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ABSTRACT

Th. ideas of goal progr~~~ing are combined with efficient point con-
siderations to yield a computational approach for use in tradeoff analysis
and evaluation. for goals accounting analysis. The orientation is toward an
efficient point which comes closest to a set of interrelated goals. Atte n-
tion is thereby restr icted to a subset of the possib le efficient points.
Shadow prices to guide further analyses are also aut omat ically supplied for
guiding subsequent tr adeoff analyses. Relations to the utility theoretic
and household production considerations of Gary Becker and Kelvin Lanca ster
are indicated and an illustrative example involving econometric estimates
for pertinent quality—of—life dimensions is supplied.
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1
1.. Introduetion

N.E. Terleckyj in (33 proposes an approach to an economi c analysis

of the quality of lit. . That approach rested on the theor y of household

production as formulated by Becker (13 (See also Michael and Becker (53

as well as Stigler and Becker (7 1.)  We here join these ideas to those

of Lanc aster (41 as a start toward developing an operational and wholly

computationa l approach for use in goals accounting analysis. Our purpose

is twofold : Fir st , to provide a suitable way of identifying and evaluating

phenomena such as substitution ratios, shadow pr ices and the efficiency

frontiers which enter into the multidimensional context of a quality—of—life

analysis. Second, to provide a comeon frame of reference for a var iety of

related research endeavori. In conclusion we supply numerical examples to

provide concrete guidance and illustration of the theories and methodological

developments which occupy’the ear lier pert of the paper . Hopeful ly , this

will invite discussion and critical attention.

The organization of the paper is as follows. In section. 2 through 5

we provid, an expository development of the household production possibility

set following similar developments in Becker (13 and Lancaster (41. In

sections 6 through 8 these ideas are extended and given operation al form

via a goal programing formulatio n that we shall refer to as “goal focusing” .

Way s of locating efficiency frontiers and computing the related substitu-

tion ratios and shadow prices were analyzed and illustrated in th. context

of such a goal focusing model and its related “goal artifacts.” These

we rated to the approache s of Nestor Ter leckyj in (01 and (9] w~ich we

shall note passing en route to our conclusions. We conclude with

illustrative applications in section 9 followed by a s~~~sry and suggestions

for further research .

- -- — ~~~~~~~ — .
~~~~~-- -~~ ~~~~~~ -- ~~~~~~~~~~~~~~-~~~~~~~~~~~~~---J~~~~~~~~~~~ 
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2. Definitions sad Notations -

Vs initiate the analysis by introducing definitions and notations

which are consistent with those uaed in (11 and (93 • Let

— vector of household product s, which result from the production
of household j.

A typical element in is defined as follows:

f~~(x,g,t), (1)

where

z — a vector of market goods

g — a vector of public goods and services , *

t * a vector of time input s)~J

Thus (1) defines a production ( function ) relation in which the outputs

enter as arguments for the utility of the jth household defined by

— U,~(z~ 1E)~ (2)

where 
- 

-

E a a vector of external goods produced by other organizations

outside the hougehold,

and z,~ 
is as already defined in the development leading to CL ) .

We nov iet 
-

V
3 

— the sum of non—wage incoàe of household 3 ,

v the “wage rate”, comaon to all households

— time available,

the sense of Becker (11 . See Ter leckyj (33 page 2.

This assumption of a uniform wage can , of course , be relaxed if deair d.

2
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so that

S
J
—V T

J
+V

J 
- (3)

is a characterization of the full income concept in the sense of Becker

(13. -

We next define

— the time spent in the £th activity (either cons~~ing

x’s or g’s) by the jth household,

- price of kth market good,

so that _ 
-

Sj * kEt
(wtL j k xkj)~~~~~

1tLj 4ZPkZkj

Thus, from (3) and (le )

+ V~, * k~L~
’
~ LJ + PkX~~

) S 
#

In other words , the value of tot al househol d time plus its nonwage income,

on the left, equals the value of time spent in household p~oduction plus

the expenditures for purchased goods and services • The former , i.e., the

expression on the left, can be interpreted as the total budget , composed

of wage and non—wage income. The expre saiàn on the right can be

interpreted as the total coat of producing the 5
3 

resulting from the jth

household’s production function (1).

3
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3. A Simple Household Production Process

We ~ov briefly consider the household production functions in (1).

Such functions have been derived and tested in a variety of forms. In this

paper, however, we shall follow Lancaster (4) and consider only functions

of the form

z B y  (9)

where

B * a household prod uction teehnolo~ r matrix,

and

~~~~ r~i. 
-

Lxi
t, x and z axe as defined in section 2. We can, of course, include public

goods, g, in this analysis explicitly. Here, however, we treat it as a

constant vector so that the input variables in the household production

function are x and t as in Becker UI.

