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Array Optimization Using Subarrays

THE CONCEPT
INTRODUCTION

Optimization of the element excitations of discrete antenna arrays is a
matter of definition for three reasons. First, the definition of optimality
will dictate the appropriate mathematical approach. Seemingly subtle
changes in the definition of optimality can radically alter the applicable
mathematical methods. Second, element excitations that are optimal in one
sense are unlikely to be optimal in another sense. Two sets of excitations,
each set optimal in its own sense, can be completely different. Third, the
definition of optimality must reflect directly upon the primary design goals
for the array. It does no good to optimize the directivity index and then
complain that the sidelobes are too high because the design goal of low
sidelobes and the definition of optimality (maximum DI) are not directly
related.

This report defines and uses exclusively the concept of directivity
index with beamwidth control (DIBC). Several advantages as well as
difficulties inherent in this definition are discussed. The primary
difficulty in this definition is the requirement of large computer memories
for large arrays. A technique employing subarrays of the full array in a
systematic manner is shown to overcome this problem.

The optimization procedure in this report is applicable when the
following premises obtain:

1. The wavelength A of the design frequency is given and fixed.

2. The number n of elements in the array is fixed and all the element
positions (xy, yk, 2zx)s; k = 1,...,n are known and fixed.

3. Individual element field patterns at the design frequency are
completely known.

4. The ambient noise field at the design frequency is completely known.
5. Element interactions can be ignored.

6. Element excitations can be phased (i.e., complex).

FIELD PATTERNS AND COORDINATE SYSTEM

The spherical coordinate system of figure 1 is used throughout this
report; however, a particular direction (6,0) will be specified by the
direction cosines




TR 5889

cos & = gin ¢ cos O
cos B = sin ¢ sin 6
cosY = cos ¢ .

Figure 1. The Coordinate System

The most general field pattern treated here is

n
v(B,0) = I a (0,0) exp f2ri d (0,0},
k=1 kRk {-X—dk }

where Ry (9,0) is the phased response of the k-th element, and

dk(9,¢) = X, cos @ +y cos B + z, €os Y .

(D

(2)

(3)

Because of assumptions 1-6, the field pattern V(9,0) depends solely upon the

phased (complex) excitations aj,...,ap. The ambient noise field N(8,4)
enters only in the definition of optimal excitations.

DIRECTIVITY INDEX WITH BEAMWIDTH CONTROL (DIBC)

The antenna designer is required to divide the set of all directions,
denoted 2, into three disjoint regions:

M= Mainlobe region
o) = Sidelobe region
L = Ignored region = € - (Mhy ).

This division of directional space is completely arbitrary, except that
neither “M nor AK can be empty sets, whereas < can be empty if desired.
Once a particular choice of M , A , and e has been made, the following
definition of optimality is used.

Definition 1. The element excitations aj,...,a, are optimal excita-

tions for a given choice of regions'?Q', , and el , if and only if the
ratio

Sin|N®,0) v2(0,0)] sin & dbdd

P re oy

DIBC = > : (4) ;

,’{len(e,¢) v(0,0)| sin ¢ dodd

4

2 %
~ B e o s
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is maximized. Any ratio of this form will be referred to as a Directivity
Index with Beamwidth Control (DIBC).
Maximizing Directivity Index (DI) is a limiting case of maximizing DIBC.

To see this, recall that for a specified direction (8g,¢g), DI is a maxi-
mum if the ratio

| NG, 6) V2B, o) |

ol N, 6) v2(8, ¢) | sin ¢ dpae

(5)

DI =

is maximized. Now let the ignored region:ﬂ be empty, let the mainlobe
region"M contain (0, $g), and let &f = Q@ -7 . Then excitations
maximizing DIBC converge to excitations which maximize DI as the mainlobe
region” shrinks down on the point (6g, ¢q).

We have defined optimal excitations as those for which DIBC is maximized
for some choice of regionsM ,4{, anded . This allows a measure of control
over the beamwidth and sidelobe level. By varying systematically the choice
of M and gﬂ , and with each choice maximizing the DIBC, we can directly
examine the tradeoff between beamwidth and sidelobe level for the particular
array at hand. The engineer can then select those excitations which best
suit his needs. Generally, the larger the mainlobe regionvnénm the smaller
the sidelobe region&,(for fixed ignored region!ﬂ ), the lower the overall
sidelobe level and the greater the beamwidth. However, this is not always
the case, since sidelobe level does not enter directly into the DIBC ratio
of equation (4). Nothing prevents the field pattern from having narrow high
amplitude sidelobes, since such sidelobes would contribute little to the
denominator of the DIBC.

Another reason for maximizing DIBC is simply that it is conceptually
easy to do so. All that is required is the solution of an eigenvalue/
ei1genvector problem (see Theorem 1), and problems of this type have been
extensively studied in the literature (reference 1). Numerically, such
problems require considerable care. Fortunately, well-designed computer
programs are available for the solution of eigenproblems (references 2 and
3). With the use of these routines, the solutions of the eigenproblems
encountered in the antenna problem seem to be numerically stable. This is
not to say that there may not be arrays which yield numerically unstable
eigenproblems.

A final reason for maximizing DIBC is more esoteric. In the process of
solving the required eigenproblem, all the eigenvalue/eigenvector pairs can
be computed, not merely the largest one. It happens that the field patterns
corresponding to the lower order eigenvalues have some interesting features
(see example 1, figures 5-8). In addition, it happens that the larger
eigenvalues are '"close together"; i.e., several linearly independent sets of
excitations exist which give DIBC values that lie "close together." (For an
analogous situation, see reference 4.) What this means in the antenna
problem is that without sacrificing antenna performance (as measured solely
by the DIBC), it becomes a simple matter to examine numerous different sets

N mmp— ]
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of excitations with the aim of improving some completely different design
goal of the array. This will not be discussed further in this report.

It must be mentioned that this approach to the array optimization problem
does not attempt to address several issues which are of practical interest.
First, this approach does not guarantee that the array performance is insen-
sitive to perturbations in the optimum excitations. The question of sensi-
tivity to excitation perturbation can be examined only after the optimum
excitations are found. Second, this approach does not attempt to control
the efficiency of the array. In other words, it can happen that the optimal
excitations for a particular array may drive certain elements at their maxi-
mum allowed levels while the remaining elements are hardly driven at all, so
that the total power out of the array is too low for the application. This
problem is common to all amplitude shaded arrays and can be examined after
the optimum excitations are found. Finally, this approach to array optimiza-
tion requires that the optimal excitations be allowed to be complex (i.e.,
phased), and this can require certain elements to absorb power from the
medium. We stress that this, as well as the other two practical matters,
must be addressed after the optimal excitations are found.

COMPUTER STORAGE PROBLEM

The primary drawback to maximizing DIBC is that the number of computer
storage locations required (using the program in appendix B) is approximately

Nt = 6n2 + 16n + 12,000 |, (6)

for the case of constant ambient noise field and omnidirectional elements,
(table 1). Since the total requirement will grow as the ambient noise field
and/or element field patterns require more storage to compute, it appears
that the direct computation of optimal excitations for any array of 100 or
more elements requires large, main frame computers.

Table 1. Storage Requirements for Direct
Computation of Maximum DIBC

No. of Elements, n Minimum Storage Required, Ny
15 13,590
30 17,880
60 34,560
100 73,600
150 149,400
200 255,200

The storage requirements for maximizing DIBC can be avoided. A technique
known as group coordinate relaxation (reference 5) gives a method which can
be tailored to the amount of computer memory available. The technique is an
excellent example of how to trade off computer memory for computational
speed. The more memory available, the faster the DIBC can be maximized.

e
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Group ccordinate relaxation, in the context of maximizing DIBC, is simply
stated. Suppose there are 300 elements in the array. Make any initial guess
at the optimal excitations. Define distinct subarrays of, say, 50 elements
each. By working with the first of these subarrays, new element excitations
are computed for these 50 elements, so that the DIBC of the entire 300 ele-
ment array is increased. Next, new excitations are computed for the second
subarray. Cycling through all six subarrays in turn, until DIBC for the
entire 300 element array cannot be increased further by changing the excita-
tions in any of the subarrays, is the essence of group coordinate relaxation.
The method can be proved to be convergent. The rate of convergence depends
heavily on the size of the subarrays used. The larger the subarrays, the
faster the convergence, and the more core storage required. Thus, core stor-—
age is traded off in a direct manner for the convergence rate, and hence for
computation time. In addition, each step of the group coordinate relaxation
method produces new excitations which increase the DIBC, so that if the com-—
putations are interrupted for any reason:

(1) The last computed excitations are better than any of the excitations
previously computed,

(2) By saving the last computed excitations, the computations can be
resumed without any significant loss.

I1f ng is the number of elements in a subarray used by the group coordinate
relaxation process, the total storage required (using the program in appendix
B) is approximately

N, = 60> + 8(n + u ) + 12,000 , (7)
R s s
for the case of constant ambient noise field and omnidirectional elements
(table 2).
Table 2. Storage Requirements for Maximizing DIBC of
200-Element Array by Group Coordinate Relaxation
No. of Subarray Elements, ng Minimum Storage Required, Np
15 15,070
30 19,240 ¥
60 35,680
100 74,400
150 149,800
200 255,200 i

ELABORATION OF THE CONCEPT

i DIBC AND THE EIGENPROBLEM

{ Let the vector a = <al,...,an>T be the vector of element excitations for
the field pattern V(6 ,0) given by equation (2). Then
5
4t
- .- v — bt
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I INe8,0) v2(0,0)] sin ¢ ddde
4}(

=[] |no,e)| |veo,8)|% sin & dode
.”(

' n . N
= JI Inee,0)| g z akRk(e,cb)exp'[z% dk(6,¢)]§
k=1

-
g ami :
A9 0% a.R.(9,¢)exp[—x— d.(9,¢)]}51n ¢ dodé
j=1 J ] J
2 E il | | &, (6,8)
= I aa. N(6,0)| R, (6,4) R.(0,9)
k=1 j=1 * 1w % .

. expzz%i[dj(e,cb) = dk(9,¢)]§sin ¢ dode

= ;TUa,

where U is an n x n complex matrix. If U = [“kj] with k denoting the row
number and j denoting the column number, then

o ITREICE Rj(6,¢)Rk(6,¢)exp{Z%i[dj(9,¢) - dk<e,¢ﬂ} sin ¢ d¢d6.  (8)

b

Clearly, U is a Hermitian matrix (i.e., U = UT), since it is obvious tlat
ugj = Ujk. Also, U is positive definite since

aa z [[ |N8,0) v2(8,0)| sin ¢ dodd > 0 , (9)
M

whenever the excitation vector a # 0 (and provided the mainlobe regionM is
not a set of measure zero, a pathological condition that is not encountered
in this application). Therefore, for every mainlobe region M, the matrix U
defined in equation (8) is an n x n positive definite Hermitian matrix.
Similarly,

I IN0,4) v2(0,0)|sin ¢ dbd6 = aWa |,

(Y

B we e cmmasch.
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where W = [wk ] is an n x n positive definite Hermitian matrix whose gen-
eral entry is

f"{£8|N<e,¢)| nj(e,¢) Rk(6,¢)exp{g§il?j(9,¢)-dk(9,¢)]}sin ¢ dpdd. (10)

Thus, for a given choice of7n ﬂX{’ andwk, we have

ala |, (11)

;TWa

DIBC =

which is a ratio of positive definite Hermitian forms. Therefore, optimal
excitations are those that maximize this ratio of Hermitian forms.

The mathematical tools for handling ratios of the form of equation (11)
have been known for at least a century. We have the following general mathe-
matical result.

Theorem 1. If U and W are n x n Hermitian matrices and W is positive defin-
ite, then the eigenvalues of the generalized eigenproblem

= UWz (12)
. - - T e W S By M e el @ e ko St @
are all real. Let up > uz Zarr > Hp denote these eigenvalues. Then
linearly independent vectors Z]y. ..,zn can be found which satisfy

Uzk = uszk y k = 1,...,n (13)
and
T _J1 if k = j
z, Wz, {o if k£ 5. S

The vectors z},...,z, are called the eigenvectors of the eigenproblem
(12). Also, we have

max |z Uz | _ Mo (15)
z#0 _T
z Wz

and this maximum is attained for every eigenvector corresponding to U, and

min z Uz (16)
z#0
z Wz

e mpp—
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and this minimum is attained for every eigenvector corresponding to M,.
Finally, if 1 < k < n, then for any constants aj;,...,0a, not all zero, we
have

W2 Z Uz 2w (17)
=T
z Wz

where z = ayz] + ... + Opzy.

The proofs of the various parts of this theorem can be found in numerous
sources, e.g., reference 1.

