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ABSTRACT
An efficient recursive enumeration procedure is described for finding the
complete family of efficient, or undominated, solutions tor general separable
multidimensional "knapsack' problems. A generalization of the Gilmore-Gomory
procedure provides an alternative view of the Morin-Marsten method that admits
an algorithm requiring significantly less computer storage and computational

overhead. We illustrate the procedure with a highly nonlinear example.
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1. Iutrvoduction

In this paper we develop an algorithm ftor generating the complete set ol
efficient, or undominated, solutions for the general separable nonlincar

integer programming problem:
(P) max {r(x): g(x) < b, u < x < u, x integer},

where x, the vector of lower bounds u, and the vector of upper bounds u are

all n x 1, and b is m x 1. The return function r(x) = 2 ri(x.), o=l or
jed ¢

., n}, and the resource consumption vector g(x) = Igl(x), gz(x),..., gm(x)l',

where each gi(x) = 2 gii(x.), iel = {1,2,...,m}. We require only that the
j&d :

consumption functions satisfy the condition:
gij(xj) > gij(“j) for all i and j. (1.1)
No assumptions on the nature of the return functions rj(xj) are required. We
refer to condition (1.1) as the knapsack condition.
Any feasible solution x is said to be inefficient or dominated if there
exists an alternative feasible solution x such that:
r(x) > r(x) (1.2)
and g(;) < g(x), (1.3)
with at least one strict inequality holding in (1.2) and (1.3). Then X is
said to dominate x. Otherwise, x and x are said to be mutually undominated.
If (1.2) and (1.3) are satisfied with strict equality, then x and x are said
to be equivalent.
Alternative approaches for solving numerous variants and specialized
sub-classes of (P) are widely represented in the literature. We use as a
point of departure here, however, the excellent paper by Morin and Marsten
[18]. The Morin-Marsten paper was the first to provide a unified framework
demonstrating that the '"curse of dimensionality" commonly attributed to

dynamic programming methods can be successfully mitigated in certain broad
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classes of multidimensional combinatorial optimization problems. Although
more efficient methods for solving (P) exist [16], the procedure in [ 18] s
the only parametric methodology available for generating the entire set of
efficient solutions. An excellent review of the utility of the numerous
special forms of (P) in a wide range of thoretical and applied problems in
linear and integer programming can also be found in [18]; the reader is
referred there for details. We do note, however, that some interesting non-
separable variants of (P) have also appeared with particular applications in
finance [8].

In §2 we describe a set of simplifying transformations which will reduce
(P) to an equivalent problem in which the gij(°) and rj(-) functions are
everywhere nonnegative. This extends the Morin-Marsten procedure to a broader
class of problems. In §3 we utilize a recursive enumeration approach to
provide a significantly simpler derivation of the basic procedure of [18], and
provide proofs of the fathom by infeasibility and fathom by dominance rules
that do not appear in the original paper. In §4 we describe a computer
implementation requiring significantly less storage, and the maintenance and
manipulation of far less bookkeeping machinery, than that presented in [18].
This can be particularly important when m and n are of realistic size, since
the efficient set is then normally quite large. An illustration of the
implementation is presented in §5.

2. Simplifications

The algorithm we shall develop requires only condition (1.1). However,
we shall find it useful to make certain transformations which do not in any
way limit the generality of this procedure, but admit a significantly simpler
derivation of the important results. Consider the standard technique for

transforming lower bound restrictions into nonnegativity constraints. The

usual transformation:
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is used.  Replace x' by 1ts equivalent xl' t lli 0 wherever .\" appears.  Nole
that x{ may then be interpreted as the increment 1n excess of o associated
with the value x..
If we re-write g. (x.) as g. . (x.) = |g. .(x.) = g..(u.)] *+ g. .(u.)
e s e i iy Biheg
the term in brackets may be viewed as the increment in resources consumed, in

J

denote this term as the incremental consumption funtion:

excess of gi.(uj), due to an allocation x{ in excess of ui. Thus, we may

i) AlX s g e ) 2 O 2.2)
T R T :
Similarly, under (2.1) we also obtain:

G =t TG T = [ 6 T S S T 1
rJ(.l) J(.l J) ! J(.l) l.l“.l ' J“.l)
Denote the bracketed term as:
r.(x; ) = e, jed, 2.3
Pl R . 31
the incremental return over rj(gj) for an incremental allocation x. over u..

