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SOME REFINEMENTS FOR A SHIP TRACKING ALGORITHM

INT~~DUCTION

Some refinements have been developed for the ship tracking
algorithm in reference I.. Also , some errors in this reference have
been discovered , and are listed in Appendix A here. The avaii.ability
of reference 1, as so amended , is assumed in this report.

These refinements often make little difference when the input posi-
tion reports of the ship being tracked have a large margin of error.
In other cases, however, the difference can be dramatic, especially
with accurate reports followed by inaccurate ones. The origix~al
algorithm does badly in such cases because certain pecularities of the
underlying ship motion model cause it to adhere too rigidly to the
“average velocity” estimated from early data. The refinements correct
this tendency by adjusting the “state covariance matrix” whenever the
estimated “driving noise” increases. This adjustment is theoretically
exact for the case of only two position reports with no prior velocity
information.

Upon the receipt of each new position report, the original
algorithm operates in planar coordinates by first updating an estimate
of the ship ’s state vector (x , y, *, 

~) with a Kalman filter, then
updating an estimate of a 2 x 2 driving noise covariance matrix Q with
the “residuals’ from this filter. This Q matrix estimate is then
modified to make it diagonal with respect to the current estimate of
the velocity vector.

One refinement consists of subsequently updating the velocity
components of the state covariance matrix. In the currently estimated
“in—track” and “cros~ track” coordinates, th~s (2 x 2) su.bmatrix is
increased by (t-t ) Q, where each term in Q is the greater of zero
and the change in0the corresponding term of Q from its preceding value,
and where t is the current time and t is the time that tracking

0started.

The rationale for this procedure is that this is exactly the
correction that would be needed in the state cov~riance matrix after
two position reports if this matrix were generated by the Kalman
filter using too low a value of the driving noise. In a sense, then ,
this refinement introduces a degree of coordination that was hitherto
lacking between the updating of the Kalman filter and of the Q matrix
estimate.

Note: Manuscript submitted February 26, 1979.
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For good results, it was also found necessary to adopL a more
exact procedure for diagonalizing Q (in the currently estimated in-track
and cross-track coordin~te~ ) than was used in the original algorithm .
As a pract~ ca1. safeguard against extremely ~ad data , it was found wise
to lunit the size of the increment in the velocity covariance submatrix
to that submatrix ’s initially specified value .

The details of these refinements are specified for the case of
planar tracking in the experimental FORTRAN implementation of Appendix
B, which corresponds to the program listed in reference 1 (Figure 3, pg.
20—23) for the original algorithm . The section “UPDATE DRIVING NOISE
ESTIMATE” is replaced entirely; also a few bookkeeping details are
added in the “tNITIALIZATI~N” section. These refinements extend in
a straightforward way to the algorithms described in reference 1 for
tracking on a sphere , because these are both derived from the planar
tracking procedure . In this case, however, an even better procedure ,,
using rhumb—line track projections, is described in reference 2.

REFINEMENTS FOR PLANAR TRACKING

A. New Method of Recursively Estimating the “Maneuvering Intensity”
Matrix Q (a 2 x 2 matrix)

Instead of computing the statistics 4~~ ç and 4~ 
(
~ . 11 of

reference I), we compute two statistics, and ~4 , whi~h approximate
the down-track and cross-track components of the “maneuvering noise”
intensity . Assuming that these two components are uncorrelated , the
sort of reasoning used in reference 1. to derive eqs. (27)-(29) leads
to a similar recursive scheme for generating and 4. In the nota-
tion of reference 1, this scheme co5 sists of doing the following at
time ~~~~~ after updating the conditional mean and covariance matrix
of the state vector according to eqs. (8)-(24):

~i) Compute the down— track and cross-track components of the
“innovation” vector

t ,c (i+I.)
__I

To do this , we use the following coordinate transformation~

2
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y , v

c

_ _ _  

:::: : ~
u, v are estimated
velo~ ity components
at t.1+1

Hence , we have

Cd 
cose + ~ (i+l) sine

(i+l) sirn3 + ~ (i+l) cone
C X

(ii) Compute the variance of and ~ , which we denote by b
d and

b .  d

The covariance matrix of 1~ (i+l)1 fb ‘bI x I -. I XX I X~~
— is i—— .-——

Ic (i+t)l lb 1b
LY  .J LX Y I YY

where, in the notation of reference 1

+ + ~1 +b p (t.) + 2t p (t.) + r p  (t.) + r (i+l) .xx xx i. xu 1 UU 1 XX

~~~ 
— P~~

(t
~
) + rp