For the immediate purposes, the most important part of this theorem is
equation (15). It states that optimal excitations are precisely the compo-
nents of any eigenvector corresponding to the largest eigenvalue of the
generalized eigenproblem Uz = YWz, where U and W are defined by equations
(8) and (10).

Theoretically, Theorem 1 solves the problem of maximizing DIBC complete-
ly. A discrete reformulation of DIBC is discussed next, followed by a dis-
cussion of the numerical methods for the solution of the required eigenprob-
lem.

A DISCRETE VERSION OF DIBC
w5 |

e e == - MBS o GGR S S S . B8 o o we e ~» o9 &9 «arr & - 0= ~ e

Maximizing the DIBC ratio (4) is mathematically tractable, but it is not
practical. It requires the solution of an eigenproblem, which in turn
requires the evaluation of approximately n2 double integrals over subsets
of the unit sphere. Since it is essential that the mainlobe region#{ and
the sidelobe region o be quite general in nature (i.e., be defined to suit
the particular situation), these double integrals are impossible to evaluate
explicitly in general, and are also difficult and time consuming to evaluate
accurately by numerical methods. For these reasons, DIBC itself is NOT opti-
mized. What is optimized is a discrete version (DIBCF,) of DIBC that is
not only numerically practical to use, but is also conceptually simple.

The discrete DIBC definition replaces the surface integrals in ratio (4)
by discrete sums over points chosen in/W andﬂ. Since‘h)__ and gf are not known
a priori, these points are distributed "uniformly" over the surface of the .
sphere, with each point contributing one term to the discrete sum, and all
terms entering with equal weight. 1Ideally, then, these points must show no
directional bias and must be easy to compute. Furthermore, it must be pos- .
sible to choose these points with any desired ''density" on the sphere.

A natural choice for points fulfilling these conditions is easy to de-
scribe, but difficult to compute: Choose as points the equilibrium posi-
tions of a finite number of positive charges constrained to lie on the sur-
face of the unit sphere. When the number of positive charges is 4, 6, 8,
12, or 20, it is intuitively clear that stable points for these charges are
at the vertices of the 5 regular Platonic bodies: the tetrahedron, the

- N e——




e

TR 5889
octahedron, the cube, the icosahedron, and the dodecahedron, respectively.
Unf ortunately, these are the only easy cases (see reference 6).

The discrete points chosen to define discrete DIBC are the vertices of a
geodesic dome. Consider the icosahedron shown in figure 2.

Figure 2. The Icosahedron

(Note that in this figure the y-axis is in the plane of the paper and the
z-axis is tilted slightly to show off the configuration. The x-axis is not
shown, but is, of course, orthogonal to the yz-plane.) This regular figure |
has 12 vertices, 20 faces, and, 30 edgeg., Gqadgsic domes with.(alpostd amys -« - « - - -
number o aces are constructed from the icosahedron by subdividing its

equilateral triangular faces in a systematic manner (reference 7). First,

subdivide each face into congruent equilateral subtriangles as shown in '
figure 3; that is, for each positive integer p > 1, find p+l equispaced
points along each edge and pass lines through each of these points parallel
to the other two edges. Next, take all the vertices of the equilateral
subtriangles so generated and project them onto the unit sphere. By doing
this for each face of the icosahedron for a fixed integer p > 1, we
construct the vertices of a geodesic dome of order p. We define the Fuller
points 3p to be the totality of these points.

P EQUAL PM/

T 0" 88" 9 8 o o

o\ p EQUAL PARTS A

P EOUAI. PARTS

Figure 3. One Face of Icosahedron Subdivided into p Parts
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The Fuller points §f, are uniquely oriented in Cartesian space once the
vertices of the icosahedron are defined. With some simple trigonometry,
table 3 results. How many points are there in'zp? By inspecting an

Table 3. Vertices of the Icosahedron
X y z
.000000000 .000000000 1.000000000
.894427191 .000000000 .447213595
.276393202 .850650808 447213595
-.723606798 .525731112 447213595
-.723606798 -.525731112 447213595
.276393202 -.850650808 .447213595
.723606798 525731112 - 447213595
-.276393202 .850650808 - 447213595
-.894427191 . 000000000 - 447213595
-.276393202 -.850650808 - 447213595
. 723606798 -.525731112 - .447213595
.000000000 .000000000 -1.000000000

"unfolded" paper model of the icosahedron, it is easy to see that ‘dp,
contains exactly 10 pZ + 2 points. Table 4 gives an idea of the density
of these points on the unit sphere.

‘s -+ - +. Toblawhe .Namber and Density of Fuller Points:,p

P No. of Points in &, No. of Steradians/Point
1 12 1.047

2 42 .299

4 162 .0776

8 642 .0196

16 2562 .00490

24 5762 .00218

.00123

32 10,242

Notice that the Fuller pointst,p are not quite ideal. Those points
chosen near the center of a face of the original icosahedron will be less
finely spaced when projected onto the sphere than will those points that
were chosen nearer an edge. This defect in Jp does not seem to be
significant in this application.

With the Fuller points defined, we state the following.

Definition 2. For a given integer p > 1, and regionsM , ,J, and cl,
the element excitations aj,...,a, are optimal if and only if the ratio

10
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1

z 2 '
| N(B,$)V (e,¢)|$
[, 3(e,¢)e3pn7'l

(18)

DIBCF_ =
P

1 5 |NGB,0) V28,0
F DT |(0,0)e .0 Myd)

is maximized, where |F MM is the number of points of O, that lie in A
and |F,NMud| is the number of points of Pp that lie in%tﬂ Any ratio of
the form of equation (18) will be referred to as a Directivity Index with
Beamwidth Control over the Fuller points :’p (DIBCF ).

The formulation of DIBCF, as an eigenproblem parallels that for DIBC.
Specifically, we have

Mz = uSz , (19)

where M = [mkj] and S = [skj] are n x n positive definite Hermitian
matrices with

= 1 | z IN(O,6)|R.(8,8)R (T, 8Vexp(2mi [d.(0,)-d, (8,6)
M T Ta a1 ,(e,weapml i k ""(—xl[J «(8:9))) (20)

z
©,0ezamud)

I 1
*kj lcp nmod|

|N(9,0)lllj(e,O)R_kw.TSexp(ZTﬁi[dj(6.¢)-dk(6,¢)])¢ . (21)

. . ® ° 8 cm e

By Theorem 1, maximizing DIBCF, requires the computation of any eigenvec-
tor corresponding to the largest eigenvalue for the eigenproblem (19). The
numerical solution of (19) is fully discussed in the next section.

There are two considerations that should enter into the particular choice
of p for the Fuller points },. First, the points inTTp should be numer-
ous enough to adequately sampfe the worst behavior of any realizable field
pattern. In other words, p should be large enough that even the narrowest
sidelobe achievable in the field pattern will contain points in &,.
Second, Theorem 1 requires that the denominator matrix S of the DIECF
ratio be positive definite. Normally, the sampling criterion will ef?ect

this,
NUMERICAL SOLUTION OF THE EIGENPROBLEM: DIRECT METHOD
The eigenproblem (19) is equivalent to the eigenproblem
(s~ M)z = yz (22)
In other words, the eigenvalues and eigenvectors of equation (22) are pre-
cisely the same as those of equation (19). There are two difficulties in

using equation (22) for numerical computation. First, it requires the
inverse of the matrix S, whose only special structure is that it is positive
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definite and Hermitian. In general, numerical computation of the inverse of
matrices should be avoided if possible. Second, equation (22) is not a Her-
mittan eigenproblem; that is, s”IM is not necessarily Hermitian even though

S and M are both Hermitian. This means that the eigenvalues and eigenvectors
of equation (22) must be computed by a routine designed for a general complex
matrix, and this means that the eigenvalues can (and do) turn out to be com-
plex numbers because of numerical roundoff. Since Theorem 1 requires that
all the eigenvalues be strictly real numbers, there is numerical error in
using equation (22) caused by destruction of the natural Hermitian symmetry

in equation (19). For these reasons, it is desirable to solve the eigenprob-
lem (19) directly.

Martin and Wilkinson (reference 3) contain a method and a routine for
solving this eigenproblem when M and S are real symmetric. Both the tech-
nique and the routine can be adapted to the Hermitian case. Every Hermitian
positive definite matrix S has the Cholesky decomposition

g§= L1t

y

where L is a lower triangular matrix. Thus
Mz = uLsz

L7l Mz = usz

. —F - G @ e -~ 1 s-.fm.(t-’r'f[‘-rz’.ﬁ ﬂiTz‘” S o - ™ *3 & EY X
(LML Dx = ux , (23)
where x = LTz . (24)

Therefore, the eigenvalues of L'l MTT are precisely the eigenvalues of
equation (19), and the eigenvectors x of L1’ M LT and the eigenvectors

z of STIM are related by equation (24). Note also that equation (23) is a
Hermitian eigenproblem, since L™l M LT is a Hermitian matrix. It is
therefore possible to solve equation (23) by numerical methods designed for
Hermitian eigenproblems which explicitly use the fact that the eigenvalues
are real (reference 2). Therefore, the eigenvalues computed by using equa-
tion (23) will always be real as required.

This computational procedure seems to require a prohibitively large num-
ber of arithmetic operations; however, reference 2 shows that the computa-
tions may be done very efficiently because of the_sgecial structure of the
matrices involved. For example, the matrix L™! ML™T can be computed
(without inverting the matrix L) by using only 2/3 n3 complex multiplica-
tions. This compares to 1/2 n” complex multiplicationsin the computation
of S”! alone in equation (23). 1In terms of storage required, computation

12
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time, and numerical accuracy, the use of equations (23) and (24) is prefer-
able to equation (22).

The routine in reference 3 was adapted to the Hermitian case, using the
routines available in reference 2 to solve the eigenproblem (23). This
routine is called PENCLH, and its listing is available in appendix B. The
listings of the routines used from reference 2 are not available because
they are proprietary information under terms of the lease arrangements made
with International Mathematical and Statistical Libraries, Incorporated.
Finally, it is pointed out that the routine PENCLH computes all the eigen-
values and eigenvectors of equation (/9), and not merely the largest eigen-
value and corresponding eigenvector(s).

NUMERICAL SOLUTION OF THE EIGENPROBLEM: INDIRECT METHOD

As discussed in the subsection COMPUTER STORAGE PROBLEM, the drawback to
the direct method is excessive computer storage for large arrays. The group
coordinate relaxation (or indirect) method overcomes this drawback, but at
the cost of computer time and the loss of ability to compute the lower order
eigenvalues/eigenvectors. The group coordinate relaxation method is detailed
in reference 5 for the real symmetric eigenproblem Ax = ux. This method can
be extended easily to the Hermitian eigenproblem

Mz = uSz . (25)

Although the method can be extended to arbitrary Hermitian matrices M and S,
wigh.$ Pqpigiye.defipiteb‘ic,is importgnt here to. retain the structure of M
and S as given by equations (20) and (21). The reason is that the Hermitian
forms of M and S can be evaluated directly without knowledge of any of the
entries in the matrices M and S. This is the fact that allows the computer
storage problem to be overcome.

The following notation will be very useful. Define the basis vectors

<10 0...0 0>F (26a)

1]
L}

<01 0...0 0>T

®
n

o B 00 Vsl I,
n

Note that each of these vectors is of length n. To define vectors ey for
m>n+ 1, we first set

n , if m is an integer multiple of n (26b)

€®lm - [m/n]n, if not

where [ Jdenotes the greatest integer function. Since equation (26b) requires
1 <t <n, we can now define
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ep ™" e y, m2n+ 1, (26¢)

In other words, we have defined

el - en+1 = e2n+l ® e
€2 % Cunn * Topup T e
en = ezﬂ = 83n el e

Before the group coordinate relaxation algorithm can begin, two items
must be specified. First, an initial guess

(0)
a

, 2 e e ey

2(0)5T
n

- <a§0) (27)

2(0)

at the optimal element excitation vector is required. The vector a(g) can-
not consist of only zero entries, but it is otherwise completely arbitrary.
Second, it is decided in some manner to work with subarrays of the full array
of size r > 1. It will be shown below that choosing to work with subarrays
of size r will mean that generalized eigenproblems of size r+l will have to
be solved, so computer storage plays an important role in the choice of r.
Another important consideration is computation time. In general, the larger
r is taken to be, the faster optimum excitations of the full array can be
computed.