Equation (9) might also be regarded as the reduced tons of a system

of structural equation s of an econometric aodel~’

(9.a)

where z denotes a vector of endogenous variables , x denotes a vector of

exogenous variables, u is a vector of random errors , r is a nonsingular

square matr ix of coefficients for the relatio nship between the endogenous

variable s and A , also a matrix , provides a mappin g from the exogenous

vector, x, to the vector of endogenous variables z. Hence,

z— Bx +F~~u . (9.b)

e.g., Tinbergen (11), Theil. (101 , Johnston (3] .

4
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- 
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where -

B e~r1A . (9.c) H

With suitable assumptions for r’u, (9 .a )— (9. c) provide access to 1 :
econometric methods of estimation and identification of equation (9) . See

Section 9 below.
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4. The Uousehold Production Possibility S~

The rslatiozmhips specified by (9) characterize the household

production process as a transfo rmation or mapping from a resource space, a,
for x and t into a household space, H, with points z • This transformation

will be submitted to a budget co~Str5i~t, as in .( 5) ,  via a development which

proceeds as follows. Formally , we have a budget set in B-space (resource

space) defined as

R {x,t: tve~, p
Tjy ~ T3

v- + V
3 x,t~0,} (lOp

where the superscript T indicates transposition, eT is t1~e roy vector

‘iitLi unity for eac~ of its element s , and ~T~8 a row vector of prices
The image in 11—space (household space) for the By transformation is the

set

C B (i: z By, ~~
T,9T11 — T

3
v + V3 1 y~0} (11)

Our analysis in this section will be concerned with the general properties

of C and it3 relationship to the production tecbnolo~ r matrix B, the

pri ce and wage vector ~~~~~~ end thf full (household) income T3v + V3.
Polloving the analysis given in Lancaster (4] we list some of the

properties of C as follows:

(a) The budget set in R is the set of all convex combinations of

the following extreme points 
-

~~To simplify the exposition we exclude here additional constraints from
the budget set (10) such as I t1~ — T4 and possible inequality constraints
for x. £ U u

An illustrative application of related considerations is provided in
section 9.

- 
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3 
- - 

0~~~

T~v + V ~ - 0
w

: o : -

T
3
v 4 V .

~1: : 0
. . .

. •

: : :
: : o
0 0 0 T3

v + V
3

(b) C is the image set of R and consists of all

convex combinations of the images of the extreme points

of the budget set . -

Cc) Every extreme point of C is the image of an extreme point

in the budget set . An extreme point of the budget set is

not necessa rily an extreme point of C , however .

(d) Let z~ denote the image of an extreme point y~ in ( 5) ,  and

let B3 denote the sth column of B. Then the expression

T w + V
is — ~ ~ B5 (12)

• PS
gives the extreme points in K, the household space, where

- 

P5 is either or w as required.

We turn next to a simple illustrative example . Let,

7
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.8 .7 .08 .2
S

.)e .6 .125 0

p1 2

and

T
3
v + V

3 — 100.

The extreme points in R are

The image of these in H is

r 8 1 r7 1 1 1 1 5 1  
-L~ J, L6 ....L6J , _ oJ ,

which gives rise to the convex polyhedral set potrsyed in Figure 1..I
The polytope {z ,z , z.~ , } in H define s the feasible region ofZ1 X2 1 2
household production. In si~~ ary , then, the mapping obtained from B is
from points x,t in B to points z in H with an image set C consisting of
all feasible points permitted by the budget constraint .~~~~~

follow here the cc~~o~ form of household production analysi, with ahousehold budget (10) in the form of an equality (as in Becker [1] )rather than an inequality (as in Lancaster (43 ) so that the origin pointin Figure 1 is not part of the polyhedral set of pro duction possibilities .

8
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Additional constraints in B , such as t1 > L , will of cour se alter the

set of extr~~~ points of the full income set in B and hence also produce

a different image set C in 11.

