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ABSTRACT

The problem of an arbitrarily oriented current element over a lossy

half—space is analyzed in this work. Various numerical approaches are

developed and discussed for evaluating the infinite Sommerfeld integrals

appearing in the vector potential expressions . In particular, a technique

based on the steepest descent path integration is introduced for  exact r
evaluation of these integrals, and , as an efficient alternative, an 6
additional technique is developed based on approximating the well—behaved

Fourier transform expressions of the Sommerfeld integrals.  The latter

technique has the merit of not requiring any time—consuming infini te

integrations and , at the same r ime , is shown to yield accurate results for

a wide range of parameters of practical interest. Finally , in this paper ,

the thin—wire antenna problem over a lossy half—space is analyzed via the

method of moments and the current element solution techniques discussed

earlier. Several antenna examples are included to demonstrate the effect

of the iossy half—space on their input impedance and the f a r—f ie ld  radiation

patterns .
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1. INTRODUCTION

The conventional  approach to ana lyz ing  antenna s t ruc tu re s  r a d i a t i n g

in the presence of a lossy ha l f—space  involves repeated evaluat ion of the

Sommerfeld integrals, which were originally introduced by Sommerfeld about

70 years ago E l )  and appeared in the expressions for the vector po ten t ia l s  [2 ) .

Since these infinite integrals are general ly  highly osci l la tory and d i f fi c u l t

~o evaluate numerically ,  much a t t en t i on  has been focused in recent years

on develop ing techniques for  e f f i c i e n t l y  evaluat ing  the Sommerfeld

integrals  wi thout  unduly sacrificing the accuracy [31 — [14]. Even thoug h r

the latest reported procedures [7] — [12] require an order of magnitude Less

computing time than the earlier “brute—for ce” numerical integration tech—

niques [3] — [5], the overall computing time severely limits the physical

dimensions of the antenna structures being numerically analyzed .

Brittingham et al. [10 ] have used an interpolation scheme on a precalculated

gr id of Sommerfeld In tegra l  values in order to analyze larger  s t r u c t u r e s .

However , this technique is only useful for fixed frequency and gro und

parameters , since a new grid is required each time any of these parameters

arc  changed.

Considerable computing time is saved if one uses the first term in the

asymptot ic  expansion of the Sommerfeld in tegra ls , be t t e r  known as the

Fresne l ’ s R e f l e c t i o n  Coef f i c i en t  Method (RON ) . These app rox ima t ions ,

which  are expressed in a simple closed form , are valid on ly  when the antenna

s t r u c t u r e s  and the  observat ion po in t s  are s u f f i c i e n t l y high above the  ground .

As ex pec ted , the RCM expressions have only been employed fo r  a n a l v .:ine

antenna st r u c t ur a s  at the high end of the f r equency  spec t rum l i i ) ] ,  [ 1 2 1 .  [ l ) [ .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _  _ _ _ _ _ _ _ _ _ _L - — V — ~~~~~~~
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An impor tant  c o n t r i b u t i o n  of this paper is the development of a novel

technique which is computationally comparable to the RCM approximation ,

yet valid for a much wider range of parameters.

In Chapter 2, the complex vector potential expressions fo r  an

arbi trar ily oriented electric—current element source over a lossy

half—space are derived demonstrating that three of the vector  po ten t i a l

components contain the troublesome Sommerfeld integrals. An efficient

numerical  technique , based on the Steepest Descent Pat t i  (SDP ) i n t e g r a t i o n ,

is presented In Chapter 3 for evaluating the exact Sommerfeld integral

expressions , and the resul t s  are compared with the nne and two—term

asymptotic expansions of these integrals. In Chapter 3, a unique

procedure is developed in which the well—behaved Fourier transform

representat ions of the Sommerfeld integrals are approximated such that

the inverse transform is performed via a set of known exact i d e n t i t i e s .

These approximate expressions are shown not o n l y  to c l o s e l y  fo l low the

SDP integration results for a wide range of parameters of practical interest

but to be In a convenient  form for numerical evaluation. Finally, in

Chapter 5, several examples , which are solved via the method of moments

in conjunction with the approximate expressions derived in Chapter ~~~, ire

presented of various antenna structures radiating over a lossv half—space .

l l_.~~~ - -~~~ - --- p -~~~~~~~~~ -
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2 .  ARBITRARY CURRENT ELEMENT RAD I ATING OV ER LOSSY HALF-SPACE

The geometry of an a r b i t r a r i l y  o r i en t ed  c u r r e n t  e lement  P~ over .m

lossy h a l f — s p a c e  ~s depicted in Figure 1. Reg ions I and .2 are characterized

b~ — 
~ ir co~ ~~ 

— U 0
) and (c 2 

~2r ~ t) ’ 0
.2 ~~~~ 

respectively . where

and are free—space par~~eters. In addition to the standard Cartesian

coordinate system (x , v , z), two spherical coordinate systems (r, 0 1 .

and (r i, tL,, ~~ are also defined in Figure 1 centered about the sour ce

point  P 1 and its geometrical image point P.,, respectivel y . Our objecti~ t’

is tO de te rmine  the f i e l d  radia ted  by P
1 

at the  ob servat ion p oin t  0 , in

the presence of the  lossy h a l f — s p a c e  ( reg ion 2 ) .

2. 1 Vector Potential Approach

S t a r t i ng  w i t h  Maxwell ’s equa t ion  and the suppressed time convention

exp (jwt), v iz.,

O r

V E —jwi.1
0
H , 2 .  Ib~m

one may def ine  the vector p o t e n t i a l  ~1 .~~~

a j ’~
- V \ 11 .0 r

I n t rod u c t i o n  of a scalar  po t en t i a l ~P f rom

— — 
2 

~~ 
2 .

and ap p l i c a t i o n  of t i m e  Loren t z  gauge

V ‘ — — 0 m . 2 .  .)

ml lows one to I inn 1 lv express Maxwc’ 11 ’ ~ t ’ qu . m t  i o n  as

t ’~ + k~~)~ —(j~ m~~’ 
~~~~ 

~ i2 . ‘~~

_- _
— 

—- ~~~~~ - .- - “- ~~~rnV
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jwc ~ V (2.h )
O r

V. 1 _~~

E — (VV• + k)fl (2.7)

-, ,,

where k w
0~0

c .  The preceding r e s u l t s  are general  and va l i d  fo r  bo th

regions I and 1~~ The boundary conditions needed to solve the vector  dif-

f e r en t i a l  Equation (2.5) can be obtained simp ly by enforcing the continuity

o~ the tangential E— and U—field components at the interface.

As in most infinite—interfac e—tYpe problems reported in the literature ,

the Fourier transform technique is employed  f o r  d e r i v i ng  the  vec to r
-1

potential expressions . The two—dimens iona l  Four ie r  t r a n s f o r m  pai r  is

def ined as

— 1 exp [—j i tx + ~v )I dx dy (2.8a)

‘, Ii

- 

~~~ J e x p [j ( a x  + ~ v ) ]  d~ d~ . (2.8h )

Throughout this papem , on top denotes the t r a n s f o r m e d  & l u a n t i t y .

Without loss of ~eneralitv . the problem of an ar b i t r a r i ly  o r i en t ed

current so u rce  over lossv h a l f — s p a c e  ( F i gure 1) can he treated as two

i ndependen t  cases: ~i rs t ,  t he  problem of a v e r t i c a l  c u r r e n t  source

or ien ted  in the  s — d i r e c t i o n  and , second , a l i or i .~o nt a l  source in the

x—direction . These two cases are analyzed in detail in the toll owing

sections with subscripts v and ii denoting the field quantities belong ing

to the vertical and the h o r i z o n ta l  cur ren t  sources , r e sp e c t i v e  lv . Once

the  vec to r  p o t e n t i a l  express ions  are de r ived , the  E— and H—f ici d compouients

are d i r e c t l y  obta ined by transforming the ~e ner a l  v e c t o r  e q u a t i o n s  g i v e n

in (2.6) and (2.7) into the  f o l l o w i n g  convenien t  m a t r i x  forms : H

____________ —
—V—V ~~~~~~~~~~~~~~~~~~~~~~ —~~- _—. _-— ...L —..-— V._._. ~~~~~ _ L_ j~ ~~~-V~V~VV V.~__L V.L V~VV-~V_V _- — - - — - - — - -—



- .

- —
~~~~~ .jcHx X

— —eti$ k — ]~~~
- fl~. ( 2 . ~~)

—
~~~~~~ ..i~ ~~~~~~~ (k + 2 _s) 

_~~~~,

and

o — — j~ ri
x 3z x

0 ~~ ~~ . 
(2.10)

A
Z 

—ji~ jet 0 ~i

2 . 2  Ve r t i ca l  Current  E l e m e n t — T r a n s f o r m  Domain Express ions

The cur ren t  e lement  is assumed to be in the  z— d i r e c t i on  (see F i g u r e  1 ) ,

located at hei gh t  ii over the lossv ground , and with a moment I d z ’ :

j  - I dz ’ .~ & x )  ~ ( v)  S ( z )  .
v v  V

As has been v e r i f i e d  in the  l i t e r a t u r e  [ .2 , only the vertical component

of the vector potential is needed to sa t i s f y a l l  of the boundary

conditions, namely

— ~fl ; i — 1,2 (2.1.’)
v i viz

where i — 1 ,2 indicates the region under c o n s i d e r a t i o n .  U s i n g  the source

cond ition in (2.11), one can express the genera l solution for time vector

potential 1 .  by satisfy ing both the wave Equation (2.~~) and the

radiation conditions as

- 

~~ 
exp (— j~ 

— h~ J / . 2  + A
1 

exp(- 0 i2 .1 ~-u~

~ A , exp (j’ 
.2

”
~ 

-~ 0 ~2.  I

-V — .—— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ _____
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where  A
1 

and :\ are arbitrary constants and

- 
~~~ 

~~ 
~ th~’ ~2 .  i.e)vt ) 0 Ir V

1 / ’
— t k - — -~~~—~~-~~I ; l ( ) , ) - O  i — l , 2 ( 2 . 1 ’ )

I I m l —

— i — 1 ,2 . ( 2 .
d i r t)

If the cent tnu itv of the t angen t Lii components of ttit’ F— and H — f i e l d s  acr oss

the boundary Is emi t orced , t t i e  id lowing const raints on 
~ 

are o b ta i n e d

fi ii (2. 17-i)
~ v I  V- -. 0 - .

— ‘— 1 , k .’ . 17b)
~ .~~O

where the complex constant ~ is defined as

/ ~ .
r lr

Constants A
1 
and A .~, i~rest’nt in the vector potent Lii expressions 2. 1 ~m ) amid

13h) can be determined by sat isf~- Lng the boundar y cond it Louis (2. 1 7~i )  a nd

~2.  I V b )

1- 
____

L:1 
a 

~ 

~ L ~~ 
(1 ) 

t
im )  . ~2. 

j o )

El i2 .1~
) is suhstit ut~~d hack into i2.l .~ u ) •und ( . l  ~~~ the C LMIIp lete Ve ct or

~or cut I.u 1 express ion in the trans term doma in caui he wr i t ten Lu the t el I oi, i

form :

.~~~~~ +~~~~~ * 
. .  

V

~
• 1. .~ v I .~ v i .~ 0 v i  -~

where

-~ 

- I~~ exp(- I - l~l 1  ~2 ~\ ( 2 . 2  