Substituting (2.1) thru (2.3) into (P) yields the problem (P7):

i r(u)ram ¥ or.ix)

jeJ J jed
(P s.t.) R S G T 00 TR SRS R iel,
jed rd J 1 jed 1
0 <x. <u
J |
X. integer, jed,
j eg J

where u. = u. - u..
J J =)

Solving the equivalent problem (P’) solves (P), but now g{i(x{) > g{i(O) =0

for all i and j, and rj(O) = 0 for all j.
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In addition, ve may reduce the set of admissihle x : O via the tollowing
three observations:
(1) It, tor any j} - n, there exists some xi:V © 0 such that rj(V) <0,
xl need never equal ¢ an an undominated solution,

This tollows from the observation that any solution containing xi:Q > 0 would

always be dominated by, or equivalent to, the same solution with xi=Q replaced

by x‘i = 0. Recognize that i1f we eliminate xJ:Q from consideraticn, the

resulting reduced return tunction has rj(xj) > 0 for all XJ > 0.

(11) If there exists any ) < n with xJ values € and ¢ < uj such that:

r(2°) > r(f)
and gij(Q') < gij(Q) foptall &,
then xi need never equal £ in an undominated solution.

This tollows from the fact that any solution containing xi = € 1s dominated

by, or equivalent to, the same solution with x' =  replaced by x. = 2°. A

reduction mechanism equivalent to (11) is also provided in [18].

(1i1) I1f, for any j < n, there exists some xj = £ > 0 such that gij(ﬂ) > hi
for at least one iel, then no teasible solution containing xi = f
exists.

In light of the foregoing, without loss of generality, we shall hence-

forth assume that:

Eo(X.) > £.00) =0 fot %, =0:1,... 00,
J J J |

and ri(xi) > ri(O) whenever X » By ] e .
In addition,
gij(xj) > glj(O) = 0 tor xj = O.I...,uj, and all 1 and j,

and there exists no xi. jed, with a value ¢ ¢ {I.2...,ui} satistying

conditions of (11) or (i1i1) above.

v ————




S ——

Lastly, we observe that the value of x' = £ may be viewed merely as an
index denoting the appropriate resource vector
F00) = 40 = a0, 6 000 gy O (2.0)
consumed to receive a particular level of return rj(Q) trom variable j.
Consequently, we may always redetine the associated index values for xj > 0 so
as to reorder the yj(i) vectors, or the returns rj(ﬂ), into any convenient
sequence. Recognize that (2.4) and (2.5) are unaffected. Thus, wherever
convenient we may also assume, again without loss of generality, that:
G = rj(O) < rJ(l) (R rj(uj) for any j = 1,2,...,0. (2.7)
The conditions of convenience in (2.4), (2.5), and (2.7) need not be
explicit requirements in (P). We have shown that only the far weaker knapsack
condition (1.1) is sufticient. Thus, the Morin-Marsten algorithm in [18],
which assumes (2.4), (2.5), and (2.7) hold apriori, in fact solves a broader
class of problems than originally specitied.
3. Recursions
The derivation in this section is related to that utilized in (6], [11]
and (17], and details an approach outlined in [16].

Define a set of n-vectors of the form sQ

o GO, 0w ouiy Xpr 0,...,0) as:

et 2 i 3 : S i
bk {sk B 1) % DR uk} = {x : xk—Q € {0,1,...,uk},

with xizo. itk, jedJi, (3.1)

tor all k= 1,204, 4 D

Also, define a set of n-vectors of the form xﬁ = (xq, xg,.... xi, 05..+;0) as:
E = p . - - . ~ 1 <
Xk {xk 1 p = 0,1,...,Pk} = {R : X € iO,l,...,uj} for j < k,

with xi=() for § > k, jedi, (3.2}

for all k = 1,2,...,n.

We let XO = {xg} = {0}. The vector x: = 0 for all k = 1,2,...,n. The value Pk

. (i d
= M.y + D] -1




Given X , 1t as casy to see thalt
o

-\' i 30 P DS R TR 1 (6 PR ¢ 1) B AW (“"”.» )
O 0 | O Uy 0
R + X . ! L SR
‘hl o0 8 X veevr 8 \U}
= S X
| ] \“,

where the notation & denotes torming all possible sums of exactly one vector

from S, and exactly one vector trom X . It Xk 1s detined tollowing (3.2),
" N

1 1 |
then
\k = bk ® xk—l
= {%Q + xP for all & = 051 .yu,and all {(3.3)
Sk Xk-1 - oy 3
- )
p 0,1,....|k_l$.

