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¥ INTRODUCTION

At the present time the sphere represents the only radar target
of finite extent for which numerical scattering results may be obtajned
directly and simply from the rigorous eigenfunction solution of the plane
wave scattering problem. The rigorous eigenfunction solution of the
thin metallic disk problem has been available in the literature for a
considerable period of time [1]; however, only limited numerical results
have become available due to the difficulty of the numerical compu-
tations required.

This state of affairs is quite unfortunate since the disk offers
significant advantages as a standard radar calibration target when com-
pared with the sphere. First, precision machining of a disk is much
simpler than that of a sphere; and, second, precise alignment of the
target for phase measurements is considerably simpler for a disk than
for a sphere.

Furthermore, a great deal of basic understanding of scattering
mechanisms is potentially available from the study of the thin disk.
This is a consequence of the fact that it is the only target of finite |
extent, other than the sphere, for which a rigorous solution is avail-
able; and it is the only case for targets having a sharp edge. Thus,
a complete understanding of scattering by a disk would provide another
canonical solution to complement that of the sphere.

For these reasons, earlier work at The Ohio State University Electro-
Science Laboratory [2,3,4] has been extended to generate a computer program
capable of handling the general problem of far field scattering of a
plane wave by a thin, metallic disk. This program permits incident plane
waves of arbitrary incidence direction and arbitrary polarization and
computes the amplitude and phase of both components of the scattered
field at any point on the far field sphere.




The program has been generated in a user oriented form so that
it can readily be used by any investigator without a detailed knowledge
of the program. The program requires about 16K of core memory and executes
in a matter of seconds on the ESL Datacraft 6024 computer operating in
a time sharing mode.

I1. THE GEOMETRY

The disk of radius a is centered at the or‘gin and lies in the
x-y plane. The direction of propagation of the incident plane wave is
taken to be in the x-z plane without loss of generality. The angle of
incidence, 8° js measured from the positive z-axis, i.e., the normal
to the disk, as shown in Figure 1. The scattered far field is to be
evaluated in a direction specified by the conventional spherical coordin-
ates, o, and b -

The polarization of the incident E-field is aligned at an angle
of a measured from the plane of incidence in the +¢ direction. Thus,
a=0 is associated with the parallel, E-plane, or b-polarized case, and
a= % is associated with the perpendicular, H-plane, or ¢-polarized case.
Both the 6 and ¢ components of the scattered E-field will be determined.

ITI. THE EIGENFUNCTION SOLUTION

The solution presented here parallels that obtained by Andrejewski
[1]. For convenience in the computation, the solution has been cast
in terms of trigonometric rather than exponential functions. And, the
more conventional notation of Flammer [5] has been followed.

The incident electric field intensity is given by

i &
E = €, (-cose,cosad,
+ ~
sinaa’

i =
*sinOOcosaiz)e"F «Féut) ()
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Figure 1. The geometry of the scattering problem.




where
k' =k K
k = wie, (3)
i= . A ~
£ = sing,a, - €0sB,3,. (4)

Then, the scattered electric field intensity at an arbitrary point,
(r,es,¢s), on the far field sphere may be expressed as

iE Gt e
B - g2 (S5 5, sina s, ) &1(Krut), (5)
(o]

It is convenient to express the scattered field ES in terms of a normalized
field E; as

E :
B = 50 T eilkreut), (6)

This choice of normalization yields a particularly simple form for the
normalized radar cross section, i.e.,

2
a5 = [E5] . (7)
ma

The normalized electric field intensity in this case is given by

e - E(eg 7 e on) & i
0

where




e, = cos® XO {-2(2-6o m)cos(m¢)cos¢.vm(cose,c,coseo)
¢ m= v

* Em]cos(ml )= ( 1+6m’1)Um_]cos(m-1 )ﬂ Ym(cose,c.O)}

e = Zo -2(2-6o m)cos(m¢)sino-Ym(cose,c.coseo)
m= ’
+ i-mEm]sin(mﬂ)¢+Um_]s1n(m-1)EI Ym(cose.c,o}
e,.e = cos@ m);'0 2(z-Go’m)cos(m)sim-Ym(cose.c,coseo)

