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L implemented as a stand—alone software package that is easily accessed by exist-
ing structural dynamics analyzers (i.e., finite—element , —difference discrete
element computer codes) through a comeon data structure, input/output (I/O) mana-
ger and a few user—supplied control and interface routines. The performance of
this package is evaluated through a computer study of four sample problems that
embody a large class of responsat characteristics : linear to highly nonlinear;
wave to structural to uncoupled component response; narrow to wide frequency
spread ; no damping to over—damping and accuracy—critical to numerical—stability—
critical response. The present method is successful in meeting these response
characteristics with effectiveness in all the above cases with the single excep-
tion of pure wave propagation.
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( A VARIABLE-STEP CENTRA L DIFFERENCE L1ETHOD FOR STRUCTU RAL DYNN IICS ANALYSI S

PART I : THEORETICAL ASPECTS

K. C. PARK AND P. G. UNDERWOOD
Applied Mecha nics Laboratory

Lockheed Palo Alto Research Laboratory
Palo Alto , California 94304

ABSTRACT 2. OUTLINE OF PART

Three major theoretical aspects of variable—step The stability and accuracy characteristics of the
explicit integration procedures are proposed and ana— fixed—step central difference formula are well under—
lyzed. These include basic fixed—step integration stood for unda.ped equations of motion governing struc—
formulas for no damping, diagonal damping and non— tures, cf., Kreig and Key (2) or Park (3). The effect
diagonal damping problems; the adjustment of the basic of system damping on its performance, however , is not
formulas to accoamodate step changes; and , step size well understood even though it is generally acknow—
selection criteria. It is shown tha t the truncation ledged that the presence of nondiagonal damping re—
error concept is not adequate to detect numerical in— ducea its stability margin. In Section 3 the basic
stability f or general structural dynamics analysis formulas for the fixed—step integration are presented
when low accuracy is requested. The “apparent fre— for undamped , diagonally damped and nondiagonally
quency” concept is introduced to maximize stable step damped cases. In Section 4 the analysis of stability
sizes and is shown to be stable when low accuracy is and accuracy of the formulas for the nondiagonally
requested. damped equations of motion is presented. The origin

of the stability reduction due to nondiagonal d ping
I. INTRODUCTION is identified and a means to minimize this stability

reduction is given.
The central difference integration formula is The step adjustment techniques are described in

f widely used for direct time integration of the equa— Section 5. Two techniques are introduced to adjust
tions of motion governing structures. This popular— the basic integration formula to acco odate ateP size
ity Is due to its favorable fixed—step stability limit change.: interpolation of pant solutions to represent
f or undamped problems, no numerical damping, low fre— solution vectors at equal intervals of the present
quency distortion, and staple implementation. The step size and adoption of variable coefficients in the
formula is thus well suited for fixed—step integration integration formula. Care is taken 50 tnat either
cases provided the step size chosen does not exceed technique retains the characteristics, as close as
its stability limit with respect to the highest fre— possible, 01 the fixed—step formula.
quency of the system under consideration and the so— The heart of the present paper Is concerned with
lution accuracy is not adversely affected by such a step size selection strategies. Several variable—step
step size choice, integration pro..eduree have been proposed for explicit

In practice, however, step size changes are often methods, notably, D~ Xrogh (4), Brayton et al. (5),
desired to select a step size as large as possible, Cordon and Shampine (0), Zadunaisky (7), among others.
consistent with a specified local error. This calls While the details of these procedures vary consider—
for an adaptation of the central difference formula ably, their coninon presumption is that the local
to a variable—step integration procedure. There are truncation error is a reliable measure to control step

• four major factors tha t affe ct  the efficiency of ~ size chauges . Although this appears to be the case
variable—step integration procedure: the basic tnt.— for high—accuracy requirements, i.e., the relative

• gration formula which dictates stability and accuracy local error is less than iO—5 , its applicability to
for fixed—step integration ; the adjuatment of the oscillatory problems such as structural dynamics prob—
basic formula to handle step size changes and to m m —  lens has not been firmly established. Moreover, in
imize any lose of stability and accuracy; the step typical structural dynamics analysis much lower accu—
size selection strategy to satisfy a specified error racy (say, a few percent relative error) is often sat—
bound and at the same time to avoid instability; and isfactory due to analysis cost and uncertainties in
and last, but not least, the computer implementation, structural modeling. In Section 6, the applicable

This paper is divided Into two parts to address ranges of truncation error—based step selection cri—
the above four factors. In Part I we concentrate on ten s are examined. This examination indicates that
tha fir.t three factors as they are closely tied to for low—accuracy analysis the truncation error con—
the algorithmic nature of the integration process. cept is unreliable. The step size is either too con—
Thus , Part I covers theoretical aspec t. of the van — servative so that it yields more accuracy than re—
able—step integr ation packag e, Part II (1) describe, quested or too unconservative; hence , the step size
the computer implementation and the psrfo~mance •val— 

is seldom the one desired .
uat ion of the package through carefully chosen num.r— In Section 7 we present a new steP size selection
icai experi ments. Th. many “if s’ to treat the many criterion. The criterion is based on the s tpltng

f “exceptions” that accompany a typical software devil— concept of oscillating signals, in which frequencies
opm.nt process are also presented. are determined from the “apparent” oscillations of the

solution components Here we have been guided by
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heuristic schemes as the theory is still incomplete. .n 
— 

1 ~~n4l~ +Nevertheless, the ksy feature of the new criterion is — ~ ) (6)

( shown to have a sound foundation from the viewpoint of
to obtain from (4)the Courant—Fisher maximum-minimum theorem of eigen—

values (9) .  The numerical experiments presented in 1 ~~~~~~ h — f(u~)i)Part II illustrate that the new step size selection u —
criterion exhibits fidelity to a prescribed error — 

(7)bound and saf eguards against numerical instability.
n+i aA s~~~ary of the new results presented in Part I is u — u + h

given in Section 8. — — —
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Notice that
3. BASIC INTE GRATION FORMULAS the inversion of the matrix E 1 presents no computa-

tional difficult)-  as it involves only a combination
For direct time integration of the discrete equa— of two diagonal mainices. The stability limit of (7)

tions of motion is known to be th. same as the undamped case (3) .

M u ” + ~~~~‘ + f C ” ) - ~ (
~~) (1) Nondiagonally Damped Case

In this case f ormula (7) is not applicable as it
loses the si.plicity of vector operations due to thegoverning structural dynamics, the sunned form of the 
attendant nondiagonal factoring of ~~~~ . In order tocentral difference formula for fixed—step integration

is preserve the vector calculation advantage of the ex-
plicit formula (2), the term~~~ n needs tg be approx—

— 
.n—½ .., tasted. The effects of approximating ~~~ on nuseri—
u + h ~ cal stability has been evaluated in (3). The results

(2) show that as the damping increases the stability limitn+l “ + h !~
“
~~ 

of the central difference formula is reduced for all- u
cases examined.

where u is the displacement vector, h the fixed—step The possibility of minimizing the reduction of
size, the superscript ( )T indicates the vector value the nondiagonal damping—induced stability margin was
at the discrete time t’c the superscript dot () tea— initially studied in (9). The underlying observation
poral differentiation, ~ and ~ are the diagonal mass to be exploited for this minimization is that the
and damping matrices, f (u) is the set of internal stiffness force and the damping terms can be separa—
forces due to stiffness that oppose the structural ted, and the accuracy of the stiffness force term is
motion (stiffness forces), and P (tn) is the applied not affected by the choices for approximating 4n,
load at time tn. For a linear problem th~ Stifffle5b This suggests iterations on the damping term as a
force f (ji) becomes profitable avenue if the gain from minimizing the

(- stability reduction outweighs the overhead for iterat—
— (& — (3) ing the damping term. This is in general the case for

nonlinear problems as the evaluation of the stiffness
where K is the linear stiffness matrix, force term constitutes the bulk of the computational

A general recursion formula is obtained by corn— effort and the damping term often remains linear.
bining equations (1) and (2) In principle, iterations on the damping term U

will improve both accuracy and stability~ In practice,
~~~~ •~~“~~ ~—l ~pfl ~~ .fl .— ~ + i — — c~.’5i 

however, the number of iteration, on Q~ 
has to be

— 
(4) limited because the increase in the stability margin

and accuracy from additional iterations has bean shown
n+l fl .i~+* to diminish beyond the first two iterations (9) andu + h u

there is the possibility of rejecting the solution et
Equation (4) will now be specialized to three basic that very time step even if the damping computation
formulas to treat undaaped , diagonally damped , and has_converged. Therefore, we limit the iterations on
nondisgonally damped problems. the damping term to two at most and the resulting

basic formula takes the form of
lJndamped Case 1 .n 6n4This case correspond s to — ~ in equation (4) I u — + y h ~and the recursion formula becomes “~~ 

—

(8)Predict : ‘L~ - 1 - ~~~n - f- 11
:14 + h ~~-l  ~~ - ~ (5)

.n 6n-* + h~~~ n _ (1~8) 
..n—l
~ 1 (9)n+l n .n+~ Correct: — 

—U - u + h u— — —

,nIt is well known that the above recursion formula en— Modify: u — a + Cl—a) (10)
joys the full accuracy of the integration formula (2)
and there is no reduction of the stability margin from
a h ~ 2 , where aman is the highest frequency of the • ~~l tf — f C~~

) — ~
u ramped system.

-

Diagonally ~~~ ed Case Advance: j
When d p ing is pree.nt, difficulty arises in the 

— + h (11)

computation of 11~ because the velocity vectors are 
~ a h

to this difficulty is to linearly interpolate (~fl ~~ 
+( computed at bal f— tep poimts . The best known answer

1-2
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where y and B are integration parameters and a is an
4 aver aging parameter selected to minimise the loss of

the stability margin , see Stetter (10) .
We now examine the stability and the accuracy of

formulas (8) through (11) for the nondiagonally damped
problem.

4. STA3ILITY AND ACCURACY ANALYSIS OF FORMUI.AS FOR
NON—DIAGONALLY DAMPED PROBLRMS

The analysis procedure for stability and accuracy
of integration formulas for linear (or linearized ) /equations of motion is well known, e.g. ,  Gear (11)
and Mall and Watt ( 12). For structural dynamic aqua— ,_

tions the reader is referred to Nickell (lj), Knieg
and Key (a), Bathe and Wilson ( 14), and Park (15), F.

among others. For the linear case, it is well known — 
______ 

,“—.—.—...—..that the in tegra tion pr ocedure can be characte rized . \
by considering the homogeneous modal form of equation
(1) as ~

‘

