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This research is concerned with separation of desired signals and

jamming signals based on their relative power levels. The jammers are
assumed to be strong compared to the desired signals, otherwise they are
of no concern since other methods can be used to eliminate them. In
PART 1, we develop "soft constraint® adaptive algorithms that are suit-
able for power separation with adaptive arrays. Signals and jammers of
various power levels can be separated as long as they differ in angle
of arrival and/or frequency band. In PART 2, we develop single channel
power separators with sharper thresholds than have been previously
possible. Such systems can separate signals and jammers of various
power levels as long as they differ in frequency band. The goal is to
study sharp threshold phenomena in the simpler context of single
channel operation with the expectation of final application to multi-

channel adaptive arrays. 7{,
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PART 1. THE SOFT CONSTRAINED LMS ALGORITHM

1.1. Introduction

The Widrow Hoff Least Mean Square (LMS) algorithm [1,2] is a well
known method of adapting the weights of a linear combiner (Fig. 1.1) to
perform least mean square estimation. The adaptation allows the filter
to approach the optimum set of parameters based on the current statistics
of the inputs to the linear combiner. A major application has been in
the field of adaptive filters, where the inputs to the linear combiner
are samples of time data typically the outputs of a tapped delay line
(Fig. 1.2).

Adaptive filters using the LMS algorithm have been proposed for use
in many applications [3-7]. However in some situations it has been
necessary or desirable to modify the algorithm [8-12]. Frost [9] pro-
posed the addition of hard constraints. The hard constraint forces the
set of weights to obey a set of linear equalities. This modification
of the LMS algorithm has found application in the field of adaptive
antenna arrays, to force the array's gain to be exactly unity to a
signal arriving from a specified direction, but allowing signals arriv-
ing from other directions to be greatly attenuated.

Another modification of the LMS algorithm is the "leaky" LMS

algorithm. This algorithm has a leak factor built in such that in the
absence of any inputs the weights will decay to zero. This form has
been proposed independently by several researchers [11-14]. Using the
property that the leak is equivalent to introducing a white noise to

the input of the filter, Treichler [11] proposed using this equivalent ‘
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white noise to modify the characteristics of an adaptive line enhancer
in a desired fashion. Ahmed et al [12] used the effect to reduce
numerical instabilities that occurred in their particular application.
White [13] showed that the leak could reduce the difficulties associated
with imperfect hardware multipliers.

Zahm [14] used the leaky LMS algorithm in the field of adaptive
antenna arrays to achieve the effect of suppressing strong jammers in
the presence of weak signals. But using just the leaky LMS algorithm
resulted in the undesirable characteristic that the array rejected all
signals (and jammers) after a period of time. To counteract this, Zahm
introduced a set of "steering" weights to the leaky LMS algorithm so
that the weights of the adaptive array converged to the steering weights
in the absence of any jammers or signals. Using these steering weights
prevents the adaptive antenna array from turning itself off. But in
addition, the steering weights Zahm chose for demonstration purposes
also introduced desirable effects in the array's reception pattern.

Extending Zahm's work results in the modification to the LMS
algorithm to be discussed here. This modification is the addition of
"soft constraints." With a soft constraint, some error is incurred
because the weights do not exactly solve a set of linear equalities. The
adaptation algorithm tries to simultaneously minimize this error and the
error incurred by not doing perfect least mean square estimation.

This report presents the soft constrained LMS algorithm, deriving
it from first principles, and demonstrates an application of the soft

constraint algorithm in the area of adaptive antenna arrays.
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1.2 Development of the Soft Constrained LMS Algorithm

This section develops the soft constrained LMS algorithm discussed
in the introduction. The development begins from first principles, by
constructing a performance criterion. Once the performance criterion
is obtained, the optimum weight vector which minimizes this performance
criterion is derived. Finally, the soft constrained LMS algorithm is
developed as a steepest descent search of the performance surface for

its minimum point, which occurs at the optimum weight vector.

1.2.1 Definitions and Terminoloagy

Although applicable to any linear combiner, this work will assume
for ease of discussion that the soft-constrained LMS algorithm will be
used for an adaptive filter. Figure 1.2 portrays an adaptive filter.
Definitions and terminology related to the adaptive filter are now
presented.

A sampled time sequence u(j) is the input to an n-1 tap transversal
filter. The n weights w, (i=1, ..., n) are changed by the adaptation
algorithm as time progresses. The output y(j) of the filter is compared
against a time sequence d(j), which will be called the desired signal.
The purpose of the filter is to provide an output y(j) which is an
estimate of the desired signal d(j). Thus y(j) will be called an estimate
of d(j). The difference between desired signal and the estimate will be
called the error signal, e(j).

The time sequence u(j) may be the sum of three types of signals.
The signal may consist of noise, or may be a deliberately produced
sequence of no use in forming the estimate (interferers), or may be a

sequence helpful in estimating d(j).
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The values at the taps of the transversal filter at time j will be

denoted by the vector:
X(3) = [u(d) u(@-1) ... u(G-n+1)]" (1-1)

X(j) will be called the data vector.

The set of weights will also be written in vector form as:

| W= oy Wy oW : (1-2)

i Thus, the filter output y(j) is expressed in vector form as

y(i) = xiHW = W) . (1-3)

The error signal is simply

AP -

e(d) = dd) -y (1-4) g

1.2.2 The Performance Criterion

P e e )

One of the goals of the adaptive filter is to form a good estimate
of the desired signal. A standard measure of the "goodness" of an
estimate is the mean square error [15-17]. This is written as E{ez(J)}

where E{a} denotes the expected value of a. A good estimate will be one

which minimizes the performance criterion E{ez(j)}. The minimization is

o S NP WY O 7% T N v PP | 54

performed by selection of a suitable weight vector, W.

Expanding the mean square error in terms of W yields:

EC(d(3) - y(i)?)

Ete?(j)}

E{d(3)% - 2d(3)y(3) + y(1)%)

E(d(3)? - 2d(3) X(3)"W + WX(H)X(G) W . (1-5)




Denote the cross correlation between the data vector X(j) and the desired

signal d(j) by P(j):

P(3) = EW(IX()Y . (1-6)
Also denote the autocorrelation matrix of the input data by R(j):

R() = EXGOXHOD . (1-7)

Using these definitions in Eq. 1-5 aqives an expression for the mean square
error as a function of the weight vector W:

-

E{ee(

i o= B - WP + WRGW . (1-8)

Clearly, the mean square error is a quadratic function of the weights.
Thus it may be visualized as a parabolic surface in a hyperspace of
dimension n. R(j) is positive semidefinite, since it is an autocorrelation
matrix. If R(j) is nonsingular (and therefore positive definite), then
there is a unique weight vector which minimizes the mean square error.
However, if R(j) is singular, then there is a set of weight vectors, all
of which yield the same minimum mean square error.

But in addition to minimizing the mean square error, it is also
desirable to keep close to a set of linear constraints on the weight

vector. If possible, a set of m linear constraints should be satisfied:

AW = h (z=1,...,m) (1-9)

where Az is a row vector, and hz is the value the linear combination of
the weights should take on. However, it may be that it is impossible for
all of the constraints to be satisfied simultaneously, or satisfaction of
a constraint may result in a value of mean squared error unacceptably high
to the designer. Thus, the equality of Eq. 1-9 may not always be true at
the most desirable weight vector. Define the error created by failure

to satisfy the zth constraint by:




2

R g Azw-hz (1-10)

which is the difference between the actual value of the linear combination
of the weights, and the desired value. e., is called the constraint error.