~~~~~~~~~~~~~~~



~vlz 
— 1

v() 
tVxp [ j y

1
(.. + h) 1/21) i2.21b )

0”vlz 
- 1

v0 j(Ky
1
+y ,) 

exp [-j)
1
(.~ + ii )1 (2.2lc)

and

— 1
v0 j(K~~

1
+ ~~~ 

exp (_i)
l

ul ) exp (I~ ,
;:) . &2.22)

Note that the firs t two terms of fi , viz., and ~ t , can be
vIz viz viz

interpreted as the direct and the perfect ground reflection contributions

to the fields for observa t ion  poin ts  in region 1. Thus , the remaining

component is simply the correction term to time perfect ground

so lu t ion  in the general lossv half—space prob lem.

2.3 Horizontal Current Element—Transform Domain Expressions

The current  e lement is assumed to be in tim e x—direct ion isee Figure 1)

located at height h over lossy ground and with a moment I1 dx
’

— X t 1 dx ~\ ( x )  S i )  $(z  — ii) . ~2 . 2 i )

As expected , the horizontal current element solut ion abo~-e a ioss~- h a l f —

space is indeed more comp l icated than that for the vertical case , •uud

two vector potential components ~ure needed t o  obtain comp lete

so lu t ion  [2 1 ,  namely ,

V fi + I 1 ,2 - ~2 .2-~hi . hix htz

[sing the source c o n d i t i o n  in ( 2 . 2 3 )  , the genera l so lot I ~‘i i s  for the

vec t or potent in 1 components sat is fv tug both the  wav e l-q mia t I on I . ~ mu d

the tad iat Ion ~-ond I t ion can he expr essed  as

[
~~~~~
:] - [ i

i i)  exp i~ 1 H - Ii 1 2  

+ expi- -
~~

- -- .. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- . - - ~~~~~~~ .
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~~i r Rl

~~ 
exp (J~~2~~

where ‘, is de t toed in (2. 15) and i~~ is ass umed to be

l~~) (1~~t J 1r~ 
I~ dx ’ . 12.27)

I f  t he  c o n t i n u i ty  of the tangential components of the E— and t he  H — f i e l d s

across the boundary is ent¼ ’rced , the following constr aints on H and- V hix

1. . are ohtnined~

~~~~ 

:~: 
—

lml ~ 0 -
. — 0 . t 2 . 2 t ~

1 (~) — 

h x

~ 
0 

~h2 :

The condit ions In ~ 2. 2S) are used to determ i tie the constants 
~ 

a~id 
~

present in the general  vec tor  p o t e n t i a l  express ions  given in i2 . 2S’m

and 12.20):

B
lx 2~ \ 

~
1h0 

~~ ~~l 
- ~ exp I-h 1

h~ 0

B 1 ,
.
~~~~ k (~.-’~ + 

~ ,) 
-

I I

I 
— oxp 1~ ~ 

—. 0 1 2 .  2°b~ad 
— 

‘1

B —

L ~ 
+ 
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If (2.29a) and (2.29b) are substituted back into (2.25) and (2.26), the

complete transform domain vector potential expressions can be put into

the following convenient form :

~hlx 
= 

~hlx + ~hlx 
+ 

0~ hlx 
(2.30)

where

~hlx 
t
hO 

exp [-jy 1f z  - h~~1/2jy 1 
(2.3 1a)

11hlx 
- 1h0 exp [-jy 1

(z + h ) 1 /2 j y 1 
(2.3 1b)

O
11hlx ~~ 

~~~~~ 
exp [-j~ 1

(z + h)1 (2.31c)

and

-

0~ hlz 
= 1h0 ~~ 2 

2 exp [— jy
1

(z + h ) 1  (2.32)
K’f y )

~h2x 
= 1

h0 JK(y
1
+ y )  exp (—jy

1
h) exp (jy

2
z) (2.33)

y - Y

~h2 
= ~ 0 ~~ ‘ 2 

2 exp (—jy h) exp (jy
2

z) . (2.34)
Z k ir(<v + 1

1 ‘ 1

As in the ver tical case , the first two terms of the dominant vector

potential  component , v i z . ,  
~hlx and 

~~ lx ’ can be in te rpre ted  as the

direct  ari d the perfec t  ground ref lect ion contr ibutions to the f ie lds  for

observation points in region 1. Therefore , the two remaining components

O~h1x and 
0~h1z are simply the LorieLtion termo ~o the pe~~7~~.t ground

solution.

2.4 Space—Domain Representation of the Vector Potentials

Since for most practical antenna problems the observation points are

located above ground , in this section , only the vector potential components

-
- V .- - ~~~~~~~~~~~~~~~~~~~~~~~~
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in reg ion  I are cons idered .  The complete transform domain expressions for

these vector potentials , both for the vertical and the horizontal current

elements , are derived in the previous sections, and the inverse transform

relation i2.~~h) is emp Loyed to obtain the corresponding space—domain 
V

resim its .

By us ing a sp herica l—t ype change of var iables , v i z . ,

— r , sin 
~2 

C05 
~2 

— 

~2 
cos

v = r , sin ? , ~~~ ~~ = 
~~, sin .~~~,

+ ii = r1 cos ~ , (2. $~)-V LV LV

Vt — — \ cos

- —\ sin , 12 . ~~)

the incident and the perfect ground—reflection components of the vector

potentials , v iz. . Equations (2.2la),(2.21h) and (2.3Ia ~.I2 .3lh) can be

inverse  t r an s f or m e d  i n to  the f o l l o w i n g  general  s p a c e —d om a in  f o r~i :

= 
______ ~~~~~~~ - \2~~ d\

-~ - .1 ~~~~ 
, 0 _ I

0

with the requirement that Imvk~ — 0. In deriving the preceding

equation , the following identity was used

cos(nr )J ~~~~ 
a ~~~~~ ~ —jzcos (r’—r ) 

cos loT ’) dT ’ 12 . ~0 -~~
—~T

where 3 is the  n th _ orde r  Besse l funct ion. Express ion ~2. ~7) can ‘c rn L
ii~tegrated in a ci osed form (I ~ I 

to v ~e Id:

14 a 
~ exjl 1 .1k r )  ~~~ . 12 .  ~°)0 1

~~~~— 
- ~~~-- -~~-- ---~~~-~~~

, 

_ _ _ _ _- - ~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ 
- - - - -
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Equation (2.39) is used to write the space—domain expressions for the

aforementioned vector potential components in the following closed forms :

~vlz  1
v0 

exp (-jk
1
r
1
)/-4~ r

1 
(2.40a)

a — exp (—jk
1
r ,)/4tTr2 (2.40b )

= I exp (—jk
1
r
1
)/4~Tr1 (2.41a)

ThLx 
= — 1

h0 ~~~ (jk 1
r
2
)/4~~ 2 (2.31b)

One may recognize Equations (2.40a) and (2.4la) as the free—space

Green ’s function solution for the current element P~~, while (2 .40b) and

(2.4lb) are the corresponding perfect ground contributions , i.e., source

at image point P., , to the fields at observation points in region 1.

Inverting the remaining vector potential components in region 1 and

ifter some manipulations , one obtains :

11 ~21 , ~
— r-’~

0”vlz 
= 

. , , 
~~~~~~~~~~~ e -V d~

0 - \ - V  + /Kk~ 
- 

( 2 . 32)
_________

21 —jz~~ k —  ‘C
= T I ____ _____

J (C-,~ )e 
- I d \ (2.33)

U hix V4 1T J -~ 
/.., • / 1) —

0 ~k~ — \  + vKk~ — A

p 3 ,  ., -, -) ~,
-, v k~ -\ — -jz~~~~

- \-V

= — ~~~~ cos .~~ ., _____ ______ 
J (~ ,\)e 

-

0 h lz  
k — 

-~ 
-, I — 

C
I U + vK k ~~~\

_________ 

( 2. 4-4 )

where relations tm /k~ 
— 0 and lm/<k~ - r  0 in 12.42) - (2. ~~~

must hold. The infinite integrals present in the above equations are 

-~~~ - --~~~~~~~~~~~~ —---— V

’

~~~’~~~~~~i .~~ ~~~ ~~~~~ 
- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1 k  - . / . 2 .
-‘ hO 1 r — — — cos :. — c— s LO - •a — - cos ~ sin cos -

- 
V

0 h l z  -4 1 _ ) /H - . cos + ic—sin

(
~

) —jk
1
z..,chs~

H
1 ~~~l~~

2 sin ~)e 
— d~ ( 2 . -3 Y)

~here the integration path 1’ is depicted in Figure 2 , on which tue

following conditions must hold

t m (co s  
~~) 2~. 

0 (2.50a)

lm (/ - sin  ~) < 0 . (2.50b )

In the following chapter , an efficient numerical integration scheme

is discussed for evaluating the Somerfeld integrals via the steepest

descent path integration technique . An additional approach is introduced

in Chapter 3 in which the transform domain of the troublesome vector

potential components are initially approximated such that the Soimnerfeld

infinite integrals do not appear in their space—domair. expressions . These

two techniques p lus the asymptotic solution to the Sominim erfeld integrals

at- c compared , and several numerical results are included cc demonstrate

th e  efficiency and the accuracy of each procedure.

— V— V~~ -~-VV-V~~._V ~V- V -— —‘-~~ -• ~~~~~~~~~~ - -- ~~~~ ---~~---- .-~-~- - -V.-----V- - - -



V

15

Re(~ )

r

______ o 
________  _____ _ _ _ _ _ _ _  - .~Im(e)

ir/ 2

Figure 2. In tegra t ion  path H in the complex ~—p iane .
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3. EXACT AND ASYMPTOTIC EVALUATION OF THE SOMMERFELD INTEGRALS

The three correction vector potent ia l  components derived in the

previous chapter , v iz . , Equat ions  ( 2 . 4 7 ) — ( 2 . 4 9 ) ,  cannot be expressed in

a closed form and conta in  a cer ta in  class of i n f i n i t e  in tegra l s  known as

the Sommerfeld in tegra ls .  In this chap ter , an e f f ic ien t techniq ue is

presented for numerically evaluating the aforementioned integrals by

deforming the in tegra t ion  contour r into the steepest descent path (SDP).

The asymptotic approximations to these Sommerfeld integrals are also

obtained and compared with the numerical  i n t eg ra t ion  resul ts .  Several

numerical examples are included throughout the chapter , which demonstrate

the accuracy and the e f f i c i e n c y  of the steepest descent in tegra t ion

technique and def ine  the use fu l  range of the asymptotic expressions .

3.1 Steepes t Descen t Path ( SDP ) Int eg~ at ion

It can be readily shown that all three vector potential components

given in (2.47) — (2.49) can be expressed in the following general f orm:

u = -
~~

-j - I P(~ ) exp L_j ki r ) cos — a ,)1 d~ (3.1)

where P(
~ ) is a re la t ive ly  slowly varying function of ~~~. The point  = 0,

is a saddle point of Equation ( 3 . 1 ),  and the path H can be deformed to a

steepest descent path (SDP) by enforcing the condition Re [cos(~~— ° 2 )1 = I .

(.\t chis point i~ is assum1led that no poles or branch points of P() are

i n t e rcep ted .)  On SDP , the fo l lowing  convenient change of var iable is

introduced :

cos (
~ 

— ) ,, ) I — j t  ( 3 . 2 )  

