f*)

was demonstrated in Theorem 4.4 (see (4.7) and (4.8)), and the first part

of the theorem follows from Fenchel-Rockafellar duality theorem [9,

Corollary 31.2.1].

To prove the second part of the theorem, assume that at the minimum

point x, Vf(x) is not orthogonal to N(A). Then there exists a

point d € N(A) such that <d ,Vf(x)> ~ 0. Replacing d by —d if

necessary, we see that d satisfies

(5.4) dT Vf(x). < 0

(5.5) Ad — 0

Define x — x + ad, a >0. From (5.5) it follows that x is a feasible

point for (P). But (5.4) implies (using the Taylor series for f), that

f(x) < f(~)

for small enough a, contradicting the .optlmal i ty .of ~~ . Hence (5.3)

must hold at ~~, and the theorem Is proved.

The next result , shows that the superconsist.ncy condition (5 .1)

Is not only sufficient for the attainment of the supremum In the dual

(which is a standard result) , but , whenever (5.3) holds it is also a 4

necessary condition. •1
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~~~~~~~~~ If (P) is superconsistent , then the supremum of the dua l

problem (0) is attained. Conversely, if the supremum is attained ,

and (5.3) holds , then (P) Is superconsistent .

Proof. Recalling the definition of g:

9 — —6(yJ{b})

we see that ri (dom g) — {b}. Hence if (5.1) hol ds, the supremum of

(D) is atta i ned by Fenchel-Rockafel lar duality theorem.

Conversely, assume that the supremum of (D) is atta i ned at ~~,

and (5.3) holds . By Theorem 4.4, (D) is essentially unconstra i ned ,

and the gradient of the objective function h of (D) must satisfy at

(5 .6 )  Vh(y) — b-A Vf*(Al~) — 0.

Define

* T-x •A y

(5.7) — ~f*(*)

Since f* Is essentially smooth, x~ € int(dom f
*), hence by (5.5) we

have x € int(dom f), w h i c h upon comb i n i n g  (5.6) and (5.7) completes 4
the proof.

0

For dual convex programs , It is well known from the weak duaiity •

•~rela t ion

inf (P) > sup (D) I ~~

‘

that fusibility of one problem implies the boundedness of its dual. •

Th. converse is generall y f a l s e , Linear Programming be i ng a notable

I
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I
except i on. However, for a special class of problems of the type (P)

which still inc l udes the four examples of Section 3, we will demonstrate

a one—to—one correspondence between primal—feas ibility and dual-boundedness.

Theorem 5.3: Consider ~~pri ma l prob l em (P), with separable objective

funct Ion

f (x) — 
~~~ f1 (x 1 )

wh ich satisfies the orthogonality condition .

Then (P) is feasible if and only if (D) i-s bounded .

Proof. We distinguish two cases (i) ci (dom 
~~ 

= [a ,.) or (— a  ,bj,

(ii) dom f1 
= (- øo ,a). Case (I) can be handled , without loss of

generality , by taking ci (dom 
~~ 

(O ,a).

if (P) is feasible , then (D) is bounded by the above mentioned

weak duality relation .

Let (P) be infeasible , i.e., in case (i) the linear system

(5.8) Ax — b , x > 0

r i
H is Inconsistent , and in case (ii) the linear system

(5.8’) A x — b

is i nconsistent.
• 

• r
Then for case (I), by Farkas ’ Lemma,

(5.9) 3 y 3 A~~ ~ 0, ~~~~~~~~~~~~ > 0 ,

and for case (ii)

(5.9’) 3 ~ 3 A~~ — 0, <b ,~> > 0 .
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By taking y M ~ (H an arbitrarily large positive scalar) , the first term

i n the dua l func t ion

h(y) a ‘cb ,y> — f (A y)

can be made arbitrarily large . For case (ii), the second term is

f*(0) > — — , wh i ch establishes the unboundedness of h(y). For case (i),

in order to show that h(y) is unbounded above, it suffices to show ,

by (5.9) that

~j f *( )  <
~~~~~

h ull

wh i ch reduces to

(5.10) u r n  f~ (a) < a

Here

f~(a) af~ (a)~~ 
— f(f; (a) 1) 

- - -

thus, setting t f (uY 1 , it follows that ( 5 . 1 0 )  Is equivalent to

(5.11) iim ~ Ct f ( t )  — f.(t)} < a

t-’O I

But , s ince f 1 is essentially smooth, wi th cl dom f 1 — R+, it

foll ows that l iiii~ f~(t) — a  and lim ~ f1 (t) 
> — .  . Hence (5.11)

t40 t-+0
indeed holds. 

