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t . The experimental and theoretical work performed under this Contract was

concerned with a scale ir~odel study of various properties, of Arctic ice , in

particular the reflectivity of sonic signals from the sea—water/i ce—cover

interface . The scaling was accomplished by considerin~v the usual thickness

of the Arctic ice cover end the wavelength of the usual sonar signal , and then

changing the ice thickness to a few inillineter and the frequency of the sonic

sirnal to a few megahertz; this scaling maintains the sane value of the rroduct

(frequency times thickness) for both cases, the situation in the Arctic and

the scaled version of the phenor.ena. investigated In the laboratory.

Although reflectivity coefficients can be easily calculated from time—

honored formulas, these calculations dc not consider the fact that plane waves

of infinite extent r..re not possible in nature , and that all si gnals do have a

finite dimension, i.e., one invariably deals wi th a finite, bounded bean of

sonic signals. This deDarture fror. the sirrn].istic view creates new problems in

the evaluation of reflectivity ,  and thus a rreat part of the work performed was

concerned with the formu lat ion of arprorri ate expressions descri bing the actual

situation. This formulation was then ex~erirentally verified for easi ly handled

interfaces , n ame ly nonme lting rlates irsiersed and also floatinr on water. This

was done initially, before experir.ents with ice plates were conducted, in order

to check out the basic premises of the newly developed theoretical aroroach to

the problem. The next step was to check into the angular dependence of the in—

cident/reflected bean ratio, and it was found that here too the plane wave theory

leads to useless results, and the bounded beam approach had to be investigated.

This was again accomplished, first for ice-sir.ulatin~ plates end water interfaces

w~d then for ice plates of millimeter thickness.

In the course of these investigations it was realized that the initial am-

plitude of the ir~pinging sigmal enters the description of’ the retlectior. if non—
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linear processes occur during the propogation in the water or upon re-

flection . These frequency dependent and amplitude dependent phenomena became

increasingly important and non—negligible in the course of the work that these

processes warranted a separate investigation by themselves. Thus, with the

agreement of the Code sponsoring the present Contract , a renewal proposal was

submitted to Code 1421 for the expressed purpose to investigate the parameters

of nonlinearity, in a most general manner, before a continuation and conclusion

of the present contract could be considered in the previously anticipate manner.

flevertheless, the present Contract has produced a number of results we had

anticipated, and these results are listed in this Report. Th~ present Contract

actually consisted of two seperate activities: Contract N000ll4-.69-A—0220—007,

sponsored through Code 1415, and upon reorganization within ONR , Contract

N000lle—75-C—0333, sponsored through Code 1461. Although this reorganization and

numbering of the Contracts did not imply different efforts, it caused a Final

Report to be submitted at the time of the reor~’anization. Clearly, the work

was not completed in all of its phases at that time, thus the first Final Report

described the work accomplished until that time. Various Technical Reports

have been submitted throughout the periods covered by both Contracts, and thus

this Report will refer to prior submissions by rieans of citinr the titles and

abstracts of the various publications originating from this activity in the

• Contract period.

The more recent results, not covered in previous T~.c.;~.ical Reports will be

• discussed in more detail. In this connection it should be noted that an exten-

sion of the present Contract ~no cost) was requested and this request bad been

granted because the final reduction of the rather comolex end involved co2rnuter

results generated and the comparison of experimental results obtained in the lab

and presen tly stored or. Vi deo Tape have been most time-consuming end have necessi-

tated coaputation adjustments previously thought to be minor. Thus the present

- •~ ~



report is a Final Report to which an Addendum will be submitted as soon as the

data reduction and comparison is completed.

Section I of this Report contains copies of titles and abstracts of work

performed and already submitted to the sponsoring Code. Some comments concerning

continuity and/or reasons for performing the listed work are included in this

section. Section II describes the work not reported on in Section I and accori-

pu shed up to the expiration of the Contract.
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~~~ ~1Section I

The preliminary findings during the first few months of the Contract were

concerned with an overall investigation of the parameters which play a role in

the determination of ice thickness vie reflection from the Arctic ice cover.

These findings, were reported on in Technical Report No. 1.

SCALE MODEL ULTRASONIC STUDY OF ARCTIC ICE

• TECKNICAL REPORT NO. 1

Ba.ckscattering of ultrasonic signals from solid plates is interpreted

to yield information about the flexurai. modes of the plate and the son..

ic velocities in sea ice as well as the fractional ice content or the

water/sea—ice layer.

It became apparent that the shear velocity in ice influences the reflection

properties of the ice to a great extent , and since this velocity is ordinarily

of no great interest in other Arctic work , little information was available about

it. Therefore, as a pre—requisite for completing the work, en investigation was

undertaken which resulted in the following paper:

• Determination of Transverse Wave Velocity in Transition Layer
• of Sea Ice From Reflection of Water-Borne Sound

Measurement of reflection coefficients at water —sea ice in-
• terfaces were reported by Langleben 11970). and the values of
• the sound velocity in the skeleton layer as well as its density

were deduced from the data . Langleben used a rormula ~tven
by Rayleigh 119451 that is applicable when the interface is
formed by two liquids . The use of this formula resulted in the

• finding that the density of the skeleton layer ice was com-
parative ly high (0.996 g cm-’) and the sound velocity was low

• (1810 rn/a). It was also noted by Langleben that for large
•n~les of sound incidence the reflection coefficients were con-
siderably lower than the value of unity predicted by the

• Rayleigh for mula. These data were thus omitted from the
eva luation.

A reeva luation of the data is presented here that removes
some of the difficulties encountered.



It was found advantageous to have available a method with vhicb the sonic

velocities in ice or any other solid con be measured with one technique, since

both of these velocities are required as data in the evaluation. This method

was developed and was described in:

A Simple Technique for Simultaneous Measurement (~)of Longitudinal and Shear Wave Veloc lUea of Solids

Sound velocities in solid. can be determined lndirect3y by In this paper 
~~ ~ 

ropes. a simple method in which the
msaaurmg ultraaonio reliection or transmission at liquid. ex istence of critical angles of th. solid is not a requirement
solid boundaries. The Incidenos of the ultrasonic ~~~~~~ nor is it necessary to use two types of tranaducers. With
be normal to the surfacs of the bulk solid in which case this method, both the longitudinal and the shear wave
only the longitudinal sound velocity can be determined velocities in the solid ar, measured sunuPt~neously via
from mesesreasots of the rea.~tion coemeisot., or the Scblieren techniques using Sb. sam e incident longitudinal
sound beam may Impinge Prom the liqu id at oblique in. sound beam.
eidenoe in which ease one can obtain the sound velocities in
the solid by observing angles of maximum reaect-son.

