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ABSTRACT

Queueing network models abound in applications, but despite their

importance many of the results for these models, both classical and recent,

are not well known. The intent of this paper is to provide an overview of

available results on the equilibrium analysis of networks of queues, along

with the methodology which has been employed to obtain those results. In

addition, we call attention to some important open problems . Detailed dis-

cussion is limited to a small group of papers which seem important to us,

and there is considerable emphasis on recent work appearing in the applied

probability literature. The list of references does include, however, work

not reviewed here, along with other survey and background material.

~~~~~~~~~~~ --  ~~ i__ • - ~~~~~~~~~~~~~~~~~~~~ -. - .
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1.0 INTRODUCTION
p

Queueing network models abound in applications, appearing in such

important and diverse areas as coumtunications networks and teletraffic , com-

puter time-sharing and multiprogranining systems, maintenance and repair
p

facilities, production, assembly and inspection operations, airtraffic con-

trol, and medical care delivery systems. Despite the importance of queueing

network models, however, many of the existing results for these models, both

c lassical and recent, are not well known. In this paper we attempt to provide

an overview of the available results on the equilibrium analysis of networks

of queues and of the methods which have been used to obtain those results.

In addition, we call attention to some interesting open problems . Our dis-

cussion is confined to a rather small group of papers which seem important

to us , and there is considerable emphasis on recent work which has appeared

in the applied probability literature. The list of references does include,

however, work not reviewed here, along with other survey and background

material.

The work we discuss is devoted, almost exclusively, to finding the equi-

librium (or limiting) distribution for a network of queues which can be repre-

• sented as a continuous t ime Markov chain with a countable state space (cf. (6 1

or (7]). The results which have been derived in this area are primarily con-

cerned with the joint equilibrium distribution of the customer queue sizes at

p the various nodes (or service centers) and with the nature of the processes

of customer departures from the network in equilibrium. For a network of

queues with N nodes and M types (or classes) customers, the equilibrium

• state probabilities (when they exist) have the general form (ef. (2) and (151)

- 1 —
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p

p ir(C) = B ~y (C)  .*1(c 1) .‘~~( c )  . ‘~‘N~~N~ 
(I )

where C = (c i, c2, . . . c~ ) and c~ is the configuration of customers at

P node 1. , where y(•) is a function of the number of customers in the system,

is a function that depends on the nature of node i , and B is a

normalizing constant. In the simplest case, the configuration c~ may repre-

sent the total. number of customers at node i ; but, in other instances it

may also involve the numbers of customers of different types , as well as their

arrangement within the queue , at node i . For ~~~ networks, that is, net-

works of queues in which customers originate from external sources and each

customer eventually leaves the system, the equilibrium state probabilities

of ten factor into terms in which each term involves only the parameters for a

single node; in such cases, for example, the numbers of customers at the

various nodes are independent random variables. Also, for most open networks

of interest, the process of customer departures from the system consists of

independent Poisson streams, be they departures of customer types or depar-

tures from tt.e various nodes.

This paper is organized as follows . In Section 2 we present a basic

model introduced in the classical paper of Jackson (1957). This basic model

is used to provide insight into prob lem formulation, into standard results

for equilibrium distributions and equilibrium departure processes , into the

important technique of partial balance for deriving equilibrium distributions,

arid into the important technique of time reversal for studying departure pro-

ceases in equilibrium. In Section 2, other classical work following the paper
I

- 2 -
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p

of Jackson (1957) is also discussed , including the papers of Jackson ( 1963) ,

p Gordon and Newell (1967), and Posner and Bernholtz (1968). The section is

closed with a review of some of the limitations of this classical work. In

Section 3 we discuss the careful study of the classical. model of Jackson

p (i9S7) recently put forth by Beutler et al ((31 , ( tiP ] , (3O J~ (31]). Using

results from [31 , we derive the Laplace transform of the distribution of the

total time spent in the system by an arbitrary customer under equilibrium

conditions for the important case of an open “acyclic network,” that is, an

open network in which each customer can visit any node only once. In Section

3 we also discuss the recent generalizations of the models of Jackson (1957)

and Gordon and Newell (1967) which have been developed in Kelly (1975), Baskett

et al (1975), and Raiser and Kobayashi (1975). In Section 1~ we discuss the

papers of Kelly (1976) and Barbour (1.976) which expand the basic models of

Jackson (1957, 1963) particularly with regard to routing behavior. Finally,

in Section 5 we discuss some important open problems in the equilibrium

analysis of networks of queues.

Other surveys on the subject of networks of queues, and the related areas

of computer t ime-sharing and multiprogrannning systems and computer-conimmica-

tions networks , include Disney (1975), Wyszewianski and Disney ( 1975), Kobayashi

(1976), and Kobayashi and Konheiin ( 1977). An introduction to the subject of

networks of queues is provided by Section 1~.8 of Kleinrock ( 1975 ) and Section

Ii.l2 of Kleinxock (1976). Also, Chapters 14 and 5 of Kisinrock (1976) provide

comprehensive discussions on the subjects of computer time-sharing and multi-

access syst~~ and of computer-comeunications networks.

p

- 3 -
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2.0 THE BASIC MODEL

The model introduced in Jackson ( 1957) is a generalization of the

classical M,k4/s queue to an arbitrarily interconnected open network of

server nodes with exponential service and Poisson external input. Specific-

ally, there are N nodes with node i having s~ servers, a first-come-

first-served queue discipline, and a waiting room of unlimited capacity.

The external input stream to node i is Poisson with rate X~ , and these

external input streams are assumed to be independent . The service times at

node i are independent and have a conunon exponential distribution with

parameter 
~~ 

, and are also independent of the customer arrivals at node

i • A customer leaving node i is inmiediately and independently routed

to node j with probability p~~ ; and the customer departs the system from

node i with probability q
~ = E Pjj  • Observe that this model is quite

[=1
general , encompassing such systems as a finite number of MM/s queues in

tandem, an acyclic network of M/M/s queues, or a network of MM/s queues

I with feedback . 
—

In Jackson ( 1957) the state of the network at time t is taken to be

P C(t )  (cl( t ),  c2(t ) ,  . . . , c~(t))

where c~( t )  is the number of customers at node i at t ime t , including

P any customers in service. The state space ~ of (c(t), t ~ 0) is the

countably infinite set of all N-tuples of non-negative integers . Given the

independent Poisson external input streams, the exponential service t imes at

I

- Ii.
-

p
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the various nodes, and the independent routing scheme, it follows readily

p th at c ( t ) ,  t ~‘ ~)) is a Ma rkov process with stationary transition proba-

bili t ies .

In [lii. ) Jackson proved the remarkable result that whenever an equilibrium

condition exists, each node in the network behaves as if it were an independent

M/Mi’s queue with Pois son input. Specifically let \ = (\ j , \9~~ .

be the row vector of external input intensities, let P be the N ‘< N mat rix of

• the Pj j ’S ~ and let ~ ~ (cz1.~ c~~ . . . 
~~~~~~) 