To measure the performance in meeting the constraints, form a weighted sum

of the squares of the constraint errors:

» 2 - 2
I ob () = : b, (A N-h) (1-11)

z=1 =]

where the bz are a set of positive constants chosen by the designer. The

greater the value of an element bz. the more the error e, will affect the

total error. Thus the designer specifies the relative importance of each

constraint by selection of bz. This controls the "stiffness" of the
constraint. Examples of the effect of varying bz are shown in a later

section. Equation 1-11 is written in matrix form as:

(AW - H)TB(AW - H) (1-12)

where A is the matrix composed of the vectors A_:

T]T

P
£ A . &

(1-13)

B is the diagonal matrix with diagonal elements bz:

‘ a
B = diag[bl.bz.....bm] (1-14) ¢

and H is a vector composed of the individual desired constraint values h_: E

| T ‘H

Ho= by by oo byl (1-15)

Thus, A is an mxn matrix, B is an mxm matrix, and H is a vector of

dimension m. Note that the number of constraints does not have to equal




the number of weights. If n>m, there are more weights than constraints,
which is called an underconstrained problem. Alternately, if n<m, there
are more constraints than weights, which is an overconstrained problem.
When n=m, the number of constraints and the number of weights are equal;
this is called an exactly constrained problem.

Note from expression 1-12 that this summed squared constraint error
is also a quadratic function of the weight vector, like the mean squared
error. Because the summed squared criterion error is the sum of squared
quantities weighted by nonnegative factors, it is bounded from below by
zero, and therefore cannot decrease without bound. Therefore, a minimum
value exists. This minimum summed squared criterion error wi'l be
obtained by a unique weight vector in some cases, and obtainable by a
whole set of weight vectors in other cases. The condition for the
minimum to be obtained by a unique weight vector is that the matrix A be
of rank n (it must have n linearly independent rows).

Because of the possibility of not satisfying all or any of the
constraints in a given problem, these constraints are called soft con-
straints, as opposed to hard constraints, which must be satisfied
absolutely.

Now performance criteria have been defined for both the signal
estimation problem (the mean square error) and the constraint problem
(sum of squared constraint errors). The performance criterion for a
soft constrained signal estimation problem is defined as the sum of these

two individual performance criteria:
p(j) = E{e?(§)) + (AW - H)Tg_(gw -H) . (1-16)

The goal of the soft constrained LMS algorithm is to find the weight

vector W which minimizes the performance criterion p(j).




Since p(j) is the sum of two expressions which are quadratic in the
weight vector W, p(j) itself is also a quadratic function of the weight

vector.

1.2.3 Optimum Solution

In this sub-section an expression is found for the optimum weight
vector, which is defined as the unique weight vector which minimizes the
performance criterion p(j). The condition under which the minimum p(j)
occurs with a non-unique weight vector is also determined.

Any weight vector W which minimizes the performance criterion p(j)
causes the gradient of p(j) to become zero. An expression for the gradient

of p(j) with respect to W is:

v o) = T EER(3)} + v (AN - H)TB(AW - H)] (1-17)

Analyzing the first term yields:

W20 = VEAD -y

= TENA)-NX(E)NE

= T 2-20 (W)W XX W
= 2(E(XI-EXGXE) )T

= -2(P(§)-R(3IW)T (1-18)

This first term of the gradient is attributable to the mean square error
term of the performance criterion. It is the gradient used in developing

the LMS algorithm.

10




Analyzing the second term of Eq. 1-17 yields:
’ T DY T T
\N(Aﬂ - H) B(AW - H) = [2A'B(AW - H)] " (1-19)
This second term is due entirely to the soft constraints imposed on the

problem by the filter designer.

The gradient is the sum of the two terms:
VIp(I) = -2(P(I)-R(IN)EATB(AW - H) (1-20)

The optimum value for W is found by setting the gradient equal to

zero and solving for W:
T T E
(R(I)FA'BAIN = P(j)+A'BH . (1-21)
[t is seen that the necessary condition for the optimum (minimum)

performance to occur at a unique weight vector {s that the matrix

R(J)*ATQA be nonsingular. Under this condition, the unique optimum weight

vector (denoted W__,) is:

opt

Nooe (RGBT (AT (1-22)

opt

Note that it is not necessary for either R(j) or ATBA to be nonsingular

by themselves. In fact, one of the uses of the soft constrained LMS
algorithm is in situations where the data autocorrelation matrix R(J) is
singular (or possibly just ill-conditioned), and a set of soft constraints

is therefore generated to yield a unique optimum weight vector [12].

1.2.4 An Assumption of Stationarity

The remainder of this work will assume that the signals d(j), and

u(j) are both stationary. In this case, the statistics P(j), R(J), and

11




H the performance criterion p(j) are constant, so the time index j will be
dropped, denoting them now by P, R, and p.
Although not noted above, since p was previously a function of time,

the optimum weight vector No ¢ was also a function of time. Now, due to

p

the assumption of stationarity, No % is independent of time, and has the

p
value:

W= (R*A'BA)™' (P+ATBH) . (1-23)

opt

1.2.5 Determination of the Optimum Weight Vector by Gradient Search

Calculation of the optimum weight vector using Eq. 1-23 is not always
| feasible, even when all of the quantities are known. This may be due to
| the size of the filter, or numerical difficulties due to properties of
the matrices. Thus alternative approaches to calculation have come into
existence. A common technique is to make successive approximations to
the optimum weight vector. Given one estimate of the weight vector,
denoted by W(j), the next estimate, W(j+1), is generated from W(j)
governed Yy how well W(j) satisfies Eq. 1-21.

The particular technique of successive approximation used in this
research is called gradient search [18]. Very simply, the gradient of
the performance surface is calculated for the current setting of the
weight vector W(j). Since the gradient specifies the direction of weight
vector change which will increase the performance function most rapidly,
and the goal is to reduce the performance function, the next estimate of
the optimum weight vector is obtained by moving from the current estimate

in the direction opposite to that of the gradient, and a distancc propor-

tional to the magnitude of the gradient:




W(i+1) = W(j) - uop (1-24)

u is a positive constant chosen by the filter designer. Selection of u
is subject to considerations discussed in the next section.
Using Eq. 1-20 for va (and dropping the subscript j on R(j) and

P(j) due to the assumption of stationarity) gives the update equation:
W(I+H1) = W) + 2u(P-RN(J)) - 2uATB(AW(J)-H) .  (1-25)

Repeated use of this update equation will cause the estimate of the
optimum weight vector to approach wopt' the actual optimum, provided u

is small enough.

1.2.6 The Soft Constrained LMS Algorithm

The algorithm described above for finding the optimum weight vector
wopt is applicable only if all quantities are known. This may not always
be true. In particular, if the statistics of the input signal u(j) are
not perfectly known, then the quantities P and R are unknown. This can
occur when a known signal is subject to additive noise, or is passed
through a filter whose characteristics are not perfectly known, or subject
to distortion. However, it is still desirable to perform signal estima-
tion subject to soft constraints in this case. Accordingly, the update
equation (Eq. 1-24) is modified to handle the situation. In particular,

P and R will be replaced by appropriate estimates. The estimates chosen

must be dependent upon u(j), so that the estimates are based on true

statistics, and not an a-priori guess. The estimates chosen are:

~

P o= d(§)X(J)
(1-26)
R = X(3)X(i)'

13




[t is easily shown that these estimates are unbiased:

E(P} = E(d(J)X(j)} = P

(1-27)
ERY = EX(XDTY = R
Thus the update algorithm becomes
W(j+1) = W(j) - qup (1-28)
where an estimate of the gradient is now used in place of the true
gradient:
P = -2(P-RW(J)) + 2ATBAW(I)-H) . (1-29)

Substituting the expressions 1-26 into the expression for the gradient

estimate above results in:

TP = -2(A@X(D)-XGXDN W) + ABANG)-H) . (1-30)

Noting that X(j)TW(j) is y(j) and substituting:

~

WP = -2(d(d)X()-X(§)y(3)) + 2ATB(AN(S)-H)
= -2(d(3)-y(§))X(§) + 2ATB(AW()-H) . (1-31)
Finally since d(j)-y(j) is the error e(j):

90 = -2e(3)X(3) + 2ATB(AN(j)-H) . (1-32)

Writing the update equation as one expression results in:

WEI+T) = W(3) + 2ue(3)X(3) - 2uATBAN(S)-H) (1-33)
or
NG = (1-20ATBAIW(S) + 2ue(3)X(5) + 20ATBH . (1-33)

This is defined here as the soft constrained LMS algorithm.




