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INTRODUCTION

In their sixty years, quartz resonators have shown themselves capable
of dramatic improvements in frequency stability : on the average, one order of
magnitude per decade. Because of a long history compared with other solid
state devices, it is easy to look upon this component as the product of a ma-
ture technology, and to presume that the l evel i ng—off plateau has been reach-
ed; that the last bit of stability has been , or shortly i s to be, wrung out
of the venerable v ib rator.

Such a conclusion would be enti rely wrong. Prospects are exceedingly
good that the near-term future will see a further hundred-fold improvement in
th~ stability of high precision oscillators , brought about by us ing doubly
rotated quartz resonators of special orientations. This development fortun-
ately coincides with stringent frequency control requirements newly imposed
by the latest generations of comunication systems and systems for navigation
and position location..1 38*

In order to identify an important present contribution to frequency in-
stability , and to separate out i ts effects , it i s conven ient to discuss first
the static frequency-temperature (f-T) characteristic of a quartz resonator’-.
Static f-T curves are of interest in their own right in connection wi th crys-
tals operating without ovens over broad temperature ranges, such as in temp-
erature compensated crystal osc i llators2. Maximum frequency deviations , ob-
tained from the static f-I curves , are shown to be simply represented in nor-
mal ized form for such applications. They are subsequently used for compari-
son with the dynamic behavior of resonators.

For crystal resonators subjected to w ide temperature var iations , the an-
gl e of cut is ordinarily chosen to minimi ze the frequency excursions over the
entire temperature range. High precision oscillators , on the other hand,
utilize resona-tors maintained wi thin an oven system that closely regulates
the thermal environment. In this latter case it is important to know how the
unavo idable oven instabilities affect the resonator frequency, and how the
oven parameters interact wi th the f-I curve as a function of crystal cut.

Use of the static f-I curve ,in conjunct ion with the known character ist ics
of coni~iercial ovens,leads to the conclus ion that frequency stab iliti es orders
of magnitude ,better than those observed ,ought to be possibl e with AT-cut re-
sonators. The discrepancy is mainly due to the neglect of the dynamic f-I
behavior of the crystal. By making use of various types of dynamic f-T data
from the literature, a phenomenological parameter can be extracted that sat-
isfactorily explains the effects found in practice. When applied to simula-
tions of oven cycling, it shows the dominance of dynamic effects in high sta-
bility situations when AT cuts are used.

At the SC cut, the parameter linking dynami c thermal behavior to freq-
uency becomes zero for thickness-directed temperature gradients , and for this
doubly rotated quartz cut , the f-T behavior predicted from the static curve
is capable of being realized .

In the fi rst part of this technical report the static f-I behavior of AT
and SC cuts is examined. The dynamic behavior of resonators is considered in

* See list of references beginning on page 26.
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the second portion .

STATIC BEHAVIOR

For most types of quartz resonators. the frequency-temperature behavior
takes the form of the cubic curve depicted in Figure 1. When the resonator
Is operated In an oven there wi ll be, ‘In general , an oven offset error A that
measures the amount by which the oven setting point misses the desired refer-
ence point where the first order temperature coefficient vanishes . In add i-
tion , the oven wil l have a cycling range, + AT0, about the setting point, as
seen in Figure ‘1. As the oven cycles , the frequency will vary , and in the
case shown , the maximum frequency excursion wil l be from the reference point
to the frequency at the point ~~+ AT, . As A and M, are allowed to vary , the
maximum frequency excursion will of course vary, and will be a function of
A . AT, and the shape of the cubic curve. The cubi c varies with the angle of
cut. For the AT and SC cuts of orientations (YX~)~~35.2 ; (YX~i)ø?2l.9

’/
9~33.9 , the reference angle is taken as that for which turnover temperatures
coincide wi th the inflection temperature. In terms of deviations M from this
angle , the maximum frequency excursions are shown for AT cut quartz in Figure
2~ The angle difference is in minutes of arc , and the ordinate is the quant-
I ty

