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ON THE LEAST FAVORABLE CONFIGURATIONS IN

CERTAIN TWO-STAGE SELECTION PROCEDURES *

By SHANTI S. GUPTA

Department of Statistics, Purdue Universlti

and KLAUS-J . MIESCKE

~~~~~~~~~~~~~~~~~~~ Univ yilt, of Mathi

SUMMARY

The problem of finding the least favorable configuration for selecting

the best” of k populations i.e. the one with the l irgest location parameter

by use of six different two-stage selection procedures is considered . Each

of the six procedures consists of a subset selection (screening ) rule at

the first stage followed by another rule ~d on (the first stage and )

additiona l samples from the selected populations to decide final ly which of

the selected populatio ns Is the best. In the ind i fference-zone approach It

• is (or was) conjectured that the least favorable parameter configuration is

of the slippage type. It Is shown that this conjecture is true for four

of these procedures. For a fifth procedure it is proved that at least

a certain l ower bound of the probability of a correct selection has this

property which is analogous to the result of Tamhane and Bechhofer (1979)

concerning the sixth procedure.

Some key word s: Selection procedures ; Two-stage procedures ; Least favorable

t configurations ; Indifference-zone approach.

*Thls research was supported by the Office of Naval Research contract
N000l4-75-C-0455 at Purdue University . Reproduction in whole or in
part is permitted for any purpose of the United States Government.
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1 . INTRODUCTION

Suppose we are gi ven k normal populations n 1 , . . . , ii~ ~iLh different.

un known means and a coninon (known or unknown ) variance. If the &>peHmcnter ’s

goa l is to find that population having the largest mean by using suitably

chosen samples , then a large variety of possib li~ sanipling plans and selection

procedures can be found in the literature. In this paper we are de l i nq ~~~ i t ~~~i

the so-called two-stage procedures of the followin~j t y’ ’ :

Stale!: Take k independent samples (X 11,...,X 111 ) of Si :e  n , I 1,....

from “
l ’ S  •

~~ ~ k and select a non-empty subset of these populations

according to a pre-specified rule S(x) where X (X 1,... .X k ) and X =

.+X 1,~, I ,. . . ,k. If the resulting subset consists of only one

population , ~.top and decide that this is the population with the largest

mean. Otherwise proceed to Stage 2.

S~a~~_?: Take additionally independent samples of size m (V 11 ,....

from those populations it
1 

selected in Stage 1 . Amonq the selected

population~ decide finally in favor of that population yieldin g the

largest V 1 (or X 1 +V 1 ), where = 

~il~~~~~im ’ i = 1 ,... •k.

For conven i ence , let us represent the rules for Stage 1 in the form

S: IR k {sjO ~ s ~~- (1 ,... ,k) } where i L S means that the I ‘ th population

is inc l uded in the subset of selected populations . Moreover , let us

represent the rules for Stage 2 in the form d = (d 5 jø ~ s ‘— (1 ,... ,k }l ,

where for every s d5: IR
2k 

-* {l ,...,k) and d5(i~
,~) depends only on those

and ~ 1
S with I ~ s.

Let us now study In more detail the four possi ble two-stage procedures

(S ,d~), ~~~~~~ 1 ,2 which we get after combining any two of the different
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single-stage procedures given below [(S3
,d 1

) and (S3,d2) will be discussed

at the end of this section].

St~j~e l :  For I ~.. {l ,...,k} let

i t. S1 (X) 1ff X. max X .- ;  c 0 fixed ,
1 j=l ,. .. ,k

I c S2(X) iff Is one of the t largest values of

t t. (2,... ,k-l } fixed ,

[I L S3(X) 1ff X 1 c 1 ; cl~
...,ck 

t. IR fixed.]

St~~c t ~: For 0 $  s~~ (l ,...,k} and I t. s let

d 1 (X,!) I 1ff V 1 
8 max V.,
j~s ~

d2~~~~,!) 
2 1 1ff X 1+Y 1 

max (X~+Y.).

A correct select ion occurs whenever a procedure finally ends up with

the populat ion associated with the largest mean , whic h we may assume to be

wi thout loss of generality , since we obviously are dealing with permutation

• invariant two stage procedures.

To im plement such a procedure one usually wishes to guarantee that the

probabi l ity of a correct select ion is at least ~~* over a certa in set of

parameter configurations. Now if the ni~ans say, f 8 1 ,... .K , are

restricted to the condition v 1 , . . .  ~
vk l  ~~~ 

with .\ 0 fixed , then I t

seems in tuitively clear that the Infimu n of the probability of a correct

• selection shoul d occur at parameter configurations (v ,~~~, . . .  ,v , v # \ )  wi th

~~ t. IR , which are called the least favo able configurations. Since there

is no proof for these conjectures till iow In the literature except for the

___-.1-— - - 
____ —— • - ---• —‘- -~~- -~--•~~~.-
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special case of k = 2 populations for (S1,d 2) (as we shall d i s c u s ’~ bel ow

