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FOREWORD

This paper briefly examines several of  the major issues concerning the

development of numerical mathematical software and numarical mathematical.

software libraries. The paper was funded by the Computer Facilities Division.

The author is grateful to H.W. Thombs , R.A. Niemann , L.R. Diesen, J.G. Perry,

A,P. Gass, H.G.M. Huber, and many other individuals for their cosmients and

suggestions during the development of this paper.

Released by:

RALPH A. NIEMANN, Head
Strategic Systems Department
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ABSTRACT

The purpose of this paper is to briefly examine several of the major

issues concerning the development of numerical mathematical sof tware and

numerical mathematical software libraries. The paper begins with a brief

sunmiary of the evolution of general-purpose mathematical software libraries.

This is followed by an introductory discussion on software reliability. It

is often tacitly assumed that nest of the basic numerical mathematics pro-

blems have satisfactorily been solved. This is shown not to be the case.

Indeed, it is noted that many of the problems encounter not only deep

theoretical diff iculties, but also numerous software engineering problems.

The next major topic is software portability. Here the emphasis is on

portability difficulties that arise from design deficiencies in the pro-

granuing languages. It is noted that FORTRAN permits an arithmetic expres-

sion to be altered when it is known that the modif ication can produce

different resul ts

The final issues considered are those involved in forming a library.

If the purpose of the library is to serve as broad an audience as possible,

then it is recognized that the subroutines in the library should be as

simple to use and as comprehensive as is practical. Thus formation of the

library can be characterized as a packaging problem, the objective being

to package mathematical formulae and theory into comprehensive, simple-to-use

subroutines.

CR Categories: 1.3, 4.2, 4.6, 5.1
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1. Introduction

Attitudes concerning the development of numerical mathematical software

libraries have changed considerably in the last 20 years . In the early and

middle 1960’ s each laboratory that had a computer found it to be expedient

to have a library of routines which everyone could use. Normally the library

was just a repository for commonly used software. The libraries seem to have

evolved by osmosis. If a routine was found to be particularly useful, then

more often than not the routine was blindly dumped into the library. Lit t le

or no quality control was maintained for the mathematics software. As a

result, most libraries contained a mixture of good, mediocre , and unbelievably

poor routines.

In the latter 1960’ s and early 1970’ s , because of the increasing cost in

the production and maintenance of software , the increased complexity of the

problems being considered , the overwhelming (and frequently needless) dup li-

cation of code , and the general unreliability of many of the existing codes ,

the relaxed attitudes concerning the formation of numerical mathematical

software libraries began to change. By now it was clear that any laboratory

which employed computers intensively fo r a var iety of scientif ic app lications

should contain a library of accurate , eff icient  general-purpose mathematics

subroutines. However, it was equally clear that the formation of a reliable,

comprehens ive library was not necessarily a simple task. Among other things ,

the production of software frequent ly required technical expertise that was

not available in-house. Also there was the time involved in the development

of accurate , efficient  routines for carry ing out bas ic tasks . The development

1
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of routines to compute Bessel functions, to calculate the eigenvalues and

eigenvectors of matrices, or to solve s t i f f  systems of differential equations

was found to be extremely time consuming , frequently requiring the development

of new mathematical formulae and/or theory.

In 1971 the MATS (National Activity to Test Software) project began. MATS

was a joint effort  by the Atomic Energy Commission and the National Science

Foundation to examine the problems , costs , and resources involved in the pro-

duction, certification, dissemination, and maintenance of high-quality mathe-

matical software. The project was centered at Argpnne National Laboratory , and

involved the collaborative effort of individuals at some two dozen university

and research laboratories. The two products of NATS were EISPACK, a comprehen-

sive package of FORTRAN subroutines for eigenvalue/eigenvector computation,

and FUNPACK , a small collection of special function subroutines. EISPACK has

had significant impact, having been distributed to approximately 450 sites.

Exceedingly high quality control was maintained in the development of EISPACK

and FUNPACK. The overall cost for EISPACK was approximately $ 900 ,000.

In 1970 development of the IMSL and NAG libraries began. The IMSL library

was a ~onuercial venture by the International Mathematical and Statistical

Libraries corporation. To gain acceptance, emphasis was placed on developing

a quality library that was comprehensive in both mathematics and statistics,

thereby providing greater capability than most laboratory libraries possessed.

