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•

practical method for the selection, or optimization, of element excitat ions to
control beamwidth and sidelobe level in a discrete array of arbitrary config- 

V

uration. This optimization procedure depends upon the design frequency, the
specified element positions , individual element field patterns, and the ambient
noise field . Each of these factors can be specified in a completely general
manner. In addition , the optimization procedure may be adapted to computers
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f modest memory size. Examples are included to show the versatility of this
approach to the optimization problem, as well as its
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Array Optimization Using Subarrays

THE CONCEPT

INTRODUCTION

Optimization of the element excitations of discrete antenna arrays is a
matter of definition for three reasons. First, the definition of optimality
will dictate the appropriate mathematical approach. Seemingly subtle
changes in the definition of optimality can radically alter the app licable
mathemat ical methods. Second, element excitations that are optimal in one
sense are unlikely to be optimal in another sense. Two sets of excitations ,
each set optimal in its own sense, can be completely different. Third , the
definition of optimality must reflect directly upon the primary design goals
for the array. It does no good to optimize the directivity index and then
complain that the sidelobes are too high because the design goal of low
sidelobes and the definition of optimality (maximum DI) are not directly
related.

This report defines and uses exclusively the concept of directivity
index with beamwidth control (DIBC). Several advantages as well as
difficulties inherent in this definition are discussed . The primary
difficulty in this definition is the requirement of large computer memories
f or large arrays. A technique employing subarrays of the full array in a
systematic manner is shown to overcome this problem.

The optimization procedure in this report is applicable when the
following premises obtain: V

1. The wavelength X of the design frequency is given and fixed.

2. The number n of elements in the array is fixed and all the element
positions (xk, Yk’ zk), k 1,...,n are known and fixed. V

3. Individual element field patterns at the design frequency are
completely known.

4. The ambient noise field at the design frequency is completely known.

5. Element interactions can be ignored .

6. Element excitations can be phased (i.e., complex). V

FIELD PATTERNS AND COORDINATE SYSTEM

The spherical coordinate system of figure 1 is used throughout this
report; however , a particular direction (0,~) will be specified by the
direction cosines

1
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cosa= sin d cos O
cos = sin 4) sin 0 (1)
cos y = cos 4)

z

Fi gure 1. The Coordinate System

The most general field pattern treated here is

v(0,4)) = 

k=l 
ak Rk

(O ,4)) exp 1-?~ 
d
k
(O ,4))I, (2)

where Rk(O ,4)) is the phased response of the k—tb element , and

d
k

(O ,4)) = X
k 

cos ~ + 
~k 

cos ~ + Zk cos ~ . (3)

Because of assumptions 1—6 , the field pattern ‘/(0,4)) depends solely upon the
phased (complex) excitations a1,... ,a~. The ambient noise field N(O ,4))
enters only in the definition of optimal excitations .

DIRECTIVITY INDEX WITH BEAMWIDTH CONTROL (DIBC)

The antenna designer is required to divide the set of all directions ,
denoted ~2, into three disjoint regions :

)7~~~~ Mainlobe region
= Sidelobe region V

e.t = Ignored region = —

This division of directional space is completely arbitrary , except that V

neither 1i~ nor ~~ Vg can be empty sets, whereas e.~ can be empty if desired.
Once a particular choice of ’?)t, ,~~ , and J. has been made , the following
definition of optimality is used .

Definition 1. The element excitations al,...,an are optimal excita-
tions for a given choice of regions ‘1)~ , , and v~ , if and only if the
ratio

DIBC = 
ff,,dN(8 ,s) V2 (8 , 4 )) I  sin 4) d4) dO

,~ 2
IN (0,4)) V2(0 ,4))I sin 4) d4)dG

2

_.  _- -



V -_
~~•~ 

-

TR 5889

is maximized. Any ratio of this form will be referred to as a Directivity
Index with Beamwidth Control (DIBC).

Maximizing Direc t iv i ty Index (DI) is a limiting case of maximizing DIBC. V

To see this , recall that for a specified direction (
~~,4 )o ) , Dl is a maxi—

must if the ratio

DI = 

I N (0 0, 
~~~ 

V
2(00, 

~~~ (5)

ff~ I N (0 , 4) ) ‘/2(0 , 4)) sin 4) d4)dO

is maximized. Now let the ignored regionJ be empty, let the mainlobe
regionl)~ contain (0~~, 4’o), and let4’= ~ ~ ‘1)?. Then exci tations
maximizing DIBC converge to excitation s which maximize DI as the mainlobe
region1)~~shrinks down on the point ~°o, ~o)~

We have defined optimal excitations as those for which DIBC is maximized
for some cho i ce of reg ionsl)~ ~~~ and4. This allows a measure of control
over the beamwidth and sidelobe level. By varying systematically the choice
of ~~t and4 , and with each choice maximizing the DIBC , we can directly
examine the tradeoff between beamwidth and sidelobe level for the particular
array at hand. The engineer can then select those excitations which best
suit his needs . Generally, the larger the mainlobe region’l)~ and the smaller
the side lobe regions (for fixed ignored region’4 ) , the lower the overall
sidelobe l evel and the greater the beamwidth . However, this is not always
the case , since sidelobe level does not enter directly into the DIBC ratio
of equa tion (4). Nothing prevents the field pattern from having narrow high
amp l i tude sidelobes , since such sidelobes would contribute little to the
denomi nator of the DIBC.

Anothe r reason for maxim iz ing DIBC is simply tha t it is concep tuall y
e-tsy to do so. All that is required is the solution of an eigenvalue/
lgenvector problem (see Theorem 1), and problems of this type have been

ex tensively studied in the literature (reference 1). Numerically, such
problems require considerable care. Fortunately, well—desi gned compu ter
programs are available for the solution of eigenproblems (references 2 and
3). With the use of these routines , the solutions of the eigenproblems
encountered in the antenna problem seem to be numerically stable. This is
not to say that there may not be arrays which yield numerically unstable
eigenproblems .

A fina l reason for maximizing DIBC is more esoteric. In the process of
solving the required eigenproblem , all the ei genvalue/eigenvector pairs can
be computed , not merely the lar gest one. It happens that the field patterns
corresponding to the l ower order ei genvalues have some interesting features
(see example 1 , fi gures 5—8). In addition , it happens that the larger
eigenvalues are “close together”; i.e., several linearly independent sets of
excitations exist which give DIBC value s that lie “close together.” (For an
analogous situation , see reference 4.) What this means in the antenna
problem is that without sacrificing antenna performance (as measured solely
by the DIBC), it becomes a simple matter to examine numerous different sets

3 V
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of exc i tat ions with the aim of improving some completely d ifferent design
goal of the array . This will not be discussed further in this report .

It must be mentioned that this approach to the array optimization problem
does not attempt to address several issues which are of practical interest.
Firs t , this approach does not guarantee that the array performance is insen-
si tive to perturbations in the optimum excitations. The question of sensi-
tivity to excitation perturbation can be examined only af ter the op t imum
excitations are found. Second , this approach does not attempt to control
the efficier.cy of the array . In other words , it can happen that the optimal
exci tations f rr a par ticular array may drive certain elements at their maxi-
mum allowed levels while the remaining elements are hardly driven at all , so
that the total power out of the array is too low for  the app lication . This
problem is coninon to all amplitude shaded arrays and can be examined after
the optimum excitations are found. Finally, this approach to array optimiza-
tion requires that the optimal excitations be allowed to be complex (i.e.,
phased ), and this can require certain elements to absorb power f rom the
medium . We stress that this , as well as the other two practical matters ,
must he addressed after the optimal excitations are found.

COMPUTER STORAGE PROBLEM

The pr imar y drawback to maximizing DIBC is that the number of computer
storage locations required (using the pt ogram in appendix B) is approximatel y

NT = 6n2 + 16n + 12 ,000 , (6)

f or the case of co r~stant ambient noise field and omnidirectional elements , 
V

(table I). Since the total requirement will grow as the ambien t noise f i e l d
and/or element f ield pa tterns req uire more storage to compute , it appea rs
that the direct computation of optimal excitations for any array of 100 or
more elemen ts requi res lar ge , main frame computers .

Table 1. Storage Requirements for Direct
Computation of Maximum DIBC

No. of Elements , n Minimum Storage Required , NT

15 13,590
30 17 ,880
60 34,560 

V

100 73 ,600
150 1/+9,400
200 255 ,200

The storage requirements for maximizing DIBC can be avoided . A technique
known as group coordinate relaxation (reference 5) give s a method which can
be t ai lored to the amount of com pu ter memor y available.  The techni que is an V

excellent example of how to trade off computer memory for computational
speed . The more memory available, the faster the DIBC can be maximized.

4
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Group coordinate relaxation, in the context of maximizing DIBC, is simply
stated . Suppose there are 300 elements in the array . Make any ini tial guess
at the optimal excitations . Define distinct subarrays of , say , 50 elements V

each. By working with the first of these subarrays , new element excitations
are computed for these 50 elements , so that the DIBC of the entire 300 ele-
ment array is increased . Next , new excitations are computed for the second
subarray . Cycl ing through all six subarrays in turn , until DIBC for the
entire 300 element array cannot be increased further by changing the excita-
t i ons in any of the subarrays , is the essence of group coordinate relaxation .
The method can be proved to be convergent . The rate of convergence depends
heavil y on the size of the subarrays used. The larger the subarrays , the
faster the convergence , and the more core storage required . Thus , core stor-
age is traded off in a direct manner for the convergence rate , and hence fo r
computation time. In addition , each step of the group coordina te relaxa tion
metho d produces new excitations which increase the DIBC, so that if the com-
putations are interrupted for any reason:

(1) The last computed excitations are better than any of the excitations
previousl y computed ,

(2 )  By saving the last computed excitations , the computations can be
resumed wi thout any si gnificant loss.

I f  
~~ 

is the number of el ements in a subar ray used by the group coordinate
relaxation process , the total storage required (using the program in appendix
B ) is app roxi matel y

N = 6n 2 + 8(n + n ) + 12 ,000 , ( 7 )
R s s

for the case of cons tant amb i ent noise f i e ld  and omnidirec tional elements
(table 2).

Table 2. Storage Requirements for Maximizing DIBC of
200—Element Array by Group Coordina te Relaxa tion

No. of Subarray Elements, 
~s 

Minimum Storage Required, NR

15 15 ,070
30 19 ,240
60 35 ,680

100 74 ,400
150 149 ,800
200 255 ,200 V

ELABORATION OF THE CONCEPT

DI BC AND THE EIGE NP ROBLE M

Let the vector a = <a
1 ,.. .,a >

T be the vector of element excitations for

the field pattern v(0,4)) given by equation (2). Then

V 
S
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ff I N ( 0 ,4 ) ) v2(e,4))~ sin 4)

= .1.1 (N(0 ,4))l IV (0,4))I.2 sin 4) d$dO 
V

= SI IN (0,4))I £ al,~
RlK (0

~ 4))exP’[~~~ dk (O
~4))]~

.~~~~~a .R .( 0 , ):xp
[~~~ d~ (0 ,4))]}sin 4) d4)d0

= E a
k

a. 55 IN (0 ,4))I Rk(O ,+) R.(0,4))k=l j=l 3 -
~~
’

~

exP
~~X-~~[dj(O~4)) — d

k
(0
~4))]~ 

sin 4) d4)d0

V —T
= a Va ,

where U is an n x n complex matrix. If U = [ukj] with k denoting the row
number and j denoting the column number , then

u
k
. 55 IN(0 ,4~)I R.(0,4))Rk(0,4))exp,t2lri [d.(0,4)) — d~ (0 ,4))]} sin 4) d4)dO. (8)
3.,

1t

Clea rly, U is a Hermitian matrix (i.e., U = UT), since it is obvious tLat
Ukj = t1jk~ Also, U is posi tive definite since

;Tua E f f  IN(0 ,4)) V2(0 ,$)l sin 4) d4)dO > 0  (9)
‘*t

whenever the excitation vector a ~ 0 
( and provided the mainlobe region’h~ is

not a set of measure zero, a pa thological cor,dition that is not encountered
in this app lication). Therefore , for every mainlobe region~~~, the matrix U
defined in equation (8) is an n x n positive definite Hermitian matrix . V

Simil arly,

IS I N ( 0 ,~) v2(0 ,4))lsin 4) d4)dO = ;Twa , V

6
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where W = [wkj] is an n x n positi.ve definite Hermitian matrix whose gen—
eral entry is

wk
. ;t{J~

IN(e
~

4 4 ) I R.. ( 0 ,4)) Rk(0
~
$)exP

4i[
d
J

(0
~
4))_d.~

(0
~4))]}

sin 4) d$dO . ( 10) 
V

Thus, for a given choice ofl)~ ,,J , andj .., we have

—T
D IBC =-~--~~ ‘ ( i i )  

V

a
T
wa

which is a ratio of positive definite Hermitian forms. Therefore , optimal
excitations are those that maximize this ratio of Hermitian forms .

The ma thematic~al tools for handling ratios of the form of equation (11)V 

• have been known for at least a century. We have the following general mathe-
matical result.