~~~ V-V— - ~~~~~~~~~~~~~~~~~~~~~~ VLV_ V~•~~ V ’
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where t is a real p arameter ran gin g from —-“ to b”. Equa t ion  ‘~~. .1) can

h~ used to explicitl y define the steepest descemi t path as:

I— 4 ‘~1

SDP — 

~L~
2 + i.n (t + I + i t t  ~t 4- 2~~)~ + 2 

t - 0

(3.3)

or if one needs t o  separate the real and t h e im agintmrv behaviors ot time

steepest descent path, the following equivalent form can be derived

SDP 
- ~~~~~~~~~~~~~~ 

~~~~ 
2 

+ 4 H ~ cosh ’ 
Lt

2 

2~~~~~~~~~~~~~
4-

t ‘. 0 (1,3)

where the inverse cosine function is assumed to  be between 0 and ‘i/2

and the inverse hyperbolic function is defined .ms

— I -,

cosh ~ — Ln + — 
I ]  

. (3.~~
)

The SDP can be traced in the i~— p1amie , liv us ing Eqmm .mt ions C. . 3) or 1. .~~~)

ms a function of t and 0 (see F[guc.~ 3) . App Iv log the change of

var iable in Equac ion (3.2) to the integra 1 express ion in Equat ton ( ~~ . 1) ,

we o b t a i n

u - exp (-lk 1r , - j~~/4)/(2~~ ~) J Q(t) t’xp (-k 1
r 2 t )  dt

where

Q ( t )  - ~~~~ ‘

~~~~
1r 

- ~2 e~ ( t
2 2 l ) ~~~’ I ’ ( f l I  .

its Lug the genera I form obtained in (3. m )  , time ve- tor potent Ia l ‘xt-’ress i otis

in ( 1 — 4 7  — ( 2 .  ~~‘) ) can he formula ted ~‘u the steepest  ,lt ’ .cemi t \ i  tim •is

f unc t ion ot real  ~‘a r tab Ic t • name Iv ,

~~~~~~~~~~~~~~~~ - ~~~~~~ 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
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~- R  ( t )
[1 = I — 

0
1) vl .~ vU ) r— —

~~ 
exp (k

1
r 4 t dt (3.8)

~~ cos + ~~ — sln -

R
0
(t)

.1 = 
~ 

V ——-- - -  exp (-k r ,t ) dt
tJ hix hO r- •4

r— I —

.V• t

[
— t O S  4 K  — s l i tfl ~~— jL cos j~, R ( t)  s in :.o h1.~ hO 

- 
1

— ‘- L 005 + •~ — 510 
-
. 

-

exp (-k
1
r 4 t )  dt (3.1’))

where

R
i
(t) - exp (-jk

1r ) ) ( t  + 2 j )  ~~~ ( s in  cos exp (Ik 1
,~, s i n  . ) I

H~~~ (k ~~~, sin ~~ I 0 , 1 ,
i 1 . .

is the Hanke I function of the Ut order  and of second k 1u1 , ~m nd

is expressed •ms a function of t in Equation (3.3).

Th e r e la t i o n s  expressed in Equat ions C 3.8) — ( L 10) are exact ii u~’

p o i e ~ or branch points art- i n t e r c e p te d  under the  path detorm.m t ion . l ime

deta i l ed  discussions of the possible p ole  and b r a n c h — c u t  contr ihut i, ’mis are

presented in the  fo l  lowing see r.ions. It should also b. ~~ ed that r lie

apparent singularit y of the Hankel functions at :~~, 
a 0 in  the S o m m t ’r t e l d

integrals is overcome by the rena ining term s lii the Integrands . In App endix 1

equ iva l en t  versions ot Equat ions C. .8) — (3. 10) ar-~ J.’r Red I or  , —

t o r  n u m e r i c a l  i n teg r a t i o n  purposes.

By observing the integra I express ions  in 1 , C . 8) — I . 1O~ , i t  is

a p p a r en t  that fo r large k
1
r , the t’f t t - c t  lye  i n t ~-gr ~m t  ion  i nt er v a  I ~-i I  I he

~ tm I t e small and c omita in r~- l a t  lye  lv ow osc i l l  at 1 omis I, see I I c.mi m c  - . - C

- ---~~~~~~~~~~~— L V .  -~~~~~~ -

________ —
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Fortunately , at lower frequencies (smaller k
1r), 

the oscillatory terms

present in the integrands are scaled accordingly and , even though the

eff ective integration interval increases , the number of oscillations in

the integrand does not increase appreciably (Figure 5). This fact allows

one to in tegra te  Equations (3 .8)  — (3.10) numer ica l ly  by employing an

e f f i c i e n t  Gaussian quadrature  integrat ion rout ine  for  a wide range of

parameters .  Later in this  chap ter , the e f f i c iency and the accuracy of

the above numerical  in tegra t ion  procedure are demonstrated and compared

to the other available techniques.

3.2 Branch—Cu t Contribution

The expressions derived in the previous section are valid only when

no singularities are intercepted during the steepest descent path deformation.

In order to locate the poles and the branch points , one must consider the

fol lowing physical constraints :

a) 0 < < ~T/ 2 , since Equations (3.8) — (3.10) are valid only for

observation points above ground ;

b) Re(K) 1 and Im (K) < 0, since K a 4~ g 
— j i ~ / (wc

0
) ;

c) — -
~~

- < Re(~~) < ~r on the SDP (see Figure 3 ) .

Furthermore , since cos (~
) is a single—valued function , condition (2.50a )

does not have to be sa t i s f i ed  during the pa th  de fo rmat ion . Condi t ion

~2 .5Ol, ) is used to def ine an upper— and a lower—Riemann sheet in the

~—plane in which this condition is satisfied in the upper and violated in

the lower sheet.

Equations (3 .8)  — (3.10) have the  sane branch points  s a t i s fy i n g

c sin
~~~ b

O . (3.12)
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I t  one considers the  p hy s ica l  c o n s t ra in t s  d i scussed  e a r l i e r , only time

t o l l ow i n g  two branch po in t  solu t ions  ar t ’ of tnmp ortam ict ’ (see F i g u r e  o ) :

a 
~: 1 z j Lu ~~~~ + v~~ — 1) . ~ 1 ,11)

the corresponding branch cuts of Equa t i on  (3 .  13) which sat isi v the relation

2
un ( v K  — sin ~) — U , (1 .1 3)

as dep ic t ed  in F igu re  n , are  the boundaries  t h r ou g h  wh i5- hm the integration

pa th  w i l l  t r a v el  to and f r o m  the two Riemann shee ts  ~l t  toed e ar l i e r .

8ince the steepest  descent  p a t h  d e f i n e d  in E q u a t i on  (3 .  ~) is independent 
ft

of K , one ~VJfl e as i ly  dem ons t r at e  tha t fo r  0 0 , ~ ~)0~ onI~’ the b ranch

C p o i n t  w i t h  the upper sign can he cap tu red  by the ~lM’ d e t 5 i t-ma t i o t i  ~Ftgure ~~C .

Fheret  or e , one can  a l low the SDP to enter  the lower sheet  on ly  when t h e

Lower branch cut, corresponding to the towe r sign of l-\h t m~t t t o m m  , 1 . 13 ) , is

intercepted , since the path will always intercept the lower  5-u t  at  an

ad d i t ion a l  point  f o r c i n g  i t  to r e t u r n  to the upper  Ri emann sheet (see

Figure 7). A branch—cut int egration , however , is pertormt ’d around ~~~ ~~~~~~~~~~~

branch cut whenever it is intercepted in order to remna in t h e  p rop er  sheet

The b ranch  cut in the  u p p e r — h a l t  p lane as a f u n c t i o n  of a positiv e rea l

parameter  S can be expressed as

r
‘bc — i/I + j  Ln ( b — . — -

~~~ + .‘-. — I — -
~~~~) ,

or, equivalent  lv ,
ft. ./

sin ~~~~ 
— 

~ ~~. l~~h \
bc

— —j  — 1 — 
— . ( . 1 ‘c ‘C

By app lv t og the change om var iah Ic in l q t m a  t ion C. 1 . 1 ~~‘C t o t he $or~imt’r o l d

- —- ~~~~~~~~~~~~~~~~~~~~~~~~ A
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in t e g r a l s  expressed in 2 . -+ ~‘) — C 2 .  -
~~~~ ) and in t e g  r at  jog around the hram ic N

cut • the following contributi ons are obtained :

- V , —l flI ~~
‘ 

- - -

0 vl .~ 
t~,0P.1~~

(_ j ’C 
I ~~~~~~ 

l~ stn ‘C

Nc ,_ ~~~~ —

43 ~~~~
-

exp C . - l k 1~~2 cos 
~bc

3 dS

-- , - —l - I ~s ,~~ _ ‘C . - -

43 h l x 1  h O 1 ~~~~ ’ 
-~ ~~~~~ 

0 s in  ~~~ ‘C exp 
~~-~~ 1~~I 

cos - .,~~)d~
b4. 