In connection with this investigation it was soon found that reflectivity

at the critical angles of incidence (primarily the Rayleigh angle) is markedly

different frcas the reflection at other, noncritical angles. A study of these

drastic changes upon reflection can best be done with polycrystalhine solids

(not restricted to ice) , and this study resulted ~n a paper listed below:

Ultrasonic scattering from polycrystalline solids and plates (
~)Relauv, mazima in ultraaanlc bsckscaitenng were obscrved at cntical angles of incidence that correspond toLamb modes os brass plates located between ai, and water. Critical angles west determined utilizing schlieresviaushzanon ~ beam displacement. Results arc compared to beckscauering at the Rsy lti gh angle at a brass

b,* so lid—water mlesface.

These basic results and their relatIon to the tas) at hand were described in the

second Technical Report:

(p
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Sonic Reflec tivity from Sea-Ice/Water Interface
Technical Report.. No. 2.

Reflectivity curves are calculated for sea-ice/water boundaries in
which the densities and sonic velocities in the two media are than-
ged in increments. The resulting changes in the reflectivity curves
are interpreted in terms of the influence of the parameters . Anal-
ysis is given indicating under which conditions reflectivity measur-
ements can or cannot yield information about the values of sonic vel-
ocities and densities of the sea-ice and the water. Possible mis-
leading measurements are indicated and the influence of Rayleigh
waves on measurement is described.

At this point it became apparent that nonlinear effects in the water or the

ice will influence’ the results if the frequency and/or the amplitude of the pro—

bing sonic sign al are high. In order to be able to eliminate this unwanted effect

it became necessary to understand the parameters which are responsible for the

presence of the effect. Although the effect initially was to be excluded from

the considerations its mere presence made an investigation of it mandatory before

its elimination could be ~uarartteed.

Since the best way of studying the effect is contained in an examination

of surface waves on single crystals ( due to its orientation dependent values of

the surface wave velocities, unfortunately absent in polycrystalline substances

like large quantities of ice), we conducted further experiments on nonlinear

surface wave interactions. The results were published in

Furt her investigatio n of nonco llinear sur f ace wav e interact ions ©
Two nencolhnear aurfsce waves of S and 7 MHz have been ezated on the su,fsce of tingle’csystal copper

in such directions that the waves could interact via the nonlincanties of the medium to produce a
third suifsce wave at the sum frequency of 12 MHz. Using optical techniques, the three waves involved have
been detected on two crystal su,facea, the (001) and (I l l) planes of copper, and the amplitude ci ssch of the
waves has been measured.

- - . 5 - - -  - - - - - S



These results and other obtained outside the work related to the Present

Contract formed the basis for the renewal proposal alluded to above.

Clearly, any deep re—investigation of the nonlinear effects would have

brought the efforts outside the task of the Contract , thus we concentrated on

the continuation of reflectivity work , taken into account all precautions

necessary to avoid nonlinear behavior of the substances involved.

It was found that the loading of the plate does change the value of the

surface wave velocity, and this velocity Is an important quantity in the cal-

culation of reflectivity. Ultimately, the strface wave velocity can be deter-

mined from an obs~rvation of the reflectivity behavior, procirafly, the phase

of the reflection at incidence at the Rayleiith angle. The work on the phase of

the reflection was described in:

Phase of ultrasonic reflection at Rayleigh angle incidence C7~The phase of an ultrasonic beam reflected from a tiquid-aottd interface at and near Raylei gh angle
incidence ia measured using a new technique. Results indic ate t hat Iwo wav et compn,c the reflected
beam, i.e.. a speculsety rdlacied w ave end a rcradiatcd surface wave. which do not change phase as
the sneje of incidence vanes which maineas n a t ao’ phase difference bct~”een them, and which
propagate cothncarly only at the Rayleigh angle.

Approximating or simulating the properties of ice as closely as possible

by using plasti c plates in the inital experir~ents on the reflectivity shoved

that

a) the finite thickness of the plate and the frequency of the sonic

signal used results in the existence of more than one critical angle

of reflection where reflectivity data behave anomalously,

b) the reflection coefficient for bulk substances Is practically unrelated

to reflectivity from liquid/solid/liquid layer georetries.

These points were discussed at the London ICA under the title:

8
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EIGHTH INTERNATIONAL CONGRESS
ON ACOUSTICS , LONDON 1974
ULTRA SONIC RERA DIATION FROM RA YLEIGH AND LAMB WAVES (

~)
AT LIQUID-SOLID INTERFACES

Moyer W G Georgetown lJ’4versUy, Wos hingtcn ,D C ,USA
Plona T J
Behrovesh M
INTHODIJCTION
The surface wave excited by a sound bea m incident on a liquid-solid
bulk interface at the Ray leigh angle reradiates energy into the liquid ~: ~at the Rayleigh angle . The reradiation and specular reflection prod- ~
uce a rest~ltant sound field partially described by Sehoch’s “bean d is-
placement ” (1), and recent ly more completely by Bertoni and Tamir (2) .  ~In a similar as mer , Lai~~ waves can be excited at liquid-solid
plate interfaces to produce similar “bean dj sp].$cements” (3) . .~ p..~
TIlEOR~~ ICAL CONSB)EBATIONS AND m(PERD4~ 4TAL UI.rS
Phase velocities V of free-plate Iamb nodes depend on the product fd
(frequency x plate thickness) and the longitud ina l and sheer veloci-
ties of the solid . The 1~west few Iar~ nud ’~s Ste eh3v n f o r  brass in
Fig. 1, and for Plexiglas in Fig. 2. ‘,~II’ the plate is timsersed in water, loading changes the V. New val- <~
ues are found by adding , to the free-plate equations, terms containing ~~the ratio r - [density of water /dens ity of the solid). V can be cx-
pressed in terms of the ang le of &ound incidence a, from Snell’s law .

Calculations for brass (~ — 8.6) show that the values of V differ
very 1ittle for free or for loaded plates (Fig. 1), while for solids
with p w 1, the two sets of curves differ markedly (PSt~:. and 3).