be the row vector solution of

the tra f f ic  equation ( c f .  [3 ) )

= x + ~ -~p . ( 2)

Pc
Since we are assuming the network is open , that is , any customer in any queue

eventually leaves the system, it follows that each entry of the matrix

converges to 0 as n ~~~~~~~ . Thus , the matrix I - P is invertible, and the

equation (2) has a unique solution for a given X . Intuitively, the traf f ic

equation is a balance or conservation equation in which is interpreted as

the total average arriva l rate to node i under equilibrium conditions . And ,

it is plaus ible that equilibrium conditions will obtain if the “t ra f f ic

intensity” is less than one at each node, i.e.,

P
‘ CZi/$iI.L i < 1 (3)

for i — 1, 2 , . . • , N • Under these assumptions , Jackson showed that if
P

~y(C) is the equilibrium probability of the network being in state

C — (c1, c2, . . . c~~) , then

ir(C) — ~p1(c 1) • ~p2 (c2 ) . . . *~~~ 4 )

- 5 -
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P

where ~ic~ (c~ ) is the equilibrium probability of having c~ customers in

P an M/M , s . queue with input rate and service rate for each server .

The particular product form of the right side of (~ ‘~ reveals the independenc e

of the various nodes in the network under equilibrium conditions . That is to

say, if c(3) is given the distribution (14), then c ( t )  has distribution

(~~~~~ 
for each t ‘

~~ 2 , and so the numbers of customers at the various nodes

at each time point are independ .~nt random variables . In Figure 1 below we

depict the st ructure of a typical node , say node i , under equilibrium con-

ditions

I :/ ~~~~~~~~~~~~:~~~~~~~~\ :
p 

\\\s.\.N.....____________~:ii i:~ ::~ ii~:/_/
/ 

I

a~q~

P
Zxt.r~,a1

D~ pirt ~ r.s

I Figure 1--Node i in Equilibrium.

- 6 -
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From Figure 1 we see that

p

= ~~~~ ‘

i~ 1 i_ I

S

that is, under equilibrium conditions, the total external input flow rate to

the network must equal the total external departure flow rate . The equation

( 5) can be readily obtained from the traffic equation (2).

We now proceed to outline a proof of (.
~
.). In so doing, we employ an

argtni~ent which uses the technique of partial balance and which is fundamental

to much of the equilibrium analysis of networks of queues. To keep notational

complexity to a mini , we will assume in the upcoming sub-section that each

node consists of a single server. Then, in the notation of (1~),

= (1 - ~~~~~~ for i = 1, 2 . . . . , N

2.1 The Equilibrium Distribution and Partial Balance

As will be c’bserved later, the continuous time Markov chain

(C(t), t > o) is irreducible and “well-behaved.” Let q(C) denote the total

transition rate out of state C and q(C, D) the transition rate from state

C to state D for D ~1 C • In view of (3), for ir(C) defined by (ii ) we

have

P ~~~ir (c)  = 1 . (6)

Thus (ir(c), c€ rI) is the equilibrium or limiting distribution of

(c(t), t ~ 0) if and only if

- 7 -
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lr(C)q(C) = i r ( i ) q ( i ,c) (7)
D~~C

for all states C in re . The equation (7) is a “balance relation” equating

the equilib:ium rate of flow out of state C with the equilibrium rate of

flow into s ta te  C . Granting that one has been sufficiently astute to guess

the correct form of the equilibrium probabilities, verifying that the proba-

bilities in (k )  do satisfy ( 7)  is not entirely trivial. Moreover, as model

complexity increases , the direct verification that a given set of probabilities

satisfies the balance equation (7) becomes extremely difficult .  Fortunately,

however , the method of partial balance introduced in Whittle ( 1967, 1968) pro-

vides a simple means for getting around this impasse in many (but not all) cases.

