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ABSTR AC I’

An efficient recursive enumeration procedure is described for finding the

complete f a m i l y  of e f f i c i e n t , or und orn i n at ed , solutions tor genera l separable

m u l t i d i m e n s i o n a l “knapsack ”  pr oblems . A generaliz ation of the Gilmore-Gomo ry

procedure  provides an alterna tive view of the Morin—Mar sten method  that admits

an al gorithm requiring si gnificantly less computer s to rage  and computational

overhead . We illustrate the procedure with a hig hly nonl inear example .
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I fai L a o t l i a t  ( l o s ,

lii Ibi s paper We b v ’  i up a l a  ii gor  a I hiii I o F g ’ l i t ’  a a t i ii~~ I In’ I UllifS I I ’LL’ set ~i l

e t ii c ie nt , or una lo in i i i . i t ed , solut i ons  for t h e  g e n e r a  I sep.Ia.lIr1 ( nor i l il~~’, a r

t n t  eger pr ogranun I iig p r o b l e m :

P ) max r(x ) : g( x ) h , u K x u , x a r iteger

where x , the vector of lower hounds  u , a ia~I t hi’ vec I or of uppi’ r bounds u are

all u x I , and b is  in x I . The ret U r at f iaaic I I ova r ( x ) = ~. r ( x ) 
, ,J = I , 2

f LJ 1 1

n} , and the resource consumpt ion vector g ( x )  = I g 1 (x )  , g.1 ( x )  , . . . , g ( x )  I ’

where each g .  (x )  ~~. g (x  ) , id = ( 1 ,2,.. . ,m }  . We r e i lu i  re on l y t h a t  the
1 j~ J 1 ,J j

consumption f u n c t i o n s  s a t i s f y the c o n d i t i o n :

g . .  ( x .  ) g.. (u. ) for a l l  i and j . (I . 1)

No assumpt ions  on the n a t u r e  of the r e t u r n  f u n c t i o n s  r~ (x~~) are  required . We

re fe r  to cond i t i on  ( 1 . 1 )  as the kna psack  c o n d i t i o n .

Any f e a s i b l e  s o l u t i o n  x is s a id  to he i n e f f i c i e n t  or d o m i n a t e d  i f  lh er e

e x i s t s  an a l t e r n a t i v e  f e a s i b l e  s o l u t i o n  x such that:

r ( x )  > r ( x )  ( 1 . 2 )

and g(~~) < g ( x ) , ( 1 . 3 )

w i th  at  least  one s t r i c t  i n e q u a l i t y  h o l d i n g  i n  ( 1 . 2 )  and (1.3 ) . Then x is

sa id  to dominate  x .  O the rwi se , x and x a re  s a i d  to he un ua tua I ly  un dom i n a te d .

If (1.2) and (1.3) are satisfied with str i ct equalit y, t h e n x and x are said

to be equivalen t.

Alternative approaches for solving numerous v a r i a n t s  and specialized

s u b — c l a s s e s  of (P) are widely represented an the l i t e r a t u r e . We use as a

point of departure here , howev er , the excell ent paper by Ito r iii and liars ten

I S j  . The Mor in—Narsten paper was the first t o  provid e .a i j i t i f  ied framework

demonstrating that the “curse of dim ensiona lit y ” commonly attribute d to

dynamic programming methods can be successfu lly mitlgal.e (1 in certain broad

_ _ _ _ _ _ _ _ _ _ _  
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classes of m u t t  id Imi las toi l, , I comir t iia tor i a 1 opt m i s  zat ion prota I ems . Al  t hau ugt i

more elf ic lent ane’thoals I or sol  v i a s g  ( P )  e x i s t  I 1 6 J ,  t h e  I ) a ~~~L . 1 l t 1 I  ~ ‘ i i i  I 18 1 i s

the onl y I)arame’t n t  im’thu lulogy viva i I.at )le for . gvner .st av g I l i t ’  el i t  I r t ’  set of

e f f i c i e n t ,  s o l u t ion s .  Au exce l len t  rev i ew of t he  u t i l i t y  of Ihe isumerouis

spec ia l  forms of (P )  in  a wide  range of t h o r e t i c a l  and app l i ed  problems in

linear and intege r programming (‘an also he found i n  1 1 8 1 ;  the reader is

referred there for  details. We do note , however , that some interesting non-

separable variants of (P) have also appeared w i t h particular applications in

finance 18 1 .

in §2 we describe a set of simp lifying transformatio n s which will reduce

(P) to an equivalent problem in which the g~~() and r.( ) functions are

everywhere nonnegative . This extends the Florin-Marsten procedure to a broader

class of problems . In §3 we utilize a recursive enumeration approach to

provide a significan tly simp ler derivation of the basic procedure of ( 1 8 1,  and

provide proofs of the fathom by infeasibility and fathom by dominance rules

that do not appear in the original paper. In §4 we d e s c r i b e  a computer

implementation requi ring sign i ficantly less storage , and the ma intenance and

manipulation of far less bookkeeping machinery , than that presented iii (181 .

This can be particularly important when in and n are of realistic size , since

the eff icient set is then normally quite large . An illustr a tion of the

implementation is presented in §5.

2. ~~~p~,ificat ions

The algorithm we shall develop requires only condition (1.1). However ,

we shall find it useful to make certain transformations which do not in any

way limit the generality of this procedure , but admit a significantl y simp ler

der ivation of the important results. Consider the standard technique ’ for

transforming lower bound restrictions into nonnegativity constraints. The

usual transformation :

-2-
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;~ s — a l ‘ U , p~~.J
t .1 I

is taseal , Rep l . i e  S lay i t s  e~~ s s i  v i  lent ~ + ~~ ~~~~~~~~ .

~ 

.I~ )p4 . ,l S . Nut e

that x nsa~ then he i iatt ’rp reted is I ii.’ I n c r t ’mei i t  l i i  exc ess o f Ii i s s ’t (  i , i t t ’ a l

w i t h the va lue ’ x
J

I t we re—write g (x
1 
) as 

~~ 
) 1g .. ( x. ) — g. .(u. ) + 

~~~ 
(u~

f t he  t e r m  in  b r a c k e t s  may he viewed as t h e  i t i c  r ement in aesour ces t’onsuliie’~1 , iii

excess of g . .  ( u .  ) , due ’ to an a I t o c a t  io ta x iii excess of ii . l ’hus , we may

denote  t h i s  term as the  i n c r e m e n t a l  e oiisainipt i on  I nut i oil :

g~~.(x~ ) g .(x.) - 

~~~~ 

(ii. ) ~~~ . (2.2)

Simi l arly, under (2.1) we also o b t a i n :

r~ (x
1 

) = r
1 

(x + u~~) I r~ (x~ ) — r~ (u~ ) i +

[)enote’ the bracketed term ,as:

rj(xj) r~ (x~ ) — r~ (~~ )~ j~ ,J , (2.3)

the incremental return over r . (u . ) fo r  an I ncrement .a I a I Ioc,at a r’n x over u
j  -J .1 .1

Substituting (2.1) thru (2.3) into IN yields the  p r o b l e m  (P  ‘)

4

t ~ r.(u.) + max ~
j fJ ~ ,~ 

ri ,l .1

(P ’) s.t.) ~~, g . ( x ) h. — 
~ g . (u,) ,

j~J ,‘ ~ I~~
,j .1 .1

0 ~ x.,# . 1

X ~

• 
integer , j

where u . = u.  - U . .
J J - .1

Solv ing the equivalent problem IP ’) S O l V e S  ( P ) ,  hut now g.’.(x ) “ g.’.(O) = 0

f o r a l l  i and j ,  and r~ (O) 0 fo r all ,j .