+ ~~~ + w
2u - 0 (12)

where ~ is the damping ratio.
The task of determining suitable sets of para-

meters a, 8 and y in equations (8) to (10) was pre-
sented to the computer (see Appendix A for details);
where the values a — (0.0 1.0), 6 — (0.0 1.0) and
y — (0.0 — 0.5) were considered. Of all combinations
of these parameter ranges, four sets of parameters,
a~~~arized in Table I, were chosen for actual imple— -
nentatlon due to their favorable stability margins. o.. - .  - - n ~~~ 0

cai’p:s~ RA~ to (~~)Table I Candidate formulas for nondiagonally damped
problems Fig. 1 Stability limits of basic formulas

( _____________________________________ 

(see Table I for formulae)
Formula Parameters

— 0.5 , 8 — 1.0 , y — o From the foregoing analysis of stability and
accuracy of the four basic formulas we have chosen

P2 U — 0.5 8 — 1.0, ‘
~ 

— 0.5 formula (Fl) for heavily damped problems, formula (P4)
P3 a — 0.75 ~ — 0.75, ~ — 0.5 for lightly damped problems, and formula (7) for diag-

onally damped problems. In practice, however, an
P4 U — 1.0, 0 — 1.0, Y — 0.0 accurate estimate of the damping coefficient associ—
PS a — 0.0, ~ — 1.0, ~ — o.o ated with the highest frequency of the system ia often

difficult or even impossible. Under such situations,
formula (Fl) is adopted as a default .

Figure 1 shows the stability limits of the four So far in this section, fixed—step formulas for
formulas, along with the conventional formula (P5), various system characterizations have been discussed.
in terms of the normalized step size wh vs. the damp— When the step size changes, one must acconnodate the
ing ratio F .  Observe from Figure 1 that the choice e f f e c t  of the step sise change on each basic formula.
of parameters a, $ and y has a dramatic effect on the This will be dealt with in the next section.

4 stability limit. For example , it suggests a smaller
-.1 value of a in equation (10) if the damping ratio (() 5. STEP CHANCING TECHNIQUEST associated with the highest frequency is greater than

0.5 and vice versa . 
~~ was pointed out in Section 2 that step size

Figure 2 shows the accuracy characteristic, of changea can be acco odat.d either by interpolation
formulas (Fl) and (P4) in Table 1 and of formula (7) of past solutions or the use of variable coefficients
for the diagonally damp ed case (see Appendix A f or in the integration formula. In general, interpolation
accuracy definitions). Notice that when the system require . additional solution vector, to be stored in
is lightly damped , i.e., ( ~ 0.1, formula (P4) is more order to obtain solution vectors at equal step inter—
accurate than formula (Fl). This is becaus. within vals of the presen t step size. The introduction of
the neighborhood of ~ ~ 0.1, formula (P4) enjoys a var iable coefficients alleviates this additional stor—
larger stability margin than formula (FL), as can b. age requirement, but is known to cause instability if
observed f rom Figure I. Formulas (F2) and (P3) have the step size is changed too often (16). In this
sore or less similar accuracy charac teristics as for— study, four step changing techniques have been devel—
mule (TI) as their stability characteristics are quite oped and they are su arized in Table 2. Note that
similar. Th. accuracy characte ristics of Formula (PS) step size changes affect the stability only at one
are not includ ed as it is the least desirable f rom a step , via., the tim. step at which the step size is
stability viewpoint (see Figure 1) .  It ii emphasized , changed . This is because the formula for computing
however , that formula (PS) has bean used in many cx— the displacement vector is the same for all step

( 

‘\ isting explicit integration packages to treat non— changing techniqu es. Thus , in order to examine the
diagona l d ping in the equations of motion , effect  of step size changes on the local stability of

_ _ _ _ _ _ _ _ _

I
- a
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this type of integration procedure , it suff ices  to velocity averaging technique (PAVE) is most desirable
examine how the amplification factor Ji will behave for undamp.d problems, whereas the variable coeffi—
when the step size is changed , Th. reader is referred cLeat method (rico) outperforms the rest for heavily
to Append ix I for details of the derivation of the damped problems, When reducing the step size, both
local stability polynomials, and th . results are sue— the extrap olation (TEXT) and th. interpolation (PINT)
sarised in Figure. 3 m d  4 for the values of a ’S — 0.3 techniques become ider ticai and superior to the FVU)
and ~ — o in equations (8) through (11). Notice from for lightly damped problem .. However, the egg—shaped
Figure 3 that , when increasing the step size, the unstable sones in Figure 4 for heavily d~~~ed problems

14
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Table 2 Formulas for step changes

Technique Formula

Variable Coefficient 
— + f05n4L

~n_i
) ii”

(FVCO) uWhi u~ + h~

— 
F 

(3—r) — (l—r) ~
a4

i + h U
aAverage Velocity

(FAVE)
n+l ’ n it+*u • u  + h  (a

U

— 
1((7~~2) .i’4 2) (afl4 J + hu — (l—r

UExtrapolation
(TEXT)

n+l “ hu — u  +

~1n44 _ .n— * 1
U + j(hn+ha 1

) ( (3+r)i~~ + (l—r)~~~~J
In terpolat ion

(TINT) n+l a hU — u  +
a

1) r — h / h
a n—l

2) All the above formulas recover the basic formula (2)
when r — 1.

( 2.0 —

3.0

vv( O
PAVEI-
FEET1.0
PIN T

2 ~~~~2.0

! I

-STV.P SIZE RATIO E4,
h / h  — h / h  — 1.5n n—I n n—2

STEP SIZE RATIO:

I I I I \ h /I. • h/h . • 1/1.3

0 0.2 0.4 0.6 0.5 1.0
1.0 . \

tI f l 1  ,i .I• ~

DAMPING RATIO (0 \ \
Fig. 3 Local stability of various step increasing -

‘ PVCO

techniques (see Table 2 for formulas)
UNT

0
0 0.2 0.4 0.6 0.6 1.0

DAMP INS RATIO (I)( Pig. 4 Stability of various step reducing tacit—
niqu.s es. Table 2 for formulas)
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suggest that one should use the FVCO due to its snaIl— 2
er unstable zone. This will be fur ther  elaborated in — n+l 

— 
h n+l

£ max (Ic k i} (19)

( 
- the Evaluation section of Part II.

6. CONV ENTIONAL STEP SIZE SELECTION STRATEGY Upon multiplying both the numerator and the denominator
by 

~f~
1’, equation (18) can be written in terms of modal

In this section, two conventional step size se— components from (14) as
lection criteria will be analyzed: the truncation
error and the difference in the predictor—correctoT N 2 2 n+l n+l
solutions. It will be shown that, when Joy accuracy 

~~ 

ht~ t~ q~ Aq~n+l - _____________________ (20)is requested , these criteria are either unreliable tk N n+l
)
2and/or too expensive to use. (t~ q

j

Analysts of Truncation Error n+ 1 n+l nIn order to make our point clear, we wilt use the where Aq — q - q
linea r homogeneous undamped problem , viz.,

Assuming that
M ..n + K n — 0 (13)

IIA~JaJI 2 << 1 (21)
which can be decomposed into modal components

n equation (20) can be approximated in the form
— 0 (14)

wilere n+l b~
4’ b~t IC n+ l n

— 
ak ak

where
- (2 2)

— A 
bk • w~ (tk, 

qj)
2

2 N
A — ak 

a 

~ 

(t k qj)
2

The local truncation error of the central difference Remark: Assumption (21) is equivalent to the approx—
method (2) for integrating (13) can be expressed as imatton

..n4.l ..
~~ r n+l ..n+l n ..nl~n+l h3 ..n 

— 
h 3 —1 .n 

— 

(uK — uk) I u~ Uk — 
‘
~k 

Uk I— j~~u — l2~~ 
K u  nil 

_______ ______ ____

(15) tk — _+l — I n+l)2 n 2 I (23)

~: (
1K nil n U

K I (u~ (U
k
) 

~t I - - -.. .(~ ~~
l )

or
A proper local error measurement for the explicit for-
mula is to evaluate component—vise rela t ive errors and (~ + A~~) 6~~) 

/ C! + ~~~) 411;’ 1 (24)
take the maximum among them, viz..