The group coordinate relaxation algorithm is most easily described by
exhibiting the first two steps of the algrithm. From these steps it is easy
to see the general procedure. In the first step, we seek to

o o
maximize = 5 (28)
o 1
XGQO X Sx

where Qg is the vector space of dimension r+l whose general element, x, can
be written in the form

X =cgapgytcpe ..t e (29)

for some complex constants c,., CpseeesCoe It is shown below that (28) is a
ratio of Hermitian forms in ghe parameters {e y Cpreessc to Therefore, by
Theorem 1, the solution of (28) requires solving an eigenproblem of size r+l.
Let

T T

-

a1y =S5 a0y T et e +T e (30)
14
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be a vector for which the maximum (28) is attained. This completes the first
step. In the second step, we seek to

-T
maximize = . (31)

xt-:Q1 xTSx

where Q) is the vector space of dimension r+l whose general element, x, can
be written in the form

x = cg ay 1 ®rel S c. e, (32)

for some complex constants c., c yreesC e Since (31) is again a ratio of
Hermitian forms in the parameters Cor CpoeeesC fy we solve an eigenproblem
of size r+l to compute a vector

~
[«

0 (1)

ac R c.e (33)

2) ~
for which the maximum (31) is attained. This completes the second step.
Continuing in this fashion defines the group coordinate relaxation algorithm.

We see that this algorithm "cycles" through the entire array using sub-
arrays of size r. This is because the basis vectors {ek} are defined to
"cycle" regularly through the vectors lej, e2,...,ep}. Also, if r does
not divide n evenly, then each individual element belongs tgo a gumber,of ,dif-
ferent subarrays as the computation proceeds. In other words, if r does not
divide n, the entire array is not subdivided into disjoint subarrays.

The group coordinate relaxation algorithm generates a sequence of vectors
a(p)s a(1)s a(2)s--+ which converges to the eigenvector correspciiding
to the largest eigenvalue of equation (19). Convergence is assured regard-
less of the starting vector, with some highly unlikely exceptions. These
exceptions are easy to state. If any of the computed vectors {a(o),
a(1)s a(2)s-+-} is precisely an eigenvector of equation (19) which corre-
sponds to an eigenvalue that is not the largest eigenvalue of the equation,
then the group coordinate relaxation method will not move from this eigenvec-
tor. Numerical roundoff error will probably prevent this in practice. For
further discussion and for a convergence theorem whose proof can be extended
to the present situation, see reference 5. For an application of these math-
ematical methods to other problems, see reference 8.

An important feature is that the last computed vector a(y) gives a
larger DIBCFj than the previous vector a(x-]1). This is easy to see by
observing the ratios (28) and (31).

Another very useful observation is that the algorithm requires knowledge
of only a(y) to compute a(k+]). This means that if computation must be
interrupted for any reason, it is necessary to store only the last computed
vector in order to restart computations.

15
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We conclude this section by an examination of the maximum (28). Every-
thing that is said of (28) is easily translated to the maximum (31), as well
as all the other maxima required in the group coordinate relaxation algo-
rithm. Note, first, that putting (29) into (28) gives the identity

T =1

Mx

max = max 2 Gz ; (34)
er0 ;TSx 3 ;TBz

% |

where z = <c sy cr>? G =[gij] and B =[bii]are (r+1) x (r+l) Hermitian

c
0+ "1’
matrices whose general entries are given by

a(O)Ma

€00 (0)

goj = a(o)Mej e s s

[ R

and

0j a(o) S ej R L (R

k= 15 sy T

bkj =e, Sej v Bed = Ly sowy T
Thus the entries of G and B are computable from the Hermitian forms of M and
S, respectively. Let Vg(0,4) be the field pattern of the entire array for
the excitations a(p). Then we have, explicitly,

~

800 = 1 { z |N(9,¢)V§(6,¢)|} (35)
Iapnh(l (9,¢)e3pn7'[
16
w o  ——
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I INCO,b) | VO(6,¢)Rk(9,¢) exp[}

Bro = :
[, |(6,0e3,am.

Bok = €ro

Mej

where mgj is given by (20), and similarly,

00 =

b 1 5
kO = -
[3,nmud)) (0,0)e, N(M )

1 z
[3,0myd T 3(6,¢)e}pﬂ(7qu,h

b kil TR R

[}
0

bkj kj iy 3 = 1,

A
k =1, 5
IS e
k, j=1, y T

[NCO,d) vg(e,¢)|

?
(

k=ly.e

T
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2mi dk(9,¢)]€ :

(36)
(37)

(38)

(39)

lN(6,¢)|VO(G,¢)Rk(6,¢)exp[_g§idk(ﬂ,¢ﬂ2~

(40)

(41)

(42)

wer Whercesyd is given by ¥21).° “Because Volese) can be computed easily for
each (0,4), we see that equations (35) through (42) can be computed effi-
ciently in terms of time and core storage requirements.
Theorem 1, we see that the maximum of

z Gz

is achieved by any vector

<

17"

iy QS
Y

which is an eigenvector of the largest eigenvalue of Gz
(34), we see that

8(1) " B aqg) *+ T eg ¢+ ...

~
* Cr ey

is a vector for which the maximum (28) is attained.

Now, by using

= uBz.

Thus, from
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EXAMPLES

EXAMPLE 1: A COMPARISON WITH DOLPH-CHEBYSHEV DESIGN

This example serves two purposes. First, it provides a comparison with
the Dolph-Chebyshev line array design. Second, it gives some insight into
the nature of the lower order eigenvalues/eigenvectors.

Suppose that we have a line array of 15 elements which lies along the y-
axis (see figure 1) with equal spacings of 0.5 wavelength, where the wave-
length A=1. (The units of length are irrelevant.) Thus, if the first
element lies at the origin with coordinates (0., 0., 0.), the 15-th element
has the coordinates (0., 7., 0.). It is well known that any line array has
a field pattern with cylindrical symmetry about the array axis. Therefore,
the most effective choices for7n‘and;f would seem to be cylindrically
symmetric. We define™ to be the set of all directions that lie within 8
degrees of a normal to the y-axis, and we define to be the collection of
all other directions. Hencef?? is 16 degrees "wide." The ambient noise
field is assumed to be flat, and the individual elements are assumed to be
omnidirectional. Finally, considering the construction of the Fuller points
2}p, we choose p = 24,

The above data completely define the DIBCFp array problem. The rest
is understanding the computer program usage (see appendix A). 1In appendix
B, a listing of the entire program required for this example is given. The

results of the execution are given in table 5. Also, the field pattern (in
the xy-plane) is given in figure 4.

0.—

-10

-20f

RESPONSE (dB)

-90 -60 =30 0 @ 30 60 90
RELATIVE BEARING (deg)

Figure 4. Field Patterns for Excitations in Table 5.
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The Dolph-Chebyshev excitations are designed exclusively for half-wave-
length equispaced line arrays with omnidirectional elements. For a given
number of elements, the Dolph-Chebyshev excitations depend only upon the
steered direction and on the specified sidelobe level. For a broadside
(i.e., steered normal to the line of the array) l5-element array, the Dolph-
Chebyshev excitations for a 28 dB sidelobe-level field pattern are given in
table 5. The corresponding field pattern is shown in figure 4.

We note that the mainlobe shape of the Dolph-Chebyshev array and the
DIBCF, array are indistinguishable in figure 4. The only difference lies
in sidelobe structure. We can also see that by sacrificing approximately
3 dB in the sidelobe nearest the mainlobe, all the remaining sidelobes can
be made smaller than the overall 28 dB sidelobe level of the Dolph-Chebyshev
array.

Table 5. Excitations for 15 Element Equispaced
Line Array: Dolph-Chebyshev Vs DIBCFj4

Element No. Dol ph-Chebyshev DIBCF 9y
1 .34371 +25687
2 «35715 .39520
3 . 50403 . 54024
4 . 65338 .68290
5 .79108 .81242
6 .90242 S B R =LA
7 .97487 .97920
8 1.00000 1.00000
9 . 97487 + 97920

10 . 90242 .91188
11 .79108 .81242
12 . 65338 .68290
8, . 50403 . 54024
14 +35775 «39520
15 .34371 .25687

What about the lower order eigenvalues? The first four eigenvalues/
eigenvectors are listed in table 6. (Note that the eigenvector of W} in
table 6 is also given in table 5, but is normalized differently.) Also, the
corresponding field patterns are given in figures 5 through 8. We romark
only that the field pattern for the largest eigenvalue M) nas no nulls in
the mainlobe region7EL, whereas the field pattern for pg has one null in
'1%, two nulls for pg, and 3 nulls for uy.
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Figures 5 through 8 Correspond to Eigenvectors One through Four,

Respectively, of Exanple 1
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Table 6. The Four Largest Eigenvalues/Eigenvectors of Example 1

Element No. Hp = .989% Wy = .8206 M3 = .3231 W, = .0383
1 .0916 .2755 L4486 .5106
2 .1409 .3158 .3666 .2141
3 .1927 .3289 . 2442 -.0356
4 L2436 .3112 .1066 -.2042
5 .2898 .2675 -.0242 -.2664
6 .3252 .1929 -.1413 -.2454
7 .3492 .1030 -.2097 -.1391
8 .3567 .0000 -.2403 .0000
9 .3492 -.1030 -.2097 .1391
10 .3252 -.1929 -.1413 L2454
1 .2898 -.2675 -.0242 .2664
12 .2436 -.3112 .1066 .2042
13 .1927 -.3289 L2642 .0356
14 .1409 -.3158 .3666 -.2141
15 .0916 -.2155 L4486 -.5106

EXAMPLE 2: A 105-ELEMENT CYLINDRICAL ARRAY

This example illustrates the use of subarrays (i.e., the group coordi-
nate relaxation method) for computing optimum DIBC with limited computer
storage. We select an array with 105 elements arranged around a cylinder.
Specifically, we first construct 7 rings of 15 elements each, and then place
the axis of each of these rings along the x-axis (see figure 9). The exact
positions (and element numbers) are given in table 7, where the units of
length are such that the wavelength X = ].

z

- s

Figure 9. Arvangement of Elements in Example 2.

™
X

Each element of this array has a hemispherical field pattern defined in
the following manner. We conceive of the array as beipg supported by a
(transparent) cylinder. Through each element, we pass'ﬁﬁb&ane parallel to

21
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Table 7. Coordinates of Elements in Example 2

Element Coordinates
No. X y z
1 .0000 . 7642 .0000
2 .3337 . 7642 .0000
3 .6674 . 7642 .0000
4 1.0011 . 7642 .0000
5 1.3348 . 7642 .0000
6 1.6685 .7642 .0000
i 2.0022 . 7642 .0000
8-14 As above .6982 .3108
15-21 .5114 .5679
22-28 .2362 .7268
29-35 -.0799 . 7600
36-42 -.3821 .6618
43-49 -.6183 4492
50-56 -.7475 .1589
57-63 -.7475 -.1589
64-70 -.6183 -.4492
71-77 -.3821 -.6618
78-84 -.0799 -.7600
85-91 .2362 -.7268
92-98 .5114 -.5679
99-105 | | .6982 -.3108

the cylinder axis. The field pattern of an element has unit response on the
side of the plane which DOES NOT contain the cylinder and has zero response
on the side that DOES contain the cylinder.

We assume that the ambient noise field is flat. Also, we choose p = 32
in the definition of the Fuller points ZFP.

The mainlobe regionjn is defined as a "half cone" lying above the posi-
tive x-axis. Specifically, consider the solid cone with axis lying along
the positive x-axis, with its vertex at the origin, and with a vertex angle
of 40 degrees. The xy-plane slices this cone into two equal parts, and the
mainlobe region™] is defined to be that part of the cone which lies above
(i.e., points having positive z-coordinates) the xy-plane. The sidelobe

region,tfis defined to be the set of all directions that are not in the main-

lobe region"[. There is no ignored region<d in this example.

With all the above choices, the DIBCFp array problem is completely
specified., To solve the entire problem at once on the UNIVAC 1108 requires
more core storage than is available without resorting to indirect address-
ing or some other scheme, so we use subarrays to maximize the DIBCF, of

the entire array. It seems best to use as many elements as can be easily
handled with the computer storage available, so in this case we choose 69

22

~ :w::;',. o




e g

-

TR 5%89

elements; that is, roughly 2/3 of the array. This turns out to require only
about 45,000 words of computer storage. To effect this computation, using
the program in appendix B, requires that: (1) we use the computer program
as if we were going to solve the entire problem without group coordinate
relaxation, and (2) we add only 2 additional cards, namely, NRELAX = 69+l
and EPSI = ,001.

The group coordinate relaxation scheme required roughly 1650 seconds per
iteration, and 5 iterations in ali. Thus total computation time was roughly
2 1/4 hours., Table 8 gives the final (optimal) set of element excitations.
Figure 10 gives the vertical field pattern, and figure 11 gives the horizon-
tal field pattern, for these excitations. We point out that in the field
patterns in these two figures have abrupt jumps because the individual ele-
ment field patterns also have sharp jumps due to their assumed hemispherical
field patterns. (These field patterns were computed by the field pattern
program described in reference 9.)

