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ABSTRACT

In this dissertation , we investigate the use of a

dynamic priority scheduling rule proposed by 1(leinrock in a

M/G/l queueing model and study its applicability as a

scheduling rule for transaction processing systems.

In this ru le , each job has a priority index and it

incr eases linear ly, starting from zero when the job arrives ,

at a rate which is assigned to the job’s priori ty class.

When the serv er becomes free , it selects the job for service

whose pr iority index is the largest. The rates for the

pr iority classes are a set of parameters that can be varied

to control the waiting times of jobs in each priority class.

To study this rule , we f irst derived the feas ible

performance space of mean waiting times for eacr~ class of

jobs. Then we derived an algorithm for determining the

values of the control parame ters for any given set of

feasible mean waiting times. We then discuss optimization

of several cost models using functions of mean waiting

times. For each cost function, a procedure to obtain an

opt imal comb ination of Eeasible mean wai ti~ig times is

presentea . This set of mean waiting times can then be used

to obtain optimal values for the control parameters.

I 
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At saturated congestion, we proved a multiplic ative

vers ion of Jac kson ’s conjecture which states that the ratios

among different classes of mean waiting times are

proportional to the reciprocals of the control parameters.

Simulation studies of the variance behavior show that

as discrimination among different classes increases , the

variance of waiting times for each class of jobs varies and

it either strictly increases or strictly decreases following

the same direction as the mean waiting time cnanges.

A sensitivity study of mean waiting times shows that

the relative waiting times among different classes of jobs

remains fairly steady under reasonable fluctuations of

system congestion.

The results obtained from our study show that this

scneduling rule is applicable for use in transaction

processing systems. The capability of adjusting the control

parameters to provide mean waiting times performance between

tnat of first—come—first—serve and fixed priority scheauling

allows the designer to select from a wide range of response

times for different classes of transactions.

_ _  ~~~~~~~~~~~~~~~ .
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CHAPTER 1

TRANSACTIONS PROCESSING SYSTEMS

l.U Introduction

Over the past few years , a very pronounced trend of

increaseci usage of on—line computer systems has developed in

data processing . One type of on—line system that is

proliterating in use is Transaction Processing System .

Transaction processing systems generally handle an

organization ’s operational data as the data are generated

ana needed by on—going operations. This method of

processing áata reduces clerical data handling , gives an

almost instant turnaround time and provides current and

accurate information whenever and wherever needed .

Simply stated , transaction processing systems are a

special type of computer information systems designed for

non—expert users to communicate with the computers for

on—line processing of transactions. The computer handles

transaction workloads by running a set of previously stored

application programs to interact with a centrally managed

data base . Such systems are found in a vast variety of

organizations , including airline , banking , med ica l,

insurance , manufacturing and “Jovernment.

One representative application of transaction

processing systems is the airline reservation system

[KNIG72I. Initially designed solely for controlling seat

1 
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inventory and maintaining limited passenger records

[PERR61I, airline systems have now evolved into large ,

complex system ; that maintain waiting lists , provide flight

intormation , handle provisions for special facilities suck.

as hotel reservation and car rental , perform load and trim

calculations prior to take—off , and even interact with each

other for inter—airline flight information.

Since transaction processing applications usually

involve a large volume of transactional data for processing ,

- 
‘ scheduling rules that provide fast response time ; and

efficient usage of computer systems resources are desi .-able.

This dissertation discusses a time dependent priority

scheduling rule for transaction processing systems (TPS)

which we call escalating priority scheduling . In this

scheduling rule , a set of control parameters can be adjusted

by the designer to provide discriminations between different

priority classes of transactions. This rule was first

proposed by Kleinrock [KLEI64], .

In investigating this scheduling rule , we study the

behavior and limitations of the rule , derive the feasible

performance space of mean waiting times allowed , and discuss

some cost models for optimizing this scheduling rule.

In optimizing , our solution procedure is divided into

the following two stages: First , for a given objective

f u n c tion , we determine the optimal mean waiting times for

2
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each priority class. Second , given a desirable performance

of mean waiting times that is feasible , we determine the

values of tne control parameters that will realize this

aesirable performance .

In the remainder of this chapter , Section 1.1 gives an

introduction to transaction processing systems, Section 1.2

discusses the modeling of transaction processing systems as

queueing systems , Section 1.3 reviews and summarizes

priority scheduling rules that are relevant to our research ,

and Section 1.4 defines the problems specific to escalating

pr iority scheduling, and g ives a mor e detailed overview of

tne dissertation work.

1.1 Transaction Processing Systems

There are cer tain common charac ter istics in all

transaction processing (TP) environments. They are the

following [B00T72]:

1. The system is highly user oriented . Data entry is

through terminals which are located convenient to

the users. The computer for processing

transactions may be installed in a different

location.

2. The terminal operating procedure for data entry is

built around “non—expert ” users , and is usua l ly

quite simple.

_ _ _  
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3. The input data items , called transactions , are of

pre—defined type . Transaction volume is usually

lar ge , and transaction applications may be

diversified .

4. Application programs to process the transactions

are prepared and stored in the computer in advance

and are invisible to the user.

5. The response time is fast. The system is capable

of providing the user with the desired information

within seconds.

6. The system generally maintains an integrated data

base. Processing of each transaction usually

involve s some manipulation — — add ing , updating ,

retrieving or deleting — —  of data in the data base.

For transaction processing applications , sophisticated

software is designed to meet the following needs:

1. Simple and effective interactive procedures for an

eff icient flow of informa tion between terminal

operators and the computer.

2. Eff ective utilization of sys tem resources to ensure

satisfactory performance .

4
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3. Easy and fast implementation of application

programs for system service enhancements.

4. Protective methoci of data handling to ensure data

base integrity and security .

5. Efficient and effective error recovery procedure to

maintain system availability .

The current state—of—the—art software systems designed

to meet this need are known by several d i f ferent names :

transaction (processing) monitor , teleprocessing monitor ,

and transaction processing (operating ) executive. Some of

the better known transaction processing monitors that are

available for general use are: CICS from IBM [1BM73], TIP

from Univac , TPE from Honeywell [HONE73I, TASK/MASTER from

Turnke y Systems, SHADOW II from Cullinane Corporation ,

INTERCOMM from Informatics Inc., and ENV IRON/i f rom Cincom

Systems , Inc.

These software systems are designed with a high degree

of general ity so that users can tailor the sys tem toward

their specific applications . Generally, these systems can

perform the following tasks [1BM73]:

o Terminal management — Hos t and contro l data transfer

between a telecommunication network of heterogeneous

mix of terminals and application programs.

5 
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Multitask control — Schedule and support concurrent

processing of a number of application programs for the

wide mixture of transaction workloads.

• File management — Provide efficient access methods in

nandling data base files. Support scheduling and

initiation of all file item requests made by the

application programs .

• Storage management — Allocate arid control of storage for

programs, storage for input/output buffering areas and

temporary storage of data.

• Program management — Prov ide a multiprog ramming

capability while offering a real—time prog ram fetch

capability . Intercept prog ram interrupts to prevent

total system termination.

• Error handling — Detect and handle error conditions

caused by hardware or software malfunction . Provide

dump facility to assist in analysis of programs and

transaction undergoing development or modification.

In the literature , there is little detailed

docu’nentation of transaction processing systems. Topics of

some existing articles discussing transaction processing

systems are: a design methodology for TPS EHIRC7SJ, TP

facilities in IBM IMS/VS systems LMCGE77 ], development of a

high performance TPS and its monitor [51w177], designing

customized systems using TP monitors ~UAVE741, , running TP

6 
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monitor in a special operating system environment (EADE77],,

and report of a successful use of TP monitors LGERA76I . In

this last article which describes a magazine ! book! record

system of Time , Inc . using CICS of IBM , it is reported that

the system is capable of supporting 200 CRT terminals to

process 7 50,00ti transactions per week which interact with a

aata base of five billion characters , while providing a mean

response time of one second .

For the eva luation and selec t ion of commerc ially

available tr ansac tion process ing mon itors , Matheny et al.

[MATH77] has compiled a list of evaluation criteria. They

are: (a) ter’ninal support , (b) internal facilities

considera tion , (C) application prog ramming considerations ,

(d) communication functions , (e) opera ting environmen t, (f)

implemen tation / ma intenance , (g) recovery / reliabili ty /
con trols , and (h) costs. They have also provided a

compara tive study of the in terna l charac ter istics of the

following five transaction processing monitors: CICS ,

INTERCOMM , TASK/MASTER , ENVIRON/l and SHADOW II.

1.2 Mocieling of Transaction Processing Systems

J
To date , there are a limited number of documented

studies on the design and performance evaluation of

transaction processing systems. LGERK74], [SCHW77~ and

LSARz77] are three of the articles in the literature that

specifically address these problems. Computer performance

_ _ _ _
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evaluations are commonly used for the design , selection and

tuning (peaking ) ot computer systems. Modeling of computer

systems as queueing systems is a common arid desired approach

for tne evaluation ot systems performance. This approach of

studying computer timesharing systems has proved to be

successful in improving the design , con tro l and

effectiveness of systems operation [KLEI76].

Transaction processing systems are very similar to

general timesharing systems. Both kinds of systems are

designed for on—line use and man—machine interactions

require similar constraints on the systems responsiveness.

However , certain cnaracteristics that distinguish these two

types of systems have limited the usefulness of models that

were cieveloped for timesharing systems in the study of

transaction processing systems.

Some of the characteristics unique to transaction

processing systems are the following :

(a) For each transaction generated from the terminal ,

the required application prog ram(s) for processing this

transaction are stored in the system in advance . Hence the

general requirements of system resources needed to process

this transaction are known .

(b) Based on the intrinsic characteristics of different

types of transactions , their response time requirements may

vary. That is, some types of transactions are more

8
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impor tant, and need to be processed with priority. On the

other hand , other types of transactions may be delayed

slightly without significantly affecting the terminal

opera tions.

(c) Due to the nature of transac tions , process ing log ic

of the application programs are generally quite straight—

forwar d , and the processing path of prog rams generally do

not change with different values of transaction data.

(d) The processing times requ i r ed for all types of

transactions are usually no more than one second . Thus , in

a transaction processing environment, processing overhead

becomes important. The technique of swapping programs in

and out of memory, which is widely used in timesharing

systems , is generally not applicable in transac tion

processing .

In studying queueirig systems, the following essential

elements need to be charac ter ized:

1. Source population — population from which the

entities demanding service emanate.

2. Arrival process — the pattern by which the entities

arrive to the service facility .

3. Queue structure — Numbe r and configuration of

waiting lines.

~~~~~~ 9
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4. Service facilities — Number of service channels and

ordering of services.

5. Service process — The required time to completely

service an entity at each service station.

6. Scheduling discipline — The rule by which units are

selected for service.

We now discuss each of these characteristics in the

transaction processing environments:

(1) Source population. In many TPS, there are a large

number of users. In this case , infinite populations can be

used to describe the source population of arrival . However ,

some TPS may only have a small number of terminals. Then , a

finite arrival population is needed for modeling the

queueing arrival .

(2) Arrival process. In general , arriving transact ions

from different terminals are independently generated .

Studies of timesharing systems have shown that when a large

numbe r of terminals are active (signed on) , then Po isson

arrivals can be assumed [ANDE74]. Simulations of stochastic

processes have shown that when there are it.) or more active

terminals , the superimposea arrival process is sufficiently

close to a Poisson process even thoug h individual arrivals

from each terminal may not be Poisson [AGRA7SI. . However ,

when the arrival population is small , some other process may

10 
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be needed to describe the arrival process.

(3) Queue structure. Depend ing upon the type of

compu te r , the numbe r of priority classes, and the scheduling

r u l e ,  different queue structures are required . Generally,

for priority scheduling , it is desirable to maintain

separate queues for each priority class for the use of each

system resource. Since each transaction , once generated ,

will need to be processed eventually, an infinite waiting

line should be allowed in TPS.

(4) Service facilities. In uniprogramming environ-

ments , CPU and I/O operations are alternatively active .

Thus the two services together can be thought of as a single

service . In this case , TI’S can be modeled as single stage

service fac iliti .~s. However , if multiprog ramming is

allowed , a model with multiservers facilities is necessary.

(5) Service process. For the processing of

transactions of the same type , r esource requi remen ts in

terms of core storage , processing path length , number and

distribution of data base access , file structure usage , and

memory over lay structure are very similar. The straight-

for war d logic in applicat ion prog rams takes a limited amount

of time to execute. Thus , for ea ch type of transac t ion , the

service time aistribution may have a small mean and possibly

a small variance . However , due to the nature of diversified

applications , different transaction types may assume wiae

variations of service time distributions. It is thus

11
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desirable to have a general districiution for describing the

serv ice process.

(6) Scheduling aiscipline . In view of the nature of

different transaction applications , it is generally

desirable to use priority scheduling rules in TPS to satisfy

different degrees of response performance to different types

of transactions.

Thus , TPS can be modeled as multiclass priority

queueing systems with Poisson arrivals and general service

time distributions. The model queue structure , scheduling

aiscipline , whether an infinite or finite source population ,

and whether single or multi server(s) depend upon the

computer system and the application of the TPS being

modeled .

In this dissertation , we will limit our discussion to a

single proce ssor , uniprogramming TPS which support a large

num ber of te rmina l s  (as is usua lly true  in m in icompu ter

transaction processing systems). We can model this class of

TPS as a single server queueing system with multiclass

Poisson arrivals and general service time distributions. In

Kendall’s notation [KEND51], this model is called a

multiclass M/G/l queueing system . (M/G/l denotes Poisson

arrivals , general service time distribution and a single

server . The letter M denotes the Markovian property of

Poisson arrival.)

12
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1.3 Review and Summary of Priority Scheduling

A scheduling discipline in a queueing system is a

decis ion rule for the service facility to choose among jobs

in the queue the next one for service. When we refer to a

scheduling discipline as priority scheduling , it is assumed

that arr iving jobs are g rouped into classes based on some

external characteristics , and the rule of scheduling depend s

specifically on the priority class to which a job belongs.

The selection decision may or may not depend on other

charac ter istics of the sys tem, such as the queue length , the

arrival pattern , the service t ime required , or serv ice so

far rendered .

The following notation will be used throughout this

disser tation: For an n—class priority queueing system , we

let

= Poisson arrival rate for class i jobs.

S1 = Random variable for service time of class i jobs.

EES~ 1 = Expected service time for class i jobs.

E[S~ ] = Second moment of service time of class i jobs.

~~~~~
= l/E[Si], the service rate for class i jobs.

= , utilization factor for class i jobs.

E [Wi] = Expected waiting time in queue for class i jobs.

= + 
~2 

+ ~~~~~ + , total arrival rate .

o = + 02 + ... + 0n total utilization factor.

= + 
~2 

+ •~~ + p . , partial sum of utilization.

= X / p  , averaged total service rate.
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Unless otnerwise stated , we will assume o < 1. We will

confine our discussion to scheduling of single server

queue ing systems with Poisson arrivals and general service

time distributions. The class of scheduling that we will

study is called “work—conserving ” , which is defined as the

following [KLEI65J :

Di~FINITION : A scheduling discipline is work—conserving if

it has the following properties:

(i) The processor is always kept busy as long as

there are jobs in the system to be processed .

(ii) The total processing time required by any

job is not affected by the scheduling decision.

A scheduling is called nonpreemptive if once a job

starts its service , it will be served till completion. A

scneduling is preemptive if it allows interruption and gives

service to another job with higher priority . We will limit

our discussion to nonpreemptive scheduling rules that are

wor k—conserving .

Below we summarize some results which are relevant to

our work. First , we have the following theorem aue to

Kleinrock tKLEIb5 I (see also [SCHR7U} and [HOAR72]).

THEOREM .1.1. In rnulticlass M/G/l queueing systemn under all

nonpreemptive wor k—conserving scheduling
n

disciplines , the quantity 
~ 

o,,~
E [Wkl , which is a

k= 1

14
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weighted sum of mean waiting times for all

classes, is an invariant, and it is equal to

n
E / 2( l p) .

k= 1

Now , if we let

n
( 1.3.1) = ( E 

~k5~~
5k~~ 

/ ~~~~~~~k= 1

then the above theorem becomes:

(1.3.2) p1E [W1] + p 2E [ W 21 + ... + P~~E [ W ~~] = o~~.

It is noted that ~ depends only on the first and second

moments of the service dine variable , rather than on the whole

service time distribution.

The relation ( 1 . 3 . 2 )  is generally refered to as the

conservation law of mean waiting times. This conservation

law puts a linear equality constraint on the set of mean

waiting times {E[Wi]}. Any attempt to modify the queueing

discipline so as to reduce one of the E[Wi] ‘s will force an

increase in some other EEWj]. However , this need not be an

“even trade ” since the weighting factors may be different.

Given n classes of arrivals , if we disregard their

priority aria serve them strictl y on a first—come—first—serve

(FCFS) basis , we have the following Pollaczek—Khinchin

formula for mean waiting times (See, e.g., ~WOLF70fl:

15
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THEOREM 1.2. In M/G/l queueing systems with multiclass

arrivals , under FCFS scheduling , the mean

waiting times for all classes are all equal to

W. That is, we have

(1.3.3) E [W1]FCFS = E ( W 2 ] FCFS 
= . = E [ W n I FCFS = w.

We will interchangably use E[W FCFS] and W to represent

the same quantity as defined in (1.3.1).

Among other priority queueing disciplines , the

nonpreemptive head—of—the—line (HOL) scheduling studied by

Cobham [COBH54I is the scheduling rule most commonly known.

This discipline is also known as fixed priority scheduling

or strict priority scheduling . We will call it by the name

“fixed priority scheduling .”

Under this scheduling rule , jobs are grouped into

different priority classes. Upon arrival of a job , it joins

the queue for the priority class that it belongs and becomes

the last job in the queue . When the service facility is

available , the scheduler searches , starting from the highest

priority class dnd moves downward to lower classes , to find

the first nonempty queue. The first job from this queue is

then taken for service. The scheduling mechanism is

illustrated in Figure 1.1. We note that within the same

priority class, jobs will be selected on a first—come—first—

served (FCFS) basis. The convention of denoting higher

priority class with smaller class indices will be followed .

16

— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .



-. -—- -- - y T~~~~~~ IUUII~~

Figure 1.1 Fixed Priority Scheduling Mechanism

The mean waiting time for each priority class under

this scheduling rule is given by the following theorem

[COBH54]:

THEOREM 1.3. In multiclass M/G/l queueing systems under

fixed priority scheduling , the mean wai ting time

for each priority class is given by

(1.3.4) EEW ii FP = ( l — p )  w / 
~~~~~~~ 

(l—~~ ) . (l<i<n)

As a corollary, we have the following :

(1.3.5) ( l — p )  W / ( l — p 1) E E W 1J~~~ < W ,

and

(1.3.6) ~ K E [ W n ) ~~~ = W / (l—o+ o~).

17

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~-~~~~~~~~~~~~ — .-~~~~~~~



-—.
~~~~~

_- - . ,- —- -~~~
_... -

~--—
, --

~~
-_ . .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The following theorem addresses the problem of optimal

ordering of priority classes. This result , general ly known

as “the ~ic rule for Poisson arrivals ” , can be established

by an interc hange ar gument using the conserva tion equation

(1.3.2) (See, jBROS63J).

THEOREM 1.4. In multiclass M/G/l queueing sys tems under

fixea pr iority scheduling , in order to minimize

n
(1.3.7) C = 

~k=1

pr iority order ing should be assigned in the

descending order of ~~~~~ Tha t is , higher

priorities are given to classes with larger

va lues of

In the aoove theorem , c~ can be thought of as the cost

of unit time of waiting per job from class i. In

par ticu lar , if we let c .’ = ~ .c., then c. ’ becomes the total
1. 1 1  1

cost of waiting per unit time for class i arrivals. In this

case, we have the following corollary.

COROLLARY : In order to minimize

n
( 1 . 3 . 8 )  C’  = E c]~E [w k] ,

k=l

priority orciering should be assigned in

descending order of c~
’/P

~
.
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Next , we define the rule we call “escalating priority

scheduling ” . This rule was first proposed and studied by

Kleinrock [KLEIb4].

DEFINITiON . In escalating priority scheduling , there is a

parameter c~~ (c~ >O ) associated with each

priority class i. When a job from class i

arrives to the system , its priority index

“escalates” linearly, starting from 0, with rate

c~~. Whenever the service facility becomes

available , the job with the highest

instantaneous priority index is then selected

for service. A tie is broken by any arbitration

r u l e .

Theoretically, the arbitration rule for resolving two

jobs with the same priority indices is unimportant , since

the probability of this event ’s happening is zero.

Prac tica lly,  however , we can either give preference to the

job which has waited longer (i.e., following FCFS rule) , or

to the job belonging to a higher priority class but has

waited for a shorter time (i.e., according to the

p r i o r i t i e s ) .

Under this scheauling , the priority function for a job

from class i which arrives to the system at time r~ is ,

19 
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q 1(t) = ( t — r .

where t ranges from r .  until this job obtains service .

Thus , priority of each job changes dynamically. The longer

a job waits , the higher its priority becomes. Taking

waiting time into consideration , this scheduling rule gives

priority to jobs that have been in the queue for a long

time , even though they may belong to low priority classes.

Figure 1.2 illustrates the priority functions of two

jobs from different priority classes which enter the system

at two different times. Specifically, at time T
~~ , a job

from priority class i arrives , and attains priority at a

rate equal to c~~. At a later time 
~~~

. another job from

priority class j (j<i) enters the system , and attains its

priority at a higher rate ~~ The priority of this job from

class j will catch up with that of the job from class i at

time t~ . Should the server become available any time before

t*, the job from class i wi ll obta in service in pref erence

to the job from class j, despite that it is from a “lower ”

priority class — a class with “lower ” priority increasing

rate . On the other hand , if the service facility is

occupied until after t~ , then , when the server is available ,

the job from class j  will be chosen.

We note that under the rule of escalating priority

scheduling , preferenti al treatment is given to classes with

larger values of the parameter o.: For two jobs arriving to

the system at the same time , the one with larger value of

20
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gains priority at a faster rate , hence will be served

e a r l i e r .

scx~e1 ai
ton8~ =~ j

H

Figure 1.2 Interaction between Priority Indices
in Escalating Priority Scheduling

The follow ing theorem , due to Kleinrock [KLEI64], gives

the behavior of mean waiting time of each priority class

under escalating p r i o r i t y  scheduling .