[t is interesting to examine the gradient estimate a little more
closely. By comparing the gradient estimate of Eq. 1-29 with the true
gradient in Eq. 1-20 it can be seen that only the gradient term due to
mean square error is approximated. The gradient term due to the soft
constraints is still calculated perfectly, entirely from knowledge of

the soft constraints and the current weight vector.

1.3 An Application to Adaptive Antenna Arrays

This section demonstrates an application of the soft constrained
LMS algorithm to adaptive antenna arrays. The soft constraints are used
to affect the shape of the antenna array's directivity pattern.

The adaptive antenna array system used is shown in Fig. 1.3. Each
of the six antenna elements is omnidirectional. The output of each
antenna element is fed to a two tap adaptive transversal filter
(TF] through TFG)' The outputs of the six filters are summed together
to form the system output, y(j). For the example presented in this
section, it is assumed that no desired signal d(j) is available.

The weight vector of the antenna array system is the vector
constructed by stacking the weight vectors of the individual adaptive
filters together. Denoting the weight vector of transversal filter k at

time j by wk(j). the weight vector W(j) of the entire system is:

W) = W) WHG) ... Wi@DT (1-35) |

1 2 6 i

The data vector X(j) for the entire system is constructed similarly. F
The soft constraints are used to specify desirable antenna gains §

e

in a particular direction at a specified frequency.




5,

[ 5 TF,

L5 TF,

® 25

25 %‘ i k3

-

= TFe
SIGNAL

SYSTEM

USED FOR RDAPTATION

SPEED OF PROPAGATION = 1
SAMPLING INTERVAL = ,125

FIG. 1.3 AN ADAPTIVE ANTENNA ARRAY

SN ad)
OUTPUT




r------—-—-—----—----——-—-—-——---.——--mmw

Imagine the antenna array receiving a sinusoid of power C
frequency w, from a specified direction ez. Denote the signals at the

i : input to transversal filter TFk by the phasor notation Czexp{i(wij+¢zk)}

is:

X(3)

where L is the nhase difference of the signal between sensor k and
i some reference point. L is a function of both the angle of arrival of

the signal (ez) and the antenna geometry. In this case the data vector

Czexp{i(mij+¢z1)}

Czexp{i(ui(j-])T+¢z])}

Czexp{i(ijT+¢zﬁ)}

CzeXD{i(wz(j-1)T*¢26)}

Then the array output is XT(j)W(j). The array gain to this signal is
XT(j)w(j)/Czexp{iu&jT} = (XT(j)/Czexp{iwij})N(j). Define the row vector
Az by XT(j)/CzexP{jwijT}. Then

exp{i¢z]}

exp{i(¢z]-sz)}

exp{i¢26}

exp{i(¢26-sz)}

17

zdt
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(data in
TF,)

(1-36)

(data in
TF.)

(1-37)
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The array gain to signal z at time j is thus Azw(j). Suppose it is
desirable to have the array gain to this signal be Dzexp{inz}. Then the

constraint can be written as

Azw(j) = D,exp{in } (1-38)

and can be made a soft constraint. However, note that W(j) is a set of
real weights, while AZ and Dzexp{inz} are compliex. This constraint can

still be realized by separating it into the real and imaginary parts:

Re{A_IW(j) Re{D,exp{in_}} (1-39)

Im{Az}N(j) Im{Dzexp{inz}} . (1-40)

This process yields two constraints which can be used as soft constraints.
Thus the antenna array will attempt to keep a complex gain of Dzexp{inz}
in direction ez at freqeuncy w,. These two constraints will be used for
soft constraints, and thus the array gain can vary from the specified
gain (Dzexp{inz}).

This procedure can be followed for several different sinusoids, at
the same or different frequencies,yielding a set of constraints. Let the
set of constraint vectors (Az) be formed into a matrix A, and let the
gain specifications be stacked into a corresponding vector H. Then the

set of soft constraints is
AW = H . (1-41)

The soft constraints will be weighted by constants bz, which are used to

compose the diagonal matrix B.

18




The first example of the use of soft constraints is shown in
Figures 1.4 through 1.8. The soft constraints are specified to have unity

power gain at frequency 2, in the directions 9, 19, 129, 189, -129, -1p

(in degrees). The constraints are weighted equally at 1. These
constraints are summarized in Table 1.1.
Direction Phase
of Amp1itude of
Constraint of Gain Constraint
(degrees) Gain (degrees) Weight
. Ve 180.9 e
19 1s 127.3 1.
129 1. -90.9 1.
189 1« -180.9 1.
=129 1. -90.9 1.
-19 04 177.3 lis

| Table 1.1 ~ Constraint Set 1

When the set of constraint equations are solved for the weight
vector which satisfies all of the constraints exactly, the antenna
directivity pattern shown in Figure 1.4 results. This is a plot of the
power gain a signal at a frequency of 2 would receive if the weight
vector were frozen at the solution to the constraint equations.

Figure 1.5 shows the antenna directivity pattern resulting when a

signal is received from a direction of P degrees, after the adaptive

antenna array system has adapted to the point of convergence. This
example (and all others in this section) also has an isotropic noise
field impinging on the antenna array. The noise power at each antenna
element is P.1. In this case, since there is no desired signal, the
mean squared error is just the system output power, so the goal of the

soft constrained l“!S algorithm is to minimize the system output power

19
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while trying to keep the array gain close to the constraint values. It
can be seen that in the direction of the signal the array gain has
decreased. But as the gain in the signal direction decreases, the con-
straint error in that direction grows (as the constraint errors in the

19 and -19 degree directions do also). The result is that the soft
constraints cause the antenna array gain in the signal direction to remain
high, causing the constraint errors to be lower. The constraint errors at

the 129, -12P and 18P degree positions are kept small without increasing

the system output power significantly.

Figure 1.6 shows the antenna array directivity pattern for the same
constraints, when the unity power sinusoid at a frequency of 2 is received
from the direction of 6@ degrees, an angle not near any of the constraints.
In this case, when the adaptive filters have reached convergence, the
signal receives 3P dB of attenuation, while the constraint error is main-
tained at a very small value.

Figure 1.7 shows the antenna array directivity for the same set of
constraints (Table 1.1) when the unity power sinusoid at a frequency of 2
is received from the 12P degree position, coincident with a constraint.

In this case the attenuation in the signal direction is small compared

to that of Figure 1.6. But the attenuation is greater than that attained
in Figure 1.5 when the signal was arriving from the @ degree direction
and close to three constraints, instead of just a single constraint.

Figure 1.8 is a plot of the converged array gain in the signal
direction, for all possible signal arrival directions. This plot is
obtained by placing the signal at a specified direction, calculating the

optimum weight vector for this signal configuration, using this optimum
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weight vector to calculate the antenna array gain in the signal direction,
and plotting this gain as a single point in Figure 1.8. For example, in
Figure 1.7 the array gain in the signal direction (12 deqrees) is
approximately -6 dB. The gain plotted on Figure 8 in the 129 degree
position is the same value (approximately -6 dB). Figure 1.8 demonstrates
that for the constraints specified in Table 1.1 the gain tends to remain
high in directions close to constraints, but signals can be more strongly
attenuated when not close to constraints.