Note that X“ = X {x: 0 < x < u, x integer!. Thus, recursive formula (3.3)

provides a convenient method for generating all upper-bounded solutions x & X.

In addition, since {s:} ® xk-l = Xk_], and s: I3 Sk for all k < n so long as

uy > 0, we see that

P S, & X =X WS, 6X

. = Q » :|‘l ? i
nT It Wt O ke U S W Gy T B Y % ¥ A, (3.4)

k k k-1
where Sk = {si: f = l‘:""'"k}' This latter tormula (3.4) 1s significantly

more convenient tor computer implementation. We need only enumerate the set

of "augmentations sk ® kk-l added when generating Xk trom hk-

1
We may associate with each Xk the corresponding sets of resource consump-

tion vectors Bk and returns Rk‘ derived from (3.3):

) . ~
Bk {ﬁL: p=0.l.....Pk§ = {g(x): x ¢ kki = {g(sk )i s €54
= {\Q' ¢=0,1 u } @& B
ittt et

- | ,Q. - )
= Bk*l\ i)k. 9_""""'"k} ® Bk-l

=B I, ® B tor @ll K = byl aylis

k-1 " ¥ Epeypr

where 'k !yi: ?=l....,uk} and yi is detined as in (2.06),

We define B“ {g(x): x ¢ Xo} = {g(xg)} = {0}.

-O=-




Similarly, Rk ?u(x{)' p=0.|.....Pk} dri{x): x & \kf
v v -
fl(.‘..\l }.k ! .\kf ® Rk“l
o5 {
kk*l‘ tr =1, v [ Rk-l'

oy 2l s e o

We define R {r(x”)% {03. Also, ¥. S X, B.CB {gix): x ¢ X}, and
(8 Q k k

Rk ¢ R tEfn): 8 X} for all k& 1.2, .04

Since we are anterested only 1n solutions x ¢ X that are teasible tor

(P), we require a rule tor eliminating 1nteasible 1tems trom each X, . As a

3
result, we also reduce Rk and Rk accordingly. Detaine Xk - {xﬁ ¢ Xk: g(x:) < b,

) I R tor k=1,2...,n, and let B, and R, be the corresponding sets ot
I k k I

k’\

consumption vectors and returns. Clearly Xk - Xk. Rk C Bk and Rk 8 Rk. And
since g(0) < b, we have X = Xu = {0}. Furthermore, X“ = X' = (R0 e(x) < b,

0 < X <~ u, x integer}{, with associated R" = B and R" = R detined accordingly.

The tollowing result provides the rule tor determining which elements of X

k
can be eliminated.
Proposition I: (Feasibility test) Given ﬁk-l & Rk-l and yi € Tk tor some
t‘ 3 N 2 D )
ReY 25 ojlly B2 | ﬁk-l \ b, then p ¢ B,- Furthermore, lkfl ® {piL hk*l‘

Ik+2 L] [k*l [ ] {B}EZBR#Z g oy and In ® ‘u—l (R ] ;ﬁ}g;n“ = B.
Proof: By assumption we have Bk-l € Bk-l and y; > {k' Suppose that B = y; +

Bk-] \ b is generated. By definition B ¢ Bk. Now, consider | ® (B},

kt1
the set of all augmentations generated trom B when generating B Since

yi*‘ >0 for all ¢ > 0, all such vectors B + ¥:+l \ b tor every

kt1°

¢« {""""k*l}' Thus, rk+l ® {p} ¢ Beyps By a similav argument we see

it ’ : ; < nll
that Ty o @ Ty O(BIgB,, \...,and 1 01 @ .. 00 ®{p}gB =Bl

The proof of Proposition 1 also wmplies the tollowing.

)

Corollary: If yt + ﬂk-l F Bk' then the corresponding X = s; . Xk=1 i Xk.

Furthermore, Sk [ {xk} d Xk*]. Sk+2 [ il ® {xk}li Xk*:. cec L and b"0 S,

Dl Sk*l v {xk}él X"

=l
X.

