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several angles of attack during a complete cycle. A potential
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viscous/potential program is adopted. Preliminary results on
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SUMMARY

Steady and unsteady analyses and con’~putationa1
methods have been developed for calculating the flow about two-
dimensional airfoils up to and beyond the stall. The steady-
flow method adopts an iterative procedure between potential flow
and boundary layer solutions. The separated region is modeled
in the potential flow analysis using free vortex sheets which
require an inner iteration to establish their shapes. The
free vortex sheet length is an important paramete’~ in the poten-
tial flow calculation. Calculated and experimental results are
compared for a GA(W)-l airfoil and for several NACA airfoil
series over a range of Reynolds numbers. The calculated results,
which include pressure distributions as well as force and moment
characteristics, are in very close agreement with experimental
results, and are obtained for reasonable computing costs; typi-
cally, one incidence data point takes 15 to 20 c.p. seconds on
a CDC 7600 computer.

A quasi—steady flow analysis has been developed for
predicting the dynamic stall of a two-dimensonal airfoil under-
going a pitching harmonic motion. The flow field is solved at
several angles-of-attack during a complete cycle. A potential

flow program, using a separation wake obtained from the steady
viscous/potential program is adopted. Preliminary results on
a NACA 0012 undergoing a sinusoidal motion indicate the ex-
pected trends of the hysteresis loops for C~ versu~i a and Cm
versus a. A discussion on the criterion for the onset of lead-
ing—edge separation and the differences between the leading-
and trailing—edge separations is included.
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I. INT RODUCTION

Turbulent boundary layer separation is one of the least
understood but most important of fluid flow phenomena related to
aerodynamic l i f t  and drag . Its accurate modeling is essential
to the estimation of airborne vehicle performance. Currently,
reliance is placed on wind tunnel tests to determine the con-
sequences of separation, a procedure which is not entirely free
of doubt because of Reynolds number effects.

Separations can be classified as being of two types--
bubble, and free shear layer. The bubble type of separation is
seen in two-dimensional flow on airfoils, and in three—dimensional
flow in the trailing-edge region of wings and rotors at incidence,
and on bluff bodies having rapid closure. The free shear layer
type of separation occurs primarily in two regions. The first
such region is where geometric considerations such as wing-body

• junctions or hub—pylon—fuselage junctions cause considerable
flow interference resulting in vortex formation and a strongly

- separated flow. The second case arises on three-dimensional
bodies at incidence, such as delta wings of bodies of revolution
where rapid convergence of surface streamlines results in a
greatly thickened boundary layer. It is postulated by several
investigators that with convergence and coalescence of the
streamlines, the strong cross-flow velocities result in the
formation of a vortex which, because of the adverse pressure
gradient, increases rapidly in size as it moves downstream.

This latter type of separation is very difficult to
predict (with the exception of cases in which the vortex layer
separation is preceded by a bubble-type of separation as in the
wing—body junctions), and successful theoretical modeling is
limited to the leading-edge vortex problem. The bubble type of
separation , however, has received considerable attention, and,