Figure 1.9 shows similar data for the set of constraints in

Direction Phase
of Amp11itude of
Constraint of Gain Constraint
(degrees) Gain (degrees) Weight
_—— }-. ———— e e e e
0. X 180.9 1«
19 Ji 177.3 ¥
120 s -90.9 N
189 ] -180.90 N
-12p 1. -99.9 N
-19 1. 177.3 )

Table 1.2 - Constraint Set ?

Table 1.2. These constraints differ from the previous constraints, but
only in that the weighting on the constraints in the 120, -120, and 189
degree positions have been decreased by a factor of 10h. The effect of
this decrease on the weighting of the soft constraints can be seen in
Figure 1.9 as a weakening of the constraints in these directions: the
array gain in the signal direction when the signal is arriving from
directions close to these constraints is greatly reduced from the

previous case (Figure 1.8). This arises because the mean square error

can now be reduced significantly by decreasing the array qain in the
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FIG., 1.9 ANTENNA ARRAY GAIN IN DIRECTION OF RECEIVED
SIGNAL WITH SOFT CONSTRAINTS




signal direction. The constraint error incurred by doing this is small
compared to the mean square error reduction due to the low weighting
coefficient used. Thus the weighting coefficients control the "softness"
of the constraint. The conclusion is drawn that large weighting coeffi-
cients imply that the decrease in mean square error must be large to
allow a small deviation from the constraint; a small weighting coefficient
implies that a greater deviation from the constraint is allowed with
little penalty, allowing the algorithm to decrease the mean square error
significantly.

Figure 1.1p demonstrates the effect on the large lobe of Figure 1.9
when the two constraints at 19 and -19 degrees are moved to 6P and -60

degrees and simultaneously weakened by a factor of

Direction Phase
of Amplitude of
Constraint of Gain Constraint
(degrees) Gain (degrees) Weight
9. 1. 180.9 1.
60 Ts 177.3 N
120 1. -990.9 )
180 | & -18p.9 Pl
-129 )i -90.9 N
-60 1. V2E <3 N2

Table 1.3 - Constraint Set 3

199. This set of constraints are presented in Table 1.3. Figures 1.9

and 1.19 shows that when the two strong constraints are at the 19 and
-19 degree positions the angular sector over which a signal can be

received without significant attenuation is much broader than when a

e s gy

single strong constraint is present.
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FIG. 1.10 ANTENNA ARRAY GAIN IN DIRECTION OF RECEIVED
SIGNAL WITH SOFT CONSTRAINTS




Figure 1.11 shows the gain in the @ degree direction maintained by
the soft constraint, for all possible arrival directions of a unit power
signal with a frequency of 2. Again, the plot is calculated by placing
the signal at a given direction, calculating the converged weight vector,
calculating the array gain in the @ degree position, and plotting it on
Figure 1.11. It is seen that the gain in the P degree position is main-
tained close to the constraint value of unity gain, decreasing only when
the signal is also close to P degrees. When the signal is close to P
degrees, the array gain in this direction drops slightly to reduce the
system output power, but cannot drop significantly without causing large
constraint errors.

Figure 1.12 shows the same function for the much weaker constraint
at 18P degrees (again using the constraints of Table 1.2). It is seen
that since the array gain can vary a great deal in this direction without
incurring large constraint error (due to the small weighting coefficient
of .@1), the adaptive array concentrates on minimizing the output power
rather than maintaining the constraint. It is seen that only when the
signal direction is near the three constraints at @, 19 and -19 degrees
will the algorithm keep the array gain up in the 18P degree position,
because when the signal is arriving in these directions the system out-
put power cannot be significantly reduced by violating the constraint at

180 degrees. In this case the algorithm will keep the array gain close

to the constraint value.
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PART 2. AN IMPROVED ADAPTIVE POWER SEPARATOR

2.1 _General Utility of a Power Separator

A1l radio communication systems require a filter to separate the
desired information signal from background noise. Since the background
noise also contains undesired information signals as well as broadband
random signals, the receiver must have some information about the
characteristics of the desired signal. In simple radio receivers the
frequency of the signal, as well as the modulation technique, is all that
is specified. However, in situations where there are many signals in a
small frequency band it may be difficult, or impossible, to discriminate
by frequency alone. In some cases the task of separating the desired
signal can be simplified by using a spatial filter. The spatial filter
may be a high gain antenna or a high gain antenna array. Most of the
work on adaptive antenna systems has concentrated on array systems
[8,9,19]. (This is because it is easier to delay a signal than it is to
move the hardware. Also, multiple electrical circuits can be used to
create 1hdependent antenna patterns from a single physical array.)

Another technique for identifying the desired signal requires knowl-
edge of its time characteristics. The receiver correlates the input with
a known reference sequence [20]. This effectively eliminates all signals
which are not correlated with the desired signal. Thus with the proper
choice of a reference signal, only the desired signal will correlate
with the reference and hence only the desired signal will appear at the

receiver output.
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A1l the techniques for identifying the desired signal use some
knowledge -- frequency, direction, or correlation -- of the desired
signal to separate the desired signal from the background noise. While
the use of adaptive systems does not fundamentally change communication
system_design. adaptive systems do have two significant advantages: 1)
nearly optimal processing of signals, and 2) the ability to accommodate
deviations from the expected signal characteristics. Thus, if used
properly, adaptive systems reduce the amount of knowledge needed to
separate a desired signal from other signals and noise.

John Treichler showed [11,21] that an adaptive system known as the
leaky adaptive line enhancer (LALE) could be used to discriminate between
high and low power signals. A natural application is anti-jam protection
against high power jamming signals. However, it is not reasonable to
view the application of power discrimination as limited to protection
from jamming signals. Power discrimination should be considered as a
general technique which can be used by systems to separate a desired
signal from cther signals; and, as such, power separation systems take a
place alongside frequency sensitive systems, direction of arrival sensitive
systems and correlation sensitive systems.

An example of an application for a power separator is provided by
the work of Chestek [22] (also see the previous section of this report).
Chestek has developed an adaptive antenna array which normally has an
omnidirectional pattern. When a signal impinges on the array, an adaptive
signal processor tries to cancel the signal by forming a null in the
direction of the signal. However, power discrimination is built into

the algorithm so that weak signals are only slightly attenuated but strong
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signals are greatly attenuated. This signal power discrimination (see
also Zahm [14]) results in an inversion of signal powers. That is, the
strongest input signals to the array processor become the weakest output
signals. The advantage of this system is that it passes the desired
signal even when the frequency and direction of the desired signal are
unknown. An array constrained to look in a given direction [2] may not
perform well if the direction of the signal is imperfectly known.
Similarly, if the frequency of the desired signal is imperfectly known,
because of doppler shifts for example, a fixed frequency system may work

poorly.

2.2 Two Special Applications for a Power Separator

A specific application of power separation is the alleviation of
dynamic range (ratio of largest signal to smallest signal) problems. The
first dynamic range problem is associated with the use of the Widrow-Hoff
least mean square (LMS) algorithm [23,24] to adapt filters when the input
consists of signals with greatly differing powers. The second dynamic
range problem concerns the cost of building hardware with a large dynamic
range.

