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1. INTRODUCTION

DBC is a database computer for very large databases [1 ,21 . A major function

of DBC is to carry out rapid content—search cost—effectively, since a database

system (which can be supported on DBC) makes use of this operation quite

heavily. By using large mass memory (wi) blocks (disk cylinders) and by

incorporating tracks—in—parall el readout mechanisms , every one of the blocks

can be searched individuall y h~ means of a set of parallel microprocessors.

Consequently , large amounts of data can be examined rapidl y . By making use ol

the ~
‘ l u s t e r i n g  mechanism of DBt ‘s contr oller (DBCCP) and of the di rector ics

stored in the structure memory (SM), it is ensured that onl y a few blocks

need be searched in order to answer a query th~rebv achieving hi gher access

• precision in response to user requests.

The order in which data are presented to the user is often of some concern .

In conventional machines , the process of ordering records , if the order ing is

to be based on data item values , is rather slow . However , the speed of this

process is generally compatible with the speed at which records arc searched

which is also slow. The use of IThC greatly speeds up the search p r o c e s s .  In

order to maintain compatah ic ordering speed so that the record—ordering process

does not cause a bottleneck , it is necessary that DBC be provided with a

fast hardware sorter .

The post processor (Pr) of DBC has the capability of sorting record s, as

well as carrying Out other post—processing functions , such as comput ing sot

functions (max, min , average, count , sum) and performing the equality-join

operation . Once the response set of a user query has been ident ified by the

mass memory, this set of records can be sorted by the post processor. Instead

of sorting all records retrieved by the mass m~nory, only those tha t art’

meaningful to the user arC actually sorted . Sorting is , therefore , Incorporated

as a pos t—processing fun&’t ion rather than as a funet ton of the mass memory.

L~* ~~~~~~ • -• .. . 
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.1
Thus, sorting of records that have been retrieved in response to a particular

query can be performed in conjunction with the evaluation of another query by

the mass memory. Furthermore , the mass memory remains simple , since it does

not involve with the ordering of retrieved records.

2
• BRIEF REVIEW OF PARALLEL. SORTING

Certain sorting methods (such as distributive ’ part itioning 131 ) art’ avail-

able whIch use a single processor to sort N elements in an expected time ot  0(N).

Even though these method s art’ a~. fast as any s o r t i n g  method can be , t h ey  r e ly

on the use of random access memory and an amount of memory which is O (log N ’I ,

instead of 0(N). (All logarithms , as used in this report , are with respect to

the base of 2. )  Furthermore , depending on the distribution of values of the

sort attribute , the worst case time for sorting is O(N log N ’).

Sorting methods that do not rely on the use of random access memory are

also available. Some of these methods make use C f  a sing le processor and a

linear amount of sequential memory , i.e., 0(N) memory, to sort N elements in

O(N log N) time . One of these methods is an adaptation of the merge -sort

method of Knuth [~ , pp. 159—168].

With the use of P parallel processors and a l inear amount of sequential

memory, our aim is to achieve a sorting t ime of O((N log N) P) b r  sorting N

elements. This is because a single processor can do the task in 0(N log N)

time, and it may be expected that P processors should do the task P times

faster. Unfortunately, there is no known way to partition the problem into

P parts so that each of the £ processors can work on a single part and execute

it in 0((N log N)/P) t ime .

There exist parallel sorting methods (such as the rebound sorter V’1)

which use P relatively simple processors (comparators) to sort P elements in

0(P) tIme . There also exist parallel sorting methods (such as the ones In L h l  . i t i t i

_____ - ~~~~~~~~ .-



•~ •••—~ --~ - •. • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- 

~~~~~~~~~~
.- 

~~~~~~~~~~~~~~~~~~-___ _ _ _ _ _ _  _ _

[71) which use l processors to  sort P elements i n O(~ P + l og 2
l”) t ime’. The

latter methods use an illi ac IV type ~f two—dimensiona l structure of I’roc ssors .

