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Abstract

\In recent years nonlinear d vs. sin2$-distribu~.oos have been observed

in st\esseii materials , which cannot be explained by the classical fuiw4am,n-

tals oè\~C-ray stress measurement. d- is the interplanar spacing measured and

$ is the between the surface normal of the sample and the measuring

direction. This paper reviews treatments for these nonlinear distributions ,

including stress gradients , shear-stresses and anisotropic X-ray elastic

constants . Methods for the evaluation of stresses are reported , and

reco~~~ndations are given for the practica l application of X-ray stress

measurement.

1. Introduction

The X-ray method for determining residual or applied stresses in cr~ tel-

line materials is based on the messur~~~nt of interplanar spacings ‘ d at

various tilts, ~ and $ to the X-ray beam, see Fig. 1. In a polycrystallin.

specimen, only those grains properly oriented to diffract at each tilt con-

tribute to the diffraction profile. This selectivity implies that the elastic

constants connecting the measured strains (or change in int.rplanar spacinge~
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to the stresses will. vary with the particular set of (hkL) planes chosen for

measurement. A recent review of this problem is contained in references

(Marion and Cohen, 1977 ; Macherauch and Wolfstieg, 1977) . At this point in

time, theory (Bollen rath , Hauk and Muller , 1967) allows for an anisotropic

grain coupled to an isotropic matrix and the variation in X-ray elastic

constants (REC) with crystallographic direction match reasonably well with

measured values (Micherauch and Wo l fstieg, 1977).  However , their large change with

plastic tensile deformation found by Taira , Hayashi and Watase (1968) , Marion

and Cohen (1977) and by Dälle , Batik , Kloth, Over , and Wichert (1977) , is not

yet understood .

Recently, there have been some unusual phenomena found in X-ray stress

measurements suggesting that extensions of the theoretical backgrot~~ might

permit an understanding of these new experimental results , particularly for tex-

tured materials and for mater ials deformed by large stresses tangent to the

sur face. Fr om the theory of isotropic elasticity, with d0 as the lattice

parameter of the uns tressed mater ial (Macherauch and Maller , 1961; Barrett

and Nassslski, 1966) ,

d~~- d  
— ½ ~~~~~~~~~~~~~~~~~ + ~,2.sin2ç).sin2$ + s1(hkL).Cø 1 + (1)

with the principal stresses and e2 and the X-ray elastic constants (EEC)

½ — (~~~ )~~ t ; s1(hkL) 
(_ ~)~~t • (2a ,b)

According to equation (1), d
~~ 

should be linear with sin2$, but it has recently

been foi~~ that differen t d-sin2$ curves occur for positive and negative $ (see Fig. 2*)

afte r grinding (Walburger, 197~~paninger and Walburger, 1976 ; Wolfstieg and

~~~~~ ,ILi~I~ 1 
- 

- - • - --~~~~~~~~~~~~_ •— - 
— - -  —-- - -
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Macherauch , 1976 ; Macherauch and Wolfstieg , 1977) , or rolling friction (Christ

and Krause , 1975, Krause and JUhe , 1976) or wear (Krause and J~he , 1977) and

oscillation (see Fig. 2b) may occur in textured saterials (Bollenra th , Rauk and

Weidemann, 1967; Shiraiwa and Sakamoto, 1970 , Marion and Cohen , 1973; Hauk ,

Herlach and Sesemann , 1975). Since the penetration depth of X-rays depend on
$ 

(Wolfstieg, 1976), strong gradients can cause additional nonlinearities (Shiraiwa

and Sakamoto , 1972) .

It is the purpose of this paper to su arize the recent theoretical

approaches taken by Shiraiwa and Sakamoto in Japan and by German groups (Evenschor

and Batik, 1975a,b; Rauk and Sesemann , 1975; Dolle and Hauk , 1976 , 1977; 1978;

PeLter , 1976; PeLter and Lode , 1976 ; Lode and PeLter , 1977). There are two major

ideas involved:

1. As the stresses calculated from lattice strains represent values averaged

over the penetration depth of the X-rays, it cannot be assumed a priori

that the averaged stress components normal to the surface are zero ,

especially when the subgrain size is small , or when steep stress

gradients are present. Localized stress fields of defects and stresses

due to plastic anisotropy are considered as far as they contribute to

the lattice strain or peak shif t (Culli ty , 1977). It has been shown

by PeLter (1976) and by Dolle and Hauk (1976) that shear stresses norma l

to the surface can explain the experimental results found after tangent

plastic deformation.

• 2. The classical equation (1) of X-ray stress analysis presumes that the X-ray

elast ic constants do not depend on ~ and $ and d is linear vs. sin 2$. Occa-

sionally larg. oscillations in d vs. sin2~ have been observed in textured

materials (Pig. 2b). Th. current interpretations of this phenomenon are sum-

marized in Table 1. Not. that two of these utilize isotropic elastic theory

and the third takes into account that in textured materials X—ray elastic

_ _ _ _ _ _ _ _ _  
~~~~~~~~~~ - - - —--~~~. —~~~~~ ~~~~~ -
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constants can depend on ~ and $.

This general anisotropic theory of X-ray stress measurement which will be

sumearized here starts from the statistical theory of elasticity (Eshelby ,

1957 , 1959 ; Kro’uer , 1958, 1967; Kneer , 1965 ; Morris, 1970; and Wicker and

Morris, 1.978). It will be shown that the anisotropic equations reduce to

the classical equations for X-ray stress analysis (l4acherauch and M~t1ler,

1961; Barrett and Massalski, 1966) when the X—ray elastic constants are

isotropic.