Sch li~rce techniques are used to experimentally verify the results.
For a given solid and a f i xed fd, thone C were determined where “bean
displacement”occurred , giving values of V. Results (Figs. 2 and 3)
show that a free-plate approach should not be used for plastic, ice ,
and cthe r low-density plates in water.

~~~~ ~
Fig.l. Modes of free and Fig.?. Free plate Fi~~.3. Modes of Plexi-
water-loaded brass plate modes of PlexL,las glas plate in water
Acknowl edgment: ~‘uppo rted by the Office of Naval i~escarch, U.S. Navy.
REF~~12tC1~
(1) A. Schoch, Acus~ica ( 1952) 2 1; (2) N.  Bertoni and T. Their , Appi.
Phys. (1973) 2 157; (3) 0. DiacKok and W. Itayer, JASA (1973) ~j 946.

Above cited publications have been included in the Final }leport on Contract

1~OOOl h—6 9—A-O22O—OO 7. In terms of the task, there was no discontinuity in effort

between that Contract and the continuation Contract I~OOOl)4- 75-C—O333 , sponsored

by Code li6l . The papers and results discussed below thus constitute the concluding

efforts on the latter Contract , with the final results to follow in an Addendum to

be subi.~itted at the conclusion of the co~putatior~ evaluation . This evaluation is

now being accomplished at no additional cost to the Contract.

‘1
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Sect ion II

As was pointed out above , the deterir .ination of ice par ameters , like

thickness, via sonic reflectivity depends on the appropriate combination of

information about the reflection properties, in general, of a bounded beam

from a solid/liquid Interface , and on the reflectivity parameters of Ice in

Its various mechanical forms (i.e., density, sonic velocities). Thus at the

start of the second Cont ract , the effort was two-fold : determine standard

reflectivity for plane waves from an inf inite half space combination ice/sea

water , and to continue the investigation of bounded beam reflectivity in gene-

ral. The fi rst topi c was investigated and the results are given in the follow-

ing:

Determination of sonic velocities from reflectivity losses at sea
iceiwater boundaries

Reflectivities are calculated as functions of sonic incidence ang le, dens ities , and sonic velocities. The
resu ltI ng sets of curves are used to determin e under which conditions reflectivity measur ements can
or cannot yield informati on about the values of sonic velocities and densit y of sea ice.

This paper describes the various differences one nay expect whenever a sonic

signal is reflected from the ice/sea water boun dary . It does yield information

about the angular ranges where the three import ant parameters ( density , longitu-

din al , shear velocity ) influence markedly the plane wave reflection coefficient ,

and where vari ations in any of these parameters do not significantly change the

reflection coefficient mapfiitude.

The secon d topic which was investigated does relate to the problem of “m ite

beam reflection coefficient versus plane wave reflection coefficient , and as a

subdivision of these investigations, the influence of solid geometry on the finite

bean width reflection. The geometry in turn can be divided into cases where

~0

-
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the plate reflector is bounded by the sane liquid on both sides , by dissinilar

liquids on the two sides of the solid plate, and by a liquid on one side and

vsicuuzn or air on the other.

The first investigation in this regard was concerned with a conp arison of

solid bulk versus solid plate reflectors and the types of surface waves which can

be set up in the reflection process . A description of these surface waves,

Rayleigh or Lamb waves is contained in

Ray leigh and Lamb waves at
liquid—solid boundaries

The equations governing Ray leigh and Lamb mode propagation are examined for free
and for liquid-loaded solids. Examples are given to show under what conditions the
free-so lid approach yields acceptable solutions for the velocities and under what
conditions the more involved liquid-loaded solid formulism must be used.

It was foun d that there are certain theoretical sixr.ilarities between the surface

waves on the bulk soli d and on the plat e. s~~ id , which were pointed out in

Theoretical similarities of Rayleigh and Lamb modes of 633vibration
Poles of the infinite plane-wave reflection coefficient arc used to show a correspondence between Raylei gh
and Lamb modes of vibration. It is demonstrated that a Rayleigh vi brationa l mode is a special type of
Lamb mode o( vibration. Further, it is shown that it should be eapeeted thai one vibrational mode for a• thiclc plate should be similar to the theoreti cally predicted vibration al mode of an infInite half space, a
Rayleigh mode. Thus, it is consistent to use a thick plate as an approximati on to an infinite half spac e and
expect resulta predicted by Rayleigh-wave analys is.

— I I
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Attention was then focused on nonspecul ar reflection , since it was found that

reflection at a Lamb angle or at the Rayleigh angle is accoi~ anied by marked

changes in the profile of the reflected bean , and this nonspecular reflection

in turn can be used as an indicator that a plc.te mode has been set up. The

theory of this phenomena was given in:

Theory of Nonspecular Refl ection Effects for an
Ultrasonic Beam Incident on a Solid Plate

in a Liq uid
Abstract— Poles and scro d of the infinite plane wave amp litude

reflection coefficient are used to derive a theoret ical prediction of the
nonsp ecul u reflection effects which have been obse rved for an ultra-
son ic beam incident on an isotropic solid plate in a liquid. It Is shown
that there are two types of nonspecu la.r reflections , and they can be
character ized in terms of a sing le parameter whic h requires a knowled ge
of the imaginary part of a pole of the infinite plane wave reflection
coefficient. Theoretical pred ictions of nonspecu las reflection inten s itie s
are presented. Finally1 it is shown that the reflection characteristics
for higis-fr equen cy beams incident on thick plates are the same as those
expected for the reflection from a single liquid/solid interface, i,e., two
infinite half-spaces.

This theory enables one to conpare reflection from half—spaces and solid ~ lates.

I was found that non—specul ar reflection can then be related to ~late thicknes s

and frequency , as was shown in:

Non-specular reflection fro m solid plates
and half-spaces

Recent theoretical developments for the reflection effects seen for an ultrasonic bounded
beam reflected from a solid surface are presented and a discussion of the implications of
these developments is related to the case of reflection from infinite half -spaces and solid
plates. -

.5— - 5-—- - - 5  —
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The next obvious question whi ch arose was cor.cerred with  the relation of

reflection to transmission. Although this relationship does exist, a clearcut

theoretical analysis is rather difficult, and thus the topic was not actively