more explicitly) we have tried to fi l l this gap and svlv e the problems in

a more general setup (without the assumption of normali ly). 8rietl y, we

have been successful in proving the conjectures for procedures using S2

and S3 but not for those using S1.

Discuss ion of different two-stage_procedures : •

(S1,d~): (S1,d2) has been studied by Alarn (1974; and Tamhane and Bechhofer

(1 977, 1979). Alam has proved the conjecture for k 2 and his subsequ~nt

results are based on the assumption that the conjecture is true for all k.

Tamhane and Uechhofer (1977, 1979) on the other liund used l ower bounds for

the probability of a correct selection which assume their mn fim a at the

• desired parameter configurations.

(S1,d 1 ) has not been studied up to now. Surprisingly, it turns out

that it is even difficult to prove the conjecture for this simp ler procedure.

• Therefore, we propose a lower bound for the probability of a correct selection

which appears to be quite good and which is mini mal at the conjectured

parameter configuration.

Remark: RecentlyJoachIm Sehr at the University of Ma i nz has proved that the

conjecture holds true for (S1,d 2) in case of k 
= 3. The proof is lengthy and

uses geometrical arguments.

(S2,dB): (S2,d2) and (S21d 1) have been studied by Somerville (l97~a) and

(1974). In both papers he has claimed that the corresponding conjectures

have been proved by Somerville (1954), Fairweather (1968) and Somerville

(1971b).

I
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Now the last paper Somerville (1971b) was shown to be in error by

Carroll and Santner (1975), and , In fact , his method of proof does not

even work for (S2,d1 ). Moreover , the ‘ loss funct ion approach” of Somerv ille

(1954 ) an i Fairweather (1968) is not applicable in our problem since the

corresponling function W used there turns out to be here an indicator

function which clearly does not have a continuous second derivative.

There fore , the conjectures for (S2,d 1 ) and ~2,d2) remained totally unproved

up to now .

(S3,d): These types of procedures may be used when the k popu Lions are

compared with a predetermined standard va1ue v0, say , for the means . They

proceed in the same manner as the procedures discussed above, w it h the on l y

difference tha t at Stage 1 S3(X) now may be empty , in which case we stop

and dec i de that no population is better than the standard . The probabilit y

of thk event is now des i red to h’~ at lt~dst .~~~~ , say , if ‘l ’~~~”k ~~
- ‘0

and the probability of a correct selection is then studied over all

parameter configurat ions with ‘l’~ 
.vk l  ‘k~~ 

and .. v~~ . We will

• show in this paper that the infimum occurs at the point (v
0

- .\,. . . ~~~~~~~~~~~~~~

• Remriark: Let us finally mention that S1.S,,S3 and d are well-established

one-stage multiple decision procedures , studied and used in a variety of

pa~”rs which can not all be mentioned here. To give a few references,

Gupta (1956, 1965) proposed and studied S1, Bechhofer (1954) S2. Dunnett
• (1955), Gupta and Sobel (1958) and Lehmann (1961) studied S3 and Bahadur

and Goodman (1952 ) and Lehmann (1966) investigated d.

• • •~~~~ • ••~~~~~~ _ _ _ _
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2. GENERAL CONSIDERATI (NS CONCERNING ALL PROC I DURES

Let X 1, Y 1, I l ,...,k be i ndc penden t random variahh”. wher e X.

an d V 1 have distribution functions 
~
(&- i ). E~ 

t.. IR. anu ~~~~~~ ~ t. IR ,

I ‘ 1 ,...,k. F and 6 are assumed ti be known continuou~ furktions and the

01
1 s and u i

’S represent unknown loc ction parameter .. Since we restrict

ourselves to two-stage procedures w~ ich are invariant under ermutat ions

of the k populations , we may assume . without loss of ‘‘neral ity, that we

have n l .....k 1 ~ ~k 
and t k-1

Now let S be any subset selection rule for Stage 1 . ihen using d 1 or

d2 in Stage 2 the probabilities of (orrect selections are as foihiws :

Pk(S.d l 
) = P{S(X) = s)f n G(~+ , 

k
’
~

i )dG(ii ) ~2. 1)— IR ii.~ 
1

P (S.d.,) = P{S(X) s; X. +Y. X +V • I .. ~l (2.2)k 
~ _ t l ,.;.,k—l } — 1 1 k k

with the understanding that here ani~ in the sequel s = s c {kI if both s

and s appear simultaneously. The pr oduct appearing in (2.1) is defined to

be equa l to one if s Is empty.

In the sequel let (A ( denote t~e size of any finite set A. Now we

state our main resul t:

Theorem: For evefl ~~~~~~ 0, t~ 
t i i .21 

~~ °o’ ~o t. IR the follow i n~ hol ds:

(1) Subject to 6
~
,... ‘~k-l •

~~
• °k~

’ ai~g 0 1g . . .  ‘°k— l ~ ~‘k ’ Pk(S?.d$) assumes

its minima l_ va1ue at ev~~ypo mame ter confi~~ration (o.... . . + ‘ )  and

~~ . . ~~~~~ with t ,~ E IR

(ii) Su~j,~.ct to the addl restrl t ns 0k 00 ~~ °k ~ °o Pk(S3,d~)

assumes I ts minima l ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• • - • - • -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(e0—~ . 
~~~~~~~~~~ 