~~~
(t

~
) + tP

~~
(t
~
) + t p ( t . )  + r (~ +1) and

b p (t~) + 2t p (t~ ) — r’p ( t~~) — r ( i+ 1) .yy yy t yv 1. vv i yy

Hence , from the coordinate transformation,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________ ~~~~~



— b
~~ 

cos 2e + 2 
~~~ 

sine cos$ + b sin
2
8

b = b sin 2
Ø - 2 b sinO cone + b cos2 3.c u xy yy

(iii) Update ~~ and as follows :

1 
_ _ _ _= ~~~( L )  +.;1(max (—e , .

~ 

) -

-b5 .  - . 1 c c  - .
= %(~ +j~i

(max(_e
max, 

—

where em~~ 
is 0 or the greatest positive value of either 

~
.(C
~
_b
d
) 2~.

(c2-b ) generated in any iteration so far (including this one). The
us~ o~ e keeps 

~d 
and ~ from occasionaly achieving unrealistically

large ne~~~ive values.

This recursion scheme is carried out for i ?.0 (i.e., after the
second observation , because the first is z in the notation of
reference 1) . It is initiated by setting = 

~~
(0) = emax = 0.

Until the second observation t ime t1, we use Q = 0 (or some other
selected initial value) for the “maneuvering matrix.” For t in the
interval (t., t.+1

), we use an approximation for Q constructed from
and ~~(i) as follows:

max[
~d

(i)P 03 
~~ ~ ~[~1 0 J is

max(q
0
(i), 01 I c

positive—semidefinite.

Q =r~ Icy~ is the result of transforming C from down—t 
~ 

track , cross-track coordinates (as currently

1
q~~ 1 g

yyj estimated) to x,y coordinates, so

— C
d 

cos28 ÷ c ~i~
28

(C
d 

— c
~
) sine cos6

= °d 
gin28 + c cos28.

4
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B. Updating Velocity Covariance Submatrix (2 x 2)

Inm~ediately after updating Q as above (say at t~ , i ~ 1) ,  we also
compensate by adjusting the submatrix

~~~ 1 +p (t . )  p ( t . )uu 1 uv i
----.+---

+ I +p Ct .) ‘ p Ct.)uv i VV 1

as follows :

(i) Let a and a denote the values of c and c obtained on
the previous it~ration

’
~(initially , a

d = a
~ 

= 0~~. Thea compute

I + 
max(O, Cd ad

)
= mm 

LPuu(to)1 t.-t
1 0

and

I rnax (0 ,  c —a
. I + c cd = znin lp ( t ) ,

C L U ~ 0 t~~~t0

Idd 10 1
is the covarjartce submatrix increment in down-track, cross-Lo Idd

track coordinates. Also note: p (t~) = p (t+) .uu 0 2 vv o

(ii) Transforming the increment to x,y coordinates gives the
updated covariance submatrix components as

= P~~
(t
~
) + d

4
cos2ø + d sin

2
8,

= P~~
(t
~
) + (d

d
_d
c) sine cose, 

and

p~ ,(t~) = p~~ (t~) + d
d
sin29 + d

~
cos2e

~
where “— “ is used as in FORTRAN.
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~~~. S~.mimary

~‘!~us the “Final A1g~.rtthm ” on pp. 12— 1 ~ ot reference I is
as tci.~ows:

1.. 4 , ~ and ..i are not used; replaced by andxx xy -
~y .1

tn.itta1 values are ~~~~~ • ~~~~~~ — J .  ?.:i~ the r i n x t i a l  va lu e  ~,
C —max

2. The first ste~ is rt laced by two ste~ s:

• denerate ~~ , , .i ~, f o r  ~ 1, these are t r~~vi .~Uvxx ~xy ~yy

~ for i — J) f r om and ~j~~~i)  as desc ribed above in
Also update e •max

+ 4 +
• .d’ust p t t  ) , ~‘ tt ‘ and p (t  ) as descl lbed in above ~n t 8~- nu uv i vv i

3. The next two st i ips st ay  the same. The last  s tep  ~han~~es t o :

• n~put~ .j~~ t~~l)  and ~j t i~ l~ as des~ ribed above in IA) .