Another method by Stone L 81 uses P processors to sor t  P e lements  In O (log l”t

t [me . Even though these methods are qul to fast , they sut for from the tat t that

groups of  records larger t h a n  1’ in number will have’ to he sorted in separa t c

batches of P records and then merged . Other method s reported in the lit eratur ’

also have the  same’ p r ob lem.

1 . OUR 0B JEC r I vi:

• iJe shal l  propose’ a method in which I’ processors  ~~iu sort N el cuent s

(whe’re N I’) in O( (N 1’ t loc (N I’) + t N / i ’ ) lo~~ 1’’) t im ’ . in ot t ier  words , P

l~rot’essors will sort I’ element , in ~( lot~~P ’) t ime ’ . Bes ides , more t han 1’ records

can he sorted as a single hatch . In fact • if each pr o~ esso r li.i cnou)~,it rtcmorv

o ho Id N records , then  .i s man is NP r e’c o rd s can he ’ so r t  eel as a s j u g  1 e b at  c h

Al so n ot e  tha t  when N P such t l \at  log N log P . th en  t h e ’ sor t  t u g  t i m e

approaches O( (NIP)  log jNtP)’) w h i c h  is , of cou rse , the  best that can he expected

f rom I’ processors.  The method uses P processors, each with some ~eqLIdnt  i .il

memory and each pr oc ’s sor connect e’d dire ct lv to log P other i~roc es so r s ( s t  V ,

by u s  tug  rout  tug r e g i s t e r s  as in I l l tac 11’)

4. THE BITON IC SORT

Our so r t ing  method is .1 var t a t  ion of the  h i t o n l c  sort tug  method or i~~t i~al  lv

proposed by Batcher [ ~ 1 . Bate t i er ’ s b I tonic sort ing met hod is based on t ht ’ c on c e p t

of bitonic seq~~nce. A sequenc e’ S — (sl ,s2 , . . .sN\ is hitonic it there is an

J index k, where 1 k N , such that either

(I) sl s2 ... ~sk s(k+l’) ... sN o r

(ii) si s2-- — . .. ‘sk ‘ ~~k+l) ... sN

If a sequence S — (si , sL’ , . . . , s N) i s  h i  ton Ic t h e n  so are the sequences S ‘odd

(s 1 , sJ,  s ~ , . . . ) and S even — (s.’ , ~~ , st’ , . . . ) . I t  can he’ shown ~1 t ha t  t o  so r t  a

_ _ _  _ _ _  
, - -. —~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -“~~~~~~~~~~ ~~~~~~~~~~~~ -~~~~~~~~~~~~~ -~~——~~~~-
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bitonic sequence S — (sl ,s2 ,. . .,sN), is only necessary to recursively

sort the two bitonic subsequences S’ odd and S ‘even separately and then merge

the t~~ r e su l t an t  sequences by simply carrying out an element by element

comparison. If S’odd is sorted to produce (xl ,x3 ,x5,...) and S’even s

sorted to produce ’ (x2 ,x4,x~ ,.. . ) ,  then the sorted ve’rsion 01 the origiral

seqlu.m t, S 1 s I m p l y

(m lii (xl , x ‘ ) ,n;.,x (xl , x) ) ,m In ( x I , x.’) ) ,max ( x I, x4 ) , . . . )

4.1 An I~provement

Our method of sorting , as we have already mentioned , is a variation ot

Batcher ’s bitonic sorting method . This method sorts N elements , wher e N is

a power of 2. The method is based on the fact that if a sequence S — (sl .s2 

is bttonic , then so are the sequences

S’small — (min (sl ,s[N/2+l ]) ,min(s2 ,sLN/ .~+2])

,min(s[N/2J,sNY) and

S’large — (max(sI ,s[N/2+l]),max (s2 ,s[N/2+2]),

.,max (s[N/2],sN))

Furthermore, every element of S’small is no larger than eiement of S’largc.