In this approach, one attempts to decompose the balance equation (7) into smaller

sets of “partial bAlance equations” and then show that the distributic.n

&r(c) , c€~ ’) satisfies these simpler equations. For the first such equation

we might balance the rate at which the system leaves state C due to external

arrivals with the rate at which the system enters state C di~e to external

departures. For the second such equation, we might balance the rate of system

transition out of state C due to service completion with the rate of transi-

P tion into state C due to external arrivals or internal transfers. We might - -

also try to decompose one or both of the above partial balance equations into

yet simpler balance relations. For example, with regard to the second of th€.

P proposed partial balance equations, we might, for each node i , equate the

rate of flow out of state C due to the departure of a customer from node i

with the rate of flow into the state C due to the arrival of a customer at

P

- 8 -
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p

node i • It is important to note that for any given model one has no

assurance~ a priori that a set of partial balance equations is consistent ;

c f .  [2 ] .  But , it is clear that any solution of a set of partial balance

equations will indeed satisfy (7).

To develop partial balance equations for the model of Jackson (1957)

with single-server nodes we introduce some additional notation . For

I < i < N let Ei denote the N-vector with all components zero except for

• 1 in component i . If C ( t )  = C , then the next transition will be either

to state C+E i (external arrival at node i ), to state C -E i (external

departure from node i ), or to state C - Ei + E~ for i * j  ( trans fer from

p node i to node j ) . Thus, for state C we should have

q(c)  =E q(c,C+E 1) +~~~~~~~ q(C , C - E ~ )
i=l

(8)

~~~~~~~~~~ ~(c , c~~E~~+E ~ )

i=1 j =l

where q(C,C’) 0 if C’ is not in ‘€ . We will assame that equation (3)

indeed holds for all states C . Then, the first partial balance equation

suggested above is

1I.(c)~~~~q(C , C + E j ) _~~~~~7r(C +E j ) q ( C + E j , C)
p i—i i=l

or

P 
7r ( c)EX j — ~~~7r (c +E j )~~ i.t~

- 9 -  -
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The second suggested partial balance equation might, as proposed above,

be decomposed on a node-by-node basis into

~(C)q(C,C-E~) ÷~~(C)~~~~q(C,C+E 3~~
Ej) =

j=l
i* i

~

(C-E

~

,C)q (C -E

~

,C) +~~~~(c+ Ej~~Ej)~~(C+ Ej -E j,c)
i_ i
j *i

for i = 1, 2, . . . N, or

r N 1 N
1r(c)~~j~j  +~ LiPiij = l r ( c -E j ) x i + 

~~~~
7r(C+Ej-E i)Pjj~j 

( 10)

L J=l - j=l
j*i j*i

1

f or i 1, 2 , . • . , N , where , for ease of notation , we have assumed in (10 )

that each component of C is non-zero. In view of (2), (3) and (5), it is

* easy to check that Cir(C), Cc r€ )  as defined by ( 14.) satisfies (9) and (10),

and hence satisfies (7). It follows issnediately from (8) that

0 ~~ q(C) +

i—I. ia]. i_I

f or all states C . Thus , the process (C( t ) ,  t > 0 )  has no absorb ing states

and has only finitely many transitions in any finite t ime interval with

- 1 0 -

P
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probability one . S ince any customer in any queue eventually leaves the system ,

then starting from any state in ‘~‘ it is possible by a series of transitions

to reach the state (0 , 0, . • . , 0) . Hence , the process Cc(t) ,  t a o) is

also irreducible . The proof of (14. ) is now complete .

2.2 Departure Processes and Time Reversal

In addition to the “product form” of the equilibrium queue-lengths

• distribution, the other main equilibrium result for open Markovtan networks

of queues is concerned with the process of external departures. As remarked

earlier, this equilibrium departure process consists of independent Poisson

streams. In order to illustrate the result, let us once again consider the

model of Jackson ( 1957).

By a result of Burke ( 1956 ) and Reich ( 1957), we know that the output

of an Mm/s queue in equilibrium is Poisson with the same intensity as the

input process. From (Ii.) we know that the queue-length processes at the various

nodes are independent in equilibrium, and that node i behaves as a

queue with input rate cxj  . Moreover, a customer leaving node i exits the

system with probability q1 . Thus, it is plausible that in equilibrium the

external departure streams are independent Poisson processes, the rate at node

i being q~cx~ ; cf.[li] or [191. To verify this we outline an argument using

t ime reversal.