Signals with widely differing power levels can cause convergence
problems for filters which use the LMS algorithm for adaption. Work by
Widrow [10,11] has shown that the convergence of an LMS adaptive filter
consists of many exponential modes. Each mode is associated with a
particular input signal, and the time constant of each mode is inversely
proportional to the power of the mode. (Since the eigenvalues of the
autocorrelation matrix reflect the powers of the modes, this convergence

] problem is sometimes called the eigenvalue spread problem.) A problem
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occurs when there are several signals with differing power levels.
Because of the convergence properties of an LMS filter, the high power

modes will converge faster than the low power modes. By varying an

adaptive parameter, u, the convergence rates can be altered, but there is
a limit to the rate of convergence. If u > ]/\max' where \max is the
power of the most powerful input, then the filter will be unstable. Thus
u < l/\max for stability. The time constant for the fastest mode is:

r e

max 4L|\max
But if the system is stable this must be greater than 1/4. Usually for
good filter performance u < 1/100\max which implies that tv > 25 for the
high power mode. Any low power mode will converge more slowly. In fact,

\max

T , SO, if there is a 1000 to 1 power ratio, the low power

Yow max

\1ow
mode will take 1000 times longer to converge than the high power mode.
This may be an unacceptably long time. By using power separators to

decompose the input signal into groups of component signals with only a

small power spread in each group, a separate adaptive filter can be used

for each group and optimized for the power levels in that group. Since |
each group of component signals has a small power spread, the time ;*
constants will have only a small spread. (See figure 2.1) 4

The second dynamic range problem is associated with the cost of !
hardware. A1l hardware has a limited dynamic range. If too large a ﬁ

signal is applied to the system, the system will saturate with many 4

undesirable side effects. If too small a signal is applied to a system, ,
there will be no output apart from noise. The dynamic range of a system

must accommodate all signals of interest plus any higher power signals

36




; LMS

Many S1gnali- adaptive outputs wie

1000 to 1 system some appear in 25 iterations
: power ratio some appear in 25 000 iterations
;
{
1
i Many Signals powar output outputs

separator

: LMS ‘ e
/ all signals 25 to 250
with power less iterations
than 10. 10 to 1
power ratio.

1000 to 1
© power ratio

all signals with
power greater than 10

power output outputs

B
separator all signals LIS 25 to 255-
with power from iterations
10 to 100. 10 to 1

power ratio

all signals with outputs

power greater than LMS 25 to 250
100. 10 to 1 ratio iterations

Power Separators used to alleviate the eigenvalue problem

Figure 2.1
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that are in the input. Thus if the signals of interest are low to

medium power and there are some high power undesired signals mixed in,

the signal processor must have a large dynamic range which is expensive. f
It may be reasonable, in such a situation, to build a power separator

with high dynamic range. The output of the power separator would be the
low and medium power signals, which could then be applied to a signal
processor that has only a moderate dynamic range. The idea is economical
if the reduced cost of the signal processor offsets the additional cost

of the power separator. (See Figure 2.2)

Thus the power separator has the potential to alleviate two dynamic
range problems. The actual usefulness of a power separator will depend
upon its design. If a power separator has slow convergence or suffers
from the eigenvalue spread problem, then naturally it will not decrease
the response time of systems which perform slowly due to eigenvalue
spread. Similarly, if the power separator requires a large dynamic range
and is itself a complicated system, then it may cost more to use it as
a preprocessor than it would cost to build a signal processor with a

high dynamic range.

2.3 Sharpening the Threshold of the LALE

An ideal power separator passes low power signals without attenuation

and totally rejects high power signals. Figure 2.3.A shows the gain

characteristic of an ideal power separator. Pt is the power threshold, 1

so those signals with power less than Pt are low power signals and

therefore passed,with a gain of 1, while those signals with a power greater

than Pt are high power signals and therefore eliminated.
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The leaky adaptive line enhancer (LALE) has a gain versus input
power curve which can be used for power separation. Figure 2.4 shows a
block diagram of a LALE, while figure 2.5 shows the gain curves for the
LALE. The curve labeled Y out in Figure 2.5 corresponds to the gain
from the input to the Y output. This output can be used to pass high
power signals and to reject, or at least greatly attenuate, low power
signals. The curve labeled Eout in Figure 2.5 corresponds to the gain

from the input to the E output of the LALE. The E output can be used to

pass low power signals and to reject high power signals.

The transitions from high gain to low gain are not very sharp. The
ideal gain characteristic for a power separator would have a gain of one
when the input power was less than a predetermined threshold, and zero if
the input power was greater than the threshold, as shown in Figure 2.3.A.
Realistically we cannot expect to achieve a discontinuity in the gain
characteristic of a power separator. However, it is not unreasonable to

require that:

a) 1-§; <g <1 . 0 <P, <Py

mn
b) g <1 » Py < Pin < Ps
C) g < 62 ’ p2 s pin

where g = filter gain at signal frequency

Pin = power of narrowband input signal
P, = Tlower threshold power
P, = upper threshold power

§, = maximum allowable gain loss in pass region

8, = maximum allowable gain in rejection region

4
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(See Figure 2.3.B for example.)
By reducing 6], 62 and P2°P1' we can make the filter approach the
ideal characteristic, and in fact, if 6]=0, 62=0 and P2=P] then the

characteristic is ideal.

Obviously we could define a similar characteristic for a filter

that rejected low power signals and passed high power signals (in fact

g' = 1-g is such a characteristic), but we will not treat the case of the

Tow power rejection filter because it is so easily derived from the high
power rejection filter. Therefore, whenever a power separator is
mentioned it will mean a filter which passes low power signals and
rejects high power signals.

The gain equation for a narrowband input to a LALE is [11,21]:

g = ——— . 2.1

n '
1+ 3 SNR
Where: n is the filter length
SNR' = Ps/(Pn + y) = effective signal-to-noise ratio

PS is the signal power

Pn is the noise power

y is a parameter of the LALE

he

This curve is monotone decreasing since:

B

n
k. i) ke < 0 2.2

4P (1 + Towe)?

I . 2 T T




Where n and vy > 0. The selection of optimal n and y, both filter design
s parameters, will cause the gain at each threshold to just meet the gain
specification at the threshold, i.e. a gain of 1-61 at P] and 62 at Pz.
However, only one of the specifications (6],P]) or (62,P2) is needed to

select the ratio n/(Pn + y) which is given by:

n Lk | AR 2 2.3
in Bk FT i-dl 55‘ % ' .

As a result the four quantities, 6], P], 62, P2 cannot be arbitrarily

selected. Any three specify the fourth.

Equation 2.3 can be rewritten as:

PR

= 52— = 2.4

P 1‘6] ]-62
t 1 ) 2

In this form, the width of the transition region, Nt' is related to the
quality of the pass and reject regions where the quality of the pass
region is better for smaller values of 61 and the quality of the rejection
region is better for smaller values of 62. As the quality of the pass
and rejection regions improves, that is as 61 and 62 tend to zero, the
transition width increases.

Ideally, the designer should be able to control all four parameters,
61, P]. 62. P2 by adjusting design parameters. The goal of this research
is to develop a power separator which gives the designer freedom to
select 6], P]. 62, and PZ‘ The quality of the power separator will be
loosely related to the transition width. For a given 61 and 62, the

better the power separator the smaller the value of wt. However, this is
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not the only measure of quality for a power separator: other factors,
such as frequency independence, ease of implementation, response times

and transition region characteristics must also be considered.

2.4 A DFT Based Power Separator

An obvious approach to designing a power separator is to build a
system which evaluates the power spectrum of the input signal. The power
spectrum is then used as an input to a system which designs a filter with
zero gain at the frequencies where the power spectrum exceeds a pre-
determined threshold, and a gain of one elsewhere. The input signal is
passed through the filter to give an output from which the high power
signals have been excluded. A power separator based on this method will
have an ideal characteristic provided the power spectrum is perfectly
determined and a perfect bandstop filter can be designed.