and (p,. . . ~~~~~~~~~~ w i t h  ~i >

Proof (tirs ~_p~rtJ: From expression (2.1) it is clear that Pk(S,d l ) for

every S i . non-increasing in ,.. ,n~~ and non-decreasing in The

same is s ’en to hold true for Pk(S,d2) since for every . and

—. . l ....,k— l } PiS (X) = s; X. +V . .. X k+V k, I . S IX = 
~.j also has

thIs property .

This accomplishes the firs t step towards a solution of our problem.

We can assume t rom now on that 
~~ ~

• (~~~
,. . . ~~~~~~~~~~~~~~~ for some ~

respectively, ~ 
~~~~~~~~~ 

hol ds. Then (2.1) reduces to

Pk(S.d l ) = 
- 

NS(x) s) f G(q + \ ) I 5 I ~~ (~1) ( 2 .3)
~--t 1 ,... ,k—1 I — IR

k
= V Pt l~. L S(X), S(X)( = r}  f G(,1+~)

r _ l
dG(,1)

r i

or , al ternatively,

P (S,d ) = P(k t S(x)}f G(n+t~)
k
~~dG(11) (2.4)k 1

k-1
+ V P(k ~ S(X), IS(X)I ~ r f  G (fl+.\)’~~ [l-G (fl+.\)]dG(t)).

r= 1 IR

And t2.2) reduces to

Pk(S,d2) - 
V P~S(X) = s; X.+IJ . X k

+.\+U k. I t.. ~I (2.5)
,k— l I — 1 1

where U lU k are i ndependently and identically distributed random variables

with distribution function G, which are also Independent of Xl.....Xk . (End

of proof’s first part.)

Formulae (2.3)-(2.5) and the next l enina will be used repeatedly in



-~~
•------ -