~
‘ 

~f/ f 1 max./{ (.\T~). (1 +
~~~ 

)~~. ( 1)

Rho is defined as = .~/.‘\T . =2~offset/cycle range. (:)

Fort~~ 1 , a single curve suffices . The curves may be closely approxima ted
by the relation

~ + K ).(~~ ) ‘1/ (3)

where 8” is the ordinate expressed in (1) and K1, K . are simple functions of
for a given cut. Tables 1 and 2 provide values of lAf/fi max. for AT—cut

quartz , for A9 = 5 and 0.5 minutes of arc , respectively. Table S gives val-
ues of Ki and K for a wide range of va l ues of 

~ 
for the AT cut.

The doubly rotated SC cut of orientation (Y X ~~)~~ 2l.9~/9’ 4’ 33.9~ has
two angles to vary. Figure 3 gives the variation in O’versus .~Q. Tables
4 and 5 present values of I~ f/ f J max. for .\9 and .\Ø 5’, respectively, while
Tables 6 and 7 are for ~9 and AØ 0.5’, also respective ly. Tables 8 and .

give values of K~ and K2, as function of ~~, for the SC cut; Table 8 for ~Qand Table 9 for ~O.

With reference to Table 2, one sees that an AT-cut operated in a good
oven with a stabilit~,1gf a few t~ l1ike1vins should produce frequency stabili-
ties in the order 10 to 1O~ . This ‘in fact is far from the actual val-
ues obtained.

DYNAMIC EFFECTS

That the resonance frequency of a crystal vibra tor depends on temperature-
rate and gradient effects, as well as tempera ture it sel f has been known for
some time3~~

6. Experimental evidence exists in a number of forms. Bistline t3
showed that the f-T cubic curve appeared to exhibit cut angles ditfering in
A9 by several minutes of arc for different temperature sweep rates. Kusters~~showed how the upper turning point of an AT-cut shifts in frequency with temp-
erature rate. In both cases the temperature-time graphs were ramps , so that 
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TABLE 3. VALUES OF K1 AND K2 IN EQUATION (3) FOR AT-CUT QUARTZ
AN Dó O IN MINUTES OF ARC .

• 
~ 

Kl -K2 
- 

[ II Ki -K2

52.6 77.5 18 10.5 15.2
• 2 46.8 68.8 20 9.53 13.8

3 39.5 58.0 25 7.77 11.2
4 33.7 49.4 30 6.55 9.36
5 29.2 42.9 35 5.67 8.05
6 25.8 37.8 40 4.99 7.05
7 23.0 33.7 45 4.46 6.27
8 20.8 30.4 50 4.03 5.63
9 18.9 27.7 60 3.37 4.67

10 17.4 25.4 70 2.90 3.97
12 14.9 21.7 80 2.55 3.44
14 13.1 19.0 90 2.27 3.03
16 11.6 16.9 100 2.04 2.70

K1 in units of lO 10 
; 1(

2 in units of ~~~~~~~~~~~
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TABLE 8. VALUES OF K1 AND IN EQUATION (3) FOR SC-CUT QUARTZ
AND~~9 IN MINUTES OF ARC .

II Ki -K2 L~ J Ki
_ _

j
_ _

-K2
H -4

34.5 86.0 18 6.87 17.0
2 30.7 76.4 20 6.25 15.4
3 25.9 64.4 25 5.09 12.5
4 22.1 54.9 30 4.30 10.5
5 19.2 47 .6 35 3. 72 9.10
6 16.9 42.0 40 3.27 7.99
7 15.1 37.5 45 2.92 7.12
8 13.6 33.8 50 2.64 6.42
9 12.4 30.8 60 2.21 5.35

10 11.4 28.3 70 1.90 4.58
12 9.79 24.3 80 1.67 3.99
14 8.58 21.2 90 1.49 3.54
16 7.63 18.9 100 1.34 3.17

K1 in uni ts of 10-10 ; 
~ 2 in units of

p.
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TABLE 9. VALUES OF K
1 

AND K
2 

IN EQUA l ION (3) FOR SC-CUT QUARTZ
AND i~4 IN MINUTES OF ARC .

~ 

K1 
~~~ 