The choice of the origin on the time axis as the starting point for the

equilibrium queue-lengths process is entirely arbitrary . If we give C(o)

the distribution defined by (14.) then the equilibrium process [c(t), 0<t (o~)

can be regarded as the continuation of a process in equilibrium that has already
P

-11 -
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p

been going on an infinite length of time. To see why this is so, first  note

that f or t’ in ( - o o , 0) we can define the equilibrium process over [t ’, oo)

by simply moving the starting point from 0 back to t’ . Letting t’ tend

tO ~~ 00 then gives rise to a consistent family of finite dimensional distri-

butions (cf .  [5]) which enables one to construct an equilibrium queue-lengths

process defined over all times t in ( - o o , ~o) . The process (C( t ) ,  -~~~ < t <c o )

so obtained is a Markov chain in equilibrium with distribution given by ( 14 .) .

Moreover , the reversed process (c (-t ) ,  - < t< c o ) is also a Markov chain in

equilibrium With the same distribution, the transition rates q’(c) ,

q ’(C , D) for the reversed process being given by (c f .  [18] and [32])
p

ir(C) q (C , D) = ir(D) q ’ (D , C) (11)

and

q’(C) = q (c) . (12)

Now, using (11) and (12) it is not difficult to check (c f .  (19 1) that the

reversed process is also an open Markovian network of queues . Observe that

• external arrivals for the reversed process correspond to external departures

for the original process. Henc e, external departures from node i in the

origina l process are Poisson with rate — q~a~ , and these external depar-

P ture processes are independent for the various nodes . Also , since past depar-

tures from the system in the origina l process correspond to future external

arrivals in the reversed process , the current state of the system in the

• original process is independent of past departures from the system.

- 12 -
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2. Other Classical Work on Equilibrium Analysis

In contrast to the open network of queues introduced in Jackson

( 1957), Gordon and Newell ( 1967) cons idered a closed Markovian network in

which a fixed and finite number of customers , say M , circulate through

the network and no external arrivals or departures are permitted . This

corresponds to Jackson’s model in which = 0 and q
~ = 0 for each i

As before, the state of the system is taken to be the numbers of customers

at the various nodes. In this model, the state space ~ is the finite set

of all N-tuplea C = (c1, c2, . . . , c~) of non-negative integers such that

c1 + C
2 

+ ‘ + 
CM 

= N . ( 13)

The t raff ic  equation now becomes

and , assuming P is irreducible, we can regard a as the unique stationary

distribution of the discrete parameter Markov chain with transition matrix

P . Thus , for this model the process C c ( t ) ,  t > 0) is an irreducible con-

tinuous time Markov chain with finite state space , and hence possesses a

• limiting or equilibrium distribution. Let = a~ /~~ , let

if c~ < s~ , and

*j(C j) — 

c~ , cr
_ s  ( 1k)

~j 
/S j ~ 

5
i if c~ > 5i ‘

P

13 -

P
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for i 1, 2 , . . . , N , and put

P

B 1 
= E []~-~rj(c4) . (15 )

Then, the result of Gordon and Newell is that ir(c1, c2, . . . , Cr4) , the

equilibrium probability of having c1 customers at node I , c2 customers

at node 2 , and so on, is given by

ir(c1, c2, . . • c~) = B f fv~ (c~ ) . (16)

Thus , the equilibrium distribution has a product form, though the behavior at the

various nodes can no longer be regarded as independent since (c1, c2 . . . , c~ )

imist satisfy (13). Observe that in this closed system the quantity p~ =

can be regarded as the “relative utilization” of node i . The result of Gordon

and Newell can be derived using the technique of partial balance.

In (15] Jackson considered a more general open Markovian queueing system

which also includes the model of Gordon and Newell as a special case. In the

model of Jackson ( 1963) the customer arrival process is allowed to depend upon

the total number of customers in the system and the service rate at any node

is allowed to be a function of the number of customers at the node . In (15 1

Jackson provided sufficient condittons for the existence of a unique equilibrium

distribution for the process (C(t) ,  t > o) and showed that this equilibrium

distribution is of the form (1) .
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In [~~~~~~~ ) the closed Markovian system ot Gordon and Newell (1~~T) was

p generalized to allow different types of customers , with a different  set of

transition probabilities and service rates for each type . In addition , trave l

timss between various nodes, instead of being taken as instantaneous, were

p permitted to have arbitrary distributions. Once again, it was demons trated

that the equilibrium distribution for the numbers of customers at the various

nodes (and in transit) is of product form.

2.li. Limitations of Classical Work

The classical results on the equilibrium analysis of networks of

• 
queues have a number of limitations, including the following:

1.. All service time distributions in the network are exponential.

2 . For open systems, sufficient conditions are provided for the

existence of equilibrium distributions, but these conditions

are not shown to be necessary .

3. Customer-oriented measures of system performance such as total

waiting time and total response time (waiting-plus-service

time) experienced by an arbitrary customer have been largely

ignored . The problems of response time and waiting time for a

finite number of Markovian queues in tand em are extens ively

examined by Reich in (371, [38] and [391.