"

oo e i " e = TeeE— Ty B .
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The relationships (3.6) combined with Proposition 1 provide a mechanism

k-1 (3.6)

R

and R 1V Ry

g = l,...,uk} (] Rk_
for recursively generating all feasible solutions to (P), while also providing
the associated set of returns and consumption vectors. The following theorem
provides a recursive mechanism for identifying and eliminating vectors from Xk
that are not efficient.
Let X*‘: X be the set ot all undominated, or efficient, solutions tor
(P). Define Xt = {xﬁ £ Xk that are undominated} at iteration k = 1,2,...,0.
Then X: = X*. and XZ = XO; the zero-vector i1s always a member of the etficient
set.
Proposition 2: (Elimination by Dominance)
Given xP ¢ X, and x3 ¢ X, for some k = 1 2,...,n, such that r(xp) > r(x) and
-k k -k k ¢ ¥ k k
P

3(5E) < 3(32), then Xk dominates, or is equivalent to, X2

K
& %

vov 'S q ¥ 'y
[ ® Skt [ {xk} ¢ Xn X .

Consequently,

q * Q1 ~ o g &
Xy [4 Xk ’Skfl @ {gk} S xk+l piniy A S, ® Sp-1

X P .9 . L e N LR e R p
Proof: Let Xpr X € Xk. and suppose that l(xk) x(@k) with g(xk) <
g(xz). By definition, xﬁ dominates, or 1s at worst equivalent to, x: and
® {x1}, the augmen-

therefore ¥2 f X:. Consider the sets S ® §x£} and S

k+1 k+1 k
tations to Xk generated from gi and xa at 1teration k+l. Let xﬁ;] = Sﬁ;l 12
xE, £ T "k*l}' be any particular candidate solution from Sk+l ® {xﬁ}.
Then there exists another solution xz;] = s£;] + x:. However, r(sﬁ;]) =

ri’l > 0 and Yk+l(s£*l) = y£+] > 0 for every possible value of 2. Thus,

r(xp ) = r’Z

9y = sl
k1 K1 + r(xk) = r(x )

+ r(xﬁ) > rg K+1

k+1

, s oo Py « Sh e
and g(xk’l) Vit 1 + g(xk) Vi1 + g(xk) = g(xk*l).
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I g(xt'l) “ b, then glqu") s TR quil ts o anleasable, ot s el -

: - ‘ ok ; ol 4 s " i :
nated trom kk#l by detinition. |t L(xk’l) b, then g(xk']) b. Thus, the entire

set Sk'l ® {x:f 1s dominated by, or equivalent to, the set of solutions Sk'l ]
Pi

{xk 2

I S S q ) . * y :
lheretore, I (] {xkf‘J kal. By o samilar argument Sien @ S ., @

ix} ¢ x/ sysiey 8D S B8 @ s B8 o {x1Y X =Xx".]]
3 kt2 n n-1 K+l k n
In light of Proposition 2, x: may be dropped from consideration at iterations

K, BEE LN

We may combine the above tathoming criteria into the algorithm outlined
as follows:

0. Set k=0, and set XO = BU = R“ = 0},

| §A Set k=k¥l. If k > o, stop.

ro

)
Set P =| B | =1, and label the clements of B as {8, p',..., '},
]
with associated solutions Xk-l - ;x”' sl x'} and returns

Reop = (206%), 2e®y, .o, r(x)). set By = Bp_ys Xp = X _p» and

5. Let x = sﬁ + xP, with corresponding pavott r = rﬁ + r(xp).
and consumptions f = yi + Bp.
6. (Feasability test) If yﬁ R ﬁp A b, go to step 9.
e (Dominance tests)
(1) It x is dominated by a solution currently in Xk' g0
to step 9.
(11) 1t x dominates any solution currently in Xk. this
dominated solution may be fathomed.
8. Set B =B, U {y§+ BP1, X = X U {x}, and R, = R U {r}.
9. Set =2+ 1. If 2 < Uy RO to step 5. Otherwise,
10. Set p=p+ 1. It p <P, goto step 4. Otherwise, go to step 1.

At termination, Xn = X". the set of all undominated solutions tor (P).