The NAG (Numerical Algorithms Group) project began as (and currently is) a

joint effor t  by British universities and government research laboratories to

produce a comprehensive numerical library. The effort is now established as

2
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a non-profit organization, being subsidized by the British government. Part

of NAG’S income is derived from reiting its library, which places it in

direct competition with IMSL. The IMSL and NAG libraries are now fairly good

libraries. They provide broad capability for a variety of computers at an

economical price. In recent years these libraries have begun to have an impact

on the activities of many laboratories. Some organizations have adopted either

IMSL or NAG to be their sole library , whereas other organizations are employ-

ing IMSL and/or NAG in conjunction with an in-house 1.-ary. The acceptance

of the IMSL and NAG libraries reflects the need that exists for good general

-purpose numerical software.

In the last 10-12 years Sandia Laboratories and other organizations have

also begun a slow, methodical development of numerical mathematical software

libraries. The purpose for many of these libraries has not been to lease or

sell software, but to provide quality software for in-house use and/or for

general use by other o—ganizations. Development of much of the software has

been in-house, requiring a substantial research and development investment.

In many cases, a laboratory has leased a commercial library such as tMSL while

developing its own in-house software capability . When this occurs, normally

the two libraries (the leased library and the in-house library) are kept

totally separate from one another. They tend to provide complementary rather

th an duplicate capability . Currently,  all software libraries are deficient to

some degree. Deficiencies cannot be avoided , since there are possibly more

b as ic numer ica l mathematical questions tha t have not yet been answered than

have been answered. Thus, the development of basic high-quality mathematical

3
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software can be expected to continue for the next 20 years.

Since the latter 1960’ s , as a result of the extensive work done in the

development of high-quality software, many of the problems concerning the

production of mathematical software and mathematical software libraries have

been brought into sharp focus. The purpose of this paper is not to provide

an encyclopedic treatment of all the issues and techniques involved with

mathematical software and mathematical software library development. Instead ,

the purpose is to provide an introduction to the subject by discussing some

of the issues which the author considers to be particularly important.
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2 . Mathematical Software Reliability

b Since the middle 1960’s reliability has become one of the critical issues

in mathematical so f tware research and development. To illustrate the dependence

of reliabil ity on mathematical theory,  consider the EISPACK package of routines

tha t was prod uced by NATS. EISPACK is possibly the highest quality and most

comprehensive collection of eigenvalue/ei genvec tor rou tines curren tly in exist-

ence. Does EISPACK take care of all the eigenvalue/eigenvector problems that

arise? Not at all! The EISPACK routines can yield high precision results for

the eigenvectors of a matrix if the matrix is no~ too bad ly cond itioned and the

ei genvalues are distinct and well separated from one another. However, if the

eigenval ues are repea ted or exceeding ly tightly clustered , then all accuracy

can be lost and one can obtain eigenvectors that are not eigenvectors ! The

problem is due not to the software engineering of the routines , but to the

inability of the underlying al gorithms to cope with the situation. Currently no

al gorithms are known that satisfactorily compute the el genvec tors of exceedingly

close eigenvalues. Indeed , it is debatable whether such algorithms can be con-

s truc ted.

It is often tacitly assumed that most of the basic mathematics problems have

satisfactorily been solved . Unfortunately ,  this is not true as EISPACK illus-

trates. Indeed , many of the problems involve surprising ly sophisticat ed and/ or

lengthy mathematical considerations .

In add ition to the theoretical difficulties that are frequently encountered

in solving a problem , there are also sof tware engineering difficulties that can

arise. The linear programming problem is a classic example of where both theo-

1 
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retical and developmental diff icul t ies  abound . Not only has the problem gener-

ated an impressive amount of new mathematics , also its software engineering

difficulties are numerous and varied . It has been stated that most implenienta-

tions of the simplex algorithm (the procedure for solving linear programming

problems) are inherently numerically unstable. This is quite probably the case.

To get a feel for the type of reasoning that can be involved in software

engineering, consider the task of computing sin rrx~ for large x, say x � 100.