I)

0 h I
~~I b 

a t k ( ’) 1 cos 
~~~ 2 ~1 + ~~ 

I ~~~~~~~~~~~~~~~~ . V I

si n cos , sin exp ~—~ k ~~~~~~ ‘C~~5,bt bL 1 1. — h~ 1

wher e  ~ — is the cr o s s i n g  po in t  of the b r anch  cut  and the ~P1’ in the

—p Ia~-e .  By expanding Equation 3.I) and Nv s ’m: ’ l o v i ng the  (3. 1 7 )

relations, the o I lowing conditions .m re ob t a i n e d  f o r  I

sin 0 , ~~~~~~~~ + cos 1 tm~B) — 1 ~~~~~. ~~~

p

~~ sin  1 I m ( A ’ C  + cos 
I 

ReC.B) I — t , C. . ‘ ‘1h’C

where the complex numbers .\ and B mre .let m e d  as

I
— ‘ .-~ — ; Re (A ~ ~ 0 , lmm ,A~ — 43 ( 

~ 
.

B • ‘ - — I 43 , t m ( i ~
) — 43 . .

In (3. P-fl . t — t d e f i n es  th e  oo it - m t a t  ~-.- tm i ch the SPP, cor r , -s; ’omid i ~ to

the  ‘I’s, -r v ~m t  io n an~ Ic -
~ ,. i n t e rc ep t s  the branch c u t  01 : ouat ion . . I -

~~~ m t

S — S . .\f ter sent ’ . m [ cet’ r.m 1 c ~ian pi m 1 at ions , -~u .m om~ . S-~ ‘C can ‘o

- V~~ - -- V- -  -~~~ LV ~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~

- - - . L V - - -  ~~~~~~~~~~ —
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further s imp ti ti e d to

43 . - s i n  ~~Re (A’C + lm t B ’ C l 
1 I~ - tan

1 
~~ -~ -3-)

f rom vii ic Ii 43 - , t he s’t ~~~t’ i-va C tem i aog Ic at which ~DP m5- i I l ~‘-mss through the —

branch poin t , can be computed by set t ing S — 0. Since 43 i s  only a1 m l i i

f un c t  ion  01 , Figure 5 is construc ted to show its v a r  t a t  ions as a f u n c  t ien

01 t h e  gr ound parameters and the f r e q m i e n c v  . Theref ore , whenever the

obs ervation am Ic  43 , sat isf ics the condition

-‘ -~ - , ~3.II~— ~it mi

the’ branch—cut contr ihut ions in C. $ . — . 15) are  to he added to their

t e s p e c  t ive  S~~1’ ~-ec to r potent Lii t ofl1~u Ia t ions  expressed :n . 5)  — C. . 10)

I: smm5 ’u 1 d be t’o t oted  out  that s’nce the ¼-end i t ion 3. II is ~et , the  -~~

br.mnch~~ ut integrat ion I i~~t t can be computed numer ic.i llv Nv i ter at  j og on

~ lu _ mt cmi 
~ 
3. 1 . .-\ so , hecaimse 0 t t he  b ranch  ~~u t i n t crc opt ion , t he 51W

in te gr an d  w i t  I he discontinuous at p o i n t  ~ 
a , wh i5- li is read i Iv c om p u t e d

Nv smm hs t it ut ing the ~-a l i me  of 
I 

m i t  ° C. - 1 °h

t o m t ~m n _ mt ~- lv • in man y  cases . th ~’ b r . m m m c l m  ~~ut  co n t r i h u t  ions  ire st-ve ra  I

o r de i ;  ~iaci i  tude sma I let than t he S II’ jut ogra 1 ‘-a tue ansi c m  be 
S -

~h ctet ore , it ~~~~~ ‘is ’s’ ’ 5 s C t~ V :o introduce a 5-c n d t t i c n  f o r

~~i one c .mn gno r e the branch—cut t n t  oftzr.i t ion and th e  reb~ omp u t o  th e

\,-c t or ‘ ‘t  cot ia Is mer e o f :  ic tent I v .  tli t s  task s~~lIl be a ccompl i shed  Nv

m l~ 5- ’n side rmng the exp ¼— k 1
r ~ term present ~n al l t N t - c t ’ v e c to r

‘ot en~ t.m I ~n t  e~t t a n 5 1 s  shown in ¼ — 
~~. I i C \  . it :10 :‘o lt ’5 ire pr es e n t

:1 ‘~ l O l l  is  .~~‘m ~ t 5 5 m m r . a m ite integrat ton to  the tiiter’s.m l

— 

I 
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will result in an error on the order of 0.01% as compared to the f u l l

infini te  integration. By examining the branch—cut loci (Figure 6) and

the SD? behavior (Figure 3) in the c—plane , an assumption can be made

which states that if the branch cut intercepts the SDP inside the f i n i t e

integration interval defined in (3 .23 ),  then the branch—cut contr ibut ion

is not neg ligible-. Or equivalently ,  the branch—cut contribution requires

an additional condition , namely ,

< t
tnax 

= 3(k1r2
)~~

’2 (3 .24)

where t = t 1 is the SD? and branch—cut intercept defined earlier .

In summary, condition (3.22) signals the capture of the branch

point during the path deformation. If captured , condition (3.24) is

used to decide whether the branch—cut  integrat ion can be ignored or not .

Table 3.1 is constructed to verify the validity of the assumptions which

led to Equation (3.24) by comparing the branch-cut  values wi th  the SD?

integration results for a wide range of parameters.

3.3 Pole Contribution

Unlike the branch points , which exist in all three of the correction

vector potential components , the poles only exist in the vertical

components of the vector potentials , v i z . ,  O11hlz and and sa t i s fy

the relation

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ( 3 . 2 5 )  r

I
Aga in , by considering the physical constraints discussed at the start ~~~~

the previous section , only the following two poles need to be considered

(see Figure 9 ) :

= -
~r / 2  ± j  [Ln (/~ 

— j )  — Ln ( 1/ k + 1)] . (3.26)

V -— I~V LVLVLV ~~~~ VLV
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The above RCM expressions have been extensively used for high—frequency

antenna applications (k 1r 2 large) with surprisingly accura te results,

e . g . ,  [13], [141. This success has been mainly due to the fac t  that

for  observation points away from the interface, the remaining vector

potential  components prese-nt in (2 .20 )  and (2 .30)  tend to dominate over

the RCM components thereby reducing the net error in the total vector

potential  values computed . Therefore, little is gained by adding the

complicated second terms in the asymptotic expansion of the vector

potentials, derived in Appendix II , since the accuracy of the total

vector potential will not be a f f ec t ed  appreciably .

An error of 5% or less can be expected in the RC[4 vector potential

componen ts shown in ( 3 . 2 7 )  — (3 .29)  when

k
1
r, > 10 , (3.30)

and as long as the branch—cut conditions given in the previous section

are not violated (see Tables 3.2 — 3.4). These conditions are more

general than the one proposed by Sarkar [ 7] in defining the useful
range of the RCN expressions. The secOnd terms in the asymptotic expansion ,

as demonstrated in Tables 3.2 — 3.4 , only of f e r  a sl ight improvement in

the accuracy of the 
O~ hlx RCM expression in the region where the branch—

cut contr ibution is negligible. The remaining vector potential components ,

however , do not benef i t  from the 2nd 
term in the asymptotic expansions ,

possibly because they contain a pole in their Sommerfeld integrals.

Figures 10 — 12 also compare ~he RCM, two—term asymptotic expans ion and

the exact in tegra t ion  values of the correction vector potential components

for  a typical half—space as a function of k
1
r,. Finally , in order to

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____
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demons t ra te  the branch—cut effect , Figure 13 is included to show the

1n~nimum k1r ) contours in t he ~—p 1ane above which one can neglect the

possible  b ranch— cut  c o n t r i b u t i o n  (based on c o n d i t i o n  ( 3 . . -~s~~) •

I’he computing t ime , of course , is the main reason wh y the  RCN

approxim at ions  .ire used whenever possible . For example , t h e  execu t ion

t ime on a Cyber 1~~5 computer  fo r  comput ing  the  t h r e e  c o r r e c t i o n  vec tor

p ot en t ia l s  is 1 msec fo r  the RCM approx ima t ion  and as h i g h as SO—lOU msec

for  the SDP in t eg ra t ion  technique presen ted  in th i s  ch a p t e r .  It should

be pointed out , however , tha t the SD? integration is an order of magnitude

faster than many of the previously reported integration techni q’ies

— [k ) ) ,  [ i a ] ,  making it more suitable for a much wider range of low—

frequency applications •

I,

I’ 
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—I . COMPUTATIONS OF THE VECTOR POTENTIALS WITHOUT
SOM~’IERFELD INTEGRATION

The conventional approach for analyzing antenna problems over lossy

ground involves repeated evaluations of the Sommerfeld integrals appearing

in the expressions for the vector potentials , viz., Equations (3.8) — (3-10).

Even though the SD? procedure discussed in the previous chapter is an

eff icient integration technique , the computation time needed for evaluating

these integrals severely limits the physical dimensions of the antenna problems

being analyzed. In this chapter , a novel approach is introduced by initially

approximating the well—behaved transform domain expressions of these integrals ,

derived in Chapter 2, and then perform ing the inverse transform operations

via a set of exact identities. The resulting space domain expressions are

valid fo r  a wide range of parameters , with their computation times being C.

comparable to those of the RCM approximation•

4. l Transfor m Doma in Express ions

The t r ans fo rm domain expressions for  the three  cor rec t ion  vector potential

components shown in Equations (.21c), (2.31c), and ( 2 . 32 )  can be rewritten

itt the following f orms:

O”hlx - t
hO - 

1 
(1 l 

- 

~~~ 
exp (-j~~1

z1) (4.L)
— K )  -~~

0”hlz = 1h0 ~2 
— (K + ~- 

~~~~~ ~2 
exp (— jy

1
z,) (4•2) 

r

O”vlz 
= tvO j ( ~~~~~

1

+ 

~~ 
exp ~-j~~1

z,) (4 .3)

where z 1 z + h, and ‘i , ,  defined in (2.15). are exp licitly expressed as

~~~~~~ IIIii1 
—- -- .— .A - - - - - -- ~- s d  ~~~~~~~~~~~~~ LV
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- (k - 
- 

- ~2
) 1/ 2  

~ 
Im (y

1
) < 0 (4.4a)

-) .7 5

= (Kk~ 
— — i 3 )  — 

; Im (y2 ) 0 - (4.3b)

In addit ion, the free—space Green ’s function g can also be expressed in

the transform domain (see Equations (2 .41b) and (2.31b)) yielding the

f ollowing transform pa ir :

~ (cz , i3, z0) —
~
-
~
j
~
— exi (—jy

1
z0) 

( 4
• -3i )

-) ‘ ~ 1/’  -1
g(x , y ,  z 9 ) exp ( — j k

1
r 2 )/4 1T r 2 ; r ., — [x + v + z j  - 

. ( 4 .5b )

By apply ing a successive 3/az operator to (4.5), an infinite set of trans— k
form pairs is obtained , viz.,

~n 
= exp (—jy

1
z1) (3.nj)

Q . 2(j)fl+l —
~
-
~~ g(x, y, z )  ; n 0,1 ,2,... (4 .tb H

where Q is expressed in a closed form for  all n and can be numerically ‘1

evaluated quite rapidly (see Appendix III).

An examination of the  Fourie r transformed vector potentials in (3 .1) -

(3 3) and the Q in ( 4 . ba )  reveals two i m por t a n t  and u s e f u l  p r o p e r t i es .

First , all of the expressions have an identical z—variation term that

corresponds to a space—domain solution emanating at the image point P 5 .

Second , it is apparent that all of the equat ions  .ire well—behaved in the

Fourier  domain and decay exponentially to zero o u ts i d e  the circle

+ ~
2 

-
~ k~~. These p rope r t i e s  give r i se  to tile pos sibility s ) t  p e r f o r m i n g

the  inverse t r a n s t o r m  ope ra t ion  on Equations (-s .  1)  — 
~~~~~ 3’) V i ~ t~ i .-  U SO o t

the  ( 4 . u )  i den t i t i e s .  The m a j o r  obs tac l e  to Such .i i roccdure i —i  the oxi-C I s~flCO

___________________ 
- - -



44

of y 2  in these expressions which is overcome in the f o l l o w i n g  Sect ion by

an appropria te  approximation .