. - -~ T ’~ 
~~~

—-. -,,- 
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~ - . - ‘~~~~.--.--- - - 

—‘I,

2

at least in two-dimensional flow, can be predicted and modeled
with some degree of success (Ref s. 1 and 2). A simple yet
effective method has even been demonstrated in three dimensions
(Ref. 3). These methods all use criteria developed from bound-
ary layer theory for separation prediction. Representation of
the separation region in the potential flow by each method
differs basically only in detail. Each of these methods em-
ploys source fluid to simulate the separated flow with the
assumption that the pressure everywhere in the separated region
is constant. None of the methods calculates the pressure in
the separation region directly , but relies on some criterion to
determine the separated flow pressure devel. In general, the
methods predict the upstream pressure distribution in a satis-
factory manner once a suitable source “out—flow” has been chosen.
None of the existing methods, however, provides a direct analy-
sis procedure for the prediction of the aerodynamic character-
istics of airfoils for angles of attack at or beyond C~,max

As the forward speed of a helicopter is increased , the

retreating blade encounters lower and lower velocities. In
order to produce its portion of lift, the blade angle of attack
must be increased on the retreating side, which will result in
blade stall. If the angle of attack of an airfoil or other lifting
surface oscillates around the stall angle, large hysteresis
develops in the aerodynamic forces and moments, and this phenom-
enon is generally referred to as “dynamic stall” . Over the
years, numerous wind tunnel tests provided a wealth of data and
information on the dynamic stall of oscillating airfoils for a
wide range of mean angles of attack, unsteady amplitudes, and
reduced frequencies. Perhaps the most extensive and significant
test data on a NACA 0012 airfoil were provided by Halfman et al.
(Ref. 4). In recent years, Carta (Ref. 5), Windsor (Ref. 6),
Liiva et al. (Ref 5. 7 and 8), Martin et al. (Ref. 9), and

_  _  - - -  - - . -
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McCroskey et al. (Re... 10), reported additional data on con-

ventional two-dimensional airfoils oscillating at high angles

of attack.

Several investigators developed theoretical analyses
for the prediction of dynamic stall based upon some empirical
factors from the test data. Ham (Ref. 11) developed an analysis

in which he represented the stall process by the vorticity shed
from the leading edge of the airfoil. The initiation and the

termination of the leading-edge vorticity was determined empiri-

cally , neglecting the viscous flow effects . Satisfactory agree-

ment between theoretical and experimental pressure distribution

and forces and moments was demonstrated for airfoils experiencing
a sudden onset flow , and for airfoils performing oscillatory

pitching motion. However, the success of the analysis was de-
pendent upon the appropriate empirical representation of the

shed vorticity, and the development of any non-empirical theory

must include the viscous effects. Liiva and Davenport (Ref. 12)

developed an analysis of lift behavior during dynamic stall,

depending only on instantaneous values of angles of attack and

pitch rate, and showed satisfactory agreement with test data

for sinusoidal oscillation over a wide frequency range. Erickson

and Reading (Ref. 13) showed that the dominant charactistic of

leading- and trailing-edge type dynamic stall was the effect of

the accelerated flow generated by the non—zero pitch rate. They

hypothesized that the pitch rate induced flow acceleration delays

the adversity of the pressure gradient on the leeward side,

thereby causing a delay of the stall, resulting in the experi-

mentally observed Ctmax • They developed a quasi-steady analysis

in which the time history effects were lumped into one discrete
past time event, and the acceleration flow effect was represented

by an equivalent time lag.

L  _ _  _ _  ~~~~ . -
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J.hnson and Ham (Ref. 14) discussed t:e evidence and

dominant effect of the leading-edge vortex on the dynamic stall.

The dynamic stall delay was attributed to the delay in the for-

ward movement of the bubble trailing edge due to pitch rate

(&), while the bubble leading edge moves to the airfoil more at
approximately the static stall angle regardless of &.  They pos-

tulated that the process of f low reenergiza tion in turbulent
mixing in the bubble aft of the transition point, and subsequent

reattachment, is independent of the external flow. They de-

veloped an analysis relating the dynamic stall to the delay of

the transition; i.e., to the effect of the pressure gradient

due to & on the location of transition points in th~ bubble.

Carta et al. (Ref. 15) reduced the measured lift and pi~~hing
moment data on a NACA 0012 oscillating model to a function of

the angle of attack , a, the angular velocity parameter, b&/v,

and the angular acceleration parameter, b~i/v
2 . They used

this generalized form of the data to reconstruct the measured

sinusoidal aerodynamic response with good agreement. Similar

procedures could probably be developed for other airfoils and

motions; however , each class of airfoil and motion require a
different set of experimental data.

In contrast to the semi-empirical analyses discussed
so far , Crimi and Reeves (Ref. 16) and Shamroth and Kreskovsky
(Ref. 17) have developed more funainental analyses using viscous/

potential flow interaction models. In Reference 16, a linearized
representation of the potential flow model and a quasi-steady

model for the viscous regions were adopted , assuming that the

rate of growth of the dead-air region at the onset of the

leading-edge stall was equal to the free-stream speed. Al-

though the procedure produces a qualitative agreement with the

bas ic features of dynamic stall , its theoretical predictions are
in quantitative disagreement with experimental data. This lack

of correlation , perhaps, could be attributed to the several

simplifying assumptions that they have included in boundary and
potential flow models and calculation procedures. Shaxnroth and
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and Kreskovsky developed a technique to predict the flow about
oscillating airfoils using an inviscid/viscous flow model which

assumes a weak viscous correction to the inviscid flow pressure

distribution. Their approach is similar to that of Crimi and

Reeves, but they have incorporated an improved treatment of the
separated flow regions , transition phenomena and the potential
flow regions. Their results indicated that the leading-edge

viscous flow is quasi-steady , although the imposed inviscid

pressure distribution shows significant unsteady effects.

However, their procedure failed to predict the flow field about
a stalled airfoil, which is essential for a successful prediction
of dynamic stall. They concluded that the weak-interaction

solution , in which the effect of viscous displacement was

ignored on the outer inviscid solution, is inadequate to rep-

resent the separated flows.

The inherent limitations of potential flow and boundary

layer calculations can be overcome by the use of full Navier—

Stokes equations. However, at the present time this technique

is limited to laminar flows at low Reynolds numbers. In a

recent paper , Mehta (Ref. 18) solved the Navier-Stokes equations
in terms of the vorticity and stream function for laminar flow
around a modified NACA 0012 airfoil for two cases: (1) R = 5,000

and k = 0.5; and (2) R = 10,000 and k = 0.25, where the Reynolds

number (R) is based on airfoil chord , and the reduced frequency
of oscillation (k) is based on half-chord . The reported compu-

tational time on a CDC 7600 for one time step for the second case

was 1.086 minutes, with 885 time steps used for one complete

cycle. Definitely, there seems to be a great deal one can

learn from the full Navier-Stokes solutions from the standpoint

of the physical understanding of the detailed flow process ;
however , the approach is too expensive to use on a routine basis

for practical applications. 

~ - - ~~ —--- ~~~ —---
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McCroskey (Ref s. 19 and 20) reviewed many of these
new developments and the empirical methods currently used by
the helicopter industry. He concluded that all the present

methods have to be applied with caution , since they do not
adequately represent the dynamic stall process.

Because of the current unsatisfactory state of the

art in separation modeling for Ctmax prediction , the present
study was undertaken. It has as one of its objectives the

development of a separation flow model which can be incorporated

into a viscous/potential interaction analysis. To implement

this study, three separation models were considered . The first

two models were based on distributed source singularities, but
were quickly dismissed in favor of a vorticity model , described
in this report.

Also, a quasi-steady viscous/potential interactive

computational procedure is developed for predicting the dynamic
stall characteristics of a two-dimensional airfoil undergoing

harmonic pitching oscillations. It is assumed that the upper

surface moves towards the leading edge at a slower rate during an
unsteady motion as suggested in Reference 14. The dynamic

stall process is predicted by solving the flow field at several

points during a complete cycle. At each instantaneous angle

of attack , a corresponding modified angle of attack is computed
to take into account the time lag effect. Then a potential flow

program is used which satisfies the boundary conditions correspond-

ing to the modif ied angle of attack obtained from the steady flow
CLMAX program. The flow model is designed to handle typical

large amplitude and low frequency values which are of great
interest in dynamic stall predictions.

A major portion of the work performed under this
contract has been reported in several Interim Technical Reports
and technical papers (Ref s. 21 through 25). However, for the
completeness of the report, the details of the steady and Un-
steady flow analyses are presented in the next two sections.

_ _ _  - -- - -  -~~ - - - ~~~~~~~--



- .---- —— -