Now why should sin ’rr x2 present difficult ies? The reason , of course , is that when

x2 is computed , the leading digits of x~ are retained and the least significant

digits are discarded . However , because of the periodicity of the sine function,

many of the leading digits are actually of no consequence and many of the digits

that are discarded are quite important. Thus it is clear that the angle rrx 2

must be reduced to a smaller angle before the sine function routine is invoked.

An appropriate f irst reduction step migh t be to par t i t ion x into its integer

and fractional par ts n and r. Then x n+r where 0� r< l , and we note that

sin rrx2 (_l)’~sin rr (2nr+r2). The following FORTRAN instructions can be used

for computing n and r :

N X

R X - N

Here it is assumed that x is positive and that x is small enough so that its

integer portion n is representable in the integer format of the computer being

used. Now if we are using a k-digit arithmetic and the integer n is j  digits

long, then it is clear that only the first k - j  digits of r are of consequence.

Thus the produc t nr will have at most j  + (k - j )  significant digits, none of

6
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which need be discarded. This implies that the following FORTRAN statements

T = N * R

M T

A = T-M

should cause no loss of accuracy. Here the product nr is computed , and nr is

partitioned into its integer and fractional parts ni and a. Also, since nr=m+a

where O � a < l , we note that sin n (2nr+r~) = sin rr (2a+r 2) where 0 � 2a+r2 <3.

Consequently, the angle r txa can be accurately and efficiently reduced to an

angle in the interval f~O,31T1. Further angle reductions are, of course, also

possible.

It has been stated that software engineering can be made into a science.

This is debatable since rules cannot be prescribed for how to detect and solve

the variety of sensitive situations that can occur. Difficulties can ariac from

numerical roundoff , the lack of a fully defined algorithm for the finite preci-

sion arithmetic, or from heuristic decision making that may have to be performed.

The detection and solution of sensitive situations frequently requires consider-

able expertise , both theoretical and developmental.

V.
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3. Portability Considerations

Since the latter 1960’s, because of the increasingly high costs involved

in the production and maintenance of general-purpose mathematical software,

considerable emphasis has been placed upon development of software which would

require the minimum amount of change when being moved from one computing envi-

ronment to another. The goal has not been to produce software which would yield

the same exact results on all computers. Identical results are normally not

possible since different bases are used for the floating point arithmetics.

Instead , the goal has been to produce software that would compute to a prescribed

level of accuracy in each computing ertvirorunent. Because of the dissimilarities

of the existing computer arithmetics, it was recognized that complete portability

could not always be achieved. Nevertheless, the problem of designing code so as

to minimize change has frequently been found to be considerably more difficult

than expected. Possibly the primary reason for the difficulty has been the many

design deficiencies of the programming languages.

For general-purpose numerical scientific work one frequently needs at least

two arithmetics, say a k-digit arithmetic and a higher precision rn-digit arith-

metic. The higher precision arithmetic may be needed for checking the accuracy

of the k-digit software. Also, some algorithms require certain intermediate cal-

culations to be performed in higher precision. ALGOL 60 does not recognize the

need for two arithmetics. FORTRAN does.

It is recognized that a laboratory which employs the computer for a

variety of scientific calculations normally needs at least 8-10 decimal digit

capability. However, many computers employ arithmetics which do not have this

8
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capability. For example , the IBM 370 computer has a 32 bit hexadecimal arith-

metic which can assure one of only 6 decima l digit accuracy. Thus , in order to

develop software for the IBM 370 that  can meet the minimal 8-10 decimal digit

requirement, it is necessary that  two h ighe r preci sion arithmetics be available ,

say a 64 bit arithmetic and a 128 bit arithmetic. The 64 bit ar i thmet ic  is

required for norma l scientif ic  computation , and the 128 bit arithmetic su pp lies

the needed higher precision capability . The most appropriate arrangement for

scientific purposes is to let the 64 bit arithmetic be the standard FORTRAN

arithmetic and the 128 bit arithmetic be the double precision arithmetic. In

this case , FORTRA N can be extended by defining the 32 bit arithmetic to be a

“half precision” arithmetic. However , this is not the setup used by the IBM 370.

