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ABSTRACT

The paper introduces a class of linearly constrained convex

programs whose duals are unconstrained in the sense that their

solution must be in the interior of the feasible region. A complete
duality theory is developed for these problems. Several examples are

discussed.

Key Words: Convex Programming, Duality
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A DUALITY THEORY FOR A CLASS OF PROBLEMS !
WITH ESSENTIALLY UNCONSTRAINED DUALS
by

A. Ben-Tal,* Y. Barzilai,* A. Charnes*¥

1. Introduction

In the study of a problem arising in Statistical Information
Theory [3], [1], whose mathematical model is a linearly constrained

convex program:
(P) inf{f(x): Ax = b}, i

it was revealed that the dual problem is wunconstrained. Moreover, : z
duality states were fully characterized. Similar results can be f
obtained for problems arising in Transportation Engineering (estimation i
of Interzonal Transfers) [4], Accounting [2], and Civil Engineering §

(see Example 1 of this paper).

For convex programs without asympotic ideas as in [12], only partial
statements can be made regarding duality states [9], [11]. Therein (i)
only sufficient conditions are given which guarantee attainment of the

} primal=infimum (or the dual supremum), (ii) primal feasibility implies dual-

.

boundedness, but is not necessarily implied by it. For linear programs,

% attainment of the primal infimum is equivalent to the orthogonality

* Technion - lIsrael Institute of Technology, Haifa, Israel
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condition:

(1.1) "the price vector is orthogonal to the null space of the

coefficient matrix',
HET R Se NN MSE e

and, with this, primal-feasibility is equivalent to dual boundedness. r

In this paper we study convex programs of type (P), whose objective
function belongs to a sub-class of strictly convex functions, satisfying
certain smoothness properties.

For these programs, an orthogonality condition, similar to (1.1),
is necessary and sufficient for the attainment of the primal infimum.
Moreover, under this condition, a Slater-type constraint qualification '
turns out to be necessary and sufficient for attainment of the dual
supremum. But the most significant consequence is that the dual
problem is ''unconstrained'', in the sense that the optimal solution
must be in the interior of the feasible set, and thus can be computed

by, say, minimizing the norm of the objective function gradient.

2. Essentially Unconstrained Problems

Let f be a continuously differentiable function: R" - R, and

consider the unconstrained problem:
(V) inf f(x).

The solution set of problem (U) is the (possibly empty) set
Py = {x: f(x) <f(y) , vy€ R") .

For a convex problem, FU is characterized simply by the critical

points of f, i.e.

(2.1) Ty » {x: Vf(x) = 0}.




If f is defined on a subset S of Rn, the problem

inf  f(x)
(E)

subject to x € S
is a constrained problem, and (1) generally fails to characterize its
solution set.

We will term problem (E) essentially unconstrained, if

(1) int S is non-empty,
(ii) f is continuously differentiable on int S,

(iii) the solution set of (E) is given by
(2.2) PE = {x € int S: Vf(x) = 0},

where int S denotes the interior of the set S. We note that from
the computational viewpoint, an essentially unconstrained problem is
unconstrained. Indeed, for an unconstrained nonlinear problem, the

solution set is typically the set of critical points.

A simple example of an essentially unconstrained problem is:

min - Jl-xz

(2.3)

s.t. ~"1Sx«1

The Dual of a Linearly Constrained Convex Problem

Since we are interested in linearly constrained convex programs whose
duals are essentially unconstrained, we begin by introducing the Fenchel-

Rockafellar duality echeme [9].

RSN



*
We recall that the convex conjugate f of f: S + R, is defined by:

f*(x) = sup{<z,x> - f(z)}
2€S

n

(where <z,x> = Z z,x; is the inner product in R"), and the coneave

i=1
conjugate g, of g: S + R, is defined by:

g,(x) = inf{<z,x> - g(z)} .
z€S
The Fenchel-Rockafellar dual problem of

(2.4) inf {f(x) - g(Ax)}
x€ES

is

(2.5) sup {g,(y) - £ (aTy) 1,
yER™

where f is a convex function with domain in R",

with domain in Rm, and A is an mxn matrix.