~~~~~~~~~~~

-

~~

----
~~~~~~~~~~~~~~~~~~~~~~~

—--—---- —------ ----- -- —

~~~~~~

- - -  
‘—U’

7

II. STEADY FLOW SEPARATION MODEL

Description of the Real Flow

A f low field with separation is shown in Figure 1.
Several regions are identifiable.

Region 1: The Potential Flow Region

The region exterior to the boundary layer and separated
wake is almost precisely irrotational, since the shear is every-
where so low that viscous stresses impart a negligible rotation

to the fluid (originally irrotational upstream of the airfoil).

All of the regions are almost solenoidal since we are assuming

the Mach number to be low enough to make compressibility negli-

gible. Thus, the region is very nearly a potential flow (i.e.,

irrotational and solenoida].).

Region 2: The Boundary Layer

The thin flow region next to the airfoil surface has
high shear , and hence, viscous stresses which create significant
vorticity.

Region 3: The Free Shear Layer

The thin flow region fed by the separating boundary

layer has rotation , but only moderate shear. The vorticity

transport is predominantly by convection , although diffusion is
not insignificant.

Region 4: The Wake

The wake between the two shed boundary layers is a
region with low vorticity and insignificant viscous stresses.



- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .— , .

8

Basic Assumptions

An approximate model of the flow is defined by these

assumptions:

(i) The boundary layer and free shear layers do not have
significant thickness and, hence, can be represented
as slip surf aces; that is, streamlines across which
there exists a jump in velocity.

(ii) The wake does not have significant vorticity and has

constant total pressure (lower than the free stream
total pressures). It is, therefore , taken to be a
potential flow region.

The mathematical problem is to find the vorticity

sheet strength such that the appropriate boundary conditions
are met. The position of the vorticity sheet representing the

free shear layer is not known a priori.

Boundary Conditions

The boundary condition for the airfoil surface is

f low tangency or

-~ -~V • n = 0 (2.1)

where = unit surface normal Vector, and is the total
velocity vector.

When allowing for the boundary layer displacement
effect , the right side of this equation will be non-zero. The

free vorticity sheets are located on streamlines and there is

no static pressure drop across them.
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Approximations for the Free Shear Layer

(i) Wake Shape

Initially , the streamlines are not known, and so the
shapes of the shear layers must be obtained iteratively, start-

ing from an initial assumption. Earlier calculations in which

the vortex sheet shapes were obtained by iteration suggested
the initial shape shown in Figure 2. This is now incorporated

as the basic wake in the computer program. The upper and lower

sheets are represented by parabolic curves passing from the

separation points to a common point downstream. The slope at

the upstream end is the mean between the free stream direction

and the local surface slope. The common point downstream is

positioned on the mean wake line, distance, WL , downstream
from the wake midpoint (Figure 2).

(i i) Wake Length

Early calculations indicated that the results were
sensitive to the length of the free vortex sheets. Good corre-

lation with experimental data was obtained only with relatively

short wakes, i.e., wakes extending .lc to .2c beyond the trail-

ing edge. Such a model appears reasonable in the light of ex-
perimental evidence : the separa ted wake does , in fact, close
quickly downstream of the trailing edge as a result of the

strong entrainment process brought about by the rotation in

the free shear layers. After a thorough investigation of several

ways of defining the wake length, WL, the f inal  model is based
on a “fineness ratio” of the wake; i.e., WL is obtained by multi-

plying the “height” of the wake (Figure 2) by the wake fineness
ratio, WP.



(iii) Wake Pressure

The approximation of zero static pressure drop
across the free shear layer is used to obtain an expression for
the total pressure in the wake in terms of the strength of the
free vortex sheets. Considering the upper shear layer , if
the average velocity in the layer is denoted by

= (V t + Vi n e r ) /2 (2 .2 )

then

Vouter = + ‘r~ /2 , and Vinner = - 

~u~
’2 ’ since the

vorticity , Y~ = Vouter - Vj nner f on the upper sheet. (The

vorticity in the lower shear layer is 
~L 

Vinner - Vouter •)

The jump in total pressure across the shear layer is then

Hin er - H t p inner + p ( V  -

- 
~~outer + p (~ + Yu/2)

2/21

= 

~~~~ 
= 

~~~~ 
(2.3)

given the boundary condition that the static pressure , p,
has no jump in value across the shear layer. Since the wake

is assumed to have constant total pressure, the jump in total
pressure across the free shear layer is the same everywhere.
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The Governing Integral Equation

The boundary condition of flow tangency on the airfoil

surface gives the integral equation

f x  y ( s) ds + Y L ( fK  ds - fK ds) + • = Vn (2 .4 )

where the constant value of the streng th of the lower free
vorticity sheet is used and where the kernel function , K , is
the normal velocity component (at the boundary point for which

• ~ is being enforced) due to a unit point vortex at the point
associated with the element , 6s , of the line of integration ,
and where the integration paths , C , L and U are the airf oil
and the lower and upper free vortex sheet locations , respectively.
The unknowns are the vorticity strengths on the curve , C, and on
the free sheets represented by y(s) and 

~L’ 
respectively. The

former is a function of the position of the airfoil, and the
latter is a constant. Two auxiliary conditions are applied ; the

first is related to the Kutta condition , and specifies that the
vorticity values at the separation points on the upper and lower

surfaces are equal but opposite and have the value at the free

vorticity sheets; i.e., The second condition concerns the
vorticity distribution on the airfoil surface in the separated

region; this distribution is constrained to start and finish

with zero vorticity .