- 1'"'Em+]sin(m+1)¢-xm_,sin(m-1)E]Ym(cose.c,())}

e1¢ g m)g.o {:Z(Z‘GO,m)C°S(N)COS¢'Ym(cose.c.coseo)
+ i'mE(m]cos(ml)w(l-st)xm_]cos(m-l)E] Ym(cose,c,o§

(9)
and
c =ka . (10)

The functions Ym are given in terms of the spheroidal radial functions,
R;;)(-ic;iO), and the spheroidal angular functions, Smn(-ic,cose), by

(N._1e;
®, )" Rpp(-icsio)
Ym(cose,c,cosoo) = nz'm }g;nl(-ic) R'S‘:)(_1‘:;m)smn(-1c,coseo)smn(-1(:;cose)

n-m even

(1)




The prime on the summation symbol emphasizes the fact that the summation

over n proceeds by increments of 2 as a consequence of the condition
that n-m is even. The normalization function, Nmn' and the spheroidal
functions will be described later.

The U and X functions are given by

W + W
u, = 2™ m=l_mlo o, g
Un-1 ¥ e o
i (12)
S
U =< § —
Um =0, m<O0
and
W - W
1= 21““] _m=1__ "mtl m> 1
m + ’ =
Xm =0, m<0

Finally, the W and ¥ functions are given in terms of the spheroidal
functions by

®, in Smn(-ic,coseo)smn(-ic;o)

i s S 14
o ngh Nan(-1¢) Rgz)(-ic;io) b

n-m even

and
2
i in [;smn(-ic,o)

WH nzh N;n(;ft) i Réz)(-ic;io) g (]S)

n-m even
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The angular spher:dal functions may be expressed in terms of con-
ventional spherical Legendre polynomials, Pm+r(cose), as [5]

Smn(-ic;cose) = dT" (-ic)Pm+r(cose) (16)

e~
-8

r=0,1

where the prime indicates that the summation is over even values of r

if n-m is even and over odd values of r if n-m is odd. The expansion
coefficients, dTn(-ic), are those used by Flammer [5] and may be computed
readily using a technique described in Reference 2.

Since only spheroidal radial functions of zero argument and n-m
even are required, the special relationships for these cases as presented
by Flammer may be used:

4 ! :
™ mme’Cmdgn(-lc)

(2m+1)rz; dT"(-ic)SZE;%lL

1 S .
R&n)(-1c;1o) (17)

A2 (icsio) = "M 2m=1)mic™ '

22n-m+1(2m).dmn (-ic) l dm"( 1c)j———¥ll

n+m)!

) ()

. (18)

The expansion coefficients, dm"( ic), used here are identical to those
used in Equation (16). The rad1a1 spheroidal functions of the 4th kind
are found simply as in the spherical case by

R (Licsi0) = RO (cicsi0) - iR (desi0). (19)




The normalization functions, Nmn(-ic), are those required to cause
the angular spheroidal functions to satisfy

Syn(-i€,0) = Pﬂ(o) (20)

and are given by

, o (re2m) d™(-ic)]
Mun(-1€) = 2 ) —zFemmeTe : b

Equations (8) through (21) provide the complete solution to the
general far field scattering problem.

IV.  THE PROGRAM

Using the solution given in the preceeding section, a Fortran com-
puter program was prepared for the calculation of far field scattering
by a circular metallic disk. The program was developed on a time-sharing
Datacraft 6024 machine having a 24 bit word length. The storage require-

ments are
Main Program and Subroutines (4,790)]0 words
Library Subroutines (4,514)]0 words
Common Storage (7,300)]0 words
Total Storage (16,604)]0 words

(not including operating system and I/0 buffers).

This program executes a complete far field scattering computation in
a matter of seconds in the time-sharing environment.