~0-
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The out line provided above s vivtually identical o the procedure out -
Lined 1o §2 ot [I8], although the algorithm here has added flexibibity an that
the loops on p and £ may be interchanged if desired. However, our development

is based on only the most tundamental concepts of recursive enumeration laid

down by Bellm:u |1,2,3,4], Dantzig [5], Karush [12], Gilmore and Gomory [9],
Kettelle |13] and Loane [15], utilized in the later work ot Dreyfus and
Prather [7], Greenberg [10], Lawler and Bell [14], Nemhauser and Ullman [19],
Weingartner [20-App. A], Weingartner and Ness [21], and Yormark [22), and
subsequently formalized and extended in [11], [16], [17], [18], and [23].

When m = 1 we have essentially the Gilmore-Gomory procedure of [9]. We call

this type of derivation an imbedded solution space approach. [t again makes
clear that the dimensionality of the state space need not influence the
algorithmic development. Moreover, this approach allows for simple proofs of
Propositions 1 and 2, and also admits very simple proofs of the results
required for the i1mplementation strategy described in §4.

4. Implementation

Although the algorithm of §3 is of the same form as that in (18], our

approach to identifying solutions that dominate the candidate is significantly

ORI 4% T A BB 07 557

different. The search in step 7 in our implementation is based on the follow-

ing concept. Let x be any candidate solution derived from progenitor Bp A Bk-]

at step 5 of the algorithm, with fp = yﬁ + Bp. Define

h = max {ﬁi}. (4.1)

1

Let B~ be the resources associated with some alternative feasible solution

-

x  # x, with associated maximum element h

Proposition 3: If B” < B, then h™ < h.

Proof: By hypothesis, B{ < B; for all i=1,2,...,m. Then h > p. > B{ for each

i=1,2,...,m, and therefore, in particular, for that (not necessarily unique)

i =i for which B = h obtains.|]

S S YT . W 2 Y K RSN, ¥R
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1t x dominates some so
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then h < h
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i by envisioning the elements ot R
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K
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corresponding returns) to be ain nondecreasing ovder of the associated

)

labeling 1n step 2

thus mplies TLER 1L

¢
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dominance at step 7(1) usaing the tollowing strategy.

Any solution

X

We check tor

|

thery

h. |

And

)
dominating x has W < b, Since \‘:‘ 0, we know that h -~ h

' !
tor all q p also. We avord examining X' tor all q « p, an

bound on those xV that might dominate the candidate, by kee

index q tov which

¥ 1 ! [} ) )
hd = min {h' r(xh = ¢4 P = n(x')
q°0
o ( ) (
obtains. Then v < ¥ < ¢ for all q ~ q, and any xwith q
5 S stl ; ,
dominate x. Suppose h™ < h <« h By Proposition 3 only
3
correspond to solutions which may dominate the candidate.
(}
7(1) 1s applied only to such q; ¢ r'l > r, we check to see
R 1=1,2,...,m. This row-wise search 1s preempted as soon ac

i1s undominated by all q < q < s, then B is "inserted" nto
Once B 1s inserted (and x saved), we must execute step

those solutions possibly dominated by the newly-added x. W

(
all the elements of Bk having h" > h due to the tollowing r
observation appears i1n [18]).
( "
Any solution x'! which x domivates has an as

Proposition &4:

\} 1
such that r? <« ¢ < ¢,

: , . \
Proot: Suppose x dominates x'twith corresponding v < oF,
, "m N .
ﬁ‘ \ BY. Then, although r = ¢V + r: > 'l we still have B
w]]=

o SV S —.

, bul LR LR
d matntain a tight

ping track ot that

{
)

q cannot
elements ¢, q < q °
The

test of step

BB, tor all

1
some BV > B, X
Some [l (l It x
L
lk
7(11) and examine

e avord searching

esult. (A sumlar
A Y |
sovirated payott

Since ﬁ" 1S an “k'

ey AR




We store the data necessary Lo execute the algorithm in a two-dimensional

array B(I,J). Within column J, at completion of iteration k=1,2,...,n:
B(0,J) contains the return v’ associated with some solution xﬁ & Xk,
B(I1,J), for I=1,2,...,m, contains the vector Bp associated with xﬁ,