Unfortunately, perfect bandstop filters cannot be made. However,
arbitrarily good filters are possible. That is no matter how small a
value of ¢ is selected, the gain of the filter in the rejection region
can always be made less than . (Practically, however, the accuracies of
the devices used to implement the filter will limit the minimum attainable
gain.) Also, the effects on neighboring frequencies can be made small.
This last point is important, and it is called frequency independence.

To illustrate frequency independence, consider a power separating
system with two input signals, S] and 52, with powers P‘ and P2. and
frequencies f] and fz respectively. Ideally if P] < power rejection
threshold < P2 then signal S] will be passed and signal 32 will be
rejected. However, if the bandstop filter is not ideal this may not be

true. Figure 2.6 shows the transfer function of a non-ideal (but practical)
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bandstop filter. It is easy to see that if f] is close enough to fz, then
S] will also be partially rejected. In this case the system is not
frequency independent because the response to S] is dependent upon the
frequency of both S] and Sz. Unfortunately, all of the systems we will
work with are frequency dependent. A system can be called approximately
frequency independent if the response to a signal S] varies only a little
when a second signal Sy is present, providing lf]-le > A/2. The gain
curve of Figure 2.6 is approximately frequency independent because the
gain is bounded to a variation of §/2 provided the inputs are separated
t in frequency by at least A/2. For brevity we will say a system is
frequency independent when we mean that the response at a particular
frequency, fo’ can be bounded provided that all other signals differ in
frequency by at least A/2, i.e. |f] - fol > Af2.
Frequency independence is as important to the analysis of power
} separators as superposition is to the analysis of linear systems. If a
power separator is frequency independent, then we can use the analysis
for a single signal to predict the response to multiple signals provided
they meet the frequency separation criterion.
A second, more serious problem with the DFT based power separator

is the estimation of the power spectrum. Conventional techniques for

estimating power spectra are based on the discrete fourier transform

(DFT). The DFT can be viewed as a bank of bandpass filters [26]. These H

filters have a gain of 1 at a frequency which is an integer multiple of F

1/(nT) (n is the length of the DFT, T is the sampling interval), and a :
t

gain of zero at the remaining multiples of 1/(nT). Figure 2.7 shows the :$

frequency response of one such typical bandpass filter. Briefly, if a j
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Typical bandpass filter used in the DFT

Figure 2.7
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signal is at frequency f_ it will be passed with a gain of 1. Thus by

p
examining the output power of the filter the input power can also be
determined. A signal at one of the zeros, say fr. will have no effect on
the output. Hence the output of this bandpass filter reflects the amount
of power in the region near fp. However, a signal that lies in one of

the sidelobes, say at fu, will also contribute to the output power of the
bandpass filter. A very high power signal at fu can cause as much output
power as a weaker signal at fp. This will result in the erroneous assump-
tion that there is significant power near fp, when in fact the only input
power is near fu. Thus the DFT violates the frequency independence
principle when used as a power spectral estimator.

Figure 2.8 shows a block diagram of a power separator which uses a
DFT for spectral estimation and a threshold device to decide whether to
pass individual spectral components. The resulting spectrum, with some
components eliminated, is then inverse transformed to derive a time series
output. Thus the signal is transformed so that the power separation is
performed in the frequency domain and the result is then transformed back
into the time domain.

The results of using such a system are presented in Figures 2.9 and
2.10. Figure 2.9 displays the results of processing two signals. The
first signal, S], is at a frequency of 25% of the Nyquist frequency.

Part a of Figure 2.9 shows the gain of the system at this frequency as
the power of S] is varied from 0.1 to 100. The threshold device activates
when the power spectrum exceeds 1. Note that the gain {s 1 until the

power of S] exceeds the threshold, whereupon the gain drops to 0. Part b

of Figure 2.9 shows the system response to a second signal, 82, which has
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a power of 0.1 at a frequency of 59.375% of the Nyquist frequency. Notice
that the response changes slightly when the power of S] crosses the
threshold. This is due to imperfections in the design of the bandstop
filter that rejects S].

In Figure 2.10 the results of a similar experiment are shown. This
time S] is at a frequency of 28.125% of the Nyquist frequency. From part
a, which displays the response to S] as the power of S] varies from 0.1 to
100, the effects of poor frequency estimation become apparent. Firstly,
the gain is 1 for a range of powers greater than the threshold (the
threshold is 1). Secondly, the gain does not drop to zero, rather it falls
off slowly as the power of the signal increases. In part b the consequences
of poor frequency estimation are even more serious. For this experiment,
52 is at a frequency of 56.25% of the Nyquist frequency and has a power
of 0.1. Notice that the gain is 1 for moderate powers of S] and we see no
effects from poor filter design. However, at high input power levels the
gain drops to 0 because the poor estimate of the power spectrum erroneously
gives the power at 52'5 frequency as more than 1, even though it is really
0.1!

A pertinent question at this point is how contrived are these results?
Actually the frequencies used in these experiments were carefully selected:
25% and 56.25% of the Nyquist frequency correspond to integer bin numbers
of the 32 point DFT used in the experiment. 28.125% and 59.375% of the
Nyquist frequency are frequencies exactly midway between integer bin
numbers. The frequencies between integer bin numbers maximize the undesir-
able effects. In fact, if the length of the DFT used is doubled, all of
the signals would correspond to integer bin numbers and the system would

show no undesirable characteristics during these experiments. However,
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no matter how long the DFT is there will always be a range of frequencies .
which do not correspond to integer bin numbers. Any signal with a non-
integer bin number will cause poor system performance. The exact gain
levels and thresholds will, of course, depend on the actual frequencies,
but for any length of DT there will be many choices of signal frequency
for which the power separator will perform poorly with results similar to
those shown in Figures 2.9 and 2.10.

The quality of the DFT based method can be improved by using window-
ing techniques to improve the estimate of the power spectrum. Windows
alter the shape of the bandpass filter used in the DFT [25,26]. Typical
windows reduce the amplitude of the sidelobes at the expense of a broader
mainlobe. This will decrease the ability of the spectral estimation
system to discriminate between two signals of nearly the same frequency,
and increase the ability of the spectral estimation system to discriminate
between two signals of widely differing frequencies. (See Figure 2.11 for
a comparison of spectral estimates with and without windowing.) Still,

a high-power non-integer bin number signal will cause phantom power to
appear throughout the spectral estimate. This 'spillover' or 'leakage'
will result in poor performance unless the input signal powers are known
to be reasonably bounded. If the signal powers are bounded to a small
range, this technique could be useful, especially since fast, off-the-

shelf spectral analysis hardware exists.

2.5 An Adaptive Power Separator with both Soft and Hard Constraints

The poor performance of the DFT method for creating a power separator

stems from the poor power spectral estimate given by the DFT. Also, even

with improved spectral estimation, the design of the required bandstop
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filters would be troublesome because if an FIR filter is used, only a
finite number of zeros are implemented. For good signal rejection, at
least one of the zeros should lie exactly on the signal frequency. This
requires accurate frequency estimation and accurate filter design. Thus
a static design, although theoretically feasible, may fail to work well
due to minor errors such as roundoff during computation. An adaptive
system, which can examine its performance and modify its parameters to
improve its performance, will often avoid numerical difficulties and
thus is clearly desirable.

Adaptive systems can be used for on-line filter design. Such filters
are known as adaptive filters, and there is an extensive body of work
which describes their behavior [3,8,9,11,19,23,24]. A great strength of
the Widrow-Hoff [23,24] LMS adaptive filter is simplicity. Also, LMS
adaptive filters work suprisingly well and can tolerate a degree of
misinformation if they are used correctly.

Treichler [11] has shown that the adaptive line enhancer (ALE) can
be used for power spectral estimation. A great advantage of the ALE is
that while it accurately reflects the frequency distribution of the

spectrum, it compresses the power axis (see Figure 2.12).