2. Stress Measurement on Isotropic Materials

2.1 Isotropic X-ray Elastic Constants

It is necessary at the outset to realize the difference between the

average X-ray and bulk elastic constants. The former refers to averaged

single crystal constants of those crystallitas diffracting - all with the

same direction J~ (see Fig. 1.) , whereas the latter ar e averaged over all

crystals. Previous treatments by Voigt (1928) or Reuss (1929) (bulk elastic

constants) and by Clocker (1938) , Schiebold (1938 ) and Mailer and Martin

(1939) (X-ray elastic constants) neglect the interaction between a crystallite

and its neighbours. Including the coupling (Eshe lby , 1957, 1959) formulae exist

only for the elastic constants of untextured materials (Bollenrath , Batik

and M~11er , 1967), while bulk elastic constants can be calculated for quasi-

isotropic and textured materials, see Table LI. It is important to note

that , in these treatments, the ithomogsneous surrounding grains of a crystal-

lite are replaced by a quasihcsogeneous enviro~~~nt having the macroscopic

isotr opic or anisocropic properties of the polycryscal. Therefore, for the

X-ray ~~~sur ent it is necesur y that the b a m  irradiates an area large enough

~~~ _ _ _ _  
—
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so that a statistically relevant nimther of grains or subgrains are reflecting.

For the evaluation of stresses, it is necessary to carry out measurements of

interplanar spacings “d” for different directions 
~ 3l$ given by ~ and $ (see

Fig. 1). As tensor components, e.g. the lattice deformation £ 33~ depend

on the orientation of the coordinate system* to which they are related, for

the calculation of stresses in the coordinate system of the sample 
~~ 

two

things muSt be known: 1) The X-ray elastic constants in different laboratory

systems 
~~ 

and 2) The relationship between stresses in the system 
~~ 

and

those in systems 
~~~~~
. If the material is quasiisoeropic, X-ray elastic con-

stants do not depend on L1(~ $), but if it has texture , in general these

constants vary with c and $, as will be shown in Section 3.1.

In the laboratory systems L~ the relation between interplana r spacings

or lattice strains and effective stresses can be written as:

— • < (s~~~ + t~ 3~~~) (3)

where d~~ - interplanar spacing for direction

d - interplanar spacing of a stress-free sample

£33 - lattice stra in normal to lattice planes (hk L~ (in direction ~3)

533ij 
- single crystal compliancea in system 

~~
- elastic interaction of a grain and its surrounding matrix

(‘elastic suacepttbility”~

- stress components in system j~

*?tot. that primed tensor components refer to the laboratory system ~~,
while ~mprimed refer to the sample system 

~~~~~~
. Principal strains and stresses

have single subscripts. Singl. crystal compliance. T~ k~ 
related

to the principal axes of the (cubic) crystal are indicated by tilde.

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •

)

~~~ :~~ _~~
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Th. brackets in eqa. (3) indicate that an average is taken over the crys-

tall ites diffracting . -
.

If the number of crystallites diffracting is large :

(C 3) — “~33ij + ~~~~~~~~~~~ ((s~~~ + t33ij)) (~~~~iJ
> (4)

where (o~j) are the stresses averaged over the penetration depth and the equa-

t ion

~ ~~33ij 
+

— 

~~33Lj~ 
+ (t~ 3~~~) (5)

defines the X-ray elastic constants. The interaction term (t~3~~
) repre-

senting the coupling of a grain to the surrounding matrix depends on the

single crystal constants and the texture.

For quaiisotroptc materials the averages r~1 
in equation (5) do not

depend on the orientation of the axes so that the prime can be omitted.

Their relationships to the X-ray elastic constants s1(hkL ) and ½ s2 (hkL)

defined by equation (1) are (1i~ller and Martin, 1939):

— r22 a s1(hkt),

r
33 a s1(hkL) + ½ s2(hk~),

r 12 a r 13 r 23 — 0. (6a,b ,c)

If the interaction is neglected (< t ~3ij ) — 0), the Voigt averagestaken over

the single crystal stiffness coefficients (constant average strain) are obtained

(Clocker , 1938; Schiebold,1931; Miller and Martin, 1939):

— ~~ 
+ 2.

~ ll22) + lO~~l122~~l212
I 

~~ 1ll1 
- ~ 11122 + 

~~~l2l2

III
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1 V ~o h12l2~~~11ll - 11122)
2r ¼ 3 2 — 

, (7a ,b)
- 

~~~1122 
+ ~ 

~l2l2

with:

1 - 1  -1 -2 .~ (8)o 1111 1122 1212

The Reuss averages, which are taken over the single crystal compliances

(constant average stress), are (Glocker, 1938; Schiebold, 193$; Miller

and Martin , 1939): •

s~~hk~) — 11122 + s0 r,

½ 4(hkL) — slUl - 

~ll22 
- (9a ,b)

with:

r — 
h21c2 + h 2L 2 + k 2 e 2 

• (10)
( b +k + L )

Taking the crystal coupling into account (but not texture), Bolien rath ,

Bauk and Z,*iller (1967) calculated K-ray elastic constants for quasi-

isotropic polycry stals , which are in good agreement with experimental results

(Macherauch and Wolfetieg, 1977), but it has been observed (Taira, Bayashi and

Vatase, 1968; Marion and Cohen, 1977; D611e, Hauk , IC1.oth , Over, and Wichert,

1977) that X-ray elastic constants might vary with plastic deformation.

Based on the theoretical method of Eshelby (1957 , 1959) ann Kr3ner (1958,196?)

for a single phase cubic material the X-ray elastic constants can be cal cu-

lated f rom (3011cc rath, Bauk arid ~4~l1er , 1967) :

K
s
1
(hkj) — S

3311 + t3311 + t .r ’, (lla ,b)

½ s~~~kL) — S 3333 
- S

3311 + 
- t3311 - 3

with
t — t  — t  — 2 •ta 3333 3311 3131 (12)

-
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The bulk elastic constants S3333 ~nd S3311, which represent averages over

S~3jj 
can be calculated from:

1 1  1S 3311 3 3K 2C

1
5333 - 5n — 

~~~ 
. (13a ,b)

According to Kr~i~~’s theory (1958, 1967) of quasiisotropic bulk elastic

constants the compressibility K and the macroscopic shear modulus G can be

calculated from single crystal compliances:

3K— 1

~1ll1 + 271122

G — ~~.C1 
— 

12 
2 

ax
2 

24 2 2~ 
(14a ,b)

l - - ~ a x - ~~~~~.a x

with the Voigt-limit G~ from equation (Tb), and :

3K -+ 6.G
~a — 3 K +

57
x — ° . (15a,b)