Instead , the 32 bit arithmetic serves as the standard FORTRAN arithmetic , the

64 bit arithmetic is the double precision arithmetic , and the 128 bit arith-

metic is a “quadruple precision” arithmetic. Because of the widespread use of

the IBM 370 FORTRAN, the negative impact that this arrangement has had on the

portability of FORTRAN mathematical software has been overwhelming. However, the

arrangement does not violate either the FORTRAN or the FORTRAN 77 standards.

Indeed , according to these standards a 1-digit arithmetic would be sat isfactory.

For general-purpose numerical scientific work, it is agreed that the basic

mathematical and relational operations should be as accurate as possible for

the particular floating point arithmetic being used . Also it is agreed that all

floating point numbers should be normalized , and that all real numbers which

are small integers should be represented exactl y in the f loa t ing  point format.

None of these conditions are currently required by FORTRAN and the other major

9
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programing languages. However, normally these deficiencies are not too much

of a problem since most computer manufacturers do attempt to satisfy these

standards. More serious are the difficulties arising from overflow and under-

f low. For example, if the division operation x/y results in a value that is

too small to be represented as a floating point number, then should x/y be

assigned the value 0 or a special value “infinitesimal” , or should it be

regarded as a fatal error? Clearly, an exceedingly awkward situation exists

when all these options are permitted. Nevertheless, none of the major pro-

graming languages currently specify how the underflow should be treated.

Other design deficiencies can also be found in the current programing

languages. For example, it is particularly irksome that both the FORTRAN and

FORTRAN 77 standards permit

X A/5.O

IF (X .GE . 1.0) N = N+l

to be interpreted by the FORTRAN compiler as

X A*O.2

IF (X .GE. 1.0) N N+l

when it is known that the second pair of statements will compute the wrong

value for N on many computers when A 5 .  It should be emphasized that this

is no accident. The FORTRAN 77 standards state quite clearly that the com-

piler is permitted to alter an arithmetic expression when it is known that

the modification can produce different results!

5. Another class of deficiencies that can cause considerable suffering is

the lack of a complete set of operations for processing arithmetic data. For

10
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example , neither the FORT ’.AN nor the FORTRAN 77 standards provide for double

precision complex number capability. This deficiency alone eliminates the

transportability of many single precision codes to double precision form. A

second less obvious example is the lack of an intrinsic function for deciding

when two pieces of data are stored in the same location. Why is this needed?

The answer is clear . If one wishes to construct a FORTRAN subroutine

SUBROUTINE MPROD(A,B,C,...)

for computing the product of two matrices A and B and storing the results in

C, and if one further wishes to permit the storage area C to begin in the

same location as A or B (but not both) , then it is required that different

algorithms be used for the cases

(1) C begins in the same location as A ,

(2) C begins in the same location as B, and

(3) C does not overlap with the storage areas for A and B

if the amount of work space involved is to be kept to a minimum. A typical

situation when case (I )  would occur is when a statement such as

CALL MPROD (R ,S , R , . . .)

is invoked. Then it would be required in the MPROD routine that some pro-

cedure be available for checking the locations of A(l) and C(l). A suitable

procedure would be to use a FORTRAN function such as

FUNCTION LOC (X ,Y)

XOLD X

Y O L D = Y

Y = O .O

IF (YOLD .EQ. 0.0) Y = 1.0

•5

• 1  
11
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IF (X .NE . XOLD) GO TO 10

C X AND Y ARE IN DIFFERENT LOCATIONS

Y YOLD

LOC O

RETURN

C X AND Y ARE IN THE SAllE LOCATION

10 Y YOLD

LOC 1

RETURN

END

The intent , of course , is to define a function LOC that computes

( 0 if x and y are in different locations
LOC(x ,y)  =

J~, 1 if x and y are in the same location

for any real data x and y. However, does this code actually work? According to

the FORTRAN and FORTRAN 77 standards it should compute properly. However, on

the CDC 6700 it malfunctions. The reason is not that the statements

Y = 0 . 0

IF (YOLD .EQ. 0.0) Y 1.0

do not properly perform their task. They do indeed modify the value of X in

memory when X and Y refer to the same location. However, the value used for X

in the statement

IF (X .NE. XOLD) GO TO 10

is the old value for X 8till residing in a register! This insidious type of

entrapment is classic. It illustrates the exceedingly subtle problems that

12
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can arise when one tries to develop portable software, and standards are

lacking or are not adhered to.