In terms of the indicator function

0 X € C
§(x|c) =
+ @ x€C

Problem (P) is equivalent to (2.4) with

gly) = =6(y|{b})

whose conjugate is

(2.6) g*(y) = inf{<u,y> = g(u)} = <b,y>,
u

g a concave function

e e e ——
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so that (2.5) can be written as:

(2.7) sup h(y)
y€ERM
with [
|
E
(3.8) ' hly) = b,y ~F (Ky) .

Note that the Lagrangian dual of problem (P) (see e.g., [5]) is: !
sup  h(y)
y€ERM 5

with é

(2.9) h(y) = igf{f(x) + <y, b=Ax>}

However, (2.9) is equivalent to (2.8) since ’
inf{f(x) +<y,b=-Ax>} = <y,b> - sup{<ATy,x> - f(x)} =
X X

= <y,b> - f*(ATy) . t

3. Examples of Linearly Constrained Convex Problems with Essentially

Unconstrained Duals

Example t: Optimal design of a pipe network.
Consider the problem :

n
[ min ZL.d

j=1 3
A J n -e
(3.1) s.t. Jzta'ijdj = Pg - P% i
| d; >0 TH oy P N

!—— —— ————————— e —— ~-




diameters dj’ j=1,...,n of n pipes in a tree-shaped fluid trans-
portation network, so as to minimize the cost of the network, while

maintaining pre-assigned minimal pressures at the end-points (see e.g.

[8] and [10]).

Here Lj denotes the length of the j-th pipe, and the objective
function reflects the cost of the network. The matrix (uij) describes
the structure of the network as follows:

1 if pipe j belongs to the path from the source to
end-point i.

0 otherwise.

For the j-th pipe, the pressures PA' P, at its end-points A, B

B
satisfy:
3 B el
(3.2) PA - PB = 0
J

where mj is a constant which is independent of the diameter dj’

and 6 is a dimensionless constant.

Denoting the pressure at the source and at end-point 1| by Po' Pi

respectively, the constraint

3 -6 2 2
z d. = -
j_'“ljdeJ Po Pi

relates the difference between the pressures at these two points, to the

sum of pressure losses (given by (3.2)), on the path connecting them.

Problem (3.1) will be written in the form:

R TOp S SO W C S

L
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r n 22
min 2 L.x.B
j=1
B Ao me ok
x>0
L

where A is the pxn matrix whose entries are given by:

a;; =a;.m,

J 1) )
and
1
St
X, = dte
J J
a Pl - p2
bi Po Pi .

We note that A is a non-negative matrix, with at least one positive
entry in each column (otherwise there is a pipe that is not a member of

any path in the network).

We now compute the dual of a more general problem:

oo A Ry
( inf if1°ixi cj»8; > 0
(3.4) ls.t. Ax = b
1 x 20

Here A is not assumed to be non-negative. However, we require that
at least one row of A is positive (as is the case when one of the

n

constraints is of the form X xi-l). Under this assumption, the dual
i=1

of (3.4) is essentially unconstrained.

A direct computation shows that the conjugate of
-Bi
c X x>0
q‘(x) -
LX) x <0

L

T e

>
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=B -
is
2t &
B.+1 B.+1
*
- (=x) ! '(ciBi)' -(I+BL x*<0
" .
qi(x*) - l
*
+ @ X > 0
n
and since f(x) = Z qi(xi) :
i=1
n n
f*(ATy)x z qf(x?) with x = I 8%
ke b S
I J
Thus, the dual of (3.4) is
] B
g n ( Bi+1 1 g Bi+]
(3.5) sup y.b.+ Z (c.8,) c(1+=>) (" a..y.)
jmr ey Bi" \juq 417
m
s.t. 2 a,.y. <0 s R o
je1 AP

Despite its formal representation as a constrained problem we shall

subsequently show that (3.5) is essentially unconstrained.