Ii. In the work of Jackson (1957,1963) and the work of Gordon and

$ 
Newell ( 1967), all customer beh avior is similar in the sense

that at each node service times and transition probabilities

are drawn from the same distribution and the queue discipline

• at each node is first-come-first served . Differen t customer

- 15 -
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types are not permitted . Different customer types are allowed,

p however , in the closed system of Posner and Berhnoltz ( 1968).

5. A less serious ( though not unimportant ) limitation is the

assumption of instantaneous travel times between nodes . This

• restriction is also removed for closed Markovian networks in

(36 1.

As will be seen in the upcoming sections of this paper , recent efforts

in networks of queues remove some of these limitations . But , we shall find

that a nunther of important problems remain unsolved .

I

$

a
, I
P

P
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3.0 THE BASIC MODEL R~VISIT~~

An interesting stud y of the classical queueing network model of Jackson

(1957) with single-server nodes has recently been put forth in (3] , 
(1g .] , (30 ] ,

and (31]. A noteworthy aspect of these papers is the emphasis placed on
p

understanding the behavior and structure of the most fundamental model in the

area of networks of queues. For purposes of information we remark that the

results of [3] , (14.] , and [31] are included in (30].
p

In this work a careful description of the network is provided and a

careful formulation of the problem is presented. Open systems, closed systems,

and mixed systems , i.e., systems which are neither open nor closed, are con-
P

sidered . An exhaustive study of the traffic equation is provided, followed

by a thorough analysis of various aspects of system behavior under equilibrium

conditions, including queue-length processes , departure processes and traffic

processes on arcs . Also , the total service t ime received by an arbitrary

customer is discussed . Some gaps in the extant theory for the model of Jackson

( 1957) are closed . In particular, for an open network with sing le-server nodes ,

the condition (3) , i.e., 
~~ 

< 1 for each node i , is shown to be necessary

for the existence of an equilibrium distribution (see [30]); also, as remarked

earlier, the classical results for departure processes in M,41/s queues are

extended to the network case for single-server nodes in [14.1. Applications to

equilibrium decompositions of the network are given. The results obtained are

used to exhibit some structural simplifications that take “Jacks on networks”

into “Jackson networks,” while preserving a variety of operating characteristics .

Siasilation complexities of “Jackson networks” are. also discussed . Many of the

results in (3] , ( 14 ]  and (30 ] are obtained by proceeding from the Kolomogoroff forward

equation for an appropriate Markov Jump process, while the results of [31], and

many of the results in [30 ] , - are syst~~-theoretic in nature .
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For the basic model with single-server nodes, let T and S denote,

p respectively , the total time spent in the system and the total service time

received by an arbitrary customer when the system is in equilibrium, that is ,

when the distribution of the queue-lengths vector C(t) is given by (14.) for

• all times t in ( -  
~~ , ~~ 

) . The Lap lace transform of the distribution of

S is derived in (3 ] .  Combining the thrust of the argument for this service

time result in (3) with a result in [Id concerning t ra f f ic  processes on arcs ,

p we now derive the Laplace transform of T for the important case of an

“acyclic network ,” that is, an open ne twork with “switching matrix” P such that

a customer can never visit any node more than once. In the terminology of (14.),

P each arc of the network is an “exit arc.”