A sample of the program I/0 is shown in Figure 2. In general,
one need only provide 8 variables for the initial case to be executed;
they are:

1. KA

the electrical radius of the disk

2. THETA INCIDENT = 9, [degrees] (see Figure 1)
3. POLARIZATION = o [degrees]

4.  THETA SCATTERED = 0. [degrees]

5. PHI SCATTERED = ¢_ Ldegrees]

WHICH VARIABLE IS TO BE INCREMENTED?
if 1 thru 5: then the variable associated with
that index above will be incremented
if not 1 thru 5: then only the initial case will be
calculated. In this event the remaining
parameters are not requested.

TYPE NUMBER OF CASES; enter the total number of computations
to be performed.

WHAT IS THE INCREMENT: enter the increment by which the variable
selected should be increased after each execution.

A1l inputs may be made in free format.

The program labels the 15 column with the name of the variable
to be incremented. The Z"d and 3"‘d columns contain the cross sections
(Equation (7)) associated with the 3 and ¢ components of the scattered
field. The last four columns list the magnitudes and phases (in degrees)
of both the g and ¢ components of the normalized scattered electric field,
E: (Equation (8)). It should be noted that all of the elements of the
scattering matrix are available in lines 95-104 of the program.




THIS PA

SCATTEPING ™ A METALLIC CITC'ILAnN DISX
(HODCE -- VERSION 12/17/7%)

(TVPE “ESC" ™0 nESTANT DPPMCGRAMY

(TYPE KA=@ TC STCP PRCGPAM)

(TYPE KA==-]1 FO™ A DESCPIPTION OF THE PARAMETENS)
(NCPHMALIZATION: ESCAT=AxEINC4ENORM/(N%*P) kEVDR(-JaK&T)
(ALL ANGLES IN DIGTCES)

1« HA &
2. THETA INCIDENT = ¢
3. POLATIZATICY = ¢
A. THETA SCATTEPED = 2
S. ©HI SCATTERED = @

YHICH VARIABLE IS TO BE IWCPEMENTED? 1|
TvPE N'IIMBER OF CASES: 29

WHAT 1S THE INCPEMENT? .S

MAC

KA CRCES SECTION T NOrPM
SIGHMAZ(PI&AR«®D) THETA
THETA nHql MAC "HASE
1.0 «182E 1 «@OCE 1 «128E | <=21.88 PAAE
1.560 +772E |} «0PRE ) «2722 1] =65.64 «ACAF
DN «907E | «@erE 1 el ol o 1 -26.77 «PPRE
.80 «101E 2 «COCE 1 «218 | =93.0] «PCCE
2.00 «11SE 2 «ACPE 1 <2 1 =94.K6 «MAPAE
3.5 « 1322 ¢ «2CE 1 «3672 1 “94.70 20T
Q.00 «+1SSE 2 «(ARE 1 «293E | -=91.27 Q0P
f.59Y «127E © «3PCE 1) «A43Z 1 =37.71 «PQPE
S.AR «27T1E 2 «PAAFE ! «SPIE 1 -PhesT78 «AAEE
550 «ME6E 2 «AQAE 1 «fnacT 1 -%.14 «QAME
6000 «398E © « (02 1 ¢A31E 1 =91.13 «@PC7E
650 «442E © «ALALE 1 «ALQE 1 -01.72 ABNE
T7.00 «48SE 2 «ACOE 1 « G610 1 -91.12 «AQAE
7.542 «S47= 2 «amPzZ 1 +T739E 1 -B0.67 X g BN
.00 « 6455 2 «MAPE 1 «REIE | -98.40 NI L3
B8.50 «763E 2 Qear «®74F 1 -8Q.0°7 «PPOF
.00 «8850E 2 «Qe0L 1 «907% { =-Qn,%%§ «CAPE
9.57 «931E 2 DRl L ONS | «Q06SE 1 =90.99 «APPE
10.00 « 1002 7 D[ [ PORN | « 13 2 -OAn.f) «MAME,
10.50 «1(8E 3 «A3QE 1 ¢JPAE 2 =98.1C «reen
11.0C «12¢E 3 «APPE 1 «11AE o =80,"8 «OMPF
11.84 «13SE 3 «APPE | 11/ O enn, " «CPCE
12.00 «150E 3 «@AACFE 1 «190E & =190.9@ «ACAE
12.582 «l60E N «APRE | <1275 9 =9¢.S1 «PCPQLE
13.20 «172E 17 «OCCE 1 +1PE 8 =90+863 «PP0E
12.50 «182E 3 «OCME | e12T A -0p.27 cOMQE
14.00 «104E 1 «APAE | «170F% 9 -%O,4" «PPOE
1hes2 «212E 2 «ACCPE 1 «146E 0 =RQ.27 «ACRQF
15.00 «231E 7 «OOCE 1 «1STE 0 =890.7% Do
Figure 2. 1I/0 listing.
10
GE 1S BEST QUALITY PRACTLCABLE