- Pin

Sl TN

Because of this, all signals with power greater than P0 appear to have
about the power of a signal with power Po' The power-out versus power-
in curve is monotone, however, and can thus be used to decide which
signals are above a selected threshold. Therefore the ALE creates a

one-to-one nonlinear distorted estimate of the power spectrum which is
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less susceptible to spillover, due to the power compression, but can
still be used to decide which frequencies exceed a predetermined power
level.

Two other advantages of using adaptive filters are: 1) if used
properly, adaptive filters can partially accommodate incorrect informa-
tion 2) the addition of soft constraints to the ALE provides a measure
of power separation. By careful attention to the advantages of adaptive
filters a relatively simple power separator can be devised.

The design starts with a leaky (soft constrained) ALE (see Figure 2.3).
The output is a function of the input signal power, noise power and a
constraint parameter y. Figure 2.13 shows a family of gain curves as a
function of y. Note that the curves with large y are relatively flat with
high gain for low power inputs, while the curves with small y have better
rejection of high power inputs. Apparently a good power separator requires
a change in y. For low input powers y should be large, and for high input
powers y should become small.

Figure 2.14.B shows the gain curves from the input to the various
outputs of the system shown in Figure 2.14.A. Filter 1 is an ordinary
LALE with outputs Y1 and E]. Filter 2 is a LALE with a scaled desired
response, that is, instead of the desired response to filter 2 being the
input signal, the desired response to filter 2 is the input signal filtered
by filter 1. Thus the desired response signal to filter 2, at any
particular frequency f, is scaled by the gain of filter 1 at the frequency
f. Since filter 2 is an adaptive filter which tries to minimize the
average power of the error output, it will filter the input signal
(power P]) in such a way as to minimize the power of [Hz(f) - H](f)]2 P]

(where Hz(f) is the gain of filter 2 at frequency f). However, since
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filter 2 is driven by the leaky LMS algorithm, the actual quantity that
is minimized is:

Y

S|

[Hy(F) = Hy(F)I2 Py + Hy(f)

which takes into account the simulated noise power. By setting the
derivative equal to zero we find that

P

Ho(F) = Hy(f) ;——:—ZT;

1 B
for minimum error power. This is equal to the gain that filter 2 would
have if the desired respcnse signal to filter 2 were not filtered,
multiplied by the gain of the filter which filters the desired response
signal (filter 1). Thus if Y, is small, the 52 gain curve will show the
same excellent rejection characteristics as the E gain curve of a LALE
with a small y.

If a hard gain constraint (that is a specification that the gain of
the filter must be greater (or less) than some value) is added to filter
2, filter 2 will not be able to cancel the signal throughout part of the
power range. Since we wish to pass only low power signals, the correct
constraint on the gain of filter 2 is a constraint on the minimum
allowed gain at any frequency. Figure 2.14.C shows the gain curves of
the adaptive system when filter 2 is constrained to have a gain greater
than a chosen value CZ‘ Note that the gain curve from the input to the
E2 output now exhibits a large negative value for low power signals and
a small magnitude for high power signals. Since the polarity of the

signal has been reversed, any subsequent processing must accommodate

polarity changes.




The final imperfection, rapid decay of the gain in the lower power
region, can be alleviated by constraining the minimum gain of filter 1.
The resulting gain curves are depicted in Figure 2.14.0. Notice how the
gain curve from the input to the 52 output approximates the ideal
characteristic in that there is a flat, relatively high gain region for
low power inputs and then a low gain region for high power inputs. By
simple scaling (addition of gain), the gain for low power inputs can be
set to 1. The scaled gain characteristic is shown in Figure 2.15.

The final result of using both hard and soft constrained ALE's in a
parallel structure is a power separator with the gain curve labeled E2

in Figure 2.14.0. This is not an ideal characteristic, but with the

addition of gain it will fit the specifications given in section 2.3.
The final gain characteristic, using two adaptive filters each of which
has both hard and soft constraints and a follow-on gain stage, is shown
in Figure 2.15. Salient features of the gain curve shown in Figure 2.15
are: a gain of 1 for low power inputs, a transition region in which the
gain decreases rapidly, and a low gain for high power inputs. Thus the

filter depicted in Figure 2.14.A is a power separator. However, while

the theory of soft-constrained adaptive filters is well developed, there

is no corresponding theory for the hard constraints that were assumed in

this discussion. Several methods suggest themselves. Each has drawbacks,

each has advantages. The final quality of the power separator will

depend on how well the hard constraints can be implemented. One method f
is to use a DFT of the LALE weight vector to estimate the gain of the
filter. If the gain is too low, the weight vector is appropriately
modified to increase the gain. The limitations of the DFT (finite

resolution and spillover) will apply to this technique; however, the
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nonlinear gain characteristics of the LALE will mitigate the spillover
effects of the DFT. The simplicity of this method, especially since the
DFT of the LALE weight vector is already available in certain implementa-
tion techniques, may outweigh slight imperfections.

Alternatively, more exact methods of determining the minimum gain
ard chen appropriately altering the weight vector may have to be used.
Such methods as determining the minimal points by solving for the roots
of the derivative of the gain polynomial, or, simply evaluating the gain
on a fine net of points and searching for low areas might be used. These

methods all require increased computational effort, so some judgement

will have to be made which weighs the relative demerits of each technique.

2.6 A Simplified Analysis with Sinusoidal Inputs

This section will analy.e the response of a single, DFT-constrained,
LALE (see Figure 2.16) when the input consists of sinusoids at the DFT
bin frequencies. Sinusoids are used because Treichler [11] showed that
narrowband signals with a bandwidth less that 1/nT could be modeled as
sinusoids when analyzing the ALE. Furthermore, by restricting attention
to sinusoids we will be able to make general statements about the response
of the LALE. That is, we will be able to derive equations which relate
the gain and frequency characteristics of the LALE to the power and
frequency of the individual inputs. If we analyze broadband inputs, we
find that Eﬁé solutions are complex and involve interactions between all
of the inputs. Consequently, when the input consists of sinusoids, we can
say what the response to a particular input will be without having to
analyze the other inputs. On the other hand, when the input consists of
broadband inputs, we have to know all of the inputs in detail before we

can determine the response to a single input. The advantages of making
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general statements about a class of useful signals (narrowband), as

contrasted to analyzing, case-by-case, other more general signals, cause

this work to concentrate on sinusoidal inputs. This section further

restricts the input by requiring the sinusoids to be at DFT "bin"
frequencies (strictly speaking, we mean integer bin number when we say at
or on a bin frequency, i.e. some frequency which is an integer multiple
of 1/nT). Sinusoids which are at a OFT bin frequency are eigenvectors of
the DFT. This greatly simplifies the analysis of the constraint, which

in turn simplifies the development of the DFT constrained leaky adaptive

line enhancer (DLALE).
The purpose of the hard constraint is to prevent the gain of the

filter from being less than a selected threshold. The OFT constraint

uses the DFT of the weight vector to assess the gain of the filter.

CONSEQUENCE: The DFT of the weight vector of an FIR filter is the gain

of the FIR filter.

DEMONSTRATION: The transfer function of an FIR filter is:

n-1
H(z) = ?:0 (W, 2

Where: W is the vector of weighting coefficients

e eST

To find the frequency response at a particular frequency:

f = 2 q
where ! = sampling frequency = 1/T
m = bin number
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we substitute e " = Z into H(z) which yields:
n-1 -j%?im
Hm) = D [W]; e 0O<ms<nl . 2.5
i=0

This is the expression for the DFT of W, the weight vector.