The right-hand side of Eqn. (2.4), V~, is zero for
the initial potential flow solution. Following boundary layer

analysis, however , the displacement effect is represented by
a piecewise constant source distribution ; Vn then becomes the
integrated normal velocity induced by the boundary layer source

distribution.
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Numerical Solution of the Governing Integral Equation
The airfoil contour is represented by an inscribed

polygon , Figure 3. The individual panels representing the

polygon each has a linear variation of vorticity across it.
The free vortex sheets are represented by a number of panels
of uniform vorticity. The value of the vorticity at the start

of the it~ panel is denoted by y 1. Thus the function, y(s),
in Eqn. (2 .4 )  can be expressed in terms of the unknown sequence,
{y1}. Initially, there are N+l unknown values (for N panels),

but awciliary conditions remove two unknowns: at the upper

surface separation point , ‘rsep = - 
~L ~~~ 

being the value at

the lower separation point) , and 
~N+l = 0. Also , the y value

just downstream of the separation point on the upper surface
is set to zero. Thus there are N-l unknown values. Enforcing

the surface boundary condition at the panel mid-points (control
points ) gives N equations . A square set of linear algebraic
equations is obtained by introducing one unknown source strength
distributed uniformly around the airfoil surface .

Calculation of Pressures
Having found the vorticity, the velocity at any point

in the flow field can be evaluated by adding to the free stream

the velocities induced by the vorticity and source distributions.

The pressures are calculated from the velocities according to

the Bernoulli equation , which is expressed non-dimensionally as

~ ~~~~ f .y...\2 ~~~~~~p ~~VOr, J

where C~ = (p - p~,,)/q1, , q~ = ½pV~ , and t~H = the increase in

total pressure over that at infinity. Note that t~H = 0 every-

where except in the wake reg ion for which it was previously shown
that AH =
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Structure of the Iterative Procedure

Figure 4 shows an outline of the method which has

two iterative loops.

(i) Wake Shape Iteration

The iteration loop for wake shape is the inner loop
and involves the potential flow analysis only. Within this loop

the separation points are fixed . The separation points may be
located anywhere on a surface panel; they are not restricted to
panel edge points .

F The wake shape is calculated as follows. Using the

previous vorticity distribution , velocities are calculated at
the panel mid-points on the free vortex sheets. The new wake

shape is then determined by piecewise integration, starting at
the separation points. The upper and lower sheet downstream

end points, which were coincident in the initial wake, are
allowed to move independently in subsequent iterations. At

each iteration , the wake influence coefficients at the surface
control points are recalculated, and a new potential flow solu-
tion is obtained.

The number of wake iterations is an input parameter
in the current version of the program. For several cases tested,

a maximum of three wake iterations was proved to be adequate.

(ii) Viscous/Potential Flow Iteration

This outer iteration loop takes the potential flow
pressure distribution over to the boundary layer analysis and

returns with the separation points and with the boundary layer
source distribution. The source distribution is determined

directly from the boundary layer solution as a = d/ds(uetS*)

________________
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where ue is the streamwise potential flow velocity at the edge
of the boundary layer, and ~~ is the displacement thickness.
The addition of this source distribution modifies the velocity ,

V~, at each control point. The sources are set to zero in the

separated region.

The program generates a new wake shape using the new

separation points together with information from the previous

iterated wake . A new potential flow solution is then obtained
and so on. The outer iteration is terminated when the change

in C~ is below 1%. A limit of eight iterations is currently

imposed within the program.

The program is usually run for a range of (increasing)

incidence. Each new incidence case starts with the previous

solution and wake model, Figure 4. In this way, the force and

moment characteristics with incidence up to and beyond the stall,
can be generated in one run. Multiple incidence cases are more

efficient in terms of computing ef fort, taking approximately
15 to 20 c.p. seconds on the CDC 7600 computer for each converged

data point.

Boundary Layer Methods

The boundary layer development on an arbitrarily-

shaped two-dimensional lifting configuration with separated flow

is very complex. A thorough and exact calculation of this

development is properly the domain of the time-dependent solu-

tion to the general Navier Stokes equations. Unfortunately ,

the computer does not yet exist which is capable of handling
such a problem, and even if one did , the cost in computer time
would be astronomical. Such a calculation is not, therefore ,
of practical interest to the aerodynamicist. Less difficult

or costly are the finite-difference boundary layer programs

now in existence. The amount of computer time required for each 

--—-~~~
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calculation still prohibits their use in an analysis procedure

of the type reported herein. Having made the above evaluation ,

one must conclude that if the objective is a viscosity-dependent

calculation procedure of practical use to the aerodynamicist

for C&m~~ analysis, and , possibly for preliminary design, the

method must be relatively simple to use and ecànomic of computer
time. This can only be achieved if integral boundary layer

methods are used. In two-dimensonal flows, integral methods are
typically about 100 times faster than finite-difference methods.