Table 8. Optimum Excitations for Example 2

Alement Magnit ude Phase  Elemont 7?*?.1;{11‘ itude ’ Phase
No. No.
1 01497 =2.04150 54 .NR9 T - 20862
2 445k 1.55478 55 .N4197 =3.12157
i 07601 -1.27318 56 01513 26034
W .09175 2.15264 S7 L01AT76 -2.08531
5 .NB206k = 72447 58 05236 152329
b 05216 2. 68649 59 .09072 -1.29955
7 02126 =i 515355 Ho .10997 2.13497
L LG t6G - . 72850 A1 .0D9776 - .74037
9 03588 2.55205 62 06142 2.67618
10 06133 - 39608 63 .02515 - 16489
1 L0734 2.934176 Hh 01874 -2.h7888
12 06403 000749 65 05813 97472
13 .0N3897 =-2.923% hh 10512 -1.80774
14 .01398 A6 3 Hh7 13227 1.65509
15 007348 =1 32D h8 .12180 -1.18257
1A 01278 313121 h9 .07979 2.25832
17 .N2296 .29855 70 03212 - .58940
1A 02717 2.50653 71 LN1A5k 2.10718
19 +O23E9 Ly 72 085137 =1 05512
20 L0140 - 1. 73254 73 12945 -2.85812
21 .00570 1.78955 4 14265 .h1788
32 «N1032 1. /8325 7% ol e ¥ =2.17831
2% LN26R24 ~-1.20492 16 .N6977 1.34010
M BULLRLY 2.09737 77 02574 -1.30699
25 .05783% 90429 18 .N7023 2.827135
26 .053R8 2.37697 79 18867 .01720
27 03679 A1 724 80 . 30892 ~2.83428
28 .N1419 2. 70156 81 < 35755 . 59043
29 03297 1.32646 82 30468 -2.26194
3N 0870 -1.59998 83 18437 1.18512
3l JNAh26] 1. 74147 84 06783 =1.5953%
32 »1 1953 =1.20741 85 05600 2.52014
33 15747 2.12465 36 «1 3959 - 31104
kA L1019 81950 87 21923 3. 11525
39 04099 2.52482 B8 .24587 L2544
15 00197 1.82093 89 .203%7 -2.59581
37 N0307 -1, 47907 0 L1910 86311
18 JNBST 1. 58849 91 04179 ~1.R6568
19 01459 1. 30073 9 02626 2.88925
wn ALK 1.95519 a3 L0A418 .22940
Al N1282 = 279 % 10232 -2.51417
42 .N0AS5Y 2.49085 95 . 11889 1.00683
43 00811 10409 bl 10373 -1.75955
W +.02319) -2.95328 97 06623 1.76756
45 N4158 A4k 98 N2674 - 95527
“h 05011 =2.47388 29 01431 -2.54878
hl NUN22 92678 1no N45RK 1.15251
L] 02716 -1.97583 101 .N8178 -1.43309
49 N104K 1.50198 102 . 10300 1,82950
50 01266 ~1.16074 103 09445 -1.01612
51 .039714 2.24429 104 0R1 24 2.42174
52 LRV = Jh5477 105 02521 - 41890
"

53 .N7980

70791
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This method creates a steadily increasing sequence of estimates for the
largest eigenvalue. Since there were 5 iterations, there were 5 estimates, and
these are given in table 9. Based on the plots in figures 10 and 11, it would
seem that the field pattern cannot be improved significantly. In other words,
even if we had chosen the variable EPSI to be even smaller, we would have
forced additional (expensive) iterations of the algorithm which would probably
not have improved the field patterns.

Table 9. Group Coordinate Relaxation Estimates
of Largest Eigenvalue for Example 2

Iteration No. Estimate of Largest Eigenvalue

. 91427
.96100
. 96374
. 96532
. 96559

wmEswN -

EXAMPLE 3: EFFECTS OF SAMPLING

The first two examples did not mention the effects of sampling on the field
patterns. Specifically, the parameter p in the definition of the Fuller points
t} determines how finely we have sampled all spatial directions. Hence, the
parameter p has a strong influence on the re5u1t1ng field patterns. In partic-
ular, if p is not sufficiently large, then it is possible for the optimal
(DIBCFp) field pattern to have a split beam.

We illustrate this effect by systematically varying p in the array of exam
ple 1, but for a different choice of7)land o Here, we define P{ to be the
collection of all directions whose projection onto the xz-plane lies within +8
degrees of the z-axis. Specifically, the direction corresponding to direction
cosines (a,B,Y) lies inM{only if |GNO.2 + y2 | < sin 82, 1In other
words '”1cons1sts of all directions contained "between" the two planes inter-
secting the yz-plane at the angles of +8 degrees and -8 degrees. The sidelobe
regionk’ consists of all remaining directions, so there is no ignored region<.
Optimal excitations for several choices of p are given in table 10. The field
patterns for p = 24 and p = 16 are given in figure 12. We do not present the
field patterns for p = 32 and p = 40, because they are so similar to p = 24.

Table 10. Effects of Sampling on Excitations for Example 3
ah F‘O‘HIP’I( FITS o .-L':j; v T T S PR e
No. xo‘""""""ﬂ?"*‘ e
1 L2953 L1275 1322 L1177
2 =.0064 1676 1792 1662
3 .I846 L2207 L2406 2232

4 =. 1045 L2497 L2613 L2581
5 .2990 L2884 L2946 L2934
6 ~.2830 3067 .299) L3099
7 753 3337 L3154 . 3259
8 -.3280 L3346 7 32719
9 1753 3337 3154 L3259
10 -.283%0 L3067 .2991 3099
11 .2990 2884 L2946 293
12 ~. 1045 L2497 L2613 L2581
13 3846 .2207 L2406 42232
14 =.0064 1676 1792 1662
15 .2953 1275 HM 177
Largest
eigenvalue, u Jdla9 243 L1165 L1225
No. of Fuller
V“urn.nl‘u GE ....... 7_'1_'{2» 5762 l_(!?_h_? 16002 T
25
N p—
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Figure 12. Field Pattern for Example 3 for p = 16.

Table 10 also shows the effects of oversampling. Note that the optimal
excitations for p > 24 are all similar, but they do not seem to be converg-
ing to an optimal set. This is probably due to the buildup of numerical
round-off error in the required sums (i.e., equations (20) and (21)), but it
could also be that p must be chosen even larger than 40 before the optimal
excitations give the appearance of convergence. 1In any event, the import-
ance of sampling sufficiently finely is clear, but evidently oversampling
wastes time and increases the numerical round-off error in the computed opti-
mal excitations.

EXAMPLE 4: TIME AND ACCURACY IN THE INDIRECT METHOD

It is clear from the definition of the indirect, or group coordinate
relaxation method, that the size of the subarrays used and the stopping cri-
teria for the iteration procedure both have significant effects on numerical
accuracy of the computed excitations and on the time required to compute
them. This example illustrates how numerical accuracy and computation time
depend on both these parameters.

We consider a line array of 25 elements that lies along the y-axis with
equal spacings of 0.5 wavelength, where the wavelength A = 1. Thus the co-
ordinates of the first and last elements are (0., 0., 0.) and (0., 12., 0.)
respectively., We select the mainlobe region"ﬂtto be the set of all direc-
tions that lie within 5 degrees of a normal to the y-axis, and we define &f

26
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to be the set of all other directions,. There is no ignored region <k, The
ambient noise field is flat and the individual elements are assumed omnidi-
rectional. Finally, we select the Fuller points Fg. All the above com-
pletely define our problem.

Table 11 shows the number of iterations required for various choices of
NRELAX (i.e., subarray size) and EPSI (i.e., stopping criteria). See appen-
dix A. As can be expected, the number of iterations required increaseswith
decreasing EPSI and decreaseswith increasing NRELAX. Also, the computation
time per iteration increases with NRELAX.

Table 11. Number of Iterations Required in Example 4

EPSI
NRELAX-1 10-3 10~4 1075 Time/Iteration (sec)

5 9 13 24 83

10 5 10 13 95

15 3 4 6 115

20 3 3 3 140 j

25 \ 1 1 172 t
USRS —

An important concern is the numerical accuracy of the computed excita-
tions. This is particularly important in light of the fact that numerical |
computation of eigenvectors by any method is considerably less stable than
the numerical computation of eigenvalues. Table 12 shows the results ob-
tained for NRELAX-1 = 5 by stopping after the first four complete passes
through the array, i.e., for iterations 5, 10, 15, and 20, respectively.
The exact results are included also. The field patterns corresponding to
excitations of iteration 5 and the exact excitations are shown in figure
13. Note that at the end of iteration 5 the field pattern already possesses f
sidelobes in the correct positions, although they are about 3 dB higher than
in the field pattern of the exact excitations. Thus, the effect of later |
iterations is to beat down the sidelobes while maintaining the mainlobe
beamwidth.
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Table 12. Example 4 with Subarrays of 5 Elements

Element No. Tteration 5 Iteration 10 Iteration 15 Tteration 20 Exact

1 .632 410 .623 .793 1.000
2 .813 .622 .887 1.090 1.339
3 .993 . 860 1.173 1.406 1.692
4 1.183 1:¥17 1.428 1.736 2.057
5 1.394 1.398 1. 800 2.082 2.436
6 1.446 1.788 2.218 2.461 2.792
7 1. 648 2.079 2.539 2.795 3.145
8 1.840 2.355 2.832 3.095 3.456
9 2.023 2.611 3.100 3.366 3.732
10 2.188 2.842 3.328 3.592 3.955
11 2. 541 3.143 3.522 3.783 4.120
12 2. 664 3.298 3.654 3. 904 4.223
13 2.749 3.392 3.722 3.956 4.254
14 2.806 3.439 3.7137 3.951 4.223
15 2. 809 3.421 3.677 3.877 4.120
16 3.011 3.271 3.559 3.729 3.955
17 2.951 3.145 3.396 3. 541 3.732
18 2.834 2.967 3.174 3.298 3.456
19 2.696 2.756 2.929 3.022 3.145
20 2.489 2.494 2.631 2.700 2. 792
21 2.012 2.190 2.290 2.353 2.436
22 1.762 1.887 1.957 2.000 2.057
23 1.511 1.567 1. 632 1.658 1.692
24 1.260 1.294 1.313 1.324 1.339
25 1.000 1.000 1.000 1.000 1.000 |
TP .9798313 .9857357 9880019 . 9886998 . 9889890
SUMMARY

The concept of Directivity Index with Beamwidth Control (DIBC) has been
defined as the ratio of power in the mainlobe region to the total power in
both the mainlobe and the sidelobe regions. A mathematically and numerical-
ly tractable method for the computation of optimum element excitations (i.e.,
excitations which maximize DIBC) is presented. A technique known as group i
coordinate relaxation is shown to be an effective means of computing optimum
element excitations for arrays of arbitrary numbers of elements, yet it
requires only nominal core storage. Conceptually, the group coordinate
relaxation technique employs subarrays of the full array in a systematic
manner to optimize excitations of the full array. Four examples have been
included, one of which demonstrates the effectiveness of group coordinate
relaxation for a cylindrical array of 105 elements.
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APPENDIX A
PROGRAM USAGE

The user is required to write between 2 and 4 routines which are to be
used in conjunction with the elements in the program file STREIT*RELAX. The
setup and use of each of these routines is easily seen from the listings in
appendix B.

SUBROUTINE PHONE - Given a set of direction cosines (%, B, Y), compute the
directional response of every individual element in the direction (&, B, Y).
1f all elements are omnidirectional, this subroutine need not be written by
the user.

FUNCTION DNOISE - Given a set of direction cosines (@, B, Y), compute the
magnitude of the ambient noise field in the direction (@, B, Y). 1If the
ambient noise field is flat, this function subroutine need not be written by
the user.

SUBROUTINE REGION - Given a set of direction cosines (@, B, Y), decide (by
user prerogative) if this direction lies in the mainlobe regimf%b the side-
lobe region.4f, or the ignored regionef. This subroutine must always be
written by the user.

MAIN PROGRAM - This routine sets up the array problem and handles all the
required computer allocations. Because of the computer storage problem, all
the dimensional storage arrays (not to be confused with the antenna array)
are defined by means of one PARAMETER statement. Therefore, the main
routine must be recompiled for each different array. The following
variables must be specified within the main routine:

N = Total number of elements in the antenna array. N MUST BE
DEFINED BY MEANS OF A PARAMETER STATEMENT.