t

ii

1 
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lii atlil a I ‘ ‘ i s  ~~ ii s. ,~ , i l i a c  , I lii ’ ’;.’ I i i i . i . l n a a , Iii,’ I) \ i  a (lii ’ I I I i

h u t ’ . ’  ,ileo’ i v .a  I a t a i l s

(I) I t , for ally i ii , t here ex i sts soant’ X . ~~~ ‘ I) s t a t  Ia t h i . s t  i It ’ ) U ,

x iia ’t ’ .l iaev . a .~~ua I i’ III III iiiialaaiii l as s It ’d h a r t  a i i

I b i s  t o t  t O W S  I rom th e ’ aaIast ’,v .at io t a th at aia v solsi t b a a  c o i a t . s a i a i i a g  >, ‘ I) w o u l d

.s 1 ~ i v s tat’ ab u t  a na t  eel by . oa equ u v.a he ’t t I t o  , I lie same so tnt a on w i I h x = ~ rep I aced

by x 0. Recogni ze ’  t h a t  I !  we t ’I  i luisatat. ’ X f i’oni oiisi.lt’ r. it ioii , th at’

res u lt trig reduce d ret ‘a ria f u n c t i o n  Ii . is r ( x  ) 
~
‘ (I for , i l  I x .  ~ 0 .

( i i  ) I t  t he r r ’  ext st s any ‘ ii w a lb x v.a I lit ’S I’ a s s e t  I’ ‘
~ ii s t i t ’li t t h a t

i’ (~~ 
‘ ) “ r(~~

)

and g .  (2 ’) g.
1 
(2) f o r  .al 1 a

t hen x . need neve a ed na 1 ~ i n  an un dom 111, 1 t ed  so h i t  ion

T h is follows f rom the t a c t  t h a t  .an v s o h i a t  i o t a  c ont a ining x = t~ is d o m i n a t e d

1w , or e q u i v a l e n t  to , t he same s o l u t i o n  with x = 2 i’ep h.iced by x. 2 ’ . :1

reduction mechanism equivalent to ( i i  ) a s .u Iso p r o v i d e d  i n  1 1 8 1

( i  i i  ) I t , f o r  any j ii , t h e r e  ex 1 St  5 50111+’ x 2 1) such th at g.  ( 2 )  ‘ b

for at 1 e.u sI one i r~ I , t hen  no t t’. is a h I . ,  so I tat a ota con t . u a  UI iig X

cx a st S.

l i i  l i g h t  of the’ foregoing, without loss of  gelle’r.u l i t  v , ~~~ ~ha I I  hie’in t’—

f o r t h  assume t h a t

r Ix .) r . (0) = 0 f o r  x 0,1
I ,l .1 .1

r ( x ) ‘ r I. 0) wh eneve ’ r x ~
‘ 0 • .1

I n  a d d i t i o n ,

g 1 .(x. ) ~ g .  (0) = 0 for x = 0,1 ... ,n , and ~t l I a .a,aaI , (2 .S)

and there ext sts iso x , jr.. J , w i t h  .u v.a Isa. ’ ~ I , 2 .  . . , u sat  i st y ing t h e

condit ions of ( i i )  or ( i i i )  above .

_ _ _ _ _ _ _ _ _ _ _ _  
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l..*s thy, we obse’ rv.’ t laa t t he v.a I ui of  x = 2 ma v to ’ v a eweil nat’ re’ I y .as aia

ande ’x aleit ot l u g  lb.’ .uppt i~~~~i i . a t  a ’ ra’sc ’ure a ’ V t ’ . t t ’ r

h I 2 ) Y~ 
1g 1 1 ( f l ,  g , . 2 s . . . .  g~1 1

I9 )(’ (2 (a )

corasunit’d to receive .a p .a r t  I cu Ian I eve I of  re ’ l i i  ru r 
I 

(2  ) f rum v a r  i able

Consequent 1 y , we may a Iways rede f t  tie the ’ a s s o c i a t e d  a nde’x va I yes f o r  x .  ‘ 0 so

as to  reorde r the y It ’ ) Vectors , or the ret u rns r (2) , i rite) any convenient

sequence.  Recognize  t h a t  ( 2 . 4 )  and ( 2 . 5 )  .ire una f fected . Thus , whe rever

convenient  we may a l s o  assum e , ag a i n  w i t h o u t  loss of generalit y , that:

0 = r.(0) r (l) ‘ r . f . u . )  t o t ’  any .1 = 1 ,2,... , u .  ( 2 . 7 )

The’ cond i t  ions of convert i ence i n  (2 . 4) , (2 . 5) , and (2 . 7 )  need not  he

exp l i c i t  r e q u i r e m e n t s  in  ( P ) .  We’ have ’ sh own th a t  onl y the ’ f a r  weaker  knapsack

c o n d i t i o n  ( 1 . 1 )  is s u i t  i c i e n t  . Thus , t h e ’  M o r i n — M a r s t e n  algorithm in 1 18 1 ,

w h i c h  assumes ( 2 . 4 ) ,  ( 2 . 5 ) ,  and ( 2 . 7 )  h o l d  ap r i o r i , in  fa c t  so lves  a broader

c lass  of problems t h a n  o r i g i n a l l y  s p e c i f i e d .

3. Re curs  a otis

The d e r i v a t i o n  in  t h i s  sect i ota is r e l a t e d  to that utili zed i n  Ibj  , ( I l (

and 1 7 (  , and de t a i l s  an approach o u t l i n e d  ru l b J

D e f i n e  a set of t i-vectors of the fo rm s~ = (0 , 0 , . . . ,  x~~, 0 , . . .  , 0) as:

Sk - 

~
S k : 0 , 1 . ,  Uk~ 

= : x~ =Q ~ {0 , 1~~ ., U k~~
,

w i t h  x~~ t) . ,j �k , ,j r J~ , ( 3 . 1 )

f o r  . t l h  k = 1 , 2 , . . . ,  n .

A l s o , d e f i n e  ~ set of n -vec tors  of the  form = (x~ , x~ ,..,, x~ , 0,... ,0) as:

X k ~~~ : p = ° ‘~~‘ ‘ . • ‘ ~~k~ 
= {x : x. c ~0 , I , . . . , u . }  fo r  j .

w i t h  x . () f o r  ‘ k , jci}, ( 3 . 2 )

fo r  a l l  k = 1, 2 U.

We l et X {x °~ = {0~ . The vector x~ = 0 for .all k = 1 ,2 , . . .  , u .  The value

= ~~~ Lu
1 

+ 1) 1 — I

-5-
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~ . ‘ , a  \ a t a ’ , a~~ t o  sea ’ I h a t

a) 
• 

a , , . 1 ) ?  , ~t , , . . . .1) )  ‘ , (a ~~ , • .