13
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4. Development of Mathematical Software Libraries

A discussion of the development of mathematical software libraries is fa-

cilitated by considering a specific example, say the NSWC/DL library. In early

1976 formation of the current NSWC/DL (Naval Surface Weapons Center / Dahigren

Laboratory ) library began. The task was to form a high-quality library of 
5.

general-purpose mathematics subroutines that would provide a basic computational

capability in a variety of mathematical activities. Emphasis was to be placed

on reliability and generality, and redundant abilities were to be kept to a

minimum. (It was clear that some redundancy was unavoidable since efficiency

might at times be needed at the expense of accuracy and/or generality.) The

library subroutines were to be written in FORTRAN. Even though the routines were

intended for use on the CDC 6700 computer, every attempt was to be made to ensure

their transportability.

There are two ways to proceed in forming a library: (1) start from scratch

or (2) begin with an existing library. At NSWC/DL it was necessary to begin with

a library which contained 40 routines. The subroutines found deficient could be

removed only ‘when suitable replacements could be found or if their removal did

not impact the laboratory. Currently (31 January 1979) the library contains 105

subroutines, 7 of which are all that remain of the original 40 routines. Included

in the library are routines for computing Bessel functions, f inding least squares

solutions for systems of linear equations, solving systems of ordinary differen-

tial equations, etc. Many of the routines are of exceptional quality, but there

are still a few routines that are deficient. All subroutines in the library are

periodically reviewed for possible improvement. When better routines are found

14
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then the older routines are eliminated.

Since 1976, when formation of the current library began, all new routines

have been subject to evaluation and possible modification before being accepted

for the library. Primary considerations include the reliability and portability

of the routine, its efficiency and ease of use, and the generality of the

routine. In regard to reliability, the major concerns are accuracy , the mathe-

matical stability of the algorithm being employed, and the routine’s robustness;

i.e., the routine’s ability to perform satisfactorily near the limits of appli-

cability of the underlying algorithm.

In regard to portability, it is clear that the use of machine dependent

constants and precision dependent algorithms cannot be avoided. Howe’ner, machine

dependent code such as masking operations on floating point numbers has almost

always been unacceptable for the NSWC/DL library. It is assumed that the corn- •

puter arithmetic satisfies criteria such as

(1) Additive symmetry ; i.e., -x is representable as a floating point

number if x is a floating point number.

(2) An addition, multiplication, and division operation which under-

flows is assigned the value 0.

Also it is assumed that the FORTRAN compiler does not aiter arithmetic expres-

sions, and that all mathematical and relational operations are performed as

accurately as possible for the floating point arithmetic being used. To date,

no portability criteria have been formulated for avoiding the difficulties that

can occur when these or similar conditions are violated . Generally , the policy

is to accept code if it is transportable; i.e., if it requires only changes

15
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which are capable of being implemented by a preprocessor. Sufficient documen-

tation must, of course, be supplied to clarify all conversion ambiguities. For

examp le, if a routine employs a machine dependent constant such as the smallest

positive floating point number u for which l+u > u, then it is required that u

be defined in the documentation when u is not computed by portable code in the

routine.

The ease of use criterion for the NSWC/DL library software is of consider-

able importance. The main purpose of the library is to provide a service to as

broad an audience as possible. Thus it is important that duplicate abilities be

kept to a minimum, and that the routines be as simple to use and as comprehensive

in scope as is practical. To meet these specifications , the EISPACK routines

have been incorporated into the NSWC/DL library at a subordinate level. For

example, two routines (EIGV and EIGV1) in the NSWC/DL library are available for

computing the eigenvalues and eigenvectors of an arbitrary real matrix. EIGV

employs elementary similarity transformations to reduce the matrix to upper

Hessenberg form, and EIGV1 employs orthogonal similarity transformations. Both

routines permit balancing of the matrix if it is desired. The relative merits

of each routine and the value of balancing are briefly discussed in the docuinen- LI

tation. Now, in actuality EIGV and EIGV1 are driver routines for 7 separate

EISPACK subroutines. EIGV and EIGVI call the appropriate EISPACK subroutines,

and then unpack the eigenvectors. Currently, the 7 supportive subroutines are

not documented in the NSWC/DL library manual. However, for the specialist the

appropriate references are given in the documentation. This treatment of the

EISPACK subroutines illustrates the general NSWC/DL library policy for the

16
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handling of routines which are intended only for supportive purposes. The pol-

icy of referencing supportive code, thereby inhibiting its use except by the

specialist, makes it possible to replace the code with minimal impact to the

laboratory. Also , it significantly simplifies the situation for the novice (and

most users at NSWC/DL), thereby promoting greater and better use of the software

than cou ld otherwise be expected .