Of course the concept of bfuU inccme~’ extends beyond money (wage)

income only, and increases or decreases in V3 will also produce a shift

of the feasible production region in H. Thus, for example, an alteration

from T3
v + V3 100 to T3v + - 150 due to a 50% increase in income from

varying only V3 will produce a shift in the household production region.

See Figure 2.

The same kinds of change will be observed if T3 is varied with w

fixed. However, changes in prices or wages will also effect the

household production region but in a different manner . We illustrate

these effects by comparing two households. Let B, p , and 33 
— T

3
v +

be as previously defined. But let Household 110. 1 have a wage rate W1 * 10

and Household lb. 2 have W2 - 12.5.~’ Then, respectively, the extreme

points of each household are:

• Household No. 1 Household No. 2

f •f l [ :j [~~~J ;  ~~~~~As in Figure 3, this variation in wages causes a tilt away from the

original position of Household 1 end 2 so that the latter moves to the

shaded region while the former remains, as at the start , in the unshaded

set C • Thus we observe that an increase in wage rates has shrunk the

feas ible household production region for Household No. 2. If the above

~~IUtbouah ~:c ~~~~~ tL~at both hoiwebold~ L~vc the :inne totu.l budget
— T3w+V3 ,  3ifl Cr~ the w&jo, v ,, is different tne housetio1d~ necessarily

differ also in eitlzer T
3 

or V~ or both.

9
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25% increase in the wags ra t. of household 2 is also accompanied by

related adjustments in T
3 
and for V3 then the total income would increase

as veil. Figure ~~, below depicts the shift in the household production

possibility frontier resulting from 50% increase in 3~ and 25% increase

in of household 2.

I 
_ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _  
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No. 2
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•

)
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5. Efficient Household Production

Having discussed the properties of the feasible set in H , we proceed

next to discuss the efficient frontier of C. Since C is the feasible set

in H the pro ducers problem is

U(z ,E)
(13 )

subject to iCC

where ‘a ’ refers to ‘ ele nt of so that “zcC” refer s to the a which are

.1..sa ts of C. Asmaing that U is differentiable with ~ U(z,E). > 
~ ~• or

t ama any E, an opt i~aa point a will necessari ly be a botth&azy point of

C.

We illustrate this via Figure )s for which

— 

_ _ _  

T
______ ~~~ BU(zJ) , 3U(z E) 1 (ii)

L ~~~~ ~~ J ~

so that utilit y incr eases in each of tb~e indicated dimensions, separately ,

for each E. Evidently U(z ,E) is on the efficiency frontier of Household 1

but not of Household 2. Relating this to Figure 5 (see page 21) we may

say that the increase in wage rate for the latter caused it to move away

from its previous efficiency front ier . As a result of its increased wage

from w — 10 to w — 12.5 the cost of producing increases arid the

satis faction level is correspondingly lowered in these dimensions due to

the constan cy of the income constraint T3v + V3 .

We shall ret ur n to this analysis at a later point but here we can

now for~aii,y define the efficient set for household productions as

Byaca, (veT ,pT}y — Vj + Trr .. 7 >0) (15)
where C’ denotes the efficiency frontier in C.

-- 
-----.~~~~~—--~~~~~~~~~~ 

-
~~~~ 

- - -

~~~~~~~~~~~~~~~~~~~~ -

- 

-
- - - ~~~~~~~ -~~~~~- _ _ _ _ _ _ _ _ _ _
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6. Shadow Pric es of ~fousebold Products

Nov we denote these efficient s for the household production level

a,~ .~°CC~ au~1 then sc~1. to locate the neceuear~r set of inputs y
(i.e. .~ z* end t5) which satisfy the income set and produce efficient

outputs. This probl em can then be formulated in an ordinary linear
progremuing form

minimize [vsT ~~~

subject to (16) • 

i i

y > O , ~~cC’

with optiinality clearly obtained when T3w + V
3 - 10 T, ~~~~~

Fro m (16) we have the dual problem

vi,

subject to -

“ irB < [we , p ]  (17)

where the component s of v are otherwise unrestricted. Note that the
usual algorithms supp ly solutions to both problems simultaneously, i.e. ,

— if the solutions for both problems exist then we can obtain the optimal
ir’ values as shadow prices for the household’s production output and at

the same time we obtain the y~ values as the optimal input.

Via our preceding developaent, it also tollovs from the linear
programeing duality theory, at an optimum we have for each househo ld 3 :

V3 + T3w — + pkX~~
) — rir~~z~3 ,  (18)

where are the shadow pri ces of the jth household products.