Example 2: Let c(y) be a given density function of a random variable Y.
The fundamental approach of Information Theory (see [7]) to find a

*
density which most closely resembles c(y), is to find the density x (t)

(the so-called conjugate density, (see [6]) which minimizes the divergence:

Jx(y) log %%;'dv .

*
Usually, x (t) is required to satisfy constraints such as:

JT(y)x*(y)dv =9

-~
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where T(y) 1is some statistic, and @ is, in most cases, a multi-

dimensional parameter of the population.

When Y is a discrete finite random variable, we are led then to

the following problem:

n X,
(1)  inf Z x.log =

j=1 %
n
§. k. jfl Tijxj -6 i=1,...,m
n
2ox, =
=1/
X 20 = Aol

or rore generally

n 5
: ke
inf .E X log ~
j=1 J

(3.6)
s.t. Ax=b

x 20

where cj, j=1,...,n are given positive scalars, A is an mxn real

matrix, and b is an m-vector. Note that in the special case (Problem

(1)), A has at least one positive row (corresponding to the constraint

Z‘xj = 1),

n X,
The objective function f(x) = 2 X; log EJ- is separable, hence
J=

% LU x
f(x) = qu(x) with q.(x) = x. log <
- J J c,
J= J
A simple calculation shows that

*x) = - o b ow g g%t
qj(x) ::g{xz z log cj} cje

R S e W Sl i A b >

e (i wampi




= a0k =

so that the dual of (3.6) is

m

5 .flajiyj-l
(3.7) sup {<y,b> - Z ¢, e’ -
y jm1 !

which is an unconstrained problem, independently of the data A,

Example 3. The primal problem is

n
inf Zq.(x.)
b

(3.8) {

s.t. Ax=b
{ x 20

where qi(xi) is given for i =1,...,n by
AN B. log x a,,B x, >0
. T L e T R

qi(xl) -

The conjugate of q'(xi) is given by
*, % *
q,(x') = sup {xiz - ( %ulz2 - B; log z)} .
z>0

The supremum therein is attained at ;i satisfying

Hence

b and c.

e
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* / * * // * :
# X VG2 v hais; (g +/x))2 4 bag) g foie

*, &
q;(x7) = x,
Zai 8a

* [ *
+ B, log ’ ‘
i 20 |
i i

i

and finally, denoting by al the i-th column of A, the dual of (3.8)

is given by f

i

n i : . |

su{ere - 2 {7 [alotali + ol v ias) - |
y i=1 i |

- %.<ai,y> - %-V(;i,y>2 + lmiBi ] +

+ B, log(<al,y> + Vc;i,y>2 + haiai)} + constant }

Since, for a,8 >0,

X + szzu-i- RQB » D Vx |

the dual of (3.8) is unconstrained.

?
|
:
l
!
.f
?
;

Example 4. The primal problem is

( S " :
inf - 2 X, ¢; >0, 0 <8, <1 :
i=1 ’
(3.9) ¢

s.t. Ax =D
x=20

Denoting

By
ql(x) = {-c:lxl y X2 0},

- 5 A M Mot S Mt 5




T —

= 19 @
we have
B B
g.-1 1-8.
- g e (g 0 X <o
i
k, %
qi(x)={
+ if x*>0,
and the dual of (3.9) is
1 B
1-8

A i 1 b S
sup §<y,b> + T (c.8;) STl e )
i=1 i
(3.10)
$
s.t A'y < 0.

Note, that (3.10) is essentially unconstrained, since its feasible
set is open, whereas the feasible set of problem (3.5) is closed. This
shows that despite the resemblance between problems (3.4) and (3.9),

they are of quité a different type.

4. Essentially Unconstrained Duals

A closer examination of the above examples reveals, that the
reason for Examples 2 and 3 (Problems (3.6) and (3.8)) to have an

3 L Ship [ P
unconstrained dual, is that f is finite throughout R, i.e.

(4.0) dom £ = &"

Here dom f denotes the effective domain of f:

dom f = {x: f(x) < + =},

R e
s
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This lmpl[gs_that. for the dual objective function h, dom h = R"™.
Condition (4.0) In turn, is a consequence of the fact that the

gradient Vf maps the interior of dom f onto R".