B(m+1,J) contains the hP associated with BP,
and B(mt2,J) contains the column number corresponding to hp+1.
In addition,
B(m+3,J) contains the column number of that column in B(I,J) with
the next largest return.
The link-list B(m+2,J) maintains the columns of the B-array in nondecreasing
order of h without requiring them to actually be in any particular physical
order in the computer memory, thereby circumventing the data-handling problems
of inserting new vectors into B. Whenever WP = hp+1, we order such that
P < o That 1s,
B{m+1,p] = B[m+1,B(m+2,p)| (4.2)
implies  B[0,p] < B[0,B(m+2,p)].
The link-list B(m+3,J) threads the columns of the B-array in nondecreasing
order of r. If two undominated solutions have equal return,
B|O,p] = B[0,B(m+3,p)]
implies  B[mt1,p] < B[m+1,B(m+3,p)].
Setting B(m+2,J) or B(m+3,J) to 1 denotes that there are no successors in the
associated sequence.

Storing Xk requires . linked-list version of the standard index-list
common to dynamic programming implementations (c.f. [7], [9], [10], or [22]).
We use the scheme described in detail in [18], and not repeated here.

We need not choose successive progenitors in the sequence implied by step
10 of §3. Having examined all descendants of some progenitor gﬁ_] £ xk-l’ it is

more efficient to use the link-list B(m+3,J) to find that x £ X with the

k-1 k-1

next largest payoff. Then hd becomes monotone nondecreasing over the

-12-
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successive progenitors and updating ¢ s trivial. In addition, given any
particular value of ¢ > 0 we may determine a still tighter bound for the

dominance scan in step 7(1) by tinding the index g% such that

hq* = min {h‘l S |§}.

(‘ . (l
83 hq* > h, then x 1s undominated and we need only update the link-list
B(mt2,J}. In general hq* < h and the data needed to update B(mt2,J) 1is
obtained during the scan in step 7(1). Note that it the returns satisfy
condition (2.7), hq* 1s monotone nondecreasing in ¥ and updating is still more
efficient.

Following Proposition 4, in step 7(i11) we examine only solutions with
payotts between ! oand by following the link-list B(m+3,J). Starting from
the progenitor, we scan the elements of the B-arry in nondecreasing order of
payoft, examining for dominance those with h' > h and return v < r. We stop
immediately upon encountering an element ¢ whose return rq' > r. We then
update B(mt+3,J) without additional seavch.

This last procedure can be improved by recognizing that elements q < s

with h'! < h, examined previously in step 7(1), need never be re-examined in

step 7(ii). During the scan of step 7(i), we can easily keep track of that

.

column J = j" corresponding to max {r(l <r: h < 7 4 < q s s}. We then
initialize the scan in step 7(ii) at column B(m+t3, j*).

When ui = 1 for all j < n, the entire algorithm is often more efficient
if the variables are renumbered such that:

r (/> ri+1(l)/h‘i”‘ R N (4.3)

where h) - max {gii(l)}. This is exactly analogous to the "bang-for-the-buck"
i .

ordering common to knapsack algorithms. When m = 1, ot course, both orderings

must be identical.

When ui > 1, a natural extension ot this idea is to re-order the

g-values, within a specified j < n, such that:
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,'m/r.-'m - .i(wn/h'(wn. (4.4)
$=1,2,...,0.-1,
J
where h'(¢) max fg|'(V)f. Then, renumber the varjables according to (4.3).

1
The use of h as an ordering criterion is an attempt to find a suitable

surrogate for the vectors B that is both effective in identifying potentially
dominating columns, but avoids examining individual components wherever
possible. The ordering scheme embodied in Proposition 3, however, is surpris-
ingly robust in the sense that there are alternative surrogates for f (see
[23] for example) which will also satisfy the proposition. While (4.1) is
always valid, an alternative is to define

h = min {Bi§. (4.5)
It is easy to see that the relationship in Proposition 3 is maintained under
(4.5). Moreover, the entire implementation, and the ordering of variables via
(4.3) and (4.4), remains exactly as described above, except that h is now
computed using (4.5).