Theorem 1. If U and W are n x n Hermitian matrices and W is positive defin-
ite , then the eigenvalues of the generalized eigenproblem

Uz = llWz ( 12)
V V V - — ~~~ — •~~~ V - . • - . . - .  -V - - - -

are all real. Let Ill 
~. ‘~2 

> ... > ~~~~ denote these eigenvalues. Then
linearl y independent vectors z1,...,zn can be found which satisfy

Uzk = 1~kWzk 
k = 1,...,n (13)

and

Il if k = j
Zk 

WZ~j ~~0 if k ~ . 
( 14)

The vectors zl,...,zn are called the eigenvectors of the eigenproblem
(12). Also , we have

—T
max zUz i

1 
, ( 15)

V z~ O
zW z

and th i s  maximum is a t ta ined  for every eigenvector corresponding to ~~~ and

—T
V mm !_!!! _ u , (16)

z~O —Ta Wz

7 
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and this minimum is attained for every eigenvector corresponding to
Finall y, if 1 < k < n, then for any constants ~~~~~~~~ not all zero, we
have

~~~ 
z U z > l•lk , (17)

z Wz

where z = a1z1 + ... + ak zk .

The proofs of the various parts of this theorem can be found in numerous
sources , e.g., reference 1.

For the immedia te purposes , the most important part of this theorem is
equation (15). It states that optimal excitations are precisely the compo-
nents of any eigenvector corresponding to the lar gest eigenvalue of the
generalized eigenproblem Uz = liW z , where U and W are defined by equations
(8) and (10).

Theoreticall y, Theorem 1 solves the problem of maximizing DIBC complete-
ly. A discrete reformulation of DIBC is discussed next, followed by a dis-
cussion of the numerical methods for the solution of the required eigenprob— -

lem.

A DISCRETE VERSION OF DIBC
~~~ ~~~~ -~~ ~~~ —~ — b~~~~ ..~~‘ ~~ ~~~~~ ~~~~ 

-• ~~~- - - — •.• ~~~~ — V 

____ 
• I -

~~~~

Maximizing the DIBC ratio (4) is mathematicall y trac table , but it is not
practical. It requires the solution of an eigenproblem , which in turn
requires the evaluation of approximatel y n2 double integrals over subsets
of the unit sphere. Since it is essential that the mainlobe region I~t andthe side lobe region~~~be quite general in nature (i.e., be defined to sui t
the particular situation), these double integrals are impossible to evaluate
exp licitl y in general , and are also difficult and time consuming to evaluate
accuratel y by numerical methods. For these reasons , DIBC itself is NOT opti— V

mized . Wha t is optimized is a discrete version (DIBCF~) of DIBC that is
not only numericall y practical to use , but is also conceptuall y simple. i V

The discrete DIBC definition replaces the surface integral in ratio (4)
by discrete sums over points chosen in~l’~ andfrJ. Since~~ and ,~ are not known
a priori , these point s are distributed “uniformly” over the surface of the
sphere , with each point contributing one term to the discrete sum, and all
terms entering with equal weight. Ideally, then , these points must show no
directional bias and must be easy to compute. Furthermore , it must be p08—
sible to choose these points with any desired “density” on the sphere.

A natural choice for points fulfilling these conditions is easy to de—
scribe , but difficult to compute: Choose as points the equilibrium posi—
tions of a finite number of positive charges constrained to lie on the sur—
face of the unit sphere. When the number of positive charges is 4, 6, 8, V

12 , or 20, it is intuitivel y clear that  stable points for these charges are
at the vertices of the 5 regular Platonic bodies : the tetrahedron , the

8
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oct ahedron , the cube, the icosahedron, and the dodecahedron, respectively.
Unfortunately, these are the only easy cases (see reference 6).

The discrete points chosen to define discrete DIBC are the vertices of a
geodesic dome. Consider the icosahedron shown in figure 2.

Figure 2. The Icosahedron

(Note that in this figure the y—axis is in the plane of the paper and the
z—axis is tilted slightly to show off the configuration. The x—axis is not
shown, but is, of course, orthogonal to the yz—p lane.) This regular f i gure V

_ 
has l2 vertic 2j 3O f~ c~ s, ~~~~~~~~~~~~~~ qd~~jr dou~ s wi_tl~.

(jl,p~o~~.~. aniy. V V

- — ~~ - num~~r ~1 “!aces are constructed from the icosahedron by subdividing its
equilateral triangular faces in a systematic manner (reference 7). First ,
subdivide each face into congruent equilateral subtriangles as shown in
figure 3; that is, for each positive integer p > 1, find p+l equispaced
points along each edge and pass lines through each of these points parallel
to the other two edges. Next , take all the vertices of the equilateral
subtriangles so generated and project them onto the unit sphere. By doing
this for each face of the icosahedron for a fixed integer p 1, we
construct the vertices of a geodesic dome of order p. We define the Fuller
points 

~~
, to be the total ity of these points. 

V

p EQUAl PAR~~~~~~~~~~~~ çQUAL 
PARTS

p EQUAL PA R TS

Fi gure 3. One Face of Icosahedron Subdivi ded into p Parts

9 V
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The Ful ler points 
~~~ 

are uniquely oriented in Cartesian space once the V

vertices of the icosahedron are defined . With some simple trigonometry ,
table  3 resul ts . How man y points are there 1fl ~~ p ? By inspecting an

Table 3. Vertices of the Icosahedron

x y z 
V

.000000000 .000000000 1.000000000

.894427191 .000000000 .447213595

.276393202 .850650808 .447213595
— .723606798 .~r2573lll2 .447213595
— .723606798 — .525731112 .447213595
.276393202 — .850650808 .447213595
.723606798 .525731112 — .447213595

— .276393202 .850650808 — .447213595
— .894427191 .000000000 — .447213595
— .276393202 — .850650808 — .447213595
.723606798 — .525731112 — .447213595
.000000000 .000000000 —1. 000000000

“unfolded” paper model of the icosahedron, it is easy to see that~~p,
contains exactly 10 p2 + 2 points.  Table 4 gives an idea of the density V
of these points on the unit sphere.

Tpbl

~

4.. .Nt~~ber and Densit~y of Fuller Points~~~

- 
p No. of Points in V7~, No. of Steradians/Point

1 12 1.047

2 42 .299

4 162 .0776

8 642 .0196

16 2562 .00490

24 5762 .00218

32 10,242 .00123

Notice that the Ful ler points~~ , are not quite ideal . Those points
chosen near the center of a face of the original icosahedron will be less
fine ly spaced when projected onto the sphere than will those points that
were chosen nearer an edge . This defect ~fl~~p does not seem to be
significant in this application.

With the Fuller points defined , we state the following. V

Definition 2. For a given integer p > 1, and regions”~~ , ~~, and ~~~, V

the element excitations al,...,an are optimal if and only if the ratio

10
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DIBCF = 
1~~~’Th~t ~(8 ,4))c~ . f l~Pl IN (8,$)V2(9 ,,)I~ 

(18)

1 Z I N ( 6 ,$)  v2(O ,4 ) ) f
~j t~Oi~uJ)J ~~~~~~~~~~~~~~~~~

is maximized , where is the number of points of ~ that lie in~h~and I~~fl(~uA)I is the num’ber of points of~~~ that lie inV~~~ Any ratio ofthe form of equation (18) will  be referred to as a Directivity Index with
Beamwidth Control over the Fuller points 

~~~ 
(DIBCF~ ) .

The formulation of DIBCF~ as an eigenproblem parallels that for DIBC.
Specifically, we have V

Mz jiSz (19)

where M = ~mt.~j ] and ~ = {skj ] are n x n positive de f in i t e  Hermitian
matrices with

f~ a ‘~~‘ 1 1 (e ,)cJ nk ~
• I j .$) k 4) xP (ar 

[d j (e
~
.)_dk(e I.)J)I (20)

5kj 
- 1~~h c~~~~) I J ( e ..) c~nastu~I) 

IN(e ..)IRj(e ,.)Rk(ff .s)exP
(~~ [a~

(e..)~dk
(e,s)j)~. (2)

By Theorem 1, maximizing DIBCF~ requires the computation of any eigenvec—
tor corresponding to the largest eigenvalue for the eigenproblem (19). The
numerical solution of (19) is fully discussed in the next section .

There are two consi derations that should enter into the particular choice
of p for the Fuller points ~~~ First , the points in~~1, should be numer— V

ous enough to adequately sample the worst behavior of any realizable f ie ld
pattern . In other words, p should be large enough that even the narrowest
sidelobe achievable in the field pattern will contain points in 

~~~~~
,.

Second , Theorem 1 requires that the denominator matrix S of the DThCF~
- ratio be positive definite. Normally, the samp ling criterion wil l  ef tect
this. 

V

V NUMERICAL SOLUTION OF THE EIGENPROBLEM : DIRECT METHOD

The eigenproblem ( 19) is equivalent to the ei genproblem -‘

(~~ 1 M) z ~iz , (2 2)

In other words, the eigenvalues and eigenvectors of equation (22) are pre-
cisely the same as those of equation (19). There are two d i f f i cu l t i e s  in
using equation (22) for nomerical computation. First , it requires the
inverse of the matrix S, whose only special structure is that it is positive

11
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definite and Hermitian . In general , numer ica l computation of the inverse of
matrices should be avoided if possible. Second , equation (22) is not a Her—
m itt an ei genproblein ; tha t is , S ’M is not necessar i l y Hermitian even though
S and M are both Herm i t i an . This means that  the ei genvalues and ei genvectors
ot equation (22) must be computed by a routine designed f or a gener al comp lex
matrix , and this means that the ei genvalues can (and do) turn out to be com-
p lex numbers because of numerical roundoff. Since Theorem 1 requires tha t
all the ei genva l ues be strictl y real numbers , there is numerical error in
us i ng equation (22) caused by des t ruc tion of the natural Hermitian symmetry
in equation (19). For these reasons , it is desirable to solve the ei genprob—
tern (19) directl y.

Martin and Wilkinson (reference 3) contain a method and a routine for
solving this ei genproblem when M and S are real symmetric. Both the tech-
ni que and the routine can be adapted to the Hermitian case. Every Hermitian
positive definite matrix S has the Cholesky decomposition

S = L tT,

whe re I. is a lower trian gular matrix. Thus

Mz = pilTz

L ’ Mz =

— ~~~ 
— __ * — - —‘r ~(t -T ~ jjjT~ 

~~~~ - • • ~~~~~ ~~ — • • V

(L ’ M ~~
T)x = ji x , (23)

where x = tT~ . (24 )

The refore , the ei genval ues of L ’ M L T are precisel y the ei genval ues of
equa t ion ( 19) , and the eigenvec tors x of L ’ M L T and the eigenvectors
z of S~~M are related by equation (24). Note also that equation (23) is a
Hermitian eigenproblem , since L 1 M L T is a Hermitian matrix. It is
therefo re possible to solve equation (23) by numerical methods designed for
Hermitian eigenproblems which exp licitl y use the fact that the eigenvalues
are real (reference 2). Therefore , the eigenvalues computed by using equa-
tion (23) will always be real as required .

This computational procedure seems to require a prohibitivel y large num-
ber of arithmetic operations ; however , reference 2 shows that the computa-
tions may be done very efficientl y because of the_ s~ ecia1 structure of the
matrices involved. For example , the matrix L 1 ML~~ can be computed
(without inverting the matrix L) by using only 2/3 n3 complex multi plica-
tions . This compares to 1/2 n3 complex mul ti plications in the computation
of S 1 alone in equation (23). In terms of storage required , computation

12
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time , and numerical accuracy, the use of equations (23) and (24) is prefer-
able to equation (22).

The routine in reference 3 was adapted to the Herm i ti an case , us in g the
routines available in reference 2 to solve the eigenproblem (23). This
routine is called PENCLH, and its listing is available in appendix B. The
listings of the routines used from reference 2 are not available because
they are proprietar y information under terms of the lease arrangements made
w i th  In ternat ional  Mathemat ical  and S ta t i s t i ca l  Libraries , Incorporated .
Finall y, it is pointed out that the rn,itine PENCLH computes all the eigen—
values  and ei genvectors of equation ( t i ) , and not merely the largest eigen—
va lue and corresponding eigenvector(s).

NUMERICAL SOLUTION OF THE EIGENPROBLEM: INDIRECT METHOD

As discussed in the subsection COMPUTER STORAGE PROBLEM, the drawback to
the direct method is excessive computer storage for large arrays . The group
coordinate relaxation (or indirect) method overcomes this drawback , but at
the cost of computer time and the loss of ability to compute the lower order
eigenvalues/ei genvectors . The group coordinate relaxation method is detailed
in reference 5 for the real syimnetric eigenproblem Ax = 

~.ix . This method can
be extended easil y to the Hermitian eigenproblem

Mz = llSz . (2i)

Although  the method can be extended to a rb i t r a ry  Herm i t i a n  mat r ices  M and S , V
w i th_ S po~ i t,ive _ defin ~,te~~ i.~ V~~~SV important her~e to. retain the structure of M
anci’ S as given by equations (20) and (21). The reason is that the Hermitian V

forms of M and S can be evaluated directly without knowledge of ~~~ of the
entries in the matrices N and S. This is the fac t  that  a l lows  the computer
storage problem to be overcome .

The following notation will be very useful . Define the basis vectors

= <1 o o . . .o  0>T (26a )

e2

e <o o 0. ..O

Note that each of these vectors is of length n. To define vectors em for
in > n + 1, we f i r st set

n , if m is an integer multi ple of n (2~~)
in — [m/njn, if not

where []denotes the greatest integer function . Since equation (26b) requires
l < t < n , we can now define

V . 
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e~ 
= et , m > n + 1 . (26c)

In other words , we have defined

e
1 

= e +1 
= e2+1 

=

e e e2 n+2 2n+2

.

e = e  = e  ... .n 2n 3n

Before the group coordinate relaxation algorithm can beg in , two items 
V

must be specified . First , an initial guess V

(0) (0) ( 0) Ta(0) 
= <a

1 , a~ ,...,a > ( 27)

at the opt imal element excitation vector is required . The vector a(0) can—
not cons ist of onl y zero entries , but it is otherwise completel y arbi trary .
Second , it is decided in some manner to work with subarrays of the full array
of size r ~ 1. It will be shown below that choosing to work wi th subarrays
of size r will mean that generalized eigenproblems of size r+l will have to
he solved , so computer storage plays an important role in the choice of r.
Another important considerat ion is computation time. In general , the lar ger
r is taken to be, the faster opt imum excitations of the full array can be
computed.

The group coordinate relaxat ion algorithm is most easily described by
exhibiting the first two steps of the algrithin. From these sLaps it is easy
to see the general procedure . In the first step, we seek to

maximize , (28) 
V

xc~0 
—T5

where Qo is the vector space of dimension r+1 whose general element , x, can
be wr i t t en  in  the form

x C
0 

a(0) + 
~~~~ 