~~~llll 
- 

~~~1l22 + ~~~L2l2

For a single—phase quasiisotropic material the tensor components t3333,

and t3131 can be calcu lated f.esuu

— 
2 G  - 

~1122~ 
- 1

~~~ G a~
2+9 

~1l22~ 
+ 

16a b3311 3131 3333~ ‘

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

-

~~~~
~-
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A recent bibliography for the calculation of quasiisotropic X-ray

elastic constants of multiphase or non-cubic materials was given by D81le

and Bauk (1977). The various isotropic X-ray elastic constants cal-

culated for iron are shown in Fig. 3. For many practical purposes the

medians (Neerfeld , 1942) from X-ray elastic constant s in Voigt (equation 7)

and Reuss-limi t (equation 9) are sufficient. For the usual employed 211 and 310-

reflections the difference between this median and Kr~3ner values are less

than 57~.

2.2 Lattice Strains in Isotropic Materials

The stresses related to the laboratory system L~ can be calculated

from stress components cj~ 
by

— w  w ~17
~ij ikj~L~~kL

where ~~ are the direction cosines between both coordinate system L~

and P~. As shown in Fig. 1, .L2 is in the sample surface and is po-raLLs L

w*h the axis of ~fr t i l t .  Therefore

I cos~ .cos$ sinc.cos$ -sine

w — ( -sinç coecp 0 (18)

cos~ .sin~ sincp.sin* cos*

and the stresses result as

~il 
— c,11.cos2cp•cos 2

~ + ~~~~~~~~~~~~~~~~~~~ 
- ~~~ .cos~p. sin2~

+ ~ 22~~~~n ~.cos ~ - ~23sir~p.sin2 1r + ~33 • sin ~

012 — oh — - ~ o11 sin2~.cost + 012 • cos2~ .cos$

+ ~ 13.sincp.sin$ + ~ ~ 22sin~~~’c0s* - ~ 23 cos~~ sin~

0j 3 — 0 31 — 4 011
.~o52

~~smn2$ + 4 012.sin2~~.sin2~1r ~ 13 .cos0~cos2~

+ 4 c22sin 2;.sin2$ + 023sin~.cos2~ - 4 033sin2$
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~22 — ~ 11•sin~~ - ~12~ sin2~D + ~22 •cos
2
~

~23 — 
~32 — - 4 ~~~~~~~~~~~~~ + c~12 .cos2~P.sin41 - ~ 13 .sincP .cos~,

+ ~~
• ~ 2 .sth2~ .stn$ + ~~~~~~~~~~~~~ ~~

~33 — ~11 co5 s~~~~ + 012.sin2c~~sin * + ~ 13
.cos~ .sin2~

+ ~ 22s 
2
~~sin

2
~ + ~ 23•sin~ •sin2~ + n .cos2~

r (19)

According to equations (4), (5) and (19) the relationship between m~1tiaxial

stress-states and lattice deformation £33 or change in interplanar spacing

“d” is (D811e and Hauk, 1976):

d - d 2 2
d 

— ¾ 52~~ ) 1011 os~ Q+ ~12 .sj n 2 Q +  ~~~~~~~ ~]•sin ~

+ ½ s2 (hkL)•~~33.cos 2
* + 

~~~~~~~~~~~ 
+ c22 + ~33]

+ ¾ 
~~~~~~~~~~~~~~~~~ ~23.sin c].sin2* (20)

where the stress components are to be interpreted as average values

over the penetration depth of the X-rays.

Consider ~he following four stress-tensors whose components are

given relative to the sample system P~ :

0 0 
~1l ~12 0 / ~~ 0 0 / ~1l ~12 ~13

0 
~ 2 0 012 ~22 ~ 0 

~ 2 0 c ]2 022 023 (2la—d)

O 0 0 0 0 0 0 0 03 013 ~23 033

While the tensors (21a ,b) represent (residual or applied) stresses in free

surfaces, the tensors (21c ,d) may represent residual stress-states in

the interior of a material or stress-states caused by multiaxial loading.

It is obvious that for the tensors a and c the principal axes of the stress

state coincide with the sample system I’
~ 

The “classical” d—sin
2
~-Law (1)

(Macherauch and NClller, 1961) results, when (2].a) is substituted into equa-

tion (20). For the t~~sors (21.b ,c) there are additional terms, but
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d vs. sin is still 1inear .~ For the mos t general stress state (2ld)

d’is no longer linear vs.sin
2
~’. The terms 013 and 0 23 in equation (20)

have a sinZ4r dependence. This results .  in different d vs. sin24l relation-

ships for ~ > 0 and ~ < 0 as illustrated iii Fig. 2a. This effect has

been termed “~i’-sp1itting” (Dölle and Hauk, 1977) and has actually been

detected by Walburger (1973) in ground steel. In recent years these lat-

tice strain distributions were found after grind~~g or milling (Faninger

and Walburger , 1976; Wolfst ieg and Macherauch, 1976; Macherauch and Wolfstieg,

1977; D6lle and Cohen, in press), or on the surfaces of wheels and wear

(christ and Krause, 1975; Krause and Jane, 1976 , 1977).

2.3 The Evaluation of the Stress Tensor for Isotropic Materials

The lattice strain for the direction L3 is

(Evenschor and Hauk , 1975b):

2.
533 — €11 COs ~D.sin ~ + 5 12 sLn2~P •sin ~ + ~13

.cos~~.sin 2V

+ ~22 sth c~.sin~~ + ~23 .sinc.si n2’~’ + C 33.C05~~ (22)

Introducing the average strain a1 and the deviation , a2, from this average

strain (“p-splittin g”):

a — ½L + 
~~~~ + d~~ 

11. 5ç~+ ~.~ç~j 1_ J 2d
0

2 2 2
— 533 

+ [~ 11
.COS 0 + c ]2 5i’~2~ + ~22 .sin ~p - ~33~~

sin ~( 23a)

a
2 — - — ~~~~~~~~~~ 

(23b)

— r€ 13
.cos~ + 523

.sinco .sinj 2~ f

Thus, 
~~~ 

can be determined from the intercept of a1 vs.sin~
’i1 , if d is

known. As a check on this result , note that this value is independent

- - .~~~~~~~~~ . -
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of~p. The tensor components 
~l1 € 12 £22 can be obtained from

For ~ — 0, 
~~~ 

- is obtained , whereas for CP — 900, £22 
- is

evaluated. The tensor component € 12 can then be evaluated from ( sinQ ~~ ~~ 
145•

From 
~~~~~~~~~ ~l3 results when ~~ 0, and 

~23 when ~~ 90°.