It is of particular interest to develop the close correspondence
between (10) and the aggregate ~‘veighted average shadow pric es developed

- 
l~i 

- - - - - -

~~~~~~ - .-~~~~~~~~~~~ —-- - -- - --  - —--~~~ -~~~~~~~~~ -~~~~~~~~~ -~~~~~~
-- --- - - ‘  -

- - 
~

- - - 
- - -

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - -- - -~~~~ - - — —~~~~~~-—-— 
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by Tsrl.ckyj in (~3 1. To do this we proceed to aggregate (18 ) over

households in the economy 1

£ (Y + T w )~~~E Z (vtI ~~pk# 4 ) a E Z I * a~ (19)
3 ~ i L k  i ij ij

Nov lettin g

T — E V  (20)
3 3

(23.)

I t~ (22) 
—

i i -

XkR Z Z ~j (23 )

(2k ) 
H

i ii

we finally obtsin 
-

+ E,kk~~
E;L ;L . (25)

where , *
-~

Ti 
~~~~~~~~~~~~ 

•
~~~ 1Itj 

~~~!j

— (26)
i i

slid p 1 ) 0, E p — 1. Hence , axle (weighted) average shadow prices as
V j i 

7!
interpreted by Terleckyj [8]~~ and thus might be used to construct price

indexes for the qualit y of life products produced vithin households.

~~Terl.cky3 in (3] eq. (11) stipulates a special case of (25) . The latter ,
i.e. (25) , provi des a generalization to the aggregate average shadow
pri ce concept advanced by Terleckyj

15

-. - 
_ _ _ _ _ _ _ _ _  ___
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7. Substitution and Complementarity of Uousehold Products

The unrestricted signs of the shadow prices obtained in prog ram (17)

need further interprs tatio ri.~1 In the customary interpretation of shadow

price vectors a typical component 11’ reflects the sensitivit y of the
i *cost function in (16) to marginal variation in the ith product s~ of a

household . Now, however , we want to arrange matters so that adjustments

in z* are always made so that we consider only z’CC’ for which

(weT, ~T
37 — T3v + V3 . Thus to stay on the surface of the production poe—

sibility set we apply the following condition

t~~z~~ir~~a O
i

where denotes the mar ginal change in

We now proceed less formally to consider an application of the

orthogonslity condit ion (27 ) to simultaneous changes only in two house-

hold products, say 4 and • Then

(27.a)

or
* 

C
• 

— ______ • _~~~~~~~

Az~ irk’

There are now the following possibl. cases:
* * *(i) If — 0  then at least one of “k or — 0. See (27a). It 0

then ~~ — 0 and substitution does not occur .

(ii) It 4 # 0 and ji 0 have the same signs

£ZL >O imPlies Mk < O

(d4 < 0 implies dz > 0)

&/If desired we can replace By — with By > z~’ in (16) in order torestrict the ii variables in (17) to non—negative values.

3.6

- ~~~~~~~~~~~~~ — -- -~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In other words, vs have the case in which the ith and kth houlehold products

are substitutes. —

(iii) It j& 0 and # 0 have different signs

> 0 implies ask > 0

(M~~c0imp1ies àz cO)

In this case , coiaplementarity holds between the ith and kth household

prOducts and again substitution does not occur.

Excluding those household products with zero for shadow price indices

we may partition the remaining household products into two sets

— 

~~i 
: > o}

— (s~ : c o}.

Only products which belong to the same set are substitutable • Given our

assumption that both (16) and (17) have solutions, then will not be empty.

We can, therefore, replace (27 ) by the following two orthogonality conditions,

H t a 4 4— o  z!d
4 (27.b)

I
I * 

— o (27.c)
3 i i

The rate of substitution given by ir~/ir~ refle cts the marginal rates

of trade—off between household pro ducts I and k, which pairs are constrained

to be considered only for products in or in Z~ only.

-

~

-

~ 
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8. A Goal Focusing Approach

A major difficulty with operationalizjug our formulation ii the lack of
knowledge on the househo ld utility function U( z ,3). One approach would

perhaps be via revealed preferen ces Here we consider instead a ‘goal

focus ing” approach. Suppose, for instance, that we have some desired
preference relations , e.g. , 2 weeks vacatio n for every 25 weeks of
employment, 250 square feet of floor area per every additional child , etc.
‘i’hen we could consider desired proportions

— 0ir2r (26 ) 
—

for specified pairs, i and r , where 
~ir 

is a scaler constant reflecting

the desired relationship between and The idea is to replace the

non—operational U(z,E) by (23) relaxed to a goal statement which we may

refer to as a ‘goal artifact.~
Bearing in mind, however, that generally there are many efficient

points and a utility function focuse s our attention on only a few of them,
we have performed a similar focusing by the use of these goal artifacts.
In addition, we may employ other constraints to aid in the focusing process.

For example, we may utilize upper and lover bounds on the inputs via

~~jGy E (29)

where 0 is a matrix and ii and h are corresponding vectors • We shall, also

refer to these as part of our goal focusing approa:h .

Thus we shall be replac ing the utility function by a functional of

goal deviatio ns . We also wish to ensure that we are at the efficiency

frontier . We can do this by inserting a further term involving a scaler,
—