Even though the DFT is a continuous function of frequency, in
practice the DFT is evaluated only at n distinct frequencies. These
frequencies, which are multiples of 1/nT, serve to represent the entire
response since any other value can be determined by interpolation. Thus
the DFT constraint uses a sampled version of the gain of the FIR filter.
The ideal constraint requires that the gain of the filter be greater than
some minimum value C. A plausible scheme for implementing the constraint,
given the DFT of the weight vector (we will use the term gain vector to
refer to the DFT of the weight vector), is to examine the gain vector and
to set any value which is less than the threshold to the value of the
threshold. Then a new weight vector can be derived as the inverse DFT of
this modified gain vector. Obviously the new weight vector will meet the
constraint criterion at the n DFT frequencies which correspond to
integer bin numbers. The only question still unanswered is the phase to
use when constraining the gain. Since the phase of the ideal prediction
filter is known, it is reasonable to use the ideal phase advance of
2rm / n. (This has far-reaching implications when the sinusoid is not at
an integer bin number.) Because the weight vector is real, the DFT of
the weight vector will be Hermitian [27]. Similarly, the modified gain

vector must be Hermitian to guarantee a real weight vector.

s ittt "
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A DFT constrained LLMS adaptive filter (DLLMS), employing the

criteria mentioned above, is depicted in Figure 2.17. If we define F(W)

to be the DFT of the vector W, and [w]i to be the ith element of the

vector W, then the constraint can be expressed mathematically as:

G = gain vector = F(W) 2.6.A
[G]i if [G]i > C

[Gm]i = [modified gain vector]i = 2.6.B

ced 2T 1/n ¢ 6], < ¢

Nc = (Constrained weight vector = F'](Gm) . 2.6.C

This defines the operation of the DFT based constraint.
We now define the adaptive algorithm by which a new weight vector is

derived. This algorithm is known as the LLMS (leaky LMS) algorithm:

W(k+1)

VW(k) + 2ue(k) X(k) 2.7.A

e(k) d(k) - y(k) = d(k) - WE(k) X(k)  2.7.B

Define the following quantities:

= 2ue(k) X(k)

"
=

error update

leak update = (v =1) W(k)

"
(-
—

weight update = U = W(k+1) - W(k) = Uy + Ue

w )

While it is obvious that we wish to 'solve' the DFT based filter, we [

need to define 'a solution.' To define a solution we must consider how a i
i

solution can be recognized and what use the solution is. We start by H

defining a stationary point of the adaptive system to be a value of W such ;

that W(k+1) = W(k), i.e. the weight vector does not change over time.
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Also, a stable stationary point is a stationary point at which any
perturbation, dW, from the stationary point results in changes which
cause W to return to the stationary point. Stable stationary points are
interesting solutions to the DLLMS weight vector because once the DLLMS
weight vector gets near to a stable stationary point it will progress

to the stationary point and stay there indefinitely. Thus we will
endeavor to find stationary points of the DLLMS filter and then check
for stability and uniqueness.

Given that x(k) = a Cos(wokT + ¢), where W, corresponds to a bin

number of mys we wish to find the stationary points of the DLLMS filter.

Changing to phasor notation with an implied frequency of Wy s the input

is:
x = a/¢
therefore
y = a/g [F{N}]m 2.8
0
e = a/y Q‘”oT- a/g [F W 1y ﬁ
0 |
< afp (M - [Faw] ) ;
0 |
= aly 98 2.9
|
from this we can compute:
U]y = 2ue(K)IX(K)],
= 2ua g Cos(moT+e+¢) a Cos(mo(k-i)T*¢}
= Zuazg % [Cos(9+woiT) + Cos(Z“ka+o—moiT+2¢)] 2.10

. uazg[Cos(ehuoiT) + Cos(2u KT+a=0 1T+29)]

n

P




The first term of Ue is not a function of time (index k). The
second term is at twice the input frequency. The LLMS weight update

equation (Eq. 2.7.A) car be Z-transformed to give:

0f course Ue(z) is a function of W(z). However, if the value of u is
small then W will be approximately constant which means that e, and

hence Ue‘ will be approximately constant.
ASSUMPTION 1: p is small

If the value of u is small, then W(k+a) = W(k) + "leaky" integral of Ue'
The integral of the first term of Ue is 1/(1-v) uaz g cos[e+woiT], which
is large for v = 1 (normal operation). The integral of the second term
of Ue is a sinusoid at twice the input frequency (i.e. Cos[ZmokT + 1))

multiplied by some gain factor.
ASSUMPTION 2: 0.1Q < = gy < = 0.4 Q

If ASSUMPTION 2 is correct, then the gain for the second term of Ue will
be very much less than the gain for the first term of Ue' Thus, as a
simplifying approximation, the double frequency component of Ue is ignored

in the following analysis.

Define:

Uem = modified Ue = constant terms of Ue

SO

[Uem]1 = uaz g Cos[woiT + 6]




Thus, to solve

Therefore

(1-v)[F{N}]m =

also

for stationary points:

Uw 4 U1 * Uem
(v=1)W + Uem
F{(v=-1)W} + F{Uem}
: ; 2.13
(v-1) Flw} + uazg %-(D(mo) ed® D(-mo) e'Je)
‘0 if i¢# m0
[o(m)]; =
Loif i=m
[F{w}]i = 0 if1 ¢ Mys =My 2.14
ua %g ed®
0
Jw T
= wf B - RO
0
n a2 n al o T
> [F{w}]m ]+2. T o 7 2‘ e 0
0 1 -V 1 -V
2u 2u
n .
SNR' ju T
s [F0], = 2 e ° 2.15
o SNR' + 1
2.16

[FOM ], = C[FOO,
0

0




This expression, [F(w)}m » for the gain of the FIR filter agrees
0

with the expression Treichler [11] developed by a different approach.
The expressions for F(W) (2.14, 2.15, 2.16) are not compiete since
they allow the gains to be less than the threshold value. The constraint

will cause any [F(w)]i with a magnitude which is less than the threshold
2m,

C to be set to the constrained value [BJi =L e ” , Applying the

constraint to a particular bin does not affect the solution for any other

bin because DFT bins correspond to eigenvectors of the FIR filter. Thus

for the case of a sinusoid at a bin frequency of mo, the gain of the

DLLMS filter at frequency m is:

( Ju.T 2 SNR?
Ce g if ‘—Z‘—n—— < €
1+ 5 SAR'
9 = |
R e : B
> SR Ju, T 7 SNR
, - e if - > C
1+ % SNR' 1+ 3 SNR' X

Furthermore, the DLALE will respond independently to different sinusoids

provided that they are all at bin frequencies. DLALE gain curves for

this case are shown in Figure 2.18. (The gain curves of Figure 2.18 are

labelled in correspondence with Figure 2.16.)

2.7 Conclusions

In this section of the final report we have discussed the concept
of power separation. A power separator is a system which passes,
unchanged, low power signals and severely attenuates high power signals.

Such a system can obviously be used to protect a system against high
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power jamming signals, but we have also outlined other possible uses. We
have also presented a practical gain specification for a power separator,
and compared the leaky adaptive line enhancer (LALE) to the specified
gain characteristic. Since the LALE has a slow rolloff it does not make
a good power separator. Therefore a simple power separator based on a
DFT or other spectral analysis device was proposed. It was demonstrated
that this technique does not work satisfactorily. An adaptive scheme
which uses two LALE's with hard constraints was proposed. This system
was analyzed under the assumption that the hard constraint could be
perfectly implemented. Several methods for implementing the hard
constraint were suggested, and a partial analysis of a DFT based, hard
constrained, LALE is presented. During the next year we will complete
the analysis of the DFT constrained LALE and then analyze an adaptive

power separator which is based on the DFT constrained LALE.
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