SMU>tB - . :N~ ~~ACK PRLVECT1cN

The ~~~~~~~~~~~~~~ ~~~if.cations for ~‘lanar t r c~ in~ can be c t ~~ r a t e d
i nt o  .t~~:or ~thms ~or track~n~i on a s~’here in the same way that is describ-
ed in re~ erence ~. For trackinc on a sphere with ..~eographical
coozdinates ~i.e, • ~.at~ tude and longitude) , however , an even better
procedure, due to I’. ~~. BUgS:thagen of the Johns Hopkins University
Applied ysi~ s Laboratory 121 , is to p opa~ate the estimated taroet
~~~itton between observations alono a rhumb-line instead of a groat-
cir c ’ e path , a~.iain by dead reckoning with the estimated average ~‘eio~ it y.
This  modification eliminates the fleed for coordinat e  rotations , an~ is
probably a bettei approx imat~ on to actual shi~’ motion anr~ay. the
“ t r ack  propa~.~at io n ” p rocedure specified on ~p. 2 5 and .~~.‘ of re fe rence
then s~~ p i~~:ies to the following :

• BeginnLn~ at time t~ w it h  the y axis ~~ n t th l  towal local
north and the x StX~~~~ toward .3ca~. eas t,  let ~~~. and . be the latitude
and longitude of the estimated position at th.¾t time In these icca:
rectan~ular coordinates, the velocity estimates ~~~ .,  ~~

-
, the ~4 x 4~

state oovar~~an~~e matrix P., and the maneuvering pAram~ter estimates
and ~~~i) (see parttA of preceding ~ect~ on~ are also available.

For conven i~ n..e he re , denote south latitudes and west  lonoitudes
as negative.

• Propagate the ip ’s position by dead ‘ckoning to th~ tim e
t .  of the next observation . The latitude ~ and ~omiitu~ie

—5 - -
_________ ~_.e-~—.—~~ I~l~ I~i~~A .4
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of this dead-red(Ofled .POSitiOfl can be computed analyt ical ly  as follows :

— + —
~~ C t  - t ); R - earth radiusi+l i. R i~ l
e

( unless ~, in which case this procedure is no longer val id .  I

~l, (t. — t.)
i i+l L

+ if v .(t — t ) — 0
R cos’~. t i+l ie i

—
i+l

- f~i.\ I~ 
cos~~ 1+sin ~ i+l othe rwise. +~~ -‘~—~~ ),n I

i \v ./ [ cos~~ ÷1 l+sin~~.

• Compute and 
~~~~ 

fr om ..
d

( i )  and ~I
( i )  as in part A of

the preceding section.

• Compute the matrix .%t
÷1 

from eqs. 12 through 21 of reference

• Set

x(t . ) — 01+1

‘~(t ) — 0 -i+l values at time t.
i+ 1

u(t. ) — ~i. in local coordinatesi+1.

v ( t .  ) —
1

• Perform the rest of the procedure as~ in reference I, except F
that P .~~1 and ~~ ( i+l) and ~_ ( i+ l )  ( instead of are computed as
descri~ea in the preceding ~ection of this report.

REFERENCES

( 1) W . W. Willman , “Recursive Filtering Algorithms for Ship Tracking ,”
NRL Report 7969, April 6, 1976.
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~21 T. ~~~. Bugenhagen and ~~. B. ~arp.nter ,  “OTH/DC&T Engineering Analysis ,
Vol. 5 - A Kaln~an F i l te r  Rhumb-Line Ship Tracking Algorithm , ” APL
JHU Report FS-~~ -032 , Februa ry 1~~’9.

APPENDIX A

ERRATA

NRL Report 7969
Recursive Filtei i~g Algorithms for Ship Tracking

Wsrren W . Willn~an
April 6, 1976

p. 10: V
1 

in second expression from bottom should be v .

pp. 10 ~ 11: m , and m should be replaced by the respective
express~ons

+ ... + 2
p C t . )  + 2p Ct ) r + p ( t . )xx i xu i uu i

+ 4 + +— p C t )  + I p ( t . )  + p ( t . ) }~ + p ( t . )  andxy i xv i yu i uv i.