This is not the case with Examples 1 and 4 (Problems (3.4) and
(3.9)). However, they also belong to a class of problems for which
the dual is essentially unconstrained. Moreover, the duality theory
corresponding to this class is more complete and closer to the duality

theory of linear programming, than the general theory.

One of the common features of the problems in the above mentioned

class is that the objective function of (P) is essentially smooth.

Definition 4.1: A convex function is essentially smooth, if it

satisfies the following three conditions:

(4.1) int (dom f) # @ ;
(4.2) f is differentiable throughout int(dom f) ;
(4.3) "Vf(xi)" > @ for every sequence
x; + x€bd(dom f) ,
where bd S denotes the boundary of the set S.

In particular, f is essentially smooth if it is smooth (i.e.,
finite and differentiable throughout R"), in which case (4.3) holds

vacuously.
The following are examples of essentially smooth functions:

a) the objective functions in the four examples of Section 3, i.e.
i
(1) har LIPS Bi» €p» X > 0

i

IR (NS SRS

IR N



(11)

(r11)

(iv)

b)

c)

n

Z x log(xi/ci)

i=1

- 14 -

n
z (%aix% - 8 log xi)
=1

a, Bi’ x; > 0

-z c;x ,ci>0, °<Bi<1’ xi>0.

"' - log x‘) T Wt

i

n 8]
i=1

n P.
z (xi
i=1

n

p> x; log x; + h](xi) +a; x

i=1

with hl(x) twice differentiable and satisfying

%4- h';(x) >0
hi(o) SRRy
hl(o) <o

h;(#-:») > = ,

Examples for such hi are

(1)

(in)

d)

e)

=B

a. e
[}

LI 2
7 X log X; + a;x3

f(x) =

f(x) =

i=1

0

all Bi >0

X
i

with @ >--,'-

] log log (t+1)dt,

n
2
z ax‘-o-slx],

=1

ai>0

5

xl>0

a

s
l

PR -
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g
|
{
n ;
f) f(x) =- Z a; log X;» a. >0, x; > 0 7
=1 | |
g ™ m
g) f(x) = - a;X; tg x;, a; >0, =-3<x <3
1 i |
n 2P, TF; ;
h) f(x) = Z ai(l - X B @, <0, P, 2 1 integer,
i=1
-1 <x, <1, |

The following proposition relates essentially smooth functions to

essentially unconstrained problems.

Proposition 4.2. Let f be an essentially smooth convex function. i

Then the problem !

inf  f(x)
(4.4)
x € dom f

is essentially unconstrained.

Proof. We have to show that every solution of (4.4) is a critical

S

point of f.
Let {xi} be any sequence such that x; € int(dom f), xl+§€bd(dom f), !

and define

a=lim f(x') *

i+

We establish the existence of a point

(4.5) y € int(dom f), with f(y) <a .




Consider first the one dimensional case. Assume that int(dom f) =
(a,b), and x =b. Then b is finite, and f'(x) must tend to +=
as x; * x = b, by (4.3), since f'(x) is increasing. Let x' € (a,b)
be a point with f'(x) > 0. Then f(x) is strictly increasing on

[x+,b). Denoting y = %-b + %-x+, we have by convexity of f

fly) <7 f(b) + 5 f(x")

hence : ;Q
(4.6) f(b) > 2f(y) - f(x') = fly) + [f(y) - F(xN)]1 > f(y)
which implies (4.5). Applying the same argument at the left-hand {

side boundary point a, (this time f'(x) » -« as x =+ a), completes v

the proof for the one dimensional case.
In the n-dimensional case, define
g(t) = f(xo + t(x - xo))

where x is any point in int(dom f) (which is not empty by (4.1)).
Now g is a one-dimensional essentially smooth function, and the

above argument shows that a point y satisfying (4.5) exists, which

implies that {xi} is not an infinimizing sequence. é
a
Three important properties of essentially smooth functions are .
stated below (see [9, §26]). We recall that a convex function is
called closed if it is lower semi-continuous. ki
i
——s ——n
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Theorem 4.3: Let f be an essentially smooth function which is

strictly convex in int(dom f). Then
*
(i) f is an essentially smooth closed function, which is
*
strictly convex in int(dom f ),

*
(ii) 9f is a one-to-one mapping from int(dom f) onto int(dom f ),
continuous in both directions ,

(111) of" = (v))71.