For an arbitrary customer entering the system at node i , let

denote the total time the customer is in the network . Let g
~ 

denote the

$ Laplace transform of the distribution of for i = 1, 2 , . . . , N • For

all t the queue-length distribution at node i coincides with that of an

M/M/1 queue in equilibrium with traffic intensity 
~~ 

. So , a customer

entering the system at node i remains at node i for a random time whose

distribution has Laplace transform hi where

h~ (u) v~

for u > 0 with v~ ,.L~ (l - 
~~~

) . After being served at node i , the
p customer either leaves the network (with probability ~~ ) or is transferred

to some node j  * i (with probability P j j  ) • Conditioned on this latter

event , the customer’s total residual sojourn time in the network has the same

P

- 18-
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distribution as T~ and is independent of the time spent at i , the node

of entry . To support this contention, we argue as follows. Let and

Q
3 
, denote, respectively, the number of customers at node i and node j

the instant after our customer has completed his service at node i . By

p Theorem 3.3 in (14.], the traffic processes on the various arcs of the network

are independent Poisson processes , the rate on arc (Ic , Ic’) being a.Kpkk#

Thus, the processes which measure the total stream of arrivals (both external

and internal transfers ) to the various nodes over finite time intervals are

independent Poisson processes, the rate at node k being a.K 
. In view of

this, the argument for Theorem 5 in [38 1 shows that the variables and Q~
are independent, conditioned on the transfer from i to j . Thus , our

customer’s sojourn time at node i is independent of the queue-size distri-

bution at. node j upon his arrival, and therefore independent of his total

• residual sojourn time in the network. Moreover, this total residual sojourn

time has the same distribution as T~ . Therefore, we can write

g~ (u) = 
[~i +~~~~ Pi j8j (u)] h~ (u)  ( 17)

for i — 1, 2 , . . . , N . Substituting the above expression for h~ into

(17) gives

((v~ +u ) / v~] ~1(
~~ 

= 

~E p~~~g~~(u) . (18 )

3

From here on we employ a simplified version of the arguments used in Section

V of (3] to derive the Laplace transform of the distribution of S • Let g(u)
p

-19 -
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be a colu~~ vector whose ith component is g~ (u) ,  q of a colunni vector

whose ith component is ~~ , D( u )  a diagonal matrix whose ith diagona l

entry is (v i +u)/ v j  , and let G(u)  = D(u)  - P . Then, equation (18) is

equivalent to

G(u) g (u)  = q . (19)

The matrix D(u)  is clearly invertible for any u > 0 , and so we can write

G(u)  = (i - P [D(u) 1  1) D( u)  . (20 )

Since each diagonal element of the diagonal matrix [D(u ) ] 1 is in (0 , 1] ,

it follows from (20 ) that G(u)  is invertible for any u > 0 • An arbitrary

customer enters the system via node i with probability x~/(x1 + + . . . + x~)

Let X denote the row vector of these node-entry probabiliti.~s. Then, letting

Ii denote the Laplace transform of the distribution of T , we therefore have

h(u) = ~ [G(u)]1q (21)

for u > 0 • It follows from (19) that each transform is a rational

function (whose denominator is a polynomial in u of degree at most N )  . Hence ,

h(u) is the transform of a mixture of exponential distributions ..

Having derived the Laplace transform of the distribution of T , let us

now compute ECT) . Since any customer never visits a node more than once and

each node functions as a M/t4/i queue in equilibrium, it is clear that E C T )
;. is finite. Thus

- 2 0 -
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ECT) = - u r n  h ’(u)

where prime denotes derivative with respect to u . From (19 ) we have

P
g’(u) = - [G(u))~~ G’(u) g(u) (22)

f • for all u > 0 • The matrix G’(u)  is simply the diagona l matrix whose ith

- t diagona l entry is l/v~ , and as u -.* 0 the vector g(u) tends to the

colu~~ vector of l’s . From (20 ) we have

= ~~~~~~~~ Pt 1 ( C D ( u ) J_ 1)  . (23)

• Since each element of the diagonal matrix (D(u)1 1 is in (0 ,11 and [D(u) 1~~
tends to the identity matrix as u —*0 , it follows readily from (23) that

(G(u ) ]~~ tends to (I -er ’ as u ~*0 . Combining all of the above with the

P f act that a = X( I - , we find that

N
ECT) = 

(t )  ~~~~ 1. 
• (214.)

i= 1

For the case of a finite n~~~er of single-server Markovian queues in tandem,

the results (21) and (214.) reduce to those obtained by Reich in (38] . Replacing

~~ 
by 

~~ 
in (18) yields the Laplace transform (and the first moment ) of the

distribution of S , the total amount of service received by an arbitrary

- 21 -
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customer in an open network; see Section V of [31. Thus, if we denote by

P W the total waiting time ( exclusive of service t ime ) experienced by an

arbitrary customer, i.e., W = T - S , then for an open “acyclic network”

we have

N 2I p .
E(W) = — • . (25)

(
~ 

x~) i=i -

\ i=l /
p

3.1 Some Generalizations of Jackson ( 1957) and Gordon and Newell (1967)
I.

In Kelly ( 1975 ) the classical Markovian queueing network models of

Jackson ( 1957) and Gordon and Newell (1967) are generalized to networks of

queues with different classes of server nodes and different types of customers
p

while retaining the assumption that all service times are exponentially dis-

tributed and all external input processes are Poisson . In the model of Kelly

( 1975) each node has a single server s but by varying the service rate according
P

to the number of customers in the node the node may function as a queue with

one server , many servers ( including an infinite number), or as a queue where

the server works at a fixed rate but shares his effort equally among all

customers present in the node (this being the “processor-sharing” discipline

often appearing in the literature on computer t ime-sharing and multiprograimning

systems). Also, when the maximum service rate is fixed, the allowable queue

disciplines include first-come-first-served and preemptive-resume last-come-first-

served. For both the closed system and the open system, equilibrium distribu-

tions are obtained for the numbers of customers at the various nodes , including

- 22 -
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the arrangement of customer types within queues. The service time distribu-

P tions are the same for all customers at a given node. These equilibrium

dis tributions have a product form, generalizing what was observed for the

classical models ; and, for open systems, the various nodes are shown to be

independent in equilibrium. The equilibrium distributions in Kelly (1975)

are obtained using the method of partial balance. In addition, for the open

system the departure processes in equilibrium of the various customer types from

— the different queues are shown to be independent Poisson streams; and, the

present state of the process in equilibrium is shown to be independent of past

departures from the system. These departure results are derived using time

reversal.

Th-e most general equilibrium results for extensions of the classical

models of Jackson (1957) and Gordon and Newell (1967) have been obtained by

Baskett et al ( 1975 ) and Reiser and Kobayashi ( 1975). These authors allow a

variety of customer types and different kinds of server nodes in order to model

central processors, data channels, terminals, and routing delays in computer

systems. The allowable queue disciplines associated with the server nodes are

first-come-first-served, processor sharing, no queueing ( infinite ‘rtumber of

servers), and preemptive-resume last-come-first-served. Each customer belongs
P

to a single type while awaiting or receiving service, but may change type and

node at the completion of a service request. State dependent arrival processes

are allowed for open networks . The network may be closed for some customer
P

types and open with respect to other customer types . If a node operates on a

first-come-first-served basis, then the service t ime distribution is exponential

and the same for all customer types , but the service rate may be state dependent .
p
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At server nodes with other queue discip lines , service time distributions with

rational Lap lace transforms are permitted , with a different distribution for

each type of customer . Using the method of partial balance , the equilibrium

state probabilities , when they exist , are shown to have the general form (1).

In the particular case where the network is open and the arriva l processes

do not depend on the state of the system, the following interesting result is

obtained in (2]. If the queue discipline at node i is first-come-first-served,

or processor-sharing , or preemptive-resume last-come-first-served, then the

equilibrium distribution of the total number of customers present at node I

coincides ~~th that of a MM/i system with an appropriate t raff ic  intensity

If node i has an infinite number of servers , then the equilibrium

distribution of the total number of busy servers coincides with that of a

M/G/co system with an appropriate mean number of busy servers . Moreover , the

various nodes are independent in equilibrium.

L: 
_
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~ .0 THE PAPERS OF I~ LLY ( 1976) ~~ BARBOUR ( 1976 )

In Kelly ( 1976), the results of Jackson ( 1957, 1.963) for open systems

are expanded particularly with regard to routing behavior .  Customers of

different types are permitted along with a variety of routing schemes and

queue disciplines. Customers of type in , 1 < in < N , enter a system of

queues i , I < i < N , in a Poisson stream of rate v
~ , the separate

streams being independent, and proceed through the fixed sequence of queues
P 

r(ln, 1) , . . . , r(m , L(m) ) before leaving the system. Hence , a customer

of type in at stage £ (1 < 2 < L(m) ) along his route will be at node r(m , z)

Each customer type is thus allowed to have a different route through the system.

This permits , for example , a routing scheme whereby a customer visits each node

exactly once , but in random order , before leaving the system; one can do this

by having a separate customer type for each possible route . One can also have

a routing scheme where each customer type visits some queue(s) exactly twice.

More im~,ortant1y, however , allowing fixed routes by cus tomer type makes the

model of Kelly ( 1976 ) well suited for coimnunications applications. To continue
I

with the model description, it is firs t assumed in (20 ] that at each node a customer

requires an amount of service which is exponentially distributed . However ,

state-dependent service and arrival rates are allowed. The state of the sys-
I

tern includes ( for each node ) the types of customers present and their positions

in the queue , as well as the stage along his route that each cus tomer has reached .

The equilibrium state probabilities, when they exist, are shown to be of product

form, with the state of each queue being independent of the rest of the system.

Moreover , in equilibrium, customers of type in leave the system in a Poisson

stream of rate v~ , and the departure streams for the various customer types

are independent .
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In [20] the proof that the equilibrium state probabilities have a product

form is accomp lished not by appealing to the method of partial balance but by

clever use of the reversed process, i.e., time reversal. To be more specific,

let (C(t), 0 < t < oc~] denote the Markov process describing the state of the

system in (20 ] and suppose the transition rates of ( C ( t ) ,  0 ~ t < ~ are

(q(C) ,  q(C , D ) )  . Further , suppose we believe the probability di3tribution

Cir(c)) is the equilibrium distribution of (c(t), 0 < t < co ) . This can be

verified as follows. We firs t guess what the reversed process Cc(-t), -
~~~ < t < co)