~~~
•- - • •  --.--

~~~~~~~~~~~~ ••__ 

B

Sections 3 (and 4) when we give the second part of the pt.t’of , con i st in g

• of four versions correspond i ng to t~e four procedures undvr cons idera ti on.

Lenina : For eve,•y A B .._ { 1 ,... ,k-1 1, r t. to ,l 

al,....a lA I ‘.. ZR and b l ....b B( 
t. IR

t~ A . X~ ~~ a1 )( ~ r; b
1 . ~i ~ B)

I s non Inc rca sinji n . • I k — 1

Proof: For r 0 the assert ion i s  t. learly true . For r ~ 0 and ~ A ,

(2.6) is equa l to

Pt (i I ‘.. A. I ~ , X~ a~ I( ~~. r—l ; X . - • b .  j ‘.. B, j  $ P~X •• b I

+ P) k1 i 1 L A ,i ~ ~ 
.~ . 

a 1 )~ i i  ‘ ~~~ ~ B, .i ~ ~IP( X . mn in (a~ ,b~ ) I

which obviously is nonincreasin g in a , . Simi larly one can prove the a~.’-r~ t ion

i n case of ~. B \ A , whereas i n case of t ~ B it is trivially true .since in

tha t case (2.6) does not even depend on a~ .

3. THE SECOND PART OF THE PROOF

3.1 Case (S2,d 1)

For every fixed t t i2 ,... .k-fl , we have (S2(X)I 
= t with probability

one , and thus (2.3) reduces to

Pk (S 2.dl ) P)k ~ S2 (x ) )  ~~G(,) +.~) t~~dG( n). (3. 1)

Moreover , we have

~~iZ L~~~~~~~~~~~
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P{ k E 
~~~~~ 

= P{ I {iIX k < t— l j (3.2)

= f P{~ {i (X . > ~~, I + kfl < t— l I X k = 
~

JdP{Xk 
=

JR 1

= I P {I (1 1X 1 > ‘ ‘
~
0k’ i $ k)( ~~. t-1) dF (t).

JR

Si nce the integrand obviousl y is riondecreasing in and by the

l enina is nonincreasing in 0l ’ ’•’0k-1’ the proof for (S2,d1 ) is comp leted .

3.2. Case (S21d 2)

Let t ~ {2,. .. ,k-1) be fixed . Then using the fact that (Ul
_U k,...,

uk i uk) is syniuietrically distributed , from (2. 5) we get

Pk (S2,d2) = (3.3 )

P{X < X.; LJ. _U k+X. < ~~~~ j 1 ,...,t- l}
l< i 1 <i 2<. . .<i t i~

k_ 1 
~~ iEs

= {i 11 . ..

= f .  . .f L ~ P{X~ < x 1~(a 1<a2< .. .<a~~1 } IR 1<i 1
.zj
2<.. .< i t i ~.

k_l n 
~~~~

=

• a + X ~ < 

~~
0k~~’ ~

=1 .....t
~

l }dF(E)dP{U
J
-Uk=a~~ 

j=1 ,...,t-1}

where in the second sum iT runs over all (t-I)! permutations of (1,2,... ,t-l).

Since every probability term obviously is nondecreasing in 0k’ it follows

that Pk (S2,d2) also has this property .

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ • ~~~~~~~ ~~~~~~~~~~~~~~~~~ ,_,~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Now we show that for every fixi d ~. t. JR and a 1
.-a , S . .. - a~_ 1 the~

integrand is nonincreas ing In 0~~~,... ‘ k-l~ 
For sake o~ ‘. l l i c i ~ v we

• prove it for a 1. Let b~ 
:.+a k

+ _ a  , j=1 ,...,t- l and

Y V P~ X , X ..~. ; ~~~
. b , yI ,. .. , t-1 (3.4)

1
~~

1I~~
l

2~~~• .~~
it 1~~

k-l 
~ 

i k  1

S = {~ p.

= V P X  -• X ,  
~.

~ k~2 l~ i 1~ i~ •• . . .
~
it i ~

k
~
l k

1 1.... 