Thus, it Is only necessary to sort the bitonic subsequences S’small and S ’large

separately and then concatenate them (instead of merge them) in order to get

the sorted version of the given sequence S. In other words, to sort a bitonic

sequence S — (sl,s2 ,. . .,sN), we compare the two halves of the’ sequence , element

by element , put the smaller elements in one subsequence and the larger ones in

another, sort these two bitonic subsequences, and finally concatenate’ the two

sorted subsequences. This idea may be used In sorting fixed numbers of records

in a mesh—connected computer [6]. But we propose to use this improved variation

of the httontc sorting method in order to parallel sort arbitrary numbers of

records with P processors having log 1’ interconnections.

— U
~~~~~~ - ~~~~~~~~~~~~~~~~~ ~~~~— -~ ~~~~ —-—-~~
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• Vo i~t O V t ’ e’ O r r t ’e’ t ness o t the improved h i t  on Ic sort t tt)~ met hod ~~~~ t it st

- ‘ p resent a de tin It [on and a lemma :

i)et t u i t i o n : t : I Von an ordered p a i r  o t arb it rarv numbers ‘-ul • ii.’ - 
• a co1nj’ ar~ ’

and — lot e ret nt~e ’ op ’  r it  I on ~ our r es t he numbe’ r s n 1 and ii 2 and pe’ rmu t es t hem

i n t o  an ordered i’a ii

• ( I )  ~n l  , n 2” . i t  ~i l

( i i ’ )  ‘- t i .~, n i ’ , I t  ul n2.

Le’mma : Suppose th ’ t c i s  an a I ~or i t  hi m t hat sorts .unv a t - h it rarv sc~t u t nc ~ ‘ o t Os
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ot sort tut~ networks) a p i’e . I rs  in  
~~~ 

. p p .  2 ’ .. .

Mak tu g  use of t h e’ abevt ’ I onuna 
* ~‘e h av e  on i  v to shots’ t h a t  , g i r on  a h i t  on
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S ’ snia l I ( m ( n ( s l  ,s(N .‘*I P ,m t n ( s , s f N  .‘+~~~~) ,

,mIfl(s~ N 
- -‘ I  ,sN”)) and

5 ’ t a t  go — (m~tx(s1 , s I N  ‘ ‘ + I j ’ )  ,max~s2 , s[ N 2 +•2 I)

,m a x t s [N 2 1  , sN~ ~

are hi tonic , and that every ci omen) o t 5’ sina i 1 s no I argot C h i a t t  , i t t v  c i  em et iC o

S’ large .
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represent eel as l~ or ox , re’spe’c t tve lv  . For eat ’ ii o t the two C .tSt ’S • t hot ~‘ at o
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CASE 1: S is of the form 1
X
Ø~~1

Z
; x, y , z > 0

S

Diagram of S
sl . . . s(N/?) .. .  s(N) S’ small S’larc’e a i b d

1
b
0c1

d 1 —
~~~ L 1b0c1d 1a

Ii~ 
~~ fl~~~~~ 1 o

a ob 1  i a
~

c
~ d 

~ 0 1 L 
~~ cj ~

rl*h l boc ~a1
d 1 J 0a1b0c 1

a
1
d j 

a h l  

d

~~~~ 1d ... ~~~~~. ~ ~~~~~~ ~d j [1~J
m id—point

CASE 2: S is of the form 0
X

1~~0
Z

; x,y,z > 0

S
sl .. .  s ( N/ 2 )  . . .  s(N) S’small S’large 

Diagram of S

0a 
0
b
1
c
0
d ~a 0

b
1
c0d i : I a J d J

[0
aib i 1~ 1~ 1~ 

~~a~c~d ~a~b 1 ~ 
b a c

Loaoblc 
1
a
0
d j 0a~d 1

a~b~c j 
a

I 0 a b  L d
I 

1’ I
_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  1
0a1b0c i 0d 0d 0a1b0c

a c
1 

d

mid—poin t

FIGUR E 1. Proof of Correctness of Improved Bitonic Sort

~IL • ____________________________

a ~~~~~~~~~~~~~~~~~~~ -~~ —-••- •.- ,—• --- - c’-—’- - - - -~~ — .a ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~



-

7

four subcases depending on the position of the mid—point of the given sequence

S. Each subcase corresponds to a row in the figure. The sequence S in each

subcase is diagrammed in the rightmost column of the figure , where is are represented

at a higher level than Os. We notice that , in every possible subcase, S’small

and S’large are bitonic and that every element of S’small is no larger than

any element of S’large .