might be, that is to say, we guess the transition rates (q’(C), q’(C, D)) for

the reversed process. If

q (C) = q’(c, D)
D*C

for each possible network state C , and if Cir(c) ) , (q(C) ,  q(C , D ) ) and

(q’(c), q’(C, D) )  together satisfy equations (11) and (12), then Cc(t), 0 < t < øo)

has equilibrium distribution (ir(c)) and the reversed process has transition

rates (q ’(c), q’(c, D)) ; cf. (20]. For the particular model of Kelly (1976),

this procedure of time reversal is much simpler than a direct appeal to equation

(7) or to the technique of partial balance.

With the same formulation of customer types and customer routes by type,

but under more restrictive assumptions on queue discipline, all of the above

results in (201 are then generalized in (20] to the case where service times

at the various nodes are allowed to be finite mixtures of ga~~a distributions.

For these isore general service time distributions, the permissible queue dis-

ciplines include last-come-first-served, no qusueing, and processor-sharing,
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but not first-come-first-served . The equilibrium state probabilities for

this model have a product form, and the departure processes in equilibrium

consis t of independent Poisson streams. These results for more general

service distributions are also established via t ime reversal as indicated

above. It is then observed that the product form for the equilibrium distri-

bution still obtains in the case of state-dependent arrival rates. Since the

distribution of any positive random variable can be approximated arbitrarily

closely by a finite mixture of ga~~a distributions, Kelly conjectures that

his result holds for arbitrarily distributed service times . This conjecture

is verified in Barbour (1976).