( a  ,. I Ia ~ ( I
$ 

~~~‘~~
‘ 1 ‘ 

~~~ ~ l ~~~~

s • x

w h e t . ’ that’ not .a t I .aiu • It ’, aot  c’s I o run s u ig  ,a I I  i a aas s  s t i l t  sain t s o I t ’x ,at t Iv  ou t ’ v e c t or

l Oi n S
1 
, au~t t ’5j t  I Iv t a i l . ’ ~‘ee t os  I ro ast X . a s a l a ’ t  a nea l  I o I l  a a ~. i ui g I . 2 )

t he’ ii

= S
k Xk_ l

= ~~ + x~~ 1 
t o t al I 2 = 0,1 ,. ,. ‘11

k 
.aiob .aI I ( L

= 0,1

N o t. ’ th a t  X = X x : I) 
~ x ii , x sl at ‘ c~r ’ r . Thus , rt ’cil t ’s i Vt ’ tot’ansi I ,a ( 3 . 3 )

p t .v a tIe s ,a conve’n tent met hod f o r  gene ’ r . a t . a tag a II sipper—hounded so I (it Oils X

Iii ad d i t i o n , s l u i c e  ~s~~} ~ 
X~ _ 1 = 

~‘k — l ’  , t t t d t  S k f o r  i l l  k n so b u g  as

‘ 0 , we set ’ t h at

= 5k X k 1  = 
~

S k I • Xk I ~ 
5
k ~ ~k-h = X k 1 1 ’  5k ~ (3.4)

where’ ~s~~: 2 1 ,2 ,, . . . I1
k~~

. l’tat s l a tt e r formii l ,a ( 3 . ~~) a s  s i g n af i c.r nt lv

mo re’ cotuve ’ n ie’n I for t oanpu t e r a rap 1 ernt ’ua t a t  a on . We uut ’t ’.l out I v ( ‘tulane r a t e  th e  set

of ‘‘augment a l l  oars ’’ attd etl  wh c ’n gene’ a.ata rag X k t i -on X k_ I

We an.t~’ .ts soc i . a t t ’  w i  t h e,t c h a ( lie’ C o t  t’e’sp ora d t r i g  set s c) t l’e’SOii r et ’ e ’o t as i i tnp—

I son  vt ’ ct oas B
k 

a sub ret ii a’n~ N 
k 

de ri ve’d I t otal ( 3 . I

Bk : iI~ : pz 0 , l Pka ~g(x): x = {g (s~ ) s
l~ 

S1~ 
th~ Bk_ I

= {~~: 2 = U , I .. ., uk I • Rk_ I

= Bk I  ~ ~~y~~ : t’~ h ,2 • B~~ 1 (3.5)

= Bk i  ~ 
1 k • Bk _ I s  

2 

f o r  .al I k = 1 ,2 ,... ,ua ,

where I k ‘
~
‘k 2 = I . . 

‘ 

~k ,atiit 
~~ 

s tIe t i tie’d as iii 1.2 - U

We det  s ue B, — ~gIx ) : x {g(x~) ~ ~~ •

- (‘a -

- - . ‘——*--— -.. . — -—--
~~
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I
St a u t  1,1 1 I v ,  B

k ~~ ~=0, I ,.. ., =

l i t ’ ) : ‘,
~~~ 

5k~ 
• Bk . l

( t a  ii I k l , 2 . s a .

~ a’ ti e t  i i i , ’  K a f ~~ i . A l  SO . 

~k 
~~ ~~ 

B ~g (\) : , , a a id

B k K ~ i (x) \ }  t e a r  i i  I k = I ,. ‘ , . . . .  a t .

Si t i c  e ~~ ,‘ a a t ’  t U t e r e st e ’ al ou t  ~ i l l  s o l  i t t  a e a l a s  S .X t tha t a i t ’ f e’ , I S  i t i  h e  f ~‘a~~
’

I’ • we i-epa i t - c’ a u -u Ic t or e’ l a n a i u . s  t r lag ui at ‘ .i s i I t I t ’ a t ems I roan e,a th a . As a

~~~~ it I t . , ~~t’ .tl so t’e’dULT.’ B k anti  B
k 

. ic t o  I cli tug l v  . Ut ’ I iso’ = x~ X
k : g I x~ 

) ‘- ha

p 0, I .... ‘~ k 1 ton k I ,_ ‘ . , .  ,ua , anti let B k ,ai ati B
k 

lie’ that ’ c’ou ’ i’e’staoua ding se ’t s 01

t o t a s l l m p t  i c ’ a l  vectors ,aiad returns. (‘t eat t\ 
~k 

~~~ X k .  Bk ~ 
R
k 

,aia ,l B
k 

C Bk. And

Siuat ’t’ g~ 0) t’a , we h ave ’ X = X = ~~~~ f u r t he r m ore ’ , X X ~x: g (x) B ,

o .\ ‘~ u . ~ i l l te ’gt ’ r~ , w i t h  • s s s a a c t . a t e’cl B = B , tu ie t  N = B cle f ~ut’et ac cta r e h t n g t v .

rh ,~ lt d  l o w i n g  a e ’sual t p r o v i d e s  t he  r u l e  tot a h t ’ t e ’ r n a i i a i a t g  w ta ac t t e’ l eane’tats of

a , i t i  he .‘ 1 i in i n  ,t t ed

P r o p o s i t i o n  I : (f ’e’,as a l i t  l i t  v t e s t  ) G i v e n  t
~k I 1’k— I ~ai ie J ‘l I,~ k I or  some

k 1  .2 it • i f  ~ = $ \ h~ th .  ii ~d ( B k .  h a i t h e r u a o i t , 1 k+ 1  ~ ~~~~ 
1’k+ I ’

I I 
k+ I ~~~~~~~~~~ 

Bkf ,.. ,, .luld I • 1
ar — h • • ‘ ft~~ B B.

Proot : By .sssumpt ion we h av e  
~k— 

Bk_ , t i a d  \ 
k • Suppose’ t h a t  

~ 
= +

1 
b~ B i s generated . By tiet i U it I oia 

~ B~ . Now , coa t s i d e r  I 
k4 I

I he se’ I of a I I .augmeti tat i ou as  gene’ i’a t eel I roan ~ wht ’ui get ie r~s t t r i g  B k+ I S i ua ~’t’

I ~ f o r  a l t  2 ‘ 0, ,a I I  sucha ve’ct o rs ~ + ‘I~~~ I ~ 
B to i e’ve’ i v

2 a ( 1  - ‘ ‘ 

~
t k+ 1 charts k+ I ~ 

‘
~~ 

Bk+ - By .a s i sis i l . a  r .1 i-gumt’n I we see ’

t h a t  I k+ 2 • F k f l  I ~~~~k +2  • . . , ~~~Jfld 
~~ 

• l1~~I - ‘ ‘ 1 k + I  • = B.~

rh,’ proof of Preapos it i on I at so imp l i e s  t he’ 1. 1 1 1  o w i n g .
2 . 2Lorollar y : ~ ‘y~ + 

~k—l ~ theta the cea r rt’spouieb i rig x
k = ‘I X~~_ 1  

~

Furthermore , • {x k~ 4 Xk÷)s Sk+1 • Sk+l • ~
X k I ‘

~~~ 

~k+2’ 
... anti s s

S S S~~ 1 • ~“k
1’
~ 

X X.

- .  
. 

- - -- ~~~~—‘ -— —~~ - .  ~~~
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‘rtie rt’ I 0 rt’

‘~ 5 k • X k_ I ~
‘k- I ,

B
k ‘~~ ‘ k • Bk_ I L 11k 1 ’  ( t 1 )

B
k 

r~~: 2 = I ,. . ,iik
} • B k _ I u. R~ I

the re lat i orash I ps ( I , u ) co m b I ned w i t h a h’ ropos it I oil I P r c ) v  a de ’ a unech an i sm

for recu ast v e lv gener .atiu1g a ll feasible s o l u t  t o n s  to  ([ a ) , w h a  It ’ also providin g

the a s s o ci a te d  set of ret  u rns  and consun ipt t o n  ve ’ct ors  . l b. ’ t o l l  owing  theorem

pr ov ides  a r ecurs i ve m e c h a n i s m  f o r - t th’nt a l v i  ng and e’I iminat i ng  vt ’ct ors  f rom X k
t h a t  are not e f t i c i t ’ r t t

Le’ t X ~ X he t ha ’ set of a 11 uneteam in ’s t ea l  , o r c l i  i c  a e’nt , so I Lit t o r u s  f o r

( P) , Det inc X
k 

= {x~ a. t h a t  .a r e utadom i n at ed  at ter,a t a ott  k = 1 ,2 ,...,u

Thei r X = X , and X = X ; t he’ i e r o— v e ’c t o a  i s  . i lwavs  a member o f  t he’ et t i c i e ’ntU 0 0 -

set.