+ + 2p (t .) + 2p ( t . )  + p Ct ,)
yy i. yv i. vv i

p. Il:  These same expressions , with the index i changed to j-1, should

replace P~~
(t
;
). Pxy

(t
;
) and p (t ~ ), respectively.

and ~~~(i-1) in the second two equa tions shou ld be

~~~ (i+l )  and

p. 21: Second FORTRAN statement from bottom should be replaced by
the four statements

RI — FLOA T(I—l)
CXX GXX_QXx*TAU (because index I star ts
CX? - CX’~_QXY*TAU
C?? G’fY_QYY*TAU at 1 instead of 0)

p. 25: The coordinates (~~ . , ~~~ , ) at the end of l ine ~ should be
t+1 i+].

—1( t’
j +i~ ~L~~4.1

) .  Eq . (51) should read 
~j+1 

—

V .
cos~ + —~ cos~~. sinY) .

f i

S
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p.38: Right hand side of equation (A3b) should read

P(t ) - P(t )H~ (H. P(t )HT + R .) 1H.P (t .).
1 1 1 i 1 1 1 1 1

p. 45: v in middle alternative of (C9) should be ~~~; the same for

u and u
I I

p. 46: q,~ iii last equation should be . 

.

,1
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APPENDIX B

MODIFICATIONS IN PROGRAM LISTING OF FIGURE 3 IN NRL. REPORT 7969

P~~G? AM TE ST
C
C KA L M A N  FILTE R W ITH 4D~ P T! V E .~~TV ING N OISE
C

D I M E~ SI3N T (999),XX( 999),YV (999),XS(999),YS(999) ,PXX (999),AX(999)
0IME~~SI0’l M (999), PXY ( 9~~9),PV Y (999), AR X X (999),AR XY( 999),AR YY( 99-i )
~E~’E~4SION S~~AJ (999 ),S~ I~~(99~~),T1(999)

C
C READ PARA ~ !TER VALU E S
C
C N NUI3E ~ OF )FTF TIO NS (~ 10. OF DAT A CARD S )
C VEL V A ~ = ‘~~IOR SPEE ) V A?I A NCE
C

READ 5071,N ,V E LV A R
5071 F 5R~~~T (I3,FIO .5)

C
C READ (&~1D SrORE) DATA FO k EA CH D E TECTI ON
C
C I TTIE
C Ak ,AY OBSERVE ) L O CAT I ON COO~ 0 INA TE ~C S~ A = SEMI ~ AJ OR AXE S  OF 86 PE RC E NT C O N T A I N M E N T  E LLIPSE
C FOR OBSE R V A T ION
C S~ t = ~E~~IMIN OR ~~IS OF CON TAI N N ~ NT ELLIPSE
C TI~T JRL ENT A TEcP ~ OF SE MI~ AJ OR AXIS (DEGREES CL~ CKwI SE
C FROM Y— A X IS )
C
50 70 FORMAT (6FL0.4)

00 9 I=l, M
READ 5070,T(I),AX (I),AY ( I) ,SMA ,SMI , THT
THT THT/5 7. 3
ARXX ( I)=((S~ A *SIN( T 1T) )•s ~ .(S q1sC05 (THT ) ) ..fl,I~ •
ARXY(I )2SIN (THT)*COS (TH T )s( SM A S SMA _ SMI *SML) / 6 .

9 AR YY( I)3((S~1IsSTN( T4T ))s*~~+ SMA eC3S(IHT))ss2)/4.
C
C INIT iALI ZAT I ON
C

XX (  1) =AX( I)
YY(1) :AY (t)
PXX (I)=A RXX (1 )
PXY (1 )x4R XV( I)
pyy(~ )zA RYY ~~1)C 1 -= PXX( t ) ’PY Y (l)
C Z= S~ RT ((PXX (L)—PYYCl)) *e ~ +~~..PXY (1)*.2)