e1 
+ ... + C er 

( 29)

for some complex constants c , c1,...,c .  It is shown below that (28) is a ‘ 
V

ratio of Herm it ian forms in ~he par ameters {~0, C
i~~• • • ~~

C
r }• 

Therefore , by
Theorem 1 , the solution of (28) requires solving an eigenproblem of size r+1. i_ fr
Let

a(1) ~~ 
a(0) + 

~1 e1 + ... + 

~ 
e (30)

14
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be a vector for which the maximum (28) is attained. This completes the firs t
step. I n the second step, we seek to

- x M x
maximize — , (31)

—TxcQ 1 x S x

where Ql is the vector space of dimension r+1 whose general element , x, can
be writ ten in the form

x c  a + c  e + ... + c  e (32)
0 (1) 1 r+l r 2r

for some complex constants c0, C 1 , . . .  , c .  Since (31) is again a ratio of
Hermitian forms in the parameters jc0, c1,...,c }, we solve an ei genproblein
of size r+1 to compu te a vector r 

V

a = c  a + c  e ~~~~~~~~~~~~~~~~~ e (33)(2) 0 (1) 1 r+1 r 2r

for  wh i ch the maximum (31) is attained . This completes the second step.
Cont in u ing in th i s  fashi on defines the group coordinate relaxation algorithm .

We see that this algorithm “cycles” through the entire array using sub—
arrays of size r .  This is because the basis vectors t ek} are defined to V

“ cycle” regularly through the vectors {ei, e2 , . . . , en }. Also , if r does V

not d ivide n evenly ,  then each indivi dual element belongs t2 a. i~nnbnra of .dLf ~ V V

ferent subarrays as the computation proceeds. In other words , if r does not
divi de n, the entire array is not subdivided into disjoint subarrays.

The group coordinate relaxation algorithm generates a sequence of vectors
a(0), a(1), a(2),... which converges to the eigenvector correspo~tding
to the largest eigenvalue of equation (19). Convergence is assured regard— V 

V

less of the s t a r t ing  vector , wi th  some highly unlikely exceptions . These
exceptions are easy to state. If any of the computed vectors
a(- 1) ,  a( 2 ) , .  . .} is precisely an ei genvector of equation ( 19) which corre-
sponds to an eigenvalue that is not the largest eigenvalue of the equation , V 

-

then the group coordinate relaxation method will not move from this eigenvec— 4
tor. Numerical roundoff error will probably prevent this in practice. For
further discussi on and for a conver gence theorem whose proof can be extended 

V

to the present situation , see reference 5. For an application of these math— : 
-

ematica l methods to other problems, see reference 8.

An important feature is that the last computed vector a(k) gives a
larger DIBCF~ than the previous vector a(k_1). This is easy to see by
observing the ratios (28) and (31) .

Another very useful  observation is that the algorithm requires knowledge V

of only a(k) to compute a(k+l). This means that if computation must be
interrupted for any reason, it is necessary to store onl y the last computed
vector in order to restart computations.

- - 
— 
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We concl ude this section by an examina tion of the maximum (28). Every—
thing that is said of (28) is easil y translated to the maximum (31), as well
as all the other maxima required in the group coordinate relaxation al go-
ri thm . Note , first , that putting (29) into (28) gives the iden tity

—T —Tx M x  zCz
max = max , (34)
xCQ —T z —T0 x S x  z B z

where z = <c0,c1, . . .,  c > ~. G =r~ 1 and B =~b ..J are (r+l) x (r+1) Hermitian

matrices whose general entries are given by

g
00 

= a(0)Ma(0)

g
0
. = a(0 ) Me. , j = l ,...,r

—T
= e

k 
Ma
(Ø) , k =

—T - 
V

= e~Me. , k, j  = 1 , . . . ,  r

-- - 
~~~~~ ~~~~~ — — — - _ - V.

and

b
00 

a(0)S a(0)

h
0
. ..aTo) S e .  , j = l , ..., r

—T
b
ko 

= e
k 

S a( 0 )  , k = 1 , . . .,  r

—T
b
k
. = ek Se. , k,3 = 1 , . .. , r .

Thus the en t r i e s  of C and B are computable  from the H ermi t i an  forms of M and
S, respective ly. Let v0 (0 ,4~) be the f i e l d  pa tt ern of the en t i r e  a r ray  for  V

the exc i t a t i o n s ~~~~~ The n we have , exp lic i tl y ,  
V

— 
1 E I N ( e , s)Vg (e ,4~) I ~ (35 )0 I~ ni~1 ~ (0 ,4) c ~~(itP~

16

-, •V -I_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— -  ~~ V V V ~~~ V~~~~



—
‘

-V w -

~~~~ V

TR 5889

1 I N ( 0 ,4~) I  Vo (0 ,~~)R k (
~~~T ex~ [_ 2iri dk(0~4)]~

= 

~~~~~~~~~~~~~~~~~~
k = l , ( 1  6)

= 
~~ k = 1 , . . . ,  r (37)

(38)

where mk~ is given by (20) , and simi lar ly,

b
00 1

J~~~~u,J)J~(o ,~~~~~.(1(?I~UM
________ E fN (e,~) V~(O ,4~)J~ (39)

_________ Zb kO = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

[2id k e
~~S]~.

k 1 , . . . , r (40 )

bOk = b~~ , k = 1 , . .. ,  r , (41 ) V

b . = s . , k, j = 1 , . . . , r . (42)kj kj 
V

• .wl~are.~sVk4 i-s given - 4iy ‘~2l).’ Bec Wu~ e ~1to~4~ ~an e computed easil y foreach (A , ) , we see that equations (35) through (42) can be computed effi— -cientl y in terms of time and core storage requirements. Now , by usingTheorem 1 , we see that the maximum of 

V

—Tz Bz

is achieved by any vec tor

= < ~~~ T V V

wh ich  is an ei genvec tor of the largest aigenval ue of Cz = jjBz. Thus , from V

(34 ) , we see that 
V

a(1) = 
~~j  a(0) + 

~~~ 
e~ + ... + C r er 

V

L S a v e ct o r  fo r  wh ich the maxim um (28 )  is a t t a ined .

17
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E XAMP LES

EXA MPLE 1: A COMPARISON WITH DOLPH-CHEBYS}IEV DESIGN

This examp le serves two purposes. Firs t , i t pr ovid es a compa r ison wi th
the Dolph—Che byshev li ne array desi gn. Second , it give s some insi ght into
the nature of the lower order eigenvalues/eigenvectors .

Suppose that we have a line array of 15 elements which lies along the y—
axi s ( see f i gure 1) with equa l spacings of 0.5 wavelength , where the wave—
l ength A=l . (The units of length are irrelevant.) Thus , if the f i rs t
element lies at the origin wi th coordinates (0., 0., 0.), the 15—th element
has the coordinates (0., 7., 0.). It is c~e1l known tha t any line array has
a field pattern with cy lindrical synunetry about the array axis. Therefore ,
th e mos t effective choices for~~tand~.J 

would seem to be cy l i nd r i ca l l y
symmetric. We define~~ to be the set of all directions that lie within 8
degrees of a normal to the y—axis , and we d e f i n e .J to be the collection of V
all other directions . Hence ,7)~ is 16 degrees “wide.” The ambient noise
f i e l d  is assumed to be f l a t , and the i n d i v i d ual elemen ts are ass umed to be
omnidirectional . Finall y, consideri ng the construction of the Fuller points

we choose p 24. V

The above data completel y define the DtBCF~ array problem . The rest
i s  understanding the computer program usage (see append ix A). In appendix
B , a lis ting of the entire program required for this examp le is given. The V

results of the execution are given in table 5. Also , the field pa tte rn ( i n  
V

the xy—p l an e )  i s give n in figure 4.

0 -

--10 - 
V

~ — 20-
w

I 
~~~~~ 

:

A

~ 

? 

/  

I
RELATIVE REARING (dag)

Fi gure  4. Field Patterns for Excitations in Table 5.
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The Dol ph—Chebyshev excitations are desi gned ex cl us ive l y for half—wave- -
length equispaced line arrays with omnidirectional elements . For a given
number of elements , the Dol ph—Chebyshev exc i tations depend onl y upon the
steered direction and on the specified sidelobe level . For a broadside
(i .e., steered normal to the line of the array) lb—el ement array, the Doi ph—
Che byshev excitations for a 28 dB sidelobe—level field pattern are given in
table 5. The corresponding f i e l d  pa tt ern is shown in f i gure 4.

We note tha t the mai nl obe shape of the Dol ph—Che byshev array and the
DI BCF~ arr ay ar e ind is ti nguishabl e in f i gure 4. The onl y diffe rence lies
in sidelobe structure . We can also see that by sacrificing approximatel y
3 dB in the side l obe nearest the mainl obe , all the remaining sidelobes can
be made smaller than the overall 28 dB sidelobe level of the Dol ph—Che bys hev
array.

Table 5. Excitations for 15 Element Equispaced
Line  Arr ay: Dol ph—Chebyshev Vc DIBCF24

Element No . Dol ph—Chebyshev DIBCF 24 
_____

1 .34371 .25687

2 .35775 .39520

3 .50403 .54024

4 .65338 .68290

5 .79108 .81242

6 .90242 ~~~~~~~~~
7 .97487 .97920

8 1.00000 1.00000

9 .97487 .97920

10 .90242 .91188

1.1 .79108 .81242

12 .65338 .68290

13 .50403 .54024

14 .35775 .39520

15 .34371 .25687

Wha t about the l~~ er order eigenva l ues? The firs t four ei genva l ues/
ei genvectors are listed in table 6. (Not e tha t the ei genvector of I.i

~ 
in V

table  6 is also given in table 5, but is normalized differentl y.) Al so , the
corresponding f i eld  patterns are given i n  f i gures 5 through 8. We r--n~ark 

V

onl y tha t the field pattern for the lar gest ei genvalue ~~~~ nas no nulls in
the main lobe regionl)1,~, whereas the field pattern for P2 has one null in

two nulls for p~ , and 3 nulls for P4.

19
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RELATIVE BEARING (dog) RELATIVE BEARING (dog)

Figure 5. Figure 6.

0-

V 

~~

RELATIVE BEARING (dog) RELATIVE BEARING (dog)

FI gure 7. Figure 8.

Figures 5 through 3 Correspond to  Ei g en v e ct o r s  One t h r o u g h  Four ,
Respect  i v e l , , of Ex~~i p l e  1
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Table 6. The Four Largest  Ei genvalues/Ei genvectors of Example 1

El ement No. 1.11 = .9894 .8206 113 .3231 p4 .0383

1 .0916 .2755 .4486 .5106

2 .1409 .3158 .3666 .2141

3 .1927 .3289 .2442 — .0356 
V

4 .2436 .3112 .1066 — .2042

5 .2898 .2675 — .0242 — .2664

6 .3252 .1929 — .1413 — .2454 V

7 .3492 .1030 — .2097 — .1391

8 .3567 .0000 — .2403 .0000 V

9 .3492 — .1030 — .2097 .1391

10 .3252 — .1929 — .1413 .2454

11 .2898 — .2675 — .0242 .2664

12 .2436 — .3112 .1066 .2042

13 .1927 — .3289 .2442 .0356

14 .1409 — .3158 .3666 — .2141 
V

15 .0916 — .2755 .4486 — .5106

EXAMPLE 2:  A 105-ELEMENT CYLINDRI CAL ARRAY

This examp le i l lus t ra tes  the use of subarrays ( i . e . ,  the group coordi—
nate rela xat i on method ) for  comput ing optimum DIBC with lim~ ted computer
storage . We select an array with 105 elements arranged around a cylinder .