Pro p os it i on 2:  ( E l i m i n a t i o n  b y Dominance )

Given x~ C and a; t o r  some k = 1 , 2 , . . .  ,ut , such t h a t  r(x~ ) r-(x~ ) and

g(x~ ) ‘- g(x~ ), then dom i na tes , or is e’eiuav~a1ent to , x~ . Consequently ,

t X~ ,Sk,,,l • ~~ X~~,1 , . ..,  and S • S1 1 1
1 “‘ I S~÷1 • I X k } 

~ 
= X

’
~ .

Proof: Let x~ , x~ r Xk. and suppose that r(x~) ‘ r ( x ~~) w i t h  g (x ~~) ~

g (x~ ) By def init ion , x~ dominates , or is at wors t  e q u i v a l e n t  t o , x~ and

therefore x~ t Xk. Conside r the sets Sk+I • ,and Sk + I  • ~~~~ the .iugmeta-

tations to X
k generated from x~ and x~ at iteration k+I. Let = s~,,1 +

a { I ,. - . , u~~ ~~ 
he any pa r t i c u l a r  cane l id ,at e  s o l u t i o n  I a-om Sk+l •

Then there exists another solution x~~~ ~~4i 
+ However , r ( s

~ + 1
’) =

2 2 £
rk+l ~ 

(1 and ‘f k+ ) (S k+l ) = ~ 0 for .‘ve ’rv p o s s ib l e  v a l u e  of 2 . Thus ,

p 2 p 2 q cir(xkfI ) r
k+l 

+ r (xk
) -

‘ ‘k+i + r(x
k
) =

p 2 ’ p 2 ’ qand g(x~~ 1
) = ‘

~k+I 
+ g(x~ ) C’ 

~k+l 
+ g (x~ ) =

-8- 
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It g ( X ~~~~1
) Ia , l u a u  I a . 1 

~~k s l  l~~- a a a I a ’ . i~ , a I a f t , a t  a : ,  t ’ l a a s a a-

ia , t t e t t  I t’ nii t c y  ,it ’ t ( a l i t  i o t a . II ) - I i , tl at ’aa g(\~> 1 1  
) It , ‘l u st s , f l a t ’  a l i t  a r t ’

s t t  5
k • • ~~~~ i s etet ~i a u . s  L e t  by , i t t t ’9 aj  a v , a  I a ’u i t  t u , I lae ’ ~o ’t  I s i c  ( t a t i t a i l s  5k 4 I

I h a . r a ’ t o r a ’ , 
~ k + I  ~‘ ‘

~~~ ~
‘k e I ’ >~ - a  ~~~~~ ~~ t i c > >> ’ ‘~~~‘ ~‘k t 2  • 5k + I  •

l x ~~~ ‘JX k$ 5 t 5 a I
~~~ t +~~~~~

I S k I 4 l l x~~
}
~ J X = \  - ‘ I

I i i  l i g h t  t a t  P a  t a p o s  a t  t o l l  2 , m a y  he a l a  p p - I  I r o sia e ‘ I t s  a~le r a t  i o t a  a t  i t e r a t  i on s

k . k+ 1 , . .., a .

We ’ inj V t e) flib i t i t ’ h e , it ’ov , ’  f at  fiosai t t ig & r a t  t ’r i~ a a s a t e > f lat ’ .a I gor  a t haiti t ) 5 1 1  Ii ait ’d

as i t a l l a i w s :

0 . Set k 0 , , i u a il  set N = B B ~u) I0 0 a )

- Set k k+ l . I t  k ‘ ii , s t op .

2. Set P = R~ I 
l~ , a i i a t  Labe l t ha t ’  a ’ l t ’um ’a a t s  e ) f  Bk i  

.15 ~ i
0 l~

1

with , I s S a > e  i t t t ’ al so l u t  to l l s  lx ’>
, x t x ’ l .mel r e ’ t u rns

= r t x °) , r (x ’) , . . , r ~x 1 ) 
~~ . Set = t> k~ I’ 

X k = X k ~
Bk 

= Bk ) .

1 Let 
~‘a = 0;

~. Let 2 = I;

2 p - 2S . Let ~ 5k 
+ x • with corre’spouaal i tag p~s v o f  I r — t

k 
+ r(x ) ,

2 parid c t> r i s umpt ions  ‘
~ k 

+ ~ -

b. ( Feas t In  l i t  v t e s t )  I f  ‘ ~ I> , go I a> step C)

7 .  ( D o m i n a n c e  t e s t s )

I i  ) I t x i s dora a i a .i t e ’el tax ’ .t so h i a t t  ou a t ’u F a v u a t I y i n  X k , go

to  s tep  9.

I a s  ) I t  x a lo m i h a t  es nay sol  Ut i on  c u r  i’e ’nt Iv  iii , th a i s

atoull i 11,1 t t’d S a d  I u t  i on  iu.i~’ lie 1.1 I, Iaoine ,l

8. Set B
k 

= B
k ~ h’~ 

~I~} X~ = Xk U (xi , ant i  B
k 

B
k {r~ .

9. Set i’ = t ’ + I . i t  I’ ‘ , go t o  step ‘ . Ot h e r w i s e

10. Set p = P + I, It P C’ I’, go t e a  s t e p  ‘~~~, Oth er ts  is.’, go t o  s tep  I .

At t e r m i n a t  iota , X X 
- 

, the set of ‘i ll ainal om i ri.it eel solut i otis f o r  (P)n
-.9-
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1~~~~

‘ I l a t ’  m i t  I a s it ’ p a t  \ a a l a  ‘d - a I t a t v a ’  ~, v i s  ( u . s  I I v a cle su ~ , a I a a a t t a t ’  
~~ 

t a  p a t t i  i t  - oil

I itie’a t s r i  §2 tii lB , .a I t  t a ’ a a g ia ( t a t ’  al ga i t  t ( t a u t l a c ’ n e ’  15 ,1 4 . a a l a l a ’ a l  I I a X  s i n  I s t y  a l a  ( t a i l

the ioops ott p anal ~ m a y  to’ I l i t  e’ r chaa ua g . ’ al i i  ale ’s i re al . I l a a we ’v , ’  r , iuaa r tIa ’v~ I opiaaeia I

i s Based on out I y t h e  most t uridameia t a I t o Io - ( ’p t  s ol  r e ’ c i a  r s a V ( ’ e s iu u ne r a  L i  ma I a i i i

dowt a by Be! lir :~ i 11 , 2 , 3 , 4 1 ,  D a n t z i g  I s ] ,  B a n i s h  1 1 2 1 ,  Ci I iuu or v ; arael Gornory 19 1 ,

K e t t e l l e  ( I i ]  and b ane 1 1 5 1 ,  u t i l i z e d  I r a  t h e ’  later work of  l ) r ev fus  and

Pra the r  [ 7 ] ,  Greenberg [ 1 0 ] ,  Lawle r  and B e l l  ( 1 4 1 ,  Nemhauser  and U l i m a n  ( 1 9 1 ,

W e i n g a r t n e r  120-App . A ] ,  Weingar tner  and Ness ( 2 1 ] ,  and  Y ormark  12 2 ] ,  and

subsequentl y formalized and extended ira l i i i ,  1 1 6 ] ,  117 ], [18], and [23].

When m = I we have essentiall y the Gilmore-Gounory procedure of (9]. We call

this type of derivation an imbedded s o l u t i o n  space approach. It again makes

clear that the d i m e n s i o n a l i t y  of the s t a t e  space need not itifluence the

algorithmic development. Moreover , t h i s  approach  a l l o w s  fo r  s imp le proofs  of

Propos i t ions  I and 2 , and a l so  a d m i t s  very s imp le p roo f s  of the r e su l t s

required for  the ~mp 1emen ta t ion  s t r a t e g y  descr ibed  in §4.