THEOREM 1.5. In multiclass M/G/l queueing systems under

escalating priority scheduling and

2 
~2 

> • ° ~~ > 
~~~~~
, the fo l lowing  set of n

l inear equa tions hol d: For each i , l< i<n ,

i— i n
( 1.3 .9 )  (1— ~ ( 1— —~) p  } E [ W i ]  + E ( l — - — ~~) p  E [ W  ] = W .

k=l k=i+l cy~ k k

The mean wa iti ng times for  each pr iori ty class i

can thus be obta ined r ecurs ively  (f rom n

backwards to 1) as

21
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w— ~ ( l— - - — ) p .~E1w .~jk=i+l ~i 
“

(1 .3 .10)  E L W i J  = i—i
1- ~ ( l - - -~~) p

k=l  k

Note that we have used the convention to interpret a

null summation as U in equations (1.3.9) ana (1.3.10).

The dependence of E [Wi~ on the set of parameters t Q’j)

in (1.3.10) shows that the relative mean waiting times of

different priority classes can be adjusted . This makes

escalating pr iority scheduling more attractive than the

conventional tixed priority scheduling , since it is possible

to change the values of the parameters for a more desirable

system performance.

We r e m a r k  t h a t  s ince t h i s  nonpr eemp tive schedu l ing is

work—conserving , the conservation law requires a linear

constraint (1.3.2) on the performance of mean waiting times

of all priority classes.

When Kleinrock first investigated this scheduling rule ,

he proved the above theorem only for the case when service

time distributions are all exponential . In his entire proof

of this theorem , only the mean of waiting time distribution

is used . Since this mean waiting time is only a function of

the first and second moments of the service time

distributions , and this is true also for the M/G/l system as

given by equation (1 .3.2), the same theorem must also hold

22
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for  M/G/l system by using the values of W given by (1.3.2).

When K l e i n r o c k  summarized  this result later in his book

[KLEI76], he seemed to imply this , although he did not

clear ly  make the point. (He had kept the sentence “we study

this system for the c~ise of exponential service times . ..“

in his book.)

1.4 Problem Definition and Overview

As we stated earlier , in transaction processing

systems , priority scheduling is required in order to give

different response times to different types of transactions.

In many existing TPS, fixed priority scheduling is

implemented . When these systems are operating under heavy

congestion , many low priority transactions suffer

excess ively long response times. However , it is possible

that some high priority transactions are still obtaining

unnecessarily fast responses. This suggests that a

scheduling rule other than fixed priority scheduling is

desirable.

Studies of human behavior in man—machine interactions

have shown that Long response times will interrupt the

continuity of human thinking , and will drasically reduce the

productivity of the terminal users (See, [MILL68J and

[CARB68]). In general , it is considered that for response

times , the faster , the better. However , we all know that

the re  is also a human reaction limit. A response time that

23



is faster than what a human being can react is not

necessary. Figure 1.3 shows the situation of response times

under fixed priority scheduling , together with a desirable

performance that lies within the two human response limits.

I IEF L AI F~ — —
RESRJNSE ~~~~~~ ~,?TIME ~~~~ • ~~~~

LOWER UMIT _V~ ~~~
. 

~~~
ACTUAL  ~:~~~ ; / ~ /— —

DESIRABLE  ‘ .r. 
~~~~ /V/A ~~~~ :~~~~~~_~~~~~~~_

0 I 2 3
PRIORITY CLASS

Figure 1.3 Response Times Behavior under
Fixed Priority Scheduling Rule

The above discussion suggests that it is desirable to

have a scheduling rule to provide reasonable response times

to low priority transactions so that the continuity of human

thinking will not be interrupted . The escalating priority

scheduling rule appears to be a good scheduling rule to

consider because it can discriminate against high priority

transactions in not providing faster response time than

necessary and thus allow some of the TPS resources to

respond to lower priorit y transactions.

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  _ .



- -  ____

In analyzing queueing models , it is generally desirable

to obtain measures other than just mean waiting times. For

analyzing multiclass M/G/l queueing models , in order to

obtain the waiting time distributions , specific service

times distributions must generally be used and even then , it

is usually difficult to obtain analytic results. In

studying escalating priority scheduling for TPS , we will

limit our investigations to the mean and variance of waiting

times.

Some of the questions that need to be answered in

determining if escalating priority scheduling is indeed

applicable to transaction processing systems are:

(1) What is the feasible performance space of mean

waiting times under this scheduling ? What are the bounds of

mean waiting time for each priority class?

(2) How do we find the values of the control parameters

that will optimize different cost objective functions?

We will answer these questions , plus investigating some

other aspects of escalating priority scheduling , in this

dissertation. In Chapter 2, we investigate the limitations

of this scheduling , derive the feasible performance space of

mean waiting times ana show that the range of this

schedul ing  ru l e  is f r o m  f i x e d  p r i o r i t y  s chedu l ing  to

first—come—first—serve scheduling with no priorities.

25  
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In Chapter 3, we study the problem of optimization for

several cost functions. Our solution procedure is divided

into two stages: First , we determine a set of optimal mean

waiting times for a given cost function. Then , we determine

the values of control parameters for this set of mean

waiting times.

Chapter 4 discusses several other aspects of escalating

priority scheduling , such as bounds on the ratios of mean

w a i t i n g  t imes , the b e h a v i o r  of these r a t i o s  of w a i t i n g  t imes

unae r  s a t u r a t e d  conges t i on  and v a r ia n c e s  of w a i t i n g  t imes

under different levels of discrimination .

In Chap te r  5 , we compare  the  b e h a v i o r  of e s c a l a t i n g

priority scheduling with other “adjustable priority

scheduling rules ” , discuss the use of escalating priority

scheduling in transaction processing systems , and give

conclusions and directions for future research.

26
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CHAPTER 2

ESCALATING PRIORITY SCHEDULING DISCIPLINE

2 . 0  I n t r o d u c t i o n

We have seen in Chapter 1 that escalating priority

schedul ing has a set of control parameters. By adjusting

the se t t ing s of these pa rame te r s , d i f f e r e n t  mean w a i t i n g

times can be achieved . In this chapter , we study the

l i m i t a t i o n s  of t h i s  s c h e d u l i n g , d e r i v e  the f e a s i b l e

pe r fo rmance  space of mean waiting times for each class of

jobs , and aevelop an algorithm for determining values of the

cont ro l  pa ramete r s  g iven a Set of feasible expected waiting

t imes .

In Section 2.1, we introduce a general concept of

scheduling rules with adjustable parameters. For this class

of schedu l in g ru l es, we derive a set of constraints (bounds)

on the mean w a i t i n g  times of jobs from different priority

classes and show tha t they can cover the spec trum of

scheduling from no discrimination to maximum discrimination

among priority classes by adjusting their parameters.

In Section 2.2, we show that the set of constraints

derived in Section 2.1 is sufficient for characterizing the

feasible performance space of mean waiting times under

escalating priority scheduling . That is, any combination of

mean waiting times satisfy ing this set of constraints can be

achieved by escalating priority scheduling . We then develop

27



an algorithm for determining the values of the control

p a r a m e t e r s  g i v e n  any set of f e a s i b l e  mean  w a i t i n g  t i m e s .

In  s e c t i o n  2 . 3 , we u i s c u s s  i n t e r p r e t a t i o n  of b o u n d a r y

points of the feasible performance space under escalating

priority scheduling , aria Show that non—extreme points on the

bounoary leaa to a natural definition of a mixed rule of

escalating priority and fixed priority scheduling .

2.1 Adlustable Priority Sc he du l i n g  Rules

In multiclass queuein g systems , priority scheduling is

used to discriminate among different classes of arrivals.

Some of the scheduling rules are furnished with a set of

parameters that can be adjusted to provide different

discriminations among the differen t classes of jobs. We

call this class of scheduling rules the “adjustable priority

scheauling rules ” , and define it formally as the following :

DEFINITION . In an adjustable priority scheduling rule,

there is a set of parameters that can be varied

to enforce different degrees of discriminations

among priority classes.

I I
In adjustable priori ty scheduling rules , the priority

index of a job must ~e a function of more than the parameter

associated with the priority class , otherwise the scheduling

rule will become fixed pr iority scheduling without any

28
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adjustability. Usually, the priority index function

aepencis, in addition to the parameter associated with the

priority class, on the history or the current state of the

system. For example , in escalating priority scheduling , the

priority index of a job depends on both the waiting time and

the parameter associated with the job. Other examples

include Earliest Due Date scheduling and deescalating

priority scheduling (these scheduling rules are discussed in

Chapter 5.)

In the following , we investigate the limitations of

mean waiting times under any adjustable priori ty scheduling

rule. Please recall that we have restricted ourselves to

scheduling rules that are both work-conserving and

nonpreemptive. First , we have the following theorem .

THEOREM 2.1. In multiclass M/G/l queueing systems , un der

any nonpreemptive adjustable priority scheduling

ru l e, the mean waiting times for each class is

bounded by:

(2.1.1) (l—p )~ /(l_p
1) < E [Wil < W/(l— p+p 1) . (l<i<n)

Proof: For each priority class i , the maximum preference

that can be g iven to this class under any adjustable priority

scheduling rule is when jobs from this class are given

utmost preference over any other classes ’ jobs. Under this

condition , no job from any other class will ever be selected

29
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for service as long ~is there ~re jobs from class i present

in the system. But triis is exactly what happens when tne

sys tem is o p e r a t ed un der f ixed priority scheduling that

gives class i the highest prioity. Thus , the mean wa it ing

t ime of c lass i when  i t is se t as the h i g h e s t  p r i o r i ty  c lass

under fixed priority scheduling gives the lower bound of

E[W il for any adjustable priority scheduling rule. From

(1.3.5) of Theorem 1.3 , we have  the f irs t h a l f  of i n e q u a l i ty

set (2.1.1).

S i m i l a r l y , the maximum d iscrimination that can be

appl ie d a g a i n s t c lass  i unde r  any  a d j u s tab le pr ior it y

schedu l ing  r u l e  is when jobs  f r o m  th i s  c l a s s  a re  g iven leas t

preference. As long as triere are jobs from other classes

p r e se n t  in the sys tem , no j o b  f r o m  c lass  i w i ll be selec ted

for serv ice . Tnis is what happens in fixed riority

s c h eau l i n g , when class i is set as the lowes t priority

class. Therefore , the upper bound of E (W± J can be obtained

from (1.3.5) of Theorem 1. 3 , wh ich is the second half of

inequality set (2.1.1).

In the following , we show that not only is tne mean

wai ting time of each priority class bounded , b u t  a we i ghted

sum of the mean waiting times for any number of classes is

also bounded .

.30
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THEOREM 2.2. In multiclass M/G/l queueing systems under any

nonpreemptive adjustable pr iority scheduling

rule , for any set I of priority class indices ,

we have the following bounds on a weighted sum

of mean waiting times for jobs with class

indices in this set:

(2.1.2) (l—p ) ( ~ p )w/(l— 
~~ 

p~~~~) ~~ 
~~ ~ 

2~ P~~~~/~~~~
p
~- 

~k~~I k tz l k E I  k E l  kEl

In the above expression, tr.e notation ~
- denotes the

kE l
summation for all classes with class index in I. We will

exclude the case when I is equal to the set of all priority

indices , because ~n this case , (2.1.2) becomes the

conservation constraint (l.3.~~).

Proof: For any given I as the set of class indices of an

arbitrary group of priority classes , let the mean waiting

time of all jobs in this group be ELW 1I. Let N denote the

set of all class indices. That is, N = {l , 2 , ... , n ) .  Let

N—I denote the set of class indices which are not in I.

Then if we look at the classes with class indices in I as

distinct classes, from the conservation law we have

Z P k
E

~~
W

k
) + 

~
EiWk) 

-

kEI kEN— I

Now , if we consider the whole group of priority classes

with class indices in I as a single class, its congestion

factor is then equal to E 
~~ 

From this point of view , the
kE I
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conservation equation becomes

E[w J + 2 c
~
E[Wk]k~ I kEN— I

From the above two equations , we have

( 2 . 1 . 3)  E [ W  I = 2 Pk E
~~k

] / 2I kEl  kEl

Now , for the mean waiting time of all jobs in

this “combined class” , under any adjustable priority

schedu l ing  r u l e , f r o m  Theorem 2.1 , we have

(l—p)~Q/ (l— 2 PQ < E E W 11 < W / ( l — p +  2
kEl kEl

S u b s t i t u t i n g  ( 2 . 1 . 3 )  into  the above e x p r e s s i o n , and

m u l t i p l y i n g  by the q u a n t i t y  ( > p~~) t h r o u g h o u t , we obtain
kE l

( 2 . 1 . 2 ) .

We remark that in Theorem 2.2, for the special case

when the set I consists of only one element (e.g., I= (ifl,

then (2 .1.2)  becomes

(l—r) p .W/(l—p .) < p 1E[Wi] <

Cancelling out the factor p
~
, this becomes an inequality of

(2.1.1). Thus , if we allow I to be any set of class

inaices , then (2.1.2) includes (2.1.1) as a special case.

We will now examine the two sets of inequalities in

( 2 . 1 . 2 ) ,  and show t h a t  when  the c o n s e r v a t i o n  e q u a t i o n

(1.3. 2) holds , these two sets of inequalities can be derived
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f r o m  each o t h e r :

From the f i r s t  set of inequal i t ies, f o r  each I, we have

2 P kEEW kJ > (l—p )W( 2 
~~~~~~ 

2 Ok).
kEl kEl kEl

From the conservation law , we have

(1.3.2) p 1E [ W 1] + p 2E [ W 21 + . .. + P~ E[W~ ] =

Taking  the d i f f e r e n c e  of the above two equa t ions , we

then have

2 PkEEWkJ < pW— (1—p)W( 2 
~~~~~ 

2
kEN— I kEl kEl

= [pW — ( ~ 0 )pW — ( 2 
~~~~~~ ~ 

2 pk)~~~
J/(1 2

kEN— I k kEl  k E l  kEI

= ( 2 p
k)W/ 

(l—p+ 2
kEN- I kEN- I

This  is an inequal i ty  in the second set of ( 2 . 1 . 2) .  Since

this is true for all i, all inequalities in the second set

of ( 2 . 1 .2 )  can be der ived  f r o m  the f i r s t  set of

inequalities.

S i m i l a r l y ,  if we t ake  the d i f f e r e n c e  of ( 1 . 3 . 2 )  w i t h

any inequality in the second half of (2.1.2), we obtain an

inequality in the first half of (2.1.2). This holds true

for all i.
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Si nce the c o n s e r v a t i o n  law holds  fo r  any nonpreempt ive

a d j u s t a b l e  p r i o r i t y  scheduling , only one set of inequalities

in (2.1.2) is needed to characterize the mean waiting times

behavior.

Summarizing the above discussion , we have the following

necessary conaitions for any nonpreemptive adjustable

p r i o r i t y  s c h e d u l i n g  r u l e :

( 1 .3 . 2 )  p 1
E [ W

11 + p 2
E [ W 2 j + . . .  + ~~ E [ W ~~] =

and

(2.1.4) YIcN 2 p E
~
W
k 1 > (1—0) ( 2 Pk)W/(l~ 

I
kEl k kEl kEl

In the above exp re s s ion , we have  used the notation VIcN

to mean “ f o r  ea ch proper  subset I of N ” , where  a pr oper

subset of N is aefined to be a nonempty subset of N that is

not equal to N itself [L1P364], . Thus , for example , when N

(1, 2, 3), then I can be any of the following: (1), (2),

(3), (1, 2), (1 , 3) and (2 , 3). Therefore , when we require

I to run through all the possible subsets of N , (2.1.4)

becomes a set of six inequalities. We remark that for a set

N of n elements , (2.1.4) consists of 2”—2 i n e q u a l i t i e s .

The above summary states that for any setting of an

a d j u s t a b l e  p r i o r i t y  sc h e d u l i n g  r u l e , the  p o i n t  W =

(E[W
111 E [W2]~~...~ E[W~ 1) must lie within the space defined by

( 1 . 3 . 2)  and ( 2 . 1 . 4 ) .  In o the r  words , the  space d e f i n e d  by

(1.3.2) and (2.1.4) is the maximum possible performan cr~

L ~~~~~~~~~~~~ 



space of mean w a i t i n g  t imes under  any ad jus t ab l e  p r i o r i t y

scheduling r u l e .

We now give the geometr ica l  representa t ions  of these

cons t ra in t s  in two and three  d imensional  spaces.

F igure  2.1 shows the bounds of mean w a i t i n g  t imes in a

two—class  queueing system under any ad jus t ab le  p r i o r i t y

scheduling rule. The conservation equation (1.3.2) in the

two—dimensional  space is a s t r a i g h t  l ine  L:

p1
E [W

11 + p~~ [W2] 
= p W.  The set of cons t r a in t s  ( 2 . 1 . 4 )

consists of two inequalities:

( a) p 1E [ W 1] > (l— p ) p 1w/ ( l — p 1~;

and (b)  p 2E [ W 2 1 > (l p)p 2~ / (l- p 2) .

Let L 1: p 1E [ W 1) = ( l — p ) p 1W / ( l — p 1) and L2: p2E[W2] =

(l—p)p 2 /(l—p 2) correspond to the boundaries of the above

two inequalities. Then we see that L and L intercept at

~~12 
= ((l—p ) W/(l— p 1), vJ/(l— 01)); while L 2 and L intercept

at 
~21 

= (W/(l— o~ - , (1— ~ )vJ/(l—~~ )).

Thus , the maximum per formance space of mean wai ting

times is the line segment Q12Q21. It is interesting to note

that point P = (W, W) lies on the line Q1~Q2~ . This point

correspond s to a scheduling rule which applies no

discrimination among the two priority classes (e.g., FCFS or

l a s t—come—fi r s t - - se rve  (LCFS) s c h e d u l i n g ) .
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F i g u r e  2 .1  B o u n d s  of Mean W a i t i n g  Times
i n a Two—Class  Queue ing  Model

We note that for points in between P and 
~ i2~ 

we have

E [ W
1
] K t~ [W

2
I . Tnus , they correspond to scheduling rules

that give preference to class 1. Similarly, points lying

between P and 
~ 2 1 correspond to schedu l ing  ru le s  tha t  g ive

pre fe rence  to class 2. The e x t r e m e  po in t  Q 12 corresponds to

the mean w a i t i n g  t imes  p e r f o r m a n c e  of f i x e d  p r i o r i t y

scheduling which gives high priority to class 1. Similarly,

point 
~ 2l 

corresponds to mean waiting times performance of

fixed priority scheduling with reversed ordering of

p r i o r i t i e s .

Ne xt , we will discuss 3—class queueing systems. In

3—dimens iona l  space , the conservation equation (1.3.2)

becomes a plane S: c 1 E[W 1] + P 2 E [ W 2 ] +~~~~E [ W ~ ] p W .  I t is

sn own as the p lane  pass ing  t h r o u g h  the po in t s  Xl , X2 , X3 in

Figure 2.2.
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In th is  case , cons t ra in t s  ( 2 . 1 . 4 )  is the fo l lowing  set

of 2~ —2 or 6 inequal i t i es :

(1) p1E [ W
1

] > ( l—p)  p 1W/(l—p 1)

( 2 )  p 2 E I W 2 ] > ( l — ~~) p 2W / ( l — p 2 )

( 3 ) 0 3 E [ W 3 1 > (l p) p 3~/ (1 p 3
)

( 4 )  p 1E E W 1] + p
2

E [ W
21 > ( l — p)  (p

1+ p 2 )~~/ ( l— p 1— p 2)

(5) p 1E LW 1
] + p 3E [ W 31 > ( l— p ) ( p 1+ p 3)~~/ ( l — p 1— p 3

)

(6)  p 2 E [ W 21 + p
3

E[W
3 1 > ( l — p ) ( p 2 + p 3

)~~/ ( 1— p 2— p 3)

E[~ ]

x2

Q

/7 ~~~ \~/
_ s~ p1 E(~~)+p, Etw 1+p~Etw1)

L~~~~~//
L3L4 .p

Q L6ii 

~~~~~~~~~~~~~~~~~~~~~~ L2

ECW*] Qas X~ E[w1]

F i g u r e  2 .2  Bound s of Mean Wai t ing  T imes
in a Three—Cl ass  Queueing Model

The six l ines  corresponding to the boundar ies  of the

above six inequal it ies  a re  shown as L1 th rough  L6 in F i g u r e

2 . 2 .  The six ve r t i ces  Q123 , Q
213

, Q231 , Q321, Q312 and Q132
correspond to the mean w a i t in g  t imes p e r f o r m a nc e s  of the six

37
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d i f f e r e n t  o r d e r i n g s u n d e r  f i x e d  p r i o r i t y  schedu l ing . The

subsc r ip t  of each point represents the ordering of priority

classes. Thus , for  example , Q
213 represen ts  the mean

w a i t i n g  t imes p e r f o r m a n c e  of f i x e d  p r i o r i t y  schedu l ing  when

class 2 is g iven  h ighes t  p r i o r i t y , class 1 the nex t , and

class 3 the lowest priority. Once again , the point P = (W ,

W , W) on the plane corresponds to scheduling with no

discriminations among the three priority classes.

From the above two examples , we see t h a t  the space

de f i n e d  by ( 1 . 3 . 2 )  and ( 2 . 1 . 4 )  is a convex po lyhedron .  It

can be thought of as a region on the “hyperplane ” defined by

the conservation equation (1.3.2) that is circumferenced by H

the set of linear inequalities (2.1.4) -

We note that the point P = (W, W , ..., W) always lies

in this space because it satisfies both (1.3.2) and (2.1.4).

This point corresponds to mean waiting times performance of

scheduling rules that have no discrimination (FCFS , LCFS , or

other rules that do not apply discrimination among priority

classes)

We also note that from the proof of Theorem 2.1 , the

bounds of adjustable priority scheduling s are obtained from

the mean waiting times of fixed priority scheduling , which

can be achieved by using either FCFS or LCFS to determine

the ordering of jobs within the same class.
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T h e r e f o r e , th is class of a d j u s t a b l e  p r i o r i t y  schedu l ing

r u l e s  covers  the spectrum of schedu l ing  r u l e s  wh ich  do not

d i s t i n g u i s h  among p r i o r i t y  classes to those tha t  separa te

p r i o r i t y  classes to the max imum e x t e n t .

2 . 2  Feasible P e r f o r m a n c e  Space of Mean Waiting Times

In Section 2.1 , we showed tha t  mean w a i t i n g  t imes

p e r f o r m a n c e  of any ad jus t ab le  p r i o r i t y  s c h e d u l i n g  mus t

s a t i s fy  the fo l lowing  c o n s t r a i n t s :

( 1 .3 .2)  p 1E [ W 1] + p
2E [ W 2] + .. . + D~ E [ W ~ ] = PW ,

and

(2.1.4) VIcN 2 OkEIW k] > (l—p ) ( I Qk ) W / ( l —  
~
‘ p~~) -

kEl 
— k E l  k E l

Since these c o n s t r a i n t s  are  l i nea r , the r e g i o n  bounded

by these constraints is a convex polyhedron. The interior

points of this space are defined by (1.3.2) and

(2.2.1) YIcN I pkE[WkJ > ~~~~~ I Pk)W/(l~
- I

kEl kEl kEl

where  ( 2 . 2 . 1 )  is obtained by r ep lac ing  “> “ with “ > “  in

( 2 . 1 . 4) .

In th i s  sect ion , we show tha t  we can f i n d  a set of

values  for  the con t ro l  p a r a m e t e r s  ( c~ } in esca la t ing

p r i o r i t y  schedul ing  fo r  any set of mean w a i t i n g  t imes

sa t i s fy ing  ( 1.3 . 2 )  and ( 2 . 2 .1) . Thus , ( 1. 3 . 2 )  and ( 2 . 2 . 1 )

characterize the feasible performance space of mean waiting
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times under escalating priority scheduling . In addition , we

present an algorithm for determining the values of ( 
~~

g i v e n  a set of r e a s i b l e  mean  w a i t i n g  t i m e s .

B e f o r e  we p roceed  to d e r i v e  the  p r o c e d u r e  f o r

determinin g values of the control parameters {~~ ), we

examine Theorem 1.5 more thoroughly. We recall that in

Theorem 1.5, equations (1.3.9) and (1.3.10) were obtained

under tne condition that 
~~ .~~ ~2! 

. . .  > Y ~~ . This

corresponds to the setting of orderings that gives class 1

the highest priority, class 2 the second , and so on , and

class n the lowest priori ty. Under this setting of

priorities , we have the following :

THEOREM 2.3. In multiclass M/G/l queueing systems under

escalating prior ity scheduling , if we are given

~~~~~~ ~‘2 ?~ 
...  > c~ , then

(2.2.2) E [W
11 < E [W 2] < ... < E [W~ j.