NRELAX - If group coordinate relaxation is not to be used, NRELAX =
N. If group coordinate relaxation is to be used, NRELAX is
1 plus the number of, elements to be relaxed. In either
case, NRELAX MUST BE DEFINED BY MEANS OF A PARAMETER STATE-

MENT.

X(1)

Y(T) - The coordinates of the I-th element, 1T =1, 2, ..., N.

z(1)

WAVLEN =  Wavelength of the design frequency in units compatible with
the element coordinates.

INOTSE - 0 if omnidirectional noise field

1 if noise field is specified by subroutine DNOISE.
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0 if every element in the antenna array has an omnidirec-
IPHONE = tional field pattern
1 if at least one element has a directional field pattern
specified by subroutine PHONE.
INDEX = { 1 if ordinary directivity index is to be maximized.
0 if not.

ALPHAD - The (a, B, Y) direction cosines of the direction in which to

BETAD maximize DI, provided INDEX = 1. If INDEX = 0, these

GAMMAD variables are not needed.

ISTEER = { 0 if the array is unsteered

1 if the array is to be steered

ALPHAS - The (o, B, Y) direction cosines of the direction in which to

BETAS steer the .array, if ISTEER = 1. If ISTEER = 0, the default

GAMMAS values are ALPHAS = BETAS = GAMMAS = 0.

NDIV - The parameter of the Fuller points ;}p; that is, NDIV = p.

RATIO - On return, an estimate of the mainlobe power to sidelobe
power. If INDEX = 1, an estimate of DI. (This ratio can be
unreliable.)

COEF - On input, COEF is unimportant if NRELAX = N, Tf NRELAX < N,
then COEF contains the initial guess at all N of the final
excitations. On return, COEF contains the optimal
coefficients.

1COEF = is the number of coefficient sets to print; i.e., print the
ICOEF largest eigenvalue/eigenvector sets. 1 < ICOEF < N.
(Cannot be used for NRELAX < N.)

I1f NRELAX < N, then the following additional variables are needed:

LOOPMX = maximum number of relaxation iterations to perform.

EPST = stopping criteria. Stop if

|1 _ old eggenvalue est}matg < EPST.
new eigenvalue estimate | —

IPRINT - f0, if intermediate printout not desired
l, if intermediate printout is desired

0, if no card output is desired.

IPUNCH = {l, if all newly computed excitations, real and imaginary

parts, are to be punched in FORMAT (3(I4,2E11.6)).

The listing of the program in appendix B is also the listing of the code
required for the particular DIBCF, array problem of example 1. The run

stream 1is




RUN (user's RUN card)

HDG FIRST EXAMPLE

ASG,A STREIT*RELAX.

ASG,A TMSL*MATHLIB.

d FOR, IS STREIT*RELAX.MAIN
FOR,IS STREIT*RELAX.REGION
FOR,IS STREIT*RELAX.PHONE

FOR,IS STREIT*RELAX.DNOISE

a MAP, IS

IN STREIT *RELAX.

LIB IMSL *MATHLIB.
END

a XQT

} NOT NEEDED IN EXAMPLE 1

A-3/A-4
Reverse Blank
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SUBRQUTINE M“AIN

THIS MAIN PROGRAM SETS LP AN ARRAY CONFIGURATION AND USES GROUP

PROGRAM LISTING

APPENDIX B

WRITTEN AY ROY L, STREIT, NAVAL UNDERWATFR SYSTEMS
CENTER, NEW LONDON LABORATORY, NEw LONDON, ~T

10 AUGUST 1977

COORDINATE RELAXATION TO SOLVE FOR OPTI“WUM gLEMENT CURREMNTS,

M = TOTAL NUMBER OF FLEMENTS IN THE ARRAY
NRELAX = 1 + THE MNUMBRER OF ELEMENT CURRENTe TO 'RFLAX?

NeTv
X(1)
Y(I)
2(I)
WAVLE!
LOOPMX

"o

X
Y
Z

PATIO = OM RFTURN,

INOISE =
PHONE =

ISTEEr =

COORDINATE OF
COORDIMATE OF
COORDINATE OF
WAVELENGTH OF
MAX NUMRFR OF

1 IF ARRAY IS

(ALPHAS BETAS»GAVIAS)

IPRINT =
TPUNCH =

ICOEF = 'UMAER OF COEF SETS TO PRINT (VHLY FAR CASE M=NRFLAY )
THE ReMAINDER OF THFE ARKAYS ARE WORK AWFAS

1=TH ELEMFMT
1=TH ELEMFNT
I=TH ELEMFMT

DESIGN FRFAUEHNCY
RELAXATIONS YO PERFARM, ON RETURN, MUMRER DOMF,
EPSI = STNPPING CRITERIO,,,STOP IF TYPROVEMFNT IS NNT AT _FAST FPSI
COEF = INITIAL GUFSS AT FLEMENT CURRENTS, AN RETURN, FINAL AMNSWER,

ati ESTIVATE OF VMAINLORF POWER TO SINELORE POWFR

1 IF NOISE FIEL"™ PRESENT,
L IF OIRFCTIONAL: ELEMENTS ARE USFm,
INOEX = 1 IF DIRECTIVITY INDFX I€ TO 8- MAyI“IZEP, = N JF NOT
(ALPHAOBETAD GAM AN )= NIRECTION TN WHICH wo MAXT4]2F
= n IF NOy

JIRECTION COSI''FS AF ARPAY IF ISTFFR =
1 IF INTERAEDIATE PRINTAUT IS DFSYRED,

STEERED.

= " IF NOT

n 1F rOT

= 0 IF MOT

1 IF INTERVMEDIATE COEFFICIFNTS ARy TO RE PUNCHEN, =

PARAMETEN HNZ1SsNRFLAX=Z1Y

TPAPAMNETER

N3I=3#NFELAX

COr 4ol LOISEe IPHOME, [AVLFN, I1IDEX , ALPHAD ,RFYAN,GAV*AD» ICOFF,

1 ISTEER)ALPHAS yHETAS , GAMAS , NOTV o LOOP X, FPST, IPRTMT, T CH

COMPLEx AMATN(NKELAX,URELAX) o ASIDF (NPELAX ,NoELAX) o COEF (M),

1 VX (NRELAX yNRFLAX) o CIRECT (M) 9 NC(NRF) AY)

UTVEGSTO XY o Y (M) 0 Z(F) o "L IN) o WK (M3) o NINRE) AY) g TNNX (MRFLAYY ,
1

VHRELAXY

LR A A R T P A T Y 2

nbolt COUE

FOR SPFZIFIC

APRAY PRORLFM

Y L L T L P P AP TRy

LUn 3 K=l
rryz=f,
Y(K)=(r=1,
dk)=0,
wAVLENZL,
1HrEx="
ISTEER=N
1'M01SE=N
APHONE =N
LPRTINT=Y)
1pPuticH=0
ePSI=1,E=3
ALPUHASE
BETAS=Z",
LAMNAS=0 .

1/2,

ALPHAD=ALPHAS
UF TADUSRETAS
GAMMADZGAMMAS

1COEF=15
hnIv=2h

L e T
£l COrE FOR SPECIFIC AKRRAY PROBLFM
L R e T AT T

CALL HELAX (NG NRELAY o XsY )2+ COEF sRATIOAMATA . aGTYE 4DL o 1o Vo VX0 aK s
1 INDXYCIRECTDC)

Liln

I*' FACH STEP
PARAMETER CONTROLLING THE NUMRER OF PNINTS CHOSEN CN THE SPHFPE

“Y 1F INDFX

TR
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STREIT#RELAX (1) JRELAX

SURROUTINE RELAX #RITTEN RY ROY L, STHEIT, MAVAL UNDFRWATFR SYSTEWMS
CENTER, HEW LONDON LARORATORY, MEW LONDON, T 10 AUGUST 1977

SURRQUTINE RELAX USES GRO!'P COORDINATE RELAYATIOM TO COMPUTE
UPTIMUM ELEMENT CURRENTS

o= NUMbER OF ELEMENTS IM THE ARRAY
MRELAY = 1 + THE MUMAER OF ELEMFMT ClIRYENTe TO 'RFLAX?

X(I) = x COORDINATE OF I=TH ELEMENT

Y(I) = Y COORDINATE OF I=TH ELEvEMT

2(1) = Z COORDINATE OF I=TH ELEMEMT

CGEF = INITIAL GUESS AT FLEMEMT FURRENTS

PATIO ON RETURN, A ESTI'ATE OF MAINLORF 9NWER TO SIDFLOAF ©CwFR

AVAITI = YATRIX OF QUADRATIC FORM FOR MATMLARF REGTON
ASIOE = MATRIX OF QUADKRATIC FORM FOR SIDFLA3F RFGION
THE RFMLINDER OF THFE ARRFYS ARE wORK AWEAS

SUEROUTIF RELAX (NG NRELAX e %2 Y 20 COFFyRATIO, auATIN,ASIOF ,DL, ", Ve VX,
1 WK o ['IDX s NIRECT o De)

STYEASTO XC1) oY (1) 0 ZC1) 0 (1) oP(Rc12) 0 2 (3012)oD(1) o INNX (1), w¥ (1),
4 V1) e HTTE (2)
COMPLEY AMAIN(NRELAX, 1) ,ASTDE (MRFLAX, 1) VX (* RFLAX,1)sCOFF (1),
1 GIRECT(1),nC(1)
COMMON LTOTSE o IPHOYE g WA\ LE!, THDEX, ALPHA "y PEw AN GAMIAD ICOFF,
1 ISTEER)ALPHAS s HETAS , GAMMAG NPTV, LOOP X EPST, IPRINT, T0U CH
CO A0 /EATRA/PI2LAT  ITINOY
UATA ((P(Tod) o IZ1,3)0Jz1012)/0,00 01,40
«BAUU27191,0,,4n7213595,
,2763932n2, ,Y50ARNANB, 447213505,
JT723606798, 92571112y =,447213595,
sT236NRT79R,=.52531112,=,447213505,
eNpeOp=tlyn
-, 7236N679%, 525931112, ,447213505,
-, 723606798, = ,82& 731112, ,447213505,
,2763Q%2A2 ,= ,BRNLSFA0R, 447213595,
-,276302202, ,ASNLSNANR, =, 4U4T2]1180QE,
= R9UUPT191 4 40,=, 447213595,
=, 276303200 )= PEARSNBNA,a ULUT213504/

£ N-

-t ~CU

FRINT 220

FORMAT (1141, % THE ELEMFNY PASITIONG IN CARTERTAM CONKOINATFES ARE v,
L/Z0e16Xe "ELT, HOL ) TXe "X 16X, Y, 16X,2")

FRINT 2190 (KoY (K) Y(K)oZ(K)sxz10ot)

FOFAAT (LN 3F16h 1)

PRINT e5ewAVLEN

FORAAT (/o' WAVELFHNGTH OF ~FCIGM FRFANFNCY = ,F14,7)
1F(110I5L ,F£0,1)G0 TO 201

FRINT 20c

FORMAT (/9* NO AMRICNT NOISFE FIFLD PRFSE"T,%)