4. t n

Although the algorithm of §3 is of the  same form as Ih a t  i r a [ 1 8] ,  our

approach to i d e n t i f y i n g  so lu t i ons  t ha t  dom i nate the cand ida te  is  si g n i f i c a n t l y

d i f f e r e n t . The search in step 7 in our  imp l ementation is based on the fol low-

i t-ig concept.  Let x be any cand ida t e  s o l u t i o n  th ’r iv e d f rom p r o g e n i t o r  C Bk_ I

at step 5 of the al g o r i t h m , wi th  ~ = + ~~~~~ . Def ine

Ii max 
~~~ (4.1)

Let ~~ be the resources associa ted w i t h  some a l t e r n a t i v e  f e a s i b l e  so lu t ion

x ’ � x, w i t h  assoc ia ted  maximum element h ’.

Proposi tion 3: If ~~~

‘ < ~~~, then h < h.

Proof :  By hypothesis , ~~~~

‘ c for  a l l  i = 1 , 2 , . . .  , n a . Then h > > f3~ for  each

i=1 ,2,.. . ,m , and therefore , in  par t icula r , for that (not necessaril y uni que)

i = i ’ for wh i ch ~~~ = ii ’ obtains. ]]

-10- 
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‘I’hasas , . I I i V s a i l  t a t  m o a t  x a s h >  a c t s  a u t  a b a sh u i , a t  e’ (lie t , u u i a l a a l , i (  a ’ x a su a as t  h a i v a -  Ii Ia - :‘t a aal

i I x .h au ti i 51~1 t c ’s Sc a siie so h a t  a a n  x 
- 

$ x • 
( I te ms I s Ii -

ku ‘xp b i t  Pm a a l a t a s  m l  i a a a a  by t ’ u a v a s  i o t a  m u g  ( l i e ’ a ’ l enient t a t  li~ ( w u  (Ii ( I t e m s

at  i a e s h io ut a t  a mi g a et  l i m i t s  I t o  h am ’ i s a  a i t u i a t a ’ c a ~~~ a ta g a t  s a l t ’  m o I I b ,i s s a t  a s  t a ’ d  h a - I ha m ’

I . u h a a ’  I nag i n  st  e~~a ~
‘ t l as t s  i a a a i a l  u e s  h i 1’ lu~

’’ I 
~~ 

, , . - ,t’ . We ’ a l tec Ic I c a l

a l a t i a i a i u . s i i e  p s t  ~ t ep ‘ ( a  ) i i > ; a au g t ha t ’  to I I a a%, ’ a a u g  s t  a . a t  eg~’ . :\sav s a a  list a c i i i

alc a sia s na t i rig s l a s s  Ii~ ‘- I t .  S a u i c a ’ 0 , cia ’  k i i ow t h a , a t  ha ~ h it l i n t  15 q 
‘- ha 1

t a ’ a  a I I 
~I ~ 

I I  .tI s a t  - ka ’ a\’ a a u d  e x . a s u a i a a  a i ig x~ a ’i  a I I a~ ~ , . i i i a I  aaa .i t i l t  •i i t t  ~i t u g lu t

loai aa i l om i t h u c a s t ’ ~~ I h.ut an a g l u t  al oai u i m a , a  f t .  t t a t ’  a , i a a d  m aI , i  t a - , by keep i mug I i .ic k of I t u . a t

a u ua t ex  i
~ 

I a >  i wt u t c’hi

ci a~ a~ P P: aaa a m t ]ht : a ’ I x  ) - a -‘ .: 

~ (x 
) }

a t  0

c i b t , i  m l a s  T Ia m ’ ua rt1 c r’’ r I t a m  . 51  I a~ ‘- a 1 ,  .aa u a l  .aui \ ’  W i t  h a q - a 1 c ’ ,a m t a t e a t

S s t t  -t ioni Ii.i t a ’ x - Stippo sa ’ Ii ~ ha ‘- h - By P m t a h i a a s  a I i e a u u  I oat Iv a’ I ea iu , ’iu t s q , .
~ 
‘ ‘

a > F  re’sponal to so l i i  I i t i t u s  whi r c- h ma ta y clout tma , s  t e’ t he c-aiad u eta t p - ‘l I at ’ I a’s ( c i t  sI t~~i

1 ( u )  i s  . s p p t i e a l  o u i I ~ ’ t a t  s u c h  q ;  s~ ~
, a t a . , we c hee k t o  s a c  i f  

~~I
’ 

~ 
t o t  , m h i

u I , 2 , . . , , su .  Tb a s t o w — w i  Sm’ Se’ .i i c - h a s 
~
i r, ’ I ’aai l a  I t ’ a I .a s  S t io t i  . a . :  sa isun ’ [I I - tI a ‘ x

i s  aaut al o a u i a ttate’el by .a l I  q at s , (li en (I is ~a m ist ’  r t  (‘(I’’ t i t t  0 Bk.

Oti ce ’ [1 u s  u uas a ’rted ( c i t i a t  x s , u v e ’ a I )  , we a u a s a s t  t ’x e c a a t e  st  et a ,‘ ( a a I , tuuel  a ’xa sia a l ie ’

those ’ Se) I L it L e a n s  ~OS5 i t a l y  et omi ur , s t t ’d by I hr siew I v— .ae lala ’ei x - We ’ ,uV aa i se ’ .a rc’hs , ii~

a I I  the  e’ 1 ement s of B
k 

hr,uv i ng h ’t “ ta clu e’ t a t  ( lie’ t a i l I OW l ai g r e ’s ta  I t  . I, A s j ama l 1.m u ’

oh se ’rvat u o m u  appe a r s  ama I 18]).

Propos a t  lou t  4:  A ua y ~a a I t i t  ion ~~ w h i c h  x domii u u a ,stc ’s has an , l s s o c  t , t t e d  p.t v a i t 
a t

s sac ’hu t h at  r~ ‘ ‘- a.

Pre’ao I : Suppose x dora uuia tes x’1 w a t Ii ci i’ u ,’sp omuct iuag ~ ‘- s~ . u t i c t ’  t s i i i

~ ~~l Thet a • a I t  hougla a. = r1’ t r~ rCt we, s t a  I t  hi , a vi ’  (( P 
~ ~~ 

b~

- ~~~~~~~ ~~~~~~~~~~~~



We’ st ore t i m e ’ t ha t  ‘ a l a e ’ c - a ’ s s a u y t o  ex e c i a t e  ( h i m ’ a I got a t l a a i a  i i i  a t w o—ml imuum ’ uas a o ua ,m I

.a r r ay  B ( l ,J ) .  W i t h i n  a t l a a i a u t a  1 , .it comp l e t i o n  oh a t m ’ r a t a o t u  k~~I , 2 , .  . .

B( 0 ,J )  c o n t a i a a s  t h e  s e t u r m u  r I > . i ss o c ia t e d  w i  Its some s o l u t  io ta  x~ C Xk,

B ( l  , .J ) ,  f o r  1 1 , 2 , . . .  ,un , e o u a t a a r a s  t h e  vect o r (~ 
, j s s a a a j . i t t ’ m l  with 

4,

B(m-$- I ,J ) cot i t .a  I ras the  h~ asso c a a ted with

and B(m+2 ,J) c o n t a i n s  the co lum a a  numb er co r re spond ing  to i~P 4 ’ .

In addition ,

B(m+3 ,J) c o n t a i n s  the co lum n number of t ha t  co lumn in  B( l ,J) wi th

the next  l a rges t  r e t u r n .