Proof: We shall show that

E [ W . ]  < E [ W .
÷1] for  a l l  i,1 ~ i < n — i  .

From (1.3.9), we have

I (l4-4
~~
)PkE [WkI

~~~~~~~ 1 k=i+ 1
— 

i—l 
~k1 —  2 ( l — — )~

k=l ~i

40
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W -- I
k= i+ 2

i—l
1— 2

k=l

— 
n

W —  2 ( 1 —  k ) E [W )
k=i+ 2 ~ i+ 1

i 1
1— ~ (1— 1+ 1)

k=l ~k 
k

— 
n
2 (1- k ) E[w J

k=i-i- 2 ~ i+i
— 

1 —  ( l_ 1
~~~)p

k= 1

= E[ W ~ ÷1J

Thus, (2.2.2) holds.
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In the following theorem , we describe an algorithm for

determining the values of I ~~~} g i ven a set of mean w a i t i n g

t i mes ( E L W 11 , E [~~~ )I , . . - , I~ [~~~ ) )  satisf~’ing (1.3.2), (2.2.1)

ana (2.2.2).

lH E O R t ~M .~.4 .  In a m u l t i c l a s s  M ,/G/ l  que ue ing  system w i t h

p K 1 , a set of values ior { ~ . }  can be obtained

f o r  e s c a l a t i n g  p r i o r i t y  s c h e d u l i n g  to a c h i e v e

any given set of mean waiting times (E[W1],

- . . , E l W ~~] )  t h a t  s a t i s f ie s  ( 1 . 3 . 2 ) ,

( 2 . 2 . 1 )  3 f l c  (2.2.2). Define , recursively (for i

from n— i L~~~kwards to lj

( 2 . 2 . 3 )  a .  = (r.a. 1+;. E l
~~~

I / E 1~~~..~1 I

(2.2.4) b. = (W- 
~~~~~ k~ 

E [ W 1 1 ] -
k=i

(2.2.5) c. = — b - — r .a
1 1 i+1 I i-# 1

where r is the unique positive root of

(2.2.6 ) a 1X 2 
+ b . 1X + c~~~1 = 0

ana , initially,

(2.2.7) a~ =

( 2 . 2 . 8 )  b =  (w—~ E [W~ J)/E [~ ~ 
—

(2.2.9) c~ = 

~~~~~~~ 
— w/E(W~ ].

Then , } .:an be obtained as:

n—i
( 2 . 2 .1 0 )  

~~i 
= ~ / i 1, 2, . . . ,  n.

k= i

42
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Note that in (2.2.10), we have used the convention to

i n t e r p r e t  a null product as I for the case when i=n. Also.

rj is defined only for i<i<n—l. From (2.2.10) we have r1 =

Si nce we are  g iven  t ha t  E 1W ~~I < E L W ~~~1) ,  t h e r e f o r e

~1
>c
~~÷1. 

thus , each r1 will be smaller than or equal to 1.

We remark that since the conservation law puts a linear

constraint on the performance of mean waiting times for each

class of jobs , there are only n—l degrees of freedom to

spec i fy  a d e s i r a b l e  mean w a i t i n g  t imes  p e r f o r m a n c e . For

these degrees  of f r e e d o m , only  n— i  independent variables are

needed . Therefore , for the set of n c o n t r o l  p a r a m e t e r s ,

there is one degree of redundancy and only n— i  degrees  of

adjustability can be achieved .

Proof: Under escalating priority scheduling , for any set of

control parameters f y. }, the mean w a i t i n g  t imes  { E [ W 1] }

must satisfy the following set of n equations (from Theorem

1 . 5 ) :

i—i 
~k 

—

( 1 . 3 . 9 )  ( 1 —  2 ( l _ _ -
~

) p k J E [w j J + I ( l _
~~~~

) P k E[W k l =

k=1 ~k k=i+ l

Our problem now is to determine the values of { a.

given E [ W 1] ,  l< i < n , whi ch sa t i s f y ( 1 . 3 . 9 )  above. We w i l l

first solve this set of equations for { c~~~}.

Let us define , for each i , l<i<n— l ,
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(2.2.11) r =

Then , we see that for any k > i ,

= ~~i+l a1~ 2 ... - ~k = 

k
~
l
r .

a a~~~~1 ‘
~k—1 k=i ~

Similarly, for k <. i ,

— ___  . - - 

aj 
= 

l
r:
l

r.— 

ak ak+L ~ i~— l j k  ~

Thus , ( 1 . 3 . 9 )  can be r e w r i t t e n  as

i—i i— ]_ n k— i 
—

[1— 5 (1— 
~ 

r .)
~ k

)E[Wk] + 2 (1— r.)~~~E [W~} — W .
k=1 j=k -

~ k=i+ 1 j=i ~

Shifting those terms which do not contain the factor rj

to the ri ght of the equality sign and dividing by E[Wi], we

obtain

i—i i—i n k—i
(2.2.12) 5 p ( r.) — E (o kE[wk]/E {w.])( ~ r .)

k=l k j=k ~ k=i+l

n

~ PkE~~k
] )/E[w11 — ( 1

~~~o i i )
k=i+ l

Equation (2.2.12) IS a set of n nonlinear equations of

tne  n — I  v ar i a b l e s  { r , :  I < i < n — 1 }  w h i c h  is of d e g r e e  n — i .  For

later reference , the i—th equation of (2.2.12) will be
Qefined as (2.2.l2.i). We will now solve this set of
s i m u l ta n e o u s  e q u a t i o n s  f o r  ~~~ l < i < ~n - l .
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It  is importan t  to note tha t  if these r ’ s can be

success fu l ly  obtained , then we can use ( 2 . 2 .11) to obta in

- 

- 

t o . 1) :

— ~i+i 1 ~~ i+ 8

a .  r. r. r.
1 1 i+l

n-i
= a / 

( II r~ )~ k=i “
For the e x t r a  degree of f reedom , we a r b i t r a r i ly let

Tnus , we have

n-i
(2 , 2 , 10) 1 / 11 rk,

k= 1

which is exactly what was stated in the theorem .

To solve for {r1 : l<i<n—l}, we first multiply

(2 .2 . 12 . n — l )  by — r ~~~1 to obta in

n—2 n—3
(2.2.13) — ~ ~~~~~ 

r . ) r ~~~1+ nE~~ n l / E [ w ~_ 11) r ~ _ 1
2

k=l j=k

= { (w—~~E1W~J ) / E[W~~1] 
— (i—a 2)Jr

Equa t ion  ( 2 . 2 .12 .n )  when w r i t t e n  out , becomes

n—i n—l
(2.2.12.n) I 

~~ 
11 r.) = —

k=l j=k ~

or ,

k~~l
P k~~~~k

r j rn_ l + p 1r 1 = ~~/ E [ w ~ J - 

~~~n-i~
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A d d i n g  the  above e q u a t i o n  to ( 2 . 2 . 1 3 ) ,  we o b t a i n

(P ~~E [W ~ 1 / E [W~ 1J ) r ~ ~
2

+ ~~~(W— p E [W 1 )  / E [ W 1J — ( i
~ an

+ (l
~~

an /E IW I )  = 0

Tnis is a quadratic equation of the variable r~ _ 1 only.

~e note that the coefficients of this quadratic equation are

the ~~ b~ ana defined in (2.2.7) through (2.2.9)

respectively. Thus , r~ _ 1 is a root of

( 2 . 2 . t . n )  a~ X
2 

+ b~X + c~ 0 .

Since r is defined to be the ratio of a andn—i n

-
~ , and , since all the 

~~~~
. ‘ s are positive, we should expect

n-i 1

r
1 

to be positive. Also , in order that r~~ 1 be uniquely

d e f i n e d , we need to show t ha t  t h e r e  is on ly  one p o s i t i v e

solution of (2.2.6.n) .

‘this is the case if we can show that a n C
n 

K 0. This
- 

- 

2is because if x 1 and x2 are two roo t s  of a~ X + + c~ =

U , then x1 .x 2 = c~/a~ . Thus , a~~ c~ K 0 if and only if c~ /a~
K U , which means that x 1 and x 2 are opposite in sign. This

g u a r a n t e e s  t h a t  e i t he r  x 1 or x2 is p o s i t i v e .

Now , f r o m  ( 2 . 2 . 7 ) ,  i t  is eas i ly seen t h a t  a n > 0.

T h e r e f o r e , we need to show t h a t  C n < 0.  F rom ( 2 .2 . 1 )  w i t h  I

(1, 2, ..., n—l), we have

~ 
(1_

~
)
~~
a i / (l—a ~~ 1)

46

- - .-- --,-— - — -——---—— -—- — , - - . - ____7 -- --—- -,.—-—-—--- -. -_ - - ., _ __._____ ___ - ,
~ -- ‘--,



_ _ _ _ _ _  

— — 7- 
- 

~~~ I1 ~~~~
I,

Taking  the d i f f e r e n c e  of ( 1 . 3 .2 )  w i th  the above i n e q u a l i ty ,

we obtain

p~E [W~ 1 K p W  —

= (oW— a~_1~W—a~_1W+ a~~ 1~W) / (i— a ~~~1)

= (~ W—a~ _ 1W) / ( i_a p i )

= p
~~~~/ 

(l~••C~~ j)

Thus , E [ W J K

or , l a ~~ 1< ~/E [W~ ],

so c = ( i— a 1) - W/E[W~ } < 0.

We w i l l  now use the p r i n c i p l e  of i n d uc t i o n  to show the

fol lowing :

(a) Once we found r
k~ 

i< k<n—l , then r . 1  must be a

roo t of the qua d ra tic equa tion a1X
2+b~X+c1=0 where a1, b1

and c . are  def ined by ( 2 . 2 . 3 )  th rough  ( 2 . 2 . 5 ) .

(b)  There  is only one posi t ive root to the above
2quad ra tic  equat ion a1X +b 1X+c 1= O.

F i r s t  we show (a ) : From ( 2 . 2 . 12 ) ,  we get

i—2 1—2 n
( 2 .2 . 12 .j — l )  I 

~~~ 
r~ 

r . ) —  I (p k E [ W k ]/E [w. _ l ] ) (  fl r . )
k= 1 j =k ~ k=i 1 j = i— l ~

= _
~~~~~

_
k~~I

P k E k~~~~~~~~i_ i 1_
~~~

_ a i_2 ) J n i_ l .
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M u l t i p ly it by —r
1

, we get

i—2 i—i i k
— ~ o~~

( fl r . )  + 
~~ 

(p kE[Wk1/E [~ I_l1)( , fl r .)
k=l j=k ~ k=l i,=i—l

= _ w _

Now , add the above equa t ion  to ( 2 . 2 . 1 2 ) ,  we have

p l l rl l ÷~~~~
(P kEEW k1/E [W l_l ] ) ( f l r

~
)rI l

~ 
(p kE [wkJ/ E 1w i_1 J )( f l r . )

k=ri-s- i j 1  ~

=

+ (
~ - ~ 2k~~~k

] ih 1
~~ i_l

)

After shifting and combining terms , we obtain

k-i
I ( p

k
E [w

k J /E {w i_ l J ) ( f l r . ) r~~~1k=i J—1

+ H:- 

k=i k k )/E[w~_ 1] (i- a~~ i) Jr 1_1

— I ( P k
E [W

k ll /E IW 1
J )( f l r . )

k=i+ 1 j= 1

— (~~~
— 

~ 
P
k

E [W
k

I )/E [W . i]+(l~
a
~~ i) = 0 -

k= 1+1

This is an equation of r
1 

only , since al l  the  rk ’s

for k > i are known. Let the coetficients of the above

q u a a r a t ic  e q u a t i o n  be a 1’ , b . ’ and C . ’ r e s p e c t i v e l y .  We
then need to show that a. ’ = a 1, b~~’ = b1 and c~~’ = c~ as

- - . - .~~~~~~~~~~~~~ _ _ _ _ _ _ _ _  
I . . . _ _.
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def ined  in ( 2 . 2 . 3 )  th roug h ( 2 . 2 . 5 ) .

Comparing b 1’ wi th  b~ as def ined  by ( 2 . 2 . 4 ) ,  we can see

that  b 1’ is exact ly  b 1. So we wi l l  show ( i )  aj ’ = a and

( i i)  c 1’ = a 1.

n k
( i )  a . ’ = I ( P kE [ W k1/E (Wl i ) ) ( f l r

~~
)

k=i j=i

= p. E [W.J/ELW . ~J + E ( P kE [WkJ/ELW . lJ ) ( f l r
~
)

n k
= (E[W.]/E [W. 

~ 
)[p. + I ( p

k
E[W

k
]/E [W j] ) ( 2 r . ) r 11 1 1 

k=i+1 j=i-i- 1 ~

= (E[W. }/ELW 1 1 J)( p
1+ aç1

r.)

But , i n i t i a l l y  we know tha t  a~~’ = a~~. By the p r inc ip le

of induc t ion , we have a 1’ = a 1.

n k-i
( i i )  From ( 2 . 2 . 3 ) ,  a 1~ 1 = I (o kE[wk]/EEW I])( 2 r.)

k=i+ 1 j =i+l ~

Thus , c~ = — a1~ 1r 1 —

= p. —a 1~ 1r1 — ( ( ~~— ~ PkE[WkJ/EEW 1
]_ (l_a

l)J
k=i+ l

= p — a .  r.—b .1 ]~+i 1 1

We have thus  completely proved ( a ) .  We w i l l  next  show

(b) . Th at is , we wi l l  show that  there  is only one posi t ive

root of a .X 2+b . X+c . = O .
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As we s tated ab ove , t h i s  is t rue  if  we can show t h a t

a1 c1 K 0 . We h ave a l ready  seen tha t  a~ > U and c~ K 0 , SO

we will apply the principle of i n d u c t i o n  to assume t h a t  we

have found  ak ( i + l < k < n ) to be p o s i t i v e  and Ck ( i + l < k < n )  to

be negat ive;  t h e r e f o r e  tk (i<kKn—l) is positive .

F rom ( 2 . 2 . 3 )  it is eas i ly  seen tha t  a1 is pos i t ive .

Thus we only  need to show t h a t  c1 K 0.

Ins tead  of d i r e c t l y  p r o v i n g  t ha t  c .  K 0 , we w i l l  show

the following :

(2.2.14) For i<kKn— l , C k K U if and only if

E [W~~1]a~c~ < 

~~~~~~~~~ 

(bk÷1
_ P
k)

We will prove this by induction.

First, from (2.2.5), we have

c = p  — b — r  a .n—i n—i n n—i  n

Recalling that rn_i is the positive root of

a X 2 + b X + c  = 0 ,
n n n

we must have

r = —i-— (— b  + /b
2 

— 4a c )n—i 2a n .~ n n f l

Thus,

C~~~1 
= P n i

_b
n

_ a
n {

~~4~ 
(—b + /b

2 
- 4ac
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= ~~_ 1-b~ (—
~~~+~~~ ~/~

‘
~~-4a c~~)

= 0n_i~~~~~+J(~~ )
2 _ a

n
c
n

Therefore , c~ _ 1 < O if and only if

b f~~~~ 2
on—i - < J ( i ) — a c ~

which is equivalent to
2 

2b b
2 n n

- p~~_ 1
b~~ + -~~~-- < —i-- - a c ,

or ,

a c  < p  (b —p ) .
n n  n-i n n—i

This proves ( 2 . 2. 14 ) for the case k = n — 1

Now, we assume that we have proved (2.2.14) for

k=i+i, 1+2, ..., n—i. We will prove (2.2.14 ) for k=i

Let us consider the quantity

E[W 1]a~c.

F rom ( 2 . 2 . 3 )  and ( 2 . 2 . 5 ) ,  we have

E[W1_11a 1c1 E[W. 1]( (r.a~÷1+p 1)E[W1
] /E[W~ ~

J I

x (p
~
_b
~+i~~~

a1+i)

E[W~] H(a1~ 1r1) ~~~~~~~~~~~~~~~~~~~~~~~~

5i 
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= E [ W . ]  [_ [a
i+i

(2a
1 (—b~~~1 /b~~~1 

— 4a.+ 1C.+i
) )

+ 

b .~~l 2 1 2 
p1(b 1÷1— p 1) J

=

= E [ W 1J a 1+i
C

~~+i — P ~~
E [ W

~~
] ( b

~ ÷i — P 1)

This is a recursive relation of E[Wk]akck . Therefore,

we can recursively substitute the quantity in the right hand

side of the above equation to obtain

E[W
~_ i

1a 1c1 = E [;
~
?
n l

]a
n
c
n

_ p
k
E[W

k
] (bk+i

_P
k)

For the quantity E [W1 1 1a~ c1 , 
we have aiready seen that

a
1 

> 0 .  Thus , this quantity is negative if and oniy if c~ < 0

The equation above therefore shows that c .<0 if and only if

n-i
(2.2.15) E[Wn i ]ancn

_ I P
kE[WkJ (bk+l

_ p
k) < 0.

This proves that (2.2.14) holds.

We will now show that (2.2.15) indeed holds. This will

then prove that c1<0 , which will complete our proof of (b).

The first term on the left hand side of (2.2.15) is

(2.2.16 ) E[W 1
] a c ~ = E ( W

1] 
(p E [W I  / E [ w 1] )

X I (i-a i) -~~/E{W i

= ~~E[W ) (l—a~~~1)—~~ W
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The second term of (2.2.15) is

(2 . 2. 17 ) E P k E [ W k ] (b
k+i

_ p
k )

= I P kE~~ k J ( ~~~ 
I p . E [ W . ]  )/E [Wk

J _ ( 1_ a
k

) _ p
k J

k=i j=k-i- l ~

n-i 
— 

n
= I [P

k
(W_ I p .E [W .J ) _ p

k
E[W

k
) ( 1

~~
ak l )J

k=i j =k+ i ~
n-i n-i n n-i

= ~ ~~~~~~ ~ I Pk E i  — I
k=i k=i j=k+1 ~ k=i

n—i
+

— 
n—i n j-i

= n_ i~~~ i_ i
) TI~

T _ I P k E[W k] — I I
. Pk

oiE [W i]
3 3 .  k=i

n—i
+

— 
n-i n k-i

= (a~ _1 i_i
~~

1_
kEj

PkE[WkI 
k=i 

E P jPkE[Wk]

+ 
k=i k k i k

= (a
f l i

-
~~~~~ l

)
~~~
-
~~~~~~

Q
k

E[W
k

J 

k=i~~~~~~~l i
~~~~~~

k k

+ 
k=1 k k h lc

= (~~~~~~1
— a 1 1 ) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n—i n—i
— 

k=i 
(ak_i—a t_i ) PkE [WkJ + 

k=i~~~~~
i [WkJ
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n — i  ri— i

~~~~~~~~~~~~~~~~~~~~~~~ 
— . PkE[wk] 

— I a k l Pk
E[W;(I

k=i k=i

n-i n—i
+ a . 1  Pk

E (W
kI + I Pkck_1E [W

k
]1 k=i k=i

n-I
= (a~~~1—a1_1)(W— p~ E [W~ ]) 

— (l—a 1 1 ) (  
~~.

PkE~~k
J).

k= 1

Therefore , (2 . 2 .15)  becomes

Pn~~
1
~
m
nh (l_ cn i

)_P
n
W_ (

~ n i
_
~ i i

)(W_Pn
E [W

n
} )

+ (i_a.
i

) (
k~ j

PkE[Wk
} )

=

n-i
+ ( l — a .

i
) (  I Q

k
E{W

k
j)

k= I

= (i_a
1 i )p

~
E[W

~
]_
~~

(p_
~ 1 i

)+ (i_a 1 i ) 
~ 

P~ E[W~}
k=i

n i-i
= ( i — a . i ) S Pk

E [W
kl— (l— a. 