K1

10. 7 0.691 18 2.12 0.308
2 9. 50 0.651 20 1.93 0.299
3 8.01 0.585 25 1.57 0.282
4 6.83 0.~ 32 30 1.32 0.270
5 5.93 0.490 35 1.14 0.261
6 5.23 0.457 40 1.01 0.254
7 4.67 0.431 45 0.897 0.249
8 4.21 0.409 50 0.810 0.245
9 3.84 0.390 60 0.6 77 0.239

10 3.52 0.376 70 0.581 0.234
12 3.03 0.351 80 0.509 0.230
14 2.65 0 .334 90 u.452 0.228
16 ~.36 0.3 19 100 0.406 0.225

K 1 In units of 1O~~~ ~‘2 in units of j o
_ 13

I

14
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I
i = dT/dt is a constant. The influence of a “step function ” of temperature
on AT-cuts was shown by Warner7)11 and Munn 1

~. For BT-cut and rotated-X-cut
crystals 27 , the frequency spike is reversed in sign. Based upon the observed
effects, a number of models have been used to characterize thermal transient ,
or dynamic thermal , behavior of quartz resonators9’’6’19’2 1

~
’
~.

We propose here a simple model that explains the results of a variety of
experiments. More carefu l experiments , coupled with a thorough analysis in-
volving nonlinear elasticity theory are required to provide a firm foundation
for understanding dynamic effects in resonators . It is hoped that the results
presented here will stimulate such an approach to the problem . The traditional
manner of expressing the static frequency-temperature behavior of quartz re-
sonators is due to Bechmann 2 8 :

Af/ f  = ao AT + bo AT 2 + co AT3 . (4)

In Eq. (4), ~T = T-T1~ , where T is the present ~emperature , and To is the spe-
cified reference temperature , often taken as 25 C, or as the infl ection temp-
erature, in which case b0 equals zero.

The parame ters a0, b0, and c0 depend on material , cut , geometry , electro-
ding, etc., but do not depend on time , for a given resonator design. Our as-
sumption consists of the inclusion of the term ~~ in the expression for the
effective first-order temperature coefficient a(t) , which now depends on time
implicitly through the temporal behavior of the temperature :

= a( t ) .  AT(t)  + bo AT(t)2 + co A T(t) 3 , (5)
with

a(t) = aL-) + ~~~
. T(t). (6)

The quantity ~ is a function of the same entities as ao , bo , Co , as wel l as
several others such as method of setting up thermal gradients (thickness gra-
dient , azimuth-dependent lateral gradients), thermal conductivity of supports
and electrodes, elasticity of, an d stresses i n , the electrodes , etc., but is
a constant for a given design . It is treated simply as a phenomenological
quantity to be evaluated separately for each crystal design. It is obvious
that the assumption concerning a(t) could be extended to the coefficients bo
and c~- , by introducing similar constants ~ and ~~; the results are qualitative-
ly the same, and they will be omi tted here.

EXPERIMENTAL RESULTS

For the case of a ramp temperature-time profile, where I is constant ,
a(t) will reduce to a constant , different from ao. The f-T curve appears as
if it had simply changed its apparent ori entation angle Q. In the case of

• Bistline ’s graphs , the value of ~ required to account for the data is +1.7 X• - 10- s/K . This va l ue is arrived at using the known quantity da/de =—5.08 x
l0~~/K, deg.e for the AT cut-

’ ‘- ‘-to convert between changes in the coefficient
“a” and the angle Q.

Applying the model to Kusters ’ curves 20 , straightforward algebra yields
the relation for the normalized frequency shift of the turning point

4 = (Tu - T o ) .  ~~~. j, (7)

where Li is the upper turnover temperature and To Is the reference temperature.
15
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Using the parameters of the AT-c ut cryst~1 discussed by KustersLO , the value
of ~ , for the crystal used by him , is

- .~.27 X l 0 - ’ s/K . (8)

The Warner curves ’’ 11
~~ may be simulated Hose1Y

~
by making the assump-

tion that the thermal “step function ’ is of fotit~ (1-e ~~~ 
) ,  and involves a

single system therma l time constantz. The va l ues ot’ 
~ are larger in niagni-

tude than for the Bistline and Kusters experiments. The sign of ~
‘ changes

according to the electrode metall ization pattern , he i n~j negative for thickness
excitation and positive for electrodes with a gap for latera l excitation 11 .
It may be expected that other factors will influen ce the sign and size of L
and that a proper choice of resonator and electrode design , electrode mater-
ial(s) and method of deposition , will produce resonators with small ~ values.The possibil i ty of controlling ~~

‘ by use of doubly rotated plates is discussed
below .