2n+1 { I t / u I ~t2/u2I , . . .  It5/u5~} (16) We now define the k—th “apparent f requency ” 
~~~~ 

asC — max

2 ~ 
b~It sust be noted that error norms of t~~type (,,~ 

) — (25)
a k

— (it 1~~i~
’ + . . .  + tN /uN J P}~

h1 (17) for the k t h  solution component. Then it follows from
the Coarant—Fiseher Minimax Theorem (9) that

although they are suitable for implicit formulas, are
not applicable to explicit formulas because they tend 

~~~ 
a dIa~)11 S ~~~~ k — 1, . . . ,  N (26)

to mask out locally unstable components which propa-
gate violently in the explicit integration process.
To simplify the subsequent analysis 1,t us introduce Iquetioa (22) can be interpreted as the chante of the
the k—th relative error component •mi as apparent f requency (w~)k from time t” to tn+ for the

k—tb solution component, vi z . ,
..n+i ..n

nil (U K — 

~~~ nil  n+1 , 16
~A I L  — (,2)s—l 2

— — 
n~Il U~ ~‘ 0 (IS) Ck k — 

~“A~k 
(27)

U
k

so that 
50 t115t (19) can be expressed as
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n+1 h2 2 (32) — (34) that the differt~nce dn~’l between the pre—
— 12 ~~A~k

1max’ 
k — 1, ..., N (28) dicted and converged solution is

( For a fixed error bound e , equation (28) allows n+l n+l n+l h2 ..n+l ..nd - 
~ 

- u ~, - ~— (u - u )  (36)

(h) 2 ~ 12 C/(d43~~) (29) 
Note tha t this difference is three tines the trunca-
tion error (15). Therefore , except for its increased

while the maximum step size (h)
a 

for stability is prr’-r Constant 1/4 as compared to 1/12 in equation
US), the analysis and conclusion in the previous sub—

(h2) 4/ u2 (30’ 
section on “Analysis of Truncation Error” is applica—

a max — max ble to equation (36).

2 2 The foregoing analysis of the truncation error—
For stability (h )max ~ (hs)max ; hence , the step size based step selection strategy and the predictor—cor—
selected based equation (29) must satisfy rector iteration procedure present structural dynamics

analysts with a real dilemma to that the former is

> 3 ‘31’ 
unreliable and the latter is expensive to use. This

A max — max has motivated the authors to develop a new step selec-
tion stra tegy, described in the nex t sec tion , to re—

Note that the apparent frequency 
~k 

for the solo- solve this dilemma.
tion component Uk as defined by eq.Iation (25) can be
viewed as a “component-wise” Rayleigh quotient. This 7. NEW STEP SIZE SELECTION STRATEGY
quotient of ten typifies the dominant response fre-
quency for U

k (not necessarily the fundamental one). It has been demonstrated in the previoue section
Fur thermore , the “component—wise” Rayleigh quotients, that the use of the conventional step size selection
in practice, do not change drastically front one step criteria based on the truncation error concept is h it—
to the next. Consequently, (dw

~)max will remain ited to nonstiff problems or to a high—accuracy inte—
snail. From (31) observe that as u~ increases, gration requirement (cf., more than five—digit accu—
one must choose a smaller error bound stable in— racy). An effective use of explicit methods , thus
tegration. Therefore, the step size criteria based calls for the determination of the highest frequency
on the truncation error concept for general—purpose of the system in order to limit the maximum step size.
structural dynamics analysis is reliable only when For nonlinear problems, however , this often presents
high accuracy (small £ in (29)] is requested, a challenge as the highest frequency can change signif—

icantly. In addition , not all natural frequencies are
Error Analysis of a Predictor—Corrector Pair excited under a given load. Therefore, one wishes to

The central difference method and the trapezoidal compute the highest apparent (excited) frequency in
rule will be used as a predictor—corrector pair. A order to maximize the stable step size. To this end ,
widely used star ting procedure is a “per turbed apparen t frequency” WPA is introduced

in the form

- 
.0 

+ ~b 
‘.0 

n+1 ~‘n+1Predictor: (32) 2 du
i 

‘A
~ i

— + h 
(W PA)j du~ 

(37)

Evaluate’ •Iil N ’ (f — K u1) (33) for the i—tb component of the solution vector u.
— — ‘ —  For the linear , homogeneous undsmped problem (13),

the erturbed apparent frequency (37) can be expressed
.1 .0 h ..0 .1 asu — u +—(u + u )—c — — —

Corrector: (34) 2 2 2

— 0 + h .0 
+ ~ (~

° + il1) (w
~A
) 

~ E~j tjj ~~ 
~~~ 

< tmb (38)
~~~ dq~

The solution process takes the pattern of prediction
(P) once and evaluation (E) and correction (C) until where (14) is used as in the derivation of (20).
the solution converges, i.e. , P(EC) II for k— time iter— Comparing (38) to (25), observe tha t the perturbed
ationa. For subsequent step., (32a) is replaced by apparent frequency (wpA)i can be viewed as the fre—
(2a). k quency associated with the i—th component-wise noise.

To test convergence of the P(EC) process one The “maximum perturbed apparent frequency” is now de—
usually emp loys fined as

— 
i C (35) 

(wpA ) — max {(*spA)1, ..., (w~~)~ ).

2 Therefore, (UFA) max is recogn ized as the highest con—
ponant—vise noise frequenc y tha t is noticeable (appar-t where C is a convergence threshold, cut); hence (i,, ) can be used to deter~ine h ,

Here the convergence test (35) is used for ad— PA max max
J ustin g step sizes. Notice that the central differ— 2 4ence method as a predictor provides the required fu l l  h 

~ (is
‘ accu r acy, and the trapezoidal rule as a corrector is PA max

used merely to check stability. It can be shown from

k
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for etsble integration. 3 Park , K. C., “Practical Aspects of Numerical
To complete the step size selection , (W PA)min Time In tegra t ion ”, Journal of Computers and Structures,

should also be determined so that the number of sam— Vol. 7, 1977, pp. 343—353.

pies per the longest period , N0, satisfies the accu— 4 Krogh, F. T., Algorithms for Changing the

racy requirement. This is easily computed from Step Size by a Multistep Method , Technical Memo 275,
197! , Jet Pro pu lsion Labora tory ,  Ca l i fo rn ia  Institu te

N < 2w/[(u ) hJ ‘41 ’ of Technology , Pasadena, Calif.
5 — PA min 5 Brayton , R. K., Gua tavson , F. C., and Hach tel ,

C. D., “A New Efficient Algorithm for Solving Differ—
Remark: The qual if ier “apparent” is used here to em— ential—Algebraic Systems Using Implicit Backward Dii—
phasize only those frequencies that participate in the ference Formulas , IEEE Proceedings, 60 , 1972 , pp. 98—
dynamic response. Note (w pA)max is the highest fre— 108.
quency among the active frequencies that participate 6 Shampine , L. F., and Gordon, 14. K., Computer
in the dynamic response. For example , a structure Solution of Ordinary Differential Equations: The
under free—fall gravity motion does not exhibit any Initial Value Problem , W. H. Freeman , San Francisco ,
frequency content except the rigid body motion (cf,, Calif., 1975.
zero frequency). In this case , (upA)nax is zero and 7 Zaduna sky, P. E., “On the Estimat ion of Error s
the step size determined from (upA )max is much larger Propagated in the Numerical integration of Ordinary
than the critical step size based on the highest fre— Differential Equations”, Numer ical Me thods , Vol. 27,
quency of the system as determined from the elgenprob— 1976, pp. 21—39.
len. 8 Wilkinson , J. H., The Algebraic Eigenvalue

Problem , Ciarend on Press , Oxford , 1965 , pp. 99—101 .
8. CONCLUSIONS 9 Park, K. C., “An Efficient Implementation of 4

Explici t Methods for Damped Second—Order Equations of
In this paper the term “me thod” is used to in— Motion”, Proceedings of Applications of Computer Meth—

d uds the integration formulas, the manner in which ods in Engineering , Vol. 1 , L. C. Wehlford , Jr., ed.,
the step size changes are incorporated into the tote— University of Southern California , Loe Angeles, Calif.,
gration formulas and the step size selection strategy. 1977 , pp. 635—646.
We now summarize the major results of the present 10 Stetter , H. J., “Improved Absolute Stability
paper. of Predictor—Corrector Schemes”, Journal of Computi~~ ,

1. It is expedient to evaluate separately the Vol . 3, 1968 , pp. 286—296.
etiffness force term and the damping tern. For heav— 11 Gear , C. W., Numerical Initial Value Problems
ily damped problems , two evaluations of the damping in Ordinary Differential Equations, Prentice—Hall ,
term per step yield a considerable improvement on the Inc., Englewood Cliffs , New Jersey, 1971.
stability margin of the central difference formula 12 h all, C., and Watt , J. 14., eda., Modern Numer—
(see Table 1 for details). ical Methods for Ordinary Dif fe ren tial Equa tions ,

2. The variable coefficient formulas are super— Clarendon Press, Oxford , 1976.( ior to the interpolated formulas for use in step 13 Nickeil , K. E., “A Survey of Direct Integra—
change adjustments when the system is heavily damped. tion Methods in Structural Dynamics”, Technical Report
On the other hand, the interpolated formulas become No. 9, 1972, Division of Engineering , Brown University.
superior when the system is lightly damped (see Table 14 Bathe, K. J., and W ilson , E. L., “Stability
2 for deLails). and Accuracy Analysis of Direct Integration Methods”,

3. Step size selection strategy based on the International Journal of Earthquake Engineering and
trunca t ion error concep t canno t be used for  de tecting Struc tural Dynamics, Vol, 1 , 1973 , pp, 283—291.
the critical time step size necessary to avoid owner— 15 Park, K. C., “Evaluating Time Integration
ical instability when low accuracy is requested. Methods for Nonlinear Dynamics Analysis”, in Finite

4. The proposed “perturbed apparent frequency” Element Analysis of Transient Nonlinear Structural
criteria -to govern the choice of the maximum possible Behavior, T. B. Balytschko et al., eds., ASME App lied
step size at each step has been shown to be stable Mechanics Symposia Series, AMD—14, 1975 , pp. 35—58.
when low accuracy is requested. 16 Gear, C. W., and Tu, K. W., “The Effect of

Variable Step Mesh Size on the Stability of Multiscep
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’j 
(A. i)  ThE EFrE CT OP ST’J J~CU OW L J 1 .S T # J I L I 1 T

o h iJ 
Th. variable coefficient formula ire . Table 2 is

2(u , — + 4th + Ii ) un

! — [ o  —l o l  n n—i 

(3.1)0 0 
n+i nu — u

3 — 1 — which after eliminating the velocity terms results in

h2n+I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~u -

ti.2)O — tab
r —

The appropriate eigenprobl.m for (Ada) is obtained
by taking The acceleration ii” fro, the bas ic formula can b. ex-

pressed frau (his) for the modal equation (12) in the
o+1 n (A.2) form
£ A 1  (

— 
2 it .n— I ‘a—i+ 2Cte u )—2i ’ug uwhich is substitu ted into (A . l )  to yield u — g(ti u

where— 0 (A.3)

Equation (A.3) has a nontrivial solution only if $ — *-a80a , b~/r

det — — 0 (A.4) j (1 — a) A — 
ct(1~~~ — c~~yow h / r  (3.3)

( Expanding (A.4),  one obtains the following character-
istic polynomial equation For illustrative purpose s, let us choose y — 0, 5 — I

so tha t co~~ined differen .e equation of (3.2) e.d
A (A—t)2 + g0212 + z~i~ ~~x—1) (3.3) becomes

(A . 5) Q2
n+ 2~cij (1,4)

2 — 0 
~~~ — (l+r) I i— g(~ii + ~u ) J  u p