~~~~

~ b ,  j l ,...,t_ l IX 2=~~
,...,X k l =i.k1 •dP {X )=~ 

Let now E.2 k-l t IR be fixed and assume , without loss of generality .

that 
~2 ~3 ~~~~~~~~ 

holds . Then the integrand reduces to

V p i ~ x ~~~~~
. b1’ k—t k — t + i ’  k’ k—t+ 1 ‘

IT 1

X k_t+2 b ....I X k i  ~~. b ( X 2 ~~~~~~~~~ 
= • k -i

+ 
~~ 

P{X
k t.f1 

‘ ~~ ~k’ 
< b ,

1

b
fl .....X k l  b ( X ~ = 

~
2,...,Xk l  

=

• F in all y we have to distinguish between two cases according to whether

< 

~k 
or not. In case of k’ (3.5) reduces to



~ 
P{X 1 ~~~~ < b ;  (3.6)

~~ ~~~~~~~ ~
Xk~l ~ 

b
iT
t ~~ 2 

= 

~2’~ 
. ,X~~1 = 

~k-l~

+ )~ 
P(X~~~41 X 1 ~~. b ;

• Xk t+2 
~ 2’~~ 

1Xk~1 ~ ~~t 1
1X 2 

= C2,.~~~
Xk~l

~ P{X1.X k_t+l b ;

~ Xk~1 ~ 
b 1~ 1

1X 2 = 

~
2’”

~ 
1X k~ l

whereas if 
~k-~+l ~ ~k’ 

(3.5)  reduces to

) P{X 1 ‘~k t ~k’ 
Xkt+ 1 < b , (3.7)

• 
Xk t42 ~ 

b
fl2
....,X k~i 

~ ~~~~~~ 
= 
~~~~~~~~~ 

=

Sinc e now these last terms are nonincreasing in O l~ 
the proof for (S2,d2)

is completed .

3.3. Case (S3,d1 )

For every fixed Cl I •~ •~
Ck E JR and using (2.4), it su ffices to show

that for every r ~ (1 ,... ,k) PR c S3(X), S3(X)j 
< ri is nonincreasing

• in 0 1 ,... ‘°k-l and nondecreasing in Now

P{k c s (X). S3(X)j r} = (3.8)

= P I(1 I I X ~ > C1, I ~ kfl < r-l l P{X k ~ 
ck

}, r = 1 ,...,k.

The first. factor loes not depend on 0k and by the l enina is nonincreasing

:• .
-

. •. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ,~~~~•_________________
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~~~~~~~~~~~~ ~~

, whereas the second at tor does not depend on 0~~~,... ‘k
and is nondecreasing In Thus t h e  proof for (S 3,d 1 ) Is completed .

3.4.  Ca . v (S ri.)

For every f ix e d  ,. . . ,c~~, fron (2.5) WV have

Pk(SJ .d ,) c 1, X c

~ 
+ •~ ~ (J~ )

which ,• 1 ~~ I .~ in nondec reas I ng in ~ s I nce In ever% suninand WV have

s • s ~ 1k ) by our convention . Aqa ii . for sake of simpl Ic I t y  , it w i l l  Lw

shown tha t 
~~k

I,Sj.d ,) is  non i ncreasinq Iii 0 1. Now

I’ ~~ .tl ,) • “ I’~X — , .. • X • ; ~3.l0)k 3 . 
~~ .‘,...,k— I i 1 1 

~ .1
i ‘. ‘

~ SI 4. s

~ II • •\ + LJ
)~
)

L • •  
~~~~~

L 
‘ • I I 

~I% I l  1
I t~ S .1 ~

~ 1

+ U 1, X + U~ ‘ ~ “

— I , \ •  ‘
~~~~ ~

. ,

s’_•) ~‘ . . . ,~~~~
— ‘ I ,~ ,i

•~ $ 1

‘U
I 

X~ ’ ‘ t
1 

•

I ’ ’.

• 
•‘ 

• - •  

~••~~~~~~~~~- 
- • - . ~~~~~~~~~~~~~~~~~~~~~~~~~ 

••• • • •
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+ 
- 

P~X.  ~ c 1, X .. c.;

~~~~ 
I . . . , - 

l~~~s j $ ~s

j~~~1

c i + U 1, X 1 
+ U1, X 1+U 1 

. + A + Uk).

I L S

Cle arly, every suniiiand is nonincreasing in 01 and, therefore , the proof for

(S3,d2 ) is completed .