w0 Tu 212

FRINT 203

FORMAT (/o AMBIENT NOISE FIFLD IS CONMGIIERFA, ')
IF (IPHCONEEQ,1)60 TO 20%

FRINT 204

FORMAT (/o' OMMIDIPCCTIONAL FLEMENTS ARE USF~,')
Lh To 206

+H1S5 PAGE 1S BEST QUALITY PRACTICABLE
FRUM COrY PURKISHED TO DD@ J——

T o
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205 PRINT 207
277 FORMAT(/»* DIRECTIONAL ELEYENTS ARF USED,v)
206 IF(INDFX,EQ,1)G0 To 210 :
PRINT 204
208 FORMAT (/' GEMERALIZED DIRECTIVITY INPEX 1S MAXIMIZED,*)
GO TO 209
«10 PRINT 211,ALPHAD,RETAD,GAVVAD
211 FOKMAT (/" DIRECTIVITY JNDPEX IS MAXIMIZFC WyTH RESPECT TO CIRECTIN
IN COSIMNES ("9E12,70%0%0E12,70% 0% 4E12,70 %))
e19 1F (ISTEER,EQ,1)G0 TO 213
PRINT 214
214 FORMAT(/+' THE ARRAY IS UNSTEERED,*)
60 To 215
213 PRINT 21bsALPHAS,RFTAS,GAV'AS
216 FORMAT (/o' THE ARRAY IS STEERED WITH NIRECTyOM COSTMNES (',F12,7,
19,9, E12.70%0'E12,70%) ")
215 NPOINT=10sNDIVen242
PRINT 2179HNPOINT,NPLV -
217 FORMAT(/9® NUMBER NF POINTS CHOSEM IN S2ACE = 110, (DIVISINN
1S CF EACH FACE OF ICOSAHEDRON =',1%5,')')
IF(NDIVLGEL1)60 TO 3
PRINT 20001V
2 FORMAT(//" ssees ILLFGAL PARAYETER IN S''BROITTHE RELAX, DIV = ¢,
1 IS¢ IMMEDIATE RETURN TO MAIN VRAGRAY,')
KETURN
3 IF(N,GE JNRELAX)GO TO 15
FRINT 2021 )N,MRELAX
eN2l FOKAAT(///% NRELAX CANNOT BF LARGF? THA ! M, *' = ¢,T10, 0 RELAY = ¢
10110,' RETURN TO MaIN PROGRAM,')
RF TURN
1, IF(ISTEEKGNE,1)GO TO 16
STMITSALPHASSALPHAG#RETAS# IFTAS+GAMMASEGAMM .G
LF (SINIT.6%,,99999,ANN,SIH IT,LEL1,00NN1)GH »0 16
PRINT 17
17 FORMAT(///7% ARKAY IS STEE?EDND AUT THF S'/M 0r €QUARFS OF TRECTION
LCOSINES IS NOT OLF, "4/ FETURN Tn MATN PROARAM,Y)
RETURN
16 1F(INDEALNEL1)G0 Tn 1A
SINITSALPHADSALPHAD#RET D¢ RETAD4GAMMANS AV, )
IF (SINIT.GE. 499999 ,ANI (SIMIT,LF,1,00001)G0 yvo 18
PRINT 19
1S FORMAT(////7° DIRECTIVITY INDEX IS TO RE MAX+4IZEL AUT THE SUM OF §
:unARES OF DIRECTION CNSINFS IS NOT ONE,'s/s0 PETURY TO MAIN PROGRA
M, ')
RETURN
18 IF (N,NEJNRELAX)GO TO 20
IF(ICOEF.LE.0)ICOEF=]
IF(ICOFF 4GT«N) ICOEF=N
60 To 21
20 ICOEF=1
21 PI2LAM=2,#3,14159265 /wAVLEN
VSAVE=~-1,
NRELX1=NRELAX=1
SINIT=0C,
IF(ISTEER,NE,9)6G0 TO &
ALPHAS=0,
vETAS=",

B-3




TR 5839

114 LAMMASZO,
115 4 VO 1 Izl
116 SINITZSINIT+ABS(REAL (COEF(1))) + ARS (AT 'AC(e0FF(T)))
117 1 UDLII)=X(I)sALPHASHY (T)#BETAG+2 (1) oGAMMAS
118 1F (SINIT.GE.,"01)GO YO 6
119 00 8 I=l.M
120 8 COEF(I)=CMPLX(14,0,)
121 6 IF(LOOFMA,GE,1)60 TO 9
122 LOOPUXz 25#( (M/NRFLX1)+1)
123 9 IF(N,ECRELAX)LOOPMY =)
124 IF(IPRINT.EQ,N)GO TO 12
125 FRINY 1714
126 1718 FORWMAT (1H1,* INITIAL EXCITATIONS ,,, FLEMFNy MUMPER WITH PEAL AND
127 LI"AGINARY PARTS OF EXCITATIONSY)
128 FRINY 1717+ (1sCOEF(1)el=14N)
129 1717 FORMAT( BTG =P E12,70% 0%, F12,70") "0 1X))
150 12 NIVI=tulv=1
131 WNIv2st ulv=2
152 (¢
133 C A AR TR RS E R R Y it el
134 [4 LFGIi. GROYP COORNTMATF RELAXATION LAOP
155 C A AR R L e T T P T et
156 (2
157 un 2n0n LOOP=1,LO0OPMY
138 IF(IPRINTLEQ,M) GO TO 27
139 CALL FINST
140 27 1TINDX=2
141 v) 5 I=1,NRELAX
142 uh 5 Jz1eRELAX
143 AMATH(Tou)=CMPLX(C,00,)
144 S ASIDE(ToJ)=CMPLX (R, 00,)
145 v0 7 1=2s/NRELAX
146 1MOX ()= (LOOP=1) sNRELX14+1=1
147 IHOX (D) SIrOX(T)=tin ( (TNDX(T)=1)/N)
146 LI=10x (1)
149 Ul (T)=COoeF (1)
150 7 COLF (1T)=CMPLX(N,yn,)
151 C
152 C COLLECT THE VERTICFS OF THF ICOSAWFNRON
153 C
154 CALL APRAYS(NRELAX ) AMATE o ASTIDE o X oYy 2ZoDLeDTRrCTCOEF P 1412 THNY ,11)
155 LF(NDIV.EQR,1)G0 TO 197¢
156 ¢
157 L) COLLECT THE EDGES NF THE ICOSAHEDROM
158 C
159 LN 200 Jz1,NDIVL
169 K=l.OlV=d
il Wwllol)zusP(1,1)4KeP(1,3)
162 Wl2r1)=JsP(2,1)+KsP(2,3)
163 UU3r1)zJsP(3,1)4KaP(3,3) S -
164 Wl1s2)=JsP(1,2)+ksP(1,3)
165 G(212)=JsP(2,2)4KeD(2,3)
166 W(302)=JsP(392)+KeP(3,3)
167 GE1o3)=UeP(1,4)+KeP(1,3)
168 G(203)=JsP(2)4)+K8P(2,3)
109 G(303)=JsP(3,4)+KsP(3,3)
170 WILel)ZUsP(1,4)+KaP(1,2)
PRACTICABIA
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Ly

17
172
173
174
175
170
177
178
179
140
161
182
183
164
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
cor
201
202
<03
204
205
<06
207
<nNg
209
210
211
cle
<13
AL
<15
c¢16
217
218
219
<0
221
c22
223
<24
225
226
227

[aXalal

(gl ol al

[aN al g

>

3n

1000

1rn2

1ol

TR 5889

Wi2e8)=JeP(2)4)+KeP (2,2)
G(3e4)=UsP(304)+KeP(3,2)
Q(1eS)=JsP(1e4)4KeP(1,5)
Q(2+5)=JeP (2+4) +KsP(2,5)
W(3rS5)=JsP(3,4) +KeP(3,5)
W(196)=USP(1,4)+KeP(1,6)
N(2+6)TJsP(2)4) +KeP(2,6)
W(306)=JsP(304) +KaP(3,6)
CALL APRAYS (NRELAX,AMAIN,)ASTIDF oXoY9ZeDL¢DIRFCTICOEF21QrS0s6,INDXIN)
CONTINUE

IF(NDIV.EQ,2)G0 TO 1anC

COLLECT THE FACES OF THL TCOSAHEDPROM

Lo 301 yz1,HDIVR

uh 300 K=1,NDIV2

IF((J#K) GT,NNIV]I)GO TO 3P0
wEFDIVeJd=K
GEIel)=JeP(1o1)4KeP(1+2)4LeP(13)
G(201)=JeP(201)¢KeP(2,2) 4L 8P (203)
w(301)=JsP(301)4KeP(3,2)+LeP(3,3)
W(102)=JsP(192)4KaN(1,3) 4L eP(104)
W(202)2JeP(202)4KeP(2,3)4L P (204)
G(302)=JsP(302)¢Kkar(3,3)4LsP(304)
W(1e3)=JeP(192)4KsP(1,5)¢LeP(104)
Wi2e3)=JUsP(202)+KeP12,S) 4L P (20Y4)
G(303)=UsP(302)4KkeP(3,5) 4L 6P (304)
Wllol)=JsP(194)+KaP(1,5)4LeP(1¢6)
G(2e4)JeP (20 4)+KeP(2,5)4L 81 (246)
W(304)=JeP (304)+KaP(3,5)4LeP (3,69
CALL AFRAYS(NRELAX ,AMAINGASIDF o XoY 2oL eDIRECTICOEF»eSoly INOXN)
COMTINLE

POLISH THE MATRICES

LTINOX=1

IF(INDF X ,NEL1)GO T) 1902
w(1e1)zALPHAD

w(201)=8ETAD

W39 1)=GAMMAD

CALL ARRAYS(NRELAX,AMATL g ASIDF 9 XY 9ZoNLeDTRFCToCOEF»Qrlo 1, THINXoN)
LD 1003 [=1,NRELAX

OUMZREAL (AMAIN(I, 1))

AMATH(T» 1) =CMPLX(DUM, ", ") .
VUMSREAL(ASIDE(I,1))
ASIDE(T»1)=CMPLX(DIIMyN, 1)

L0 1001 J=T1.NRELAX
ASIOE(1+J)=ASIDE(1,J)+AMATN(1,J)
AMATH(Jr1)=CONJG (AMAIN(TINU))
ASINE(Je1)=COMJG(ASIDE(TI»J))

L0 THE EIGENPROBLEM FOR THE GROUP OF COURNTIATES

CALL FINISH(COEF,RATIONRELAX)AMATN)ASIUE,V,VX oDy WKs INNX,N)
1F (WK (1)+GT+0¢sAND,VSAVE,LE,WK(1))%0 TO 1994

v0 1998 [=2/NRELAX

1I=INOX (D)

A8ty

~
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228
229
230
¢31
232
233
234
¢35
236
237
23k
239
PLI
241
24¢
243
244
245
246
a7
248
<49
250
251
252
253
254
€25
256
57
258
259
<bl
2ol
62
<03
b4
205
<ob
267
208
<69
ere

coron

1998

1999

1719 FORMAT(//* NEW EXCITATIONS ,,,LARGFST ELGFN (ALUE

17290

1723
1722
1997
2010

2003

2anni

20N2 FORMAT (' THE GROUP COORCI' ATE RELAYATIO NMFeHNN HAS STOPPFM YIELDT

2n1n

170
157
57

110

45

+0

4y

49
50

COEF(II)=DC(I)

60 TO 2901
1F(IPRINT,EQ,0)60 TO 1967
CALL SFCOND(HTIME)

PRINT 1719,WK(1),LN0P,HTIVE

*eF14,9,°

1, *RELAXATION ITERATION NUYRER = *,15¢' .,,Fi APSED TIME = ¢,2a6,

<'SEC?)

L0 17210 I=2,NRELAX
LT=InND¥Y (1)
DIRECT(I)=COEF (I])

IF (IPUNCH(NE,1)6G0 YO 1722

FULCH 17230 (INDX(I)oDIRECT(T),1=2,NMRELAK)

FORMAT (3(14,2F11,6))

PRINT 1717, (INDX(XI)oDIRECT(I),152,MRELAY)
1F (ABS(1,=VSAVE/aK (1)), E.ARS(FPST))IGO [0 2a1"

VEAVEZVK (1)

(AR TR T T R I R R A R P e PP L
LHD GROUP COORDINATE RE| AXATION LNOP
(AR R R AT A P T T

1F (LOOPMX ,EQ,1)G0 TO 201N
PRINT 2003

FOEMAT (* MAXI'UM pUMAFR OF RELAXATIONS COVP: ETFD wITHOUT COMVERGEM

1CF. ")
o0 Ty 271P
PRINT 20P2

116 STEAVILY IMPRCOVED RESULTS, CONVERGFNCE Te ASSUMED,*)

LOUPMX=LOOP

IF (NGME GRELAX)GO TO 157

uh 170 Kz1,M

uC (K)=CUEF (K)

1TCOEF=1

ITuC=Iroa(1)
RAT=17,¢4L0GI"(RATIOeV(]ITJUC))
PRINT 100,RATLOOPUX,V(ITJUC)

FORMAT (1H14/+* GENERALIZE™ DI (DR)
1 RELAXATION ITERATIONS =
cF2n,9/7)

s5z=n,

LD 45 w=1,N  *
S=S4REAL(COEF (K) ) 4 424ATVAG(COFF (K ) ) we?
IF(S.6T,1,E=27)G0 TO 0y

L0 40 1=1,N

UIRECT (I)=CMPLX(NP,,0,)

GO TO 103

S=SORT(5)

DO 5N K=1,N

COEF (K)=COEF (K) /S

AMAG=CAUS (COEF (K))

1F (AMAG,.LE ,1,E=37)50 TO 49

APHAZATAN2 (AIMAG (CNEF (K) ) +REAL (COEF (X)))
60 TO %0

APHAZO,

DTRECT(K)=CMPLX (AMAG, APHA)

YolnY 1= sF20,9¢/9" NURFR OF
Y01170/0" TRUE FeGEMVALIE® 917%,%=0,

—

o

g e
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285 103 PRINT 102 .
286 102 FORMAT(' OPTIMUM ELEMENY EXCITATIANS ARE? Y ELT. NO,*,18X,
<87 LYMAGNITUDE * 123X *PHASE )
208 PRINT 101, (KyNDIRECT(K) o K=1oN)
289 171 FORMAT(11N0,2F30,9)
290 IF(ITCOEF .EQ,ICOEF)IGO TC SA
291 ITUC=IrDX(1)=ITCOEF
292 IF(ITJCLLE,0)GO TO SA
293 ITCOEF=ITCOEF +1
94 VMAXZAKS(REAL (VX (1,1TJC)))¢ABS(AIVAG(VX(1,TvJr)))
295 IF(VMAX,GT,1,E=25)60 TO 150
296 U0 131 J=2,NRELAX
297 wJ=INDX (J)
298 131 COEF(JU)=VX(JeITUC)
299 COEF (M)=vX(1,1TJC)
Jon 6o TO &7
301 150 00 16N U=2,NRFLAX
302 JJSINDY (J)
303 100 COEF(JU)=VX(JeITUC)/ZVX(101TUC)
S04 COEF (N)SCMPLX(14,0,)
305 60 TO &7
306 S8 ITUC=IrOn(1)
307 RATIOSFATIOSV(ITJUC)
o8 IF(ICOFF ,E2.1)60 Tn Sa
309 U0 60 ¥=1.,N
310 o COEF (K)=ULC(K)
311 59 hFTURN
312 (9
WPRT S 3,AKKAYS
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TR 5889

STREITSRELAX (1) ,ARKAYS

lakalakakaiatakalalalalakatakalalaka ksl

~

[a¥al

SURROUTINF ARRAYS WRITTEN RY ROY L, STREIT, MAVAL UNNERWATER SYSTEMS
CENTER, WEW LONDON LARORATORY, NFw LONDON, ~T 10 AUGUST 1977

SUBROUTIME ARRAYS FILLS THE TWO MATRICES FarR THF FIGFNPROBLEM

MRELAX = 1 ¢ THE *JUMRER CF ELEMENT CURMEMTg TO 'RFLAX?