Taking the crystallographical anisotropy into account the stress

components can be calculated from

1 s1(hkt)
0ii 

— 
½s2(hk.~) 

— 8ij ¾s2(hk~) + 3.s1~hkL ) ~~~~ 11+€ 22~~~~~ 33 )J

(24)

This me thod , developed by D611e and Hauk (1976), can also be used when there

is no $-splitting (which implies that 013 — 023 — 0). It may be a useful

procedure to determine whether or not the surface stress condition 033 — 0

is fulfilled.

An experimental example of this kind of study (D611e and Cohen, in press)

is discussed below: On a ground steel the 5-sin
2
~-curves shown in Fig. 4

were measured; the evaluation of stresses resulted the residual stress tensor

/390 14 63\

14 306 -1 (components in MPa) (25)

63 —1 92

It is remarkable how well equation (20) with the stress tensor (25) substituted

f i t  the data points. The principal axes of the stress tensor evaluated

by principal axes transformation were tilted about the transverse direction

of the sample P
2 
about 11 degrees.

II. - -. .---- -- -~~~- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,— - .--- -- . -—_--— ----- -—- .  — -- .- .— - -- -- —. --
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3. Stress Measurement on Textured Materials

3.1 X- ray Elastic Cons tants of Textured Materials

For textured materials the X- ray elastic constants defined by equation

(5), even for the same hkL reflection, depend on the direction cp 4r of the

measurement (Dölle and Hauk , 1978). Neglectin g the interaction of crystal-

lites (t~3~~ 
— 0) the anisotropic X-ray elastic constants will, be calculated

for a sharp textur e in cold rolled s-iron , as an example of the procedures.

Since the averages will, be taken over single crystal compliances 
~~3ij’ 

the

X—ray elastic constants will result in the Reuse limit. It will be assumed

that the orientation distribution of the crystallites can be idealized by

some combination of single crystal orientations with different volume

fractions ~
a
, and including a volume fraction of randomly oriented crys-

tallites. A model similar to this has been employed by Alers and Liu (1966)

for the calculation of anisotropic bulk elastic constants . Since the X-ray

measurement is selective, it is necessary to modify their model in the

following ways:

1. Since preferred orientations are assumed there are only a few

directions for which strong reflections are obtained.

2. Because the averages have to be taken over reflecting crystal-

lites only, the anisotropic X-ray elastic constants are obtained

only for these directions ~~~~ Therefore, the orientation dis-

tribution functions, which are constant for quasitsotropic

materials, can be represented by 5-function being zero unless ~ —

and 
~ 

$~ .

Using the isotropic X-ray elastic constants r~~ (hkL )~ ecuation (6),

the anisotropic X-ray elastic constants ~~ of such an idealized polycrystal

~

_- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _.
~~~~~~~~~ -. - -.-~~~~~~~~~~—- --_~~- .~ 
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can be calcula ted by assuming (D~1le, Ilauk, and Zegers , 1978) :
i a , a

X .~~~~~ (j~jç~ ) + ~ ~~533~~)
R.’ (hkL~$) — 

~
‘ 

i a 
(26)

ii x + x

where anisotropic averages have to be taken over the preferred

orientations. If the crystallices with random orientations are neglected ,

— 0 , and there is no superposition of the different preferred orienta-

tions for a given direction ~~~~ R~1 
does not depend on the volume fractions

~
a . In this case , R~1 

is equal to the single crystal corn-

pliances 
~~3ij 

referred to the laboratory
~

system j
~~
(
~i

$j). If there are no

preferred orientations, ~
a 

0, the isotropic X-ray elastic constants in the

Reuss-limit (equation 9) result from equation (26). It is evident that by

taking the weighted average, (U) . the texture of the material is

taken into account in a quantitative way. However, these averages and the

isotropic and anisotropic limits discussed above do not consider the inter-

action of crystallites. Additionally, real orientation distributions of

cryscallites are much more complicated than the assumed ones, but it will

be shown that this anisotropic theory of X-ray measurement can explain many

of the observed phenomena associated with textured materials, at least

qualitatively and in some cases quantitatively.

In what follows , the directions of strong reflections and the

anisotropic averages (5~~~~)
a related to the laboratory-systems 

~~~~~~~~~~~~~~~~~~~

will be calculated for the following preferred orientations of a-iron:

(211) r011 or [Oil],

(111) [211] or 12 11] ,

(100) [011]. (27)
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A (211) roli] orientation implies that the ‘(211) plane of a crystallite
is parallel to the rolling plane and the ~Ol1] direction is parallel to

the rolling direction. Therefore, the unit vectors coinciding with the

rolling (RD) , transverse (TD) and normal (ND) direction are:

RD: 
~l /2 [OlT],

ND: 13 ~~~ 
[211] ,

ID. 
~2 — X B1 — ,4 [Tii~, (28)

where components of the unit vectors are related to the crystal axes

The direction cosines describing the orientation of a crystallite

wi th respect to the coordinate system B~, are:

/ ~. r
( T i i

~~~~~~~~~~~~~~~ 

— /~ ~~ 
(29)

2 1 1
\ / ~

‘ /6 /6

If a sampl. is cut from a rolled sheet in an arbitrary way, the orien-

tation of a crystallit, with respect to the coordinate system P~ of the

sample is:

— (L~~
) — ‘

~ik
1kj’ (30)

The matrix elements (j — 1, 3) are the components of the unit-vectors

with respect to the crystal axes A
3 

and 
~ik 

are the direction cosines

between the coordinate systems ~~~~ and ~~~~~~.

TIit& 
— ~~~~~~~~ (31)

. ,‘ ,~ _ b’
.

- -~~~~~~ .~~~~~~~~~~~~~~~ -~~~~--~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~—--~~-~~~~ . - - —~~~~~~~~~ -
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If samples are cut with the rolling planes in their surfaces (!3 —

13)’ ~~has the form :

cost sin~ 0

— ~~~~ cosc 0 (32)

0 0 1

where 
~ 
is the angle from the rolling direction B1 to the longitudinal

direction of the sample, P1. For a sample with the rolling direction es?,

(C — 0), T~ is the unit-matrix 5~~ .

The directions of a strong reflection from the [hk~O planes chosen

for the measurement of interplanar spacings are called the poles of hIC.L

reflections. These angles can be calculated for each of the assumed pre-

ferred orientations specified in terms of as follows:

q1 — (L1 A1) and q2 — (
~.2’!i) (33a ,b)

q2 2 2 2
tan0~~~~—and sin 4~~~~q1 + q 2 

(34a,b)

The are the unit-vectors in the crystal’s axial system belonging to the

hk.L reflection and all planes in the form must be considered. The reflec-

tions most comeouly emp loyed in stress measurements on steels are the 211

and 310. The poles of these planes within the usual measuring range Sin2
$ ~

0.5 are shown in Pig. 5. The numerical values of and and the specific

planes reflecting are listed in Table III.

For the calculation of transformed single crystal compliances 5~3jj~

related to the system t.~ (see Pig. 1), it is necessary to evaluate the 
—

components of in terms of the crystal coordinates 
~~~~~~

. The vector

is identical wi th the particular unit-vector ~~, whose orientation with

respect to the sample system P~, is given by 
~~~~, 

and p~ . Its components 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~

--

~

-. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~-~~-—~~~~~~~~~~
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v 31v32v33 expressed in crystal coordinates are:

h k £

+ k2 + £2 ~32 — 
1h 2 + k2 + £~ ~~~ 

— 

‘h 2 + kZ + £2

(35a ,b,c)

The vector components ~21~22V23 of the unit vector ~2 
can be evaluated

from the rotation around P3, keeping in mind that .
~2 

is in the sample ’s

surface (Pig. 1):

•121 . cosf~ sin~1 0 \ ~21
— V22 — 

~~ . •: !2 
— -sinI~ cos

~i 
0 

~22

“23 0 0 
1/ ~23

(36)

The unit vector can be calculated from:
(V ~~~\

— ( ~“l2 ) — 
~ 2 X L3. (37)

The single crystal compliances in the laboratory system are obtained from

the usual •quationt for the transformat ion of tensor components :

s ’ — V  V •V V •
~~~~~ (38)

33iJ 3m 3n io jp mnop

With defined in equation (8) the transformed tensor component 5
33i3

result as:
2 2533l,l, — ‘1.122 + ~0~~
’lk~

’3k’
2 2p3322 — 

~1l22 + ‘0”2k~
’3k’

‘3333 1l22 + 2
~12l2 + ‘O k ,

‘3312 —

— 3
‘3313 — sOV 1kV 3k,

_ 3 (39.—f)
‘3323 — ‘0~’2k~

’3k ’

L —
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As preferred orientations have been assumed the term f,I ) a 
in equation

(26) i~ given by (39). Also,as

— ~
‘ik~

Vjk — 5~~ (40)

for the hOO and hhh-reflections quasi-isotropic X-ray elastic constants

result from the anisotropic theory, which are identical with the results

from equation (9). For these reflections, by substituting (40) in (39) it

can be shown that ‘3312’ ‘3313 and ‘3323 are zero and therefore, the same

conditions as for quasi-isotropic materials (see Section 2) can be expected;

these reflections are not affected by texture.

Anisotropic X-ray elastic constants for the poles of the 211 and 310-

reflections have been calcula ted for volume fraction and ~
a corresponding

to the intensity distributions published in the literature (Shiraiwa and

Sakamoto , 1910; Hauk, Heriach and Sese!nann, 1975). The volum, fractions as-

sumed and the calculated anisotropie X-ray elastic constants R.~~ are listed

in Table III.

Anisotropic X-ray elastic constants recently evaluated by D8lle, Hauk

and Zegers (1978) for the 211-reflection of cold rolled steels are shown in

Fig . 6. The experimental results for 4~’. 0 and various angles C (see

Fig. 5) lie between the isotropic limit calculated from equation (3.)

and the anisocropic limit for the case of the (211)1011] or

[011] orientation , which furnishes the pole for — 0, see Fig. 5 . As

the crystallographic direction changes with the cut-out direction , the anisotropic

limit depend s on the angle C. Although additionalexperiments are necessary , it is

obvious that with increas ing degre . of reduction the experimental values

approach the cuisocropic limit. However , this limit cannot be reached with

a real material becaus , it represents the elastic behavior of a free (uncoupled)

single crystal.

L 
_ _ _ _

~1~~~ -~~~~~~~- -~~~~~~~~~ -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . -
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3.2 Lattice Strains in Textured Materials

For anisotropic materials, lattice strains vs. sin
2
~fr can be calculated

from (D6lle and Hauk , 1978) :

d - d  -

— ~~ ° ‘R ’ .o ’ (41)C 33 d U ii ’

In general, aj2~ a13 and R~3 are different from zero

in textured materials, see Table III. Thus , shear stresses

might also cause normal strains normal to the lattice plane.