Stability: In order for (8) to give a bounded solu-
tion , one suet have + tr — (14i)g f 0 J  u~~

’ — 0

Ill s 1.0 (A.6) Now, we use

which is the required stability condition, it — n 1u A uC
Accuracy: Accuracy can be assessed by comparing the
exact solution n+1 — fl — fl,4u A u  ~ u (3.5)

___ C(_~ + j ~~~ wh (A.7) where 1 is the amplification factor for the fixed—A — e —e step caL ’ as descr ibed in Appendix A. However, the
amplification factor , A , Eros utm 

~ en” is dlt f.r ntto the numerical solution associated with the computed from 
~~~~

‘ Substituting (3 .4) into (3 .4),  one findsdam ping 
~c

A — ~c ± ~ ~ :“~ ab (A. 8) A — (14*’) 11 — + ~Q ) J
(3.4)so that one can express

— Cr — (l+r)g (

frequency error (2) — (~ - 

.4” ’
~
)
~ 100 (A.9) The effect  of step chsng.s on local stability can mow

be evaluated from (3.6) by requiring

~ 1.0

( 
~~ 

damping error (Z) - (1 - ~~I~) x 100 (A.10) as in Appendix 4, where ~ ii determined f*’e. (3.4).
Other cases can be similarly eee)uat.d via the same
procedure.
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A VARIABLE-STEP CENTRAL DIFFERENCE METHOD FOR STRI’CTURA L DYNAMICS ANALYSIS
PARI II: IMPLEMENTAl ION AND PERFORMANCE EVALUATION

P. 6. UNDERWOOD AND K. C. PARK
Ap’ - led Mechanics Laboratory

Lockh.,d Palo Alto R.s.arch Laboratory
Palo Alto , California 94304

ABSTRACT
large class of re.ponse characteristics tha t a suc—

The variable—step central difference method de— csssful method should be able to treat effectively.
veloped in Part I is implemented as a stand—alone The sample problems range from linear to highly non—
software package that is easily accessed by existing linear , from wave to structural to uncoupled compo—
structural dynamics analyzers (i.e.. finite—ele ment, nent response , from narrow to wide frequency spread ,
—differenc e discrete element computer codes) through from no damping to ov.rdaaping and from accuracy—
a comeon data structure, input/output (I/ O) manager cr it ical  to numer i cal—stabi l i ty—cri t ica l .  With the
and a few user—supplied control and interface rou— exception of the pure wave propaga tion all the char—
tine.. The performance of this package is evaluated a..Lcrlstic s are effectively treated by this intigra—
through a computer stud y of four sample problems tha t t ion method . For one of th. sample problems , a model
embody a large class of response characteristics: of a drop test tha t has periods of free fall followed
linear to highly nonlinear; wave to s t ructural  to Un— by a rebound , the variable—step method achieved a
coupled componen t response; narrow to wide frequency higher average step size than could be used for a
spread ; no damping to over—damping and accuracy— stable fixed step calculation.
critical to numerical—stability—critical response. The paper is divided into implementation and
The present method is successful in meetin g these evaluation s.ctions. In the implesantation section
response characteristics with effectiveness in all the func tiona l for, of the stand—alone package is
the above cases with the single exception of pure discussed, followed by a presentation of the key

— wave propagation, details involved in implementing the method of Part I
(1), The section concludes with a brief discussion

1. I NTRODUCTION on perfor mance versus imp lementation . The numerical
eval uation section presents the philosophy of the

The d.’velop.ent of a new tIme integration method evaluation procedure followed by th. results of the
for structural dynamics analys e not only requires a evaluation , In this section many of the decisions
theoretically sound method but also requires an ci f t- made during the development will bece.e appare nt as
d ent implementation and evaluation procedure to the effects of these decisions are easily seen .
determine if the method i. truly viable. In this
paper the implementation and evaluation procedure 2. IMPLEMENTATION
are presented with special eaphaais on the interac-
tion of the theoretical developmen t with the i.ple— In this sect ion the basic concept and implesem—
mentat ion and evaluation procedure. tation of a stand—alone time integration package and

The variable—step central differen ce method des— the specific implementation details of the variable—
cribed in Part 1 (1) ii implemented as a stand—alone step centra l difference method presented in Part I
package a. this provide , the greatest possible bane— are preaent.~d. The .mpha.is will be on the non—
fit to users of the method. The modular design of diagonal damping, the error evaluation and the step—
the package has a minimal effect on the interior di— size changing strategy techniques as these are the
sign of the host structural analyzer and cbanges in unique features of this method. A brief discussion
the ti.e—integratton method are imeedia tely avail— of performance versu 5 implementation concludes this
able to all users. section.

The performance of a computational method is
very dependent on the implementation and vice versa. Stand—Alone Tine Int.iration Package
In th is study the desired performance encompasses Figure 1 presents a schematic overview of the
cost efficiency, reliability, minimum storage and modularized software that has evolved duri ng the
I/O, and easy user interface, These performance development of structural dynamic time integration
goals are in some cases at odds with each other , procedures, This modular~zetion has proven to be
hence several compromises , necessary to achieve the very cost effective in that existing structural dyne.—
desired psrioissnc., were made. Fortunately, theas Ic analyzer s are easily coupled into the time Late—
compromises have a •iniaal if fect on the cost eff i— grator software , For example , vartoua techniques to
ciency and reliability , determine the nonlinear terms are readily evaluated

To evaluata the performance of the implements-. by interfacing with structural analyzer s ‘.as ing d ii—
tion and th. method (the ten cannot be separated) fer.nt nonlinear evaluation methods, And change.
four sample problems have been gen.rated . Tha sam— in the time integrator are lemedia tely available to

4~’~ • plc problems have a small number of degrees of free— all ~he structural dynamic analyzers , sinc, the time
j do. and may be viewed as simple , but they embody a in~sgrator is a stand—alone package.

• •- 
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oppose the structural velocity,
f is the set of interna l forces du. to stiffness(I that oppose the structural displacement, and
P is the applied load .

_____________ _________ 

Note, in the case of linear diagonal d plng, d
r-  1

ISISTING AMALVZEI —— - - i p .lpi ie counu4 ,~~ ~n (~ a diagona l matrix), the elements of j~~(a
vector) may be transmitted to the t ime integrator

I 
METSIT 1 instead of supplying d. The vectors d, f and P are

u..~~os r -, the ones transmitted to the time integrator th~ouph
:}~ S the u ser—supplied routines DFORCE , SPORCE , and FORCE.Os I- --—. 

_ _ _ _ _ _ _ _

ELEMENT I t. .á
SLNS**TOS I — cosyso~. INT,~s,ac c J The use•r must assure the ef f i c i ent computation of

____________ 

(n.i~u these vect ors.

(APP LIE D FORCES F *j (FORcE) ____________________

_____________ ________ Time Integrator
I. 