~~ 
I

~ k=i 1— k=l

Now, from (2.1.4), when 1= fi ,2,..., i—lJ , we have

> (i-o)a. 1~ /(1-a. ~ 
.

Therefore
i—i

(i—p) a1 1 W < (i—a. _ 1) I p, E[W ~.J1 k=i ’
or ,

i—i
( i — p ) a . 1W —  (i—c. 1) I PkE[WkJ < 01 k=i

This shows tha t  ( 2 .2 . i 5 )  holds , and thus completes the

proof of (b).
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From Theorem 2.3 , we have the following : To determine

the values of control parameters { a1 } for a given set of

(ELW 1I , Ejw 2 J , ..., E[W~ J ) satisf ying (1.3.2) and (2.2.1),

we first rename the class indices so that (2.2.2) is

sa t i s f i ed , and then use the algorithm to obtain the values

of the control parameters (a. I. Thus , any point

W = (E[W1J , E [W 2 J ,...,E[W~ ]) ly ing in the space defined by

(1.3.2) and (2.2.1) is achievable by escala ting priority

scheduling . This shows tha t the feasible performance space

of mean waiting times of escalating priority scheduling is

the space aefined by (1.3.2) and ( 2 . 2 . 1 ) .

The f o l l o w i n g  theorem shows that escalating priority

schedul ing  covers the spectrum f r o m  FCFS scheduling to fixed

priority scheduling .

THEOREM 2.~~. (a) FCFS scheduling can be achieved from

escalating prior ity scheduling by setting the

parameters { o.. ) all equal.

(b) Fixed p r i o r it y  schedul ing  is the l in i t i n g

rule of escalating priority scheduling when the

ratios between successive parameters all

approach infinity .

Proof: (a) When we set all the parameters ( a1 I equal , we

are  in f act  i g n o r i n g  the d i f f e r e nc e s  among priority classes
because all j obs e n t e r in g  the queue  have the same p r i o r i t y
increas ing  rate and therefore the next job selected for
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service is always the one that has been waiting the longest.

Thus , selecting the job with the highest priority index is

equivalent to selecting the job that entered the queue the

e a r l i e s t .  This  is prec i se ly  f i r s t — c o m e — f i r s t — s e r v e

scneduling .

(a )  Gi ven that  o.~~/o.~~ 1-’~~ for  all  i , 1<i <n , then it is

impossible to have any job f r o m  class i+l w i th  p r i o r i t y

index larger than any job in the queue f r o m  class i. This

is because as soon as a job from class i comes into the

system , its p r i o r i t y  index w i l l  increase  at such a f a s t  ra te

that  it surpasses  all  the p r i o r i t y  indices of jobs f rom

c lass i+l , no ma t t e r  how long they have wai ted in the queue .

Within the same priority class, the job which entered the

earliest will have the highest pr iority index. Thus ,

f i r s t — c o m e — f i r s t — s e r v e  p reva i l s .  T h e r e f o r e , in th i s

l i m i t i n g  case , we have f ixed  p r i o r i t y  schedul ing .

To check this , we will show that

(2.1.5) lim E [WiJ = (l—p ) W / (1—a . (1—c.),
C 1— 1

where c is the condit ion  tha t  o.j/o.1~~~~’~~ , l~~i<n .  We w i l l

prove th i s  by induc tion  on k ( f r o m  n ba ckwards  to 1) .

F i r s t , f rom ( 1 . 3 . 1 0 ) ,

n—i
u r n  E [ W n I  = W / [1— 1 (i—U) 

~k
1 = ~ / ( l — p + p  ) = E [WnJc k=i
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Next , we assume tha t (2.1.1 ) is true for a l l  k = i+l ,

i+2 , ..., n .  We show tha t  i t  is also t r u e  f o r  k i .

Now , fo r  each k > i , i t  can be seen that

1 1 1  _

(l_c k_1 )(l— ak) Pk
i_c

k
i a k~ i

Thus, for k < i ,

u r n  E[WkI = (1_p)W/ (l_ak_i ) (l
~
ak
)

— 
( l — p ) W  1 

— 
1

— 

~k 
c l_a

k 
i—ak_i

So , we have

u r n  E[WkI
k=i+1 c

u r n  E[W~] = i f
c

~~~
— ‘

~k= 1

1 1
= ~W —  I ( l — p ) W ~~ ( — ))

i—a 1_1 k=i+i 
i—ak i—ak_i

= 
1 I%.j_ J~~

_
~~+ 

(i-p)W
1

i—c . i—a i—a.
i—i n 1

- 
(i-p)W

— 
(i—a. 1

) (i—c t
)
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r The above theorem states that the class of escalating

priority scheduling covers the spectrum from first—come—

first—serve scheduling with no discriminatin to fixed

p r i o r i t y  schedul ing  with FCFS rule to determine the order of

-
: service for jobs within the same class.

2.3 Interpretations of Boundary Points

In Sect.Lo n 2 . 2 , we showed that the feasible performance

space of mean w a i t i n g  t imes  fo r  c .scala t ing  p r i o r i t y

schedul ing  is c h a r a c t e r i z e d  by ( 1 . 3 . 2 )  and ( 2 . 2 . 1 ) .  This is

an open set consisting of the interior points of the space

F 
d e f i n e d  by (1.3.2) and (2.1.4). In this section , we study

the interpretation of the boundary points of the space

defined by (1.3.2) and (2.2.1).

In section 2 .1 , it was shown that the extreme points on

the boundary  r ep resen t  mean waiting times behaviors of

different orderings of priority classes under fixed priority

scheduling . By Theorem 2 . 5  ( b ) , these points  correspond to

limiting rules of escalating priority scheduling when

for all i.

We will now investigate the meanings of non—extreme

boundary points for a 3—class queueing model using a three

dimensional geometrical representation.
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In f i g u re  2 . 3 , the po in t s  
~~

• k
’
~ 

are the points

corresponding to mean wai ting times performance of fixed

p r i o r i t y  schedu l ing  w i t h  h ighes t  p r i o r i t y  given to class i ,

the next highest to class j, and lowest to class k .  The

poin t  P is (W, ~~~, W) and corresponds to FCFS scheduling .

The interior poi n ts of the hexagon 
~~~~~~~~~~~~~~~~~~~~~~~~

are the open space defined by (1.3.2) and (2.2.1). They are

the f e a s i b l e  p e r f o r m a n c e  space of mean w a i t i n g  t imes under

escalating priority scheduling .

E [w,)

E

Fi g u r e  2 . 3  Boun d a ry  Po in t s  of P e r f o r m a n c e  Space in
3—Class Escalating Priority Scheduling

Without loss of generality , we consider the per formance
space of mean wait ing times for the priority ordering that

gives class 1 the highest pri ority, class 2 next , and class
3 the lowes t .  From Theorem 2 .3 , this space is the area in
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the hexagon such that EEW 1
] < E [W2

] < E [W
3
]. Thus , it is

the area bounded by P,R,Q i23,S in Figure 2.5, where the line

PR is defined as E[W1
] E [ W

21 and PS is defined as

E [ W
21=E[W 31.

Let us first consider the parametric change of

parameters in escalating priority scheduling with (~~1,a2,a3
)

= (a,a,ak) for k:l-’U (a is any positive constant) . Since

we must have E [W iI=E [W21. We note that initially,

when k=l , we are at the point P= (W, W , W). Now , when we

decrease the value k , starting from 1, the point

(E[W 1],E1W 2],E [W3]) moves from P along the line PR towards

R. This means chat E[W 3] is increasing because the value of

is decreasing . Hence , when k=O , we must be at point R,

and this point represents the limiting behavior of

escalating priority scheduling with a
1=o’2 and a2/o’3~~~~.

This limiting situation can be thought of as fixed

priority scheduling applied to two priority groups: The

high priority group consisting of classes 1 and 2; the low

p r i o r i t y  class group consisting of class 3. Within the high

priority group , no discrimination is applied between class 1

and class 2 jobs.

Next , consider the parametric setting (a 1,cy2, a3) =

(a(k+b(l—k)),a ,ak) , where a>0 and b>1. Again , when we s t a r t

with k=l , we are at point P. Now , as k decreases , both the
relative discriminations between class 1 and class 2, and
between class 2 and class 3 increase. This is because
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= k + b (l— k )  > 1 and = 1/k > 1. This  means  t h a t  the

point is moving from P away [ron PR and toward the boundary

RQ
2 

because E [W 2] and E [W 3] are both increasing .

The r e f o r e , when k approaches  U , the poi n t  mus t  l i e  on the

b o u n d a r y  RQ 123 and represen ts the limiting setting of

a1
/a

2
b and

This  lim i t i n g  s i t u a t i o n  can a g a i n  be t h o u g h t  of as

f i xed p r i o r i t y  s c h e d u l i n g  app l ied  to two g roups :  the h igh

p r i o r i t y  g r o u p  c o n s i s t i n g  of classes 1 and 2 and the low

p r i o r i t y  g r o u p  c o n s i s t i n g  of c lass  3 o n l y .  Now however ,

w i t h i n  the h i g h  p r i o r i t y  g r o u p ,  cl ass 1 and class 2 jobs

compete fo r  s e rv i ce  us ing  e s c a l a t i n g  p r i o r i t y  schedul ing .

We will now investigate changing the value of b. When

b= 1 anci k -~ U , c~1/a 2 =l and o2/af . We know f r o m  our  f i r s t

examp le tha t  t h i s  p a r a m e t e r  setting corresponds to the

bounda ry point R. When b-’~~ and k- ’ U , a1 ‘~ 2 
and

From Theorem 2.5 (b) we know that this

cor responds  to the  e x t r e m e  po in t  Q 123. The r e f o r e , when b

v a r i e s  between 1 and K , l<a i/a 2K~ 
and a2/a 3 

-
~~~~~ and thus

the correspon ding limiting point lies on the line segment

RQ 123 .

Si m i l a r l y ,  t h e  1 ir ~~~ s egment  SQ 123 represents the

limiting points wr~un ~1/af~ and cy 2/a3 b for iKb< . This

ca n be seen u s i n g  the  p a r a m e t r i c  se t t ing
(a /k ,~~,a (k+ (l—k )/b) and using the arguments

presented above for line segment RQ123.
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Thr r e f o r e , n o n — e x t r e m e  po in t s  on the boundary can be

t hough t  of as r e p r e s e n t in g  the mean w a i t i ng  t imes

performance of p r i o r i t y  schedul ing  r u l e s  w it h  a “ m i x t u r e ” of

f i xed  p r i o r i t y  schedul ing  and esca la t ing  p r i o r i t y

scheduling . We now formally define this new rule of

scheduling :

DEFINITION . In multiclass queueing systems , a scheduling

r u l e  is called mixed priority scheduling of

escalating priority and fixed priority , or , MEFP

scheduling in short , if it separates the arrival

classes into several priority levels such that

fixed priority scheduling is applied between

d i f f e r e n t  levels , and escalating priority

schedul ing  is applied w i t h i n  levels .

This  schedul ing  mechanism is shown in F i g u r e  2 . 4 .

O p e r a t i o n a l l y ,  let the n a r r i v i n g  classes be grouped into  m

levels , eacn level i consisting of n~ priority classes. For

each p r i o r i t y  class ( i ,j), there is a con t ro l  parameter  a j j
associated w i t h  i t .  Jobs w i t h i n  the ievei i compete for

serv ice  w i t h  p r i o r it i e s  inc reas ing  w i t n  r a t e  When the

server becomes free , it searches from the top level

downwards to find the first level with at least one nonempty

queue . It then select the job within this level with the

highest priority index for service.
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F i g u r e  2 . 4  ME FP Sched u l i n g  Mechan i sm

Not ice  t ha t  in t h i s  schedu l ing  r u l e , w i t h i n  each level

i , we have n 1— l degrees  of f reedom fo r  con t ro l l i ng  the

p a r a m e t e r s  }- . Thus , the  to ta l  degrees  of f reedom f o r

controlling this scheduling is n—rn.

Kleinrock first studied this limiting situation of

esca l a t i ng  p r i o r i t y  schedul ing  in [K L E I 6 6 I  and cal led it

St r i c t  and Lag P r i o r i t y  M i x t u r e  (SLPM) . He derived mean

w a i t i n g  t imes  b e h a v i o r  f o r  M/M/ l  q u e u e i n g  systems und er  SLPM

scheau l ing . We note  ~ha t h is  r e s u l t s  f o r  MEFP (SLPM )

schedul ing  a re  also t r u e  fo r  M/ G/ l q u e u e i n g  systems fo r  the
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reasons  g ive n in Section 1.3 tha t  h i s  r e s u l t s  of e scala t ing

p r i o r i t y  schedul ing  can be extended f r o m  M/M/ l queueing

systems to 14/Gil systems .

We now summar i ze  the mean ings  of the boundary  po in t s  of

the f eas ib le  p e r f o r m a n c e  space of mean w a i t i n g  t imes under

escala t ing p r i o r i t y  schedul ing :

(a )  Ex t r eme  po in ts  on the bounda ry  represent  mean

w a i t i n g  t imes of p r i o r i t y  classes under  f i x e d  p r i o r i t y

scriedul ing .

(b )  Non— ext reme points on the bo.. n dary  represen t  mean

wa i t ing  times of p r i o r i t y  classes under MEFP scheduling .

Before we conclude this chapter , we remark that since

boundary points  a re  l i m it i n g  behav io r s  of escalat ing

priority scheduling , we can uodify Theorem 2.4 to obtain a

set of value s for escalating priority scheduling that can

approximate the pe r fo rm ance  of f i x e d  p r i o r i t y  and MEFP

scheduling . This is as fol lows :

Given a set of mean waiting times performance of either

fixed priority or MEFP scheduling , they cor respond to a

boundary point of the space defined by (1.3.2) and (2.1.4).

wnen we solve the quadra t i c  equation a~ X 2 
4- b~ X + c j = 0

fo l lowing  Theorem 2 . 4 , instead of hav ing  a un ique  pos i t ive

roo t, we will have a unique non-negative root. In this

case , ( 2 . 2 . 1 0 )  can not be d i r ec t l y appl ied to de t e rmine  the
value s of { a~~} because the denominator of the expression in
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( 2 . 2 . 1 0 )  is ze r o .  However , if we r eca l l  f r o m  ( 2 . 2 . 1 1 )  tha t

is d e f i n e d  as the  r a t i o  ~~~~~~~~ the n r 1=0 means that the

value ~~/a~÷1 must approach infinity . Thus , in order to

obta in  a set of parameters such that a1/a14-1-~~, we can

replace r~ =u by r 1=r where  € is a very small positive

q u a n t i t y  so that  o~ /a~ +i = l/€  w i l l  be l a r g e .  Using this

substitution , we can then obtain a set of positive ri ’s and

t h e r e f o r e  ( 2 . 2 . 1 0 )  of Theorem 2 . 4  can be used to obtain  a

set of value s 
~ 

~~~~

. ). Therefore, using this set of values

for  the cont ro l  pa ramete r s  in escalating priority

schedul ing , f ixed  p r i o r i t y  and MEFP scheduling s can be

approximated .
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CHAPTER 3

OPTIMIZATION OF ESCALATING PRIORITY SCHEDULING

- 

- 

3 .0  In t roduc t ion

In Chapter  2 , we showed tha t  esca la t ing  p r i o r i t y

scheduling can cover the spectrum of scheduling from FCFS

schedul ing to f i x e d  p r i o r i t y  schedul ing  by a d j u s t i n g  the

control  paramete rs  t ~~ I ari d that  the feas ib le  p e r f o r m a n c e

space of the ELW 1)’s is defined by (1.3.2) and (2.2.1). In

th is  chapter , we present  a lgo r i t hms  fo r  de t e rmin ing  the

values  of {E [ W ~ J }  to opt imize  v a r i o u s  cost f u n c t i o n s .  We

then can use the algorithm presented in Theorem 2.4 to

obtain the values of the control parameters 11 a~ } in

escalat ing p r i o r i t y  schedul ing to g ive  the values  of mean

waiting times determined from these optimizing algorithms .

We wi l l  develop o p t i m i za t i o n  a l g o r i t h m s  fo r  two genera l

cost ob jec t ive  f u n c t i o n s .  Each of these general  f u n c t i o n s

has several special cases of interest. Two new variables ,

s . and c., are used in these general functions. s. is a
1 1 1

constant  for  class i and its meaning differs for each of the

v a r i o u s  cases. c~ represents the appropriate cost of each

job in class i for the objective function being used . The

two general objective functions are the foiiowing :

m( a )  M i n i m i z e  I X kck ( E [ W k l — s k ) , ( m > l )
k= 1
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and (b) Minimize max {
~ k

c
k
(EIW kJ— sk

); l<k<n}.

We w i l l  now present  some of the i n t e r e s t i n g  special

cases of the general  ob jec t ive  functions.

Case 1. For objec t ive  f u n c t i o n  (a )  w i t h  m l  and

we have :

n
Minimize  I ~k Ck k ~~~~~5k f l ,

k=i

where c1 is the cost of the t ime spent in the system per

• un i t  t ime for  each job f rom class i. This  objec t ive

f u n c t i o n  m i n i m i z e s  the expected total  cost of the average

time jobs spend in the system (waiting plus service time)

Case 2. For the objec t ive  f u n c t i o n  (a )  w i th  m=l and s1=O

for  all  i , we h av e:

n
M i n i m i z e  I ). c E [ W  1,

k=i k k  k

where c1 is the cost of w a i t i n g  per u n i t  t ime fo r  each job

from class i. This ob jec t ive  func t ion  min imizes  the

expected total cost of the averag e t ime jobs spend w a i t i n g

for  service .

Case 3. For the objective function (a) with m=2 and

s1 —E (S1j, we have :

n 2M i n i m i z e  I X kck ( E [ W k] + E [ S kJ )
k=l
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where c 1 is the cost of the time spend in the system per

u n i t  t ime squared fo r  each job f rom class i. This ob jec t ive

f u n c t i o n  m i n i m i z e s  the expected total cost of the square  of

the average t ime jobs spend in the system .

Case 4. For the objective function (a) with m=2 and s~~ 0 for

a ll i , we have:

2Mi n i m i z e  I N kckE
~~~k

)
k=i

where  c~ is the cost of w a i t i n g  per unit time squared for

each job f r o m  class i. This objec t ive  f u n c t i o n  m i n i m i z e s

the expected total  cost of the square of the average time

jobs spend w a i t i n g .

Case 5. For the objective function (b) , if we i n t e r p r e t  s~
as the slack time allowed for jobs from class i, then

E [W
~
I— s 1 is the expected lateness of a job , and c1 is the

cost per unit time for each job late in class i. Thus this

objec t ive  f u n c t i o n  min imizes  the expected lateness cost of

the average  lateness of all  jobs in the class having the

max imum expected lateness cost.

From optimization theory, optimal solution(s) exist for

any closed and bounded feasible solution domain. Since the

feas ib le  pe r fo rm ance  space of mean w a i t i n g  t imes of

escalating priorit y scheduling is an open space defined by

(1. 3 . 2 )  and ( 2 . 2 . 1 ) ,  we w i l l  add the boundary  points  of t h i s

space to the solution domain to guarantee that optimal

solution(s) exist. Thus , for our optimization problems , the
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constraints are (1.3.2) and (2.1.4). For these problems, if

the optimal solution(s) obtained falls on a boundary, we can

use the modificatio n of Theorem 2.4 described in Section 2.3

to ob ta in  a set of { 
~~ 

I that will approximate the optimal

mean waiting times.

Iii the following sections , Section 3.1 discusses

optimization of (a) with m 1  and (b) and Section 3.2

discusses the o p t i mi z a t i o n  of ( a )  w i th  m > l .  In Sect ion 3 .3 ,

we present a series of examples to illustrate the

op t imiza t ion  t echn iques  descr ibed in Sect ions 3.1 and 3 . 2 .

3.1 Opt imiza t ion  w i t h  L inear  Cost Func t ions

In th i s  sect ion , we d i scuss  o p t i m i z i n g  the f o l l o w i n g

objective functions:

n
(3 . 1.1) M i n i m i z e  I ~ c ( E [ W kl_ s l )

and

(3.1.2) Minimize max [\kck(E[Wk~
-.sk); l<k<n}

subject  to

(1.3. 2) ~1E [ W 1J + r 2 E [ W 2 ] + . . .  + P~~ E [ W ~~] = p W ,

and

( 2 . 1 . 4 )  YIc N I P k E [ W k ] > ( l — p )  ( I 
~k ”~

1 1 ~kE l  — k c l  k~~I 
k

We f i r s t  a i scus s ( 3 . 1 . 1) .  For t h i s  o b je c t i v e  f u n c t i o n ,

we have a bona [ide linear programming problem . Thus , an

optimal solution can be obtained by the simplex method .

From the theory of linear programm ing, if a single optimal
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solut ion ex is t s , it must  occur  at an e x t r e m e  po in t .  When

multiple optimal solutions exist , they must be convex

combina t ions  of op t ima l  e x t r e m e  po in t s .

A so lu t i on  to t h i s  o p t i m i z a t i o n  problem can be obtained

di r e c t l y  w i t h o u t  us ing  the simplex method because we know

that  ex t reme points  represen t  f i x e d  p r i o r i t y  schedu l ing .

We recall from Theorem 1.4 that for fixed priority

scheduling , to minimize

n
(1.3.7) I \kckElW kl ,k=1

the opt imal  o r d e r i n g  of priority classes follows the

descending order of p c .. If for some i and j ,  p . c . p . c . ,

then multiple optimal solutions exist and the ordering of

these two classes is u n i m p o r t a n t .

Now , since the objective function (3.1.1) can be

rewritten as

n n n
I ~. c ( E [ W kJ _ s k) = I X ckE [ W

kJ — I
k=l k k  k=i k k=i

optimizing (3.1.1) is equivalent to optimizing (1.3.7) when

the two problems have the same solution domain. This is

because the last summation te rm is a cons tan t  independent  of

the E [ W i ) ’ s.

Even though the solution space for optimizing (3.1.1)

contains points othe r than the extreme points that

correspond to fixed priori ty scheduling , we can tempora r il y

restrict ourselve to this set of e xt r e m e  poin ts  to obtain
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initial optimal solution(s) . Under this condition , we can

use Theorem 1.4 to obtain  i n i t i a l  opt imal  s o l u t i o n( s)  and

then take convex combinations of all the initial optimal

s o l u t i o n ( s )  to obtain  mul t ip l e  optimal so lu t ions .  A summary

of the above d iscuss ion is the fo l lowing :

To optimize (3.1.1), first order the p c ’s in

descending sequence .

Case (a): If no two ~~~~~~ are equal , then the optimal

solut ion to (3.1.1) is unique . Denoting the class indices

for the descending sequence of p .c. as 1’ , 2’ , ..., n ’, then

from Theorem 1.3, we have

(3.1.3) E [W~ .]* = (1 p) W / 
~~~~~i — l ’~ 

( 1— c 1 1) ,

Case (b) : If some of the ~1c~~’ s are  equal , then fo r  all

— 
non—ascending  o r d e r i n g s of ~~c1, we first use (3.1.3) to

obtain all the optimal solutions within the domain of fixed

priority scheduling . Then , the solutions to (3.1.1) are the

set of all convex combinat ions of the i n i t i a l  optimal

solut ions .