The l i n k — l i s t  B(m+2 ,J) m a i n t a i n s  the c o l u m n s  of the ’ B — a r r a y  i ta  nondecreas ing

order  of h w i t h o u t  r e q u i r i n g  tt iem to a c t u a l l y he in any p a r t i c u l a r  phy s i c a l

orde r in the computer memory , thereby c i r c u s i a v e t a t i n g  the  d a t a — h a n d l i n g  prob l ems

of i n s e r t i n g  new vec to r s  i n t o  B. Whenever h~ = h~~
’1

, we’ order  such t ha t
p p+1r < r . That is ,

B [m+ I ,p ]  = B[m+ l , B (m+ 2 , p ) (  ( 4 . 2 )

impl ies  B [0 ,p J  < B f O , B(m+2 , p ) J .

The l i n k — l i s t  B(m+3 ,J) threads the columns of the B - a r r a y  in nondecreasing

order of r .  I f  two undominated s o l ut i o n s  have equa l r e t u r n ,

B(0,pl = BI0 ,B (m+l ,p)I

impl ies B (m+ l ,pj < B (mf I ,B(m+3 ,p )J .

Setting B(m+2,J) or B(m+3,J) to I denotes that there’ are no successors in the

associated sequence .

Storing X
k requ i res - icnke d- list version of the standard index—l ist

Con~flOn to dynamic programming implementations (c.f. ( 7 ) ,  ( 9 ) ,  (10], or (221).

We use the scheme descr i bed in de ta i  i n  1 1 8 1 ,  and no t repeat ed her e .

We need not choose successive proge’uuutor s in t he’ sequence implied by step

10 of §3. Havitig examined all descendants of some progenitor x~~,1 C X
k,.,I, 

it ~S

more efficient to use’ the l a nk-l i s t  B(m+ t ,J) to final that X k_ 1 C X~_ 1 with the

next largest pay off. The’ra ~~ becomes monotone nondec’reasing over the

— ‘~~~~~~~
,__,_,_,i~~ .—~~
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s i le -c e’ss lye ’  prog e ’aa I t  a i u  >-. . u a a a i  mm t u l .a t  a t ag aj a s  ( i i  V a  .iI . I aa a t l a l  a t  i a s i a , g i v a ’l a .umi v