They can, however , be expected to break down in the region of
separation where none of the boundary layer methods (including
three-dimensional) can be expected to be valid. it is antici-

pated , therefore, that integral methods will suffice for most
applications of interest to the aerodynamicist for Ctmax ~~~
diction.

In those cases of special interest to the aerodynami-
cist, such as the effect of area suction on boundary layer
control or roughness (rivets, etc.) on CLmax~ alternative

boundary layer calculation modules are available. These methods

are called as needed into the overall calculation procedure.

A brief description of the boundary layer methods is given in

the following paragraphs.

The laminar boundary layer development is calculated
by Curle ’ s method (Ref. 26), an adaptation of the well known

method of Thwaites (Ref. 27). The calculation proceeds either

to laminar separation or to the end of the airfoil, whichever
occurs first. The calculated boundary layer development is

then interrogated to determine if transition, laminar separa-
tion or forced transition (boundary layer tripping) has taken
place . If any of these phenomena have occurred , the down stream
flow is assumed to be turbulent.
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Methods for the calculation of turbulent boundary
layers in two dimensions have been developed by many investi-

gators. A review of these methods was made at a conference

held in 1968 at Stanford University (Ref. 28). One of the

methods, an integral method by Nash and Hicks (Ref. 29) com-
pared very favorably with the more complex finite-difference

methods. Now, several years later, the method remains an
excellent approach for application to the current problem,

both in terms of accuracy and speed.

If surface roughness or area suction are of interest,
an alternate turbulent boundary layer method developed by

Dvorak (Ref S.  30 and 31) can be called. This method is capable

of predicting the downstream development and the skin friction

drag of a turbulent boundary layer over a rough surface , or a
surface with area suction boundary layer control.

Turbulent boundary layer separation is predicted by

either the Nash and Hicks or Dvorak methods when the calculated
local skin friction coefficient reaches zero.

Discussion of the Results

The method was applied to a GA( W ) - l  a irfoil .  This
section shape represents a difficult test case and pressure
distributions are available from experiments at NASA-Langley F

for a range of incidence.

The f irst set of results, Figures 5 through 8(a)
are for a Reynolds number of 6.3 x 106 with a boundary layer
trip at .08c. Figure 5 shows a very good agreement between

the calculated and experimental pressure distribution at 19.06°

incidence (which corresponds approximately to Ctmax)~
Figure 6(a) compares the calculated and experimental

pressure distributions at 20.05° incidence , which is just

beyond the stall. Again there is very good agreement. For

A
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comparison, the attached potential flow soiution at this in-
cidence is also plotted and indicates the large change in
pressures due to the separated flow.

The calculated and experimental pressure distribu-

tions at 21.14° incidence are shown in Figure 6(b). The

comparison is not as good as the other cases because the pre-

dicted separation point has not yet reached the experimental
position at about .lc. The rate of forward movement of the

calculated separation point with iteration at 21.14° was

very slow. The sudden forward movement of the separation

point in the experiment is just over a degree change in in-

cidence (compare Figures 6(a) and 6(b)) and is difficult to

predict in this case.

The calculated drag characteristic is given in
Figure 7. This is obtained by integrating surface pressures

and adding the skin friction drag. Pressure drag integration

is known to be a dif ficult problem, and inaccuracies are
apparent in comparison with experiment. The lift and pitching

moment characteristics , on the other hand, show excellent
agreement with experiment, Figure 8(a). The present calculations

show considerable improvement over a previous Lockheed/NASA—

Langley calculation. The attached potential flow solution is
included in Figure 8(a) to put into perspective the magnitude
of the change achieved by the new method.

Figure 8(b) shows the lif t characteristics for the
GA (W)—1 airfoil at a Reynolds number of 2.1 x 106 . The cal-
culations give good agreement with experiment up to CLmax~ but

the turnover in the curve occurs 2 to 3 degrees later than in

the experiment.

CLmax results for a NACA 4412 are presented in Figure

9 for a range of Reynolds numbers from 0.2 x 106 to 6.3 x 106 .

The calculated values agree very closely with the experimental F

curve from Reference 32.

_ _ __ _ _  J
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The details of the history of separation point,
lift coefficient, and the wake shape history are not shown
in this report. These were presented in Reference 24 and it
was concluded that for most cases of practical interest, about
six outer (viscous/potential flow) and three inner (wake shape)
iterations are adequate to obtain a convergent solution.

-

~
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III. PREDICTION OF DYNAMIC STALL

ON OSCILLATING AIRFOILS

Separation Flow Model

The instantaneous angle of attack, a , of an airfoi l
undergoing a sinusoidal oscillation with a frequency , w , is
expressed as

c z = c L + c L s i nwt (3.1)

where am and & are the mean angle of attack and the angular
amplitude of oscillation, respectively .

The dynamic stall process is predicted on a quasi-

steady basis, by solving the flow field at several values of
angle of attack during a complete cycle. It is assumed that

the separation point over the upper surface moves towards the

trailing edge at a slower rate during an unsteady motion as
suggested by Johnson and Ham (Ref. 14). They attributed the

stall angle delay and other dynamic stall features to the

dynamic behavior of the laminar separation bubble which is

formed at the leading edge on the upper surface as the angle

of attack is increased , the same way as in the static case.