Ne xt , we discuss  o p t i m i z a t i o n  of ( 3 . 1 .2 )  subject  to

(1. 3 . 2 )  and (2 . 1 .4 ) .

To solve th i s , we employ the fo l lowing  a rgumen t :  Given

an ob jec t ive  f u n c t i o n  f ( x )  w i th  solut ion domain X , instead

of ~earchir~ directly th rough  the whole domain  of X for  the
min imum , we decompose X into several  subregions  and f i r s t
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de t er mine  the m i n i m u m  w i t h i n  each s u b r e g i o n .  Then , the

op t ima l  s o l u t i o n  to the  o r ig i n a l  pr 1ble rn is the  s o l u t i o n  of

the sub~ pact.~ tr i at  has the sma l l e s t  v a l u e  fo r the  o bj e c t i v e

func tion among trie minimum values found for all the

subspaces. Mathematically, we have :

(3.1.4) mm f(x) = mm mm f(x) if X = U X .
xE X i~ I xEX . I E I  1

1

Now , for our optimization problem (3.1.2), we decompose

our solution space R define d by (1.3.2) and (2.1.4) into n

subregions R
1
, R 2, - . . ,  R such that each region R 1 is

defined by (1.3.2) , (2.1.4) and the following set of n—l

c o n s t r a i n t s :

(3.1.5) x .c.(E~ W. 3—s. ) 
~ 

X
kck

(E
~~~k

l_ s
k

) f o r  a l l  k~~i.

We note that for each i , (3.1.5) is a different set of

linear inequalities and it means that for each point W

( E [ W 1] 1 E [ W 2 J , . . . , E [ W ~ 1)  in R
~~
, if we consider the values

~1c 1(E [W 11— s 1) 
‘ ~

‘2 c2 (E [W 2]—s 2) , •., 
~

. c ( E  [W ] -S ) , then

. . c ( ~~[W . 1 — s .) is the l a r g e s t  among them . That  is , f o r  each
1 1  1 1

WE R .,
1

max {
~~k

ck
(E[w

k
]_5

k
) ;
~~1k1n

} =

Now , s ince  for  each po in t  w in R , if we consider the values

~1
c 
1
(E LW 

1
]—s 

1~ 
~2
c 
2

(E ~W 2] -s , •.., ~~c n~~ 
[W I-s 

n~ 
then one

of them must be the largest . If , say , \.c .(E[W .J—s .) is the
J J  J J

largest among the above , this means that the point W must
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l ie  in reg ion R.. Thus , each point in R must lie in one of

the regions R1. This proves that

R ~
‘ R - R

l~~~~’2

We now define f(W) = max [Xkck(E[Wk]—sk); l<k<n} .

Then our minimization problem (3.1.2) becomes mm f(W) .
wE R

From (3.1.4), this problem is then equ iva len t  to m m m m
l~ i�n W E R .

1f ( W ) , whi ch is

(3.1.6) mm mm max iX kck(E[W kl s k); l<k<n} .
1~ i~n WER~

Since fo r  each point  W w i t h i n  r eg ion  R~ , we have

max {Xkck(E[w kI—s k);l<k ,< n }  X 1c., ( E [ W ~ 1— s ~ ) ,

s u b s t i t u t i n g  th i s  into ( 3 . 1 .6 ) ,  w e obtai n

m m m m ~ . c . ( E [ W . ] — s • ) .
- 1 1  1 1

1�i~n R.
1

The above shows that  we can solve (3 . 1 .2 )  by the

following two—step procedure:

Step (1): For each i , lKi<n , solve the following :

(3.1.7) Minimize ~ . c .(E[W ]—s .)
i i  1

subject to (1.3.2), (2.1.4) and (3.1.5).
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Step (2): Select , among all the optimal solutions obtained

f rom step ( 1 ) ,  the one w i t h  the m i n i m u m  ob jec t ive  va lue .

This solut ion is then the opt imal  so lu t ion  to the o r i g i n a l

problem (3.1.2).

We r e m a r k  that  in the step (1) above , n l inear

programming problems need to be solved , each one using a

subregion of the original solution space defined by the

cons t ra in t  sets ( 1 . 3 . 2 ) ,  ( 2 . 1 .4 )  and ( 3 . 1 . 5 ) .  For each

d i f f e r e n t  i , ( 3 . 1 . 5 )  d e f i n e s  a d i f f e r e n t  reg ion R1. It is

possible that  under the p a r t i t io n  used , some subregions  may

be empty so that  f eas ib le  solut ions fo r  these problems do

not ex i s t .  However , since at least one of the regions R~ is

always nonempty, a solution to our original problem exist.

Before we conclude this section , we point out the

fo l lowing  in t e re s t ing  observa tion:  For the optimization of

(3.1.2), if the optimal solution f a l l s  in the interior of

the solut ion domain , then the fo l lowing re la t ion  must  hold :  
7

( 3 . 1 . 8)  x ic i ( E [ W i
]_ s

i) = X 2c 2 ( E [w 2 ]_ s 2 ) = ...=x ncn ( E [ W n]_ s n ) .

This is because if W* = ( E [ W 1]* , E [ W 2 1* , . . ., E [W ~ ]*)  were

an optimal solution but did not satisfy (3.1.8), then if we

rename the class indices as 1’ , 2’ , ... , n ’ such that

( 3 .1 .9 )  x 11 c 1 1 ( E E W 1 1 ] — s 11) > x 2 1 c 2 1 ( E [ w 2 1 J — s2 1)

-~~ 
... .�~ 

\n , cn ,~~~~~n ,
~~~~n s ) ,

_____________________ - _ _
~~~1~~~ ~~~~

-
~~~~~~~
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th en at least one of the above “ > “ must have strictly

grea t e r  r e l a t i o n  “ > “ . Let class i’ and i+l’ be the smallest

indices such tha t

X
~~

, c
~~~

( E [ W 1 . J — s ~~
i )  >

That is , we have

x 11 c1, ( E [ W 11 ]—s 1
) = x 21 c2, (E[W 21 ]—s 21)

= . . .

Then , from the conservation law of mean waiting times ,

i t is possible to f u r t h e r  reduce  the E [W k II ’ s, l < k < i , by

inc reas ing  E E W k , ]
~ 

i + l < k < n  so that  x 11 c 1 1 ( E [ W 1 1— s 11) w i l l

be decreased . This contradicts our assumption that W~ is

op t ima l .

We note tha t  the above a rgumen t  does not app ly to the

boundary  points  because if we try to reduce the values of

some of the E[W .,J ’s, then they may be forced off the

boundary  and become i n f e a s i b l e .

The above shows that if we temporarily neglect the

boundary constraints (2.1.4), then (3.1.8) can be used to

obtain a solution to the relaxed problem (3.1.2) with only

the constraint (1.3.2). Thus , for our original problem ,

instead of fo l lowing  the aforementioned procedure of solving

n linear programming problems , we can first solve (3.1.8)

and (1.3.2) to obtain a Set of {E[w1] ) ,  and then  test to see

if the constraint set (2 .1.4) is satisfied. If the solution
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does s a t i s f y  the c o n s t r a i n t  set ( 2 . 1 . 4 )  , then i t  is an

op t imal  so lu t ion  to our  o r i g i n a l  p rob lem.  However , if some

of the cons t r a in t s  in ( 2 . 1 . 4 )  are  v io la t ed , then we mus t  use

the original procedure to obtain a solution.

We now return to the problem of solving (3.1.8) and

(1.3.2) for (E [W.]}. First , let the common value of (3.1.8)

be t , so that

E [ W~ ] = s
~ 

+ t / X.c. .

Substitute this into (1.3.2), we have

n
I p k (s k + t/xkck) =

k= 1
n n

or , t = (p W — I ) / ( I l/p~c~ ) .
k=l k=l

Thus , we have

n n
(3.1.10) E[W.} = S .  + ( pW — I p~ s~~)/(X.c. I1 1 k=l 1 1k=l

This is then the solution to the relaxed problem

(3.1.2) with constraint (1.3.2) only. If it also satisfies

(2.1.4), then it is the optimal solution to (3.1.2).

However , if it f a i l s  to satisfy all the inequalities in

(2.1.4), then we must use our original solution procedure.

We now i l lu s t r a t e  t h i s  w i t h  a two—class  p r io r i t y

queueing example.
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E(w~
)

- 

~.E 1w ]
0

Figure 3.1 Minimize max (
~k

ck (E[W
~
)—Sk); k l ,2}

In Figure 3.1 , our solution space for optimization is

the l ine segment Q 12Q~~~ . Using (3.1.10) and the given

positive values for and s2, we have:

p
~~— 

p 1
s
1 — p

2
s2

E L W 1 81 + 1 
_ _ _1 X iC i ( p c + p 2c )

And , —
— — r~ S

~~~~~~~ 2 2
E [ W 21 s2 + 1 1 -

X c (——- 4- )2 2 p1
c
1 p2

C
2

Thus , if W = ( E [ W 11,  E I W 2 I )  l ies in between Q 12 and

then i t  is an opt imal  so lu t ion .  However , if it does

not , then we need to use the two—step procedure that we

descr ibed e ar l i e r .

In this example , the point S is defined as (s1, 
~ 2~

-

It  is i n t e r e s t i ng  to note the f o l l o w i ng  behavior  of the

objective function: At the point S, E[W 11 = s1 and E [W2 ) =
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so tha t  the objec t ive  value  is 0. At point  W , the

objective function assumes some positive value , say b, so

that

max tx kc (E[W kI SQ ; k l ,2) = b.

Thus , the contour  of al l  poin ts  s a t i s fy i n g  the above

equat ion is the two “half lines ” passing through the point

W that  are parallel to the two axes.

3 .2  Op t imiza t i on  w i t h  Non l inea r  Cost Func t ions

In this section, we discuss priority scheduling

subject to non—linear cost of delay . Our problem is the

fo l lowing :

( 3 . 2 . 1 )  Min imize  
k l k k  

( E [ W ~~ -~~~~~ )m (m>l)

subject  to

( 1 . 3 . 2)  p 1E L W 3) + p 2
E [ W

2
) + . . .  + p~~E [ W ~~] =

and

( 2 . 1 . 4 )  VICN I O k E [ W k ] > ( 1 — p ) (  I P k ) W / ( l  I
kEl 

— kEl kEI

First we discuss the case when m=2 . With a quadratic

objec t ive  f u n c t i o n  and l i nea r  c o n s t r a i n t s ,  we have a

quadratic programming problem .
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Th i s  quadratic constrained optimization problem can be

solved based on a theorem developed by Kuhn  and T u c k e r

[KUH N5 1] , , wh i c h  w e will now state in the following . (The

proo f of th i s  theorem can be found in most non l inea r

programming books.)

THEOREM 3.1. Consider the problem

m a x i m i z e  Zo = f ( Z 1, Z 2, . . ., Z~~)

subjec t  to

(-i ) ~ j~z~~’ L 2~ ~ 
Zn) = 0 for i = l , 2 , . . . ,L ,

( 2 )  r i . ( Z 1, Z 2, - .., Z~~) > 0 for j = 1,2,.. .,m ,

where f , g 1, h1, a re  all continuously

differentiable functions. Then ,

Z~ = (Z 1, Z 2, ..., Z~ ) can be an optimal

solution to the non—linear optimization problem

only if t he re  ex is t s  £ * m m u l t i p l i e r s

x X 2’ - s - ’  x2 ,  and y 1, y 2 ,  - 
~~~ ~

‘m such

that  the fo l l owing  condi t ions  a re  all satisfied :

2 ~g.  m
( 3 . 2 . 2 )  ~~~_ ( Z *) — I x .  - 

_
~
_

~~~(z* ) — I y. = 0 (1~~k~~n)
i=l 1 

~~k j =l ~ k

( 3 . 2 . 3 )  g 1 (Z *) = 0 for i = 1, 2, ~~~~~

( 3 .2 .4 )  h .  ( Z *)  > 0 f o r  j = 1, 2, ...,

(3.2.5) y~ h~ (Z*) = 0 f o r  j = 1, 2, . . . , m ,

(3.2.6) y
~ 

K U for j 1, 2, .. . , m.
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Furthermore, these conditions (called Kuhn—

Tucker  cond i t i ons )  are also s u f f i c i e n t  if  the

following are satisfied :

(3.2.7) f(Z) is concave,

(3.2.~~) gjZ) is linear , for all i = 1, 2, . . . , 2 ,

(3.2.9) h .(Z) is concave,  fo r  all j = 1, 2 , ..., m .

In order to apply th is  theorem , we use the fo l lowing

m a t r i x  no ta t ions :

Let A = ( A i j )  be a (2 ’~— 2 )  x n m a t r i x  de f ined  by

(3.2.10) Aij = p. if 0 K ( i  mod 2~~) < 2
3_ i

,

0 if 2
3_ i 

K ( i  mod 2~~) < 2~~.

where  the no ta t ion  “ x mod y ” is used to represent  the

remainder  of x d iv ided by y .

Let b = (b 1, b2 ,  - .., b ) T be defined by
2 —2

n n
(3.2 .11)  bi = (1 — p ) w ( I A . k ) / (1 — I A k ) .

k=1 1 k=l 1

also , denote W = (E [W 1] ,  E [ W 2 ] ,  ..., E [WnJ) , and

= 
~l’ ~2 ‘ - - ‘ ~n

Then , if we let

( 3 .2 . 12)  g ( W )  = ~T w — p ~~, and

80
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( 3 . 2 . 1 3 )  ( )  = A W — b ,

we see that constraints (1.3.2) and (2.1.4) can be w r i t t e n

as g ( W )  = U and 1(W) > U respectively.

Now , in order  to change our  m i n i m i z a t i o n  problem to a

maximization problem , we define f(W) to be the negative of

our objective function. That is , we let

2
= — 

k—l ’
~ 

ck ( E [ W k) — 5k -

If we denote

T
S = (s i, s2 ,  - .. , s~~)

and let D = ( D i j )  be an n x n m a t r i x  d e f i n e d  by

D i j  = — 
~~c1 

- 

i f  i =

U if i ~~j.

then , f(W) can be written as

( 3 . 2 . 1 4 )  f ( W )  _ S r
D S  - 2

T
D W  + W

T
D W

F rom the d e f i n i t i o n s  of the f u n c t i on s  f , g ,  h above , i t

is eas i ly  seen tha t  c o n d i t i o n s  ( 3 . 2 . 7 )  t h r o u g h  ( 3 . 2 . 9 )  a re

satisfied . Thus , the Kuhn—Tucker conditions (3.2.2) through 
7

( 3 . 2 . 6 )  become s u f f i c i e n t  in p r o v i d i n g  op t imal  so lu t ions .

We will now derive these Kuhn—Tucker conditions for our

problem and then see how the solution of this set of —

relations can be obtained by applying a modified linear

81
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prog r amming method using the a r ti f i c i a l  v a r i a b l e  technique .

First , substitute (3.2.12) through ( 3 . 2 . 1 4 )  in to

( 3 . 2 . 2 ) ,  we have :

2 S T D ÷ 2 W T D _ X E
T L A O

Let x = x1 
— x 2 be the d i f f e r en c e  of two non—negative

var iables  and let y~’ 
= — ~~, su b s t i t u t~ ng into the above

equation and taking the transpose, keeping in mind that DT =

D , we obtain

2 D W  - p x 1 + p x 2 + ATY 1 = 2 D s .

Denote x ’ = (x1, x 2) , then in m a t r i x  no ta t ion , the ab ov e

equation becomes

( 3 .2 .15)  ( 2 D I A T 
) ( I ~~~

‘ I y ’ ) = 2 a~ .

Next , subs t i tu te  ( 3 . 2 . 1 2 )  into ( 3 . 2 . 3 ) ,  we have

(3 .2 . 16) T w = p
~~
.

Then , subs t i tu te  ( 3 .2 . 1 3 )  into ( 3 . 2 . 4 ) ,  we obtain

(3. 2 .17)  A W > b.

Now , if we let T = h ( W )  = A W - b be non—negat ive  slack

var i ab les  for  the i nequa l i t i e s  ( 3 . 2 . 1 7 ) ,  then ( 3 . 2 . 5 )

becomes
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y h (W) = y .T . = — y ’ T = 0
J J 3 )

or , equ iva len t l y ,

(3 . 2 . l~~) y~ T . U , f o r  j = 1, 2 , . . . ,

We r e c a l l  t h a t  in our  p rob lem of d e t e r m i n i n g  op t imal

W = (E[w~ J , E [w 2 J ,  ..., E [ W n ] ), each EIW~~] is r e q u i r e d  t o be

p o s i t i v e .  Also , x ’ is defined to be non—negative. By the

d e f i n it ion of ~~~
‘ ano (3.2.6), 

~~~~
‘ is also non—negative.

Thus , we have

( 3 . 2 . l ~~) v~, x ’ , ~~~
‘ , T > 0.

Therefore , the Kuhn—Tucker conditions for our problem

can be summarized as (3.2.l5) through (3.2.19).

To solve the simultaneous equations and inequalities

(3.2.15) through (3.2.19), we apply the artificial variables

techn ique , and in t roduce  to each l i n e a r  e q u a l i t y  and

“ g r e a t e r  or equal” constr aints a non—negative artificial

variable to formulate a pseudo minimization problem with the

sum of introduced artificial variables as the objective

function. According to this technique , if the minimum value

of this pseudo objective function is zero (which indicates

that all the introduced artificial variable have vanished) ,

then the ori ginal problem is feasible , and an initial

optimal solution can be directly obtained from the solution

of the pseudo optimizat ion problem (c.f., any standard
l i nea r  p r o g r a m m i n g  book)  -
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For our problem of seeking an optimal so lu t ion  to

( 3 . 2 . 1 4 )  wi th  cons t r a in t s  ( 3 . 2 . 1 5 )  t h r o u g h  ( 3 . 2 . 1 9 ) ,  we w i l l

now t e m p o r a r i l y  neglect  (3 . 2 . 1 8 )  and ( 3 . 2 . 1 9 ) ,  and add

n + 1 + (2 fl 
— 2 )  = 2n + ri — 1

ar t i f i c i a l  va r i ab les  R 1 t h r o u g h  R to c o n s t r a i n t s
2 +n—l

( 3 . 2 . 1 5 ) ,  ( 3 . 2 . 1 6 )  and ( 3 . 2 . 1 7 )  and obta in  a m i n i m i z a t i o n

problem in the fo l lowing :

n-i
M i n i m i z e  I

k= 1

subject  to ( 3 . 2 . 1 8 ) ,  ( 3 . 2 . 1 9 )  and

(3.2.20) (2DI_ p ,P IA TI U I I,o ,U) (~ I~~’Iy.’ I~~I~~) = 2Ds ,

(3.2.21) (~ T 1 0,01 0 1 0 1 0 ,1,0) (~ I~~ Ii’ IT I~ .) = pW ,

(3.2.22) ( A )  O , V j O ) — I .I O , O ,I)  ( x ’I I ’ J T J R )  = b .

Except fo r  the cons t r a in t  ( 3 . 2 . 1 8 )  , the constraints are

linear. The simplex method can be used with a slight

m o d i f i c a t i o n  to solve th i s  problem.  F i r s t , t e m p o r a r i l y

neglect ( 3 . 2 . 1 8 )  and f o r m u l a t e  a l inea r  p rog ramming  pr oblem .

Then , we use the simplex method in solving this problem with

the add i t iona l  requ i rement  tha t  fo r  every  i t e r a t i on  of

g e n e r a t i n g  a new basic feas ib le  so lu t ion , we check ( 3 . 2 . 18 )

to be sure that  only one of the two va r i ab les  Y~~’ and T~ a re

a basic va r i ab l e .  That is , if one of the two va r i ab les  are

a l ready  a basic v a r ia b l e , then the other va r i ab l e  cannot  be

the v a r i a b l e  e n t e r in g  the basis unless  the other  var iab le  is
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the v a r i a b le lea v i n g  the basis. This guarantees that the

solution obtained satisfies (3 .~~.18).

We have now (:(mp U tely solved our quadratic

optimization problem. It shou ld  be no ted , however , that the

above solution procedure involves solving a programn .~ng

problem with a large number of variables , in particular ,

when the number of priority classes is large. An

al te r n a t i v e  s o l u t i o n  method is described below that may be

simpler than using the above algorithm . This solution

method is particularly useful when the optimal solution lies

in the inte rior of the feasible performance space.

In the f o l l o w in g ,  we discuss the objective function

(3.2.1) in general rn not restricted to being equal to two),

and d e s c r i b~: an iterative method for solving the

optimizat ion of (3.2.1). This iterative method can be

simply stated as follows :

F i r s t , solve the problem of optimization with some of

the constraints relaxed (temporarily neglected) . After a

solution to the relaxed problem is obtained , check to

determine if this solution satisfies the neglected

constrain ts. If all the constraints ~ re  s a t i s f i e d, t h e n

this is the optimaf solution to the original problem.

How ever , if some of the c o n s t r a i n t s  a r e  v io la t ed , then the

violated consf-raints are added and the problem is solved

again. This process is repeated until a solution satisf ying

all  co n s tr a i n ts ;  is f o u n d .

. 7 -
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To solve our optimization problem (3.2.1), we first

r e l ax  all  the inequality constraint (2.1.4) and only keep

the c o n s t r a i n t  ( 1. 3 . 2 )  - This relaxed constraint

op t i m i z a t i o n  problem can be solved us ing  L a g r a n g e ’ s

m u l t i p l i e r  method .

n fl 
—

Let L I X c ( E [ W  ] — s  ) m _ 2 (  I p E [ W  ] — p W )  -

Lag rang e ’ s necessary  cond i t ion  fo r  o p t i m a l i t y  is:

‘3.2.23) ~~~~~~ = 0 , and

(3.2.24) 
~~E~~~~~~

j7-= 0 for l� k�n .

Now , for each i, i= 1, 2, . . .,  n ,

~~
IJ

~~
E[W

k
] = m X

i
cj( E [ W

i
]_s

i
)
m
~~~