Development of software that  satisfies the ease of use criterion can be

characterized as a packaging problem, the objective being to package mathe-

matical theory and formulae into comprehensive , simple-to-use subroutines. It

would appear that the importance of this objective would be self-evident, but

this is not always the case. It occasionally occurs that a researcher will

design a beautiful algorithm. He will ~exercise great care in the development of

subroutines which compute separate portions of the algorithm, and then he will

link the subroutines together by a poorly conceived driver routine that is

difficult or almost impossible to use! When this occurs, then the evaluator of

the software is frequently forced to either reject all the software, or to

possibly completely repackage all the software. 
-

In the packaging of software, extreme caution should be taken not to

unnecessarily restrict the scope and versatility of the code. Currently, the

only restriction for the NSWC/DL library software that has a direct bearing upon

this issue involves the use of I/O . No print statments are permitted for reporting

errors. If error detection is performed in a routine, then it is required that

the call l ine of the routine contain a parameter which can be used for reporting

the error. The use of such a parameter pe rmits the user to control the subsequent

17
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sequence of events that will occur.

The examination of software for the NSWC/DL library consists of the

following steps : (1) examination of the algorithm and portions of the code,

(2) testing the software, and (3) an assessment of the uti l i ty and overall

performance of the software. The testing serves many purposes , including

determination of the accuracy and efficiency of the software, checking for

defects in the code, searching for regions of numerical instability , etc.

Because of the theoretical complexity and the diversity of application of

many of the mathematical activities being computerized , only infrequently

can the testing be complete. Normally the testing must be highly selective,

being used to locate and examine weaknesses in the algorithm and the code.

It is generally recognized that the evaluation and certification of

so ftware can be an extremely time consuming task. To ease this burden , as

well as minimize maintenance problems , many organizations have begun to

impose stringent requirements on the development and documentation of code.

However , it is debatable whether such requirements should be imposed. It

is recognized that researchers can be fussy,  fanatical , sensitive , etc.

To try to impose too rigid a forma t and/or technique frequently makes it

f ar mor e di ff icu lt to coax the researche r into prov iding softwar e that

onl y he can provide. In any case, the issue is academic at NSWC/DL since

such requirements cannot possibly be imposed on the NSWC/DL library. The

routines in the library are selected from a variety of sources. Thus ,

emphasi s must always be placed on quality , and not on style.

18
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5. Conclusion

In the last decade it has become clear that any laboratory which employs

computers intensively for a variety of scientific applications should contain

a library of accurate, efficient  general-purpose numerical mathematical sub-

routines. If the purpose of the library is to serve a broad user community,

then the subroutines in the library should be simple to use and comprehensive.

Also, emphasis must be placed on reliability and portability , and redundant

abilities should be kept to a minimum.

Currently all mathematical software libraries are deficient to some degree.

This cannot be avoided, since there are possibly more numerical mathematical

pioblems that have not satisfactorily been solved than have been solved. The

evaluation/certification of subroutines for a high-quality library is an expen-

sive and time consuming task. One reason for this is that the general evaluation

techniques are only partially defined. Techniques which are appropriate for the

examination of subroutines for a particular mathematical activity normally have

to be specialized for the activity. Thus, it mus t be recognized that the

development of high-quality software and software libraries requires a substantial

investment.

One area in which subroutine and library development can be considerably

simpli fied is that of software portability. Currently , the major higher-level

programming languages contain def iciencies that ser ious ly impact development.

The deficiencies include a lack of standards t~r floating point arithmetics,

and the lack of a complete set of operations for processing arithmatic data.

The accumulative damage that these deficiencies have inflicted is incalculable.

It is recommended that the deficiencies be eliminated.
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