4.2 Approximating Y.) and Space—Domain Results

All three Fourier transform domain expressions in (4.1) — (4 . 3 )  can

be put  into the followi ng general form

- f~~~1~ ~~~ 
exp ( - jy 1z 7 ) - ( 4 . 7 )

As mentioned in the previous section , an important property of Equation (4.7)

is the  exponential  term which rapidly decays to zero outs ide the c i rc le

~2 + = k~ (also see Fi gure 14). This f ac t  enables one to replace  Y ) ~

def ined  in ( 4 .4 b ) ,  by the f i r s t  term of its Taylor ’ s series expansion ‘ ( 2 ’

that  is ,

-, -, -, - ‘2
- ~~~~ 

I
~~~ - ~~~~ 

÷ 
~~ - 

1 ~~~~ ~~~~ - - 

2 
+ ~ 2 

~ k~~~IK ~
- L 2k~c k~K J (4.Sa )

= k ~c - (4~ 8b)

I 

I For most pract ica l  values of ~ , i .e . ,  H 10 , the approximation in (3 .Sb)
_ -, —)

is excel lent  inside the c i r c l e  ~~ + 3 - k~ . Fortunately , as demonstrated

in Figure 14, the decay ing exponential in (4,7) can eas i ly  overcome the

errors introduced by (4.Sb) in the reg ion ~~~ + ‘ k~ thereby making this

a valid approximation throughout the ci~ —plane for a wide range of K and

z2 parameters , namely,

-
‘ 

o~ ~~~~~

‘

~

‘

~~~~
‘ 

~
‘
2~ 

CX I~ (—jk 1
z,) ~~~~~~

where the bar on top represents the approx imate quantities. It ~h~ u (d he

noted that Kuo and Mei [12 , Eq. SI have recently verified and used the

aforementioned approxima~ ion for simplif~-irt~ the space domain expressions ,

L ::i:~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _
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w h i l e  Chang et at .  ( ‘ D I have emp loyed an e q u i v a l e n t  ap p r o x i m a t i o n  f o r

representing the vec tor  p o t e n t i a l  in ~~~ vertical current element 1~rob1em

in terms of an i n c o m p l et e  Hankel  f u n c t i o n .  The app roxima te  t r a n s f o r m  domain

Vector  po ten t i a l  q u a n t i t i e s  can now be t r ea ted  in d i v i d u a l l”  in order  to

ob ta in  t he i r  respec t ive  t r an s f o r m  domain expres s ions .

-~.2 . l  Approxima t ion f o r  the h o r i z on t a l  component (
o~

i i i ). A p p l y i n g

the  app rox ima t ion  in t roduced  in Equat ion  ( 3 . S b ’)  to the ho r i zo n t a l  c o r r e c t i o n

vec tor  p o t e n t i a l  component in ( 4 . 1) , one o b t a i ns

= 1
h0 2 

1 
— k

1~~~
) exp (-j~~1

z 1 ) , (3.10)
Jk 1(1 — K)

and direct application of the (4 . b )  identities results in the  following

closed—form space domain expression:

O~ h 1x = ~~ht) [jk
1~~ 

g(x, y, z 2) + g (x , v , z2 ) 1  - (4.11)
k
1
(1 — K )  3z

Note that the various partials of g are explit -it lv derived in .Appendix 111 .

rhe useful range 01 
l) ht  1 and the comparison of i t s  accuracy and eff ic i en cv

w i t h  o the r  ava i l ab le  t e c h n i qu e s  ar e  discussed in the n ex t  s ec t  ion -

-i .2 . 2  Approx i n a t ton f o r  the  ve rti * -aI components and 
\- 

-

Again the variable 
~ 2 

can be eliminated in (4.2) and (3. ~ by appIvi ~~ the

app rox ima t ion  in ( - 4 . S b ) . t h a t  is ,

1~~ ~~~~~~ 
- j ( K  + 13 

~~~~~~ 
c ) 1 o x) 5 

~~~~r2
’)

-

~ — t  L _____ - . 3  5 ’ )
s ) ’ \ I Z  vU j (~ + 

exp ~~~ 1 2 ‘ 5 .

where t h e  constant c is defined ms

- i . . : . ’ )

-i
—- -- 

LV LV - - 
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Application of the identities in Equation (4.6) results in the f o l l o w i n g

space domain forms :

0~h1z = 

k K  
[—2 g(x, y , 

~~ 
- jc(K + 1) S(x, y, z2 )1 (4.15)

0~ vlz tvO S(x , y, z2) . (4.16)

Unfortunately , the function 5, whose transform domain expression is

def ined as

~ z~ ) = j
~~1 + ~~ 

exp ( —j y 1z 2 ) (4 . 17)

cannot be expressed in a simple closed form . However , by using the ( 4 . b )

identities , it can be shown that S satisfies the following first—order

inhomogeneous linear differential equation :

jS(p, z 2 ) exp (-jcz 2)J 2 exp (-jcz 2) ~~~~- gC~, z2
) , (~~.18)

where , for  convenience , the functional dependences of S and g have been

reduced from (x , ‘v’ , z.,) to (p. z ,). By integrating (3.18) with respect

to z ,, and after some algebraic manipulations , the following expression

is der ived fo r  3 :

S~ c, -
~~2 ’) = [S(p, 

~~~~~ 
— 2 g ( p ,  z~ ) ]exp [jc 

~
‘2 

— z~~) ] + 2g(~~, ~ , )

+ 2jc exp (jcz ,) — gt ~~, z )  exp ( —j c : )  d z  - (4 .1~ )— J z
2

The secondary i~eight z~ is an arbitrar~- starting point needed for obtaini ac

a unique solution to the (3 .18) differenti al equation- Since no simple

startin c po int can be found at which S(:, ~~) is known , it i - ~ -issun ed that

is large enough so tha t the RCM approximat ion in E qu at  io n (3. 2 ’ )  i -
~

- ~ - - - 
~~~~~~~~~~~~~~ -~~~ -
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applicable (see Figure 15), that is,

cos
S(p, z’,) — g (i~, z~ ) (4.20)

- 

K cos ~~ + — sin ~ 
-

where angle I~~~ is defined in Ft gure 15. A similar procedure can be used

for computing -
~~

-
~~ S, required for 

O~hl-’ in Equation (4.15), by Eimplv

differentiating (4.19) with respect to x:

S(p, z2)  = [-
~~

-
~~

- S(p, z~) 
— 2 ~~

-
~~

- g(p, z ’, ) l  exp [jc(z 2 - z!,)] + 2 g(p, z 1)

rz 1 3+ 2jc exp (jcz , ) ~~
— g(p ,  z) exp (—jcz) dz . (3 .21)

z2

and by using the asymptotic expression in (3.29), the following initial

value at point z~ is obtained :

1~3 , 2j I 2
~~
— S(p ,  z1) c~~ + 1 ~~~ 

g(p, z4) + k
1
ic cos ~~, sin t~~ 1 L OS 

~2

/ . 2~~~ -~

c o s e — V K — sln
- 

— g(p, z~)] .

K cos ~~~ 4 + ~~~K — s i n e~

In summary , the procedure  f o r  comput ing the  v e r t i c a l  vec tor  p o t e n t i a l

components at the point (o , z ,) ,  as demonstrated in Figure 15, is to start

f r om a hig h er obse rvation point  (~~, ~~~~ a t  which the RCM expressions are

va lid , a nd simp ly use Equa t i o n (4 .19) or (3. 21) to i n t eg ra t e  down to

~~~~~ 

~~~ 
This procedure effectively computes a correction term for the

RC~I approx imations of the vertical vector potent ial components in the

r eg ion whe r e RCM alone breaks down. the useful range and the t c c u r~ u c v

or this procedure are discussed in the following Sec t ion. I~1 

~~~~~~~~~
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4.3 Error Estimation for the Approximate Expressions

In th e p r evious sect ion , onl y t he approximat ion  in (~~ 8) was made to

derive the horizontal vector potential component in Equation (3 .11). The

approximated term T in this vector potential component , for convenience ,

can be expressed in the following forms :

= exp (—jy
1
z
2
) (4.21-i)

= exp (-j~ 1
z9) (3 .23h)

= —2k1v~ 
-
~~

-
~~

- g(, , z~) . (4.23c)

The error introduced by (4.23b) in the transform domain is simply

- = (
~~ 

- 
~~~~~

) exp (-jy
1
z~) , (3 . 23)

and again referring to the Taylor ’s series expansion for y1 in (3.Sa),

which is convergent for f + ~~ < k~~<! . one can assume 4T to be

proportional to the second term of the expansion , namely .

- ~~~(Ct
_ 

~~ 32)  

exp (-jy
1
z,) . (~~.25)

2k
1~~ 

—

At the sane time , a constraint is needed for  z ,~ in orde r  to  e n f o r c e  the j ..
exponent ia l  term in (3 . 2 5 )  to decay s u f f i c i e n t ly , i . e. - t~ 1 - . when

= k~~- . This important condition , which allows one to use (3. 2~-~

for error analysis , can be expressed in the following simp le form :

- I 
- ( - *  -

By su b s t i t u t i n g  ~~ ~ 
2 

f r o m  ( 4 . 3a ) i n t o  E q u a t ion  (3 .253 , one can obtain

1 directl y via  the ( 3 . n )  i d e n t i t i e s, namely ,

i
— k1

s~ )Z~~
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The space domain expressions in (4.23c) and (4.27) can be used to define

t he relat ive error  in the magnitude of T , as - -

—j- g(~~, z9)
4T1 1 1 3zRT 
T I  ThT 2kj ~~c ! ~-~~g(o, ~~~

and by using the exp l ic i t  expa nsions p rovided in Appendix III , the above

relation can be further reduced to

< + ~~~~~ cos
2 

0 2 - 

~ I 
Lk 

~ (2 + 1

L 1 2  /1+ (k
1
r 2Y 

-

-, 1 r
+ cos 

~2J 
- (4 .29 )

Equation (4. 29) is a useful upper bound for the error existing in the computed

magnitude of O~h1x~ 
The first term in the a fo remen t ioned  equa t ion  se ts  a

limit on the minimum required K~ value; for example , the error condition

RT 
< 102- requires K~ > 10, while RT 

< 5% will require K~~ 20. Figures 16

and 17 demonstrate the valid regions in the (r2, 9,) plane as a function of

H for two useful error conditions , namely , RT = 5% and 10%, respectively .

Table 3.1 is included to numerically verif y the conditions (4.26) and (4.293

by comparing the approximate horizontal vector potential values in (3.11)

with the corresponding exac t SDP integration results of Chapter 3. As

clearly demonstrated in this table , the actual computed errors in the

magnitude are consistently below the R
T 

values obtained from Equ a t i o n (..20 ’) ,

for the various (K , r1, 92) combinations tested.