_ 2 p
j

se t t ing them equal to 0 , we ob ta in

( 3 . 2 . 2 5 )  E [ W . ]  s
~ 

+ ( 2 / m ~~~~ 
) l/ ( m — l )  

( 1< i < n)

The f i rs t  Lagrange  c o n di t i o n  ~L/~~2 = 0 requires

n
(1. 3 . 2 )  1 p E [W ,~} = p W .

k=i k

Substitute (3.2.25) into the above equation , we get

1 1

p s ) + (!) m—i ( ~ p / (p. c ) m l ) = p
;~ -

k=l m k=l

Thus , 
1 1

= 
k k  / 

k=l k (
~ kck ) )
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We therefore have , for i = 1, 2, ... , n,

(3.2.26) E[W~] = s .+ (
~

)
~~~ / ~~~~~~~~

1n —
— rn— i. rn—i

= s.+ (pW — ~ 
p s )/((Ij.c.) ~ 

p / ( ~~i c ) 3

This solution can now be substituted into (2.1.4) to

see if all the constraints are satisfied. If they are , then

it is the optimal solution. IF not, we add the constraints

that are violated and solve the more restricted mathematical

programming problem . In the case when m 2 , we have a

quadratic programming problem as above with less

constraints. If m>2 , we have a convex objective function

and a set of linear constraint. There are various ways of

solving this type of optimization problem. For example , see

[TAHA76]. One iteration of adding constraints should

normally solve the problem. The resulting solution will be

on the boundary and will be either fixed priority or MEFP

scheduling .

Now let us consider the special case of (3.1.2) when

all s~ 0. Using (3.2.26) as the solution to the relaxed

problem (3.1.2) with constraint (1.3.2) only, we have

(3.2.27) E[W1] : E[W2 J : ... : E [WnJ

1 1 1
= ( 1 )

rn_l
( 1 )LTh••1 ( 1 )r n l

~lcl ~i.2c2
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• Thus , for any i and j ,

E [W~ ]/E [W ~ J =

And , we have:

( 3 . 2 . 2 8 )  < E L W ~ 1 if and only if c1>~~~c~

• This resul t  shows that for  an optimal solution to the

problem

n
(3.2.29) E XkckE [ Wk],k=1

the ordering of the priori ty classes must follow the

descending order of ~~c.. Thus, the “i.&c” rule for

determining the ordering of priority classes can be applied

in general , for any cost functions of the form
in

E X c E [Wk] . However , unlike the linear cost case where

fixed priority scheduling is optimal, in nonlinear cost

functions, the optimal scheduling is usually either pure

escalating priori ty scheduling or mixed priori ty scheduling

(that is, a scheduling that is between no discrimination and

maximum discrimination).

To conclude this section , we illustrate geometrically

the solution for a two—class queueing model using Lagrange ’s

method .
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Figure 3.2 A Two—Class Queueing Model

Figure 3.2 shows a two—class queueing model with cost

function defined by (3.2.1) for m 2  with positive s1 and

From (3.2.26), we have

p W —  ~~~S
1 

—

E[W13 = s1 +

(p. 1 c1) (  + ,, )
~‘1 1 ~2 2

p W —  p 1 S , — p.~S

and E L W ~~ = s  +2 2 p 1 p 2(~~,c , ) (  + )
~1 1 1J 2

C
2

Thus , if W = (E [W 11, E [ W 2 1) lies between and

then it is an optimal solution. However , if it does not,

then we need to use the quadratic programming solution

procedure that we described earlier to obtain a solution.
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In this example , the point S is defined as (s1, s2).

It is interesting to note the following behavior of the

objective function: at the point S, E [W1) = and E[W 2] =

so that the objective value is 0. As the objective

value increases, the contour of all points with the same

objective value are elipses centered at S. We note that the

line L: P1E[W 1~ + P 2E ( W 21 = PW is tangent to the contour

with the optimal objective value.

3.3 Examples

In this section, we illustrate the optimization

techniques that were described in Sections 3.1 and 3.2 with

a series of numerical examples using a 3—class priority

queueing model with the following characteristics:

= 2 = 18/5 X3 = 16/5

E [S 1] = 1/10 E[S 2] = 1/12 E[S 3] = 1/8

Var[S 1] = 1/240 Var [S2] = 1/180 Var lS 3l = 1/320

E L S~~] = 17/ 1200 E[S~~] = 1/80 E [ S~ ] = 3/ 160

1L 1 10 .~2 12

P1 0.2 P2 0.3 P3 0.4

And , p = 9/10, W = 2/3.

The constraints (1.3.2) and (2.1.4) are:

(a) 0.2 E [W 1) + 0 .3  E L W 2) + 0 .4  E[W 31 — 3/5
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(b.1) 0.2  E[W 1] > 1/60

(b.2) 0.3 E [W
21 

) 1/35

(b.3) 0.4 E [W
31 > 2/45

( b . 4 )  0 . 2  E [W 11 + 0 .3  E L W 2 I > 1/15

(b.5) 0.2 ELW 1] + 0.4 E[W 3] > 1/10

(b.6) 0.3 E [ W 2 ] + 0.4 E[W 3] > 7/45

The space defined by the above constraints is shown in

Figure 3.3.

i i i I ~.-••1 ~ 
S•%Q ~(!~~~!)‘..._ J /  ,,-~~~ ..L.$ 

_
~~~~~ 

~
-
~~J $Zt

E

Figure 3.3 A 3—Class Priority Queueing Model

We now give the examples.

n
Example 1. Minimize ~ ~ c E [W I

k=l~~~~ 
k
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— for  c 1 
= 3 , c 2 = 4, c 3 = 5.

From the nuc N rule , we have

= 30 , p 2c 2 = 48, i.~3c3 = 40.

Since 1i 2c2 > ~3c3 > i~.1c 1, the optimal scheduling is a

fixed priority scheduling that sets class 2 as highest

priority class , class 3 the next highest , and class 1 the

lowest priority class.

Under this setting , (3.1.3) gives

W = (20/9, 2/21, 20/63).

Now , if we rename the class indices such that l ’2 ,

2’=3 , 3’=i, then using the algorithm of Theorem 2.4, we get

r~ =0 and r~ =0. Substitute rj =r 2 = € (a very small

quantity) and use (2.2.10), we have

~j= iic
2, = 1/e , = 1.

Let G 1/€ , then G is a very large number , and we have

G 2 = G
2

, ~ 3 = G .

This set of values can then be used in escalating

priori ty scheduling to approximate the optimal fixed

priori ty scheduling .
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Example 2. Minimize z x C E[W Ik

for c 1 = 4, c 2 
= 3, c

_

3 
= 5.

In this case , we have

= 40, IJ~C~ 
= 36, p.3c 3 

= 40.

Since ~1c 1 
= ~3c 3, we have multiple optimal solutions.

Among the ex treme points, Q 1~~ and are optimal

solutions because w.1c 1 > i.3c 3 > i~2c2 and ~3c 3 > ~1c 1 >

The convex combination of these two points are the

whole line segment ~~~~~~~~~ Thus all points lying on the

line segment Q 1~~Q~~~ are optimal. From (3.1.3) we have,

= (1/12 , 5/3, 5/24) and = (5/18 , 5/3, 1/9). Thus,

the optimal solutions are kQ 132 + (l—k)Q 312, for 0<k<l , or

W = ((5/18)— (7k/36), 5/3 , (l/9)+(7k/72)).

One set of c~~’s for these optimal solutions is

~
y
3 — b G ,

where G is a very large number and a, b are small

positive quantities.

Example 3. Minimize max t X kC kE[W J(]; k l ,2,3}

for c
1 = 3 , c 2 = 4 , c 3 5.
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We first find a solution to the relaxed problem with

constraint (a) only. From (3.1.10), we have

W = (24/ 19 , 10/19 , 9/ 19).

Since all the constraints (b.1) through (b,6) are

satisfied, this solution is optimal.

Using the algorithm of Theorem 2.4, we get

= l , 
~2 

=2.8707, 
~~ 

= 3.2448.

Example 4. Minimize max {xkckE[Wk]; k=l ,2,3}

for c1 = 1 , c2 = 10, C = 10.

We first use (3.1.10) to find a solution to the relaxed

problem with constraint (a) only. We have

W = (72/29, 4/ 29 , 9/58).

Now , when we check the constraints (b.l) throug h (b.6),

we see that (b.6) is violated . Therefore , we need to use

the two—step procedure of solving n linear programming

problems. Note that in this case , the solution must lie on

the boundary.

According to the solution procedure , we have the

following three optimiza tion problems (the c constraints are

from constraint set (3.1.5)):
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(i) Minimize 2 E[W
1] subject to (a), (b.l) (b.6),

and (c.l): 2 E[W 11 > 36 E [W 2],

( c . 2 ) :  2 E [ W 11 > 32 E [ W 3] .

(ii) Minimize 36 E[W21 subject to (a), (b.1) (b.6),

and (c.3): 36 E[W21 > 2 E [W 1],

(c.4): 36 E[W 21 > 32 E[W3],.

(iii) Minimize 32 E[W 3] subject to (a), (b.l) (b.6),

and (c.5): 32 EEW 3J > 2 E[W 1J ,

(c.6): 32 E [W 3] > 36 E[W 2].

For the optimization problem (i), we find that the

solution space is empty. So, we need only solve (ii ) and

(iii). The solution spaces for these two optimization

problems are shown in Figure 3.4.

Etw2]

Q ~

/
( I l  7~ w 120 10 I

// ,~~~~~I S
I ...

Q123 (oil

E(w3 ] Q213 — E(w1),zo 2 ‘ 13 i )

Figure 3.4 Solution Spaces for Example 4
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The opt imal solution for both of these prob lems ar e

W = (20/9, 28/135, 7/30).

This is then the optimal solu tion to our  o r i ginal

problem.

The procedure in Theorem 2 .4  gives

= 1, 
~2 

= l . l 887G , = G.

Example 5. Minimize max {A k Ck E[W k J ;  k 1, 2 , 3}

for  c 1= 1, c 2 1, c 3 = 10.

Again , we f irst obtain a solution to the relaxed

problem with constraint (a) only. From (3.1.10), we have

W = (72/47, 40/47 , 9/98).

This solution is infeasible because constraint (b.3) is

violated , thus, we need to solve the following three

optimization problems :

(i) Minimize  2 E ( W 1] subject to (a), (b.l) (b.6),

and (d.l): 2 E[W 1] > 3.6 E[W2 ] ,

(d.2): 2 E[W11 ~ 32 E [ W 3].

(ii) Minimize 3.6 ELW 2I subject to (a), (b.1) (b.6),

and (d.3): 3.6 ELW 2I > 2 E[W1],

(d.4): 3.6 E[W2] > 32 E [W3 1 .
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(iii) Minimize 32 E[W3J subject to (a), (b.l) (b.6),

and (d.5): 32 E [W 3I > 2 E [W 1],,

- : ( d . 6 ) :  32 E~~~3 I > 3. 6 E [W 2 I .

The three reg ions for the above three opt imizations are

shown in Figure 3.5.

ECw2]

‘S ’ s .,,

0132 312

/ 

1

/ 
— 

Li~Ii)
I ‘•— (~~~i..L )

~ ) i~J~-) ‘(i Q5aI \ ‘ 5 , ,

12 10 4~‘•ii’~ i,i’ 
~~~~~~~~~~~~~~~~~~~~~ (

~~+.~~~
) ‘\

_ _ _  231 

~~~ Etw iEtws]

Figure 3.5 Solution Spaces for Example 5

For problem (i), the solution is

W = (16/9 , 2/3, 1/9).

For problem (ii ) the solution is

w = (35/27 , 80/81 , 1/9).
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For pro blem (i i i), we have multiple solutions as the

whole l ine segmen t connec ting (35/27, 80/81, 1/9) and (16/9,

2/3, 1/9).

Since all three optimization problems have Lhe same

objective value 32/9 , all the solutions are optimal to our

original problem . That is, our solution is the line segment

connecting (35/27 , 80/81, 1/9) and (16/9 , 2/3, 1/9).

For the point (16/9, 2/3, 1/9), we obtain

= 1, a2 = ~~, a3 = G.

For the point (35/27, 80/81, 1/9), we obtain

= 1, a2 
= 1.4, = G.

Thus , fo r  any a , 1.4<a<4 , us ing esca la t ing  p r i o r i t y

scheduling wi th  the parameters as

= 1, a 2 
= a , a 3 G,

wil l  approximate the desired optimal pe r fo rmance .

2Example 6. Min imize  E x c
~~~

[W k]

for  c 1 3 , c 2 4 , c 3 5.

We f i r s t  f i n d  a solu tion tha t sa tis fy constr a i n t (a)

only.  From ( 3 . 2 . 2 6 ) ,  we have
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W = (48/29, 10/29, 12/29)

It can be seen that  all the constraints (b.l) through

( b . 6 )  are satisfied . Thus , th is is optimal to our o r i gina l

problem.

The procedure of Theorem 2 .5  gives

a1 
= 1, a2 

7 .7908 , a 3 
= 6.2237.

2
— Example 7. Min imize  E x~~~k

E [ W
~~k=l

for c 1 1, c 2 10 , c 3 = 1.

We f i r s t  use ( 3 . 2 . 2 6 )  to obtain a solution to the

relaxed problem with constraint (a) only. We have ,

W = (24/29, 2/29, 30/29).

This solut ion is infeas ible  since cons t ra in t  ( b .2 )  is

violated .

Th u s , we need to use Kuhn—Tucker  theorem to solve th is

problem . F i r s t , we add only the violated const ra in t  ( b . l )

to cons t ra in t  ( a ) , and solve the maximiza t ion  problem :

2
Maximize — E 

~k~k~~
W k]k= 1

The Kuhn—Tucker conditions are:

—2x 1c1E [W1] 
— o1x 1 + p 2” 2 +P1Yj +Q 1Y~ 

+p
1 
y~~ 

= —2 ~ 1c1s1,

— 2 x 2c~~~[W 2 ] —p
1
X
1 

+p 2x2 +p 2y~ +p 2y~ 
+p

2 
y
~ 

= —2 X~~2s2,

—2 X3c3
E[W3] p 1X1 +p 2X2 +p 3y~ 

+p 3y~ + p
3 
y~~ 

= —2X 3c3s3,
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p 1E[~’~1I + P 2 E [ W 2 ] + P3E[W3 j = p W ,

~2
8 [W~~1 > 2/35.

Adding a slac k variab le T
1 

to the last inequality

cons traint, then add R
1 

through  R
5 
to each of the above

constraints , by using ar tificial variable technique, we

obtain

W = (40/49, 2/21, 50/49).

This solution satisfies all the constraints (b.l)

through (b.6). Thus, this is the desired optimal solution.

For the values of a., we obtain
1~

a1 1.3043, a2 
= G, a3 = 1.

The above examples illustrate some of the objective

functions that can be used in escalating priority

scheduling . In particular , note that different objective

func tions with the same cost coefficients { c~ } were used in

examples 1, 3 and 6. Comparing Example 1 and Example 6, we

see that when we change the cos t func tion from linear to

nonlinear, the optimal solution becomes an interior point

which correspond s to an escalating priority scheduling .

However , the ordering of priority is not changed . Example 3

is a completely di f feren t cos t func tion and the or dering of

priority for the optimal solution is different.
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CHAPTER 4

BEHAVIOR OF ESCALATING PRIORITY SCHEDULING

4.0 Introduction

In th is  chapter , we di scuss add itiona l model behavior

for mult iclass M/G/l queueing systems under escala ting

priority scheduling and make comparisons of the means and

the va r i an ces of wai ting times of escalating

priority scheauling, fixed priority scheduling and FCFS

scheduling . Without loss of generality , we will assume that

...
In Section 4.1, we f i r s t  invest igate  the bounds of mean

wa i t ing  times for  each p r i o r i t y  class. Then we de r ive

bounds on the ratios of mean waiting times of any two

consecutive priority classes , and d iscuss the sensi t iv ity of

Liese ratios to the variation of system congestion. In

Section 4.2 we discuss mean waiting times behavior at

saturated congestion and show that the ratios of any two

mean waiting times are inversely proportional to the ratios

of the control parameters associated with them . In Section

4.3, we investigate the variances of wa iting t imes for each

class of joos under various setting s of the parameters

{a~~}.
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4.1 Behaviors of Mean Waiting Times

In this sec t ion, we d iscuss various behaviors of mean

waiting times in escalating priority scheduling systems. We

firs t derive bounds of mean wai ting times for eac h prior ity

class. Then we derive bounds on the ratios E [W 1+1]/E[W 1I

given a specific setting of parame ters { a~ } ,  and di scuss

the change of these ratios between the two bounds as a

function of system congestion. This gives the sensitivity

of waiting times to system fluctuations.

In Chapter 2, we showed that for any adjustable

priority scheduling rule , mean wai ting time for each

priority class must be bounded by (2.1.1). Since escalating

priority scheduling belongs to the category of adjustable

pr iority scheduling rules , therefore (2.1.1) gives bounds of

E [W .J for each class i. However , these bounds are derived

under the assumpt ion that each class can be assigned any

arbitrary ordinal of priority. We will now study the bounds

of mean wai ting times g iven that a class must be assigned as

the highest priority class , or the second highest priority

class , etc.

These bounds are given by the following theorem :

THEOREM 4.1. En multiclass M/G/l queueing systems under

escala ting priori ty scheduling , g iven

a1.?. a2 > •. .  > ~~~ we have
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(4.1.1) (1—D)W/(l— ~~ ) < E[W11 1W / (l—a ~....1).

Proof: (a) From Theorem 2.4, we have

-
• 

E E W 1] < E [W ~ I ... < E [W~ ].

Thus , for l<k<i , we have

p k E LWk ] 
~ [ W I .

i i
There fore , E P E[W k] < E p~~ [ W . ]  = ( E Pk)ELW j] = c~ E[W ~ I .

k=l k k=l k=1

Now , f rom Theorem 2 . 2 , we have

(l—o)Wc 1/(l—~~ ) 
~

Thus , (l—P)a 1W/(l—a~ ) <~~1 E [ W~ ]

or , (l—p )W/ (l—c- .) < E[W1].

(b) From Theorem 2.4, we have

ELW~ I < E [W~~~1I < ... < E[W~ ].

Thus, for i< k<n , we have

~~

Therefore , 
k i k i  

= 

~~~~~~~~~~~ k—i~~~
1
~~

1

103

_  _ _ _ _ _  _ _ _



Bu t , from Theorem 2.2, we have

k=~~
k l c  ~

Thus,  ( ~ D )~ E L W .J  ~ ~k=i 1 k=i

or , E [W1I W / ( l — ~ 1 1 ) .

Figure 4.1 illustrates these bound s of mean waiting

times for a 5—class queueing model. The mean waiting times

for fixed priority scheduling and FCFS scheduling are

represented as the dotted line and the broken line

respectively.

2.5 -

2.0 -

t 5 -
ECw~) j

PRIORITY CLASS
Figure 4.1 Bounds of Mean Waiting Times in a

5—Class Priority Queueing Model

We remark tha t in or der tha t a set of mean wai ting

times {E[w~ J J be feasible using escalating priority

schedul ing, they no t only need to lie between the boun d s as
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given by (4.1.1), but also need to satisfy the following :

(1.3.2) p 1E [W 1
] + p 2E [W2 I + + Py~~[~~ I —

ana ,

(2.2.2) E[W1I < E [W 21 < ... < E[W ~~I .

Next, we derive the bounds of the ratio ELW~ 41)/ELW~ ]

for each class i , given a specific setting of the parameters

(a~ }.

From Theorem 2.4, if we are given a1 .?. ~2 ~ ~~
• •

then using escalating priority scheduling , we have E[W 11 <

ELW 2] < ... < E [ W ~ I .  Thus , the lower bound of E[W1~ 1I/ELW~ ]

is

(4.1.2) E[W ~~~1I/ E [ W ~ I > 1. (1<i (n—l)

The upper bound of ELW~÷1I/E [W~ I can be obtained from

the following theorem :

Theorem 4.2. In multiclass M/G/l queueing systems under

escalating priority scheduling , given

~l ?. 
a2 ?. •.. ~ 

we have

(4.1.3) ør1E[W 1] > a2E [W 2] ?. ... ?. ~~E [ W~ ].