V Specificall y, we firs t construct 7 rings of 15 elements each , and then place
the axis of each of these rings along the x—axis (see figure 9). The exact
positions (and element numbers) are given in table 7, where the units of
l ength are such that  the wavel ength )¼ 1.

F

Figure 9. Ari-ang~rnent of Elements in Example 2.

Each element of this .irray has a hemispherical field pattern defined in
the foll~~ ing manner . We conceive of the array as bei~g supported by a
(transparent ) cy linder. Through each element , we pass %-~~ane parallel to

21
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Table 7. Coordinates of Elements in Example 2

Element Coordinates
No. x y z

1 .0000 .7642 .0000
2 .3337 .7642 .0000
3 .6674 .7642 .0000
4 1.0011 .7642 .0000
5 1.3348 .7642 .0000
6 1.6685 .7642 .0000
1 2.0022 .7642 .0000

8—14 As above .6982 .3108
15—21 .5114 .5679
22—28 .2362 .7268
29—35 — .0799 .7600
36—42 — .3821 .6618
43—49 — .6183 .4492
50—56 — .7475 .1589
57—63 — .7475 — .1589
64—70 — .6183 — .4492
71—77 — .3821 — .6618
78—84 — .0799 — .7600
85—91 .2362 — .7268
92—9R .5114 — .5679 V

99—105 .6982 — .3108 
V

the cy li nder axis. The field pa ttern of an el emen t has uni t response on the
s i de of the plane which DOES NOT contain the cy l inder and has zero re spons e
on the side tha t DOES contain the cy linder. 

V

We assume that the ambient noise field is flat . Also , we choos e p = 32
i n  the de f i ni ti on o f the Ful ler  poin ts Zf.,,,.

The ma inlobe reg ion~ 3~ is def ined as a “hal f cone” l y ing above the posi-
t ive x—axis . Sp e c i f i c a l l y, consider the solid cone with axis lying alon g
the pos i t ive  x—axis , w i th  its vertex at the ori gin , and wi th  a vertex angle
of 40 degrees . The xy—p lane slices this cone into two equal parts , and the V

mainlobe region 1~ is defined to be that part of the cone which lies above
(i.e., points having positive z—coordinates) the xy—p lane. The side lobe
region 4’ is defined to be the set of all directions that are not in the main—
l obe reg ion 1i. There is no ignored region %Q. in th i s examp le .

W i t h  all the above choices , the DI8CF~ array problem is completel y 
V

specified . To solve the entire problem at once on the UNIVAC 1108 requires 
V

more core storage than is avai lable  without resorting to indirect address— V V

ing or some other scheme , so we use subarrays to maximize the DIBCF~ of
the ent ire array . It  s eems best to use as man y elements as can be easil y
handled with the computer storage availabl e, so in this case we choose 69

22
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elements; that is , roughly 2/3 of the array. This turns out to require only
about 45,000 words of computer storage. To effect this computation, using
the program in appendix B, requires that: (1) we use the computer program
as if we were going to solve the entire problem without group coordinate
relaxation , and (2) we add only 2 additional cards, namely, NRE LAX = 69+1
and EPSI = .001.

The group coordinate relaxation scheme required roughly 1650 seconds per
iteration , and 5 iterations in all. Thus total computation time was roughly
2 1/4 hours . Table 8 gives the final (optimal) set of element excitations.
Figure 10 gives the vertical field pattern, and figure 11 gives the horizon-
tal field pattern , for these excitations. We point out that in the field
patterns in these two figures have abrupt jumps because the individual ele-
ment field patterns also have sharp jumps due to their assumed hemispherical
field patterns. (These field patterns were computed by the field pattern
program described in reference 9.)

Table 8. Optimum Excitations for Example 2
, ) , Vm V V, l t  I Ill’’ V I V I V V 7 , ,  V ) , V m , V n t  ~~~~~~ V~ V lV V PhI  V~~V
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1 .11011)7 - I. 6710? ~~~ .11 9 10 .89,1!)
19 .01)857 1. 94,1 II .1)6)79 —1.89,568
19 .0) V V VV V V I V l’lO’ 1 9 VV V 1 I 7 1 V~~ (V ‘ .98175

V 5” . 5 ) 6 ? ’ ,  ) . ) V  V
)7  91 .09,439 :716),

6)  . 5)  2 82 — . 1 V 7~ ‘ 5  V l’%’12 — 2. 514 1 7  V

.1)0651 2. 591)0’ , 95 •))8R9 L00681
61 .11)19 ! ! .10 419 76 .l 01~~1 — 1 . 7 5 9 5 5

.0’19 1 7. ‘~ V 17)4 11 .0667 1  1. 16 75 ’ ,
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This method creates a steadil y increasing sequence of estimates for the
largest eigenvalue . Since there were 5 iterations , there were 5 estimates , and
these are given in table 9. Based on the plots in f i gures 10 and 11 , i t  would
s eem th at the f ield pat tern  cannot be improved si gn i f i can t ly. In other words ,
even if we had chosen the variable EPSI to be even sma ller , we would have
forced additional (expensive ) iterations of the algorithm which would probabl y
not have improved the field patterns .

Table 9. Group Coordinate Relaxation Estimates
of Lar gest E igenva l ue for Examp le 2

Iteration No. Estimate of Largest Ei genvalue 
—

V 1 .91427
2 .96100
3 .96374

V V 4 .96532
V 5 .96559 

V

EXAMP LE 3: E FFE CTS OF SAMPLING

The firs t two examples did not mention the effects of sampling on the field V
pa tterns . Specificall y ,  the par ameter  p in the definition of the Fuller points

determines how finely we have sampled all spatial directions . Hence , the
parame ter p has a st rong infl uence on the resulting f ie ld  patterns . In part ic—
iilar , if p is not sufficientl y lar ge , then it is possible for the optimal
(DIBC 17~ ) field pattern to have a split beam . - 

V

We illustrate this effect by systematicall y vary ing p in the array of exam-
pl e  1, hut for a d i f f e r e n t choice of

~~Z and 4. Here , we define ~~ to be the
collection of all di rections whose projection onto the xz—p lane lies wi thin +8
degrees of the z—axis. Specificall y, the dirçction corresponding to direction
cos i nes (a,B,y) lies iVn l$~ onl y if ~~~~ + ~2 < sin 8°. In other
words ,l$t consists of all di rections contained “between ” the two planes inter-
secting the yz— plane at the ang les of +8 degrees and —8 degrees . The side l obe V
reg ion Rf cons i s t s  of al l  r emain ing  d i rect ions , so there is no ignored region 9.t.
Optimal excitation s for several choices of p are given in table 10. The field
pa tte rns for  p = 24 and p = 16 are given in fi gure 12. We do not present the
f i e l d  patterns for p = 32 and p 40, because they are so similar to p 24.

Table 10. 

1I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
T
~~~~~ T~~~~~~~~~~~~~~ 

3

I .29 43 .1275 .3122 .1177
2 - .0064 .1676 .1792 1692 - 

V

3 .3846 .2207 .2406 . 2 7 3 2
4 - 1048 .2497 . 7 6 ) 3  . 2 5 8 4

.2990 .2884 .2946 .79 34
- .7830 .1067 .2 9 9 )  .3099

7 .375 1 .3337 .3)54 .3239
8 — .3780 .334 6 . 3 1 ) 7  . 3 2 7 9  V
9 . 3 7 3 3  . 3 3 3 7  .318 4  .32 5 9
0 - .2830 .3067 .299 ! .3099

II .2990 .2884 .2946 , .2934
2 — .10 4 3 .2497 . 2 6 ) 3  .258!
II 384 6 .2207 .2406 .22 3 2

V 34 - .0064 .16 7 6 .17 92  .16 62 V
is ~~ .3775 .1322 .117 7

— 
LarN..t

.j g~nva1o. , 3L .1149 1243 .1164 . 1 2 2 5
V No. .1 F,,ll.r

P,, i flt S

~ 

2562 576 2 i0242 13,007
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Figure 12. Field Pattern for Example 3 for p = 16. V

Table 10 also shows the effects of oversampling . Note that the optimal
exc i t a t  i ons for p > 24 are all similar , but they do not seem to be converg-
ing  to an optimal set. This  is probabl y due to the buildup of numerical
round—off error in the required sums (i.e., equations (20) and (21)), but it V

could also be tha t p must be chosen even larger than 40 before the optimal V
excitation s give the appearance of convergence . In any event , the import— V

ance of sampling sufficientl y finely is clear , but evi dentl y oversamp ling
s~as tes  t i m e  and increases  the numer ical round—off error in the computed opti—
mal excitations .

EXAMPLE 4 : TIME AND ACCURACY IN THE INDIRECT METHOD

It is clear from the definition of the indirect , or group coordinate
relaxation method , that the size of the subarrays used and the stopp ing cri—
teria for the iteration procedure both have significant effects on numerical
accuracy of the computed excitat ions and on the time required to compute
them. This example illustrates hc~i numerical accuracy and computation time
depend on both these parameters .

We consider a line array of 25 elements that lies along the y—axis wi th
equa l spacings of 0.5 wavelength , where the wavelength A 1. Thus the co— 

V

ordinates of the fi rst and last elmnents are (0., 0., 0.) and (0., 12., 0.) V
respective ly. We select the mainlobe region~J~,to be the set of all direc-
tions that lie within 5 degrees of a normal to the raxis , and we define d

26
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to be the set of alt other directions . There is no ignored region cL . The
ambient noise field is flat and the individual elements are assumed omnidi-
rectional. Finall y, we selec t the Fuller points~~2g. All the above com-
p letel y define our problem.

Table 11 shows the number of iterations required for various choices of
NRELAX (i.e., subarray size) and EPSI (i.e., stopping criteria). See appen-
dix A. As can be expected , the number of iterations required increasejwith
decreasing EPSI and decrease~with increasing NRELAX . Also , the computation
time per iteration increases with NRELAX.

Table 11 . Number of Iterations Required in Example 4

EPS I
NRELAX — 1 i0~~ — 

10~~ Time/Iteration (sec)

5 9 13 24 83 
V

10 5 10 13 95
15 3 4 6 115
20 3 3 3 140
25 1 1 1 172

An important concern is the numerical accuracy of the computed excita-
tion s . This is particular ly important in light of the fac t  that numerical
computation of ei genvectors by any method is considerabl y less stable than V

the numerical computation of ei genvalues. Table 12 shows the results ob—
ta m ed for NRELAX— 1 5 by stopp ing after the first four complete passes
through the array, i.e., for iterations 5, 10 , 15 , and 20 , respec tivel y.
Vr h P  exact results are included also. The field patterns corresponding to 

V

excitations of iteration 5 and the exac t excitations are shown in figure
13. Note V that at the end of iteration 5 the field pa ttern alread y pos sesses
sidelobes in the correc t positions , al though they are about 3 dB hi gher tha n
i r t  the f i e l d  pa tter n of the exact excitations . Thus, the effect of later V

i teration s is to beat down the sidelobes while maintaining the mainlobe
heamwidth.

I .

V

ii
27
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Table 12. Example 4 with Subarrays of 5 Elements

Element No. Iteration 5 Iteration 10 Iteration 15 Iteration 20 Exact 
—

1 .632 .410 .623 .793 1.000
2 .813 .622 .887 1.090 1.339
3 .993 .860 1.173 1.406 1.692
4 1.183 1.117 1.428 1.736 2.057
5 1.394 1.398 1.800 2.082 2.436
6 1.446 1.788 2.218 2.461 2.792
7 1.648 2.079 2.539 2.795 3.145
8 1.840 2.355 2.832 3.095 3.456
9 2.023 2.611 3.100 ? 3.366 3.732
10 2.188 V 2.842 3.328 3.592 3.955
11 2.541 3.143 3.522 3.783 4.120
12 2.664 3.298 3.654 3.904 4.223
13 2.749 3.392 3.722 3.956 4.254
14 2.806 3.439 3.737 3.951 4.223
15 2.809 3.421 3.677 3.877 4.120
16 3.01 1 3.271 3.559 3.729 3.955
17 2.951 3.145 3.396 3.541 3.732
18 2.834 2.967 3.174 3.298 3.456 V

19 2.696 2.756 2.929 3.022 3.145
20 2.489 2.494 2.631 2.700 2.792
21 2.012 2.190 2.290 2.353 2.436
22 1.762 1.887 1.957 2.000 2.057
23 1.511 1.567 1.632 1.658 1.692
24 1.260 1.294 1.313 1.324 1.339
25 1.000 1.000 1.000 1.000 1.000

L1max .9798313 .9857357 .9880019 .9886998 .9889890

SUMMARY

The conce pt of Directivity Index wi th Beamwidth Control (DISC) has been
defined as the ratio of power in the mainlobe region to the total power in
both the mainl obe and the side lobe regions . A mathematicall y and numer i ca l-
ly tractable met hod for the computation of optimum element excitations (i.e.,
excitations which maximize DIBC) is presented . A techn i que known as gr oup
coordinate relaxation is shown to be an effective means of computing optimum
elem en t excitation s for arrays of arbitrary numbers of elements , yet it
requires only nominal core storage . Conceptuall y ,  the group coordina te V

relaxa tion techn ique empl oys subarrays of the full array in a systematic
manner to optimize excitations of the full array. Four examp les have been
included , one of which demonstrates the effectiveness of group coordinate V

re laxat ion  for a cy l indrical  array of 105 elements . V

— 
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APPENDIX A

PROGRAM USAGE

The user is required to write between 2 and 4 routines which are to be
used in conjunction with the elements in the program file STREIT*RELAX. The
setup and use of each of- these routines Is easil y seen from the listings in
appendix B.

SUBROUTINE PHONE — Given a set of direction cosines (a, ~~, 1), compute the
di rec ti onal response of ever y individ ual element in the direction (a, ~l , y).
If all elements are omnidirectional , this subroutine need not be written by
the user .

FUNCTION DNOISE — Given a set of direction cosines (a, 1~, 1) , compute the
magnitude of the ambient noise field in the direction (CX , ~~, Y). If the
amb ient noise field is flat , this function subroutine need not be written by
the user .

SUBROUTINE REGION — Given a set of direction cosines (a, ~~, 
y) , decide (by

user prerogative ) if this direction lies in the mainlobe region~~j, the side—
lobe region4’, or the ignored reg ion~.t. This subroutine must always he
written by the user .

MAIN PROGRAM — This routine sets up the array problem and handles all the
required computer allocations . Because of the computer storage problem , all
the dimensional storage arrays (not to be confused with the antenna array)
are de fi ned by means of one PARAMETER statement . Therefore , the main
routine must be recompiled f~ r each different array . The foflowing
varia bles must he specified within the main routine :

N — Total number of elements in the antenna array . N MUST BE
DEFINED BY MEANS OF A PARAMETER STATEMENT.

NRELA X — If group coordinate relaxation is not to he used , NRELA X =

N. If group coordinate relaxation is to be used , NRELA X i s
1 pjj~~ the number of . elements to he relaxed. In either V
case , NRELAX MUST BE DEFINED BY MEANS OF A PARAMETER STATE- V

ME NT. V V

V x(I)
Y(T) — The coordinates of the I—th element , I = 1, 2, . . .,  N.

V z(I)

WAV LE N = Wavelength of the desi gn frequency in units compatible with
the el ement coordinates.

INOISE 0 if omnidirectional noise field
1 if noise field is specified by subroutine DNOISE .

V 
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0 if every element in the antenna array has an omnidirec—

IPHONE - tional field pattern
L I if at least one element has a directional field pa tt ern

spec i f i ed  by subroutine PHONE.

INDE X 1 if  ord inary  direc tivity index is to be maximized .
0 if not.

AVLPHAD — The (a, 8, y) dir ection cosines of the direction in which to
BETAD maximize DI, provided INDEX = I. If INDEX = 0, these
CAMMAD variables are not needed.

ISTEER = J 0 if the array is uns teered
1 1 if t he array is to be steered

ALPHAS — The (a, B , y) direction cosines of the direction in which to
B ETAS steer the Varray , if ISTEER = 1. If ISTEER = 0, the default
GAMMAS val ues are ALPHAS = BETAS = GAMMAS = 0.

NDIV — The par ameter of the Ful ler  poin ts 
~~~ 