4.3 The Parallel Sorting Algorithm

In our al gori thm using P parallel  processors, we assume that each of the

P processors has enough memory to accommodate H records. Al toge the r t he re  are

• MP records. P is a power of 2 , but M can be any positive number , not necessarily

a power of 2. The processors are numbered 0 through ( P — i )  and the M r ecords

in processor 1, for 0 < i < P—i , are named R [i,l1, R [i ,2], . . . ,  R[i ,M 1 ,

respectively. Figure 2 depicts the record indexing scheme .

4.3.1 Illustration — Example with Actual Records

The manner in which the P parallel processors sort MP records is

illustra ted by means of an examp le. We have P=4 and M~5. The initial

• conf igurat ion of records (represented by sort values alone) is shown in the

left hand side of Figure 3. (1 ÷ log F) steps are involved in the sorting

process. Step 0 involves one pass over all the records , S tep 1 involve’s two

I 
‘ passes, etc.

Step 0 (as depicted in Figure 3)

Pass 1,. Each processor sorts its own records. The odd—numbered processors
sort In non—decreasing order , the even—numbered processors sort in r
non—increasing order.

b - Step 1 (as depicted in Figure 4)

In this step, there are 2 bitonic sequences in the two pairs of processors

(0,1) and (2,3), r e s p e c t i v e l y .  We are to sort each of these h i t o n i c  sequences .

- -I— p~~~~~~~~ 
____________

-~~ —-‘-~~ — —‘—-- —S —s--
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Records

0 R[0,fl RIo ,21 . . . RIO ,M1

I R[i,ll R ( I ,2 1 . . . RI I ,H]

- 

2 R12 ,I1 R I 2 ,21 . . . R 1 2 ,M 1

• 0

0

P-i R[P-l,i1 R[P-I ,21 . . . RIP-l ,M~

Processor
• Numbers

FIGURE 2.  Record Ind ex ing  Scheme When There ’
• Are P rrocessors and H Records

Per Processor

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~C _
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I .

0 1 8 .‘ 17 0 .‘ 1 8 ~ 1 .

1 6 2 1 1 1 (u “ I ,‘Pass 1

2 8 1 2 1) 1 ~~ S .‘ 0 ‘ 8 1 ,‘(local i ~ed

~~ *
, • sort I ng) 

1 ~~ -I -
‘

V.

Processor I’

lot t 1,i l Cen t  t g u t ’ at  ion  of  Ket’tut’ds

( t ’ . . • R I 2 • 4 1 i s  0 ; more aceut’a t t’I v • t lit’ sot v i  I t iC ’
of t he’ nec turd R I  2 • ‘~ I i s  I Q
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Pass 1. Processors 0 and I compare records (R(0,1] with R I I .1 1 , RI0 ,.’I with
R( I,2J , etc.); the’ smaller records (1 .e. , those having the sina i b r

• sort values) are plac ’d In processor 0 antI the  larger ones In
preue’e’ssor I. Process~ “s 3 and 2 ( in  this order) do t he same’.

Pass 2. Each processor sorts  I t s  own records. Processors 0 and I sort In
non—decreasing order while processors 2 and I sort in noii— fnert’as tug
order .

~~p 2 (as depicted in Figure ‘u )

In this step there is I hi toni~’ sequence in the  quadruple of prot’essors

(0,1,2,3). We’ are to  sort this bitonic sequence .

Pass 1. Prot’e’ssors 0 antI 2 compare records (R( 0,1 1 w ith R I  2
, 1 1 , R 0 , 2 1  w i  t i t

RI.!,..! 1~~ etc.); the smaller records are’ placed in  processor  0 and
the I arge’r one’s In processor 2. Processors I and 1 ( I n  t It is order)
do the same .