The symmetry in the above theorem may suggest that if the objective
function f, of the primal problem (P), is an essentially smooth convex
*
function, so is f , and consequently (D) is also an essentially

unconstrained problem. This is, however, not enough as shown by the

following example, since (P) restricts x additionally from domf to Ax = b.

Example. Consider the primal problem

1 1
inf +
by 7By,

s.t. “Xq + x2 = 1

X{1Xy 20 .
Its dual according to (3.5) is the one-dimensional problem
max y + /y + /=y

s.t. ~yS<O0
y<o,
which evidently is not essentially unconstrained, since its feasible
set is the singleton y=0, which is not a critical point of the objective

function. We now give a sufficient condition for (D) to be essentially

unconstrained.

‘r
i




- 18 -

We denote byv N(A) the null-space of the matrix A:
N(A) = {x: Ax = 0}.
When a vector x is orthogonal to a set S, i.e.,
<X,y> = 0 VyE€S,

we will denote this shortly by x 1l S. The set of all vectors orthogonal

to S will be denoted Sl.

Theorem 4.4: Assume that in the primal problem (P),

(i) f is essentially smooth and strictly convex in int(dom f).

(11) 3 X € int(dom f) 3 Vf(xo) 1 N(A).
Then the dual problem (D) is essentially unconstrained.
Proof. By Proposition (4.2), the assertion will be proved if we show that

h(y) = <y,b> - £ (Aly)

is essentially smooth.

Since N(A)L = range of A', it follows from (i1) that V(x) s

in the range of AT, i.e., there exists yg€ Rm, such that

W7 V) = ATy,
By Theorem 4.3, there exists x*, such that
(4.8)  Vf(x) = x" € int(dom £").

Hence there exists an €> 0, such that for each 0 € ¢ < € We have

(4.9) AT(v°+eB) -ATv°+e{\TB = x" + €AT8 € int(dom *)

P

e e e




- $8e

where B is the unit ball in Rm:

B={x€R": IIxl <1}.

From (4.9) we see that ¥ & int(dom h), so that h satisfies (4.1).
Since
*
hiy) = b - A v (Aly)

* *
(where Vf (ATy) denotes the gradient of f (), evaluated at ATy),

h also satisfies (4.2) and (4.3), i.e., h is essentially smooth.

Condition (ii) in Theorem 4.4 will play a central role in the

subsequent sections. It will be termed ''the orthogonality condition'.

A simple case for which this condition holds, independently of the

matrixz A is when f possesses a critical point.

5. Duality Theory

In this section we study the-program
(P) inf{f(x): Ax = b, x € dom f}

where f s a closed, essentially smooth function, which is strictly

convex on int(dom f).

Problem (P) is called consistent if it has a feasible solution,

and eupercondietent if
(5.1) 3 x € int(dom f) such that Ax = b.

The dual of (P), by Section 2, s

(D) sup{<b,y> - f*(ATy)}.

S I %
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This problem is superconsistent if
-~ -~ *
(5.2) 3y such that ATy € int(dom ).

Condition (5.2) in turn is equivalent to the previously used

orthogonality condition:
(5.3) 3 x, € int(dom f) such that Vf(xo) 1 N(A).

On int(dom f*), the conjugate function coincides with its

Legendre transform [9, §26] N
L(u) = <(vF) " (), > - £((vF) " (u))

*
and under condition (5.3), cl L(ATy) = f (ATy), where cl L(u) =
lim inf L(v) (see [9, Theorem 9.5]). Therefore, under the orthogonal ity
v
condition, the dual problem of (P) s
(D) supl<b,y> - <(vF) '(ATy) ,ATy> + £((vF) "' (ATy))}

S.t. ATy € range Vf .