that is , NDIV = p.

RATIO — On return , an estimate of the mainlobe power to sidelobe
power. If INDEX = I , an estimate of DI. (This ratio can be
unreliable.)

COEF — On i npu t, COEF is unimportant if NRELAX = N. If NRELAX < H,
then COEF contains the in itial guess at al l  N of the f ina l
excitations . On return , COEF contains the optimal
coeffi cients.

TCOEF = is the number of coefficient sets to print; i.e., print the
ICOEF largest eigenvalue/eigenvector sets. 1 < ICOEF < N.
(Cannot he used for NRELAX < N.)

I f  NR E LAX < N , then the following additional variables are needed:

LOOPMX — maximum number of relaxation iterations to perform .

EPSI stopping criteria. Stop if

— 
old e igenvalue estimat~ < EPSI.
new nigenvalue estimate — V

IPRINT 50, if intermediate printout not desired

~ 
1, if intermediate printout is desired

J

V

Q , if no card outpu t is desired.
IPUNCH = i i , if a l l  newl y computed excitations , real and imag inary

parts , are to be punched in FORMAT (3(14,2E11.6)).

The lis ting of the program in appendix B is also the listing of the code
required for the particular DIBCF~ array problem of example 1. The run V

s t r e a m  is

A— 2

— - ~~
V._
, _ ._~~~~~~~V V V V V; ,  

V _~~~ V —



RUN ( user ’s RUN card)

@ HDG FIRST EXA MPLE

@ ASG ,A STREIT*RELAX . V

@ ASG ,A IMSL*MATHLIB.

@ FOR ,IS STREIT*RELAX.MAIN

@ FOR ,IS STREIT*RELAX .REGION

@ FOR ,IS STREIT*RELAX .P}IONE ~
~ NOT NEEDE D IN EXAMPLE 1

@ FOR ,IS STREIT*RELAX V. DNOISE j
@ MAP , IS

IN STREIT *p~[~~)(

LIB IMSL *MATHLIB
END V

@ XQT

A-3/A-4
Reverse Blank

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , - —
~~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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APPENDIX B 
V

PROGRAM LISTING

A

~~ RL1TsR E L A X y 1 )  .MA IN
I s ,Bpou TINE :4A IN ~~ j 7~ y p ~ R0~ I.. SVT 44 ETT . NAVA L UNOERWA1’FR SYStEMS V
2 I. C ENTER. NEW LONDO N LA B ORATO RY.  NEW LONDr4N , r~T 10 AUGUST 1977

V 3 C
‘4 C tH IS  M8IN PROC,RAM SETS IVP AN ARRAY CO 1. IFTGIJR 4 TT O N AND USFS OROUP
5 C COOR~j INAT E RELAXATION TO SOLVE FØ~ OPTIMUM ~LEME~lT cu~~ r~ITs .
6 C
7 C N TrI AL UUMREP OF FVL EMr NTS IN THE A R W A Y
8 c NRELAX 1 + THE P:UMPER r’r ELEMEWY CUR4 E~V~VC TO .RFLAX ’  ~~~I FACH STEP
9 C ~Jt~!v PARAM ETER CONTROLLING THE H14MRE4~ OF POINTS CHOSEN CN THE sPHE~ E

10 . X c t )  ~ COORDI NATE OF 1—T N ELEMFMT
11 ( TIll V COORDINATE OF I—T~4 ELEMFNT12 C PC I) 2 COORDI NATE OF I—TN ELEM~ IIT
13 ~ 

W A V L E IV  = W AVEL ENGTH ‘IF DESIGN FRFGUF’ICY
1~+ LOOPV VIX = MAX NUMRFR OF RELAXATIONS TO PERFA9U. OIl RETURN . II~~R~~q OONr~
19 

~ 
FPSI STOPPINI. C RX T ER IO ’ ... STOP IF Y M~ ROV ,~ FI4T IS NOT 41 LE’ST FPST

11’ ( COEF INITIAL GUESS AT rLEMENT CIIRRFNTS. —‘I RETuRN. FINAL A NSWE P .
17 ~ O A T I O  ON RFTUF Ii, A I V  ESTIMATE OF MATN LORF POWER TO STr ~ELORE POW FR
1$ C I,OI~.F = I I~ NOISE FTC L ~ PRESENT, = ‘ yF ‘COT
19 c tPI4O’ 41 1 IF UIRrCT IONAL ELEMENTS ARE tJcF~~. 0 IF ‘07

C l iLY I IF D I R E C T IV X I Y  INDFX IC TO RI V A y V ~IZEP, = P IF NOT
2 1 1 CYLP, I , ,CETAD,GAM .Ao) (IIRECT !ON (~4 ‘4~4~c~•4 •0 MAY 1~~t Z F ~T ~c I N O F %  I

C T 5T E E ~ 1 IF A R R A Y  IS sl!EREO, P IF Pl Oy
23 C (4L14 H05, IP IT A S , G A V , A c )  iIRECT IOKJ COcI~~ES oF ARPAY IF ISTEFP I
24 1 IPUINT = i yr 1 , IT rRVI IV DIA1r  P” INTrt IT IS PFc,qFO, 0 IF •V OT
25 TP U C., I IF INTER~ EDIATr COEFFICIENTS A~~r TO FE PU’iCI~tO , 0 IF NOT V

26 C I C O~ F ,~iI9ER OP COEF SETS TO PPINT ( V ~~ILY ~~~~ CA SE ‘I~~JRFL~~F I

C T~l~ p4. M Ay V Jf l ~p OF THE A I H A Y S  A RE WO~ A A~ fAc

29 I V V Y I V A  lLT~~lV t 1S.Nr,FL41 15 V

30
31 - I’ l l A P V F V V T IV V N ‘1V 3 3* N PE LAX  

*32 ~J*~ V V ( ) ~ V j (~) ISE • !P I C * P V E • A~ Lr 1 , I’ uO EX • A L~~H A V  R F V ~~4!~ • GA ~~’A O ,  ICOrF •
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STRE II..CEi.A * ( 1 )  .R LL A X
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3 C
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b I
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57 205 PRX tIT 201
58 237 F4’*PMATC/ .’ DIRECTIONA t ELE 4ENYS a~ r
59 216 IFCINDFX .E0.t)GO TO 210 V

DR PRINT 20 41
61 VIA FOPMAT(/ , ’ GENERALIZ ED t*I REC T IV ITV INDEX Is MAXI M I7ED ..I

(.0 TO 209
63 ~~~ PRINT 21 I ,A L PHAD,AETAD, GA Y. ~4D
04 ;i i FO,1H AT C/ . ’ D IRECT IV IT Y  JN r’!X IS MA X I UTZ P C W , T H RESPECT TO CT IEC I IO
05 19 COSINES ( ‘ ,E12 .7. ’ . • ,E)P .1, ’ , ’ ,EIp . 7. ’ ) ’ )
06 2 19 IF C IS T EEN .10.1)GO TO 213

V 67 PRIN T 214

~ j4o FIRMAY)/ , . THE A R RAY IS (J’:SFFERED ..I
40 TO 215

10 213 P R I l I  71t~IA LP HAS .PETAS,cVAV 4AS
71 216 F ORM ATC/ . ’ THE ARRAY IS STEEPED W ITH 0I IE)’T,O~ COSINES C . F I2 .7.
72 1’ .’ ,112. 7• ’ . • .Ei2. 7.’ C ‘I
73 215 M’OINT=11**ND IV SS2,2
74 PPINT 217 ,NPO INT ,NP1v V
75 217 FO P M A T C / ,  NU”RER OF POINTS CHOSEN ~~IV SV AC~ = ‘.71’.’ CDI V IS ION
76 iS C-F EACH FACE OF ICOSA*’4()RON ‘,TS. ’I’)
77 IF C * JUI V . L,E .1)C,O TO 3
76 PP~ (4~ 7.~.DTV
79 2 F OPMA TC// ’ •*,*, ILLFV PA~ PA PAV IETEP I~ S ’ORO-I TT ’ IE RELAX . ‘4 0 14
4)’ 1 15.’ IMI’EI IAT E RITURN TO V~4 I* I  ‘HOG,A”.’)
81
62 3 IF C *1 .GI.F,RELAXI GQ TO IS
63 )RIM T 2021 ,N ,IIRE.LAY
84 21*21 F0b A A T ) / / / ~ N RE LAX CANNOT RA LARGF~ TH A I  Pl

• = • .T 1 P . V P F -L AY • V
65 i .T If l . ’ Wt. TIJRN TO MAIN P*400RLM .’)
66 RF TUN Fi

*17 1~ A FC ISTFLN.N E .1)GO TO 16
14 *4 S I* V !T :A L P HA SSA LPH AS+RF TV * S. V ,ETA S+GA MMA S. I IA .0 . . .3
49 1FCS INIT .GC. . 99999.A9fl .SI’ - IT .LE.l .PO’f l t ) EM •0 16
90 PPINT 1 7
91 17 * O P’ - I A T ( / / / / ’  A R R A Y  IS ST EElED RuT THE 5 ’)’ ñr C*)UAR FS OF : T R ECTI 0 ’
92 ILOSI NES IS NOT 0IF~~’,/,. RE TURN TO ~4AlN PpO,qAM ,.)
93 8F 11)R*.u
94 16 1FCIFIO((. NE.1 )GO 7’) IA
95 SI9IT :ALPH*D.ALPH AO+PET ,D.RFTF4fI.G~ MMA fl.,AM ”~ ’)
9b IF(SINIT .GE..99999.AN;l ,S1’1T .L!.) •fl 000iI GO ,o 18
97 PRINT 19
98 19 FOR MAT(/ /// ’ D IR FCT IVII v IND EX IS TO RE MAX ,412EC RUT THF 5w” OF S
99 IOI,ARES OF DIRECT ION COSINCS IS NOT ONF, ,/,. “ETCIR’, TO MA IN PROGR A