Pass 2 . Processors 0 and 1 ~‘ ompar e records; the small or r ecord s a rt ’ ~ 1 . tc  ( I t  t t t

processor (1 and t lie 1 .-~ rgt ’r ones in  proe’t ’ssor I . l’roce s o o t s  2 1
do t he  same .

Pass 3. Each proccssol’ sorts i t s  own re ’cords in non—dt’e re’as tug ordet

The fina l configuration of records is as shown in Fi gu r e  ~

4. 3 .2  I l l u s t r a tI o n  of the Steps in the Al gorithm

The a lgor I t hin f o r  para i t o  I so r t  in g  , using the improved bit ott It ’ so r t  i t i~~

method , i s i l l u st ra ted In Ft  gur e 6. ‘I’here are 16 processors , so t h a t (1  4 I ~~~~ I t~l

or ‘
~ steps arc Itivolvisi . In eac ii st e’p there’  ~‘au be ’ seve ra l  lu sses cr01 - I i i ’

records , t h e’ last  of which Involves loca l  t ~‘l sort. ing (where each proc ’os.’t

sor ts  i ts  own r OC ’ ord s) . lot ’ a I I ~ ‘d so r t I ng I s I nd Ic’ at t’d hr a h ot’ i ,‘on a I it  t~~’t ~

d i rec ted  r i ght for  non—d e cre as ing  order and d l  roe ted i t ’ it  lot’ non— iti ~ t e a s  I

order . 4\ curved arrow from l~roe’e’sao r I to pro essor I (el i r ec t  Oct 1 ow at *i  p i t ’

cessor ) ) i n dic a t es  t hat  I and must  p or t  em rot’ord hr rceoi,I t’omp t 1 I

s tore the sinai icr ones Lu i and the I argot’ ones in I

4.3. 1 The’ Algor ithm

In a l l  t he’ procedure’s C h tu  cons t it n i t ’ he p . i i . i i 1  e I s~’t’ I t u g  .ih ~o i i t  Inn .

1’ I s  t he’ number of p t’ot’l ’ssors , N is t ho ’ otinibe t tO  n.’&’tuntls per I~i o t ( ’ ,. :* * i  10th