Unfortunately , because of the compLicated nature of the approximate

transform expressions (4.12) — (4.13), one cannot derive a ~i i mp l e  or r or

condition for the vertical potential components , as was derived ~‘~ r the

horizontal case (Equation (3.29)). However , because of t h e  i a r  nature

_______ - - ~~ LV5 LV 

-
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of the approximation for all three of the correction vector potential

components , one can assume that conditions ( .2h) and (4.2~ ) also ~pplv

to the )
~~ l 

and expressions shown in Equations ~4.l5) —

hIts assumption is veri fied by the results In Tables 4 .2 and ~ .o in

w h ich  the vertical—corre ction-ve ctor potent ial components are computed

by using k
1
r~ = 10 as a starting point. Even thoug h these RC~I initi al

vj lues , in general , contain about 5% error , the net e r ro r s  in ~m l 1 of I h o

cases  are well below the predicted ones (Equation ~.,.2&fl ). Table 4.4 is

also incLuded to demonstrate the stabilit y of the fina l vertical v e c tor

potential value as a funct ion ‘f start ing p o in t  ‘
, . Note that when

k1r~ 10, the error in the final results stays within acceptable level s

of :iie exact values primarily because the RCN approxtma ti on used ro compute

to s tar t i n g  po t n t  be comes reasonably  a c c u r a t e  in this region.

Study t n - ~ the results of :h is sect ion, one can cone  hide that the

proposed approximate formulas , i.e., k - . . 113 , ( 4 . 1  ~) and i 4 .  1 t ~) , can he

emp loved in most pract ical antenna problems as l o n g  is 
- 10 and

condition (4 . 1t~ is satisfied. 
- 

-

4 Advantages of the Apj-sroximate Expressions

the na~~or  a d v a n t a g e  of the a p p r o x i m a t e  t e c h n i que introduced in the

chapter is , of course , the c o m p u t a t i o n  of the vector p- ’t out  ials . For

example • on the C v h e r —  173 compute r  • the  computati on t ime for conmut  ing

th e  t h r e e  vector potential expressions is I flSt~c for the ~~~~~~ techn i que ,

asec for the approximate technique presented in this c itir t o r , and

m l i v ~0— 100 -nsec for the ~DP Integrat ion cc u n i  qu o  d sc ussod

C h apt e r  3. No t o  that even I ~I 0 I l K h l  t i t e  n’~ r~’x :rn.l to  t e cn t i  i quo is s i t -di lv

~o r o t ime— consum i ng t ion the ~C~-t ie t hod , i t can  iso t p p  li ed to a flue 1

.

~ 
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wider range of parameters making it suitable fo r  most practical antenna

problems .

Ano ther advantage of this technique is that the horizon tal vec tor

po ten tial componen t 
0~h1x is expressed in a simple closed form (Equation 4.11),

while Kuo and Mei [12] have obtained yet another i n f in i t e  in tegra l  form

by applying virtually the same approximation as the one in Equation (4.8b)

to the Sommerfeld integrals . Also the f in i te  integrations needed for

the vertical  vector potential approximations , v i z . ,  Equat ions (4.19) and

(4 .21 ) ,  will never have a singularity in their integration interval thus

making the integrands well—behaved . In addition , these integrands are

independen t of z~~, thereby making it possible to compute the vertical

vector pot-ential - values along the vertical  interval z z 2 by a single

integrat ion, i.e., by using the newly compu ted value of the vec tor

potential  as an initial value for computing the next point on the

interval. This procedure, when needed , can apprec iably improve the

overall efficiency of the technique.

Finally , since the evaluation of the E— and the H—fields is of major

importance, the approximate technique presented in this chapter also

prov ides a coinputationally efficient formulation for computing the various

f ie ld Components. This can be simply demonstrated by observing the

matrix Equations ( 2 . 9 )  and (2.10) . The various mixed par t ia l  der iva t ives

of and fl , needed for  the f ield computat ions , can be easily expressed

in terms of the various mixed partial derivatives of g(~~, Z )
) ,  wh ich in

turn  are expressed in a comput a t ional lv  e f f i c i e n t  closed form in Appendix Ut .

The following chapter demonstrates the ability of these approximate

expressions to efficiently analyze several antenna structures radiating

over a Lossv half—space. 
- -
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_  JLV ~~~~ r.



L V -  ~~~~~~~~~~~~~~
- -——--LV -

59

5. WIRE ANTENNAS RADIATING OVER A LOSSY HALF-SPACE

The approximate field solution to the cur ren t  element problem radia t ing

over a lossv h a lf — s p a c e , developed in the previous chapter. in conjunction

with the method of moments [17] can be emp loyed to analyze a wide va r i e ty

of thin—wire antenna problems radiating over a lossy half—space. Initially ,

in this chapter, a general integral equation is derived containing the unknown

antenna current. The method of moments is then used to reduce the integral

equation into a numerically manageable matrix form , and finally , a digital

computer program is developed for  computing the an tenna curren ts , impedance ,

and f a r — f i e l d  pa t te rns , given a specified antenna geometry . A number of

simple antenna structures are considered ~d their behaviours are numerically

predicted and presented in the final sections.

5.1 Antenna Integral Equation

Figure 18 depicts the geometry of an arb itrary wire an tenna over a

lossy half—space , with (r ,~~~,i~~) defining a point on the antenna—axis.

For simplicity ,  it is assumed that the antenna is entirely in the xz—plane

= 0), since the field computation due to currents in the v—direction c a n

easily be handled by a digital computer program by simply rotating the

xy—plane by 900 abou t the z—axi s .  Assuming t h a t  the an tenna  is ex c i t e d

by the field ~
exc
(~~ ) and having a loading function A (r ) ohms/meter .

one can wr i te  a general in tegra l  equation enforcing the total ~- -fieId alan~

the antenna equal to that induced by the possible loadin g function , that r

is, 

C

-——---C.-—-’ ~~ - _________



Arbitrary Wire Antenna
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2r g - - - - 
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/
Medium ~ (ground)

Figure 18. The geometry ot an arb itrari l ’.- - h . I C ~ od wire antenna Is ~c .Ited
over a lossv half—space.
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~~~~ 

~~~exc
(

LV4
~~~~

) + 
~~
‘a~ 

‘ 

J~~ v~~ a C ra~~ 
‘ + Gh a~

r
a
)
~
c .

antenna

= -\(~ 
)
~

( ) (5.1)
a a

:he:
e 1(~~) isa unit vector along the antenna direct ion and the kernels

G (r ,r’) and G (r ,r’) are the E—fields induced at point r due to a one—
v a a h a a a

ampere electric current element located at ~~~
‘ and oriented in the z— and
a

the x—directions, respectively . The matrix Equation (2.9), which formula tes

the electric—field components in terms of the vector potentials, is used

to write:

+ + +
E = D f l  + D I 1  , (5.2)

x x  z z  

+ ±
where the vector operators D and D are defined as:x z

~x ~~~~~ ~~~~ 
+ z~ 

( 5 . 3 a )

= 

~
[
~

-) + -i--

] 
+ 

~~ 
÷_

~
] . (5 .3b)

By using the general formula in (5.2~~, one can direct ly write the two kernels.

and 
~h ’ in terms of the incident , perfec t reflection, and the 1-orroction

vector potential components (see Equations ~~~~~ ~~~. ~ - and (~ .:. L~~~. namely ,

-~~ -~ -4. -
~ i -

~ 
-
~ -~r 

- - - -

G (r  , r ’) = G (r  ,r ’) + C (r ,t- ’ S + ; ~r r ’). (S . -..)v a a v a a V a - t ~
- i

where

~~ I — l~
~v~~a~

ra) = (juc
0

) D g ( r  — r )  (5. i a )

= (juc )~~~ g( r  - r ’ - 2h~ ) ( 5 .  ~b )
v a a 0 z a -i

~ (~ 
,~~‘ )  — — 

~~
‘ — ,

O v  a a z 0 v l ~ t i

I • 1
V
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and

Gh(1~~
,r )  = Gh

(r ,ra) + Gh(~~
,r )  + 

0
G
h~~a

,1
~a
:) , (5 .6)

where

LV4- LV4- 
- — j--4~Gh ( r , r ) = (3wc 0) D g(r — r a

) (5. 7a)

= 
~~~~~~~~~~~ 

— — 2h~ ) (5 .7b)

0~h~~a
,ra
) = 

~ x 0~hlx~
’a 

— 

~~~

‘ — 2h~ ) + 
~z O

T1hlz a 
— — 2h~ )] . (5.7c)

Note that in the above equations , h = r ’ cos (0) is the height of the current

- 

- 
source above the half—plane interface and g is the free—space Green ’s function

defined in ( 4 .5 b ) .

The correction vector potential formulation of Chapter 3, namely,

Equations (4.11), (4.15), and (4.16), along with the expansions presented

in Appe ndix I I I ,  enable one to compute the scattered components of the two

-~ •r -4-
kernels , v i z . ,  G , G , G , and G , without difficulty . However , because ofv 0 v h  O h  -

- - - ~l —ithe singular nature of g, the free—space sojutlon or the kernels , 1, and

should not be computed directly . Instead , as has been successfull~- reported

[11], [14], [181, and [19], the thin—wire approximation is used to  shift

the observation point r to the antenna surface , and in order to further
a

smooth out the singularities , the finite difference scheme is emp l oyed to

perform the D and D operations defined in i5. 3) .

5. Method of Moments

\s developed by ~Iarrington [17]. the method ot moments is a ~- ‘nven lent

approximation for transforming the antenna integr al equat ion int o 1 numor 1 I  liv

manageable matrix form. In this work , pulse—has is and dcl t . i — m - i t c t t  inc t mc t ~ons

~~~~ LV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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are chosen since they eliminate the need for integrating the kernels 
~

and C
h• The number of unknown patches on the antenna N should be large

enough so tha t  the patch  length ~ is at nost 1/6 of the wavelength .  The

approximated current along the antenna is therefore represented as:

N -

I = I I , ( 5 . 8 )
n l  a a

for which ‘m is an unknown constant value over the ~
th patch and zero

outside of it , also ~ is a known unit vector tangent tc the antenna at

the center of the n~
1l 

pa tch ~see Figure 18). Substituting (5.8) into (5.l~

and letting subscri pts n = 1, ~.3.- - denote C C  l u at  ion at the center

of the n tul patch , ’ and letting [1
4-
1 and [~~ eXL

] be column vectors containing

the current and the tangential excitation field values at successive

patches , one f inally arrives at

[
~~~èXC

] — —[~
1m
~ ][t] + [ \ ] [ i 1  , i5. °)

where [~ 1 is a diagonal matrix with elements ‘l’~~’’
”’’

~~ 
and 17

imp
1 

~

an n~~n square matrix with its ~
th row and j~~ column element defined as:

~
tmp 

— \I(~ j ‘ [~ ‘ I(~- .)G (r ,r ~ + x - 1(r )C ,r . ) ]  -ii al aj v ai aj aj h i i

Note that i and j  also refer to patch numbers , and ~ is the patch length.

The matrix Equation (5.0) can be 3olved for the unknown currents [I], and i’v

replacing the excitation E—field in terms of the excitation velta~ e [V). one

arrives at

= [y Jflt ] [~~] ~
, i lj)

\.~int ] ~-l - 
.imp

1 + 
~~~ 

S~~ 1 l~~

Once [\.ant is const m c  ted for a g [von s t rue ture , the ~tnt enna cur rents - i n

LV -
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be directly computed for a given voltage source excitation. As was discussed

in the p revious section , the thin—wire approximation and the fimite—dif ferenc~

scheme are employed for evaluating the free—space solution components of

the kernels, viz., and 
~~~~~~ 

A power series, derived by Harrington [20],

is used for the thin—wire approximation computations , and based on the

conclusions made in [111, (141, [181, and (191, the finite difference

parameter iS is chosen to be equal to ~\/2 , e.g.,

f ( x  + iS) + f(x0 — 
3) — 2 f ( x 0)

f - 0 ; ~ 
= ~/2 - ( 5 . 12 )

xO

The free—space solution obtained by using the above approach has been thor—

oughlv tested and , as an example , the generated impedance curves shown in

Figures 19 and 20 agree well with the ones reported by Jordan et al. [21].