They postulated the dynamic stall phenomena as follows:

“As the rate of change of angle of attack is
increased, there is a negligible delay before the
laminar separation point reaches the airfoil leading
edge, while the forward movement of the turbulent
reattachment point is retarded , suggesting that the
bubble elongates. Finally, the bubble contracts
as the reattachment point approaches the leading
edge, and as the shortened bubble encounters the
large adverse pres sure gradient, it bursts, and a
leading-edge vortex commences. The dynamics of the
airfoil motion then affect the dynamic stall angle ,
and the airfoil loads indirectly through their
influence on the laminar separation bubble. ”
(Ref. 14, p. 38)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .- ~~~~~~~~~~~~ •, - -~ ~~~~~~~~~~~~~~~~~~~~~ - —— - -
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This ef fect, which is familiarly known as the time
lag , can be expressed as a phase lag (between the static and
dynamic motions) angle, • = w~~r, where z~t is a time constant
which is a function of a, & , ~Z , ~~~, the reduced frequency of
oscillation, and the airfoil shape. To evaluate t v r , one has
to solve the unsteady boundary equations corresponding to
the given dynamic motion of the airfoil ; however , at the present
time the state of the art of the unsteady boundary layer solu-

tions is inadequate to make such a prediction.

McCroskey (Ref. 19) gave a complete summary of the

dynamic stall experimental data and provided a range of 4’ values

as functions of & and reduced frequencies, which are used to
arrive at the 4’ values used in this study . The delay in the
separation process is empirically represented by using a pre-
scribed wake obtained from the steady CLMAX program using a

modified instantaneous angle of attack, while satisfying the
flow boundary conditions in the unsteady flow program corre-

sponding to the instantaneous angle of attack. The modified

angle of attack is computed using the expression ,

cxmod = a + ~ sin (~ t - 4 ’) (3.2)

where the phase lag, 4’, is assumed to be a constant throughout

a cycle. The value of 4’ can be related to the reduced fre-

quency and ~ for a given airfoil. Although the present model

uses a physically consistent model to represent the separation
process for steady flow based on a viscous/potential iterative
scheme , it does not include the unsteady boundary conditions
on the airfoil surface of the effect of the vorticity due to

the bursting of the bubble during each cycle .

- — -_tt_-_~ -
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Numerical Procedure

The unsteady flow computational model is similar
to the steady flow model which was described in the previous
section . In place of the linearly varying vorticity panels,
constant strength doublet panels are used to represent the
airfoil surface . For a given instantaneous angle of attack ,
the separated region is arrived at using the steady flow
CLMAX program. A typical grid system with separated wake
region is shown in Figure 10. The airfoi l  is divided into N
panels in a clockwise direction along the airfoil surface
with panels 1 and N at the trailing edge of the lower and upper
surfaces , respectively . The doublet strength, Ki, at any

~anel , i , is assumed to be a constant across the length of the
panel. A cosine grid (0 = 0 to 2ii ) with a constant angular
increment (E~8 = 2 Tr/ N ) over each panel is used to f ix the panel
boundaries (corner points) ,  while the collocation points
(where the flow boundary conditions are satisfied) are fixed
at ~0/2 from a corner point. The cosine distribution of the
grid places more panels near the leading- and trailing-edge
regions . From a physical standpoint , this arrangement is
good for the representation of the rapidly varying slopes at
the leading-edge region and the Kutta condition at the trailing-

edge region of the airfoil.

The separation point on the upper surface is always

located on a corner point of a panel. This is accomplished

by dividing the grid over the upper and lower surf aces into
two regions , 0 ~ x ~ 

X sep I and Xsep ~ X C. 0 sep is computed

using the cosine distribution corresponding to the value

and both regions are divided into a number of panels proportional
to their angular distributions. Of course , ~ 0 may be slightly
di f fe rent  in each reg ion , but it provides a smooth distribution
of the panels. The upper and lower surfaces are both treated
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in this way in order to obtain matched upper and lower panels
near the trailing edge—-a prerequisite when using piecewise
constant doublet panels. This technique proved to be a very
effective tool and yielded a smooth pressure distribution.

The flow tangency boundary condition on the airfoil

surfaces gives a relation similar to that of Eqn. (3.2) except

the kernel on the airfoil surface is the normal velocity due to

a unit doublet located on the element, 5s , of the line inte-
gration. With the assumption of constant strength doublet

panels, the integral equation can be reduced into a set of N
equations with N unknown values of K

~ 
(for N panels). The

physical flow process requires the inclusion of several auxi-
liary conditions. The first condition is related to the

Kutta condition and specifies that the vorticity values at
the separation points on the upper and lower surfaces are
equal but opposite, and have the values of free vortex sheets

(note that the dynamic motion of the wake is neglected), i.e.,

= (3 3)
ds sep ds lte

where lte is the lower trailing edge. Denoting the separation

panel as ISEP, 
~~ J can be expressed as a function of KISEP ,

sep

KISEP_l, and KISEP 2; similarly , ds lte 
can be expressed as a

function of K1, K2, and K3. Hence from Equation (3.3), one

of the six values amongst K1, K2, K3, KISEP, KISEP l and KISEP_2

can be expressed as a function of the other five values. The

second condition concerns the doublet distribution on the air-

foil surface in the separation region; this distribution is

constrained to start with zero; i.e., KISEP+1 
= 0, and the
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vorticity , ~~~~~, is made to he zero at the trailing edge by

setting KN = KN_ l . Now we have eliminated 3 of the N unknowns

at N control points. One additional unknown is introduced by

distributing a uniform source of unknown strength on the airfoil
surface and the two equations satisfying the boundary conditions

at panels 1 and N are eliminated due to the symmetric locations
of these panels; this procedure did not present any difficulties.

Once the doublet distribution is solved for, the vorticity dis-
tribution , the pressure distribution , and the loads are com-
puted as explained in the previous section for the steady f low
case.