Our first duality result will show that the orthogonality condition
(5.3) guarantees the lack of duality gap, and is a sufficient and
'almost' necessary condition for the attainment of the infimum of

Problem (P).

Theorem 5.1: If (P) is consistent and satisfies the orthogonality
condition, than the infimum of (P) is attained, and is equal to the
supremum of (D). Conversely, if the infimum of (P) is attained at an

interior point of dom f, then the orthogonality condition holds.




Proof. From (2.6) we have

dom g, = R™,
Also, the existence of a vector y € R" such that

T

*
A'y € int(dom f )

was demonstrated in Theorem 4.4 (see (4.7) and (4.8)), and the first part
of the theorem follows from Fenchel-Rockafellar duality theorem [9,

Corollary 31.2.1].

To prove the second part of the theorem, assume that at the minimum
point ;, Vf(;) is not orthogonal to N(A). Then there exists a
point d € N(A) such that <d,Vf(x)> # 0. Replacing d by -d if

necessary, we see that d satisfies
T -~
(5.4) d' vf(x) <0

(5.5) Ad -Ao».

Define x = x + ad, a 2 0. From (5.5) it follows that x is a feasible

point for (P). But (5.4) implies (using the Taylor series for f), that
f(x) < f(x)

for smill enough a, contradicting the optimality.of i._ Hence (5.3)

must hold at Q, and the theorem is proved.
]

The ‘next result, shows that the superconsistency condition (5.1)
Is not only sufficient for the attainment of the supremum in the dual
(which is a standard result), but, whenever (5.3) holds it is also a

necessary condition.

G 4 Ml 8 W <3 8
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Theorem 5.2: If (P) is superconsistent, then the supremum of the dual
problem (D) is attained. Conversely, if the supremum is attained,

and (5.3) holds, then (P) is superconsistent.
Proof. Recalling the definition of g:
g = -8(y|{b})

we see that ri(dom g) = {b}. Hence if (5.1) holds, the supremum of

(D) is attained by Fenchel-Rockafellar duality theorem.

Conversely, assume that the supremum of (D) is attained at vy,
and (5.3) holds. By Theorem 4.4, (D) is essentially unconstrained,

and the gradient of the objective function h of (D) must satisfy at y

(5.6) Vh(y) = b-A vf (Aly) = 0.
Define
x* = AT;

(5.7 x=9(x") .

* * *
Since f is essentially smooth, x € int(dom f ), hence by (5.5) we
have x € int(dom f), which upon combining (5.6) and (5.7) completes
the proof.
a
For dual convex programs, it is well known from the weak duality

relation
inf (P) 2 sup (D)

that feasibility of one problem implies the boundedness of its dual.

The converse is generally false, Linear Programming being a notable

2
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exception. However, for a special class of problems of the type (P)

which still includes the four examples of Section 3, we will demonstrate

a one-to-one correspondence between primal-feasibility and dual-boundedness.

Theorem 5.3: Consider & primal problem (P), with separable objective

function

n
f(x) = Z f.(x;) ,

i=1
which satisfies- the orthogonality condition.

Then (P) is feasible if and only if (D) is bounded.

Proof. We distinguish two cases (i) cl (dom fi) = [a,®) or (-=,b],
(ii) dom fi = (~w,=). Case (i) can be handled, without loss of

generality, by taking cl (dom fi) = [0,®).

If (P) is feasible, then (D) is bounded by the above mentioned

weak duality relationﬂ

Let (P) be infeasible, i.e., in case (i) the linear system
(5.8) Ax =b, x>0
is inconsistent, and in case (ii) the linear system
(5.8') Ax = b

is inconsistent.