The rule (4.1) looks to insert the new candidate "far" from its pro-
genitor p because the ordering is on the largest element in B. Thus, the scan
in step 7(i) may become unnecessarily long. By ordering on the smallest
element in B we keep these scans "short", since relatively fewer potentially
dominating columns qualify under Proposition 3. Unfortunately, (4.5) need not
be a uniformly better choice. In problems with a low density of nonzero
entries in the consumption function tables, the h values under (4.5) are
frequently zero. This can result in extended sequences of columns with equal
h values of zero. Then, the dominance scans in step 7(i) can have more
frequent, expensive row-wise comparisons. Rule (4.1) avoids this problem and
is preferred in such cases. For problems with a low density of nonzero

elements in the consumption function tables, however, (4.5) is usually supe-

=14~




rior to (4.1). Capital budgeting problems are a prime example of such a
class. Many of the test problems listed in [18] are capital budgeting models.
The reader familiar with the Morin-Marsten procedure will recognize that
the implementation here can be expected to be more efficient than that in [ 18]
when m and n are of realistic size. The Morin-Marsten procedure maintains an

array of m link-lists (called PERMUTE; see |18 - p.1152]), one for each con-

straint. These thread the corresponding B?, p=0,1,...,P, in nondecreasing
order. All m link-lists must be scanned over all B?. B? < ﬁ? : ”i‘ every time
a candidate is added to the B-list in order to update each row of PERMUTE for
the next scan. Moreover, as m increases, this computational burden increases
at least linearly. Our implementation maintains but a single link-list for
the equiva]eni scan, regardless of the value of m. And updating of this list

is implicit to the algorithm.

Finally, we note that each column of the B-array requires mt4 words of
central memory, excluding additional locations needed to store the associated
solutions. As dominated columns are dropped, all these locations can be
re-used. Such "empty" columns are recycled in a FIFO manner, before the
active length of B is extended, as in the implementation of [18]. However,
the algorithm in (18] requires 2m+2 words of memory per column excluding
locations needed only to save the undominated solutions. Consequently,
(m=-2/m+4)=75% more storage is required than with our approach when m is as
small as 20. This can be important when the number of constraints, or the

number of undominated strategies, is large.

5. An Example
To illustrate the implementation strategy ot §4, we have developed a
small, but highly nonlinear sample problem in n=3 variables with m=2

constraints. The raw data for the return and consumption functions are given




in Figure 1(a). Note that n=(1,2,0) and u= (5,5,3), with b=(2,5%)'. After
applying (2.1), we obtain the revised functions (2.2) and (2.3) listed in
Figure 1(b). Note that now u” = (0,0,0), u” = (4,3,3), and b~ = (5, 5%)'. By
(1) of §2, we may ignore x; = 2, and via (ii) of § 2 we may ignore xé =40
Thus, in Figure 1(c) we have listed the equivalent functions with these

columns deleted and the admissible xj adjusted accordingly. 1In Figure 1(d) the
data have been re-ordered according to (4.3) and (4.4).

At the end of iteration k=1, the B-array appears in main memory exactly

as shown below. Column numbers and labels are for convenience only.

1 2 3 4

oo 4 2le2.5

Row 2 0 2 2 3

B 3 1 2
1

The array below is the B-array above listed according to the link list
B(m+2,J) = B(4,J). Note the h values in B(m+1,J) are now in nondecreasing

order.

Row
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1
r.l(x‘i‘) :
"l.i"‘J; y
ByyiRy) ¢

0

w.y O
£;(x;)

8(%;) O

gzj(xi) 0

0

A%y 0
£3(x;)

g]j(xj) 0

ratio (4.4)

0
0
vyl
B (%) 0
; 0
RJJ(XJ)

ratio (4.4)

.‘l )
2 3 ‘ k) 4 3 4 b ()
5 -1 3% 3 | 4 4 Bk ]
. 3 \] 1 0 2 2% 3 -0

-1 2 3 1 -1
(a) Original Data
X,

1 2
1 2 3 4 Q 1 2 3 \

A . T S 3 1 2% 0
3 4 1 2 0 2 N 0
2 2 } 2 0 3 4 2 0
(b) Data Under (2.1)
X X
1 2 3 0 1 2 0
4 25 2 0 2% 3 0
3 1 2 0 3 2 0
2 3 2 0 2 3 Q
1.3 .83 1.0 .83 1.0

(¢) Data Reduced Via Dominance

xl' \-,
1 2 3 0 1 2 3 0
4 2 &% -0 } 2% 3 0
3 2 | 0 2 7 O | 0
2 2 3 0 2% 1% 3% U
1.3 1.0 83 1.2 1«0 1.0