FROM OOrY FURBISHED 1000 ™

T A TR | SIS R

nyp

- et e b s B B LD D B et e et b et b b b Gl bt beb et bt B et et

™ASE

9m.nn
oM.2N
Q¢.ea
Qr.Q
90.¢2
97.00
QM.
9.0
270.00
o¢.qm
qu.ca
oM.e0
aa.2e
9%.0¢
anm.am
o.M
o, on
OC.AR
.09
an.ne
an.an
an.pe
am,am
0.0
Qg.onm
90,00
o .0
.,
am.onm
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Upon completion of the cases desired, the program will request
a new disk size and proceed as before. At any time one may type "ESC"
and cause the current task to be terminated; the program will then again
request a new disk size and proceed as before.

Entering a disk size of O will cause the program to terminate.
Entering a disk size of -1 will cause a brief statement of the problem
geometry to be printed; following this a new disk size will be requested.

A simplified flow diagram showing the computational logic is presented
in Figure 3. The logic is quite straight forward and proceeds along
the line specified by Equations (7-21).

It is necessry to compute the eigenvalues of the spheroidal wave
equation, Amn(-ic), in order to determine the expansion coefficients
d;n(-ic), appearing in Equations (16), (17), (18) and (20). The eigenvalues
are computed by the bisection method and the expansion coefficients are
computed by recursion as described in Reference 2.

The solution of the scattering problem consists of a triple summation
over the indices m, n, and r. The truncation of these summations is
performed internally by the software. Various functions are examined
to determine if they are near the machine overflow level, i.e., 1038
for the Datacraft 6024. If this level is reached, the appropriate sum-
mation is truncated as described in Appendix B. This procedure yields
the best possible convergence for a machine having this dynamic range.

This procedure has also been successfully used for sphere scattering
calculations. In both cases the truncation is controlled largely by
the tendency of the radial functions appearing in denominators to become

extremely large. This tends to insure adequate convergence of the
solution.

n
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Figure 3. Simplified flow diagram. (The numbers in parentheses
refer to line numbers in the program listing presented
in Appendix I).
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v. SAMPLE RESULTS

Some sample results are included here to serve as check cases and
to demonstrate the utility of the program.

Calculations were made as a function of electrical disk size for
normal incidence backscatter. These results are tabulated in Figure 2;
and the normalized radar cross section and scattered E-field phase are
plotted in Figures 4 and 5, respectively. The Rayleigh or low frequency
approximation

T .
L™ n
ay
and the Geometrical Theory of Diffraction or high frequency approximation
3n n
-i(2ka + =) -i(4ka - %)
g oL S S
GTD /wka as

are also shown presented in these figures for comparison.

Results for normal incidence, bistatic scattering are shown in
Figures 6 and 7 as a function of the scattering direction. Both E- and
H-plane results are given here for a disk size of ka=10 (diameter = 3.18)).

Results for specular bistatic E- and H-plane scattering from a
disk of ka=10 are shown in Figures 8 and 9. In this case ei-es and
¢, =180°. Note that the phases for 8,=0 in Figures 7 and 9 differ
by 180°; this is a consequence of the chosen coordinate system. The
calculations in Figure 7 were done for os-o and those in Figure 9 for
0=180°.