Di scussion of the Results

The method was applied to a NACA 0012 airfoil under-

going a sinusoidal motion , a = 150 
+ 60 sin wt, at a Reynolds

number , R = 6 x 106 . The computations are performed for quasi-

steady flow conditions at several instantaneous angles of

attack covering the complete range of values of a full cycle.

The results are presented for two values of phase angles,

4’ = 30° and 45°. McCroskey (Ref. 19) presented a comparative

study of several empirical formulations for predicting the
phase angle for dynamic stall , and concluded that the time
constant approach with an average value of 2.82 for M (= MV,D/c)

provided the most reliable results based on the correlation with

the available experimental data. Using this value for

4’ = wt~t = wMc/uc~L, = 2kM = 5.64k ,

where k is the reduced frequency based on the semi-chord length.

Using this simple empirical equation, the 4’ values of 30° and
45 0 used in this study correspond to the reduced frequencies
of 0.0928 and 0.1392, respectively. In reality , the phase
lag during the cycle varies. Later in this section an example

is presented taking this into account. 

- - - - - - -~~-------- —~~~-_- - - * - ---------~-~ — - -  - ---~~- - - — - - - - - -
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The results for C~ versus a and Cm versus a are
presented in Figures 11 and 12, respectively. As can be seen

from these figures, the results showed typical hysteresis
F loops that are inherent in the dynamic motion. As expected,

the loops are smaller for the smaller value of 4’ , since it
corresponds to the lower reduced frequency . The nose-up pitch-

ing moment is considered to be positive, and hence , the counter-
clockwise enclosures of the moment loop are stabilizing while
the clockwise enclosures are destabilizing . As can be seen

from the moment loops , both cases have net clockwise enclosures ,
indicating net aerodynamic negative damping . In the present

case, the results are not compared with the experimental results
since no experimental data is available at the chosen Reynolds

number.

The method was also applied to another case, a modi-
fied NACA 0012 airfoil undergoing a sinusoidal motion , a = 15°

+ 10° sin wt, and k = 0.15 at a Reynolds number of 2.5 x 106 .

In Reference 33, an extensive set of experimental data were
presented for this particular airfoil and the authors provided

us with a detailed computer output for this chosen test case

based on 200 equidistant samples per cycle. In order to validate

our flow model and the procedure, we felt that it would be

desirable to have the detailed experimental data presented in a

numerical form as the present case.

In Figure 13 , the C~ versus a (experimental) curve

for steady flow is shown. We have tried to duplicate this

curve by using the steady flow Ci~MAX program but were unable
to do so. The experimental C

~max is about 15% higher and the

authors explained in their report that it may be due to the

end wall (wind tunnel) effect. In order to make a valid com-

parison for the case of an oscillatory motion, we felt that we

really need to duplicate this curve for steady flow. Hence, the

separated wake geometry is acjusted in such a way that the
- - experimental curve is duplicated and the following procedure

is adopted:

- - — - - - -- - --- - -  --- -- --------------- ~~ - —
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Ci) The steady f low CLMAX program is used to compute
Xsep~ 

and the wake axial (along the x-axis) locations

are a function of a.

(i i)  The unsteady flow program is used to iterate on the
height of the wake intersection point to obtain a Ct
corresponding to the experimental value for each cx in
the complete range of 5 ° to 25 ° .

(iii) The wake geometry obtained in (ii) is used in the
unsteady flow analysis.

The comparison of C~ versus x between the experimental
and the computed results for two constant phase angles are

shown in Figure 14. As can be seen from this figure, the at-

tained peak values for Ct = 2.2 and 2.64, for 4’ = 45 0 and 75°,
respectively, while the experimental peak is about 3.0. Also

at higher values of 4’, Ct decreases rather rapidly during the

deceleration phase of the cycle (decreasing angles of attack)

going through even negative values (the full cycle is not shown

here). The reason for this is at the chosen high value of

4’( 750), the separation point location on the upper surface

of the airfoil continues to move more and more forward towards
the leading edge as the angle of attack decreases , resulting in
a greater loss of lift. Admittedly , this representation of a
constant 4’ is a gross oversimplification for representing such
a complex phenomenon; however , it is felt that this example
helps in understanding the physical process involved. From

this example, it is obvious that one has to use a variable
distribution (i.e., an appropriate phase lag variation) during

a cycle for the proper representation of the dynamic stall.

Figure 15 gives the required 4’ distribution to dupli-

cate the experimental curve (solid line). In the region near

the stall (a is about 25°), it is really not possible to ob-
- - tam the appropriate peak value of Ct without including the

effects of the wake dynamics and the passage of the leading-
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edge vortex over the upper surface of the airfoil. The dotted

line in the figure is arrived at by using the following

simple concept. The phase lag angle, 4’, is assumed to vary in
a linear fashion in the range, 150 < c x  < 25

0
. However, during

the decreasing angle-of—attack range, an additional restric-
tion is imposed. The separation point location on the upper

surface is not permitted to move beyond a fixed forward loca-
tion and the appropriate 4’ is chosen , satisfying this condition.
This restriction enables the maintainance of adequate lift during

the decreasing angle of attack portion of the cycle. The phase

angle is fixed at 45 0 during the remaining portion of the
cycle , ~~0 < a < 150 . As can be seen from the figure, this

simple concept results in a reasonable representation of the
dynamic stall process.

Discussion on Leading-Edge Separation

The dynamic stall model so far in this section is

applicable for a trailing-edge separation problem , which is
the typical case for airfoils  of moderate thickness. It is

felt that it is appropriate to inc lude a brief discussion on
the leading—edge separation under dynamic conditions and an
analysis method for predicting the onset of leading—edge sepa-
ration is presented here.