The presence of a frequency spike , found by Wa rner 7 in response to a ther-
mal step function applied to an AT cut bulk wave resonator , has been recently
verified for surface acoustic wave (SAW ) resonators of ST-cut orientation by
Parker~’° .

SINUSOIDAL VARIATIONS

Based upon the simple model adopted it is possible to simulate the effect
of sweep inq the temperature in a sinusoidal manner. It is known that this
leads experimentally to hysteresis effects. The result of a wide temperature
range sweep is shown in Figure 4. The heavy line represents the static f-T
curve . When the temperature is swept as sin~t by 60K about the 30°C point,
the resulting curve exhibits an hysteresis that varies with the rate’.as shown .
The effect is more pronounced at the upper turning poInt (UTP); this is due
to the sign of L The orbits are counter-clockwise , also because of the sign
of L at the UTP .

The general features of the curves in Figure 4 , representing dynamic ther-
mal cyc lings , have been verified in the main by experiments performed by
Hughes 3° using sinusoida l temperature cyclings. In particular, the much great-
er deviations at the UTP (implying a negative ~ in his experiment), comparedwith the l ower turning point, were unequivocally established for the resonator
examined .

Figure 5 shows the hysteresis effects expected for + 10k excursions about
the UTP. For a sweep with a 10-minute period the frequency change is roughly
three times that expected on the basis of the static curve. In Figure 6 are
shown hysteresis orbits for AT0 5K~ offset from the UTP at T~ by +5K and
by -10K.

The frequency scale is magnified in Figure 7 to parts in  l O 1 ~. For temp-
erature deviations AT of’ +5 X lOU~k, the static f-T curve is nearly a hori-
zontal line , while th~ orbi ts for the dynamic frequency behavior are ellipti-
cal , with amplitudes greatly exceeding the static behavior when the period of
the temperature cycle is shorter than about one hour. The constant ~ from Eq .
(8) has been used in the computations . In Figure 8 the frequency scale has
been further magnified to the l 0 1 .’ range, with a temperature scale in milli-
kelvins about the hIP. Again is seen the dominance of the dynamic behavior

- 
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compared to the static, even when the temperature variations take place over
periods of the order of a day. Figure ~ shows the orbit for ~

= 2x 1O~ a l so.

Table 10 provides values for the fractional frequency deviation l Af/-hl max.
due to the dynamic thermal effect in AT-cut quartz , a s func ti on both of oven
cycling range and cycling time , assuming sinusoida l temperature variation and
the ~ determined from Kusters ’ experiment20. The oven offset has been taken
as zero. The entries are to be compared to those in Table 1 and Table 2. It
is seen in the comparison the dramatic influence of the dynamic component of
the frequency shift .

Gagnepain 3’ has confirmed the hysteresis orbits shown , e.g., in Figures
5-8, for cyclings in a small temperature range near a turnover point; he uses
a model slightly different from that of Eqs. (5) and (6). where the ~~

‘ term is
not multiplied by AT(t) in Eq. (5); this model has been used by Anderson and
Merrill 9 and Koeh ler, et a1.~1

~~’. For small temperature sweeps both models
give equivalent results , but for wide sweeps, Eq. (5) predicts an apparent
orientation angle shift for temperature ramp excitation , whereas the modified
model predicts a constant frequency offset. Experimental results for ramp
functions of temperature have been obtained by Lagasse32 , whose curves show
very interesting behavior. Data supplied on two groups of AT-cut resonators
had thicknesses very nearly in the ratio 2:1. For the thinner plates , 60%
showed only a constant frequency offset, while the remainder showed both an
offset as well as a rotation In apparent angle. The thicker plates showed the
frequency offset alone -in only 10% of the cases , while 90% had both an offset
and an apparent angle change. Each resonator in a group was of nearly iden-
tical construction, but between the groups the designs were similar but not
identical. These experimenta l results, obtained from Lagasse ’s curves 3