r I i c -i a I a s  v u  l i s a ’ m i t  t~ ‘ ( a  
~~~~‘ at a . uv aIe ~t er sis i as . ’  .i sI a I I I a gha t a ’ a l u a t a s a u t i  h o i  I t ie

elom s n.ui i t  e s c a r s  a u  sI P I t  1 ( a I l ay I a u a m t a  sag t l a m ’  a uumlm ’ x  a j - -  san ha I h a , i t

h1~1 = s u s a n  {h ~~ : a a t  I t + ~~~~

i t Ia~
1 ii , thaeui x a s  uu icle a mi a i u a a t  C’ si ~ui a d we iu a ’ t ’ cI  omi I y upa la t  a ’ t l t a  h i  u k —  I a s t

8(m-t2 ,.J ) . i n  ge nera I hi~1 ha an ti t Ime’ dat . ,  n m a ’ a ’ mlm ’ a l  t a ) m ip a l . u t  a’ l((rn+2 ,.l I is

oht a i ned alt a r I rag that ’ S e M I  I ti Stm ’p 7 ( a  I - Ne a t  a ’ t h a t  a I that’ i- m’t sir iu s sat us f y

coit ci i t  io t a  (2 . 7)  , h~
t a 5 monaotoau’ ntonde ’t 51555 i nag i n  1> antI  u p mla t  a rag i s  s t i l l  snore’

elf ic ieti t

f o i l  owi rag Propos a I i  ott 4, a na s ( et a ~ ( u a ) w e’ exam a nte’ ma ) y so) m a t I otis wi  t ha

payot Is between r~ • ir ael r by t o l l  owing  th e ’ Ii u k — list B (rn-f I ,J ) . S t a r t  i aug I roan

that ’ p r o g e n i t o r , we scan (lie e 1 enr ent s ot  t he ’ 8— ,. rrv a am noaa ah ’t’ reasi uig o rder  o t

payo ft , examinin g fo r  doan i mince thos e ’ ~ a t ha ha t l ha au a d re’ t (a u - i a  r . We st op

isamied l a t e l y up on encount e ri rag a n el emerit q ‘ whose r etur n  ‘ r. We L lu’na

up date B(m +3 ,J) without add it lotia l sea i-ci a .

This  l a s t  procedure &-ati lie improved liv t -e’t’o gti a z l u g  I hat a~ I elnent s q ‘-

W i tti ~~ ~ h , eX ami ned pre ’V u oils I y i n  st t’p 7 ( i ) , i t c ’ m ’ m l sueV m ’ i lit ’ i e ’—m ’x a mi  na e ’d Iii

step 7( i i ) .  D u r i n g  the ’ scaui of s t ep  7 ( 1 ) , w e’ c a ta  t ’ .us a I v  keep t rack of th,st

column J = j  -‘ cor respond i m a g to nhs X { ~ u : h’t ‘
~ ha ; q q } . We’ I haen

i n i t i a l i z e  the  st-an in  s tep  7 ( 1 1 )  at  t’o t t ims i  B ( rn + 3 , i ) .

When U .  = 1 fo r  a l l  .1 n , t he  e’nt ire a igo r I t hin is  ot te’ui more ct fi c ic ’nt

i f  the ’ v a r i a b l e s  ,are reraumbereel such that

r
1

( I ) / h ~ > r
1~~1 ( l )/h ’~~~~, j 1 , 2 , . .  . ,m a-I , (4.1)

where ’ h’1 max g .. (I) . T h i s  I s exact  I y ana I ogo su s to ( l am ’  ‘‘ha ~i u ig— I o r — I  he—hu e -k”

o r d e r i n g  conunora (ci k ra ap sac k  a 1 gca r i t  iams . Wiae’ia saa 1 , oh cour se’ , tac i t Ii o rder  i tags

must  be i mJent ica l

When u ‘ I , .i r a atu ra  I e x t e n s i o n  of tha i s i de’a i s  t o  r a ’ — o r d e r  t,h~e

i—va I mie~ , wi (ii in a spec i f  led j  ~- n , such t h a t
— l i —  

——.—.—‘-. —~~- .“- .— —-——— —— - —--—‘-——- — -. - ~~~~~~~~~~~~~~~~~~ - ‘- .. -
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)/hs~ ( .  ) - i ( fi t 1)/ h a 1 (Vt I) , ( 4 . /i )

I 1

11= 1 ~~~ . , - ,Ia — )

whe re Is 1 ( ç ) max {g ( V t  . I ’h aa ’m i , ma ’ ,s aa ,au h n ’r t he v a n  ; ah l  s - s  . a .  m t a t - i l a amg t a t  (4. 1)

. ‘l’ht’ use of h as .un a a r d e n i n g  t - r i t e ’r i o n  i s  .i u u . u t t e m p t  to  I i m u m i  a s i u u t a t ) 1 (’

surrogate for the vectors ~ tha t  is hotha  e f f e c t i v e ’  i i i  i d e n t i f y i n g  po t e n t i a l l y

dominating columns , hut avoids examining ind ividua l components wherever

possib le. The ordering scheme embodied ita Propositio n 3, however , is surpris-

ingly robust in the sense that there are’ alternaat ive surrogates for ~ (see

(23 1  f o r  examp le)  w h i c h  w i l l  a l s o  s a t i s f y  t he  p r o p o s i t i o t i . W h i l e  ( 4 . 1 )  i s

a l w a y s  v a l i d , art a l t e r n a t i v e  is to d e f i n e ’

h m m {t ~ 1~ 
(4.5)

It  is easy to see tha t  the  r e l a t i o n s h i p  in  P r o p o s i t i o n  3 is maintained under

( 4 . 5 ) .  Moreover , the e n t i r e  imp l e m e n t a t i o n , anti  the o rde r it i g of v a r i a b l e s  via

(4 .3 )  and ( 4 . 4 ) ,  remains exac t l y as descr ibed  above , except tha t  h is  now

computed using (4.5).

The rule (4 .1)  looks to insert  the new candidate “far” from its pro-

genitor p because the ordering is on the  largest elemen t in ~~~. Thu s, the scan

in step 7(i) may become unnecessarily long. By ordering on the’ smallest

element in ~ we keep these scans “short ” , s i n c e  r e l a t i v e l y fewe r p o t e n t i a l l y

dominating columns qualif y under Proposit iota 3. unfortunatel y ,  (4.5) need not

be a uniformly better choice. In problems w i t h  a low d e n s i t y  of nonzero

entries in the consumption function tables , the h values mitider (4.5) are

frequentl y zero . This can result in extended sequences of columns with equal

h va lues of zero. Theta , the dominance scan s i n  step 7( i ) can have more

frequent , expensive row-wise comparisons . Rule (4.1) avoids this problem and

is preferred in such cases. For problems with a low density of nonzero

elemen ts in the consumption function t ab l e s , however , ( 4 . 5 )  is usually supe-
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r io r t o  (4  . I ) . Ca p a t  . a I bud get i mug p rola leans .s re .t pu  i nn’ e ’x amuap It ’ ol su it -tm a

class. Many of the te’st probl ems I i sled am a 18 a re’ 
~h’ at ,, I bu d get I ng models.

The’ reacle r lana i is .ia ’ v u t h u t he Mon i t t —Ms rs I en 
~ 
rocm ’sluu ra’ vu II re ’cmag ma I ze that

the ’ imp l e’mentat ioma hers ’ c .tti lit ’ rxpm te’mI t o  ham ’ m oose m ’ h I a t a a ’ i u t  t fa .i a i t h u. m t in

when m arid n are of rea l a s t  i c  Si ze’ - ‘flit ’ t’l o r m n — M a r s t a ’ n  pro ( m ’m l u r e  m a i n t a i n s  an a

• array of an l i n k — l a s t s  ( c a l l e d  PERMUTE ; sm ’ s’ 1 1 8 — p •  1 15 2 1) , ta ste ’ f o r  cacti con—

St ra i tat  - fluese th read  the Cc) r respond u tag , p () , I , . - . , P , an uioaiclec reas I ng

order .  A l l  na l i n k — l i s t s  m ust he scannie al over .u l  1 ‘ 

~~ ? 

< 
, every time

a candidate is added to t hae B— las t  i t t  c i r c l e t  ( a i  up dat e each row of PERMUTE for

the next scan. Moreover , .us m iuacr t ’a se s , t h i s  comput .utaomaa l burden incre a ses

at least  l i n e a r l y .  Our imp lementa t  ion u a u , s in t , i t n s  but a s i n g l e  link—list b r

the e q u i v a l e n t  scan , regardless  of t tu t ’  v .a l uie of an.  And s i p m l a t i t a g  of t h i s  l i s t

is imp l i c i t  to the a l g o r i t h m .

F i n a l l y ,  we note tha t  eacla colum n of t h e ’ B- .ur r ay  r eqm i i res m+4 words of

centra l memory , exc 1 ud i tag add it I ona I I oc,it I otis maeetle d 10 s to re  I he ’ .ussoc i at ed

so lu t ions  . As domi na ted Co i umn s .u re dropped , .. II these I oca I i  tints can be

re—used . Such “empty ” column s are recyc It’d Iii .‘ f’I FO manner , before the

active length of B is extended , as in that ’ imp lementat iota of 1 18 1 .  However ,

the algor ithm in (181 requires 2m+2 words ot memo ry per column exc l uding

locat ions needed only to save the undominaateel soltitio ni s . Consequently ,

(m—2/m+4)=75% more storage is requ i red th .ana with our a p p a o a c t a  when na is  as

small as 20. This can he important when the number of constraints , or the

numbe r of und om inated st rateg ies , is large .

5. An Exam~p1e

To illustrate the imp lementation strategy ot ~4, we’ have develop ed a