=~~~~~C1.C~~)C2 :C 1-C2
SM 4Jl.1)z~~.s~~~RT (C1)
SMTN(1).2 .s~~QRT (C2)

10
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C
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~~~~~~~~~~ fl
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Ct .t~x X ei ~Y Y
C2 .S.~R T( .GXX— GYY ) ..2~~4.eG X’!.(~XY )
Cl . .” S( C 1 ~C2 )r ,’ ~~
SM*J ( I) ‘ .I~~~R T ( C t  “

. S s QRT( C~~)
~~ T~” N

TH( 1, ‘0.
r,~ T~ 50

70 Tp4(’).”7. I.ATAN((~~* (- ...~~)/~ XY ) .~~J .
51 , P q LN T ‘,T (I) ,X U A R ,Y 1 A R ,~~~AJ (I) ,S ML N (I ) ,T~I (t )

C

~E T I ’ Q .
t F ( 0 t T . G T . ( .~ D FT I . l . / ) F T
HXX. ( G YY +R YY )SOET I
HXY ’-( GXY ‘Q~~Y ) s f l F T T

PX X (1)’GX *—1.~XX.GXt ~e 1 X X - 2 . .GX ~~.C XY .HX Y—GXY .GXY .HYY
p X y ( I ) ’ G X Y — G X ~~S G X Y . ~4 X * — ( G X X . C , Y Y ’ C , X Y . ( X Y ) . I 1 * y — G X y . G V Y . H Y Y

c~ •p*~~( I) ,DYY( I)
C 2 ’S , R T ~~( P X X ( i ) — P Y Y ( I ) ) . e 2 . ~~. SP ~~Y ( l) . . .?)
Ct ..’~~(i..1.C~ )
CZ ‘Ci -C2
SM*J ( t ) . S S Q R T ( C l )
SM~ N ( t)’~~.e~~~RT(C2)
IF (P(Y (I).NE. c.) ~~ TO U
TH ( I) —~1
GO 7’

7~ TH(~~).’~7. tsATAN(( ~’X (  t )— Cl )IU XY( t)) ,~3u.
52 C O NT INUE

PXU U—G XXsGXUsHXX-(GXXsGY U + GXY s GX U) eHX Y -’~XY.GTU slYY
PX V . G X V — G X 1 . G X V S 4 X X - (  X .~,YV ~~u X Y s 1 X V ) . H X Y - G X ~~e G Y V . M Y Y
PY !J— , YU Y Y . G Y U S H Y Y — ( ; V v e c , X . j . , X Y . G Y U ) . H X Y — G X Y . G X U . H X x
pTV .r,YV—GYy .Gyv.Hyy- (Gyy.GXV.Gxy .Gyv).HXy—~ xy .GxVsMxX
PUU -PUU— G XU sG XU.HXX- ’. .1 XU *GYU SHXY -u YU SGYU .HYY
puv_ puv- *u.r,xv ,p,xx .( ~, 1 1 J S ( Y V . G Y U S C , X V ) . H * Y — G V U . G Y V . i l Y Y

~ V V . P V V — C ~* V s G X V . H X X - 2 . . , X V . t Y V S ’ l X T — G Y V . G Y V S H Y Y
DE Ta~ X X S R Y Y — R X Y S R X Y
‘)E TI’O
IF (OFT.GT.O .) OEII’t./JET
H X X a ~l Y Y e D E T t
H X Y . — R X Y S O E T I
H Y Y ’ 4 * X S ) i T I
XX(I).XB .%R4(DXX (Lta4XX~ ’XY (t~ SHXY )S(ZT’.—*lt AR )
X X ~~t ) .~~X ( I) ~(PU( I)s  Y ~PX Y ~. I) s~IY Y )  .( 7 — Y 3  A R )
,,(t).YBAR .c~pXYU)s4~~*. ,,r~t)eHXY) s(ZX—X!T5R )
YV(I)’YY(!)’(PXY(I). Yi’f’ (t).MYV )s(LY—~~ AR )U.U,(P(UeHXX.PYU. Y)s( ZX—X0A1~)~ (PXUS1XY4 PYUeHYY)e(Z Y— taAR )

C
C U PD ATE O * IV LN ~i M3ISE ES T IM A T E  A N D V ELO ~~L TT C O V ARI A N C E S U BM A TU X
C

t!(TtU.L !.0.) G3 TO 1
R t ’Rl~ i.

12