Using the results from equatioc~ (19) the relationship between lattice strains

631, - 
and stresses 

~~~ 
related to the sample system 

~~ 
is (Dölle

and Rauk, in press):

d~~~~ d — — [Rj 1.cos 2
~ .cos2

~ + ~~~~~~~~ + R~3•cos 2
~~.sin2

~

- R12.siu2ç•cos* + R~3
.cos ;.sin2* -

- R~3
sin2~ç.sin~].~ 11

+ [~j1.sin
2
~.cos

2i~ + R 22 ’~~~ ~ + R~3
.sin

2
~rsin

2
P

+ ~{2.sin~~~~os* + a~3
.sin 2c•sin2~ + R~3

.sin2~.sinr
.
~ 22

+~~.j1.sin2~
.cos2~P - R~2

.sin2~~+ R~3
.sin2~ .sin

2$

+ 2.Rj2
cos2~.cos* + Rj3.sin2c~•sin2$ + 2•R 3’cos2~

.sin$].~12

+~kj 1.sin 2
* + R

3~
cos2~ - Rj3.sin2t .o 33

+ r—Rj 1.cos~ .sin2* + R 3
.cosc~.sin2$ + 2R.j 2 .sin~ .sin$

+ 2.Rj3
.co.~

.cos2$ — 2’R’23.sit~~ cos$].~ 13
+ [-aj1

.sin~.sin2* + R~3
.sia~.sin2*_2 R.j2

.cosf~.sin~

+ 2.Rj3
.sinc.cos2$ + 2R~3

.cos~ .cos$].~ 23
— F~3

(~ØR 3
) . (42)  

---- _~~~~~~~ -- .~~~
._;

~
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As opposed to Rj~ the terms F~3 
in the above equation are not tensor

components. Their numerical values for the poles of the 211 and 310-

reflections are also listed in Table III. When isotropic X-ray elastic

constants (equation 6) are substituted into (LiZ) , equation (20)

results and if the tensor (21*) is employed, the sin2$ law (1) is

obtained.

Some characteristic plots of lattice strain vs. sin 2t will be

presented for the 211-reflection. For different samples cut at various

angles C for the same stress 
~ll 

— 100 MPa different curves of e vs. sin2$

result , as shown in Fig. 7. Strong oscillations which have been observed

by many authors (Bollen ‘rath , Hauk and Weidemann, 1967; Shiraiwa and

Sakamoto, 1970; Marion and Cohen, 1975; Hauk, Rertach and Seseman, 1975 ;

Dell., Hauk and Zeger s, 1978), only occur for the rolling direction,

C — 0. The reason for this effect is a change in the sign of for the

three poles at $~ — 0, 13.50 and 33.60, see Table III. For that reason,

an earlier calculation (Ev.nschor and Hauk, 1975*) of lattice strain dis-

tributions under the presumption a13 — 0 could not yield the oscillations

observed in exper imenta l stud ies. A further examination of Fig. 6 and

Tab le ~ji, especia lly of the X-ray constants for *~~ 
— 0, shows that

and (connected with 
~~~ 