5.3 Far—Field Radiation Pattern

The RCM expressions , shown in Equations (3.271 — (3.29), ~ire the log ical

choices for representing the correction vector potent ial components in the

far—field region (k
1
r ~~~ 10). Working in the sp h e r i c a l coord ina te sys tem

~~~~~~~ and neglecting all terms containing r , r 3
, ‘ ‘- , one can easily

show

(~~.l ~

where is the total vector potential. The total e l e c t r ic  f i el d  E , i rom

Equat ion  ( 2 . 8 ) ,  can therefore be shown to have no r—component . namel y ,

= 1k ÷ ~~~~~~~~~~~ = k [(cos ~ ~~~~~~ ~ 
— sin ~ ~~~~~ — .

Is expected , the above f i r — f i e l d  express ion r e p r e s e n t s  two il.ine waves
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~po lar I ~ed in the ~~
— and the ~

— direct ions propa gating away from the (x , v ,

or ig In d e f i n e d  In Figure 18. in summary - the far—elect n —ti e Id rad i~t t  ion

i’attern du~ to  a cu r r e n t  element with no v—component k-an he readi lv computed

~‘v initial lv eva lu at  ing  the total ~‘ec tor potential components V [a the RCM

approxiina t ion ~ind then usi n g E q u at i on  (5 -  l-~ t o  obtain the F—f ield va lue~

at the des [red observat ion points.

ilie f a r — f ie ld  pattern f o r  a c i v en  an t en na  structure is simply ot’tained

by app lying the superpos It ion t heorem t~ the individua l rad [at ion p~t t crils

of the antenna current segments defined in the method of moments approxim .tt ion .

S-id [at  ion pat tern examp les are inc luded for the v ar  ion s  antenna st ruct urt-s

ana lv ~ed in the following Soc t ions .

S~~.* Hori~ental Antenna over Lessv
~~ itlf:~r

ace

the genera I developments o t oct ~~~ S - 1 — - -~ are .ip  p l i e d  to  t h e

her i _~ont a I jntenna shown in F I g u re 21 - Fort una tel v , ~‘-c_ l uso 01 ~i -  s~-m:m. - r e S

- ~.imp - - - LV -pr esent in this geometry - t h e  [ - -  I nat n i x  in ~~uat ton i ~ , 0 i  t I ~~-s he

:-ollow ing form ~Toep lit : inatrix~

Vt l J 2 ~~~~ ‘ . -I 
-
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1 2
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a a , - - a
II 1 1 I  1 _  1

.he no  t O t e , otie nee d S t O  - - o m p i l t  C Oil Iv -‘lIt’ t O W  0 t t h t s al t t .  x and is.- t o it  - -
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is developed to  analyze the horizontal antenna of Fi gure 21. t’sing this

program , Figures 22 and 23 are generated to show the impedance variations

of a 2L = 10 meters center—fed horizontal antenna located ii = 3 me ters

above various lossv grounds. Radiation pattern of this antenna at 15 ~fl1z

is also shown In Figures 24 and 25 .

5.5 Vertical Antenna over Lossy Half—S pace

rhe vertical dipole shown in Figure 26 is the next geometry considered.

Unfortunately, as was the case for the horizontal antenna , the total [Z imP i

matrix is not in a Toeplitz form . However , main program VERT (in Appendix IV)

is designed to take maximum advantage of the available symmetry . As an

examp le, Figure 27 is included to show the radiation pattern of a 2L 10

meters , h S meters , center—fed vertical dipole at resonance if = 15 ~U~z l

located over various lossy grounds.

5.b Inverted Vee—Dipole

As a comp licated examp le, the inverted Vee—dipole o f Figure 23 is

considered. Again , as in the two previous sections , symmetry is used in the

main program VEEDIP (Appendix IV) in constructing the [1mmP 1 matrix. The

rogram is tested for an inverted \ ee—di pole structure having L = ~~ meters ,

= 10 meters, and ~ = 0
0

; Figures 29 and 30 demonstrate the radiation

pattern of this structure at 10 ~fl-lz and for various lessv grounds.

in all three of these examples , care has been taken not  to violate the

conditions c 
- ~ 10 and Equation (~~. 25) to ensure the  accuracy of the results. r

Also , since the [Z~~~ J matrix for these examples turns out t o  ‘c s - r n n e t r f - , 
—

a special inversion routine (XINV in Appendix 1V I is employed t o  save an

appreciable amount of  computer time .
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Based on the steepest descent path (SDP) Integration techni que , an

e f f i c i e n t  numer ica l  i n t e g r a t ion  pro cedure  is de~’e loped in Chapter 3 for

computing the Sommerfeld infinite integrals present in the vector potent Lii

express ions  of a c u r r e n t  element  r a d i a t i n g  over a loss~’ hal f—space. Fv~-n

though this procedure is about ~in order of magnitude faster t han  the l a t e s t

r ep or t ed  Sommerfeld  in t e g r a t ion  t echni ques , the computat ion t ime for a tvp ical

antenna  problem can s t i l l  become p r o h i b i t i v e .  The ret lection coefficient

method ( RcN ) a p p r o x i m a t ion s , wh ich  are simply the first term In the asympt otic

expansion of the  Sonimerfo d integrals , offer a simple closed—form so lut ion

va l id  only ~it  the high end of the frequency spectrum and which .-anno t he

emplo yed in maqv practic al s i t ua t i o n s  - A l s o, t h e  ad d i t  i O f l  01 the second term

in the aforementioned asvmptot Ic expansion to the RCM spproxinu t ions is rul ed

out • since the resulting vertical Vector potent Lii components d ivergt’ from

their respective exact  i n t e g r a t i o n  va lues .

Chap te r  ~ p r esen t s  a n ove l  appro ach  in which the trans tot - rn doma in

representa t ion of the vec tor potent Li is is ~ipprox inn ted snc  li I l t a  I

resul t ing space—tl oina in express  t on s  do not require any kind of infinit e

littograt ion . This app roach 11.1$ the tier i t  of be Ing computat i~ ’mi~i i v over an

order o i inagni tude (aster than the SDP technIque 01 Chapter - wh ii e i ng

accurate over a wide rangi- of parameters of p t-ac t  i - cal tnt crest - m d , in

add it ion , o t o rs a simple and nume rt~- a il v man.igeab lo pro~- L’dure 1 or ot’ t a i i i  a~

the ne_m r E— and H— f te Id c onmp~’ncut s -

7ht~ ~ t’ne ra computer program, list ~-d in \ppend ix I V . is ~ic v e  I 

t-mp 1ev u g the api~ t-ox tma  to  formu it s et L I l a  or ~ m d  ts usc~i 1 0 -
~~~‘ lye ~~~~ t- .i

- - - ~~~~~~~~~~ 
- 
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antenna geometries. With minor modifications, this program can be adapted

to analyze most three—dimensional thin wire antenna structures over a lossy

half— space -
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APPEND IX I

EVALUATION OF 
O

1Thlx ’ O
iThlz~ 

AND 
O

11vlz AT 
~2 

= 0

In this appendix , the behavior of Equations (L47) — (2.49) is studied

at  ~3 , = 0. In the i r  present forms , these integrals are not defined at

= 0, although it is clear that  their  equivalent forms in ( 2 . 4 2 )  — ( 2 .4 4)

are bounded. Equation (2.47) can be expressed here for  convenience as

tvO ~~ 
-jz 4.k~

_\

01’vlz = ~~ J _______ 
- 

________ 
H
0 

(p 2\)e dX (1.1)

—~~K/ — \ ~~+ / K k — X

where 
~~2 

= r~ sin e 2 . The Hankel function in (Li) is not bounded at

e 2 = 0 To c i rcumvent  this d i f f i c u l t y , one replaces H0 with i ts expansion

fr om [2 2 ]

( L V 4 . )  (-1)~~~ 
o \  2m 1

H
0 

( c- , \ )  = J
0
(~ 2

\) — 
j 

-
~~ Ln LV~~~~~~~~_ J

0
(c ,\) + ~~~ 

- 

2 ~~~
m 1  (m !)

(1.2)

where y is Euler ’ s constant and -~ (m) represents the harmonic ser ies ,

i.e.,

p ( m )  1 + 1/2 + i / I  + - . - + I ’m - ( 1 . 3’)

Note that  both and the summation terms in (1.2) are even functions of

\ , henc e, their contributions to the integral (I.i) are zero.

Substituting (1.2) into ( 1.1), one finally arrives at
r

_ _ _ _ _ _ _ _ _ _ _  

-
____________________ —~~ -~~ J (r , sin ~, \ )

0 vi: ~rTj / , , , 0 —

—-‘i ~~~~ 
— V~ + — V

-j:,4k 1
-\

- L n ( r ,~~) e d \ , 1. L V 4 I

_______ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________ _~~~~ _~~~~ - -

~~~~~~~~~~~~
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which is obviously bounded at a , = 0. Introducing the change of variable

X k1 
sin ~ into ( 1.4) and set t ing 0 2 = 0, one finds

O~
1vlz = 

1
~~~ i J K sin ~ cos ~ —~~-Ln (k1

r
2 

sin ~) ~
_
~k1

r2 COS~

F K COS ~ + /K — sin ~

0
2 

0 (1.5)

where path r is shown in Figure 2. In a similar fashion , one may obtain

equivalent expressions for  the remaining vector potent ia l  components at

0
2 

0, namely ,

I k . . — jkr coS~
&thlx 

v O l  J Sin ~ COS 
—

~~~~
- Ln (k

1
r9 sin ~) e 

1 2 
d~ ;

F cOS ~ + /K — sin ~

02 = 0 (1.6)

and

&~vlz = ~ 0 2 = 0 . (1.7)

LV— LVLV~ —-—-LV LV 
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APP ENDIX II

ASYMPTOTIC EVALUATION

In this appendix , a general formulat ion is developed for  a higher—order

asymptotic evaluation of an integral with the following format :

u = -

~~~~~~

- J P(~ ) e jItr cos(~—8) d~ , (11.1)

where it is assumed that kr is a large parameter , —ii / 2 < 0 < ~T/2, P (~ )

is a slowly varying function and path 1’ is shown in Fig. 2. For large

values of kr , one is usually interested in determining the asymptotic

expression of (11.1); this is done by employing the method of the steepes~ —

descent path integration. At the saddle point ~ = 8 , one can deform the

integrat ion path F to the steepest descent path (SDP) defined by

Relcos (~, — 0 ) ]  = 1. Assuming that in this deformation no poles or branch

points are encountered , one may express (11.1) as

u P(~ ) e
_jkr cos(~-0) d~ . ( 11 .2)

SDP

Since on the SDP the relation Re[cos ( - ~ 
— 0 ) 1  = 1 hold s, one can

introduce the change of variable

cos - 8
2
) = 1 - jt

2 
, (11.3)

or equivalently ,

t = v~~ e~~~
’4 sin (1I .~~)

in which t is a real variable taking the domain [ — -
~
‘ , -

~~~
} .  Substituting (i .~~) 

- -

into (11.2), one arrives at

- 

- —

— - L V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ LV -- — —~~~~~~~ -- 
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— jkr—j rr/4 ~~ k 2
u = 

— J 0(t) e 
rt 

dt (11.5 )
2~ 2 ~i

-~~~

w~tere

(1 ( t )  = P (~~) sec ~
‘ , ( I I . 6 a )

in which ~ is replaced with

= ±~~~~+ jLn(t
2 

+ + I t l v ~ + 2j~~ + 8 , t 0 (II.6b)

and Ln is interpreted as being its principal value The complete asymptotic

expansion procedure [23] is now used for the asymptotic evaluation of ( 1L5) .

In this procedure , one first expands Q(t) in a Tay lor ser ies

3n 

Q (t) = 

n~ O 

Q
(fl)
(~ ) 

~~ (11.7)

where Q~~~ (O) = — Q(t)~ and F is the Gamma function. Then (II.fl is
3t t=0

substituted into (11.5) to finally result in

- —jkr— jn/4 ,—2ne ( k ) ~~~~
1’
~ Q

(_
~~~( Q )  - ( I I . S )

2v2T1 n 0

In constructing the preceding equation , the following identity was used ,

v iz.