100
101 HFTURN
102 18 IF(N .IIE. NR ELAX)GO TO 20
103 1F (ICOEF .LE.0)ICOEP:j
104 1FCIC OFF .GT . I l ) IC OEF N
105 (.0 10 21
106 20 ICOEF I
107 21 PI2LAM=2. *3.114159265 /W AV L EN

V 108 WS AV E —1.
109 CsRELXI= N RELAX—i
110 SINIT C .
111 l FCXS TEE H .NE .0)GO 70 44
112- .ILPHAS :0.
113 oFTAS~~~. V
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11 4 oAMU AS D.
115 ‘4 uP 1 1 1,r C
116 51N1T 6 1 9 ! T + A A S ( R E V Y L C C O E F C I ) ) I  + AAS(AI’ A r C *.OFF(T)I
117 1
11 8 IF(sINIr.GE ..n01)GO TO 6
119 U” 8 1=1 .1,
120 8 C O F F C I C CMPLXU.. r .I V
121 8 LFC L O D C ~~ A .GE .j )( . O TO 9
122 LOOP~ X: 2c* ( (N/ NR ELXII .1)
123 9 LF(9 .E( •C• 4ELAX)LO OPMX:)
124 If( IPNIV 4I .FV O.fi )GO TO 12
125 PI~IIVI T l i l A
126 1718 4- (’flV~iA T ( 1 h 1 . ’ INITIYL EX ( I T A T IO N S  •., FLF-MF”y ‘?IJMPF~ W I T H PE A L A ND
127 iI ILGL*4A,( ’1 P6 41Y5 OF EEC YlA !T*3ws s )

~V0 ~~ 9) ’  I71 7.(J.COFF(I;.1 1,9)
129 1717 FOr1~~AT I 4C I4 .~~~~~.E 17 .7, • .S .FI2 .7,~~)~~,t X ) I
130 1? ,‘*IV l , 31 V 1
131 V V O I V 2 ~~~ •JI V— ?
132 C
1.3 3 C 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~114 C. D F G IV V t~ *V CU IP COORfl T ’ -JATF PE L I XA T IO N  L00~135 C • 0 4 $ • 8 4* * *S ’ A * *s . 4 s As 4 * 4 . 4 4 4 . s .* . . .* 4 4
lit. C.
137 ~~ 2”*’ LOOP:1.LC’OPME
1 3*’ IF(IP*!V 4T .EO .l’)GO TO 77
139 (A LL FIHST
140 27 1T 1141)* 2
141 ~~ 5
1”? ~M 5 J 1 , ’JRELAX
143 A ’Atrl(I.u):CM flLAU .,n .I V
14’4 S M5 I D E ( I , J) CM PLX(’ .,1.)
145 ~ I) 7 I: ~~.NRE LAX
14*’ P10 1* I C CLfl OP —1IsNI *E LXl+ j~~l147 I ’ l l  ( X l  IrI OX ( I ) 1 s  (C 1901CC ( .1) /N)
146 11:1 404(1)
P49 .V r ( I C C O I F C I I )
150 7 L O L F ( II) CM P LXCR ..1* .)
151 C
192 C (/)LLtECT TIlE VERIICFS OF THE
153 C
154 (ALL A I I PA YS ( IVIP ELAX .AMA I* . AS IDr , X . T , 700 L .pT R rCt .CO EF,p .1  ,I2.INOY .*I)
155 4~~CI4UI V.IG .1)GO TO I 3~ C~156 (
157 C. COLLEC T THE EDGES oF THE ICOSAHLDPOI4
1541 C
159 /4 200 J:I.t J f l I V j
160 $V * V0IV~~J

101 .~(I.1) :J.P(1, I (+~~sD(~ .3)
102 .4?, 1I J.P(2. 1 (+K.PC2,3)
1e3 ~C3 ,1I ..t.P(3,1)+K4P(I.3)
164 (.C1,21 .J.P(1,2)GASP( I,3)
105
186 1.(3 ,21:.J*PC3,2)+y.p( ‘1,3)V 
tel (4CI,3):..C.P(1,4)+X.P(j,3)
168 4(2.3) J.P (2 ,4)+K.P(2 ,3)
1o9 ~.(3.3) JsPC3. 4)+K.PC3 ,3) V
170

0 
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V 171 .112,’4) J*PC2 ,1i )+K0P (2.2)
172 44(3,4):J4P13,le )+KSP(3,2)
173 9(l,S(:.JSP (1,t4)+K .D(1,5)-
17 44 9C2 .5):.J.P(2.4)+K.PC2,5)
175 2(3,5):JSP (3,4)+K,p(3.5) -
170 *o C l.b) J*P (1.14)+K*P(t,6) V
177
178 u(3 ,61 J0P (3,44)+A.PC3.6)
179 CA LL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
jd CC ~1O COIO TI IAIL
101 IFCNDIV .EQ .2)GO 70 100(1
162 C
183 C (OLLECT THE F ACES OF THE IC0SAHEOPO)t
14i4 ~
185 Li’) 51*0 ,j=1. FI0!V2
lab ~O 3*1 1* A:i.’JDIV2
187 IF CC .i +e.).GT .NOIVI)r.O TO 3~ 0
lob o. * 0 I V — J~ K
1*49 U (l.1) JeP (1.t)+K .P (l.2)+L.P (l.3)
l9~ 9(2.1I J .PC2 .1)+KSP(2 ,2)WL.P (2 .3) V
191 ..C.3.1 (:JePCS,I )+4140(’1,2) ,L.r (3,3)
192 ..(1,21 J.t*(l,2)+k.PCI,3),( sr .(l.N I
1 93 9(2.lI J*P(2,2)+KSOC2 ,31 ,I sP(2.h I
194 4(3.2( JsP (3.2 IV OK SOC3,3)+L .r (3,4)
195 i..(l .3 (:J.PCt,2)+F.c’(I .A)+LeP (l .14)
196 .4(2,3):J$P12.2)+K.PC2 ,S)+LsP(2 ,4)
197
1941 A l l  ,~~) JsP( 1, ’e)+W.r’C%,S).L. P (),b)
199 4(2.4) JSPC2 .4).Ksr’(2 ,5(,I.l(2,6)
20)’ .(3.44):J4P (3.4)+K .P(’1,5)4L.P (3,63 V

201 CALL AF NAV S (NREL AX, AMAIN,IVSI I)F,X ,y.?,OL.pT PrCi .COEP ,).S,4, l it,X,N)
202 311 (O P T I ’ 4 I V E
e03 C
20~4 C lOLI S II TIlE MATRI CE S V

V 205 C
406 10*0 iTl~.&J* l V

207 IFCIFIOF *.’4(.l)GO T7 (1*’?
408 411,I I ALPHAI)
209 A(2,1):LIE TAO V

210 ii(3,lI:GAMMAD
211 CALL *RR AY S (NPELAX ,AMAII V .AS 1D r ,X ,Y .Z,DL .0TPrC ~~.COEF ,G.l .1 ,TrX.Nl

~12 IF*)? DO 1001 I=1.N RELAX V
413 JI P *4 R E AL (AMA IN C I,I)(
4144 ..~ A IC 4(I. I):CM PLX(DUM ,0,*’)

IJIB V NEAL C ASIDE C I. I)
216 A cID IC !, I):CM PLX (DIuM ,~~.r C
217 (0 1001 J:!,NPELAX
218 A6101( I .J):ASIDE ( I,J) +AP V’A T*l( I ,J)
219 AMA INLJ.1I = CON JGCAN A IN (!.J ) - V

tEll AS!DE(,).I) COIIJG(ASIOE(I, J))
221 C 

V

222 C DO THE LIGENPROBLEM FOR THE GROUP OF COORE ’I.ATES
223 C - V

~2’e CA L L F INX S H (COEF .RA T1O,NPELAX, A WA Tw,ASIOF, V .vX,D ,W K,INOX. N ) V

225 IF(wk (1), GT.O.,AND.V SAVE .LC.wk(1,, ’1O TO lQe~ 
V

226 jO 199P I:2,NRELAX V
227 II:INUX (1)
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228 199*4 COEFUI)=D C (I)
229 (.0 10 2001
230 1999 IFCIPIIINT.E0.O)GO TO 1997
451 CALL SFCDIID( HTIME) V
252 AP INT 11lR.WK (1) .LnOP .HTI~ E
2.33 1719 *‘ORM AT //’ NEW EXCI TATIONS .•.LAR ,EST EIGFN V AI CJ E = •,E3’..q,. • .• ,
234 i.’PELA X A TIO N ITERATION N IC TMR ER = 1 ,15. • •~~F* IPSED TIME = ‘.2*6.

~ ‘cCC )
4.38 L.O 172’ P42 ,NRELAX
237 LT :IIIOY(1 )
23*’ l7~I’) DTF4ECT (I):COEFCII)
239 lF(CP UNC H .’4E. l IGO TO ( 722

* V( J I C *
241 1 7.13 )~(~ ‘4A T C5 C l44,2E11 .6))
244 17 22 P01441 (717, (IND X C I,,D TR CC TCI),!:2, PIRE LA ’,
240 1 9 7  11(A IS (1.—V S*VE.’*K(l)( .LE, ARS (FP S II)GO 10 7—l’
244  2 130 4SAVA 14(i) V

449 C.
2 4 6  C S 4 4 0 4 0 0 4 ê S 0 4 8 8 0 0 4 0 4 0 4 0 4 4 4 4 4 4 4 4 0 0 , 0 4 4
24 7 C 1*40 GROuP COORDI NA TE IiEi ~A A T I0N LOOP
246 C $ 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 4 4 4 . 0 4 4 4 4 4e s 4 8 4 4 4 0

~4’ C
250 IF(LOOP MX .1Q.II GO T O 20 10
251 P9191 ~O03
252 2C V ~.1 * *W MAT (  • MA X IV I UM r :V * M I A E R  O~ OF LAXA TTON S ‘DV)’ . FrED bTT NrSIT CONV ERG E),
53 ICE, ’)

254 .0 T 3  73j)’
20”l P~~I 4t ?0”2

256 2((~~2 * ‘ D R M A T C  THE OROuP CO ( PL1 A T E P E L A Y M T T O V  VE.I4*”) HA S 5T000rr YIELD! V

£57 11.0 STE AJ ILY IMPRCVFD (ESLII V TS. CONVF ROFN(;F1 Ic POSS(’MFD . I
2 58 2*’lfl L’)OPMX:LOOP V
259 IF(F9 .*IE, r .RE LA X)G 0 TO ISi

~,o (70 K 1 , ’J
A O 1  17* ~ 1,~~Cl () C JLF(X)
462 1s7 ITCOF.F:1

~ o3 ITJC II 31 ( l I
404  ~7 b A t — l i  **LOGl”(R4l704V(ZT JC ))
loS PR INT l0O,RAT,L0OP~ X,V( IL1C )
406 1)0 FO RM A T C 1 H I, / , ’ GE.* JEJR A LI ZE~ (71 (D O ) ‘,‘1*y,,: ,F2fl .9,/, ’ LI PFW -*r
28 7 1 R E L A X A T I O I I  ITERATIONS = .Il7 ,~~,’ 70 *1 F ,Gr MV6 L CE ,I7d .$~~,.
2e8
469 S:’. 