The particular model introduced by Kelly ( 1976 ) for which Barbour’s

result is obtained is as follows. As mentioned earlier , customers of several

types enter a finite system of queues in independent Poisson streams, with

customers of type in , say, passing through the fixed sequence of queues

r(m, 1) , . . . , r (m , L(m )) . Customers within each queue are ordered, and

node i operates as follows :

(a) A customer of type in at stage I along his route, with r(m, :) i ,

requires a random amount of service R~~ with finite mean.

(b) There is a single server at node i who supplies a total service

effort at rate ~t~(c~) > 0 when c~ is the number of customers at node i

(c) A proportion 
~i
(k, c~) of this total service effort is directed

to the customer in position Ic (1 ~ Ic ~ 
c~ )

(d) A customer arriving at node i moves into position k with proba-

bility q~ (k, c~ + 1.)

(a) The service requirements (R
~i, 

. . • ~ 
R~~~~~) of a type-in customer

ha-vs a joint distribution F
~ 

which is independent of the state of the network.
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It should be noted that use of the same function in (c) and (d)

& permits such queue disciplines as processor-sharing, no queueing, and last-

come-first-served , see (20 ] , but ~~~ first-come-first-served.

Let c (t )  = [c1(t), c2(t), . . . , c~ ( t ) ] be the vector of queue-length

processes at the various nodes at time t > 0 . For C = (c 1, c~ , . . . , c~ ) ~
a possible state of the process (c(t), t > 0) , let

p(c) = 
I[A:i/i~~~~

(k)] , (26)
i=1 k=l

where

- 

A~ E ~~ ~~~~l(r(m s)=i) ECR~~) (27)

ni=l 1=1

with 1(3 denoting indicator function. Given this setup, the essence of the

result obtained by Barbour in [1] is as follows. Suppose that

~(c) < (28)
C

and that for each m , 1 < in < N , the joint distribution F has no mass

at zero in any component, i.e., all service times for each customer type are
4. 

strickly positive with probability one. Then, for each state C

lim P (C(t )  C) P(c) . (29 )
t-+ co
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Moreover, in equilibrium the various customer types depart the system in

independent Poisson streams with rates v1, . . • , VM . Barbour ’s result

is achieved by proceeding from the results of Kelly (1976) and developing a

sophisticated continuity argument involving weak convergence results.

I

- 2 9 -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-— --~~~~~~ -~~~~ 



- ~~~~~~

5.0 SOME OPEN PROBLEMS

In this section we suggest some open problems in the equilibrium analysis

of networks of queues. If one compares the limitations of the classical work

cited in Section 2 with recent work reviewed in Sections 3 and 14., then it

becomes obvious that while equilibrium queue distributions have been obtained

for some very complex networks, there are significant gaps in what is known

about important aspects of the equilibrium behavior of some quite fundamental.

models. Thus, there are important open problems which merit careful study, and

we will now discuss some of these problems in separate numbered paragraphs.

I. Let us begin with the open network model of Jackson ( 1957) in which

each node consists of a single server. Consider the random variable T , the

total sojourn time in the system for an arbitrary customer, which was discussed

in Section 2. In light of the equilibrium queue-lengths distribution (ii.), it

is tempting to conjecture that the transform result (21) for an “acyclic network”

also holds for a general Markovian open network. This impulse regarding (21)

is tempered somewhat by results in [30] concerning the non-Poisson character of

the total input process at a node i for which p~~ > 0 . Nonetheless, it

seems plausible that (21) should extend to a general open network. Reich

observed in [39] that for two M/M/l queues in tandem the waiting t imes (times

spent in queue exclusive of service times) experienced by an arbitrary customer

at each node were non-independent random variables . Thus, the distribution of

the total waiting time in an open queueing network experienced by an arbitrary

customer is probably difficult to analyze. For the basic model of Jackson (1957),

there are several related problems posed in (30] concerning traffic processes

on arcs.
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2. It would be very interesting to have some equilibrium results for a

network of M/G/l queues, that is to say, a queueing network model of the

sort introduced by Jackson ( 1957 ) with Poisson external input, single-server

nodes, switching matrix P , a first-come-first served queue discipline, and

p arbitrarily distributed service times • More general service time distributions

than the exponential are allowed in f 2 ) , as well as E l ) , but the results obtained

are for queue disciplines other than first-come-first-served . One would cer-

• tainly like to settle the question here of whether or not the equilibrium queue-

lengths distribution has a product form, and, if so, whether the various nodes

function as N/G/l queues in equilibrium or, as in the open network model of

p [2] , as M,’M/l queues in equilibrium.

3. Since many queueing systems encountered in practice operate just below

the level of saturation, it would be helpful to have “heavy-traffic” results

for networks of queues in the spirit of those obtained by Kingman (1965) and

~~11erstrm (l971~.) for the GI/G/l and Gt/G/s queues. In an open network,

for example, one could allow the traffic intensities at the various nodes to

• approach the value 1 from below by increasing the intensities of the input

streams and then examine the asymptotic behavior of the equilibrium sojourn

time distribution. Some results in this direction have been obtained in Harrison

t (1973) for a finite number of GI/G/l queues in tandem. But much remains to

be done.
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