13
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Figure 6. Normal incidence, bistatic scatter. (ka=10).
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Figure 7. Normal incidence, bistatic scatter. (ka=10).
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Figure 9. Bistatic specular scatter. (ka=10)
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VI.  SUMMARY

The expressions for calculating far field scattering characteristics
of a plane wave by a thin metallic circular disk were presented. These
expressions are applicable for any incident polarization or directicn
of incidence and for both scattered polarizations at any point on the
far field sphere. This formulation was used to develop a user oriented
computer program which is also described herein. This program has been
used successfully for disk sizes up to ka=15. It yields both the radar
cross section and phase of both scattered field components. The program
executes in a matter of seconds and requires about 16k of core memory.

20
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APPENDIX I
PROGRAM LISTING

The following is a Fortran listing of the program described in
the body of this report. The use of this program is described in the
section entitled the Program. Comments on the program are included in
Appendix II.

R — P
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Fak FISLD SCATTERING BY 2 CIRCULAR METaLLIC nISK
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PIMENSION LAFFL (Y1) oVAR(R)
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Ll XaFPART G APl PERT o pFHF‘.FSWTQfSUF
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1eSPUS0) F(S0) «SETA(SN)oSeTANIS)) 4PST(S0) eWw(B0) YO (EN)
LayFTAR(SD) ISP o X (50) o CMLHT(50) o sMpHl (51)

PATA LAREL /36K Ka THE 7t POL THE & PHT S /
IX=(Ueele)

IRTTE (e

CUPMAT (I X4/ / /¢ VXA *SCATTERING BY A METALLIC CIRCULAK LIISKe,
178X e * (HO[F == VERSIOM 12/17/78)%)

WKITE(Jec6)

FORMAT(1Xv//7¢*ATYPE Y“FSp% TN RESTARTY PROGRAM) e/
1°(TYPE kA=t TO STUP PROGRAM) Yo/,
12 (TYPE KAzel FOR A DESCRYPTION OF THE *

10 PARA ETEFS) "¢/ 0" (NURMA| LZATIUN: FSCATzAwF TNCHEMNORY 0
10 /(2o ) sEXp (= ®K*¥R) ) o/ (A ANGLES IN NEGFFES)®)
rAlL ESC(342)

nNUC=1

Tt 1=110

ITNPEX=L

WRITE(Ne27)

FORMAT(IXe///7e1X0% 1y FKAellyetz )

LElD(He=) VAK(T)
TFIVAR(1) st We=1)60 TO b1
TEF(var (1 ot * VGO TOH &
WLRTITE§{Re2b)

FORMAT(LIXe*?, THFETA INCTUEMT
PEAD(Be=) VAR (2)
WRTTE(Re29)
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DEMPD(Be=) VAR(S)

VRITF (e A()

')

CORMAT (1Y gty THETA SCATTERFD = *)
FEAD(Be=) VAR (W)

R TTE(He31)

FORMAT(1Xe*S, PHI SCATTERED = ')

PEAD(He=) yAR(S)

WRITE(Aed)

FURMATIIX g /701X WiHICH VAKLIAPLE 1S TO BF [NCREMEANTENRY)
READ(8s= ) NVAR

TFO(NVARGLE e 0) e ORe (NVAReTS)VV60 TO 23

VRITE (' ¢21)
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545 (V) sl xas(MYe2) L (n (VN1 )l (¥Ma]) ) 2 (PQT (N 1) +RSL(MMEY))
Hku FETURRK

549 1 (1 )s=IX®y(2)/PSTILY)

L LTS Y1 )=(ae0,)

S47 i’.VTURN

S4n > (VM) ! X 89 (" Ma2 )20 W (MMay ) /PCT (MMe])

Suv Y('M)z=(rr)

$50n e TURWN
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551 =
b o 23
593
254 ¢
595 ¢
556 -
857
55«
559
s6(0
561
He/s
964
S64
565
566
967
9568
569
570
571
572
574
574
57%
576
s77
H5T#
579
S8n
581
582
583%
S84
S&n
586
587
5486 »
589
59¢
593
£92
893 3
594
59,

e e el e L e e

-

MMMAY =MMe]
P TURN
Fd)