In Reference 34, a correlation of leading-edge stall

provided a criterion for the maximum leading-edge velocities

that can be sustained and is used to indicate the initiation

of the separation process , i.e., leading-edge vortex shedding .
For a set of a i r foils, which under quasi-steady conditions
exhibit an abrupt stall, Evans and Molt (Ref. 34) have computed

the velocity distribution and obtained correlation between

the maximum obtainable peak velocity and a parameter idealizing

the adjacent adverse gradient. Applicability is limited by the

requirement of a sufficiently high value of the local Reynolds

- -  —j ----- - - — - --— -
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number based on the laminar boundary layer momentum thickness.
For many practical airfoils, maximum l i f t  is limited by trailing-
edge separation under static conditions so that the leading edge
never achieves the high local velocity appropriate to the
leading—edge stall. Under dynamic conditions, however, trail-
ing—edge separation is delayed, as discussed earlier in this
section, and so , depending on the rate of increase of angle
of attack , the leading edge may become critical according to the
above correlation.

In a recent paper (Ref. 35), the above criterion has
been applied to predict the onset of airfoil separation under
dynamic conditions. The instantaneous (time-dependent) chord-

wise velocity distribution is computed by using more exact poten-

tial flow methods for attached flow conditions. The information

is used to predict the limit of attached flow or, alternatively,
the initiation of the separation.

A potential unsteady flow program applicable to

thick airfoils is developed and is checked out against Theodorsen ’s

results in the limi ting case of zero thickness thin airfoils.
From this program, the chordwise velocity distribution can be

computed from which the separation phenomenon can be investigated
making use of the criterion given in Reference 34. However, at

the present time, this program is not completely checked out;
when it is, it can be incorporated into the dynamic stall program
as an independent subroutine. Then the dynamic stall program

will have the capability to treat either the leading edge or

the trailing edge separation problem.
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IV. CONCLUSIONS AND FURTHER APPLICATIONS

The steady f low CLMAX program employs a realistic
wake model for separated flow . The wake model uses free vortex
sheets to separate the free stream from the wake region . The
method has generated accurate Ct versus a curves for several
airfoils  up to and beyond the stall at a cost of about $12
per incidence data point—-a mere fraction ot the cost of manu—
facturing and testing a model. The calculation provides the

complete pressure distribution , including pressures in the sepa-

rated region at each data point as well as the force and moment

values. Lift, pitching moment , and pressure distribution com-

parisons between calculated and experimental results for several

airfoil sections is excellent. Th2re is very good agreement even

in the separated flow region where the vortex model allows pres-

sures to be calculated directly .

The steady flow analysis and the computer program

have been accepted by the scientific community as one of the most

powerful and practical engineering tools for predicting the flow

over two-dimensional airfoils at higher angles of attack. The

computer program is being currently used by the Sikorsky , Hughes

Helicopter and Beech Aircraft companies. Several scientists

at the Fort Eustis, Langley and Ames Directorates of the USAAMRDL

and also the NASA Ames and Langley Research Centers are using

the compuer programs.

An analysis and a computer program for predicting

a typical trailing-edge induced separation process of a two-

dimensional airfoil undergoing pitching oscillations are developed .

A quasi—steady approach is used to solve the flow field at

several angles of attack during a complete cycle. The separation

wake used is computed from the steady flow program and is modified
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in a semi-empirical fashion to include the phase lag effect

at each of the selected angle—of—attack range of the cycle.

The wake model and the separation region do not include the

effects of the dynamic motion and the laminar bursting process.

Limited comparisons between computed and experimental results

of Ct versus a look promising in spite of the simplifying assump-

tions. However , additional improvements, such as the inclusion

of the unsteady boundary layer effec ts and wake dynamics are
essential before this method can be established as a practical

engineering tool for predicting the dynamic stall process.

A brief discussion on the criterion for predicting

the onset of leading-edge separation under dynamic conditions
is included . The chordwise velocity distribution, especially
the peak velocity near the leading-edge, plays a major role in

the leading—edg e separation process under dynamic conditions .
A computer program for predicting the chordwise velocity distri-

bution over two-dimensional airfoils under unsteady attached

flow conditions is developed . When this program is fully checked

out, it can be incorporated into the dynamic stall program as an

independent subroutine, thereby providing the program with the

additional capability of dealing with the leading-edge as well as

the trailing-edge separation process.

Further Applications

The development of the two-dimensional separation flow

models under the present contract provided the technical back-

ground and tools for further development of separated flows. At

the present time , Analtyical Methods, Inc. is involved with the

development of several research programs, direct extensions of

the present work , under contract with several governmental
agencies, some of which are listed below:

- - 
F
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Ci) “Prediction of Aerodynamic Characteristics of Fighter

Aircraft at High Lift”, (Contract sponsored by the

Office of Naval Research).

Development of a basic viscous/potential

iterative technique for calculating the flow on finite

wings up to and beyond the stall.

(ii) ~~~ Anlysis Method for Multi-Component Airfoil3 in

Separated Flows”, (Contract sponsored by the NASA

Langley Research Center).

Inclusion of the two-dimensional separation flow

model in the Multi-Component Airfoil Analysis Program

(MCARF) developed by NASA Langley Research Center

and Lockheed Aircraft Company .

(iii) “Unsteady Flow Model for Circulation—Control Airfoils ” ,

(Contract Sponsored by the NASA Ames Research Center).

Development of an approximate procedure to rep-

resent the physical flow model for circulation-control

airfoils.
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