Proof: From Theorem 1.5, we have 

-- 
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fl
Z (l——)p EEW I

— 
k=i+l a. k k

E[W~] — 
i—i

1— 
~ 

(l_
~
_
~
)p kk=l ak -

Let the numerator and denominator of the abov~ expres—

- 
- 

sion be N1 and D1 respectively. Then,

n n
N . = W- E p E [W,j+—~-- E a p E [ W ] ,

1 k=i+l k i~. a1 k=i+1 k k k

n 11
N. 1 = ~ E 0kE~~k

] + 
1 E akPkE[wk1

1+ k=i+2 a~~ 1 k=i+2

n n
= ~~~— > + 

1 E Ork PkE(W k I
k=i+l a1~ 1 k=i+1
i i p,

D . 1 — E P + a .  E —
~~~~~~ ,1 k=l k ~~~ k=l ak

~
= l— ~~.+a . 

—

1 1+1 k=1 ak

i—l
D1~1 = l—

~~~+i
+a1 k=1

~
= l — c . + a .  E —

1

SO,

— _ _ _ _  _ _ _ _ _ _ _
— 

D~÷1

— 

a~ D~÷1N~ —
— 

D1D~~ 1
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The numerator a~D1~ 1Nj~~j~1
DjNj+i

~

= (a1(lc ~ ) + ~1a~÷1 k=i ~~~

- • x E 
~k~~~~k ’ + E akpkE[Wkfl

k=i+ 1 
a1 k i+1

— (a~~ 1
(i
~~~

) +a1a~~ 1 k=l

n n
X (W~ E PkE[Wk] + ~ ak

p
kEIwkI)

k=i+l a~~ 1 k=i+l.

n
= (a -a . l)(

(1 .
~~~ ~1 1+ 1 k=i+1

I P fl
— ( L —k) ( ~ a PkE[Wk] ~

k=l ak k=i+l k

=

f l

- E P E[W k ] [( l
~~~

. ) +  E —h ~~~
k=i+ 1- 

1 j =l a 3 3

= (a 1 a~~ 1
) ( (1~~~ )W

fl i a
— E Pk~~

Wk] [1— 
E

k=j+l j=l 3

n
(a. a. l (1

~~~~~ 
z PkE W1 1+ 1 k

k—i a k— i a
x [1 E ( l - -~~) p . + ~ ( l- --~ ) p . I )

j =l a 3 ~ j =i+l 3
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= (a~
_a

~+l ) ( ( l_ a
~~

) W _ E P kE[W k ]Dk

n k—i a
— E pk~~~ k 1 E ( l — --~ ) p . )
k=i+l j=i-,-l a~ 3

= (aj_aj+l)[(1 aI)~~
_ E P

k ~~ 
Dk

-~ n k-i a
— E E ( l_

~~~ ) P j P kE[W k] )
k=i+1 j=i+l j

= (aj crj÷l)[(l aj) W _ E P
kNk

• n k-i a
— 

~ 
(1_

~~~
)p.p kE(Wk]J

k=i+2 j=ii-i j ~
fl fl a.

= (a.—a . )((1—c .)W— 
~ 

D~~(W— E (1 1)p.E[W.]
1. 1+ 1 k=i+l j =k+ 1 ak

fl fl a
— E E ( i_

~~~
) p . p k E[Wk ] )

j=i-,-l k=j—l j ~
n

= (a . a .  1) [ (1 a . ) W  ( 
~~ 

P J~)W
1 1+ 2. k=i+ 1

fl fl a.
+ E (i_ _

~
l)Pkp.E[W.]k=i+l j=k+l ak ~

n n ak
— E ( l_

~~
_ ) P . o kE[Wk]

j =i+1 k=j — 1 a~ 3

n
= (a1—a . 1)[(l—aj— E Pk)W)1+ k=i+1

= (aç’-or~~ 1)(i—~ )W.

Thus, ajE[W1]—a i+iE[W~÷1
} = (a1—a1~1)(i—P)W/D~D~~1 � 0
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From ( 4 . 1 .2 )  and ( 4 . 1 . 3) ,  we have the following bounds:

(4 .1 .4)  1 < E [W . 11/E [W~ I < a 1/a 1.~1. ( l< i<r t — l )

Note that  these bounds are independent of the

congestion fac tor  p .

We next examine the change of these ra tios of mean

wai t ing  times as P increases from 0 to 1. We wi l l  assume

that the arrivals from each class increase proportionately

so that X 1/). is fixed for all i. Under this condition ,

(4.1.5) p~ = p t/p

is fixed .

The ra tios of E [W~÷1]/EtW 1] can be obtained by f irst

examining the ratios EIW 1)/W :

From (1.3.10), we have

n a
1— E (1—— ~ )p (E[W ],W)

E[W 11/W 
= 

k=i l a~ k

1— E (l_—
~
)p kk=1

Subs t i tu t ing  (4 .1 .5 )  into the above equation , we obtain

n ak —

1— ( ~~ 
(l___ )pk (E [Wk]/W))P

(4.1.6) E [W~ ]/W = 
k=i+l 

a.
1— ( E (1_— ~)p~ )P

k=l
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which is a function of p only.

Therefore , g iven f ixed ra tios of arrivals among

d if terent priority classes , (4.1.6) can be used recursively

(from n backwards to 1) to calculate E [W~ ]/W for various

congestion rates.

To illuatrate this, we consider a 5—class queueing

model with the following charac teristics: E [S11 = 1,

E [S~ ) = 2, x~~ )~/5, a1 1/i, and p1 = 1/5, for l<i< 5.

Figure 4.2 depicts the change of each E[Wi]/W in the

range 0 < p ( 1. The gradual slopes of these curves show

that for small f luctuat ions in conges tion, the rat ios of

wai ting times between any two priority classes will not

change much . Even over a rather large range of P , the mean

waiting time ratios do not have a large change.

Since W itself is an increasing func tion of P, we note

that as p approaches 1, each E [W~] will approach infinity .

The mean waiting times E [W 1] and W are shown in Figure 4.3.

For comparison , we show the correspond ing measures of

the same system operated under fixed priority scheduling in

Figures 4.4 and 4.5.
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Figure 4.2 E[W~]/W vs System Congestion in
Escalating pr ior i ty Schedul ing
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Figu re  4 . 3  E [ W ~ ] vs System Congestion in
Escalat ing p r i o r i t y  Scheduling
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Figure 4.4 E[W~ ]/W vs System Congestion
in Fixed priority Scheduling
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p
F i g u r e  4 . 5  ~ [W~ ] vs System Congest ion

in Fixed priority Scheduling
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The mean w a i t i n g  t imes behaviors  of escala ting p r i o r i t y

scheduling in Figures 4.2 and 4.3 show that as system

congestion increases , every prior ity class has a signif icant

increase in mean waiting time and that strong coupling s can

occur between priority classes. However , in fixed priority

scheduling , increased congestion has almost no e f f e c t  on the

mean wai t ing  times for  higher priority classes , but a large

e f f e c t  on the lowest pr ior ity class as can be seen in

Figures  4 .4 and 4 .5 .

We r emark  that  the s t r eng th  of coupling s between

priority classes in escalating prior ity scheduling depends

on the values of the par ameter s { a1}. As the ratio

increases, the strength of coupling between classes i and

i+l decreases. In the limiting situation when

this coupling effec t d isappears , and we have a MEFP

scheduling . This mixed priority sc heduling rule has

characteristics of both fixed priority and escalating

priority scheduling : It is adjustable so that relative

waiting times among priority classes can be controlled and

it can be operated at saturated congestion while still

g iving finite mean wai ting times to the higher priority
classes. This property of MEFP scheduling rule was first

observed by Kleinrock [KLEI66J.
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4.2 Waiting Times Behavior at Saturated Congestion

In this section , we investigate mean waiting times

behavior at saturated congestion —
~~

- that is, p 1 but

rema ins stric tly less than one , preserving stability . We

f irs t study the mean wai ting times behavior of f ixe d

priori ty scheduling . From Theorem 1.3, we have

(1.3.4) E [Wj]Fp = (l— p)W/(l—o. 1)(l—c.). (l<i<n)

From (1.3.1), W~ is define d as

2(1.3.1) W = ( 
~~

k= 1

Thus , E[Wj]Fp = (
k~l 

/2(l~~a~_1) (l-a~). (l<i<n)

There fo re ,  for l<i<n—l ,

u r n  E[W~) < ~~,FP

while for  i n , we have

lim E [WnI FP =p-.,1

The r e f o r e , in f ixe d pr iori ty sche dulin g wi th sa tura ted

traf f ic , higher priority classes will have finite mean

wai ting times an d the lowes t pr iori ty class will  have an

unbounded mean waiting time. This behavior is reflected in

Figure 4.4 where lint E [W1]/W = 0 for i<n and lim E [W~ I/~T >
p-’i

0.
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Nex t, we examine the ratios among the EEWj ] ‘s un der

escalating priority scheduling . These ratios can be

obtained from the ratios {E[W~ I/~ } so we wil l  f i r s t study

the behavior of these ratios. Practically, E [W11/W is a

measure of the degree of d iscrimina tion applie d to class i

by the underlying scheduling relative to an indiscriminated

treatment.

The following theorem gives the ra tios {E [W~ ]/W } when

esca lating priori ty sche dulin g is opera ted under sa tura ted

congestion.

THEOREM 4.3. In multiclass M/G/l queueing systems under

escalating priority scheduling , in the limi ting

situation when p 1, we have

n
(4.2.1) lint a.E [W .]/W = 1/ 

~ 
(p k/ak), (l<i<n)

p-’l 
1 1 k=1 — —

which is a constant independent of the class.

Proof: Given a set of finite a~
’
~ 

and p = p 1+ 02+ ... + p~~~~~ 
1

we let

~~~

— .

k=l ak

Then, d is a finite constant.

We will prove (4.2.1) by induction (from n backwards

to 1).
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First, from (1.3.10), we have

E[W I n—i a
lim _

~~~ = 1 / t i—  E 
~~~~~~~~~p-’l W k=l

n— i n-l p
= 1/ 1 1 —  ~ ~~~~~~k=l k=l ak

n—i p
= 1 / t i —  ~ 

pk~~~~n
( d ) j

k=l

= l / [1 —p + a ~d)

• 1 /a d .

a E[W ]
Hence , u r n  ~ 

— 
=

P-’1 W

Now, suppose (4.2.1) is true for k=i+1,i+2,...,n,

then, again from (1.3.10),

fl a
E[W.] 1— E (1_

~~~
)pkE[Wk] /~u r n  1 

= 
k=i+l 1

p-’1 W 1_ 2 (1_ —l)p kk=i

n n
1— ( E PkE[WkJ ~

‘ ÷_L ( E ak
pkE[Wkl ~

/‘
~~~~

k=i+l a
~ k=i+l— 

i—i i—l p
1— E p +a . E —

k=i k l k=l ak

n p n pz —
~~~

- ) + - -
~~
-( E —

~~~~)

k=i+1 akd a1 k=i+i d
n p

i-a . +a .(d— E1—1 1 k=i ak
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d k=i+l ak a1d k=i+1 k
- 

~~

1—a. 1 + a .d— a . (E  —)
1 J- 1 1 k=i ak

n p n
—~[a .d—a .( E —)+ E pj

1 1 k=i+l ak k= i+ l ~
— n p

i — a .  + a . d — p . a . (  L JS)
i—i  1 1. 2. k=i+1

n p

(p— a .)+a .d—a .( E
1 1 1

a .d  n p
1 k

1—a . + a . d — a . (  E
1 1 l k=1+l ak

1
— 

a~d

Hence , we have

a~E[W~] 1
u r n  =

~~~~~~.

p-’l W

This completes the proof.
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As an immediate consequence , we have the followin g:

(4.2.2) lint E [W .I/E [W.] = a./a~. (l(i<n , l<j<n)
P-’1 3 3

Stated in ano ther way , we have

(4.2.3) lint E [W 1I:E[W 2]:...:E[W~ J = . . .  :~~~~~~~.

This resul t attaches a sign ifican t meanin g to the

parame ters ( a 1 ) :  They are “discrimination factors” that

set decisive measure to the ra tios of mean wai ting times

amung the priority classes. Under saturated congestion , the

reci procals of the rela tive ra tios of these discrimina tion

fac tors are the rela tive ra tios of wai ting times tha t can be

expected .

We ~~serve the following : In Section 3.2, we showed

tha t the opt imal solu tion to the objec tive func tion

2
(3.2.29) Minimize E \kckE[WkI

k=i

with only the constraint (1.3.2) must satisfy

1 1 1
( 3 . 2 . 2 7 )  E [ W 1] : E [ W 2 ] : . . . : E [ W ~ I = 

~1c1 
: : ... :

If we now examine the constraint set (2.1.4) at

sa tura ted conges tion , we can see that for each inequality

E p E[W I ~~. 
(l—p ) ( 

~ 
pk)W~

’(l E
kEl k k kEl kEl
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the right hand side vanishes when p-’l.

Thus , in this limiting situation , (2.1.4) becomes

ineffective and every solution satisfying (1.3.2) is

optimal .

Comparing (3.2.27) with (4.2.3), we see tha t if we set

(4.2.4) a~ 
= ~1c1, (l<i<n)

then at sa tura ted congestion , an escalating pr i o r i ty

scheduling will be optimal for the objective function

(3.2.29), when the parame ters { a~j are set equa l to the

values in (4.2.4). Therefore , when the system congestion is

heavy , (i.e., when ~ is close to 1), (4.2.4) can be used to

give an approximate optimal solution to (3.2.29).

4.3 Variance of Waiting Times

In this section , we inves tigate the variances of

waiting times for escalating priority scheduling and compare

them with the variances of FCFS and fixed priority

scheduling .

We f i r s t give the followin g theorem on the vari ances of

waiting times for FCFS and fixed priority scheduling s (c.f.,

[TAKA64J).
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THEOREM 4.4. In multiclass ti/Gil queueing systems with p <

1, we have the following :

(a) Under FCFS scheduling , the variance of

wai ting times fo r  all classes is

(4.3.1) Var [W FCFd = + (
k~ u

Xk E [~~ ] ) / 3 (l—p).

(b) Under fixed pr iori ty scheduling , the

variance of wai ting times for priori ty class i

(l<i<n) is

n
2

(4.3.2) Var [Wi] = 
k=1 

2FP 3(l—a~_1) (i—a 1)

— 
i—i 2

W(l—p)( 2
k=1

+
(l—c ~~~1) (i—a 1)

2. 2
W(1—p )( 

~k=i
+ 2 2

~~~~~~~~~ 
(l_ a~ )

As a coroll ary,  we have

( 4 . 3 . 3 )  Var [W 1I < Var [W2 J FP < ... < V a r [ W
fl

]FP .

From the above theorem , we note the following : First ,

under FCFS scheduling , we hav e
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(4.3.4) Var [WiJ FCFS / E [W iJ
~ CFS

= Var I W 1J FCFS /

= 1 + 
k=l k E [ S~~] ) /  3 (l-p)

>

Thus , the coefficient of variation (Cv) of the waiting

time variable WFCFS, de f ined  as the square  roo t of

is greater than one .

As a r e f e rence , the coe ff icien t of var iation of an

exponentially distributed random variable is one. Thus, the

densi ty func t ion of the wai ting time var iab le WFCFS is

flatter than an exponential function, and has a “longer

tail” .

Second , for f ixe d pr iori ty schedulin g , using (4.3.2),

the variance of the lowest priority class is

n
2 X E[S I
k=i k k

(4.3.5) Var [W ~ 
= 

2n F 3 (l—a~~ 1) (1—p)

n—i 2W ~~ ~,~ E [Sj 
—

_ _ _ _ _ _ _ _  
W

+ 3 +
(i—a~_1) (l—a ~~1)

From Theorem 1.3 , we have
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(1.3.6) E [W nJ FP 
= W / (l—a~~ 1).

Thus ,

(4.3.6) Var [Wfl I FP / E [W~ I~~~
n ., n-i 2E E[S~ I 2

k=l k ‘
~~ k=l

23w (l—p)

> Var [WFCFS]/E[WFCFS]
2

Therefore , for  the lowest pr i o r i ty cla ss, no t on ly is

Var [Wn ]FP greater than VarLW FCFSI, but the coef f ic ien t of

varia tion (wh ich ref lec ts the rela tive dispersion of wai ting

times ) is also grea ter than the coeff icien t of varia tion of

waiting when FCFS scheduling is used .

Thi r d , for the highes t pr ior i ty class , (4.3.2) gives

k=l k k  ~ (1-p)X 1E[S~ ] ~
2(l-p)2

(4.3.7) Var [Wl]FP = 3(i_
~1) 

+ 
(i— p 1)

2 + 
(1—p 1)

2

Thus , Var [WFCFS ] — Va r [W 1IFP

n •
~ 

n
E E[S~ ] 2 

~~ 
E[Sk}—2 k=1 k k=1

= W + 
3 (i—p )  

— 

3(l—p 1)

+ 
~~(i—p )[W(1—p)—X 1E[S~ I)

(1—p r)

> ~
2 

+ ~~~(i-p ) ~~ k=i 
‘k E[S~ ] - X 1E[S~ ] J / (1-p 1)

2
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n
> ~ 2 — E[W11 (~~~~ 

2 X k E[S~~} ) / (1— p 1)k=1

= W
~~
E[Wl]Fp

> 0.

There fore , by giving top preference to a class, not

only will the mean waiting time for jobs in this class

decrease , the variance of waiting will also decrease . As to

the coefficient of variation of waiting times for this

class , no general conclusion can be drawn .

In escalating priority scheduling , we know that the

control parameters can be used to adjust the preferences

given to each class and the stronger the discrimination

applied , the more dispersion between waiting times of

different priority classes there is. We also know that the

mean waiting times for jobs that belong to the higher

priority classes will decrease as the preferences given to

these classes incr ease. Sim ilarly, fo r  low er pr io r i ty

classes , the increase of discrimination applied to them will

increase their mean waiting times. It is desirable to also

understand how changes in discrimina tions affect the

variance of wai ting times for jobs within each priority

class.

To investigate the variance behavior of escalating

priority scheduling , a simulation model of a 3—class

priority queueing system was developed . The details of the
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s imulat ion is given in Appendix A. In the following , we

present  the resul ts of the variance behavior from the

s imula t ion  exper iments .

In F igu re  4 . 6 , the theore t ica l  mean wa i t ing  t imes of

the model under d i f f e r e n t  levels of d i s c r i m i n a t i o n  in

escalat ing p r io r i t y  scheduling are shown. For this  3—class

p r i o r i t y  scheuling r~ de1, we have two degrees of freedom to

adjus t  the parameters .  Let r 1 = a 2/rj1 and r 2 a3/a2 be the

rat ios  of the control  parameters .  Recall ing that we have

restricted the ( a~ } to be such that a1>a2>a3, we therefore

have 0<r. <1 for 1<1<2. The three surfaces above the
1— — —

feasible values of (r1, r2) are the mean wai ting times fo r

the three different classes. The waiting times performance

corresponding to either r1 being zero —— which represent the

behavior of MEFP scheduling —— is added to make the sur faces

closed.

For th is model , if we only consider the parametric

change (a 11a2,a3) 
= (a/k,a, ak) for k:l-+0 (a is an arbitrary

positive constant) , then r1 =r 2=k and 0<k’Zl. The mean

waiting times under this change of discrimina tions are shown

in Figure 4.7.
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Figure 4.6 Mean Waiting Times Behavior Under
Different Levels of Discrimination
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Figure 4.7 Mean Waiting Times Behavior Under
Inc reas ing D isc r im ina t ions
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It is interesting to note that in Figure 4.7, when k

decreases below approximately 0.5 , the difference between

E [W3I and E [W 21 increases faster than the difference between

E[W2] and E[W1]. This shows that when k is in this range ,

- • 
the d isc r imina tion between E [W 3) and E [W2 1 caused by the

decreasing of a
3 /a2 

is stronger than the discrimination

• between E [W2] and E [W 11 caused by the decreasing of a2

by the same amount.

In Figure 4.8, the mean waiting times of the simulation

exper iments and the theoretical mean waiting times are

• compared . The solid lines represent theoretical waiting

times for different priority classes , broken lines represent

• simulated waiting times , and dotted lines represent upper

and lower 90% confidence limits of the simulated waiting

times. It is seen that for each priority class, the

conf idence interva l derived from the simulation exper iment

contains  the theore t ica l  values of w a i t i n g  t imes.
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Figure 4.8 Point Estimates and Confidence
Intervals of Mean Waiting Times

For the same simulation experiments , Figure 4.9 gives

the var iances  of w a i t i n g  t imes and t he i r  co r respond ing  90%

confi denc e interv als . The mar ks “x ” are the theoretical

value s of var iances of the two limitin g cases , FCFS arid

fixed priority scheduling . Note that each of the confidence

intervals at the two limits also contain the theoretical

values .  These r e su l t s  show tha t  as d i s c r i m i n a t i o n s

increase , the variance for each priority class changes

strictly monotonically , and it either decreases or increases

depending on whether the particular class is a high priority

or a low p r i o r i t y  class.
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Figure 4.9 Variance Behavior of Waiting Times

Figure 4.10 gives the coefficient of variation (Cv)

behavior for  each class. We note that  each curve  of Cv [W 1I

connecting Cv [WiI
FCFS 

and Cv [Wi I I  is approximately l i nea r .

Exper iments  s imi l a r  to the above were  conducted for

several d i f f e r e n t  service time distributions . In all

exper iments , the var iances  of escalating priori ty scheduling

were e i ther  s t r i c t l y  increas ing  or s t r i c t l y  decreasing

between the var iances  of FCFS and f i x e d  p r i o r i t y  scheduling .

There fo re , we conclude tha t  we can de te rmine  the upper and
lowe r bounds of the va r i ance  of any pr i o r it y  class in
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escalat ing pr i o r i t y  sch~~~u 1i ng f r o m  the  v a r i a n c e s  of FCFS

and f ixed  p r i o r i t y  schedul ing  and ob t a i n  a “ c rude ” es t im at e

of its v a r i a n c e  fo r  a g i v e n  p a r a m e t e r  s e t t i ng  by us ing  a

c o e f f i c i e n t  of v a r i a t i o n  e s t i m a t e  f r o m  c u r v e s  s imi l a r  to

those given in F i g u r e  4 . 1 0 .

Cvtw3) 
2.O~~~ ±E~~E

I—  - — - -

Cv Uw2] I .61 
— -.

Cvtw ,) I .bf.-.-. -~~~~.. - - - -

I I I I
I I I I L 1 0

5 3 2 3 5 10

Figure 4.10 Coefficient of Variation
Behavior of Waiting Times

Summarizing the results of our simulation study on the

var iances  of w a i t i n g  t imes in esca la t ing  p r i o r i t y

scheduling , we find that as the discriminations increase ,

the v a r i a n c e  of each class changes in the same direction

( increases  or decreases)  as the mean w a i t i n g  t imes , and has

a va lue  between tri e v a r i a n c e s  of FCFS and f i x e d  p r i o r i t y

schedul ing .
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- CHAPTER 5

RELATED TOPICS AND CONCLUSIONS
.

5.0 In t roduc t ion

In the previous  chapters , we have invest igated in

detai l  the behavior  of M/G/l queue ing systems un der

escalating pr iority scheduling . In Section 5.1 of this

chapter , we discuss and compare these results to the resul ts

of three other adjustable priority scheduling rules. In

• Section 5.2, we discuss the implementation of escalating

priori ty scheduling in an on—line transaction processing

environment and some of its implications. In Section 5.3 ,

we give final conclusions of this dissertation arid point out

several possible directions for future research on

Transaction Processing Systems and priority scheduling

rules .

F 5.1 Other Adjustable Priority Scheduling Rules

In this section, we will discuss and compare results of

three other adjustable priori ty scheduling rules wi th

escalating priority scheduling .

Specifically, we will discuss the adjustable priority

scheduling rules wi th the following priori ty index

functions:

(a) q. (t) = ~~~~~~~~~~~~ (~~~> O , r>0)

(b) q 1(t) = 
~~(t~~

Ti), (Y~<O)
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(c) q ~(t) = + (t-

Each of the above p r i o r i t y  f u n c t i o n s  is the p r i o r i t y

index assigned to a job f r o m  class i which  a r r i ved  to the

system at time r .  . Whenever  the service facility is

availaole , the job with the highest instantaneous priority

index q.(t) is taken into service. We will now discuss each

of these scheduling rules in more detail.

(a) First, we consider the priority disci pline in which

a job’s priority increases in proportion to some arbitrary

power of its elapsed time waiting in the system . That is ,

at time t, the priority associated to a job in class i that

arrived at time is assIgned a value

q1(t) 
= ( t — ~r 1 )

r , ( > 0)

where r is a fixed positive constant arid t ranges  f r o m

until this job gets the service. The interaction of

priori ty ind ices between jobs of d ifferent prior ity classes

is illustrated in figure 5.1.

q(t) q~(t) :$~(t-.rj)
r

Figure 5.1 Interaction Between Two Jobs
From Different Priority Classes

1 -~ I
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In this i l l u s t r a t i o n, a job f r o m  class i arrives at

t ime ¶
1and ga ins  p r i o r i t y  propor t iona l  to the r—th power of

the t ime it spent in the system. At time ‘j , another  job

f rom a h igher  p r i o r i t y  class j  en ters  the system , and gains

its p r i o r i t y  with a larger proportionality constant

Thus , if the service facil ity becomes available between 
~~~

.

and t*, the job from class i will be taken into service.