and 
~22~ 

depend on which crystallographic

direction is parallel to each ~~~~~~~ — 0). The change of the elastic

constants Rj 1 and R~2 with th. orientation ~~ is about three times smaller

than the variation in R13. The amoun t of oscillition in d vs. àin2* for

a coarse gra ined material results from the variation .f all elastic constants

ii
. 

~~~~~~~ ,~~~~~ ~~~~~, - -~~~ — _~~~~. - — ~~~~~~~~~~~~~~~~~~~~~~
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However , oscillations due to grain statistics are only likely in recrystal-

lized material, but not in cold worked materials. It is obvious that erroneous

stresses might be obtained, if any two tilt method is employed for thá

measurement of stresses in textured materials.

Comparing the upper diagrams of Fig. 9 (isotropic case) with the

lower diagrams (measurements for the 3 poles in the roling direction) it

is clear that transverse stresses 
~22 may cause additional oscillations

in e-sin
2
$-plots. Whereas s1(hki), connected with 022 according to equation

(20) does not depend on ~, R~2 or F22 (see Table III) , changes during the $-

tilt and this causes oscillations. It is obvious that, when shear stresses 013
or 023 are present , a *-splitting in the nonlinear d-sin2i~j plots occur.

The lattice strains and the oscillations in d-sia2~~ curves calculated

by the equations presented here will be larger than those in real textured

aggregates, because the effects of crystal coupling or plastic deformation have

been neglected. Additionally, if the rolling deformation is not too great, the

influence of the fraction of crystallites with random orientations in equation

(26) will be large. Since for bOO- and hbh-reflections the X-ray elastic con-

stants do not depend on the direction ~ ~ of the measurement, the same e-sin2
~

distribution as in isotropic materials appears. However, the calculations

have been carried out neglecting the interaction terms t~31~ (5). There-

fore oscillations might be observed with these reflecticns and tests are

underway (Dbl.le and Cohen, to b. published) to see if these reflections are

more useful for stress measurements than the currently popular 211 and 310

reflections. In fact on examining Fig. 5 it is clear that the 310 reflec-

tion will exhibit less oscillation due to elastic anisotropy in iron in
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both the rolling and transverse directions.

3.3 Evaluation of Stresses in Textured Materials

Three methods have been described in the literature: The method of

texture independent directions by Rauk and Sesemaim (1976), the Shiraiwa-

Sakamoto method (1970, 1972) and the me thod of Marion and Cohen (1974) ,

see Table I. All methods presume that the directions of principal stresses

are known. Recently , a method for the evaluation of multiaxial stress

states (21d) in textured materials, basing on anisotropic theory of elasticity,

has been developed . This new method will be discussed here , also (D&lle and

Rauk, in press).

The method of texture independent directions have been developed to

evaluate uniaxial residual or applied stresses in texturec’. materials. For

particular directions and reflections there are ~1—angles for which the

isotropic lattice strain (equation 20) is equal to the lattice strain iii

textured materials (equation 42). These $-directions are the intersection

points 4~~ in Fig. 7*. Two intersections are required and this occurs

only in the rolling direction. The stresses can be calculated from the

II quasi..isocropic*I strains by using isotropic X-ray elastic constants,

as in ~~apter 2.1.. For uniaxtal. stress conditions good agreement is ob-

tam ed between stresses evaluated in this manner and the applied load

(Rauk, Herj.ach and Sesemann, 1975). However, for miltiaxial stress-states

this method canno t be employed because the texture independent directions

depend on the magnitude of the stress-components as well as on X-ray elastic

constants .

Shiraiwa and Sakamoto (1970) evaluated residual stresses in textured

materials, by employ ing single crystal compliances 
~LJkL

for strains measured at the poles in a pole figur e , 
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see Fig. 5. The equation used was:

2 2  2 2
€ 33 — (2.s1212 sin2*~+ ~~

. VX  + 3l122 ) 0 l + ~ o ’
~3k

X
k2 + 3112210 2

(43)

where 
~3k has been explained in equation (35) and X kj are the direction

cosines between the crystallographic axes (k) and the principal axes (U)

of the stress-tensor (2la). This model of uncoupled crystallites

(Reuss, 1929; Miller and Martin, 1939 ) has been putin a more general form

by D6lle and Hauk (1978) and has been thscribed in the previ ous section 3.1 and

3.2.

The method of Mar ion and Cohen (1975) starts from considerations of

Greenenough (1951) and of Bollenrath, Hauk and Weidemann

(1967). While the first author considered microstresses in quasi-isotropic

materials , the latter correlated the lattice strain, and especially the oscil-

lations in d vs. sin2P , with the deformation texture. The equation used for

the evaluation of “macro-stress” 01 parallel to the rolling direction is

(Weidemann, 1966):

~s2 (hkL) .d 0 .o j .sin 2
’~

+ d
B 

+ (d - d
3
).f(0,~ ) (44)

where the first term describes strains due to macrostresses (linear with

sjn 2
*) and the last one oscillations due to microstresses. d3 is the inter-

planer spacing in dislocation poor regions , d the interplanar spacing for

the direction of strongest reflection and f(0,$) the intensity distribution

for the rolling direction. The function f(0,4r) is normalized by setting

f(0 ,~) — 1 for the maximim integrated intensity. The major deficiency 

.— ~~~~~ - ,-- . -. - - --- - - .  --- - -- -. - - . ~~~~~~~~~~~~~~~~~~-
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involved in this method is that isotropic X-ray elastic constants are

used . The theory described in the previous section clearly shows that

oscillations may also occur from ho~~ geneous stresses in textured material

due to elastic anisotropy.

Starting from equation (42) Dölle and Hauk (in press) recently pre-

sente.d a method for the evaluation of multiaxial stress-states (21d) in tex-

tured materials. The authors suggested carrying out measurements (intensity

and peak location) for the directions of a pole figure, see Figure 5.

When the interplanar spacing d0 
of the stress-free state is known , stresses

can be evaluated from strains by a least square fit to equation (42) using

experimental values of X-ray elastic constants or these calculated accor-

ding to equation (26) (see also Table III). If there is evidence for a

surface stress—state (2lab), the last three terms in ec~.iation (42) can be

omitted and a least-square fit can be computed for the variables 011012022

only. Unfortunately, this method is not simple enough to be employed in

practical situations. Therefore, as an alternative , the measurement

(D~1le and Cohen, to be published) can be performed with the 310 , hOG- or

hhh—reflections. Since no (or only small) oscillations should occur ac-

cording to this approach, the methods of Chapter 2.3 or the classical

methods can be used to evaluate the stresses.

Definitive experiments to decide between the interpretation based

on mJcrostresses or the one based on siacrostresses and texture are surely

needed .
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4. Influence of Steep Stress Gradients

The influence of stress gradients on a stress measurement with X-ray s

was first discussed by Osswald (1948) and later b~ ’ Macherauch (1956);

Kelly , Short and Evans (1971); Shiraiwa and Sakamoto (1972) ;

Lei and Scardina (1976). In general, corrections due to the penetration

depth T of X-rays and the removal of surface layers (‘Kelly ~~ ~~~~~~., 1971;

Lei and Scardina, 1976) are necessary. It is well known that the average

stress being evaluated by X-rays deviates from the stress in the surface when

gradients are bigger than 2~~a ~~~~ However, for ground or shot peened surfaces

of steels, steep gradients sometimes occur which can be bigger than this limit by

a factor of 10 or ~~re (Lessels and Brodrick, 1956; Iwanaga, Namikawa and Aoyama,

1972; Shiraiwa and Sakamoto, 1972; Schreiber , 1976).

Additionally , the influence of such stress-gradients on the linearity

of d vs. sin~~ has been studied . While Shiraiwa and Sakamoto (1972) and

D611e (1978) calculated only small non-linearit ies for the stress-tensors in

equation (21a) with gradients in and 0221 Peiter and Lode (1976) argued ,

that multiaxial stress—states (tensor 21d) and steep gradi~~ts are the rea-

sons for oscillations in d vs. sin
2ii curves, see Table I. However, the

theory of Peiter and Lode (1976) is defective because the absorption of X-rays

was taken into account in an unrealistic way, and, indeed, there is no

experimental evidence for this explanation, because oscillations usually

persist even after the near surface layers are removed (D~1le , Hauk and

Zegers , 1978; Quesnel, Meshii and Cohen , 1979).

In the following, a theoretical approach to the problem of near surface

stress gradients will be presented , which can be employed for isotropic

as well as for textured tnaterid.s. For the calculation it will. be as:~med 

--.~~~~~
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that the interplànar spacing d
0 
of the stress-free state and the X-ray elastic

constants are not altered by a free surface (Stickforth , 1966), where z — 0.

Actually, slow variations of both parameters will not affect the results .

In the surface, only the stress tensor (21b) is possiole, while

in the interior of the sample the general stress state (214) can occur.

Thus, not only gradients in 011012 and 022 have to be taken into account,

but also for the other stress components. Note, that the effect of IP-

splitting discussed in Section 2.2, is impossible unless gradients with

respect to z in 013 or 023 are present, because these components must

vanish at the surface. It will also be assumed that the stress components

depend only on z ,aad that local strains 533(~,*,z) are caused by local

stresses O jj (Z). The intensity (I) reflected by a unit-volume dV in

the depth z can be writt~ t (Macherauch , 1956; Cullity, 1956) :

dI~~ exp [-~~} dv , (45)

where 2 is the path length of the X-ray beam within the sample and ~ is

the linear absorption coefficient. The path length depends on ~r and the

Bragg-angle 9. For a c~-goniometer the ~-tilt occurs about the 29 axes , which is

perpendicular to the diffractometer plane. Therefore ,

— 
2sin~.cos* - a . (46a)
sin 9-sin $

In recent years, in Europe the *-goniometer (Nacherauch and Wolfat ieg , ‘

1977) has become popular , for which the ‘si-tilt is around an axis, per’pen-

dicular to the 29-axis 2”4 parallel to the goniometer plane . For

this geometry:

2 (46b)sin9.cos

~ A
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Defining the actual penetration depth of X-rays by:

exp[-~~~} — lie for z — i~, (47)

the penetration depth becomes (Wolfstieg, 1976) :

2 2sin 9 - sin ~ , (48a)
~ 2~~ sin9 • cosiP

a sinQ • cost (48b)

and the intensity can be rewritten as:

dl — exp (-.~1dV. (49)

Therefore, the information included in a strain average over a depth z

(c 33 (f, ’P)) is:
D

— D 
‘ (30)

where D is the thickness of the sample. For isotropic materials € 33 from

equation (20) has to be substituted in equation (50). For p — 0:

(c 33 (~~4O) ¾ s2(hkL )~ C~o11).sin
2
* + <~~~).sin2*

+ (~ 33)•cos
2
i~J + s1(hkL )~ [(c 11) + (022) + (033)

~~,

(51)

with : ! 0ij (z).exP(-L3dz

(Ojj ) 
— °

!exp (-.~.3dz

~ 
(z’.O) + f exp(-~~ 