V

27)’ DO 45 • :1,N ~
271 45 S:S4H L (COE F (KI*SS2A AINACI(COEF (K *02
272 IFC S. Gl.1 .E—2’IGO TO ‘04
27.3 - 

~~ 4 )  1:1.9
474 - 40 L.I RECT CI): CMPLX I’.,O ,)
275 4~O TO 103 V V

216 ~~4 S:SORT(-A C
277 01* 50 K 1 , ’4
278 CDE Ft~~) COFF (A)/S V 

V
279 *MAG :CAUS (COEF(K))

- 280 IFC*MAG. LE. 1,E—37) 70 TO V
281 AP HA A TAN2 C *IM A G( COEF(K)) ,*~EAL( COF F(l()))
282 (.0 10 50 V
2413 49 APHA :0. V
284 50 UIR( C T ( 4 . ) C UPLX (A MXG, A PHA I
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285 103 PRINT (02 V 
V

286 102 * ‘ORMAT (’ OPTI MUM ELEMENT EXCITATIONS AA€ ’ ,/,’ El.!. N0.’,IAr ,
~87 l .MAGN I?UDE $ ,23X. .PMASE I) V

288 PRINT 1O1,(k,OIRECT (k),K:j,N) V
289 111 *-OP MA T(11 8 .2F30,9)

• 290 IF (ITCOEF.E0 .ICOEF)6O TO ~A
291 l1~ C I ND* (1)—!TCOEr
292 IF (ITJC.LE. O )GO TO 58 V
293 ITCOEF:ITCOEF+t
294 V M AX AI,S (REAL CVX() .ITJC)) ),ABS(A IVA OEVAC I,!,Jr )))
295 IFCVMAX.(.T,t.E—25)r,o TO 150
296 u i 131 J:2 .NMELAX
297 ~.J=I’10X (~1)
298 131 COEF (J..fl VX(J.IT .JC)
299 COEF (Pi):VX(1,I TJC V
400 DC) TO $7
301 1,fl Of 16fl u:2.9R!LAX
402 .J.i:ICIOX C J)
303 IDO CCEF (JJ) VX (.J,IT ,J)’)/VX(l ,ITJC )

CO(F (N ) CM PLXE1.,) ’.)
305 .0 To . - F
506 58 ITJC 1 N O A U )  -

307 NA TIO :LAT IO*V çITJ C, V

.308 1F (ICOFF .EN.1 )GQ TO 50 V
309 00 60 ~~ (.N
311* ~~) CP *E FCK) D C C K )
311 5Q NETURN V

312

91’,IT,S V3 . AI4 RAY !V
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5I,4~~IT sWL LA AC1) .AN H A Y S
1 C SLC *4R 0UTII4F ARRAYS wRIT1VI RY ROY L. ST’E !T. )M V A L  UN I1ERWA TER SYSTEMS
2 C CF NTLR. ~EW LONDON LA ICORA TORY . NE W LONDON, .T 1) *U0((ST 1977
3 C
4 C SUfIROI. lINE ARRAYS FILLS THE TWO MATRIC E S F~ 9 THE EIG FMPROALEM
5 C
8 C I PELA X I . THE .CUMREP CF ELEM ENT CICQ 4EOI Tc TO ‘RELAY ’
7 C A M A I N  MA INlY OF QUA C RAT IC FORM FOR MA IPIL01F RFr~TO)I
8 C A SIDE MATR IX OF QUADRA T IC FORM FOR SCDEL ,RF REGION
9 C X C I )  I COOROIIIATE OF I—TH ELEMENT
I’ C Y C I )  = I COORDINATE (~F 1~~TH FLEO .cNl’
11 C 7(1) : 2 COORDINATE OF I— TN ELEM ENT
12 “4. = ,JkK AR EA. HERE
13 C fl1’LCT = WORK AbE l, HEFT
14 C CO EF PRESENT VECTOR OF El EV ENT C I IPDF V T c
15 C ~) A rNAY OF POINTS TO ~E PQOJCCrEr 0 - T O  .HE SPHERE
38 C L C . L2  = LOOP LIMITS 1)EPE~ VD TN4 UPON W HE ’E T - F  POINTS 1* tIE
1 7 C 11 0 3 : IND ICE S OF ELEMEN TS RELAXED TN 1HIF 5TFP
1*’ C ‘ C T O T A L  ‘JUMAIR oF FLF~ V P~lT 5 IN THr *R ‘AY
19 C
20 St ( t ROL4T 1I- f ~ A * 4 RA Y S( • . R E LA 3 , l P A IN ,A STD E. Y ,Y ,7,..L, ’)IPFCT.CO FF .O ,LI .4.2.
41 1 19DM.) .)
22 C
20 _ T ~ El1SlJ: 4 ( 1 )  .0 ( 1  ) . 7 C 1  ),oL(1).Q(~~.12) ,CocP1*1(5). S T )I *fl 1(c),I p lDX C I)
24 C4WPLF ~ MMA !I4(NPELTX,t), A CXOE( NRE ( XX ,I),OTOECT *1), 4TC,COF F(1)
25 COP VA V3N I tiOISE•I PHC VE ,4AIi L tN, X Nfl EX .ALPHA (

•PF~~30~ GA~~~A D4T C OF F , V

26 1 1STEER,ALrHA S,PC 1A c , oA~PMA S .PID T V . 1.C 0 P • X , FPc I ,X P PX N T ,IpufCI
V 

27 C” ~uIi/JIP’ / IDIR1,j’ IR2 V

2*4 1O NON/E*TflA/PI2LA ’. 1T1 1DX
29 IJOUALL P141C1SI0’, D4M
31* DA TA CC.SI lOT/ 1 , , .31*00 t6%4,~~.8n9) ’ I fQ04, .8 0 !5094.. 309f l IA004/
51 DA T A  S1.RoT/O.,.o5t05 bS16 ,,sp7l8Rpc2,— .N877.5~ S2.~~.95)n5Ac1A /
.52 uA IA  II~IIl).10IR2/0,(’/
ii DATA CrS12/—1 . E—6/
.34 Li ’ 3fl0~ L 1.L2
35 o:1./S”* (T(OC1,L)sO (1,L)+O(2 ,L).O (2,L)+Q (3.LIs ”(3.L))
Sb I4LPIlP4 C1,L)8W -

37 o!T A I:’.C2,L)* W
58
39 C
40 C p01*11 Lo W ER HALF SPHERE FOR çyMMFTDY R~~AcN-5
41 IF CG AMI V A ,ST.LPSI2)*1O TO 3~
‘42
‘43 UFTA1:~ 8L TA1*CO SROT 4~~~CLPH1Sc!NR0 T 4)
4 4  AL PH 1 oI ~V

45 C.
46 10 uO 31*0’ - : ) ,L)
47 A AL P IIISCOSROT *M )—RE TAI. SPIPOT (N)
‘4 *4 • b H EIA I*COSROT (N)  ,X LP* I1.SINPOT (M)
49 C:GA *-IMA
5’ ALPHA:A
51 oFTA P

52 - IDIR:ITI NOX
55 1FCINDF X .E Q.11 G 0 7’) 4
5’. CALL PEGTOIJ(A ,8,C,IDTR)
55 ZE(IUIR.(.E .l.ANO .101R .LT .’)GO TO
56 PRINT l.IDIR, A LPHA , BETA ,GA M MA
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57 1 FOR MAT( //’ S*S,Ss cuRAouTlNE ~E6ION GTV ~S A. TLLFGAL PETUQN,’/
58 1 • IDIR ‘ .17. ’ SOP OIPECITON COcy.’Ec ALPHA =
59 115.8,’ SETA = ‘,ElS.$.’ PA MMA =

(.0 TO 300’
01 5 lF(IL)IF,LQ .3)GO TO 30 ’C
02 4 1F(IDIP .EQ.2IIDIRP:1o1412 .I
03 ZclIDI P .EQ.I7TOIRI II)zpZ ,p
D~4 oT :1.
OS IF(INOISE .EQ.1)GO 10 11*
00 A:A LPHA
87 ~o :AETA
84* C GAMPI?.
o9 .T DHO ISL (A ,H ,C)
70 I r ( W T . R~..fl .)(.O 10 n
71 fr-P Ill! 7,AT ,AL ONA ,RFTA,G.5M’-A
72 7 frOkMAT(// ~ S...., SU3MO~(TTME rINOISE GIV ~ 5 A . ILLEGAL M ETUrl~,~~/‘3 1 • I3 l ~~I5E = ‘.1) 5.8, ’ FOP (7T TM ECT !O N CO CT EC A LPHA =
714 015 .Q.’ BETA = ‘.115 .41,’ GAMMA = ‘.115.8)
75 ~fl li ‘00’
Pb ‘1 ,I :54(4T C.T I
77 1.1 IF (IPHOIL,EQ .n)f.C 10 21* 

V

18 A:A LI.’IlA
79 u OETA
a, C=NAi*MA
*41 1 1 .
82 CALL PP’OI .E(A ,P,C,DIRECT,I.X ,Y ,7 )

To 21
84 2fl wO 11 P41.9
85 11 DT)4ECI(I):C M PLXC I/4 ,°.1*I
Be 21 .T( C4PL* (”,,°.)
47 DO 25 1:1,0

*48 . fIV (1( I)S* LPHA.Y l I) . .* FTA ,7( I )* GAMUA ~ flL(I)) .0T2LAM
09 A:COS ((u;4(.WT
91* o:SIII ( ( 9 )5 8 1
91 4.TIIECT( 1):CYPLX (A ,R).t’IRECT ( I)
92 25 ,.TC:MTC ,C.OEFII).DII)ECT(I)
‘13 .1C2 :RFAL(MTC)SREA L* MTC) 4 AI~4AG(W TC) *Al M *G 1 WTC )
94 ATC:COI- J(,(WIC)
95 1c(I)IL .E0.2)GO TO 203(1
9b A P’A IN (1,l( AMA IN( t,l) ,WTC 2
97 ~fl 1AR ~ 1:2 ,NQELAX
98 1I:IND X C I)
99 A MA II V I C I ,I)i&MA IR(I.I) .OIRECT(TI)SWT C V

l0~ 00 1000 J :I,NPELAY
101 .JJ TNOX(..4)

V 102 1110 A I AI TW ( I ,J):AMA IN (I,,J),CO$,JC ,(DIRECT (II I )5D1PpC~~(JJ )
103 ti C) 10 3000
1044 2010 ASlOE (I,1P4ASXDE )l.1) ,W 1C2
105 00 2001 I:2.NRELAX
106 1I= !110X 1
107 ~,SIflE(l ,I ) ASIDE(l,IP4OIRECT (I1) .WTC V
1041 00 2001 .J I,NRELAX
109 .iJ IIIOY ,.i)
111* 2001 AS1OE(I,J):AS!OE (!,.~).CONJG(D!REC ,(II)1SOTA,CT(,J.J ) 

•111 31*00 COPIT INUI
112 RE TU RN
113 191) V V
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V..(0 ~~II. ~~4 . L ’ 4 ’ 4 C I I~~~~1 V I ~~H
I C S~1( R0 IT1.r 1IN1SH wR( TT FIe ‘IV ROY 4., ST ’ E T T , NA V A L  U’lfl(PWA lFR SYSTE MS
2 C CEN TER . VIEW LONUON LA0 OW A TOP Y .  NEw LO 10’ P4. FT )R  A u Gu ST 1077
3 C
‘4 C cLI’I4(04 .rp1E FINISH SOLVES THE FIGFNPRORLEI. ,‘lll RTT (PNS TIlE COEFFICIENTS
5 o6 ( C UE F( 1)  = THE EXC ITATION COE FFICIENT OF THr T—TH ELEI EP IT
1 “3010 = ESTIMATE oF THI ‘*TIO OF POWER If’ .fI~ MAINLOOF Rr0109 TO
N C POWER III THE SIDELOHE REOT O N . ‘ATT .’  IS NOT IN no ,

C NW E LA X = NUMBER OF OE L IIX FD ELEMENTS •
1r ( A ’.~A )N  z MA TRIX  OF Q UA DRATIC FORM FOP MAIP.jL,fI r R(C,I((9
11 0 ASI’)E ‘PATRI X Or Q ’ (A DPA T IC  FORM FOP SIOFLoo F PFC,IO’J
12 1’ V~~ A = iNDICES QF ELEMENTS IVIFLAXE’) I” 141)5 STEP
13 ( ,j 3 ~ “ibER OF ELI C ITS I• THE A R R A Y
1’4 C ~~~ 9’ AA I’I’)E0 OF THE A N6~ MENTS APF AS •Fo,,,qr’) EOP SIMP)” )I ITT’t f  RENd 4
j V ~ C
4 ’ . 1,V I 1 V M V , V J I  I ..~ F IPJISIP( C 0f 1 , f AT Tr ’ ,’V~RF L A X , f ~’A ( N ,  *~ 1~’F,V ,~JX , fl ,WI( • I I r X . N I
17 1. -

10 T”EtISIJN V C 1) •IJ C ()~ .4~ ( I )  • I’-fl’o C I )
39 L VI0 PLt~ AM A IlJ(NlIFL~~* , )  I ,AST I’ ( ( PIPF1 A X , ) ) . V X ( . V ~0F LAX .i) , C(1EF( 1

C” ~V ) I / . ) 1 I/  II~Ib1 • II I I1 ?
21 114 1.114
22 ,Ou’T :i
23 LALL (~I V ,CLH(A VAIrI. AST VF ,~~.

V
~.V.VX .l ,Alfl 1*1,C •

.14 .VV J VW~~~( ; - ) -
1E CJJ. r .I.n C,O Tu l”O’

4° 1F1 JJ.i ~*, I4I4 E L A X ) & O  TO 1’
Il .