~~~~~~~ 
~~~~~~~~~~ ~~~ INTIGNATOR 1 Tb. functional form of the stand—alone time

I em L ~~J integrator package developed during this study is
SAPPING i i Ok~f~ ‘ _________ illustrated in Figure 2. The package includes ev—
~~~ I (ouT PuT ) I erything except the user—supplied subroutines which

_____ 
are shown to provide a reference point to Figure 1.

~ 
ST.Al WSTPISS 1 L__I’ — — — —

~~~~~~~ r____________ The time integrator, inside the dashed box, is com-
posed of the routine CENDIP/VECTOR and the associated
subroutines ROTATE, ACLTN, ERROR and STEPSZ, and is
controlled by the routine STIIIT/CENDIF. To retain
simplicity the time integrator package considered in

________ this paper is an in—core operation, but it can easily
be extended to out—of—core operation for very large
problems. In this section the discussion will e.pha—

—
* POST-P5OCISSING size the items in the time—loop portion of the time

ly considered first.
integrator. However, some other items will be brief —

During the opening phase, the Initial va lues
0P?IONAL. ~ SIN DIA GON AL specified are those for the time integrator logic,

not the initial conditions for the equations of no—
Fig. 1 Overview of structural dynamic response tion. These values include arrays , counters , and

analysis switches for fixed— or variable—step integration ,
( for printout, etc. The starting procedure means

taking the first tine step (i.e., correctly starting
The term “stand—atone packape” means the inte— the integration; see Dahiquist (2)). The integrator

grator is completely self—contained; it includes the starts with a step ten time s the minimum value selec—
integration method plus a local data manager that ted by the user; this gives the integrator room to
are accessed through user—supplied subroutines, m di— cut the step size without erroring of f .
cated by parentheses in Figure 1. The dashed boxes
in Figure 1 indicate tha t additional interfaces may
be required, usually to provide a change in the data usE. - I/STEPFAcE
format when different local data management is used SUPPLIED SOstvII? 

( ~~~~~
by the structural analyzer and the t ime integrator. I ‘.,,,

~~~ j

To interf ace with the stand—alone time integrator I Ilnislat O. CONTROl.the user must provide five subroutines (some may be I (STINT/cEsDIF)
d i y  routines). The first (DRIVER) transmits the I
proble. parameters , th. diagonal mass matrix ~ ,(in
the case of diagonal damping , Q may be transmitted), I , TI ME I NTEGRATOR
and the initial conditions !°‘ ~O to the time I (CENDIF/vEcToI)

integrator. Also at the end of the time integration
computations, control is returned to DRIVER , The ‘

second , en applied load. routine (FORCE) , provides ORct ) , ~~. INITIA L ~~~~~
the load vector dat. to the time integrator . The - STARTING PSOCEDUCE

third , an output routine (OUTPUT), provides display
of the response. The fourth routine (OFORCE) pro— (oco ace) SOLUTIONTIME LOOP

vides the damping force as a vector; and the fifth 

~—[~~
•]

routine (SPORCE ) provides the s t i f fness  force as a S 1 UPDATE VELOCITY

vector. Note: All data is transmitted as vectors , 
AND OISPLAC EM(NT S

~ . COMPuTE CCC (Lt55 , ~~~~~~~~~~~~~ ‘because diagonal matrices are treated as vectors. TI OIS
The time integrator treats the governing struc— I

tural dynamics equations of motion at the n—th dis— t E RROR EVALUATI ON I

crete time as STEPSIZE CONTROL , “ ‘~~~~~~~ zI
OUTPUT

+ 4(6fl) + f(um
) — !(t ” ) (1) 

: _______________ 

S
____________________________________________________________

( with the initial conditions u° and 40 where S SYNOPSIS I
L... 

ii is the diagonal mass matrix ,
7 is the set of igternal forces due to damping tha t Fig. 2 Time integrator functional outline
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A synopsis, susmary information , is included to workb — d(w)

provide some data on the performance of the time
integrator for the problem it has just solved . Print— ..n
ed at the end of each run , it includes the average — — 

~~
time step, the number of step Increases , the number
of step decrease., the number of t ime steps , the nun— where n is as defined in (10) , Part I, and h,. and
ber of evaluations of the equilibriu, equations and 1’n~ 1 are the t ime step sizes for the n—th anI
a distribution count of the step sizes used during (~~l) th steps. In (4) the !“. f(u”) and d(x) terms
the time integration. This information is helpful are all obtained from the user supplied routine, and
in determining the eff iciency of the calculations so the operation in the third of (2) with w on both
that, as experience is gained, the user may store sides of the equal sign is the standard FORTRAN re—
effectively choose input parameters for similar prob— placement operation.
lens Now that the acceleration at the n—th step is

The time loop section of the integrator Is where knowYt, the ‘perturbed apparent frequency ” measure
all the work is done. The flow of coaputatiors pro— can be applied to determ ine if the solution at the
ceeds from Items 3 to 7 and then back to I tem 3 until n—th step is acceptable. The error is computed from
the problem Is solved for the requested time range equation (37) in Part I as
Now, each item in the time loop will be discussed.

The update of the velocity and displacement for ~ — max(t ’~each degree of freedom depends on the conditions pre— ‘

vailing at that degree of freedom at the current where
step. After the acceleration at tine t” has been
successfully computed (see below) the formulas for h2 .n
computing the velocity at time tn’~½ and the displace— n • n I
mont at time tn~

’I are chosen am shown in Table 1 ~
The FVCO and PINT formulas were chosen for their
stability characteristics under decreasing and in-
creasing step changes; see Part I n 1 ’•n “n— i

From Part I it is seen that to advance the step 
a1 — I ’~i 

— 
~ 

(3)

to time t”~ the acceleration at time tn must be de—
termined. For the undamped case this is trivial~ — I n n— l i
see Equation (5), Part I. For the diagonal damped 

bi I”i u1 ~
,

case a special form is used ~see equations (6) and(7), Part IJ and the computation of the acceleration MAXDEC is the size of the solution vector in equa-
tion (1), and hn is the n—th time step size.

(‘ Table 1 F If the denominator in (3) is zero or if Iu~ — u r h l /ormulas for step changes Iu~I ~ 1.6 x 10—8 for lu n i ~ 0.0, the error is set
to zero. The second con&ition eliminates the problem

Condition Formula of computing an error based on machine roundoff in-
stead of system response.

Another feature that increases the computational
1) r • Ii lb ~ 1.0 r.’co efficiency, but requires some knowledge of the prob—

a n-l lent at hand , is to replace the denominator term b~ in(3) by
2) u~ — 0 FVCO for component j

n — n n-ib max uj
_ u

j 1) (4)-n -‘a—i n3) IU~ — u~ Ilh.~I ‘0.01 FYCO for component j ~

4) r ~ 1.0 PINT where ‘b is the (average) bandwidth of the i—th deg—
and condition, 2 or 3 ree of freedom, In the present study m1, — 2(MAXDEG/
do not apply 10+1) has been used as an estimate when the average

bandwidth was not easily determined. The above re—
placement for evaluating the error (3) may reduce
the accuracy of some high—frequency components, but

is not directly required. But to evaluate the error it insures that they do not grow to excess and it
the acceleraP ion is then determined by using equa— still produces an accurate efficient solution for
tions (7) and (8) in Part I. The nondiagonally damped the dominant response modes.
case is treated in Part I via equations (8) — (11). Once the error measure from (3) has been deter—
This implementation is based on ~ — 0 and ~ — I and mined a decision must be made as to what step size
a fixed iteration cycle of predict—correct—predict. is appropriate. The user specifies the samples per
The several steps shown in Part I can be condensed, cycle (N) for the highest apparent frequency; N must
In the coding two arrays dv and w are used in con— be greater than a, as a is the stability limit for
junction with a scratch array, workb , in the follow— the central dif f erence integrator. The number of
Ing menner: samples per cycle converts to the error measure of

(3) as
— i~ 

~pn 
— f (U ~~~) J

• e • (s IN) 2 ; (5)(_ — ~ (~
n—½
) 