followed after publication of the following:

Ultrasonic bounded beam reflection and transmission effects
at a liquid/solid-plate/liquid interface

Schlicrcn techniques are used to show that bounded beam reflection effects occur at liquid/solid-
plate/liquid (L/SP/I.) interfaces which are analogous to the bound ed beam reflection effects reporied
previously at bquid/aobd (L/S) interfaces. At L/SP/L interfaces, nongeometric effects .rc shown to be
present in both the reflected and transmitt ed beams when the incident angle of an ultrasonic beam
corresponda to the Lamb angle. In addition, similarities between wave phenomena at L/SP/L interfaces
and L/S interfaces are presented which sugg est that the description of bounded beam reflection derived by
Bcrtoni and Tamir for a L/S interface can be qualitatively applied to the L/SP/I. interfa ce case. This
theory is shown to account for the lateral extent to whi ch a leaky Lamb surface wave, excited by mode
conversion, prop agates.

The det5-rrrAirl ation of plate thi ckness by mean s of reflection measurement at

onlique angles of incidence was foun d to be come more involved whenever the

product frequency time thickness becane larger than about three (in units of

meter time kHz). Thus, a study was undertaken of the reflectivity en d mode

structure for this rerion , contained:

NON-SPEcu LAR ULTRASONIC REFLECTION FROM THICK SOLID
PLATES.

Non-specs4lar reflections of a bounded ultrasonic beans from thick plates in water
are observed. ft is shown that the reflected beam profile does not only depend on
the product frequency of the ultrasound times plate thkkness, but it ultimately
depends on the imaginary part of the Lamb pole location. Furthermore. rerults
indicate that a thick plate may not be a valid approximation of an Infinite half-
space, as has been commonly assumed.

The nonlinear behavior of Lazr~b modes on plates was ir~vest irated for solid

plates in order to deter..i~ c whether or not a plate c~n in deed support a n on-

linear wave . This clearly was of great import ance since the &ctual signals used

‘3 -
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in the Arctic mny contain a number of frenuencies , and it was not at all clear

whether the ice plate would or could act as a. frequency f i l ter . The basic study

of the behavior of the plate in response to forced nonlinear oscillations was

reported on in: 
-

@ 

9 INTERNATIONAL CONGRESS ON ACOUSTICS
MADRID 4/9.VIl-1977

NONLINEARITIES IN LAMB WAVES

The equations of motion become nonlinear for fin i te amp litude Lamb modes propa gating
In Isotrop ic plate s . Hence , mode Interact ions may occur. Two such interact ions are
the Lamb node three-phonon Interaction and Lamb mode second harmonic generat ion .
These two Interact ions are Invest igated exp erimentall y.

This latter contribution discu~ ces basic concepts and results , and It tor ’ether

with other results in connection with nonlinec.r phe iomena formed the basis of the

renewal proposal to Code ~2l.

The final phases of the Contract work were concerned wi th the ultimate goal

of the contract : the study of the ice response when it is bounded by water on

one side but air on the other . A
~ain , the investigation of the ma~,iitude of the

reflection coefficient from such an asymmetric system is an indicator of the ice

thi ckness . Thus the formulism for this system had to be developed f irct  before

the already available experimental dat a (scaled-down ice plates) could be evalua—

ted. The theoretical study is included in this !~eport in its entirely .

Based on these findings we investigated the experimental details o.~ thickness

determination from the reflection of bounded width ultrasoni c beams from different

thicknesses of ice. The results of the deterir.ination of the node structure of the

ice plates are now being compared to the computation model. This model (making

use of a computer “Simplex” method) was used to calculate numeric~lly the mode

structure of the system air/ice plate/sea water. A great nwnber of difficulties

inherent in the computer method made the conclusion of the program impossible

within the es~iin,ited time. However, some of the preiir .ihary results addressing

~tI -
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the air/ice/water system have been published. Concerning the group and phase

velocity of the surface wave created in the process of critical angle reflec-

tivity , a paper was given:

- Sonic phase and group ve locity in ice plates floating on
!i~ 5~~. 

Peter H. Huang and Walter C. Mayer (Physics Depart- 7snent, Georgetown University, Washington. DC 20057)

An expression for the phase velocity dispersion of vibrational
modes for an ice plate floattn g on water is obtained which Is
Consistent with the seeming ly differe nt expressions conta ined
in the reflection coeff ic ients given by various authors . Ex-
amplea for diff erent ice parameters are given , and the diaper-
sion relat ions for the group velocities is shown to be more
sensit ive to var iations in ice prope rties than is the phase ve-
loc ity . (Work supp orted by the Office of Naval Research, U.S.
Navy.) -

liore recently it was found that there exist severe restrictions on the

Lenerat ion of the leaky Rayleigh mode when a combination of water and ice is

used as the boundary . This result had not been expected and was foun d on

theoretical groun ds very recently :

InseslIgatl on of the conditions for th~ ex istence of a leak y Ray-
leigh wave . W. C. Mayer , N. C. Brower , and D. E. Himberger
(Department of Physics. Georgetown University, Was hington , DC 16
2~X~37)

The Rayleigh wave , an inhomog eneout surf ace wave , ex ists for all
isotropic elastic solids. When the free surfac e of the sol id is bounded
by a li quid , a leaky Ray lei gh wave , or inhomogeneou s dampe d inter-
face wave , may tsi~t . In the limit t hat the density of the liqu id goes
to zero , t he leaky Rayleigh wave tends to the free Ray leigh wave.
However , the leaky Rayleigh wave does not exist for all Iiquid/
isotropic solid systems A well-known condition for the ex istenc e of
the leak y Rayleigh wave is that the velocity of sound in the liquid
must be less than that of the shear in the elastic solid. Upon in-
ves t igati on of be secular equatioo for the leaky Rayleigh wave
velocity, other necessary condit ions for ex istence become apparent.
The condit ions are influenced by the density ratio and the ratios of
the various velocities in the Iiquidlsolid sy s tem. (Work supported
by ONR j

The implications of this last finding are now used in the Simplex computer

method to arrive at meaningful results for the thi ckness measurement . However ,

as was pointed out above, this new an alysis is not complete at the present time .

The final results will be submitted as an addendw~a to this report as soon as the

work is completed.

_ _ _ _ _ _ _
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Plane Wave Reflection from a Plate Immersed
in and floating on a Liquid

by P. 1-1. Huang and W 0. Mayer