1
- ~~~~ C~ - . - ,
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14 . *

Step is a variable for the step number. A p~~~—set, defined with respect to

any particular pass in some step of the algorithm , is a group of consecutive

processors such that any two proc—sets have the same size (which is the number

of  processors in the proc—set) and all proces sors in a proc—set sort in the

same direc t ion (either all of them sort in a non—decreasing order or all of

them sort in a non—Increasing order). Each proc—set has two processors

during the second—to—last pass in any step, each proc—set has four processors

during the third—to—last pass in any step , each proc—set has eight processors

during the fourth—to—last pass in any step , etc . The size of a proc—set

is always a power of 2. The variable Diff (meaning , difference) indicates

that processor I must interact (during some pass in some step) with processor

F j ,  where j is either (i + Diff) or (I- Diff). The logical variable

Direction indicates the following :

(I) When localized sorting is necessary, it must be done in non—

decreasing order if Direction = 0 and in non—increasing order if

Direction = 1.

(ii) When processor I is to interact with processor j, those records

with smaller sort values must be stored in i and those with

bigger ones in j if Direction 0, and the roles of i and j are

reversed if Direction = 1.

v t  A. Procedure Executed by the Post Processing Controller

Step :— 0
Broadcast (‘localized sort ’, Step)
Step :— 1

• - while Step < log P
do 01ff := 2 ** Step

while Diff ,~ 1
do 01ff :— Diff/2

Broadcas t (‘merge’, Dif f , Step)
end
Broadcast (‘localized sort ’, Step)
Step :— S t e p + l  . -

- — ~~~~ 2 —~~~~~~
- -‘r~~~ ~~~~. — — ~~~~~~~~~~~
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The post processing controller coordinates the execution of the sorting

algorithm by broadcasting , during every pass, a command (‘merge ’ or ‘localized

sort’) and the arguments (Diff or Step or both) to all the P processors. All

the P processors can work in parallel to execute each command broadcasted by

the controller.

B. Procedures Executed by a Processor (Processor I)

Processor i executes a ‘merge ’ command (which has the arguments Step and

Diff) as follows :

Proc—set—size := 2 * Diff
A := I mod Proc—set—size /~ Processor i is the A—th one in its proc—set *1
Direction := (Step+l)—th lowest significant bit of the number i (wlie’re the

absolute lowest significant bit is the l—th or first lowest
significant bit)

if A ’- Diff then
do j := i + Diff

if Direction = 0 then Send(j) else Receive(j)
end

else
do j := i — Piff

if Direction = 0 then  Receive( j )  else Send( j )
end

r
The procedures Send and Receive are defined as follows :

Procedure Send(j) 1* as executed by processor I *1
Count := 1 I~ count of records in processor i or j *1
while Count < N
do send the next record R[i ,Count] to processor j

wait for the return record from j
• call this record R [i ,Count]
• Count : Count + 1

end
end procedure Send

Procedure Receive(j) /~ as executed by processor i *1
Count := 1
while Count < N F
do wait for the next record R[j,Count l from processor ,j

compare this record with own next record R [i ,Count l
if the sort value of R [i ,Courttl is smaller , then

interchange R [L,Count] with R (j,Count]
send R[j,Countj back to processor j
Count : Count + 1

end
end procedure Receive

L ~~.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

III. - - ‘ • - - - - -- — -- -—--- —‘-- - - -——- - --—‘
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Whenever pree’essors I and I nec’eI t o  merge’ records, then C he’ e’Ue’ wit (c it

ought to keep the’ smaller record s executes Its Send pre’e’e’duri’ and the other

proe’t’ssor O Xt ’t ’ U t  cs Its Ree’e 1 v’  proe’i’durt ’ . if i’!tue(’sst’I’ I ough t t o  k.’.’1’ t lit ’

sma l l e r  records , t hen i t  ~e’ttel s i t s  records • one at a I (me , t o  ¶ processor

•t then keeps the hi gger ree’orel $ (~i t
’ t~’t’ record 1w i-ee’orel ~‘ompar I s on)  and

S ‘tld s the tuna 11cr c m i ’ a hat’ k C o processor I

F (nail y an v processor I .‘~.‘c ut  t~s a 
‘ I ot ’a II: Ott sort ‘ e t’flhtfl.ifld i s sued

hr thi’ cont ol icr wit it t he’ argttme’nt Step, hr del ng the t’ol low ing

D tree ti on : — (St ep+l ‘I — i b  1 owost sign it (c a nt  hit of number I
if Direct ion — 0 t hen sort all the’ N local records in
-

~~~~ non—dt’cre’as tug order , eise’ sort In non— ioc’t’eas lug orcle’r

local I ~ ‘d so r t tt~g can he elont’ in the il — t  it Step hr us tug  a merge’ sor t  met hod

pages 1 “~~~- It’S) . I •oca 11 :ed sort lug during any 01 her step i f l V c ’ I yes  sot C t og

a ht tonie’ sotlctctuc ’t’ , and can he done hr $ imp i v me’rg Ing re’e’ords start Lug at the’

two ends.

S. INTERCONNK&’TION W PR&VPSSORS

It may be not i’d that this paral li’i sort ing ~t Igor I thin oul V re’qu I Ec’S :i

proe’c’ssor to  i nt c ’ra. ’ t I. I . e .  • compare records) with exact 1 v log P other

proc e’ssors , whore’ P is the t o t  a 1 number of  p roe es sot’s. Br pro s ’  Id Lug ~It re’c t

m t  ere’onnec t (on of e.i~’h pro~’ c’SSOE with log P others , vi’ can ensure tha t

rout tug a record t torn one’ processor to ;Inot her reeiul rca e’za~’ t l v  one rout lag

St op (since t hi’ record does no I have C e go t hrough any I i t t  ermi’l late’ processor)

For example. it P—8 we have the t’o I t e wt n g  t n t e r c’onne’e’t ions :