7 :U“C] 'U' S

cunanTInt FZ MMMAY 2 28 ,28,7C, 2D
ro:PLt»_lx.lm.7.2Aylu.7c:29:r4:ps{'u.YO.YET n X
Pg‘TQN 6!6(‘0)oD(hﬂobO)onmEGl5u).H1(F().Fu(an;”.
:':T:x:éazss:;sz:l:ﬂ).SrTAGJSJ).vSr(?n).n(Sn).Yucbn)
“=‘0..l.,o- X (SU)eCwpTtSY) ¢ SMPHI(RD)

7=(°.|'~'.’

JA=L

7u=2

72¢=2

Z0=4

N 3 MYzl eMMMpAY

MeVlVial

A=?

P

=1

TE(MMF 1) A= |
'F‘"M.‘”.;‘) B=?

TE(MMe' Qe2) C=0 F
Tu=IXee (=h)

22Z24A=YETAQ (MM YECMPH] (MM

l:‘;:;;g:l, 60 TU 2

JA= L]

o s i (L(MMEL)CHPHT (MMET Yol (MMl ) sC PR (MM =1))
P2H=ZR4 T (y, ¥

l.vn(nﬂ,u (LIMMALISCMP T (MM Y4y MM= ) S SMPHT (PMe1))
7¢=2Cc+ Q. ~

1-vﬂ(§ﬂ\ (X (MMEL)E]MP LT (MM*I Y= X (MM ) $SMPHI (MMe]))
70=20+10w

R - o (X (MM ) ¥ MPHT (MM )+ (MMl ) e APHT (MM =1))
o YO Y

PA=2A+'  (2)eCMPHTI(2)%Y0())

78=2R+U(2)eSMPHTI(2)%YD (1)

7C=2C+> (2)asMpHI(2)%Y( (1)

202D+ x (2)»CMPHI(2)*Y0 (Y1)

CcOMTINGF

CONTIN'E

RETURN

FuD

- -

mygp
FRoy ‘G'ISB
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APPENDIX II
PROGRAM NOTES

The following notes are intended to clarify the program listed
in Appendix I. The notation LN will be used to denote the line number
in the listing, i.e., the first number on each line.

The first 9 lines of this program are non-executable and simply
establish variable types and dimensions. LN10 through 69 accept input
data and initialize variables. LN2, 20, 150 and 151 are associated with
the interactive 'ESC' which permits interruption of the program and return
to the start of the data input segment.

As noted in the body of the report, the scattered field is expressed
as a triple summation over indices m, n, and r. In general, these indices
range from O, m, or 1 to some maximum value. In this program these indices
are usually replaced by MM, NN, and IRR, respectively, where

MM = m+]
NN = (n-m)/2+1
IRR = 1.,2.3,.4

Thus, for computational convenience, these indices all range upward from
1 in integer steps.

The truncations of these summations are determined on the basis
of tests of key variables. During execution these variables are tested
and upon reaching absolute values in the range 1030 to 1038, the appropriate
summation is truncated. The line numbers associated with these teSts
and the subsequent actions are tabulated below:
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LN72 LN236 LN290

78 257-259 294

91 296-303 305-306
388 331-332 327-330
410-411 360-361

434-436 364-365

539-541 413

551-552

The necessary functions are formed by subroutine calls in Loop
10 and Loop 13 (LN70-94). These functions are then combined to form
the scattered E-fields and cross sections in LN95-128. LN130-132 provide
the program output; and LN134-136 provide incrementing of the variable
desired. LN138-149 contains the description of the coordinate system
to be provided for a? input of KA=-1. The remainder of the listing con-
sists of the required function subroutines.

Whenever possible, variable names associated with the symbols presented
in this report are used. One exception is the introduction of

F4 =
Ny (-1€)R (-1 i0)

Other exceptions are the Z functions appearing in LN95-98 and LN554-595.
These are functions of U, X and Y found in Equation (9) of the text.
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