However , if the facility does not become f r e e  until t~ or

a f t e r , then the job from class j w i l l  be chosen for service.

.~~~~~~~~~~~~~~~~~~~
—

~~~~~~~~~~

-—

This scheduling rule was first studied by Kleinrock and

Finkelstein [KLEI67I and was called the r—th order time

dependent scheduling . The following theorem , due to

Kle inroc k and Finkeistein , states that this scheduling rule

is equivalent to escalating priority scheduling . Similar to

his  other resul ts on escalating pr i or i ty schedu l i ng , th is

theorem is true for M/G/l queueing systems~

THEOREM 5.1. An r—th order time dependent scheduling with

parameters { B . )  is equivalent to an escalating

priority scheduling with parameters ( a1) when

a1 
= B r for all i , l<i<n.

From the above theorem , the mean wai t ing time for  each

prior ity class under r—th order time dependent scheduling

can be obtained from (1.3.10) as:

132

_ _  _ _ _ _  -



r 
- -  - -

1
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n

~ (1— (-s ) )p E[W
E1W~ 

r —

L~~~~~J — 
i—i Bk l

1— 2 (1—
k=i I

The equivalence of tne two schedu l ing  shown in Theorem

5.1 reveals that they have the same behavior and the same

feasible performance space of mean waiting times.

(b) Next , we discuss what we call “deescalating

priority scheduling discipline ” wif e-h-4ub’s p r i o r i t y

decreases linearly as it waits in the system. Specifically ,

we give to each priority class i a negative constant y~~~. At

each instant t, the priority index q1(t) of a job from class

i which arrived to the system at time 
~ 

is

q1(t) 
= 

~

‘ . ( t — 

~~~

. ). C < 0 )

Figu re  5. 2 i l l u s t r at e s  the i n t e r a c t i o n  between two jobs

from different classes. In this example , at t ime i~~~, a job

from class i arrives and loses priority at a rate . At

time r . , a different job from a lower priority class j

arr ives , and loses its priority at a faster rate y~~. If the

service facility becomes free between 
~~~~

. and t*, the job

from class j will be served first. However , if the service

facility does not become free until after t~, then the job

from class i will be served prior to the job from class j.
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- T~ t~

q(t)

q~(t):y1( t — T 1)

Figure 5.2 Interaction Between Priority Functions
for Deescalating Priority Scheduling

The fol lowing theorem , due to Hsu [HSU7O], descri bes

the mean waiting times behavior of jobs from each priority

class. This result was originally proved for M/M/l queueing

sytems. However , it holds true also fo r  M/G/l systems us ing

the argument presented in Section 1.3.

THEOREM 5.2. In multiclass M/G/l queueing systems unde r

nonpreemptive deescalat ing priority scheduling ,

if p < 1 and we are given a set of negative

parameters { 
~~~~~~~

} such tha t 
~ ~~

- ~2 ~ 
>

the mean waiting times for each priori ty class

is:

— 
i—i

(1—p )W+ 2 (i——) p~ E[W~.]
k~ i ~

‘i
i - n y .

(l—p)+ 2 (i—---~)p
k=i+1
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The limits of this scheduling are given in the

fo l lowing  theorem :

THEOREM 5.3. (a) When we set the ~~‘s all equal , then

-
• 

deescala t ing p r i o r i t y  s chedu l i ng  becomes LCFS

schedul ing .

(b) In the limiting situation of deescalating

priority scheduling when the parameters I ~~~~~~~ }

are chosen such that ‘y j/~y j~ 1-’ U (l<i<n—l) , then

we have a modified fixed priority scheouling

rule such that within each priority class, a

LCFS rule is followed .

For comparisons of waiting times , we give the following

results due to Wishart [WISH6O1 and Durr [DURR69], .

THEOREM 5.4. In multiclass M/G/l queue ing systems wi th

p < 1, we have the following :

(a) Under LCFS scheduling , the mean and vari ance

of waiting times are given by

E [W
~~FS I = W

Var [W
~~FS J = (l+~~)~~

2,’(l— p ) + (
k~ l

Xk S~ ] )/3(l_p)2 -

(b) tinder modified fixed priority scheduling in

which an LCFS rule is followed within each
priority class , we have :
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E [Wi J (l—p )w / (1—c~~ 1)(l—~ 1)

— 2
~~. X E [ S

3

] (1—o)W( 2 X ELS I )
Vat [Wi I = -—

~~
- -— ——

~~
----——— + 

— 

33(1
~ a .i ) (i—a .) (i—a 1 1 ) (i—a 1)

i—i 2 —

(1— p)W{ ~T \ ELS )—( 1—p)W ~
k=l k k

+ 
(1—a . l)

2 (1_0 )2

Comparing the above formula with those in Theorems 1.2

and 1.3, we see that mean waiting times under either FCFS or

LCFS scheduling are the same . Similarly, mean waiting time

for each priority class remains the same no matter whether

an FCFS or an LCFS scheduling is followed within the same

priority class. However , variances under LCFS scheduling

are larger than that under FCFS scheduling , and in fixed

priority scheduling , variance of waiting times for each

class is larger if LCFS rule is used instead of the FCFS

rule within the same priority class.

It is most likely that an algorithm can be found for

determining the values of { ‘
~~~~ 

} for deescalating priority

scheduling us ing a method s i mi l a r  to t h a t  g i v e n  in Theorem

2.4 for escalating priority scheduling . We note that the

feasible performance space of mean waiting times for these

two scheduling rules are identical. However , for the same

performance of mean waiting times , deescalating priority

scheduling will have larger variances of wuiting times.
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(c) We now discuss the scheduling rule for the

following priority function:

q 1(t) = \J j~ + ( t — 

~~~~~

In this scheduling rule , higher priorities are given to

the classes with larger values of the v . ’s, because for two

joos arriving to the system at the same time , the one f r om

the class with larger value of will have a larger

pr io r i ty index . Also , note that in this rule , the

• parameters { are not required to be positive.

Now , if the quantity ( T~~~ \~~~) is the due date of a job

that arrives to the system at time ¶~~ , then the selection of

the job with the largest q1(t) = ~1+(t~~~.) = t~~ (T.~~~j . )  at

any instant of time t is equivalent to selecting the job

with smallest values of T v  i.e., the job with the

smallest due date. Thus , this scheduling is called the

earliest due date (EDD) scheduling when the v 1
1 s are chosen

in this way and we will restrict ourselve to this

interpretation in the remaining discussion of this priority

func t ion .

Figure 5.3 illustrates the priorities of two jobs from

differen t priority classes. It is noted that no interaction

of p r i o r i t i e s  exis ts  between the two jobs under this

scheduling r u l e .

137

j



-

q(t)

T1 Tj

Figure 5.3 Priority Indices of Two Jobs
In Ear l iest Due Date Schedul ing

In the literature discussing this scheduling rule ,

instead of defining the priority function using the

parameters { v~~}, a set of constants I u j) called urgency

numbers are used. In this scheme of defining priorities ,

when a job from class i arrives at t1, it is assigned a

priori ty number t1+u~ . When the server becomes available ,

it chooses the job having the minimum value of t1+u 1. It

can be readily seen that the two schemes of selection are

equivalent, when u . = —
~~~~ 

for each i.

The earliest due date scheduling discipline was first

studied by Jackson [JACK6O], who made the following

conjecture : In multiclass M/G/l queueing systems under

nonpreemptive EDD scheduling, we have

lim (~~.+E[W .])/(~~.+E [W.)) = 1. (l<i<n ,
p-’1 1. 1 J 3

l<j (n)
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• The above conjecture, known as the Jackson ’s

Con jectu r e ,  was proved by Goldberg ~GOLD76).

It is interesting to note the similarity of this result

with Theorem 4.3: In escalating priority scheduling , when

the priority of a job from class i is a1 W1 , we have the

following :

u r n  (a 1E [W~ ])/(aE [W 1) = 1. (l<i<n , l<j<n)
p.-’1 j  1

Thus , Theorem 4.3 can be thought of as the

multiplicative version of Jackson ’s Con jectur e for

escalating priority scheduling systems.

Next , we recall from Theorem 4.2 that under escalating

priority scheduling , when ~ < 1, we have:

(4.1.3) a1E [W 11 > a2E [W 2) > . ..  >

Similar to this result , Goldberg proved the following :

In nonpreemptive EDD scheduling , for p < 1,

+ E [W 1] -
~~ 

v
2 

+ E ~W
2 I > ... > + E [W~ ]~.

Goldberg also proved that the limits of EDD scheduling

are FCFS and f i x e d  p r i o r i t y  scheduling , and derived the

following formula for mean waiting times of each priority

class:
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i—l Vk V i
E [Wi) = W + 2 PrtWi>t}dt — 2 Pr-l W >t}dt.

k=l 
~o 

k i+l 0

Unfortunately, the above formula can not be directly solved

to obtain I v~~~} given a set of specified and feasible mean

wai t ing  t imes.

We conclude from the above discussions that adjustable

priority scheduling rules with one set of adjustable

parameters can provide several d ifferen t types of waiting

times behaviors. It may be possible to obtain the same mean

w a i t i n g  times fo r  the different priority classes using

d i f f e r e n t  ad jus table  scheduling ru les , but  the varianc es of

the waiting times may be different. To obtain control of

behaviors of both the mean and variance of waiting times ,

scneduling rules with more than one set of parameters may be

needed. Thus, fo r  instance , if we use a scheduling rule

wi th p r i o r i ty func tion de f i n ed as

q 1(t) = v~~+a~ ( t — T~~) ,

then the behavior of waiting times may be able to be

controlled to a greater extent.

5.2 Escalating Priority Schedu1in~~ for TP Systems

In Chapter 1 of this dissertation , we pointed out that

transaction processing systems commonly use fixed priority

scheduling with the result that transactions from lower

p r i o r i t y  classes f r e qu e n t l y  have excessively long response
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times while transactions from higher priority classes may

have response times that are faster than necessary. This

problem motivated us to study escalating priority scheduling

to determine if it would be appropriate for use in TPS. In

• this section , we will discuss the use of escalating priority

scheduling in the class of TPS that can be modeled as

multiclass M/G/l queueing models.

The use of escalating priority scheduling in TPS will

allow the designer of TPS to select a set of values for the

con tro l parameters I o’~~} to provide any desired

discrimination between the transaction classes from FCFS to

fixed priority scheduling . This capability should help

eliminate undesired long response times for transactions

f rom low p r i o r i t y  classes when t r a n s a c t i o ns  f r o m  h i g h

priority classes are receiving faster response times than

necessary. The algorithm presented in Chapter 2 allows the

designer to obtain a set of { a1) for any set of feasible

expected response times for the various transaction classes.

If a designer of TPS desires to select the set of

control parameters { a1) of escalating priority scheduling

to optimize the cost of a TPS using some function of the

expected waiting times , a set of feasible expected waiting

times can be obtained by using one of the optimizing

algorithm presented in Chapter 3. This set of waiting times

then can be used in the algorithm in Chapter 2 to obtain the

required values of { a1). This procedure requires the
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designer to choose an appropriate cost function and to

• obtain the appropriate unit cost estimates. One should note

that this optimization procedure does not take into account

other aspects of response times that may be important such

as the variances of response times or the system response

under saturated congestion.

• When the transaction workload becomes very heavy , one

possible disadvantage of using escalating priority

scheduling in TPS is that the response times of all classes

of transactions increase together. This is quite different

from what occur s when using fixed pr ior ity scheduling where

only the low prior ity classes response times increase under

a heavy load of transactions. This can be avoided if the

designer of the TPS uses MEFP scheduling . However , one

significant advantage of using escalating priori ty

scheduling is that for small changes in transaction traffic ,

the relative response timesfor different transaction classes

stay approximately the same .

The variances of response times are impor tant in many

TPS because they can affect the productivity of the human

user s. Our results of escalating priority scheduling show

that the var iances of response times for lower priori ty

classes are much smaller than in fixed priority scheduling .

However , the variances of the higher pr ior ity classes wi ll

increase .
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We have now stated that escalating priority scheduling

is applicable and that there are many advantages for using

it in TPS instead of fixed priority scheduling . However ,

any scheduling rule used in TPS must require only a ana].l

amount of computation time for each arr iving transaction and

for determining the next transaction for service. This is

because the transaction traffic is large and the processing

time required for each transaction is usually very small.

Therefore, the overhead for handl ing each transaction mu st

be small.

We now d iscuss the imp lementation of the escalating

priority scheduling rule. First , we note that under this

scheduling rule , jobs from the same priori ty class will be

selected strictly according to their arrival times. This is

because jobs from the same class have the same priori ty

increasing rate . Thus, the job that has been waiting in the

system for the longest period will have the highest

priority . Therefore, if we ma in ta in  a separate queue for

each priority class, and when a job arr ives, we file it into

the end of the queue correspond ing to its p r i o r i ty class ,

then only the f i r st job of each queue can qua li fy  as the

candidate for selection. This reduces the number of

possible comparisons in selecting the nex t job for service

to n , the number of different priority queues.
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The above observation also has the following

implication : Even though the priority indices of the

waiting jobs increase dynam ically, there is no need

to update the priority indices of all jobs every time the

server becomes available. We only need to register the

arrival time for each job when it enters to the queue . When

the server is ready for next service , we then take measures

of the elapsed time that each prospective candidate (the

first job in each queue) has waited in the queue, and

multiply them respectively by their corresponding priori ty

increasing rates to calculate their priority indices. The

job with highest pr iority index is then removed from the

queue and is put into service.

This shows that escalating priority scheduling can be

e f f i c i e n t l y  implemented in t ransac t ion  processing systems

with very little time required for overhead information

processing.

5.3 Conclusions and Future Research

The purpose of this dissertation was to investigate

escalating priority scheduling and determine if it is

appropriate for use in TPS. The major result of our

• investigation of escalating priority scheduling was the

development of a two—stage algorithm for determining the

values of the control parameter s to optim ize various cost

functions. This two—stage algorithm allows a designer of
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TPS to obtain a set of control parameters for escalating

priority scheduling in TPS to optimize certain types of cost

functions that should provide better response times to users

of TPS than c u r r e n t l y  being provided by fixed priority

scheduling . Thus this scheduling is applicable to TPS and

should prov ide bet ter  u t i l i z a t i o n  of the system resources.

This dynamic pr ior ity schedu l i ng ru le  was f i r s t

• proposed by Kleinrock in 1964. His major contribution , in

add ition to proposing the r u l e ,  was in developing an

algorithm to obtain the values of mean wa iting t imes g iven

the control parameters (a . 1. The major new resu lts for

this schedul ing rule  presen ted in th is d isser tation ar e:

(1) the der iva tion of the f easi ble per formance space for

mean wai ting times , (2) the development of an algorithm to

obtain a set of { a~~} given a se t of feasible mean wai ting

times {E[Wi]}, (3) optimizing algorithms to obtain the

{E[WiJ } to be used in obtaining the { a~~} fo r  min im iz ing

var ious  cost func tions , and (4) proving a multiplicative

version of Jackson ’s conjecture in saturated congestion.

Other results presented for the escala ting priority

scheduling rule are that the variance of waiting times for

each class either strictly increas es or strictly decreases

between the variances of FCFS and f ixed priority sc hedul ing

for var ious par ametric se ttings ; at saturated conges tion
the mean response t imes of all classe s are ex tremely lar ge;
and the relative response times for each class have li ttle
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change for changes in the arrival rates.

There are a number of interesting problems that need to

be studied for further understanding of scheduling

transaction processing systems. The question that arises

first is: What is the behavior of TPS using escalating

priority scheduling when ther e is only a smal l number of

users instead of a large number? This requires

investigation of the multiclass M/G/l queue ing model with a

f i n i te a r r i v a l  popu lation under escalat ing pr ior ity

scheduling . This may be difficult because the arrival rate

changes as the number of ~ ansactioris that are waiting for or

being processed increases or decreases .

The second question that arises is: What happens in

escalat ing p r i o r i t y  schedul ing if the a r r i v a l s  are  not

Poisson? This could occur if the number of transaction

arrivals for a given class was not large.

A thir d area for researc h is to investigate and compare

other adjustable scheduling rules. Of particular interest

is: What are the re la t ionships between the mean an d

variance of d ifferent adjustable scheduling rules? Can the

same mean response t imes be ach ieved for d iff erent

schedul ing ru le s  but wi th  d i f f e r e n t  var iances?

Another large area for researc h is when

mul tiprogramming is allowed in TPS. In this case , queueing

network models must be used . Here, the various arrival
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processes , service time distributions and different

scheduling rules with optimization need to be researched .

Fina lly,  it would be valuable to collect some “live

data ” on var ious systems for analysis and to perform various

types of expe r iments using different scheduling rules. Some

measurements of interes t are the arr ival process es , the

service time requests, waiting time distributions , and mean

response times. This would increase the understanding of

the behavior of transaction processing systems.
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APPEND IX A

A SIMULATION MODEL FOR ESCALATING

PRIORITY SCHEDULING

In order to study the variance behavior of waiting times

in M/G/1 queueing systems under escalating priority scheduling,

a simulation model using SIMSCRIPT 11.5 was built. This model

is a 3—class priority queueing model with each of the three

priority classes having the same common characteristics:

~ . =O .5 , ~~ =2 .5 and p
~~
=O .2.

Four sets of ~xperiments were conducted, each using a

different service time distribution. The same service time

distribution was used for each of the three classes of trans-

actions in each of the sets of experiments to hopefully have

the results reflect only the variance behavior. The service

time distributions used were the following:

Distributions coefficient of Variations

Constant 0
Erlang—4 0.5
Exponential 1.0
Hype rexponential 2.0

The values of the control parameters were determined

using 
~~~~~~~~~ 

= (a,ak,ak2) with k decreasing from one

towards zero and a > 0 . This resulted in the relative dis-

criminations between classes 1 and 2 and classes 2 and 3

being the same for each setting of k because

= 1/k. The specific set of values of k used for each
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set of experiments were k=l, 4/5, 2/3, 1/2, 1/3, 1/5, i/b ,

and 1x10 1° . The setting k equals one corresponds to

first—come—first—serve scheduling and the setting k equals

lxlO~~ ° approximates fixed priority scheduling.

The regenerative method of analysis was used to collect

and analyze the simulation data [SARG76] . The regenerative

point selected was the beginning of a busy cycle. The num-

ber of cycles used were 2,500 for the set of experiments

having constant service time distributions and 3,000 for

the other service time distributions. Data were collected

on the first and second moments of the waiting times.

For each service time distribution, using the sample

mean of waiting times, we constructed a 90% confidence inter-

val of mean waiting times. In all cases, the theoretical

values were contained in the confidence intervals. This

validated the model. The data for the set of experiments

using Erlang—4 service time distributions are shown in

Figure 4.8.

Using the sample second moments of waiting times and

theoretical values of mean waiting times, we calculated the

point estimates and confidence intervals for the variances

of waiting times. For the cases when k=1 and k=lx10~~°,

the theoretical values of variances were obtained from

(4.3.1) and (4.3.2), respectively. Again the 90% confidence

intervals contain the theoretical values. This provided

additional evidence that the model is valid. The data for

the set of experiments using Erlang—4 service time distribu-

tions are given in Figure 4.9.
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The point estimates and confidence intervals of the

coefficient of variance (Cv[W
~
]) were calculated for all

experiments using the point estimates of the means and

variances of the waiting times. To calculate the conf 1—

dence intervals of Cv [W1] , we used the following argument,

assuming independence, from probability theory:

Given Pr (a<x-<b )=P% and Pr (c<y<dj=Q% ,

then Pr [a/d<x/y <b/c) < PQ% .

Using this argument and the estimates of the first and

second moments, 81% confidence intervals were constructed

for all of our experiments. Figure 4.10 contains the point

and intervals estimates for the set of experiments using

the Erlang—4 service time distributions.

The results of the four set of experiments were very

similar except that the variances of the waiting times

increased as the coefficient of variations of service times

increased from zero to two as was expected. The means and

variances of waiting times for each class of transactions

strictly increased or decreased as k decreased from one to

zero, depending on whether it was a high or low priority

class. Furthermore, the coefficients of variations were

similar for each set of experiments in that the coefficient

of variations remained nearly constant for each priority

class as k decreased from one to zero.
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