Physics Department, Georgetown University, Washington, 1). C. 2UO~7

Summary
The reflection coefficient for a solid plate bounded by dissimilar fluids is derived. The expression

can be made to he consistent with Brekhov skj kh s a-layered system rt-fleetio,i coefficient and (an
be reduced to t he reflection coefficient for a two-layered system derived by Sehoch and to the
dispersion equation for a liquid-solid-vacuum system given by Ewing, Jardetsky and Press
provided one takes into account the appropriate forms of wave propagation and coordinates
of the systems.

Reflexton ebener I$ dlen an e.ner beülaeilifj f l üs49keils.bejr en ien I ’Inff i ’

Z usa m men fass U ii g
Es wird der Reflexionsfaktor einer featen, (lurch untersehiedliche Flüssi~keiten begrenzten

Platte hergeleitet. Der Ausdruck kann in tYbereinstimmung mit Brekhovskikhs Relk’zionsfaktor
für em n.schichtiges System gebracht ,,nd auf den von Srhoeh abgeleiteten Refiexionsfaktor für
em zweischichtiges System zuruckgeführt werden. lterUcksichtigt m a n  die entapreehenden
Formen der Wellenniisbreit,ing und der Systerokoordinaten, so kann die angegebenc Hezichung
ferner auf die von Ewing, Jardetsky timid Press angogebetic Dispersionsgleiehiing für em System
Flusaigkeit-Festkorper-Vakuum zurückgefuhrt werden.

Ri/ Iexioa ds ne  omle plan e par u,,. plaq ue i.,,...erge~e .1 Itali anS enSr, des.. 1.quiden

Som ma ire
On ealcule le coefficient de rèflex ion d ,,,ic plaque sol ide illimit i’e sèparant deux fluides diffé-

rents. L’express ion trouvé.e eat en concordance avet- Ic (ocfficjent di’ rétlexiot, ,lèduit do système
a n couches de Brekhovs kikh et peut I-tn’ raniené également au eot’fiicciit trouvé par Schoch
pour ~in système ~ deux couches ainsi qua Ièquation de dispersion pour tin système liquide.
solide-vide établie par Ewing. Jardet aky et Press . pourvu qu on donn e aux propagations
d ondes et aux coordonnées des systèmea lea formes convenables.

1. Introduction the a ir bounding the plate on one side Later Brek.
In recent years a number of theoretical and cx - hovskikh [4J obtained an express ion for the reflec-

perimental studies of the propagation phenomena turn coefficient for an n-layered syst i-m. and thus
of elastic waves in a two-layered or a three-layered also for a three-layered system. by using a particle-
system have emerged which make use of an expres- potential formalism.
sion for the reflect-ion coefficient or a dispersion Unfortunately, Brekhovskikh’s expression for a
equation for plate mode velocities. A three-layered three-layered system does not reduce to the two.

• system is defined by a solid plate bounded by dis- layered system given by Sehoch. The differences
similar fluids. If the solid plate is bounded on both occur in the sign of the imaginary term s and there-
sides by the same fluid, it is called a two-layered fore the location of a pole of the reflection coef-
system. The reflection coefficient is referred to the ficient in the wave-vector plane. Also. Rrekhov-
amplitude ratio of the reflected wave with respect skikh’s expression for the dispersion equation for
to the incident wave. The dispersion equation of a a three-layered system obtained from the denomina-
layered system is contained in the denominator of tor of the reflection coefficient does not reduce to
the reflection coefficient, and the plate mode veloci- the form for a liquid-solid-vacuum system given by
ties can he obtained by setting the denominator Ewing et al. The difference appears that the latter ’s
equal to zero . Schoch [1] obtained an expression for expression does not contain imaginary terms ex-
the reflection coefficient by using a particle-displace. plicitly while the other formulas do.
ment formalism and applied it in an experimental it is, therefore, the object of this article to rees)lve
study [21 of a two-la yered system. Ewing, Jardet aky the problem of discre pancies . Extending Schoch’s
and Press [3] gave the dispersion equation for a treatment to derive the reHeotion coefficient for a
Heating solid plate without including the effect of three-layered syste m Huang [5] had taken into ac-
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count the spatial coordinates with respect to the
selection of direction of wave propagation in the
layered media. It is shown here that Brekhovsk ikh’s 0 Qi 

__________

expression of reflection coefficient for a three-lay- 

~, ~~~~~~~~_~~± 1ered system can be made to be consistent with ____

iluang’s expression and reduces to Schoch’u expres.
sion for a two-la yered system, and that the expres.
sion of Ewing, Jardetaky and Press for the diaper- ~~ 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~

sion equation for a liquid-solid-vacuum system can
be made to be consistent with both the oorrespond-
ing Erekhovskikh’s and Huang’s expression, pro- Inc~eitt plaie waves Reflected planewaves
vided one takes into account the choice of the co-
ordinates system and appropria te form s of wave
propagation. ‘I) Q

2. DerivatIon CD 0 Q- C 
~ I

~.& 1. The der ivatim. Irons Brekhovekikli’n e~preasi on to
Huaisg ’s ez ’preaii on and the r sdion to s r ’ooc~’a CS) Q. c.

expreaa on F

Assumi ng a wav e propagation in the form

exp[~- i ( k - x - . . -wt ) ] . where x = x è  ~- zE , 
d/2

and using the spatia l coordinates as shown in ® (~) Q~ C~ -
~~ d/2Fig. 1 a, Sehoch [1] obta ined the following reflection

coeffic ient (disregardingthe phase anglewdeos01/c 1) 
~~
, ~for a two- layered system with plate thickness d:

(1)

— 
(X — iZi s in y s in e)(Y — iZi cos ycos i’) iJZ1 1 f l t pla1ewa~s Ref1ected p~anewaaes

- i2js i~~~~~n r ) ( Y -.
~ 

2~ ~~~~~~~ 
‘ Fig. 1. Spatial coordinates with respect to the incident and

the reflected plane waves used by (a) Sehoch for a two -
wher e media system , (b) Brekhovskikh for a three-media system,

and (c) Husng for a three-media system.
X cos’(2ft ) cosys in r + 4(c ,/ c~) ’

sin a cos a sin fl cos flsin 00$ F ,

c~ and c5 are the respective longitudinal and shearI oos2 (2fl) sin ‘cos a’ t 4(c ./c i)2 - - 
wave velocities in the solid plate.x sin a cos a sin ft 005 ft C0$~~ sin a’ . Considering the same waveform but a different

J cos2(2fl)sin a’ cow a’ + 4(c s/ c i) ’  x coo rdinate system with respect to the incident and
x sin a cos a sin ft cow ft sin y cow y, the reflected waves as shown in Fig. 1 b, Brekhov-

skikh [4] obtained the following reflection for a
Qi Ci 00$ a/Qp Cl 005 0~ three-layered system. based on his expression for

with an n-layered system
y~~ w d cosa /2ci , (3)

V = M(Z 1 ~~Z,) + i[(~ ’ M’)~ , ~~Z1) ’
a’ w dcos ft /2 c,. M(Z1 — Z,) + i[(N’ — M’)Z, — Z1)

The angles 0~, a, ft are connected by Snell’ s law
where

sin 0~ — 
sin a 

— 
ft (2) N — 

Z, cos’ (2 y,) Z,1 sin 1 (2 y,)
C~ C~ = - Z n P  + Z sinQ

where Hi is the incident angle in medium 1, a and ft z

poeit~~e z-ax is, Ci is the wave velocity in the liquid , eicilcow 0i , Z, m ~,~~/oos 0s

are the angles formed by the respective normals to M • * 0052(2 vz)~~t P Z21 sin’ (2 ys) cot Q
the longitudinal and shear wave fronts with the

L _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ -

5 ( ( s  