Proc e’ ~ seIr 0 1$ c c’flnc’c t I’d C 0 i’i Oct ’s 501~5 I , 2 , .1

Proe~essor 1 is connected to Processors 0 , 1, S

Processor 2 1 $ t’Oflfle’C ted to  Prete’ess~t a 0, 1, ~u

Processor C is e’onne’e’tod te l Priicessors 1 ,.‘,7

Proce~ seur Is  ceinnee’ Cod t o  I’re’e’essors 0, S ,h

‘- 1

I

• ~~~~~~~ ~
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Processor 5 is connected to Processors 1 ,4,7

Processor 6 is connected to Processors 1
, 4 , 7

Processor 7 is connected to Processors 3,5,6

The algorithm for finding the’ interconnections for any proce’ssor I during the

t ime the post processor is initiall y designed is given as follows:

Proc—set—size :— 2
while  Proc—set—size  ~ P 1* P is the  t o t a l  number of  proe’e’ssor s *1
do A := i mod P r o c — s e t — s i z e  /* Processor I is the ’ A - t b  prc’e’e’ssor in

its proc—set *1
Diff := Proc—set—size/2
if A < D i f f  then :— I + D i f f  .?lse ) :~~ I — D i f f
connect processor I to  proce’ssor j
Proc—set—size :— t’roe’—se’t—si~ e * 2

end

The layout e’f processors tnd t h e i r  int er eo~tnect  tons ~ur e’ shown in F I gu r e  7

for  various values of P . the to t a l  number of processors.  The a c t u a l  ar r an g e ’-

ment (or positions) of P processors in a loop can he d e f i n e d  re’c u r s iv e l v  .es

follows:

- 1) For P — 4 , the arrangement  of processors (in a loop) is .is shown

for  t h i s  par t  t c u l ar  c,tSe ’ in Figure 7.

2) For iu 2n+l where ii 1, start with the arrangement ~~t ~~~~~~~~~~~~~~~

for P — 2~ . i:al 1 tlt i s  arrangement  i’l . From Ti , e’ reat e an o t her  looj’

of proces8ors 12 by s im p ly  renumber ing every proe’essor i (of T1~

as i + 2~~. Rotate T2 180 degrees about the’ h o r i zon t a l  a x i s .  P1 . icc ’

12 underneath Ti.  Sp l i t  TI at  the  lowest po int  where t h e ’ ver t lea 1

• axis intersects the loop ( I .e . ,  T l ) .  Sp l i t  1’2 s i m i la r l y  hut  at  t h e ’

• highest point . Connect  the ends of Ti w i t h  those  of T2 t h u s  Com ing

a new loop.

I -
F-

—-j~-~~- - - •~~- — —-
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t ’. ANAL~~S IS c~F V 1MF cc*tI’l,Fx I Vi

Lot t represent the’ almltetlt of t tine’ r equi red  ~~~
, rou te’ a s ing le  r eco rd  I t  ~~~~~

elflC !~roe’essor to another. I ci c denote’ C hi’ t m u ’  re’qu I red I t ’ eOiUt’ at’i’ ~and

I at etc hac etc’ • I t uc’c essa r v) t we’ record s hr t he  same pro~’ es sot . The ’ t e  .i i t ’ 1’

proc e’ssor a and ~t re’c or~I S p~’ r p l t ’c .‘ss ~’ r

The’ amount of C lute re’qet i i  ed hr c’~t t ’it p t o t ’esst ’r t o  tt~” local i :c’d sot C

in  the ’ beg i n n i n g  (I.e.. d u r i n g  St op 0~ is  g i v e ’n hr

~~ log M ’lc

where’ we assume’ that N r ecords  can i’ t ’ sot ed hr a proc’e’ssor hr cu~ n g  ~I log ~

compar i son  ~and t n t  O t I  h ,u t ~~t ’ oi’e rat tons.