AMAIN = MATRIX OF QIACRATIC FORM FOR MAINMLAAF RFGTON .
ASIDE = MATRIX OF QUADRATIC FORM FNR SIDFLARF RFGION

X(I) = X COORDINATE OF I=TH ELEMENT

Y(I) = Y COORDIIIATE OF J=TH FLEMFMT

Z(1) = 2 COORDINATE OF I-TH ELEMENT

NL = vUhK AKEA» HFRE

NIRECT = WORK AREAs HEFRE

COEF = PRESENT VECTOR OF E| EVENT CURRETS

N = APRAY OF POINTS TO PE PROJECTED 0'T0H v4F SPHFRE
L1eL2 = LOOP LIMITS DEPENDING UPOM WHERF TuF POINTS O LIF
110X = INDICES OF ELEMENTS RELAXEN IN THIS STFP

Y = TOTAL NUMBER NF FLEMEMTS IN THE AR?AY

SUHRQUTLNE ARRAYS (VRELAX g EMATINSASTNE s Yo Y, 2o Lo NIRECTCOFF,0,L10L2,
1 TNDX 1)

CIVENSTON X1 aY(1)02(1)97L(1)00(2p12) 9 COSRATIS) ¢ STMROT(S), TNOX (1)
COMPLEN AMAIN(NRELAX,1),ASIDE (NRE| AXo1) oDIRFCT(1),4TC/COEF (1)
COF 40N INOTSE » IPHC'.E» NAVLEN, IMNDEX, ALPHA Yy RF¥ AN, GAMAD Y TCOFF,

1 ISTEERVALPHAS ) PETAS ) CAMMAS DTV L.CAP X FPST, IPRINT, IPUNCH
CNYM0LiZUIR/IDIRY, INIR2 .
COMMON/ZEXTRA/PIZ2LAN ITINDX
UOUBLE PRECISION DIi'M
UATA CCSROT/14¢¢3P00160944,=,8n9C1£09 ,=,ArA~1409y, 3N9N1A094/
UATA STHNRNT/04+49510565164 587785252+ =,9877052529=,951N56816/
UATA IDIK1,I0TR2/0,0/

UATA EpSl2/=1.E=6/
0N 3007 =12
A=1./SCRTIA(LIL)SQ(1)L)+0(2,L)#0(2,L)+Q0(3,L1«N(30L))

ALPHLIZA (19L) sW =
BETALSG(20L) 8W
GAMAAZC(3,L) #W

KOTAYE LOWER HALF SPHERE FOR SYMMETRY R-ASOMLS
IF (GAMMA 6T EPSI2)GO TO 37

4T==ALPH1#COSROT (4) +RETA1 «SINROT (4)
OFTA1==dt TAL#COSROT(4)=ALPH1sSTNRAT (4)
ALPHIZAT .

50 00 3n0N M=1.L1
AZALPH]#CNSROT (M) =RETA14SI'IROT (M)
b=BETA1#COSROT (M) 4+ ALPH1#SINROT (M)
C=GAMMA
ALPHAZA
uFTA =P

. IDIR=ITINOX
IF(INDEX,EQ.1)GO TH 4
CALL PREGTION(A4B,CyINTR)
IF(IDIRGGE,1,AND,INIRLLE.¥)GO TO &
PRINT 1+INDIRyALPHA,BETA,GAMMA

WIS PAGE IS BEST QUALITY PRACTICABLA
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57 1 FORMAT(//* ¢sssss SURROUTINE REGION GIVES Ar TLLEGAL RETURN, '/
58 1 * IDIR = 917, FOR DIRECTION COSI''FS ALPHA = ',
59 < E15,8+' BETA = *,E15,800 GAMMA = * £15,8)
o0 60 To 3000

ol S IF(IDIR.e0,3)60 TO 30nC

62 % 1F(IDIF,EQ,2)IDIR2=IDIR2+1

o3 1F(IOIR.EQ, 1) IDIRIZINIR ¢

ok w721,

65 IF(INOISE ,EQ,")GO TO 10

1] A=ALPHA

o7 " bzRETA

bl C=GAMMA

09 aT=OWOISE(ArHeC)

79 IF(4T.(ELN,)GO TO 9

12! FRINT ToaToALPHA,RETA,GAMVA

72 7 FORMAT(//* ssssse SUAROUTINE DNOIGE GIVES Ar TLLFGAL RFTUPK,*/
3 1 ' UNUISE = ',F15,R,* FOR NIRECTION COST'ES ALPHA = ¢,
T4 < F15,R¢' BFTA = "E15,Re? GAMMA = ¢ F15,8)
75 uh Tu 33NN

lo 9 WT=SURT(wT)

17 19 IF(IPHCNE EQ,N)GC TO 2n

78 AsALFHA

79 b=pETA

89 C=GAUMA

bl =N

82 CALL PHOWE(A9PRsCoDIRECT,IeX,Y,2)

83 eh Tu 21

b4 20 U0 11 131.N

85 11 UDIRECT(I)=CMPLX (1,0, 0n)

86 21 aTC=CAPLA(N,0N,)

87 0o 25 1=1.M

vl VUMNZ(X(1)SALPHASY (T)$nAETASZ (1) #GAMMA=NL(T))¢PT2LAM
89 A=COS(NUit) sWT

9r oSN I UM) eWT

91 LIRECT(L)=CMPLX(A,R)«DIRECT(I)

92 25 wTC=WTC+COEF (I)sDIRECT(])

93 #TC2zRFAL(WTCISREAL(WTC) ¢ AIMAG(WTC)®AIMAG, vTC)
96 WTC=COMJL(WTC)

95 IF (101K ,EN,2)G0 TO 2na0

96 AMAIN(1,1)=AMAIN(1,1)+WTC?

97 u0 10N~ [=2,NRELAX

98 1I=INDX (1)

99 AMATN(1» 1) EAMAIN(]1,1)4DIRECT(TI)eWTC
100 vo 1007 UsIsNRELAY
101 JUZINDX (J)
102 1090 AMAIN(1+J)SAMAIN(T,J)+CONJG(DIRECT(IT))eDIRECTY(JJ)
103 60 TO 3000
104 2010 ASIDE(1+1)=ASIDE(1,1)+wWTC2
105 00 2001 I1=2,NRELAX
106 11=IMDX (1)
107 WSINE(191)SASIDE(1,1)+DIRFCT(TIT)wWTC
108 v0 2001 JsT/NRELAX
109 JJUSINDY (J)
110 2001 ASIDE(1+J)=ASIDE(I,J)+CONJG(DIRECT(TII))I*DIRFCT (V)
111 3090 CONTINUE
112 RFE TURN
113 END

WPRT ¢S AeF L iSH
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STHeITeRELAX (1) FLINTISH

B-10

ek lalakalslataiakakalakaksl

~

2eM

15

90

CL

1090

SUFROUTINE FINISH WRITTEN Ay ROY L, STPETT, "AVAL UNNERWATER SYSTEMS
CFNTER, HEW LONDON LARORATORY, NEw LO'IDON, AT  1n AUGUST 1977

SUBROUTIHE FINISH SOLVES THE EIGFNPROBLEM 4N RETURNS THF COFFFICIFNTS

COEF(1) = THE EXCITATION COEFFICIFNY OF THe T=TH FLEMFHT

RATI0 = ESTIMATE AF THE PATIO OF POWFR M vHF MAINLOAF RFGION TO
POWER Iti THF SIDFLOKF REGINN. ‘ATIA TS MOT IM DR,

MRELAX = NUMBER OF RELAXED FLEMEMTS ¢ '

AMAIN = MATRIX OF GUADRATIC FORM FOR MAINLARF REGION

ASINE = "ATRIX OF QUADRATIC FORM FOR SIDFLARF RFGION

10X = INDICES OF ELFMENTS RFLAXFN I' THIS STFP

Moz NUMBER OF ELEVENTS IY THF ARRAY

ThE REMATHNER OF THE AFGI'™MENTS ARF AS YFAUYRFEN FOR SURPRANTINE PEMCLH

SUEROUTLIE FINISH(COFF o RATTONRELAX ) AYAIN, A TNF oV UXoNo WKy THNXpN)

UTZENSTON VL) sD (1) oK (1) 0 INDX(1)

COMPLEY AMATIN(NRFLAX, 1), ASTOE (NRE AX 1) s yX (VRFLAX, 1) o COFF (1)
CONAONZOIR/ZIDIRYL, INIR2

MzMRELAK

0prT=1

CALL PENCLHOAMATH ASTUE pN oMV VX0, MOPTHD K,y %$100N7)

UJzAK ()

IF(JJeFw,MGO TU 100N

1F (JJol G HRELAX)GO TO 1¢

JIUT IRE LAY =JJ

FAINT 2001,JU0)

FORMAT /77 XXXXY  NOICFRICAL NIFETICULTILS I+ YHE FIGEMANIALYSIS PRF
LvEuT Tilk COMPLETE SULUTION OF YOUR PROBLEW, e/
e v AAXXKX THF HEST OF THF CO”PUTEN CNREFFTCYFMTS 1S RETURHER, '/
30 xXXX> THERF AKE AT MOST 9,180 LINFACLY o "FPFNIFNT BFTTFR SFTS
4 OF COFFRICIENTS, Y2/

iT=1

VHNAXZ=1 .t 427

un 20 J=1,J4J

AE VA LT VAKX GO 1D 27

VHAXZV YD)

It=J)

ConTIne

L xg1y=ge

WK (1) =VAAX

HATIO= FLOAT(IDIP2)/FLNAT(IDIPY)

VUAXZALS (REAL(VX(1,1T)))4A0S(AIMAG(UX(T1e]IT)y)

LF (VAR (uT, 1 ,F=25)20 TO 5"

un 39 JdsteM

COFF (I SCOEF () suX(1,1T) >

Un 81 Uz2eNRELAX

wJs 10X ()

COFF(JJ)=VX(JeIT)

on TO 1102

un BN JUsZeNRELAX

JJU=INDY (J)

COEF(JU)ZVX(JpIT)Z7UX(101IT)

v 10 1002

PRINT 1001

CABLA
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57 1001 FORMAT(///°% XYXXX NUMERICAL DIFFICULTIES Tu THE EIGENANALYSIS PRF
58 IvFNT THE SOLUTION OF YO(UR PROALEW, SORRY, CLARLEY,'///)

59 aK(l)==1,

o0 1072 IC1RL=A

ol INTR2=N

62 RFTURN

03 ENC

WFRTIS maPLECLK
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STHEITerELAX (1) JPENCLM .