~~~ 
(z)dz , (52)

where Sj j
(Z) are the stress gradients with respect to the depth a:
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g~~ (z) — ~~ o1~(z). (53)

Thus, the resulting d vs. sin2~I will be determined by the stresses in the

surface (z 0) , the stress gradients near the surface and the penetration

depth ¶(~ ,9) . Typical d vs. sin2
~ plots are shown in Fig. 9.

Only when steep gradients are present the second term in equation (52) will

contribute appreciably to the average strain measured. The non-liaearities

in d— sin 2$ plots caused by gradients are generally small.

The theory presented is equivalent to the considerations of Shiraiwa

and Sakamoto (1972) if the stress—ten sor (Equation 2la) is substituted into

equation (50). ~~reover , when equation (42) is substituted into (50), the

influence of stress gradients on d vs. sth 2
~ for textured materials can be

found .

5. Conclusions

Recoianendations for the practical application of X-ray stress measure-

ment have been developed by American, Japanese and German groups. Lrnfor-

tunately, these recoimnendations do not include the problem of nonlinear

d vs. sin2$ distributions detected in recent years. Thus, the information

presented here should be considered, when a stress evaluation is performed

on heavily cold-worked materials (D~lle and Hauk, 1977, James and Cohen , in

press).

In general , the influence of gradients, shear stresses and texture may

be present at the same time but usually only one influence is dominant.

If the two tilt method is employed nonlinear d vs. sin2’~ can lead to erroneous

results. Therefore , this approach should be employed only when the deforma-

tion his tory is known and a linear d-sin2*-dependence can be expected or

has been verified in the Laboratory.

- - - -
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In order to recognize ~-splitting caused by machining, measurements

are necessary for positive and negative $-directions or with $ positive

and at ~ and ç + l80~ Since misalignments of the goniometer can cause an

apparent ~-splitting, this source of errors must be car efully eliminated

in alignment, and checked by examining d vs. sin 2
~ for ± 4 .

If the material has a strong texture , d-sin 24-distributions for the

same direction on the specimen depend strongly on the hkL planes. It may be

possible to circumvent these oscillations in d vs. sin
2
$ by employing hOO or

hhh-reflections. Alternatively, quasi-isotropic directions or anisotropic

X—ray elastic constants can be employed. With steels there is less effect

with the 310 reflection than the 211. Stress gradients cause additional small

nonlinearities. As the effects of shear-stresses and texture superimpose

on the small effects due to gradients, the stress distribution should

be evaluated by etching.
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Fig. 1 De f inition of the angles ~~ an..~ ~ and orientation of the

laboratory-system L. with respect to the sample system P..

Fig . 2 Nonlinear lattice-strain distributions vs. sin
2
~

a. after deformation by tangent stresses

b . a f t e r  cold rolling

Fig. 3 Isotropic X-ray elastic constants for iron vs. 3t’,

calculated in Voigt, Reuss and Eshelby-Kr6ner limit.

Fig. 4 Lattice strain vs. sin
2
~ measured (D~lle and Cohen,

ir. press), in a ground steel (C:O.67.; Si:0.257.; ~~:O.757.).

Measured values : S ~ � 0; o 0.

Calculated from stress tensor (25). 

Average strain a1 (23a).

Fig. 5 Poles for the [2l1’t and [3101 planes , calculated for the

preferred orientations of cr-iron (27). The length of

the radius-vector is sin
2
~ .

Fig. 6 Experimental X-ray elastic constants R~1 (21l , 1 r 0 , g)

(according to D6lle , Hauk and Zegers, 1978) for the

preferred orientation (2 1l)j 0l1 or :oTi:; measured in

cold rolled steels (C:0.107.; Si:0.347~; Mn:1.34~) at various

directions ~ . Reduction: ~ 307.; : 507.; ~ 757..

The isotropic and anisotropic limits have been calculated

from equation (26).

2
Fig. 7 Lattice strain € 33 

vs. sin ~ calculated for quasi-isotropic

( ) and for textured (5) iron having the preferred

orientations (27) .  A stress of 100 MPa has been

assumed to be parallel to the cut out direction ~~. 
$‘~~ are
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~ 
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texture independent directions (Hauk a~d Sesersann , 1976 )

Fig. 8 In~’luence of transverse stresses on lattice

strain distributions in quasi-isotropic (upper diagrams)

and textured iron.

Fig. 9 Influence of stress gradients ~~ on d vs. sin2
~ .

and (033) are averages over the penetration depth of

the X-ray beam (equation 52). Note that c.
33

(2UI O) — 0. 
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In recent years nonlinear d vs. sin2j-distributions have been observed in
stressed materials, which cannot be explained by the classical fundamentals
of X— ray stress measurement. d- is the interplanar spacing measured and ~
is the angle becveen the surfa ce normal of the sample and the measuring
direction. This paper reviews treatments for  these nonlinea r distibutions ,
including stress gradients , shear-stresses and anisotropic X—ray elastic
constants. Methods for the evaluation of stresses are reported , and
rec~~~endations are given for the practical application of X-ray stressmeasurement.
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