~~~ 
P. H. HUANG and ~ ‘ .G .  MAYER : R EFLECTION FROM AN IMMERSED PLATE 225

with By adding and subt racting some identical terms ,

(12 e2 c-os 02 .  ~,b,/cos y, , the denominator of eq. (7) becomes
) 2 [(Z1/Z,)2( N2 — if2) iM ( Z i / Z , 2) -

P wdeos 02 r2 . Q odeos y2 ib 2 - 
- (Z 1 + Z,) + Z,Z1/Z,2 1

The’ corresponding Snell’s law associated with eq. (3) = 2((Z 1/Z,)2 N’ — (Zt/Z,)’M’ —
to eq. (2) is as follo ws: — (Z i/ Z ,) 2 MN (Z 1/Z ,) 2 MN

sin 01 sin 02 
— ~ifl - i ( Z 1/Z ,)2 if i(Z ,Z 1/ Z 2 2) M

b2 
- 

i (Z 1/ Z,)2 N — i(Z3Z1/Z,2)N

Extending Schoch’s work . Huang 151 deriv ed the’ Z3Z 1IZ2 2I — 2i(Z i/Za)2 N i
following reflection coefficient for a three-layered - ~ I (Z3 Z1/Z22) N =
system as shown in Fig. Ic by taking into account 2(Z 1 Z 2) ( N  if — i(Z3/Zj)]
the positive’ :-dircetion to be e i ther  upward or - (Z1/Z ,) (N — M i) —

downward and the wave propagation to he’ either “i(Z / Z )  x((Z 1/Z,) — (Z,/Z,)I - (8)

- Similarly, t he numerator of eq. (7) (‘511 he written
exp[ -r- i(k - z — (ot) I or -

e’x p [ — i ( k - x  — - oit) 1, 21 (Z 1Z 2 )2 ( ,V 2 M 2 )  + i M ( Z i /Z, 2)

where x .a’.~ 
‘ (Z,—Z 1) ---- Z,Z1/Z,’J=

R 
(2X ~ i2,siii y sin r)( F ~

- iZ~ cos ycos F) -~ iJ (2 1  + 2,)
= (2 X + 2iZ3sin y si i i  r )(  F iZ j cos y (os F) + i J (Z i  —I s) ‘ (5)

whe re -—

I, ~~~ ens 2/(~p C l ens 0,. = 2(Z 1/ Z ,)  [ N ~
- if — i (Z ,/ Z i) ]

- (Z 1/Z ,)(N — if — i) ~0~ Is the ’ ang le’ between t he normal to the trans-
mitted wave front in medium 3 and the positive ~

- 2 i(Zi/Z,) -~ ((Z 1JZ,) 1 (Z ,/Z z) I. (9)
:-axis : X . F. J. 2~. y and a’ are defined as in eq. (I). Now
Choosing the positive’ :-dirrction tee IS’ upward . the
upper sign in eq. (5) should be used if the wave ’ ~~ ~~ I if — I (Z 3 Z 1) I =
propagati on in the media is described by - leos’(2 y,) t t~~ ( P 2 )  ‘ s i i i (P/ 2) )

exp[ i(k - x - —- ot) I, - I (b2 2) (ens 02/ cow y~) - -

and the lower sign if the wave is given by 
- s Ifl ’(2 y2) co s( Q/2)/si n(Q/2)] —

exp [— i (k- x — ~~l) J  - 
1t ~a~3~ °5 02~~!24 ’2 ens 03, (10)

Reversing the direction of the positive :-axis, the (Zi/Z ,)(,\ - - if ~ ~
)

— upper sign should be used in eq. (5) if the wave is = [e os ’2 y2) s i n ( P / 2 ) / c o s ( P / 2) ]
given by the negative exponential, and the lower . [( b,/ r ~) (cow 0,/cow y,) x
sign for the wave described by the positive cx -
ponential. 

- . S1fl 2 (2 
~‘*) sin (Q/2)/ eos (Q/2) I

Following this rule’. eq. (3) can be rewritten as f i~ l e i cos 0,/ ( ~2c2 eos 0i ,  (11)
sh own in eq. (6) under the transformation of the
physical system pictured in Fig. I b to that it ) and

Fig l c , 2i ( Z1/Z,) N =

— 
M(Z, — Z1) — i [(N 2 — M2)Z 1 — Z,J 

(6 
= i{[cos2(2y,)/sin(P/2) cos ( P/2)] +

p - 
— M ( Z,  + Zj ) — i [ (N2  — M’)Z 1 + - 

+ (b,/c,)(cos 0,/oosy,)
By multiplying both the denominator and the nu- ‘ sin2(2y,)/sin(Q/2)cow(Q12)]). (12)
merator by a common factor 2i(Zi/Z,2), eq. (3) can
be writt en ~~ By making a change of the following corresponding

(7) 
notations used in eq. (3) and (5),

— 
2(Z i/ Z,2) [ i M ( Z s_ Z i ) + (N2 _ M 2 ) Zt _ Z,] y,—

~
p, P/2 —c-y ,  Q/2— -a ’, b, —s c1,

— 

2(Z 1/ Z ,2) [ i M ( Z s  f - Z~) + (N’ — M2)Z 1 + Za] - c~ ~~~~ 0,— ’a,  ~~~~~~~~~~~~~~

-~~~~~~~~~~~ -~~~~~~~~-T h”  

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ A
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Ee1s. (10). (Il) and (12) become . respe -tively, V a(’UUfli svste’fll pictured in Fig. 2 where the’ wave ’

(Z1/Z,) I (N + if — i(Z,/Zi)I 
propagation is of the form exp( -~ i(wt — k ’  x)I.