s.c Sec t ion 7 in Part I. Sassd on th. ratio of the

— 4n—½ + ~ (h~ + ~~~~~ (dV — 
~~~~~ 

~~ 
(2) compu ted error (3) to the desired error (5) for the

highest apparent frequency, i .e. ,
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p — c/a , (6) sus variable steps are minima l, especially when one
considers the power of the variable step method. In

( the step—size selection is made as shown in Thble 2. some cases the variable—step method has been found
In Table 2 the condition for increase must be to be cheaper than the fixed-step method even if the

met for five consecutive steps to maintain reliabil— maximum fixed—step size could be accurately determined
ity. The limits on the step—size change are nec..— e priori.
mary to maintain accuracy. And the restriction for
S > 0.9 for step decreases is to eliminate the poasi— Performance versus Implementation
bility of many small changes at one t ime step. The performance of a time integration software

package can be considered from two perspectives: 1)
Table 2 Step size selection strategy the overall performance of  the costplete package; and

2) the performance of the time integrator. Th, first
addresses the ease of use, I/O requirements and over—ConditiOns Action 
all efficiency, whereas the second is related to the
computationa l efficiency of the method. If the per-
formance is poor in either area, the usefulness of0.1 

~ ~ 1.0 No chasee the package 1. weakened.
In the authors’ programming environment the

p ‘ 0.1 Increase stand—alone package implementation has greatly in-
creased performance. Usually, new problems require

(for the last S h — S h w the adaptation of existing software to produce somenew 0conaecutive steps) new analysis capability. With an existing opera—
where S — sin tU~P) *. 1.51 tional time integration package and using a comeon

I/O manager for all software, a transient response
analysis package can be built very quickly by veryP > 1.0 Decrease 
simply plugg ing modules together. Of course, in a

h - s h strictly production analysis environmen t , a tim, in-new 0 tegrator embedded in the coding may be more desirable ;
where S — (ip)~~

”5 see Pelippa and Park (3) for further discussion of
this subject.

or if S ~ 2/3; S - 2/3 For the time integrator the performance is a
strong function of the reliability of the method. Aor if S ‘ 0.9; S — 0.9 totally reliable variable—step time integrator would

_____________________________ be cost ly, but in a majority of cases near total re-
liability with modest costs can be obtained. For

( 
A step-size decrease indicates that the computed this implementation a large number of samples per

quantities for the n—tb step do not satisfy stability cycle, approximately 4w , plus error evaluation based
or the accuracy requirements that were requested by on each degree of freedom will produce close to total
the user,hence this step is rejected. The n—tb step reliability. The moat efficient (time and cost of
is again attempted by starting at lie, 3 in Figure 2; computer operation) is obtained with a sampling ofthis process is continued until the step size is a and error evaluation based on coupled degrees ofacceptable. If the step size so determined is less freedom. Experience ha. shown that this later ap—
than the minimum value set by the user, the code re— proach ie roughly 802 reliable , i.e., the integration
turns control to the user. If the step size is de— remains stable and produces a reasonably accurate
creased more than four times at one time step, a solution (102 error at Cost).
restart of the problem is attempted at Item 2 with In the coding of the method, the biggest compro—
the last accepted displacement and velocity vectors mis. was made in core storage used for t)’e compute—used as initial conditions. If this fails, control tions. To keep th. cost down , it was found that
returns to the user. At this point , the user must using scratch array. to cut down on the number of DO—reconsider the control parameters and begin again, loops, and saving the three most curren t displace—

If the step size is acceptable , the displace— ments, velocity and acceleration vectors to enable
Cent and velocity are transmitted to the user for backtracking without restarting and for error •val—

• display purposes through the routine OUTPUT . Because uation was required. This limit, the problem size
the velocity is computed at half steps ,- extrapolated that can be solved In—core to between 700 and 1800
values at whole steps are provided via the formula: degrees of freedom depending on the damping option

and time step option . This I, still a fairly respect—
(7) ably—sized problem for dynamic analysis , so it is not— ~i

IP•
~
¼ + ¼ hn • conaidered limit ing.

where Ii~ ia the n—tb step size, 3. EVALUATION
It should be emphasized that many of the deci-

sions involved in this implementation are based on The development of a new integration method end
numerical experiments with a limited class of prob— its computer implementation must be complimented by
lame . Hence , for another set of problem ., one might a series of evaluation tests to assess its at fee—
utilize a different set of decisions. The subjective tiveness in engineering analysis environments. Pour
decisions are: I) the coupling concept to determine simple structural dynamic models have been chosen
the denom ina tor in equation (3) ; 2) the limits on P1 that cover a wide rang. of dynamic characteristics
eepecially the lover one; and 3) the factors 1.5 ,  that are useful in evaluating various algorltl.s and
2/3 and 0.9 tha t appear in Table 2, implementations. In this section the performance of

C

The coding required for the variable—step central the variable—step central difference method viii be
difference time integrator is obviously more involved illustrated using these models.
than that for a Slavic fixed step version . But th. 

i._ four model, are a four—wheel dolly, a drop
cost difference. in computing with a fixed step var— test , a can t ilever be , and an axial bar ; these

11—4



~
— -  w — -

are described in detail in Appendix A. The four—

frequency components, roughly 202 damping and the
response is characterized by an initial transient, 1.0
followed by a damped free vibration . The drop test 0,5

102 and 1102 damping ele~ents and the response is the 
~

C 
wheel dolly model ha. a relatively narrow band of 

~ ~~~~~~~~~~~~~~~~~~~ ~ 0

model also has a narrow band of f requen cy componen ts , o
highly nonlinear motion of a package fa l l ing to the ..~ 

~ 1.0ground , impacting the ground , rebounding, fall ing, Ø~ -1.0
imoacting, etc . The cantilever beam is a simple beam 

~ -1.5bending model including translational and rotational I 
__________________ ‘F __________________

degrees of f reedom , hence a fairly stiff (wide fre— 0 0.5 1.0 0 0.5 W
quency range) problem . Both linear and nonlinear TIME (Sec.) TIME (S,c )
bending characteristics are considered for the Un—
damped response to a tip step load. The axial bar is
a simple model of wave propagation in a free—free bar 

~ 0
0 0.5 1.0 — 0 0.5 10

_  

~~~~

k

~~~~~~~~~~

j z 0

Ssubjected to -an initial displacement . Theee models
cover a wide range of characteristics encountered in a

linear; wave to structural to uncoupled component re- -i.o
structural dynamic analysis: linear to highly non— -1.0

sponse; narrow to wide frequency spread ; no damping to
overdamping ; and accuracy—critical to numerical—,ta— .~~,
bility—critical response.

-7.0
~“~--Wheel Dolly (Moderate Damping, Narrow Frequency 

~
‘ 3,Q

U.Spread)
the computed displacement. of wheel. 1 and 4 and

the force between ground and wh,els I and 4 for the
four—wheel dolly are shown in Fig~ire 3. Note the di.— Fig. 3 Four—wheel-dolly response
placements exhibit early tine high frequency and late
time low frequency. The spring force at wheel 1 , PlC5,
shows that wheel 1 lifted off the ground between 0.02

0.1 seconds and the spring force at wheel 4, PlCg, shows
that wheel 4 lifted off the ground between 0.07 and

( 
0.09 seconds. -

The time step size histories for different accu— 
-

and 0.04 seconds and again for an instant just after 

I
‘V I’,racy specificationeare shown in Figure 4. The highest 

~ Iave,rioaaverage time step was obtained with a sampling of i,

samples/cycle of the highest apparent frequency; this ! - - “
~~~ 
“““

is the minimum sampling to obtain numerical s tabil i ty.  ~---~ ,. 
~
.The lowest average time step was obtained with a sam— .,, 

. , 
pling of 3x samples/cycle of the highest apparent ‘ r ‘~ 

~

f requency; this provides a very accurate solution,
Both computations were made with a — 1.0; see (2) and ________________________________

the discussion below. The middle average t ime step • ‘  I • .  I 0

size shown in Figure 4 was obtained from a truncation ~~error control method ; see Part 1 (1). Note that both
3w sampling apparent frequency and truncation error Fig. 4 Four—wheel—dolly step size histories
methods used a relatively small step size and actually
reduced the step size some during the initial transient In Part I the influence of the parameter a on
nonlinear response. This indicates that accuracy is stability and accuracy was analyzed ; this influence
controlling the integration during this phase. The is verified in Table 3, which s, arize , some results
3w sampling computations show that a f ter  the initial for the four-wheel—doily response. The e f fec t  of var—
transien t the step size variation settles down but iou. values of n on the average step ails computer
doss not increase very much as the requested accuracy t ime, and the accuracy of the maximum displacement of
is control l ing the step size, The w sampling computa— wheel 1 and the minimum acceleration of wheel 2 (che—
tions illustrate that the step size generally increas— 

~~~ a. they are the most sensitive) is considered.es throughout. The step size is increased ver y rapid— For both sampling rates (w and 3w) the average step
ly and maintains a large step size resulting in a very size and hence the computer time Is essentially thequick computation that Is at t l i  quite accurate (within same indicating tha t a doe, not influenc, the stabil—
52 of the most accurate computation made for this prob— ity limit for a moderately damped (approximately 202)
lea). These curves , FIgure 4; show the effectiveness problem ; this is in agreement with Figure 1 of Part I.
of the perturbed apparen t frequent measure , On the 

~~ the other hand , the accuracy Is influenced by the
other hand, for a low—accuracy but stable run with the choice of e; the values given for displacement and
truncation error concept , the beat obtainable is the acceleration for N — 3w, a — 1.0 are the most accurate
one shown in Figure 4, If a lower accuracy were re— and compare very well with other known accurate m t.—
quested it would increase the step size quickly but gration methods. Notice that in all case, the accu—

(

- would go unstab le at later t imes; if a higher accuracy racy improves as a increases; this is in agreement with
were requested the average step •ize would be painfully Figures 2a and 2c of Part I. This problem was also
small. Also , the truncation error method does not pro— run for two fixed step cases corresponding to the
due. the consistency thee Is shown by the apparant average time step for the N • w end 3w, a • 1.0 cases.frequenc y method, It is seem that the fixed step computations are •~agn-
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Table 3 Four—wheel—dolly suimeary
__________ — ________ — 