28 “(- I i  ~““1,JJ.( V

119 2 ’ ’ )  1- ’,) V31  /1/’ X X X X A  NI  F EIC A L “1FF ICLI LT I’~S ). ThE T I C , C lJA I I A LY S I S  FOr
b r  1 lI t. COUPLETI ,UL .JlIO’, OF YOUR 0000LEV ,.,

31 • ~13X* TIlE HI-ST OF T HE C0”PU1FD C”EFFTE,F -TS IS c0ET( ~~,EE .,/
.3? .1’ X 4 X ~ 11401 A I~E AT “OST ‘.15’ • L I ( V F A  ‘LV .~4”FPFtJ’)F4lT ‘In T ro ~11S
53 4 01 COP F* I C IEIITS ,’/ / /)
34 15 1T :1
.14, ll V V

~~ 1=_ 1 . t +2 0
3,, VI 21 u i,JJ

II) 2’
.110 4 ’AX V(J )
3” 11:.)
4.1 ‘II CONTI”, VD

‘41 3 ,  4 ( 1 1 — 1 1
4’ *4(1) ’. M A O
4V3 Vl O1I( I .~ Ft 0814 TDI II2I/ rLrAt(IDTPI

v 4441 ,(RIAL(VX (I.IT ) ) )+ (hlc(AIMA f .(V 3 (l,IT (p( V

‘45 1r ( . 1 , A A .~,1.1,r~~25I~~O TO 9”
‘40 I~ 5.7 —~~,‘j
‘07 ‘,I’ Lfl)FIJ) COEF (JA*4,11),IT )
‘48 ~~(‘ ~1 ~~2.’4R CLA 1 V

4 4 ,

SO - 01 COFF( JJ ) :VX (J.i1)
51 ufl 10 1002

V ,fl j O  60 .J:.- ,NHCLAX
.JJ:(CIDY(J) V

n0 CIIE F C J J ( : V X C J , I T ) / V X ( I , I T )
55 oO TI) l0”2 V

51, 111’ V’Rp (T l~)01

T QUA1aIT ~~
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57 1001 FIIRI4 AT C///’ MY X Y X NUYER IfAL DIFF IC IN.TZES 14 tHE EI6ENA (4At.YSIS PRI
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I X  ~R M9

5T9L IT . 0 L L A A I 1 ( . (’L4,CL~4
1 ~ SIIRR0U1 II~F PE~lCL~ W R I T T EN By ROY L, ST 9 ET T , NAVAL L(N’)FPWA T ER SYSTEMS
‘ C (Cl T EN. SEW LONDON LA -1O RATOPY , NF~ LO#O’)N. ~T 17 MA ! 1~~7B

( V -

‘4 C OIJ I3,Wo, -T 1IVIE PENCLH CO ’V ’PLTFS ALL TUE FIGENV * 1 J F5 ANI) ALL T I-IF
C EIC,k ’49L(100S OF T”E “ENEPALIZFD TIGEHP’ 4ORLFM

r C A s ? : L A M R D A . 0 s 7
7 C ~II.r~L .1 A ltO ~ AP E HFOM ITIA I.I ‘4TP IC FS A I D  B IS POSITIVE DEFINITE.
I’ C
‘VI (

~ 
TI, I5 “UDIINE USFS Tw O PROGRA MS OF I~~5L (T..TERNA TTONAL • A T HEM AT IfA L

II’ C Al’O STATIST ICAL L IBRARI ES .  (PlC .. ~O IcT’V’ , TFIA S) FOR THE SOL IJTT ON OF
11 C THE’ Or .o I ’ IARY Isp P ’ i T I A N  F IDEIIP000LF” ( T H A T  IS, WHEN T IlE UFI1M ITIAII
12 ~ ‘ AT l4 1~ PA IS JUST THE I L i F ’ T I T V  T M A T p I X ) ,  ANY SIT OF PO’’T I’ ;Fç, FOP c c L v ’ r .
1.1 ( 1, 1’, ,4DIl LEI~ CA IJ 91 cuu SIXTUTED TI CAR (V IS USED .
1” t
15 L 1~~~( V _  ‘-3, II’L CITE- Os T C THE V IF IV IM I TTA P CA SE ~lIE AL ’(D RTT H or
lb I. ‘- .~~. .1.11 1 A’9O J,H, 4 I L4 IIISIAN, •PFrII IC IT A I OF THE SY MMETR IC E T S E P —
11 C - “ - 0 - ILl  0.1 = LA ~~riDA 11.3 ANtI PELAI.t I  P.,.l~ 1EMS TO ST A”f l3P1 ’  EOPM~~.
Il’ ~ 

~~ •V (
~~
I

• ‘A T I l ~~, V OL • i i ,  P~~9Q..)Ifl , ¶ ‘IF,M, 14HT 14 IS DF~~V 14111 1’~~4- Tk) RENI
I” C C11’ L.
.; rl 

~1 ( ~~~~~~~~ .5. ALL OP A A l ” lU ’ 1101 (1 L~~~’° T°1 ’I”LE OF VI ft’ 7F : “(-s1sl~’yro ,
22 4.
43 (V A ,  I r , I E ’ 1 V I T I A I  ‘A T , l I C E  c (‘F THE ETr ~rU-’ u4 r”, r~~, CO”ELFA V V A T I 1 I O F  S
4 ” C -_ I -‘- p 1 ,51 0, r’ IN X I’I.

4. ‘~ 1, (V ‘74111P OF I-I~ F IG”VI000’OLFI’
211 C 1~ V 7 - l I -  A C T ’ ’ A L  P’~W r,Il.E’~SIO.l OF fl’IT’I A N — 1* ,

(V .JALJL iILL CO1 ,Tr ~I-i THE E I I F NV A I ’ t F c , ‘ElI., 40081 0 IMV.IS1rl~ Fi7 Ay lEAS T
28 VI C T O ~ = o ILL CO P~TA T ’ i  TH E IIOENV FCTO PS. OCI H J

V
~~I J )~ VECTOR CI”~T3T’IS24 o THE EIC.! IV EO T O R C7HWESPONDI ’ IO y~ 14r EX rJ’NVA LIL E vA L u E (J ) ,

C CO MPL V LA XR 9AY DIMENSIONED IV 9
.31 IV 3 . s  O T M E N S I O l  OF ( V I O T O R , MUST HAV’  TV • OF .N
.52 ~ ‘iOe ’T P11011 I’ ICITCATC ’ c. , V

33 1* • COM PLIT ,’ F I G L N V A I  UES ONLY .
3 4  0 1 , CO~II-’UTr FTC,flut’AltIp S 414-0 F14’ P4VF~~T0R S .
~~

. o ~L ‘CAL A1 ”AY ~~I~~
p- V S I o ’  F” A T C r A ST  N. y ( ~ V.V~( AREA .

3o C ~ ‘ LAD AR031 t7l~~F”SIO’E~I AT LEAST 3*N , .IPK AREA W HOSI (‘IP T ElIT S
.37 C AH~ rIUST RDYIO , (‘N )4 ”Q”AL RFT IIRII. K ( 2 o  rONTAINS 1(41 9((UIAEP OF
314 o CVJ I-4 I~FCTL Y C O V V P , I T E L V  IGL:VIVEC i’ORS . PRO,, 0111101, V~~~~~~~~) —I , V

.11” o A : A ~ 14 1€MFNT P~~lMII1R P THE CA LLIPI ’)  V 1 4 O 4~~,.4 V • RETCIRlI 1~ STATE MENT S
1* )‘ LT  IF II PT, ‘ 01 PCSI T IV E DEFINITE. ( C ’ ’ j  01 C USErI ‘IV MOII PIDI P4 E°RIR)

.1 C V.2 . - r I -V , ,u111. F  P1 l IC LI I IA , 4 , N,I,V A L IJ E ,V F C T O P . I V , .V I P T , D L , W K . S )

.1

~,r-- ’ r .s1 u .  ‘I ( 1’ ’. Il • ‘ ‘ (  1’ . 1). V A L L J F(  I )  ,VFFI IR 11 • II ,I)LC ii • W k  ( I )
LO V PLI- 3 A , 4 4 , v r c t rlp ,x

4b ~OU’IL~ PHE C I S I O N 2
41 4. 815144 V A W ) V 1 P l  A NU WTLWINSO ’ ROUTINE PFDU’ )
40 LE( f l .&? .I))GO TO
V~ VM 11:—li V
50 1,1) T O Ii
51 5
52 ~ O 1 1:1.11
53 Li0 1 J:I,Pl V

54 3:COI-JJC,Cb(I.J)(
55 IE(i .LQ.l)GO TO a.
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57 ~n 3 1 4= I P , ) ,— 1  V

58 3 3:X—CONJI..(lO)I,K)).n( J,K1
59 4 ~E(~ • I1I~ .J ) C,O TO 2
*0 X F C R IA I.II).LE.0.)PET LIRN 1)

IFCA HSCA1’1A GCX)/EIEA L (X)).C.E.1.F~ a .)PFTIlIt~ I I
82 2:E1EALCX )s.2 V
63 4:Z ,A I PA U ) X) . *2
04 U L C I ) SUU TC SQRT (Z ))

A 65 (.0 10 1
66 2 s(J.I ) :A/DL CX )
*7 1 (O T1II lt. 

V
oR U JO 2” 1:1,11
69 uO 2” J:I,il
10
11 L F C L . C c  .1)00 TO I V
12 IP:I—1
75 LI) It, lziI’ ,1,~~174 1t~~A r > — V ( I , l V ) S A C J , A )
75 iN o I J , l (:4 /  ( I l l )
10 ‘~ 1 (0111’ c,
77 ../I in j :l .lJ
71 VI 3” ( zJ, i
/9 A A( I , J C
140 C r C !..., .0)1, ) T O 4N
.11
42 0 35 I- 11’ .J, I
*3 35
p4 44 ir (J ,Cr .1)DO TO 44
(IS 1P J—l
tub ~, O 31, 4 1(’,l , i
87 )h 4 1—C0I J u (A C J , k ) . P ( I , I - ) )
p4 11 45 A ( I , J) :~~/’1L C I)

II C0NT 1IlI)~V
90 C I- 11,1) I L  E(G E’ IVA LI IFS/ rXCVP VECT OR S
go . 0 5fl UI,’l
92 ) : l - E A L ( V 4 ( . I ) )
‘4.5 M ( 1 ,I UC I P LX C Y , O .)
94 Lii) NP’ ~~ I , ”

A( I,J) ACJ ,I )
96 ,fl A(J,1):t.L IJC ,CAC J .I))
97 t. 1’-’SL 54 r-UTI!.E
9)4 CALL V C v ) C I t ( A , lVI. IfI .8 )
99 1F(IIOPT .L1.P’.0R .l(O PT~ C,T.?rVIOPT:1

IF ( NOPT . . “ . A140 • I f • LT • l,i)P OP1~~101 C. 1~~SL R( -J) I’(1
102 (ALL E I O , C I 4 (A  ,‘VI ,PI0pT,V ,L( l E ,V3ICT 0P,  )V , W’( , TIp. )
103 .7:14
j04 IF((LQ .~.p.,I254)M2:IrH_j7b
105 I F ( M 2 . C. t . I ) r,O TO N I
106
107 HEllION
108 .~I .KC 2l ~~~2
109 LF(*IOPT,L0 ,n .OR ,NOPT.FQ ,3)RFTIJRN
110 ~ l) 9fl J:1. ’2
111 2:0 .
(12 u’) 411) 1:1,14
113 p4 l) 1 :l+REA LCV1CT OIA( I , J) ) s .2 ,PIMAE, (V EET I ) P (X . J ) ) . . 7
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STRE1T*PtLAX (1).R~ GI QN V
I C SUPROUTINE REGION WRITTEEI BY Roy t.~ STREIT , NAVAL LNOEH8ATER SYSTEMS
2 C CENTEN. NEW LONDON LABORATORY, NEW I O NT) O N ,  fT 10 AUGUST 1977V 3 C
IA- C SLIUROIITI’lt REGION DIVIDES POLAR SPACE INTO THREE !TISJOINT REGIONS
5 C V

Li C ALPHA DIRECTIoN COSINE WITH RESPECT TO THE X — * XT S
7 C RITA TIIRECTI0N COSINE WITH RESPECT TO THE V—AXIS
a c GAMMA = DIRECTION COSINE WITH RESPECT TO TI-F 7—AXIS
9 C 1t’IR 1 IF DIRECTION FOSINES LIr IN THE 9AIIJLOBE REGIOP) V

tO  C = ~ IF L)TRECTION COSINES LIF IN THE SIOELO~ E REGIOPuIi c = ~ IF DIRECTION COSINES LIE IN THE IGNORE’) REGION
12 C 

V

13 SINIROUTINE REGIOIJ (ALPHA .BETA ,GAMMA ,TDIR)
1’4 C
£5 C *****$ I*5* ** * * * ** * * * * * * * * ***S*$* .* . s*
£6 C 4316114 CODE FOR SPECIFIC APRAY PROBLEM
17 C S*** *t *S******* *** * *S*** .*** * ** ** * * **
143 C
19 C SET CO’~1EIr OF B2 DEGREES

UBTA COSb2/.1391731009/
21 IOIR:2 -
22 IF (A43S(bETA ).LT.COS82)IUTp~~t
23 c.

C ***A*****5********8***********t***t
25 C 1116 C0i 1 FOR SPECIFIC ARRAY PROBLEM

C S* * * * ***S* ***A * * * * * * *S* * * * * * *.* * * * *
27

HFTIJRN
29 ENr
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SI.4,1T.N~ LA 3 C 1). [)NUI SE V
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~ 
5I II,140(VJTLI (4. ClIJO ISE .,R !1TEN 01 ROY L. cI”EIT , IAVA L UNDFRWA T F P SYSTE MS

2 C 4.511111), ~Ew LONDOFI LAR O RA TO RY ,  NEW 1_OUr) l9~ ~T IP’ AUI.l)S1 )977
.5 C
“ C EIINCTION ONOISE C”MPUTLS THE NOIcE LEVEL 1.- ANY DIRECTION
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