•

~~~~~~~~~~~~~~~~~~~~~~~~~
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6. Exanples 1-4. Revistted

In this section we will show that for the Examples Introduced in

Sec ti on 3, the duality theory developed in Sect i ons 4 and 5 is valid

to its full extent. This means that

(1) the dua l is essentially unconstrained

(2) there is no duality gap ,

(3) the infimum of the prima l is attained ,

(4) the supremum of the dua l is atta i ned if and only if the prima l

is superconsistent ,

(5) primal feasibility is equ i va l ent to dua l boundedness.

For this purpose we have only to show that the orthogonal ity

condition holds for these examples .

Example 1: For prob l em (3.3) we have

n
f (x) — 

~~ f .(x~)~j—1 ~

with

f~ (x1) — L~ xj
8 

, L~ > 0, ~ > 0

and 
-

dom f — Cx € Rn : x > 0}.

In the pipe networks example (3.1), it was shown that the matrix A

is non—negative , with at least one posi tive entry in each col umn. In

part icular then,
1~ p

(6.1) a
~ 

>0 J a 1 ,...,n
i—i

We show tha t the orthogo nality condition holds in this example , I.e.,
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(6.2) 3~~~> O  3 <Vf(x), u>~~~0 Y u 3 A u = 0 .

Indeed , take

- - ( BL
J )

~ 
j - i ,...,n

i— i IJ

then, x > 0, and

— 
n p p n

<Vf(x),u> - u. E a1. 1 ~ ujaj
j—1 ~ I—i ~ i—~I 1— 1

and the last sum is clearly zero for any u satisfying Ap — 0.
For the more general problem (3.4), it was assumed that A has

a positive row. Let (a1,... ,an) be this row, then (6.2) is here

satisfied by

1+8
- / aj\ J
x a I  IJ \c~8 /

I n4eed ,

n— — ~ a 1 u. 0,
j —1 ~~~

since it is one of the equations of the system Au — 0.
Example 2: Here

n
f(x) I f ,(x ,)

i—i .1 .1

wi th

f~ (Xj) — log ( 
~
.) Cj 

> 0

don f ull Cx € Rr
~: x > O }

— 

. — — ——- —

~~ 

- - —-- ——— - — •  
.
— ~~~~~~~~~~~~~~~~~~~~ )
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Here also , the orthogonality condition is..(6.2). It is satisfied

trivial ly by S

I
c.

J C

(wher. e is the natura l logarithm base) since ~ > 0, and

(6.3) Vf (~) — 0.
Example 3: For the objective function here, we have

n
f(x) a I f~ (x .)

j—1

f~(x~) — ~~~~~~ 
— log x

1 
cz~ 8~ > 0

dam f — Cx € Rn : x > o}.

As in Example 2, we have for

~j 
, j — l ,...,n

x > 0 , and

Vf(~) — 0 , -

so (6.2) holds . Note that , in the last two examples , the validity

of the orthogonality condition was independent of the matrix A.

Examp le 4: Here doe f* is open: -

* ndoe f — ~x € R : x < 0),

hence Int(dom f*) • doe f*
and the effect i ve domain of the dua l objective funct i on is the open set

— 
- 

—
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d omh ut .{yERm, ATy< 0 } ,

wh i ch means in particular that

l im h(u) — - a
u-’-yEbd(dom h)

Therefore h(y) is a barrier function for the set dom h , and the dua l

problem is essentially unconstra i ned . Note that by the equivalence

between the superconsistency condition (5.2), and the orthogonallty

condition (5.3), we have that the orthogonality condition is equivalent

to dual feasibility.

4

r
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