small , but hig la ly nonlinear samnie problem in  n 3  variables with m 2

constraints. The raw data for the retur n artd consumption fuam i ct i o n is are giver -s
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in Figure 1 (a). Not e that ,a r (l ,2 ,0) and u (5 ,5 ,3), wi t h b ( 2 ,~~~) ’  . A f t e r

applying (2.!), we obtain the’ revised fianction a s (2.2) annl (2.5) list ed in

Fi gure 1(b). Note that now u = (0,0,0) ,  u~ = (4 , 3 , 3 ) ,  arad V (5, 5~ )’. By

(i)  of §2 , we may ignore x = 2, and via (i i) of § 2 we may i gnore x = 2.

Thus , in Figu re 1 (c) we have listed the equivalent functions with these

columns deleted and the admissible x. adjusted a c c o r d i n g l y .  In  F igure  1(d)  the

data hav e been re-ordered accordi ng to (4.3) and (4.4).

A t the end of iteration k 1 , the B-array appears in m a i n  memory exactly

as shown below . Colum n numbers and labels are for convenience only.

1 2 3 4

0 0 4 2 2 .5

1 0 3 2 1

Row 2 0 2 2 3

3 0 3 2 3

5 3 1 4 2

3 1 2
~ l ~~ ~ l ~~

• The array below is the B-array above listed according to the link list

B (m+2,J) = B(4 ,J). Note the h values in B(m+1 ,J) a re now in nondecreasia g

order.

1 3 4 2

0 0 2 2.5 4

1 0 2 1 3

2 0 2 3 2
Row

3 0 2 3 3

4 3 4 2 1

5 3 4 2 1
~0 ~ 1 ~2 ~31 1 1 ~ l

—16--
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1 2 I -s ‘ i .‘ ~ - - 4 ‘ a (I  I .‘ a I ,

n (x.) I i — I I I 4 .‘ — I .‘ I’~

~ ~ 
(x

1 
) — I 2 3 0 I 0 2 2 — . — 1 1) 2

g,
3
( x)  2 4 -~ ~ 4 — I  . 1 I - l  .~~~~ t t~ ~ 

r~t~
- 

t a )  O r a  g i  m ia I Dat a

o 1 2 3 4 0 1 .‘ -~ 0 1 2 3 b ’

r (x ) 0 4 — 2  .~~~~ 2 0 3 I 2~ 0 ~‘2 3

g 1
(x )  0 3 4 I 2 0 2 2~ 3 1) 1 2 2~ S

g, .(x.I 0 2 2 3 2 1) 4 2 0 ~ 2~ l~ 5~
(b )  Diu t . a  t l n i t lm ’ n -  (2 .  11

x l
’

0 1 2 3 1) 1 2 0 I 2 3 V

r (x.) 0 4 2~ 2 a) 2~ 3 0 3~ 2~ I

0 3 1 2 1) 1 2 0 1 2~ 2 5
g2 .(x ) 0 2 3 2 () 2 3 (1 3~ I~ 2¼~

ratio (4.4) 1 .3  . 8 3  1.0  . 8 3  1.0  1.0  1.0 1 .2

( c )  i)a t ,u Rt’eluc e ’ et V i .u flona i iaanc - t’

x l 
x 2 

5 3

0 1 2 3 1) 1 2 3 0 1 2 V

r(x ) () 4 2 2~ 1) 3 .!~ 3’~ 0 1

g 1 . ( x ) 1) 3 2 1 1) 2 21~ I 0 2 3 5

g , (x )  0 1 2 3 0 2~ 1’~ I’~ 0 .3 2 5~

rat i o (4 .~~) 1 .3 1.0 81 1.2 1.0 1.0 1 .0 .83

(ml ) Da ta Oi’mfr a’ed By ( 4 . 3 )  an au l  ( 4 . 4 )

Fig u r e 1. Dat a for the Example Probl em
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‘fo i l l u s t r j t m ’  ,a as s . , ~~ e v e I m - , c o m a s u m li ’s a u i t m ’ n . i (  m o m a  k: .1 i t  l i s t -  i~~~~m a (  w i i t ’ m - e  
, 

-

we’ ;a r m ’ about t o  e n i t  er  s t e p  b ol t h a t ’  ., I gm in a I u sia w a ( i s  I I i i ’  ~am sa g e a a  a t s a r  ht’ I mug I3~ st ud

II = 2 . ‘I’h e pr~ g~’a~ m t e u a s s I m a r e m i  iii m - o l  a n a m a m 4 .  F I at ’  m o l  a m ’ ~~I s s s u a ml i sag II— ;, a - m - .a y a s

I a sIt’s1 lit ’ I ow isa ii mansl m’r , a I osag w a t i m  I la m ’ a m nia s l a t s ’  (3 : 
~ w i t  Ia P~ Y~ I I  s -

S.

1 3 6 5 4 2 7 9 8 10

0 0 2 2 .5  3 2 , 5  4 3 .5  4 .5 5 5.5

1 0 2 2 . 5  2 1 3 1 4 .5 4 3

2 0 2 1.5 2 .5  3 2 3. 5 3 .5 4.5 5 .5
Row

4 3 6 5 4 2 7 9 8 10 1

S 3 6 4 7 5 9 2 8 10 1
0 1 ‘

~ 3S
i F~ 

~i

0 1 2 , 3 4 5

~2 
82 8

2 H 
82 ‘ 2 —

5 = 1

3.5

4.5

4 . 5  = h

We refer to this arra y in the f o l l o w i r a g  d i s c u s s i o n .

From the prior cycle with ~~~~~ , the va l ue h~ = 2.5 corresponded to column

6. Since the payoff in column 6 is now not greater than the return f ound in

the f3~ column , we search “to the right ” f rom co lu im n 6, f inding tha t the

updated ~~ -I s in column 5. We also note that the candidate is feasible. We

thus search “to the right ” from column 5 stopping at co l um n 8, the column

corresponding to hm1
~
’ 

= 4.5; column 8 contains the “leftmost ” potentiall y

dominating solution . All other columns “be tween ” S and 8, with h va l ues tao

larger than h 4.5 , ar e eliminated by value . Examining column 8 more

closely , we test the el ements row -wise against ~~~. Since B(l ,8) 4 > =

L - _ _ _  _ _ _ _ _ _ _ _
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we’ m~’y a mfl~k’cI .m I clv s a , a m  I an t i ’ (Ii. ,  I cm ’ I snaltat 8 c.ti iitol m ft ia n a isa I s  - ( l a m ’  a mmml u c l . a  t e  , .a a t m l

preempt the  check of u ’~ 2 - Furthermm )u’ , s I awe ’ B (mai+ I , 10 ) - ¶~‘~ ~
‘ It 4~ , s tep

7 ( i  ) as comp ed , (he e ,t n d  a d,a t e  a s  undom i nated , and is to lie ‘‘ a nasc ’rtt’d

bet ween ’’ col umnas (3 a aid 8 ama ni-dc ’ r to t aou ao r (4 . 2)

l)u r ing  step 7 ( i )  wm ’ keep t r a c k  of co lumn J=j~ cont aini mag the  g rea tes t

l owe a’ bound on r such t h a t  B (m+ I ,j ~~) h i .  Thi s i s  co lu mna I~: 7.  Thus ,

s t a r t i n g  ,st column B (m+ 3 ,~~’) 13(5 ,7) 2 , we q u i c k l y  t r a c e  through the

p a y o f f s  v r a  B (m+3 ,J ) atad de term i ne t h , a t  co lumn 9 holds (l ie s m a l l e s t  payof f

among . t h I  co Iu ~ ns wi  t t a  H ( m 4 1 ,J I ~
‘ ta ,  St .a r t  I tig here we check i i  the  cand ida te

dominates  colum n 9. I t  c ant an t , sinace ~3 , 8(2 ,9 ) .  Now , B(m -F 3 , 9) leads us to

column 8. Since B (m+ 1 , 8I  ‘- h .and 8(0 , 8) r , we fau st  cta eck ag a i na  f o r  domi-

na nt-c. We mi t  scn ‘ t’ r t h a t  c~i I umn 8 i x  dominated by the  candidate , anti thus can

he t a t  homet i i~~~esl a at c i v .  F u r t h e r m o r e , B (n u+ 3 , 8) 1 ea ts to  colunan 10 where

B(0 , 10) r .  flu’retore , we i-an s top the search here , and s tep 7 ( i i )  is

completed .  The up dated . Ir ray appears be l ow , l i s t e d  i n  Ii order. The candidate

has replaced the o l d  f.athome i columai 8.

1 3 6 S -~ 2 1 9 8 10

0 0 2 2 . 5 3 2. 5 4 1 .5 4~~5 5 5.5

1 0 2 2 . 5  2 I 1 1 4 .5 1. 5 3

2 0 2 1 .5 2 . 5  3 2 1. 5 3 . 5 4. 5 5 .5
Row

3 0 2 2 .5  2 . 5  3 3 3 ,5  4~~5 4 . 5 5 . 5

4 3 6 5 4 2 7 9 8 t O 1

5 3 6 4 7 5 9 2 8 10 1
•

_ _ _ _
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( t im ’ I a ui,t I (3 - U- u - -- i  a ~- ~ a \ ~~~~ t a .  I ~~ • I s a ~- I a s a I I I a ) a s ’ . a a - - am u u . a  a s s  aaa s ’aa ,i a ‘, , .a a a t l

I heat as a I wou i t t  . spp m ’ m I m i  Ia t n t l t

2 0 2 2 3 1,5 1. 5 3 .5 4 . 5 3 . 5 5• 5 4 , 5 5 • S 4 . 5
Row

3 0 3 2 3 2.5 2.5 3 .5 4.5 4~~ S 5. 5 5 5 . 5 4 .~

~ 3 1 6 2 4 S ~ I 1 8 1 -
, 10 1 11

_L ~~~~~ ~~~~ LL±~ ~~~ ±~ JL L L  ±2..

1 o ’ h s ’ 1 3 1 ~~~~~s 3 s 4 s s 3 ,
2 0 2 1 .5  2. 5 3 2 3 , 5 3 . S 4 . S 4 . S - ’~. 5 S . S S . 5

3 0 2 2.S~ 2.5 1 3 ~. S 4 . 5 4 . 5 4 . 5 S 5 .5 5 . 5

4 3 6 5 4 2 7 Q 8 1 3  I I  10 12 1

S 3 6 4 7 S 9 2 8 1 3  10 1 I 1 1

0 j
3 3

•

We note that of the (4)(4)(3) = 48 p o s s i b l e  s o l ut  ao n is , on l y  13 .are

f e a s i b l e  and smdnmin . at e i .  
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.-An efficient recursi ve enumeration procedure is described for finding

the complete family of efficient , or undomi nated , solutions for general
separable multidimensiona l “knapsack” problems . A generalization of the
Gilmo re-Gomory procedure provides an alternative view of the Morin-Marsten
method that admi ts an algori thm requiring significantly less computer storage
and computational overhead. We illustrate the procedure with a highly
nonl i nea r example.ç~~
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