Dur tag a l l  o t he r  st  e’ps l . i t i t i  t hc’re ’ •i re log P o t her  st e~’s~ , loc .t 1 ‘ed

sort tng cait he’ done’ hr s imp l~’ me’rg tug the records from t h.’ C we’ e’it d * h - r e :  v su~ h

sort tug st e’j~ V ’ c~U I Vt ’s M e’e’tflpat i son i,and I at  erchange ‘I opera C t ons .  ltcu~’ t ’ ,

total t ime’ t o t  b c, : 1 i:~ el sort i ~ig a f t  or St op 0 is given t ’v

t,M log P ) c

A merge oper at  ion between two h’t’0e’t ’S sc’rs re’qu i res  .‘M t t ’ c o t d  ,‘ut i~

o}’t’r .t t  b u s  .tu~l N ~‘ or .:par isons (.tnd hit erc’hange ’a . I ue1’ess, . rv~ , :~ .- ‘r:e: cc ’

e’elfl~itafle1 Is t’~ t’~ :tt eel ott~’.’ i t t  St op 1 , twie’e’ in St c’p .‘ • e tc .  •itt~I ~cg C tr:t ’5 t I l

the t ina l stop. Hence the’ t ot a I C Into for  me’tging I

~~Mr -+ Mi’) u~ 1 + 2 + . . . 4 log 1’)

— C, .~Mt’ + Mc t. 1 + log  I’) log V / 1

Thus , the total t ime’ for sorting is

Mc ( log N + log 1’) + (2Mr -+- N ~’) ~ 1 +- l og  I’’~ log V 7

hIe’ne’e, the’ order ot t in.’ Is g i ven  hr

0(M l u g  N + N log P)

r~ (
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7. PROCESSOR UTILIZATION

It may be expected that , in any given amount of time , P processors should

perform P t imes as much work as can a sing le processor working alone. Unfortu—

natel y, due to the simultaneous need for the same resource by a number of

processors , this expectation can rarely be materialized . It may be of interest ,

therefore , to quantif y the Ut ili zat ion of p rocessors , in terms of an e f f i c i e n c y

measure. We dot m e  the off it ’ h’nc 1 of a processor ( i n  the execut ion of a g iven

task) as the rat to between l iii’ share H of the work actually performed by the

processor in unit t ime and the  work t~ It would have performed in unit t ime if

it were acting alone .

In the context of sorting algorithm s, let us say that a sing le pr c~ ‘ssor ,

acting alone , can sort l’IP elements in bMP log(MP) units of time , where b is a

constant, In that case , the processor , acting alone , can perform l/(bMP 1og(MP~)

• amount of work in one unit of t ime . Therefore , if there are P processors

working in parallel to do the same job , then the maximum amount of work any one

of these P processors can be expected to perform in one unit of t into is

w l/(briP log(MP))

With respect to our parallel sorting algorithm , we have noted earlier

that the total t ime for sorting MI’ elements with the help of P parallel

processors is given by

cM log (MP) + dM l- g
2 

I’

where c and d are constants. Uho r ec ip r o c a l  of this number is the amount

of work performed by all the P processors together in one unit of time . Thus,

the amount of work performed by tar one of the  P processors in u n i t  t ime  is

given by

H — ( 1 / F) ( l/ ( cM log (MP) + dM log2P))

:1

~~_~~~~4
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- Hence, the efficiency E of a processor in the parallel sorting environment

- is

— E H/W

= (b log(MP))/(c log(MP) + d log
2P)

It may easily be observed that for a given F, E increases with M, If the

constants b and c are equal, then the efficiency E approaches unity as M

becomes larger and larger. This is one of the major advantages of our method

over other parallel sorting methods. While the best previously known

] parallel sorting method can achieve a processor efficiency of at most

b/Cc + d log P) (by substituting 1 for N in the above efficiency formula),

our method achieves a much better processor efficiency and utilization , since

- - M can take up values greater than 1.

- 8. CONCLUSIONS

We have shown that by using P processors with sequential memory and log P

interconnection among processors, it is possible to sort NP records in o(M log N +

M log2P) time. It may be noted that P is a power of 2, but N , the number of

records assigned to e’ch processor , can be any positive integer. The number of

records that can be sorted in a batch is restricted only by the memory size of

each processor and not by the number of processors. In fact, an efficiency

1 measure is introduced which shows that processor utilization increases with

increasing values of M.
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