- - (cow’ (2ft) ens y/sin yl + 4(c~/ ci) ’ 
P (2Q F- ô cash ,~H cosh W i ’11)

~ sin a ens a sin ft cow fi(t-os F/sin ~
-) — 

- Q ô 5mb V~ H ajnh vj ’ H = 0. (IS)

— iZ3 = (X/sin y sill F) — ii ,, (10’ ) Eq. (15) can he rewritt e n as follows:

(Z 1/Z,) ( N -_ if ~ i) 2(PQ • l’ ô cosh vj !!eosh ,~‘H) -
~~

-

Ieos’(2fi) sin y/Cos yJ . 4(e 5/ci)2 - ‘ à(  — P cosh Vt !! (10511 W I ’ H

- - sin a cosasin ft cos /j (sin F/eOs F) Q winh vi ii sinh ‘vi’!! ) =- 0 , (III)

- i2~ = ( Y~eos y ens a’) 4 i2~ (I I’ ) where
1111(1 P (vj ’2 k2)2  cosh v~ 11 sinh Wi ’!!

2 i ( Z 1/ Z,) X = i {[cos2(2ft )/sin }P~~O$ 
~ J I — 4 i~ y1’fr’ sinh v~ll cash Vi ’!! ,

-
~ 4(c5lci) ’ sin a cow a sin ft cos ft/sin F (‘(Is =

= iJ smyeosysin r eosr. (12’) (ll ’2 k2 )2 sinh vj ll cosh vi’ll —

— 4r i  v1’k2 eosh ~~!! sinh vi ’!!.

where Sne’lFs law , eq. (4). has been used. -, •
~~ 2 -

~ 2

Suhstituting eqs. (10’). (ii’) and (12’) into eq. ~~). ~~ ~~~~~~~~~~~~~ 
- — 1- ) (v,- — k ) e’~ ~~ fir I’2

one obtains for the denominator eef eq. (7) - -

21( Zi ’Z ,)2 ( .V2 312) iM (Z 1 Z22) (Z i Z,) Z,Zi/Z,’I

— 
(2  N — 2i2, sin ~‘SIfl F) ( V i21 ~~~ )‘ (‘05 F) — iJ(21 — 2,) 3

Sifl y (e )~ Sill a’ (105 F

Substituting eqs. (10’ ). ( I I’ )  and (12’ ) into eq. (9). one obtains for the numerator of eq. (7)

2 1(Zj 12)Z(\.. — ~f ’2) -
~
- I M (Z 1  Z2 2) (Z, — Z i)  — Z,Zi /Z,~) =

— 
( 2 X  —2i2, sin y sin a ’ ) ( Y  — il1eos y eos a’) iJ (2 1 ~- I,) 4

— wi t i y ens y 5~fl a’ ens a’ 
-

F’inafl y , by dividing eq. (14) by eq. (13). one thus

obtains exact ly the- same expression as eq. (5) in
accordance with the rules concerning the sign of the’ (k2 k2 )l 2 

~ 
‘ (k’ — ~~ )i 2

magiflary ter ms as discus sed previousl y. - :‘ -,
Thus , Brekhovsk ikh’ s expres sion eq. (3), is COil - 

1,2 (k~i — k y, ) 1 - -

sistcnt with Huang ’s expressi o n. eq. (5), provided The corresponding notations used in eqs . ( 16)511(1

one takes into account the coordinates of the SVS~ (5), respectivelY, are as follows :
tern with respect to the incident and the’ reflected
waves. ~~~~~~~~ ~~~~~~~~ a l — C l .

Next , as a special ease when the solid plate is 12 ~i. fi t — e~~ 11 d~2 ,

boun ded on both sides by the same li qu id. i.e.. a

two- layered system as shown in Fig. I a, the nor- n
malized impedance s of medium I and medium 3 - - 

1

are the same, namely. I, I~. It is now evident - 
H

from the derivation shown above that both eqs . (3) - 
~
‘ H ~

and (5) reduce to an expression which is identical ___________

to Schoch’s expression, eq. (1). (S) ~,,a,
2.2. The reducliotz o/ Ewing ’, J arde tsky and I’reas’

eXp?CM On to Brekisovskilch’a and lluang’s a’:-

p resaiof l
Eq. ( IS) gives Ewing, Jardetaky and Press’ cx- Fig. 2. Spatial coordinates used by Ewing. Jardetesky and