~~~ 
~ ~ 

2.0

2_ 8.
~~ ~ ~ I I

~~~~~~~ 

._ 

(“s) (s •.)  

— —  
(.I..c )

_ ~ I I I I I
0.4 0.0049261 3.333 13.996 1.83723 .2.55092

0.1 0.0049201 3.332 11.910 1.83919 —2.43107 0 ~ 0
0.6 0.0046940 3.489 16.109 1.85062 —2.50530

0.6 0.0049261 3.340 15.952 1.85704 —2.13868 . —
1.0 0.0045780 3.363 15.952 3 5641. -l eemI 10 l.

0 0.5 1.0 0 0.5 1.0
3. 0.1. 0.0020659 0.280 19.951 5.533)9 -2.2 7239 11l~ Tl~~1. 0.5 0.0020461 6.280 19.947 1.55158 —2 .17 6 32
3, 0.6 0.0022026 5.950 19.664 1.85913 —2.33606

3. 0.5 0.002350 5 6.084 19.673 1.80361 -2.01329 Fig. 5 Drop test response

3. 1.0 0.0020461 6 .270 19.865 1.86607 —1.99142
0. 1(00

VL,.d Stop 1.0 0.0048780 3.513  16.538 1.93231 1.9167I
P1*04 st .p 1.0 0.002066 1 6.788 2 1. 192 1.87239 .1.98 715 .

— _______ ______ ______ 
(1 (1110 0 . 1 1 25

tially equivalent in computer tine to the variable
step computations; hence there is minimal overheat in— ~volved in using the variable step feature, Secondly, 0.004

note that the accuracy for the larger step size run
is poorer than for the comparable variable step run.
This occurs because the variable step r’rn used a sisal— ~ o.oo
icr initial time step when the response is accuracy 6918*01

critical. There appears to be little reason to recom-
mend a fixed step computation. 

- - -
( . 2  0.4 0 . 11 0.8 1.0

Drop Test (Heavily Damped, Component Responses)
Two representative response histories for the ~~ Cscc )

( drop test problem are shown in Figure 5; the dis-
placement of degree of freedom 7, the base, and the Fig. 6 Drop teat step size history

acceleration of degree of freedom 5, the 102 damped—
100 Hz oscillator , When the displacement is less optimum step size while the fixed .tep size must be
than 0.0 the base is in contact with the nonlinear restrictively smell to maintain stability during crit—
spring representing the ground, the positive slope ical portions of the response.
portions of the displacement response indicate rebound In the preceding section, “Time Integrator”, the
and the negative slope portions indicate free fall con— use of the PINT formula for increasing step sizes
ditions for displacements greater than 0.0. The rae— under constant or near—constant acceleration was pre—
ponse is like a bouncing ball. Whenever the structure seated. The need for this computational detail was
contacts the ground a shock is felt by the oscillators, made apparent during the evaluation studies of the
indicated by the sharp spikes seen on the acceleration dtop test problem, During the initial free fall under
response. These spikes dampen out and during the tree constant gravity acceleration , the calculation. exhib—
fall a constant free fall acceleration of —9.8  m/s ’ is ited a mild instability which contaminated the subse—
obtained, quent calculations and error contro l when the FVCO

The step size history for a calculation with 3w formula was used to compute the response. By switch—
samples/cycle of th. highest apparent frequency and ing to the PINT formula to take advantage of the more
a — 0.25 is shown in Figure 6. During the initial uniform stability limit for all damping ratios (see
free fall the step size increaaes very rapidly , since Figure 3 of Part I) this problem area was eliminated .
the apparen t frequency of this initial free fall is The behavior of the drop test model response is
zero. Once the initial impact occurs the step eta, is s~~~arized in Table 4 for various samplings and a ’s.
decreased and after this the step size never return. For a fixed a (a — 0.25) the average step size da—
to its early high value since the oscillation. of the creases for increased sampling rate in a very consis—
various components restrict the maxi.i step . It is tent manner. For the 2w sampling rate , variation , in
generally seen that the step size is decreased upon a cause large variations in the maximum computed aced —
impact and increases during free f all, although the eration. For the lower value s of a the max imum aced —
general pattern is somewhat clouded by the very diffi— aration occurs at degree of freedom 5, the high— fr.—
cult accuracy and stability conditions presented by quency lightly—damped oscillator. But for the higher
the overdaaped degrees of freedom , values of a the maximum acceleration occurs at degree

Thi. problem can be successfully run for a fixed of freedom 6, the high—frequency overdamped oscillator.
tine step of 0.001 s.c, but for 0.0015 sec the calcula— This indicates tha t for heavily damped problems a fair—
lions become unstab le. From Figure 5 it is seen that ly small a should be used to preserve accuracy . This
the •inimum step size is slightly less than 0.001 sec result i, for eseen in Par t I , but from the numerical

j and this appears to be dictated by stability consider— experiments it is seen tha t an a samller than tha t con—
f - 

stions based on the fixed—step calculationa . Here the sidered in Part I should be used , The acceleration
variab le—step .ethod is clearly superior to the fixed— results show tha t for a low sampling rate or a larger
step method. The variable—step method takes advantage a the overdamped response is the most difficult to
of the instantaneous conditions to run with a near control from both stability and accuracy viewpoints.
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Table 4 Drop test suinnary APPARENT FREQUENCY ERROR CONTROL

111 _________________

S.opl. • S.c) (a.,) (s.c) (to) ___________________________ _________________

av.ras. cAll 101*1. ~‘..a ‘~~~~° 

~~~ 

I 
______________

_______________________ 0.07 _______________

0.23 0.0011153 1.74 1 18.087 43.20.; 1092.911: 

.0 
___________

“ ( 0 ( 0

0./2 0.23 0.0017889 3.912 19.004 4 3 . 172 i 379 .679~ __________

2o 0 .23 0.00 17452 6.074 39 .313 43 .071 3 164.338 5 ____________ ___________ ______________________________
2. 0.30 0.0019 194 3.587 38.7 78 4) .0o 7~ 

3)9.682 3 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

99999 4 Well .98519

2. 0.40 0.0024096 4 .392 17.3 17 42 .934 k 2 79.37 3 4 _____________________
2. 0.30 0.0023041 4.772 17.553 42.890 5 1023.493 4 .5 .91199 III

3~ 0 .2 5 0.00170 94 6.189 16.913 42 .959 k 123.5005

4. 0.2 1 0.0016779 6. 197 19 .478 42 .934 3 116.0)1~
________ — ______ ______ _______ 

TRUNCATION ERROR CONTROL

• Sobscrlpt. i041c.t. d.gr.e of fr..d.. 
~ I ~

lightly—damped element very good accuracy is obtained
for any combination of sampling and a. The maj or con — {The displacement results show that for a low—frequency, ,

~ 

~~~~~~~ 

~~~~~elusion ia that for heavily damped problems an a a
0.25 ~‘ 0.30 should be used and a sampling rate of at 

0 
- 

-

~least 2w should be used to maintain accuracy and eta— - -

bility. This is especially true when the highest -

frequency component is also one of the heavily damped ~~~~~~~~
components as in this example. - -

1,, IsiS_s .000I0 .80118 88900 .8 00511 - We,. Well . 0
-

- 

Cantilever Beam (Wide Frequency Spread)
The tip rotation and displacem ent (degrees of - - a

freedom 1 and 2) for the linear cantilever bean re—

( 

sponse is illustrated in Figure 7 for variable—step Fig. 7 Cantilever beam tip rotation and displace—computations based on the apparent frequency and the ment responsetruncation error step control methods. For all sam—
pling rates of w or greater, the response computations
based on the apparent frequency method are essentially Table 5 Cantilever beam summary

-
- identical for displacements ; only the accelerations 

________

exhibit a converging pattern for increasing sampling
rates. This is due to the widely spread frequency x21 

1

~ II Icontent of this problem in which the overall displace— Araverase CAU TOTAL
ment response is composed of low—frequency components Saspl. (Macc) (..c )  (icc) (C.) (3m/sac ’)
while the high—frequency components are controlling ______ _______ _______ . -_______ ________

the step size. Figure 7 shows the truncation error
control rotational response has a very high frequency Linear  Canti lever 1e

hash of relatively large magnitude superimposed on I I
the actual response, This hash appears because the 0.66445 7.802 I 21.266 0.08878 6676.64
truncation error control was unable to detect the 3*/2 0.47962 10.176 I 24.093 I 0.08877 7998.71
stability limit until the step size exceeded the ,ta— I I
ble step size. It was found that for any specified 3* 0.33113 13.775 28.410 0.06677 7131.56

control method was uitable to maintain a stable inte— 4* 0.15657 22.840 ~~~794 0.05877 6694.93
error of reasonable magnitude the truncation error 3,r 0.29445 15.196 30.162 0.05877 722 4. 52

gration for the cantilever beam. For extremely low Ierro r (high accuracy) the truncation error control Nonlin ear Cantil.v.r less
remains stable but the average step size is at least
an order of magnitude less than the stable step si za .
On the other hand , fo r the w sampling rate the appar— ~ 0.61728 9.349 23.214 0. 11575 7503.16

ant frequency method achieves an average step size 3*/2 0.514 14 10.664 24 .827 0.11575 5304.03
that is roughly 852 of the ,tabil i ty l imit .  Also 2* 0.36496 13.941 25.768 0.11573 3688.08
this  method is able to increase the time step very 

_______ _______ _______ ________

rapidly up to the maximsas step size used and maintain
this step size for the majority of the computat ions .
Hence, the average step size is nearly equal to the sampling rates and the acceleration shows some ran-
maximum step size . doenees but the deviation is very small especially if

The results for various sample rates for the lin— the comparison is made among the higher sampling rates.
ear and nonlinear cantilever beam response are suiamar— The nonlinear response shows that softening of the( ised in Table S. Notice tha t as the sampling rate in— bending properties of the beam generally increase , the
creases the average step size decreases in a consie— average step s u e  as would be expected. The only di.—
ten t manner. The displacement is converged for all crepancy in thes, observations 1. seen at the a sam—
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pling; this I, probably due to slight steps over the 4. CONCLUSIONS
stabili ty boundary. The parameter a has no influence
on the undaaped problem, so it is not considered. The implementation of the variable—step central

‘ 
difference method developed in Part I as a stand—alone

Axial Bar (Wave Propagation) software package ha. been shown to be a viable product.