2 1(~~)~~~~~~~
2 
F[(l + n)/2] for n even

dt =~~ . ( I I .~~
LO for n odd

(‘n)
i tc tasK is now to determine Q ‘ s in terms ~~t P. fliis is achieved ~‘v

differentiatinc (II.ba) and arriving at

— -~~~~~~~~~ -——— -- —- ~~~~~~~~~~~~~~~~~~~~~~~~ I
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Q( 0) = P( 9)

Q~
2
~ (0) 2~[d

P(~) + ~
d~

Q (4) (~ ) = 4Ld P(
~

) 
+ 

S d2P(~) + 9 
. (11.10)

d~ 
- d~

The higher—order terms can also be determined in the same fashion. It is

worth emphasizing here that in deriving the preceding equations, the

following assumption has been made: neither the poles nor the branch

points of P(~~) are intercepted by the path SDP.

To present an example, the higher—order asymptotic expansion of the

following Hankel function of the second kind and order \ is derived :

H.~
2
~ (cz ) -

~~ J ~~~~~~~~~~ ~~~ ~~~ d~ (11.11)

Comparing (11.11) with (11.1), one obtains

P(~) = 4j ~~~~~~~~~~ , (II.l2)~

where it is assumed that ~ >> V. Substituting (11.12) into (11.10) and

simplifying the result, one finally arrives at

I Q(0) = ~ej e
3~~~~~~

’2

Q~
2
~ (0) _8[_V~ + ~Tj e3~~~2

(
~Q (4) 

(0) —16jCv
4 

— 
s 

+ -j~J ej~~~~
2 

• (11.13)

(2) . .The asymp totic expansion of H is then determined using (11.3) to be r

(~ ) = ~~~~~~ 
(~-v~/2-~ /4) + ~~(i - u2) - - + + O(~~7H.

(11.14)

— -~~ --—~~~ ----— —--~.-~~~~~~~~ .-.- -~--—--~~~ .—~ .— —
~~~. ..
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The purpose of this appendix has been to formulate the necessary steps

for determining the asymptotic expansion of the vector potent ial components

expressed in (~~.37) 
— (2.49). Rearrang ing these three expressions into

the form of Eq. (11.1), one can easily define a P funct ion correspond ing

to each of the vector potential components as

~v iz~~~ 
— I

0
k
1
K 

sin ~ cos~~ sing) exp(jk
1~~ 

sine)

K COS + v K  — sin

(11.15)

1hOkl 
sth ~~cos 

~ H~~~ (k
1~~ 

sin ~) exp(Jk 1 i 2 sin ~)

cos + ~~ — ~in~
(I I .  16)

-j r ~~k 1 :os ~~~~ 
sin - COS - ~K -  si n k . 

H~~~ (k
1~ 2 

sin ~)

K COS + ~K — sin

exp (jk
1~’

, sin ~) (1I.1~~

where functions P , P , and P correspond to the ~ , , andv iz hlx hlz () vi;: U hix

O~h lz expr ess ions , respectively . Since the final results take a

comp licated form , the following notations are introduced for the ease of

representation , namely ,

~ cos (1l.lSa~

s — sin ( 1I. 18h ~

q = — sin P , . (11.l8c ’

Performing the rather tedious differenti ation needed in (11.10) and

us ing the asymptotic expans ion for the Hankel function s derived in (11.14) ,

one f inallv arrives at the fo L lowing two—term asvmptot ic express ion for

the i forement ioned vector potentia l components:

———  ~~~~~~~~~~~~~
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—jk 1r2 r ~, A
1

(3c - 2/ c ) + A, + ~c
11 ~~i 

..KC t- + 1  jKC I ~~— +o vIz vO Kc + q 4~rr 2 vO LKC + q 
0cc + q~~

~~2 S A ~ I ~ 1 2
+ __________ 

e 
,
~~ + 0(k

1
r~ )

3 
(11.19)

0cc + q) J 47Tk1r,, -

A A + ~ 
—jk

1
r
2

0~hlx = thO ~
2: q 4~ 

- 

+ LhO ~~ +~q 
+ 

( c +  q) 21 4~k1r~ 
+ 0(k

1
r
2
)

3

(11.20>

—jk
1
r2 A ,

&‘thlz LhO CO5 ‘
~~~ Kc : 41Tr2 

+ thO CO5 ‘p2 
j sc (c  — 

~
i)  L~ 

q

2 2 2~~~ —jk r
A
1
(5c — 2/c + 2s /q) + A, + Kc 2s A1 e 1 2

+ 2 + 3 1 ~~~+ 0(k
1
r9)

0cc + q) (icc + q)J ~~k1r2
(11.21)

whej e A
1 

— A
4 

expressions take the following form:

A
1 

Kq + c (I1.22a)

A2 (~
4 

- 2ics 2 
+ K)/q

3 
(II.22b)

A
3 

= 2s /q + (3c — 2/c)/q — 2 (11.22c)

A
4 

s c/q 3 
+ s

2
/q~ + 2 (3c — i / c ) / q  — 6 ; (1I.22d)

s,c , and q were defined in (11.18). It is interesting to point out that

in deriving (11.19) — (11.21), one initially encounters singular terms

at 
~~ 

0. As expected , after some algebra ic man ipula tions , these singular

terms completely cancel out in all three cases , and the two—term asymptotic L
expressions for the vector potentials remain bounded for 0 < < 90.

- ~- - -— —~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~
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APPENDIX 111

VARIOUS PARTIAL DE R IV ATIVES OF’ g

The free—space reen ’s function g, wh ic h  is defined as

- g ( x
1

, x 2 ,  x1
) - exp (-jkr~ /41Tr ; r - (x + x + x~~1 1 ’  (111. 1)

is singular only at the point r — 0 . theref ore , its partial derivatives

exist for all r > 0 and can be represented in .i closed form . In order

to express these deriva t ives in an organized manner and suitable for

numerical eva Lu .it ion , the aux ii iarv t une t ion R
1 

Is m t  reduced as

- (-l)~~tl ‘ 2 s ... ~(2 i - 2) + lkr [l ~ 3 ~ ‘... ~(2 i - 3fl~~r

I — 1 ,2,3 ,... (ll1..~

where R
i 
has the following convenient property

- x~ R 1~~1 
i - 1 ,2,... 1 - 1. 2. . 111. n

The various partial derivatives of ~ can now he expressed in terms 01

R 2 . and lower—order partials of g.

.i) Partia l derivat ives ot one va r ia ble

(1I1. .~I I

— (R~ + x R 2)R + :\
] 1

~l ,ç~~ ~ (III. ~

- ( l~~~ R , + x
1
R 3

)
~ + 2(R

1
+ ~~~~~ ~~~ + x . R 1 

‘

~~
-

~

where j — I • 2, 1 holds to r  Equ;i t ions ( I  11 . — (111 — u~

- - -—-  —--.— —~~

L - - 
- . .

~~~---~~~ -- - ~~~~. _ _ _ _ _ _ _ _ _



b) Mixed partial derivatives of two variables

~

. x~ x~ R2g + x
k
R
l 

-j-
~
— - g — x

J
xk (RI + R1) g (111. 7)

g x
k

(R ) + x”R
3
)g + 2x x

k
R
~ ~~~~

— g + x
k
R
l ~~~ç ( [ [1 .8)

‘lx - _I ~I -

4

3x~ ‘lx
k 

g — x
k
(3x

j
R
3 ÷ x~R,)g + 3x ,(R., + x~ R3

) 2 ~ + x
j
x
k
R 2 ~Lç

+ x
k
R
l f— g (111.9)

‘• • .) - ,  1 3
[R , + (x~ + x~ )R3 + x~ x R , Ig + x

k
(R 2 + x~R3

) 

~ç ~j ‘k

+ 2x .(R 2 + x~ R3
) 

~~~ 
g + (R

1 + x~~R~,) 
) ~ 

+ 2x~ x~ R , ~~

- ‘- -- --,---- .
~

j

+ x
k
R
l 

- .. g .Ill. 10)
3x~ ~

X
k

where j ~ k and j ,k = 1,2 ,3 is assumed fo r Equations (1lI.~~ — ~~~~~~~~~

c) Mixed partial derivatives 01 three variables

3 3 
________

( l t l .ll)
ox ~x , ox - k ~. 3 k — ox 1. ~x

j  r~ ~
. I

• r
= ‘ ( x~~~~R + x R )~ + ~x x  x, R ~

- -- ~ + ~x x ,~., 
----

,

~l j 4  k ’ 3 ’ x .
“ I

‘1 ’ 
_______+ x .x ,R -

~
- ——--- ---—— + x~ R ‘

~ ~1 l1.12 ~I ~ -x ‘X ~ 1 —
j k ‘l~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~ - --~~~~~~~~~~ -.~~~- . - - ________________- —
~~~~~~~~~~~~~

—,
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where j # k ~ 2. and j ,k ,.~ 
a 1,2 ,3 is assumed for Equations (111.11) —

(111.12).
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APPENDIX IV

COMPLETE COMI’ %Jt ER 1.1811MG

In this appendix, a complete Listing of a Fortran program is listed

(or analyzing wire .intenn~i structures over a loss~’ ha! f— space , based on

the deve lopments of Chapters ~ and ~~. Also included are subroutines

for evaluating the correction vector potential via the SDP integration

techn iqt’e intr oduced in Chapter 3. to avoid confusion , care has been

taken to use the same symbola and names in the program as were introduced

in the text, and comment statements hove been included frequentl y to

describ e the function of each routine .
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