1 c SURROUTINE PENCLH WwRITTEN RY ROY L, STREIT, NAVAL UNNFRWATER SYSTEMS
l € CEMTERy NEW LONDON LARORATOPY, NFEw LOMDON, ~T 17 MAY 1976
3 (%
“ C SUBROUTINFE PFNCLH COMPUTES ALL THF FIGENVA| JFS AND ALL THF
] C FIGENWECTORS OF TuE SENEPALIZFD FIGENPRORLEM -
6 C A %2 = LAMRDA ¢ B = ¢
2 C WHERE A AND R APF HFRMITIAN VATRICFS AID R IS POSITIVF DFFINITF,
L3 C
9 C THIS KOUTINE USES TwO PROGRAMS OF IMSL (I+TERNATTONAL MATHEMATICAL
e (5 AND STATISTICAL LTBRARIES,IMC,e» HNUISTNON, TexAS) FOR THF SOLUTTION OF
11 C THE ORUINARY  HERVITIAMN FIGENPRORLFM (THAT IS, WHFN THF HFAMITIAM .
12 C MATRIY 5 IS JUST THE T0E! TITY MATRIX), ANY SFT OF RO!TIHFS FOR SOLVI*G
13 C ThIS PRUMLEN CAtl SE SULSTITUTED 1F CARE 1S SFD,
14 C
19 ¢ Trily HOUTINE EXTE' DS TC THE WFRMITIAM CASF THF ALGORITHM NE
16 C 45, MARTIN AND g, H, WILKINLSONe ¢REMICTINN OF THE SYMMETRIC FIGEM=
17 C PLOJLEM AeX = LAVEDA RaX AND RELATLD PAnnLEMS TO STAMDARD FORMY,
1 3 IUHER, CATH,e VOL, 110 P,99=110, 1968, wHT=4 IS DFSIGHEN FAr THE RFAL
19 ( CASE.
en C
<1 C CAUTION sss ALL OF A AN THT CTRICT LOWFR TRI«4ALE OF 3 ARE NFSTROYFD,
22 C
23 ¢ Al = NERMITIAL ATRICES OF THE FIGENPRAN £, COMFLFX MATRICFS
4 C CIVENSTIOrEr  IN X TN,
2% C 'z Tk ORDER OF THE EIGFNPROALEM
26 ¢ It = Tkt ACT!AL ROW BIKENSION OF RATH A ANa A,
27 < VALUE = #ILL COLYALY THE EIGENVA; UES, (EAL ARRKRAY DIMFNSIONED AY | EAST
2y C VECTOR = wILL CONTAT! THF FIGENVFETORS. O )N J OF VFCTOR CONTATHS
29 C THE EIGEIIVECTOR CORRESPONDING TO vHF EIGFNVALUF VALUE (J),
30 C COMPLEX ARRAY DIMENSIONED TV X M,
31 C IV = ltuw NDIMENSION OF VECTOR, MUST HAV' TV 6F,N C
32 (& HOPT = OPTION IMDICATOR, !
33 C = M s COMPUTE ETGENVALUES OMLY, |
34 ( = 1 » COMPUTF FIGEMNVALUFS AMN FIGENUFATNRS,
35 8 OL = EAL ARRAY NIMENSIO*EN AT LFAST No vOr~K ARFA,
So [ w¥ = LEAL ARRAY DIMFHSIONED AT LFAST 3%N, NRK ARFA WHOSF COMTENTS
57 C Are NESTROYFN, ON NORWAL RETURH, 'K(2y CONTAINS TUHE NUMRFR AF
3 ¢ CURRECTLY CO“PUTED FIGENVECTYORS, tRROp PFTIHRI, WK (2) = =1,
39 C + = A STATEMFNT MUMAER IN THF CALLING PRAGHAY, RETURN TO STATEMEMNT §
4n ¢ OtLy IF H IS5 10T POSITIVE DEFINITE. (C»t) BRE CAUSEN AY ROUMDIMG FPRAHR)
“l C
42 SUBROUTILE PEMCLI (A9 yNy It g VALUE s VFCTOR» TV, +0PT DL WK e $)
w3 C
“h UTHENSTOW ACTNeY) p (T e 1) o VALUF (1) y VFETOR(T v 1) o DL (1) 0wk (1)
4y COMPLEX AgReVECTOPR, X
“6 vOUBLE PRECISION 2
w7 4 BFGIN MARTIN ANL WILKINSO' ROUTINF RFNUTY
4B LF(N,GT,0)G0 TO &
“9 Hz=N |
50 6n Tu 11 {
51 5 wK(2)==1,
52 un 1 I=1.n
53 Lo 1 gzl
54 AZCONJG(BITrJ))
55 1F(1,E6,1)160 TO &
56 1P=1=1
V
L
¥
!
[ '
)
.
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1o
14
mn

55
“h

56
45
30
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80 (=Z4REALIVECTOR(I)J) ) eeZ4AIMAGIVECTOR(T0vJ) ) ae?

un 3 KzIFy1e=1
A=X=CONJO(R(ToK) )0 (JsK)
IF(I,NE,U)60 TO 2

IF (REAL (X)) ,LE+O0)RFTURN 11
LF (AHS (AIMAG(X) /REAL (X)) ,GE 1 F=4)RFETIIR: 11
L=REAL (X)w#2
L=Z4AIMAL(X) w82
UL(T)=SEFY(SERT(2))

60 To 1

StJe[)z=A/DLLT)

CONT IR

Lo 27 1=l.N

uo 297 Uzl

AZA(Led)

AF(IL,EC41)G0 TO 14

1Pzl=1

LY lo K=IP,1,=1
AZx=h(Ten)sA(J9K)
aldeldzazintl)

cor.Tihue

v 30 st

uh 30 12dy")

AZA(Led)

IF(I,cCad)u) TO w4y

1ozl=1

uh 35 kZlPJde=1
A=X=A(F o J)2CONJO(P (L1y¥))
IF(J,EF41)GO TO 45

1P=J=1

ul 36 kzlPyl,=1
AZX=COt'JU(A(JeK) R (I,r))
A(Ted)=4A/0LLD)

CONT LHUE

FILD Tok EIGEMVALUFS/FIGE' VFCTORS
U0 50 T=1,

YZEEAL(ACTL D))
M(To1)=CAPLX(YV0,)

Lo Sn yzlyh

A(Ted)=A(JN D)

AlJel)zLU IJGIALJ,T))

IMSL RCUTINE

CALL VCVICH(AsNeIM,A)
LF(HOPT (LT, ", 0ORLIIOPT,GT,2)40PT=1
IF (NOPTY iif oMy AND T4 LT NI OPT=N
I”SL ROUTINE

CALL EIGCH(A  oNyMAPT VALUE,VECTOR, TV WX, IF K )

m2=N

IF(IER,uL ,128)V2=1rR=128
IF(M2,GE,1)60 TO &1

wK(2)37,

KF TURN

wK (2)zv2

LF (MOPT4£0,N,ORMOPT ,FQ,3)RETURN
uh 90 Uz1,42

=N,

un 80 1=l

TR

5889
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a1

10

Y=SQRT (2)

N Bl I=1leid
VFCTOR(I e JISVECTORII U 2Y
CONTINUE

BFGIN ARTIN AND WILKINSO* KOUTIMNF RERAKA
un 60 Jzlev2

JO 6N 1Ziiele=1

ASVECTOR(L,4J)

IF([,Eceti)GO TO 71

1P=T+1

Un 70 k1PN
AZX=CONJUIRIK 1) )aVECTOR (4 ,J)
VECTOR (Lo J)=X/0L (1)

CORTINUE

KETUR

prr

THIS PAGE 1S BEST QUALITY PRACTLCABLE
FROM OOPY FURSISHED TODDC ___
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STREIT*RTLAX (1) (REGION

VE~NC U F N -

19

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

[aEs s NeNaNal OOCCCODCOOONDD

DONOO

SUPROUTINF REGION WRITTEN BY ROY L., STREIT, MNAVAL UNDEKWATER SYSTFrMS
CENTERs NEW LONUON LABORATORY,» NEW | ONNON, T 10 AUGUST 1977

SUBROUTIVE REGION DIVIDES POLAR SPACE INTO THREE DISJOINT REGIONS

ALPHA = DIRECTION COSINE WITH RESPFCT TO THFE X=AXIS |
RETA = NDIRECTION COSINE WITH RESPFCT TO THFE Y=AXIS

GAMMA = DIRECTIOM COSINE WITH RESPFCT To TwF Z=AXIS

IPIR =1 IF DIRECTION COSINES LIF IN THF VAINLORE REGIOM

2> IF DYRECTION COSINES LIF IN THE SIDELO3E REGIOM
3 1F DIRECTION COSINES LIF IN THE IGNORED REGIOM

SURROUTINF REGION(ALPHA»BETA,»GAMMA, TDIR)

LR R PR R A I PR I AT PP P L T e
BEGIN CODF FOR SPECIFIC ARRAY PROBLFM
LR TR A2 3t 2 2R 2R At it Rt P i I T A

SET COslMg OF 82 DEGREES

VATA C0S82/.139173100n9/

IDIR=2

1F (ABSIBETA) ,LT.C0S82) IDIR=1 1

ATt P T s i P P I T Tttt
END COpDE FOR SPECIFIC ARRAY PROBLEM
LA T2 P2 S P IS S e A AT T T AL T T

RFE TURN
END
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STRCITeRELAX (1) JONUISE

1 (i SULROUTLIE ONOISE wRITTEN BY ROY L, STREYIT, MAVAL UNDERWATER SYSTEMS
2 C CENTER, WEw LONDOM LARORATORY, NEw LOMDON, ~T 10 AUGLIST 1977
3 C
4 C FUNCTION DNOISE CAMPUTES THE NOISFE LEVEL I» ANY DIRECTIOM
5 C
5 € ALPHA = DIRECTIOMN COSINE WITH RESPECT T0 TuE X=AXIS

H 7, ¢ AFTA = NIRECTION CNSIME W#ITH RFSPECT TO TuF Y=AXIS
& (- GANMZA = DIRECTION COSINE AITH RESPECY To T Z=AXIS
9 € NHOLISE= NOISE LEVFL IN THE SPFCIFTED NIRECYINN

10 (=

11 FI*iCTION DMOISE (ALPHA»BETAGAMMA) »
12 C

§ o fo L L e e T T T ]
14 € oFGIN COLF FOR SPECIFIC ARRAY PRQRLFM
15 € LR R P i Tt i
1o (5

17 ut0ISE=L,

le c

19 (s L e T T T I P L g
c0 € et CUCE FOR SPECIFIC ARRAY PROBLFM
2l (o} R e T T e T}
2 C

23 < ETUKIN

24 (318,

PETeS 1 PHULLE

f B-16
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J
!
| STREIT#RELAX (1) ,PHONE
1 (& SUBROUTIIWE PHONE WwRITTEN BY ROY L, STYEIT, MAVAL UNDERWATER SYSTEMS
2 (= CENTER, NEW LONDON LAHORATORY, NEw LONDN, eT 10 AUGIIST 1977
3 C
4 (4 SUBROUTINE PHONF COMPUTES THE REGPOMSE PATYFQN OF EACH HYNROPHONF o
) C THE USER MUST TAKE CARE MOT TO CHANGE THE v, Yo AND Z ARRAYS,
6 C
1 7 (= ALPHA = DIRECTION COSINE WITH RESPECT TO Tuf XeAXIS
8 C RETA = DIRECTION COSINE WITH REGPECT TO TuE Y=AXIS
S C GAMMA = DIRECTION COSINE WITH RESPECT To TiE 2=AXIS
1c C NIRECT(l)reeer DIKECT(N) = THE DIRECTIONMAL RFSPOMSE OF i HYDROPHOMFS
11 @ IM THE SPECIFIFA NIRFCTIOM,
12 C (NOTE THAT THF nESPOMNSE MAY RF COMPLEX)
13 C N = TOTAL NUMBER OF HYLCROPHONES
14 C X(I) = X COQROILAYE OF l«TH HYDROPHONE
15 C Y(I) = Y COORDINATE OF I=TH HYDROPHOME
16 C 7(1) = & COORDINMAYE OF J=TH HYDRAPHOMNE
17 C
18 SURROUT IINE PHONE (ALPHA ¢ BETA,GAMMA ,DIRFCT ,Nyy,Ye2)
19 C
20 COMPLEX DIRECT (1)
21 OIMENSTON X(1)eY(1)02(1)
22 C
33 8 AR R A e Y T L T
24 C LEGIN CULUE FOR SPFFIFIC ARRAY PRORLFM
25 C L A Y T L LTIy
26 €
27 WO 10 I=1,N
2n 10 CTKECT (L)=CMPLX(1,nen,0)
29 C
3n C A A AL R R A A s e T R e I YL}
31 C tHl COnt FOR SPECIFIC ARRAY PROBLFM™
32 C R e T T I T T ]
33 [
34 KETURN
35 (1]
v FIN
!
i
O ¥
b
e
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