~ in—
dicate that it might be necessary to incorporate both types of terms into the
mathematica l model. The fact that the “change in apparent angle ” effect
(which we have quantifi ed by the coefficient ~

) increased from 40% to 90% in
occurrence , as the plate resonators doubled in thickness , indicates that the
system performance is governed by more than one time constant. As the quartz
plate becomes thicker, the thermal time constant , for heat conduction in the
thickness direction , increases as the thickness squared:

V = 0.27l/f02(MHz) seconds. (9)

This formula holds for quartz cuts on the 9>0 branch of the zero temperature
coefficient locus , including the AT and SC cuts.

In order to account properly for all the experimental data it
mi ght be necessary to use a series of coefficients , each depend i ng on a dif-
ferent time constant, some of the type ~~

‘
, and others not multipl i ed by AT(t).

One method of obtaining further experimental evidence to shed light on the
phenomenon is to monitor the relative phase angle between T(t) and Af(t)/f as
function of the cycling rate and resonator design .

The simulations seen in Figures 4 to 8 are for sinusoidal variations in
temperature. In practice , the fluctuations in the thermal field will have a
certain spectral distribution . The result of the coupling term ~ will be to
produce a corresponding frequency spectra l distribution , with a resulting mag-
nified frequency instabilit y when compared to what would be expected in the
static case.

22
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What are the prospects for redu:ing ‘
~~? Fortunately, it appears that by

design even AT-cut resonators can be produced wi th smaller values of a. How-
ever, by using doubly rotated crystals cut to orientations in the vicinit y of
the SC-cut the value of â~ can be reduced to a negligible va l ue, These cuts
are compensated for a variety of other effects as well23 ’33’3~. For rotated-
X-cuts on the zero temperature coefficient locus 35 the approximate value for
~ is +1.8 X iO~ s/K2 for EerNisse ’s design . For a given vibra tor design ,
a plot of —

~~ versus 0 along the upper zero temperature coefficient locus in
quartz would look very much like Figure 3 in Reference 33; the deri vative
aa /aO is zero at the AT-cut , and reaches its maximum positive value at the
rotated-X-cut.

The SC cut permits the possibility of a revolutionary change in the sta-
bilities of crystal oscillators , particularly in the intermediate-to-long-
term regimes. With the coefficient ~ reduced to a negligible l evel , and wi th
state-of-the-art ovens in the mil likelvin range , stabilities in the range
lO ’~ to l O ’~ ought to be achievable. A stability of 6 x l O ’~ for 128 sec-ond sampling times has recently been measured using an SC—cut crystal of spec-
ial design , with an airgap fixture and special mountings 36 ’37. This stabil-
ity also depended upon a special circuit configuration in addition to the SC-
cut resona tor 38. The ability to achieve medium—term stabilities on this order
would make doubly rotated quartz resonators comparabl e to rubidium atomic
frequency standards in precision applications. Medium precision stabilities
wi l l , in addition , be ava i labl e for fas t warmup osc i llators , and represents
a second important application area for these latest representatives of a
~ong line of quartz vibrators .

CONCLUSIONS

The actual frequency instabilities observed in quartz crystal oscillators
for medium - and high-precision applications are greater than can be accounted
for by the static ft~equency-temperature characteristic of the vibrator andthe noise characteristics of the active devices and ancillary circuitry . One
mechanism contributing to the instability is the dynamic f-T coupling. This
report has used available experimental data with a simple mathematical model
to explore some of the consequences of the dynamic effect on the characteris-
tics of the crystal resonance frequency.

Doubly rotated quartz resonator s that are compensa ted for the dynamic
thermal effect offer promise in the near-term future of making available very
small , light weight, and cheap oscillators wi th stabilities approaching those
of rubidium frequency standards.

a
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