Then for case (i), by Farkas' Lemma,
(5.9) 3yd3Ay<0, @,y>>0,
and for case (il)

(5.9')) 3y3Aywo0, <b,y>>0 .

s e

R Y S,
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By taking y = M ; (M an arbitrarily large positive scalar), the first term

in the dual function
*
h(y) = <b,y> - f (Aly)

can be made arbitrarily large. For case (ii), the second term is
f*(O) > ==, which establishes the unboundedness of h(y). For case (i),
in order to show that h(y) is unbounded above, it suffices to show,

by (5.9) that
in £ (gkis e
us0
Hul + =

which reduces to

(5100 lim f; (@) <.

o ==

Here

f?(u) = af; T B f(f, @,

thus, setting t -vf;(a)-], it follows that (5.10) is equivalent to

(5.11) lim, {t f;(t) - fi(t)} <
t+0

.78 et il U

But, since fi is essentially smooth, with ¢l dom fi = R+, it

follows that lim, f;(t) = ~o» and llm+ fi(t) >=® , Hence (5.11) "
t-+0 t-+0 '
indeed holds.

——— > e e
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6. Examples . 1-4_ Revisited

In this section we will show that for the Examples introduced in
Section 3, the duality theory developed in Sections 4 and 5 is valid

to its full extent. This means that

(1) the dual is essentially unconstrained ,
(2) there is no duality gap,
(3) the infimum of the primal is attained,

(4) the supremum of the dual is attained if and only if the primal

is superconsistent,

(5) primal feasibility is equivalent to dual boundedness.

For this purpose we have only to show that the orthogonality

condition holds for these examples.
Example 1: For problem (3.3) we have

n
f(X) = .z fj(xj)’

j=1
with
-8
fj(xj) = Lj X, Lj >0, 8>0
and i L
} dom f = {x € R": x > 0}. _ ]
i

In the pipe networks example (3.1), it was shown that the matrix A

Is non-negative, with at least one positive entry in each column. In

i S

particular then,

(6.1) g 2y >0 J ™ Vyeie .
i=1

R o e

We show that the orthogonality condition holds in this example, i.e.,




o~

e B
(6.2) 3x>0 3 <Vf(x), > =0 Vu2Au=0.
Indeed, take
1
BL. -—
= 1+
XJ"(p ) 8 Jim yesog o

then, x > 0, and

: n P p N
Nf(x),u>==- Z y, Za,.= X X u.a
j=1 4 =1 Y

and the last sum is clearly zero for any u satisfying Ap = 0.

i=1 j=1

Jij

For the more general problem (3.4), it was assumed that A has

a positive row. Let (al,...,an) be this row, then (6.2) is here

satisfied by

Indeed,

SRR
<Vf(x),u> == Z a.u, =0,

jop, 43

since it is one of the equations of the system Au = 0.

Example 2: Here

n
f(x) = Z f,(x,) ,
x it 1%
with
X
fj(xj) =X log ( Ef )
dom f={x € R": x >0} .

=

TR TR e T
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Here also, the orthogonality condition is.(6.2). It is satisfied

trivially by
c,
X, =
Jj e

(where e is the natural logarithm base) since x > 0, and
(6.3) vf(x) = 0.
Example 3: For the objective function here, we have

n
f(x) = 2 f.(x)),
SR

1
fj(xj) = i-ajfj - Bj log X; a., B. >0

dom f = {x € R": x > 0}.

As in Example 2, we have for

x > 0, and
vf(x) = 0,

so (6.2) holds. Note that, in the last two examples, the validity

of the orthogonality condition was independent of the matrix A.
*
Example 4: Here dom f is open:
* n
dom f = {x € R': x < 0},

hence int(dom f*) - dom

and the effective domain of the dual objective function is the open set

TR —— ' ; v ———
. v >
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domh = {y €R", Aly <0},
which means in particular that

lim h(u) = -
u+y€bd (dom h)
Therefore h(y) is a barrier function for the set dom h, and the dual
problem is essentially unconstrained. Note that by the equivalence
between the superconsistency condition (5.2), and the orthogonality
condition (5.3), we have that the orthogonality condition is equivalent

to dual feasibility.
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