~~~ ~~~~~~~~~~~ 
. - -. 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~
— .

~~~—--~~~ 
.~~~~~~- -

.
~~~~~~~~~~- ~~~~

-- .‘
~~~~



— .- -. -_ --- . - .

0 1.14!
U C . H C
P t  ‘~~~.

PC’P~
SQ INV ‘i’ ~
U ‘ Ii. IJ
V2 ’V ’V
uV ‘U, V
SQ ’ S.  T ( UL iv.! )

‘ T F (s . . G T .~~.) S’~I’1V.~~.lS.,~
~INV’ 1’lV .t~~INV

S IT ’ ( U S EX . V s E Y ) s  s~ INv
SCT’(U.t~Y—V sEX ).S~~1N V
rJ X X . r . X X — Q X X . I A U . R X X
GXY ’ (~X Y — ~~*YS T* U~~R* T
GY V’~~YT—~ YY’ T A U + R V ’
~ I T~~ U2.GXX ,2.sUV .GXf iV 2 sG YY ~~a .)tNV
(CT ’ (V 2sGXX—2..U V ”~~Y .,j,~sijYY ) e Q I N V
E C t ’~ I T ’ S I T — G I T ) / T ~ J
CC C2 ( S CT e~~C T — ( ’ C T ) / T A J
t F ( E C t . G T . E~~A X )  C~~ *X , C I

! F ( E C C . G T . F MA X )  E M 5 X s E C ~IF (ECI.LT. — E M A X )  E C I - — E U A X

• IF(ECC .LT . - t M A X )  EC~~.—i ~~A X
Ct ’Ct~~(EC t— C t ) I R I
C C z C ’ ( F ~~~- C C ) / R T
Ht’O .
‘4C’0.
TF (C T.GT .0.) H I z C I
X F ( C C .’T . 3 . )  H C ’C
Q XX 02.14 1. V 2 .NC )e 1 [ NV
Q X Y s i j V S ( H t — H C ) t Q [ N V
QYY .(V2 $141402s14C )SQ INV
0T.tl,-0,
DC’ HC-D C
t5 (D1.GI.~~. ) PI ’flL / (T (t)—T(L) )
TF (0C .~,T.J. ) PC ’OC/ (T (T)— T(l) )
I F ( P i . G I . . S . V E L V A ’ ~

) 3 £ ‘ .S S V t L V A ~IF(PC .GT .  . S S V E L V % ’  ) PC .• 5 . V ( LV 4 ~PUU.P UTI ‘C 02.PT S V 2 PC) S Q TN V
PUV aD UV .tJ ye (PI—PC )s~~tN V
PV V ’ ~~V V + ( V 2 . P  [ ‘ U 2 . PC ) S ~~t NV

1 CONTINUE
C
C TRA C~ F~ O U T P U T
C
C I ‘ O 8 S E R V A T I t T ’ l  [ N ) EX

f C I TI NE
C (XX, TV) ‘ CUR RFN T POSII I5N E S T L M * T 1  IN X — Y  CO~.’RJ INATFS
C 5 * J  • S EMI V& .J OR A X I S  OF 8~ D R C EN C INT&IMM t M T t l t . I PSE ~ ‘4
C CURRENT p ,s ~~T TON
C S ’ IN • SE~~I’1INOR ~~~~ !~ C.’ NIA! NMF’4 T ~~LIp5~
C ‘ O RIENTAT IO N .7~ S E M~ N*J~~ A X IS (.) t~~. C LOCX ~~1SE ~R4~M V — A X I S )
C
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PR IN T ~
PR INT 12
PRINT 11
~~ 3 I’l,N

3 PQ [NT 7, IC I), XX ( I), VY( I), S~ 4J( I), SM IN ( ~) , TH( I)
PRINT 8

7 FORMAT (25 X ,FI Q.2,5X,2~~13.2,~,X, ~~1 0.2~ /)
8 FOR~ 4T (23X ,/ / /)

12 FORMt . T ( 5 0 (  , L T H T R A ( E)  P~~S~~T~~O N 5 , I /)
C
C TRAC X S M OOT H E R
C

X S( N~ ‘ X X (  N)
15(M) ~Y Y ( N )
N M I- iN — i
O E N s T ( N ) — T (  1)

~3 X X - i ’ XX . P~.JU’ DEN
Q XV X V  ~PUV ~O EN
QYY z~ Y Y4P V V SD C N
00 2 X * 1 ,MM L

TAU ’T(I.l )—T( X )
P I a P X X C I )
P2aP X IC !)
P3 = P ’ Y (  I)