pression [31 of disper sion equation for a liquid-solid- Press for a liquid ..olid-vneUUm system.

- 
~~~~~~ - ---
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— - ic ’e ~‘°“ a -
~~ . 

p
~’ 

— ho en.. ft o- ,. w here N and I are as defined in eq. (5).

~‘2=  — i w e-ow Oi ri . Now

It noted that Sne’ll ’ s law s.. asses’iateo t with i’ll ess ’~h yill cash v~’!i =
eq. (Itt). and its esinne -tion u ith ang le’s a. ft and - 4 -

0, in eq. (5) v iz  - 
( - - ik~, .~ ) ( k,,2 i)eos y cow a ’ =

- - - — ~~ X2 1 t’~~w cow a’ (27)
= k, sin a k,~, sin ft - - 4’s, wi n 01

and
has Iw’e’n used to obtain the (‘orrcspondung terms ~i . — P cash v~ I! cash 

~i
’ H

pI ’ 511(1 P2 - Hene’e . in eq. ( Itt). one’ obtains Q sinh ,‘~ 11 sinh v~’ll =

(1)$h pi ll - -
~ lcxp (— j mdens a 2ej ) ‘ ik~~Icos2 (2ft ) eos ,,sin a’ - 4fr~ cj) 2 ‘.

e’x p( r iwd cow a 2ri) I 2 - - siii 2 t’O5 a sin ft cow ft sin ,’ cow -
= cos (wd cow a 2r 1) = - cow,’  cow a’ ‘ ~c-os’(2fi) sin y eos a’
- cow ,’ . (Il) 

- 4(r . c 1) 2 s i u, i (‘US 2 sin ft ens ft - -

cash ,i’ I! = Iexp( — j~~ I (‘05 ft 2r 1) ‘ ~‘ow SIt) F~ sill y sin a’ =

ess.. ft 2e ,,) I 2 L-~ cos 2(2f t )  sin a’ cow a’(eos’,’ -~ sin’,’) 1

cns(i.,tic o s f t 2e 5) =  - -$ fr5 ri)2 sin z eowzs in /leos ft - .

= ( ‘ ( (SF .  ( 1 8) :- si ll ,’ (‘05 ,‘(e-ow’F ‘ siit 2 a ’ ) (  -:-

• - 
- - ik~ (eus2(2ft)sinfeos a’ 4(c,r1)2 s

~inh W I ~~ Ie ’x p( i ens a 2ri) - - -
- 

_
• sin x e.os a s,nfteos fi wiii y e’nsyJ

- e’x p( - IOn’! (‘( (5 7, 2e 1)( 2
i ..in ,‘. ( l i t )  (28)

- w here’ .1 s.. as ele’tined in eq - (S ) -sinh i’~ I! Ie’xp( - in n’! o’s~s ft 2 r~) - -  — -
- Su)w&tttut.u~g eqs (26). j2 e )  and (2$) into eel. (11%).

— cxp ( - if ’ ) (I (‘Os ft 2 r 5) I 2 
~~~~~~

= I Sill F . (20 )
- L-

~~~~
N ) ’  iL-~, X2 i (-us y edssa ’)

(vt ’
~ 

- k2) = (2k 2 - k~, ) 2 = j~ ( ‘ ((~‘
2 (2 ft ) ,  1A- ~~J21 = 0. (29 )

( 21 )
Sines’ LI 0, thus 

~‘~i- (29) Is’(’e~nhi’s
4,1 vi ’L- ’ - 4(  i(.) eOsa ( 1)  - 2 X ( F  - iI ~ (5($ )’ (1OSF) - - iJZ 1 =4t . (30)

-eis f t c ,) (Co sin 2 ~) (ci ‘rnii i  f ir,,) —

4 k~~ , (c ,, c 1) 2 sin a ens a sin ft cow ft . (22) Next . e’onside’r eq. (5) for the ease when’ medium 3
is a vss-uum, i e . 2, = 0. It follows from eq. (5)

I t~i ( — i nJ ~ “i) tCl~ 
( — I m e~~ 0~ r1) I ‘ that the re’flee’t ion ns’ffi eient Is ir the’ ease’ where’

- (c 1 o• ,) 2 ( k~ ) (~
, ,

~~ 
)2 = til l ’ wave is of the form expi t i (wE — & - z)) and

~~ r1 cow ~ f-~ ~~ 01 the spatia l coordinate’s as shown in Fig. 2 can Is’
&-~ 2 (-‘ :4 ) ilfl tt ell 55

H 

2 X ( )’  iZI eos y eos F) ‘ iJ2 1
and 2X () * ilieeis ,’enwa’) — iJI1

I’ - — - ik~, Ico~’(2ft) ens )’ c- uSa’

4(c ,, ri)2 sill a cow a s in ft ens ft . The’ etispe’rsie n equation for t-he’ li qu id-solid -vacuum
- ~~ 

system is th ere’feirs’ given by t he vanishing of the
— ik’ ~

‘ 24 
denominator of e’q . (31). leading t o ) exact ly t he same’

— 
“ ‘ e’xnn’wwion as eq. (30).

- - - It has been shown that Ewing , ,lardetskv and(1 Ik p, [cos’(2fi) Mill yel ls ? 
Press ’ express ion . eq. (16). is indev’d c.ons stcnt with4( r , rp ) ’ sin a cow a SIll ft (‘11$ ft - eq. (31). provided one’ takes the coordinates of the ’

ens y sin r
~ system and the forms of Wave propag ation iflt4 )

= — ik~, I’ . (25) account.
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Because Brekhovskikh’w expression. eq. (3). is A - k u ow l ed gemcnt
consistent with Huang’s expression. eq. (5). there’- , -

- fliis work was supported by the t)fhee o~f ‘ea~’aIfore Ewing. .Jardetsky, and Press e’xpresslon. , ‘ , -
- . . - . - - Researc h . I .~“ Navy.eq. (16), is also iii agrecluent With Bre’kliovskikhi 

~~~~~~~ June 27”’, 1977.)expression for a li quid-solid-vacuum SVSt(’lll

~3. t’OIWIUMOII It efe r p li t’e’n

- , . - III Ss’htw’h oat ics 2 1 t*.’~! ), I -In this arti k ~ee I~a~ e ro~ Ic se ed s arious 0 xpu 
I ~ ~ ~~ h A ~~~~~~ 2 I ~ ~51(1115 of reflection eoeffieie’nt *11(1 dispe’rsion equa- 1:1 1 Fwing W . M.. -Jsrdels ky . W. ~ 811(1 l’u’a,,. F.. Elast iction given by Schoo~’h [I I~ 

Bre’kho vsk i kh 141. Ewing wavea in Iatve’n’d media. Mo’(~r,,w- Hj Il . New Vork lW~7.et al. 131 and Huang 15). The result is established (‘h. It.
that it is possible to make these express ions (-01151st- 4)  htr.-khoeak,kl,. L. M.. Wave ,, in lie e’red mcdii, .A -*t-

- di’niis’ I n’s,,. N..w S ark 19)91. ( Ii. Iient with one’ anothe ’r provided e)ne takes Into 
~~ Hui.tig . I’, H., Ultra*,nie reEk-coo,, fnnii it thn’e.accoun t the eos,rdinates of the physical svsteiii~ and litwerni ,,vnh’m, Ph. I) . Thesis, Cn)rgf’towlI l’ niversitv

the appropriate forms (If wave ’ prop agation. 11)77.
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