3. 5. c~~i~i n1Remarks
In the case of normal populations as described in Section 1 we have

N(nv ., no2) and ‘ N(mv~ , nI~
2), I = l ,...,k, for some a2 ’O Thus for every

• ~ . 11,2, 1) and ~
. c 1. 1 ,2) tht probability that (S ,d~ ) fi na l l y lea ds to

a decision in favor of population 
~k 

can be represen ted by a certa i n

fun& ti on II (v 1 , v 2 , .  ..4v k). To prove the conjectures we cou ld , alterna-

t ive ly ,  have tried to show that H(~~ IS non increasing in v 1,... ‘~k l  and

nondecreasing ~ fl 
~~~

. But tills turns out to be a very dif ficult and

cumbersome way .

4 . ,\ LOWER BOUND FOR (S 1,d 1 )

To prove the conjecture for (S
1
,d 1 ) in view of (2.4) it would suffice

to ‘.hiow that for every r c )l ,...,kI P{k c s1 (X). (s~(X)( r i is

non i?1t . rt’a.~ng in 1 I~~
•.

~~~~k_ 1  
and non-decreasing in °k~ 

For r = 1 an d

k thi s probab il it y Is equal to PtX 1.. ..I X k_ l X 1~-c} and P{X 1~~ •~ IX k_ 1

• c I. rt ’ s ~ s~~ I i v l y, w I t ’ each of them clearly has the desired property .

Thus the conjecture ~~ k 2 is proved ,

For k ‘ 2 it turns out to be rather difficult to prove the conjecture.

• Therefore , we d ’ri ’ a l ower bound for the probability of a correct
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selection , which assumes its m inima l va l ue at the desired parameter

configuration.

For k

PR ~ S 1 (x) , IS 1(~)I r) = (4 .1 )

= ~~P{k e S1 (X1,... .Xk 1 S ~
.), S1 (X 1,...,Xk l ,~ )I rIX k

f P (j {flX . > 
~~

+
~~~~~ -f , I + k)~ r-1 ,

JR

X 1,... ,X~~1 ~. + O k+C } dF(~ ) .

The preceding Inequality holds also for r 1 and follows from the fact

that we have

(k S(X), IS(~)I r} (4.2)

(
~
(ljX i X k -c . I ~ 

k}~ r-1 , X k max X l

k- 1
u t l t i I X 1 X e

_c . I $ k.tl j ~- r-2, Xk 
-. X ,-c , X max X l .

j=l ,... ,k ~

~ow the integrand in the last integra l of (4.1) clearly Is nondecreasing in

and by our leimna It is nonlnc reasing in 0 k-l Thus , using (2 .4),
we get

Pk (S i ,ctl ) P(Z11... IZk l  ~ Zk+~+c}~~(n +A ) dG(rl) (4.3)

k-i
+ 

~~ 
P ( I ( 1 1Z 1 

•

~ 
Z k4

~~’C I $ kfl . r-1,
r- 1

I
— — • • 

~~~~~~~~~~~ ~~~~~~~~~~~ 
•..
~~~~ ~~~~~~~~~ .

-I ~~~~ - •aL~~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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“‘‘‘~ k l  1k~~~ 
}f~(’i +\) ’ 

~1 l - G ( I i + ,\ ) Jd~~( I l )

where / .  ‘
~ k 

are independently and identical l y distributed random

var iables with di .tr ibution function I . Now the right hand side of (4,3),

bei ng in a form similar to (2.4), can be brought into a form simI lar to

that of (‘.3). I hen it i s  equa l to

y P i  i i Z~ Zk
I
~

-c
~ 

I ~ k} r-1 , (4.4)

k-l 

1 1 k-I

= \ f ( k i )1 (L+~~ c)~~ 1 
~~~~~~~~~~~~~~~~~~~~~ U(ii +A ) 1d6(n ).

JR

Thus we fin a lly arrive at tile foilowlnq result:

Coro 11 a ry: For k 2

Pk (S lId i) (4.5)

f f tt .+.~-c)+~F(~,+~4c)-I
JR JR

Note that for k 2 this lower bound for the probability of a correc t

sal a c t j o n  is exai I
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