D s ( ~~1S~~X X s T A U ) s ( P j . , Y T s T A u ) — ( ,) !S Q X Y s T 4 U ) e s 2
D r N !~ O.
IF(D~ N.GT.0 . )  UEMI~~L.~~!DEN
PfXX ’Pt .(P3 ’~~Y Y.TAU)— ’2e( °2 ...]XV.TAU )
IIXY P 2* ( P i  + Q X Y * T A U ) — P  L s( P2  • Q % Y a T  A U)
HYX~~P2 . ( P 3 . ,Y V S T * J ) - ’ 3 S ( P . ! ..X Y S T A U )
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~X S ( j ) * X X ( t ) 4 ( P 4 X X S ( X ~~( I4 [ ) X X ( j ) — U S T . i U ) 4 H X Y S ( ’ f l~( t 4 j ) — Y Y ( t ) ’ V * T 4 U ) ) S

1OENI
2 Y5(t)’YY (I) .(HYX.(XS ( .I)—XX (I)—U .TAU) .HYV. (YS (I.I)—YY( L )—V. T40 ))s

IDE P41
S X X PX X (  N)
SXV PXV (M)
STY * PYY (N)
C IZ S X  *5 S TY
C2sS~sRI ((S1X SVY)S*!”~.SSXTSS &~)
Ci’.5.(CIsC2)
C2-iCl—C2
S M A J ( N ) z 2 . S S Q R T ( C t )
SNiN( P4)~ Z . S S Q R T ( C Z )
I~~(S XY .NE .0.) GO T~J 7 3
TH (N)a0.
GO T~ 53

73 114(N) = 5 7 . J * A T A N ( ( S * ( — . 1  )/ S~ Y ) ’ 9 O .
53  C ’NTLNU E

DO S L’2,N

TA U- i t ( t .t  ) — T (  I)

-—- .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • -—.  .- -~~~~~~~~



S —U’

Pl=DXX (I)
P2=P~ Y( I)P3 :PYY ( I)
A 1= P 1 + QX XS TA U
A 2= P2 + Q X Y S T . % U
5 3 = P 3 + Q Y Y s T A ’ J
D E T = A 1 * 4 3 — 4 2 * A 2
DET I~ 0.
IF( D rT . GT .O . )  D~ T I I . /0 :T
HI = A 3 S O E T T
HZ = — A ~~* DET I
93 A1 SO ETI
B 1= P 1 *141 *02534 2
52 P1 *142 D2 * 143
83=P.!*11*P3*H2
B4~ P?sH 2+P3s H3
D l = S X X — A l
O2 S X Y — A 2
D3= S Y Y — A 3
EI=8I *01 +a2*02
F!= 8L $~ 2+~ 2*D3
E3 83s01+34502
E4=B3e02+34*03
S*X=°1.E1*91+E25’3 ’
S *Y =P 2+ EL SB 3+E2 5 84
SYY=P 3. E3.B3 .E4* B4
C 1 = S X X + S Y Y
C Z = S ~ RT ( ( S X * — S Y Y ) . . ’ . 4 . s S x ’ r s a 2 )
Cl= .S*( C 1s C Z )
C2- i C I— C2
SMAJ (I)=2 .SSQRT(C1)
SMIN (I)=2 .sS~ RT (C2)
IF(SXY.NE.O.) GO T~ 74
114( 1) =0.
G 0 T ~’ 5

74 T 1(t) z 5 7 . 3 * A T A N ( ( S X * — C I ) / S X Y ) + 9 0 .
5 CONTINUE

C
• C ST O3T HE~ OUTPU T

C
C 1 O B S E RV A T I O N  IN D EX
C T z T IME
C (A S, YS) = S MOO T IE )  ‘ OS IT IO N IN X — Y CO ORDINATES
C $~~AJ = SEMI M AJ OP AXIS OF 86 ?E R CENT CON TAPI ME P4T ELLIPSE FOT
C SMOOTHE D POS IT I O N
C S’ IN s SEM IWI’ d OR A X I S  OF C O N T A I N M E N T  E ..LIPSE
C TM OR IENTAT ION 0 SEMINAJ0 ~ AXIS (~ E.,. CLOCK WISE F~ 3M V — A X I S )
C

PR INT 13
PR INT 11

13 FORM AT (50X  , ISHS$OOT IE) ‘ O S IT I O NS ,/ / )
00 4 I’ l ,N

4 PR~ N7 7,T(T),*S (T),vS (I),s~ AJ (T),SMIN(I ), T’4(I)
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