(d) Data Ordered By (4.3) and (4.4)

Figure 1. Data for the Example Problem
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To illustrate a major cycle, consider interation k=2 at the point where
o 4
we are about to enter step 6 of the algorithm with the progenitor being ﬁ] and
)
£ = 2. The progenitor ﬂ] 15 stored in column 4. The corrvesponding B=arvray is

) 2
Listed below in h order, along with the candidate =y + 7 with payott

1
-

Row

4 3 6 5 4 2 7 9 8 10 1
5 3 6 4 7 5 9 2 8 10 1
0 2 3
Bl BI Bl Bl
R RN S e
BZ BZ 32 92 32 8,
5 =
345
551 "L
4.5 = h

We refer to this array in the following discussion.

From the prior cycle with B:, the value h9 = 2.5 corresponded to column
6. Since the payoff in column 6 is now not greater than the return found in
the B% column, we search "to the right" from column 6, tinding that the
updated hd s in column 5. We also note that the candidate is feasible. We
thus search "to the right" from column 5 stopping at column 8, the column
corresponding to hq* = 4.5; column 8 contains the "leftmost" potentially
dominating solution. All other columns "between" 5 and 8, with h values no
larger than h = 4.5, are eliminated by value. Examining column 8 more

closely, we test the elements row-wise against B. Since B(1,8) = 4 > By = 3%,
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we may mmediately conclude that column 8 cannot dominate the candidate, and
preempt the check ot row 2. Furthermore, since B(mt1,10) = 5% > h = 4%, step
7(1) is completed, the candidate is undominated, and is to be "inserted
between" columns 9 and 8 1n order to honor (4.2).

During step 7(i) we keep track of column J=j* containing the greatest <
lower bound on r such that B(m+1,j*) < h. This is column j* = 7. Thus,
starting at column B(m+3,;*) = B(5,7) = 2, we quickly trace through the
payoffs via B(m+3,J) and determine that column 9 holds the smallest payoff

among all columns with B(mt1,J) > h. Starting here we check if the candidate

dominates column 9. [t cannot, since ﬁl > B(2,9). Now, B(m+3,9) leads us to
coluﬁn 8. Since B(m+*1,8) > h and B(0,8) = r, we must check again for domi-
nance. We discoer that column 8 is dominated by the candidate, and thus can
be fathomed immediately. Furthermore, B(m+3,8) leads to column 10 where
B(0,10) > r. Theretore, we can stop the search here, and step 7 (ii) is
completed. The updated array appears below, listed in h order. The candidate

has replaced the old fathomed column 8.

I 3 6 5 4 2 7 9 8 10
0 2 & 3 290 & 3.5 1 4.5 5 5.5
1 2 P 2 1 3 1 s e s 3
2 P4 Vel e 3 Lol IS 3RSl S S 0D

Row

3 0 4 2:3] 25 3 325104 S [ 45 1 5.5
4 6 5 4 2 7 9 8 10 1
5 3 6 4 7 5 9 2 8 10 1
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The tanal B-bist o paven below, tarst o as ot appears an marn memory, and

then as 1t would appear u h order.

l 2 3 v 5 6 7 8 9 10 i U 13
ol o b 8 1o lost s Faslast s lastasl 317505
| Tk e O N RS Y R T NS R T A
210212 13 J2.511.5]9%5] 4503.5 ] 5.504.515.5] 4.5
Row
s o) 3 b2 | 3 taslas)ss)as]e.s] s.s] s |5.5]4.s
bbby st ask b vahics frartae f 11
sf sl oded st s b el almle i izl ]
i
¥
i 8 et B T Wainglieap e Cgw g 382
i of ol 225l sfas) a [asies] 5 4550 7 |s.507s
1 R8st 2 i R lsslssliasts |3 ] a
2 2 l1.5)2.5) 3|2 {3.5]3.5]4.5]4.5] 4.5/5.5]5s.5
: 3l o | 2 {2.5]2.5] 3|3 |3.5{a.5{4.5/4.5{ 5{5.5]5.5
| xlat el st sl et el 8 laxiir i m]led
skEyl sl aolbizd 38% i 2 b sdwm i)z |1
| 12
, 8 R A
| 3 *3

We note that of the (4)(4)(3) = 48 possible solutions, only 13 are

feasible and undominated.
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