The exact solution for an initial displacement of The package is cost e f f i c i en t  and easily accessed by
2.54 cm at the center node of the bar (actually a t n —  existing structural analyzers. The evaluation of the
angular spatial displacement of 0.0 at  the nodes on method showed that the apparent frequency concept is
either side of the center and 2.54 cm at the center) vastly superior to the truncation error for control—
is two triangular displacement pulses of half the ortg— ting stability and accuracy. Of the wide range of
inal magnitude , one traveling in the negative direction problem characteristics considered only pure wave prop—
and the other in the positive direction. At the free agatton is not properly controlled by the step size
boundary this pulse is reflected. If this model is selection strategy presented here. The wave propaga-
run with the time step equal to the critical time step tion con trol problem is being investigated and the -:
(fixed—step computation) the numerical results are resolution of the problem will be reported in a future

exact, as shown in the left half of Figure 8 for the publication.
displacement response at nodes Ii , 14. and 17. Note
the magnitudes and arrival times are exact. The varta— ACKNOWLED GMENT
ble—,tep method, presented in this paper , produces the
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APPENDIX A

o s 
________________ 

-1.25 V~I~ - I ti l l EVALUATION MODELS

I. 
Jt~-1 I I fffi The discrete models used to evaluate the time

0 0 I 0 1 0 20 0 0 1 
1 ( 1 1  

0.3 0.4 integrator are presented in this appendix. A brick

UI -tttttl 30 I-!ILI1IIl~thUIIR1I physical description and a sketch of each mo.~.l is

~ ~.o Ill IUIH I 1I1~~I~Ii~ IIJIi~ given. The numerical values of the masses, damper..
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__________ n u n  rr~ituI i tiwi~~~-u~-wui 
springs , loads and initial conditions are presented

___________________ 0.5 

~J aii~io~ ~~ 
the problem can be modeled by the interested
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~~~ FOUR-WHEEL DOLLY
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The first model is a four—wheel dolly that ha. a

___________________ __________________ short transient period followed by damped free vibra—
II 0,05 0,15 0.01 I) 0.3 0.3 0.4 t ion.  The model is shown in Figure A— I and th. prop—

111111 I I I  UiTFfl i-t ItuJtItt1fIftt s it~i er t ies data are given in Table A — i .  Messes 1— 4 repre—

lilt -Il ~~~ UIII1IUIIWI I and masses 6 and 7 the rotation inertia , of the dolly.

__________________ i~iiuii 
system and springs 5—8 represent the nonlinea r spring

,• flh III
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11111111 lii i 11 ~~~ 
sent the four wheels, mass S the translation inertia

~

jj
~~~ 

111111 Spring. and damper. 1—4 represent a linear suspension

!llhIil characteristics of a wheel in contact with the ground,
________________ i.e., linear in compression and zero, force in tension.
____________ - A constant force of — 515l .O4N (— 1158 lbs) is appli ed

_______ ‘os 
_________________ to mass 5 to represent the dead load; along, with m i —

! tial displacements ot x 1 — x~ — x~ : ~~~~~ —0.007353.
0 A M  3 0  0 3 5  0 19 0 0 5  0 2  3 04 C 0 2895 in ) and x5 0.02 060. ( 0, 85 in.) to

Ti.s - a TI., - place th. dolly in equilibrium. The excitation is
provided by an tsoscel,s triangl, pulse of 2224.11W

( (~OO lbs) peak at 0.025. applied to mass 1 , represent—
F Ig . 8 Axial bar responae ing a severe bump encountered by wheel 1.  This tran—
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sient load is severe enough to first lift wheel I off CANTILEVER BEAN
th. ground and then wheel 4 on the rebound. So the
motion of the dolly is a rotation about the axis formed The third model is a cantilever beam with both
by wheels 2 and 3 along with some translation. After linear and nonlinear stiffness characteristics sub—
the transient and nonlinear rebound phase the dolly jected to a lateral tip load (step time function).
rocks back and forth with the motion dampening out. The model is shown in Figure A—3 and the properties
Hence during this problem there is a transient phase data are given in Table A—3. The cantilever beam is
of higher frequency response followed by a long free discretized with 14 equal mass elements with rotation—
vibration phase of lower frequency. al and translational degrees of freedom. The stiff-

nesS is characterized by bending and shear springs;
DROP TEST no damping i. considered. The discrete elements are

based on the properties for a continuum beam with the
The second model is a drop test package that is dimensions and properties as shown in Figure A—3 .

dropped onto a nonlinear spring, representing the The nonlinear model considers nonlinear bending stiff—
ground. The model is shown in Figure A—2 and the ness only; the shear stiffness remains linear. The
properties data are given in Table A—2. Mass 7 is connection to physical reality is tenuouS, but it can
seen to represent a large rigid portion of a struc’ture be thought of as a two—strip cantilever beam of the
with internal packagee (components) represented by same total thickneas that has been riveted together.
masses 1—6, and dampera and springs 2—7. Spring 1, The moment—rotation relationship reinaire linear for
tabuLated in Table A—2 , is a nonlinear spring giving a small rotation and then is nonlinear, indicating
an approximate system frequency of 10 Hz that repre— souse slipping of the riveted joints. The purpose of
sent. the ground or some surface upon which the pack— the nonlinear model is to compare the behavior of the
age is dropped. The first two oscillator., m 1 and m2, time step selection logic to that for the linear model
are 1.0 Hz oscillators (undamped) and with the first and to determine the computational overhead for a non—
oscillator damped at 10% of critical and the second linear model. The excitation is a step (at zero time)
at 110% of critical. The next pair of oscillators, load of 889.64W (200 lb.) applied at degree—of-freedom

~3 and m4, are tO Hz oscillators with the same damp— 2 in the positive direction ,
ing characteristics and the last pair of oscillators,
m5 and 

~6’ 
are 100 Hz oscillators with the same damp— AXIAL BAR

ing characteristic.. The initial displacement of al l
the masses (degrees of freedom) is O.0254m (1.0 in.). The fourth model is an axial bar subjected to
A force of —1717.01W (—386.0 lb.) I. applied to masses wave propagation. The model and properties are given
1—6 and a force of —171701.37N (—38600.0 lb.) is ap— in Figure A—4. Note the properties are chosen to
plied to mass 7; this represents the gravitational give a maximum frequency of 200 rad/sec, hence a maxi—
force. With these conditions the response is composed mum tine step of 0.01 sec for the central difference
of periods of free fall , a shock excitation, rebound , method. The initial condition is a diaplacement of
free fall, etc. O.0254m (1.0 in.) at degree—of—freedom 11 , i.e., at

the center of the bar.
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Fig. A—2 Drop test model
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Table A—i Structural dynamic properties of the four—wheel—doily model

Mass Dampers Springs

Number (kg) ((lb—.ec 2/in)) (N’S/rn) ((lb—sec 2/in) 
, 

(M/m) ((lb/in))

1 8.7563 (0.05) 700.51 (4.0) 87563.43 ( 500.0)
2 8.7563 (0.05) 700.51 (4.0) 87563.43 ( 500.0)

3 8.756 3 (0.05) 700.51 (4.0) 87563.43 ( 500.0)
4 8.7563 (0.05) 700.51 (4.0) 87563.43 ( 500.0)
5 525.3804 (3.00) 175126.85 (l000.0)*

6 10507.6080 (60.00) 175126.85 (l000.O)*

7 10507.6080 (60.00) 175126.85 (l000.O)*

8 175126.85 (l000.O)*

* Compression only,  no spring in tension

I
Table A—2 Structural dynamic properties of the drop test model

Mass Dampers Springs

( Number (kg) ((lb—sec 2/in)) (N’S/rn) 

- 

(( lb— sec/in)) (11/.) ((lb/in))

1 175,1268 ( 1.0) 220.07 (1.25664) 6913.73 (39.4784)

2 115.1268 ( 1.0) 2420.78 (13.8230) 6913.73 (39.4784)

- 
3 175.1268 - ( 1.0) 2200.71 (12.5664) 691372.79 (3947.84)

4 115.1268 ( 1.0) 24207.78 (138.230) 691372.79 (3947.84)

5 175.1268 ( 1.0) 22007,14 (125.664) 69137278.51 (394784.0)

6 175.1268 ( 1.0) 242077.85 (1382.30) 69137278.51 (394784.0)
1 17S12.68 (100.0) 0.0 (0.0) * A

* Force—Deflectio n Characteristics of Spring 1

Deflection Force -

• (in) N (lb)

—2.54 (—100.0) —356027.15 (—125000.0)

—0.007620 (—0.3) - 
—556027.75 (—125000.0)

—0.005080 (—0.2) —1 179288.80 (—400000.0)
—0.002S40 (-0 .1) —444822.20 (—100000.0)

—l,27x10~~ (—0.000005) —4448.22 C —1000.0)
0.0 (0.0) 0.0 (0.0)
2.54 (100.0) 0.0 (0.0)

(‘
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Table A—3 Structural dynamic properties of the cantilever beam model

( Number Mass Spring

1—25 (odd) 4.022x106 kg’rn2 (3.56x10 5 in—lb.sec2/rad) 6327.15 m~N (5.6xl04 in_lb)*

2—26 (even) 0.29947 kg (l.71x10 3 lb’eec 2 /in) l.1208x109 N/rn (6.4xl0 6 lb/in)
27 4.022x10 6 kg’rn2 (3.56x10 5 in— lb.sac2/rad) 12654.30 m~N (1.12x105 in_lb)*

28 0.29947 kg (l,71xl0 3 lb.øec2/in) 2.2416x109 N/rn (1.28x107 lb/in)

* For nonlinear model the following tabular values are used:

Mornent**
B (rad) (in.N) (in .lb)

—1.00 —3164.21 (—2.80056x104)

—0.002 —6.9599 (—61.6)

—0.001 —6.3272 (—56.0)

0.0 0.0 (0.0)

0.001 6.3272 (56.0)

0.002 6.9599 (61.6)

1.00 3164.21 (2,80056x104)

** For spring 27 multiply by 2.0

0 ’
t-
10 ~~2O ~~21

— 175.12685 kg (1.0 lb .sec2/ t n )

k120 — 175126s.5 N/ rn  ( 10000.0 lb/to)

Boundary Condition,: Free-Free

Fig. A—4 Axial bar modal
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