~~~, in the functional. and adjoining the relation

2/ See~ e.g. Samuelson [6J, chapter VI. 18
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where e and z are column vectors with ~
T indicating the transposition of

a vector with unity for all its elements • Because z ~ 0, it foll ows that

fl is also non—negative . Incorporating the scaler , 
~~~, 

into the functional

we shall be minimizing on -n and hence ..-~ l’e{ sing n. Multiplyi ng this by

a suitabl y large positive constant viii ensure attainment of the efficiency

frontier for the z°.

In this approach we want to be “as close as possible ’ to .11 goals

(“Goal focuzing ’) but with all also at the highest possible ieve1.~~~

An illustrative caäe is given in Figure 6 where with p12 — 1 vs seek to be

as close as possible to z1 — z2. Note that this condition is satisfied

for all points where the ray for which z
~ 

— intersects the shaded

interior which is the feasible region. Here we (a) want to move as far as

possible to the northeast along this ray and (b) be on an efficiency

frontier. We do this via the following goal focusing model ,

minimize -a~ + 
i~ ~~jr 

6ir + air &~ .) (30 )

subject to
zj _ P ir Zr _ 6 ~r + 6 jr 0i

* eTz z ~~
B y z
(weT, pT3y~ - V + Tv

k I G Y  ( h

• 
~2’This is done for each household to obtain contact with the ana lysis in (31

and. not because efficiency is to be distinguished from optimality at the
individual household level • For considerations relating efficient points
and goal progra~uning , see Appendix B and Chapter X in ( 2 3 .  Se. also A.
Charms ani U .W. Cooper :;~~~~~~~~~j  Progransnirq ard Multiple Cbj.~tive
Opt ini~at ioxm .‘ Ma rmg.mezt Scie a~ es Research Report 381, PIttsburgh, Pa.,
15 213 Graduate School of I niust rial Admi ni~~ ration , Car regi.—M sllo n
University, Uovsraber 1975.
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where a a ~ (a~~ 6~r
)
~ 

and 
~~r’ ~~r~

’ non—ne gative weights associated
ir

with the positive and negative deviations ~~~~~~~~~~ ~~~ 0, from the goal in

the goal focus constraint associated with z~, .

Application of (30 ) is not limited to a single household. It could

be applied to a collective set of households with each household 3
submitting its own 

~~irj 
}. In that case , each household would have its

own set of constraints , such as those displayed in (30). The socioeconomic

system in which these households might also be subject to additional sets

of constraint s which emanate from scarce resources or national (system-.

wide ) ~onls and priorities . Two such exanpies are

£ X kIJ
< X k~ 

(31)

designatin g a bound on the kth activity level in the econo~~ , and a set of

policy constraints

(32 )
I,

denoting , for example , a desired upper bound on ener~r consumpt ion or

other explicit policy goals.

- I
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Figure 5

z1 t1 z

Zx ~~~x1 Optimal solution for
7 the goal focusing

• problem.

‘S• ‘ 2

Figure 6
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9 Illustrative Example

We now want to develop a numerical example in order to illustrate the

procedure for computing shadow prices as well as their interpretation and

implications for quality of life studies. We consider in this section

three outputs of household production :

— expectation of life at birth in ysers

WP a percent of married women (with husband present ) - -

in the female labor force

3D a number of Bachelors (or first professional) - 
—

degrees conferred per 1000 persons age 23
years old

These outputs are here assumed to depend on household consumption of

dur able goods, nondurable goods and services. The distribution of personal

consumption expenditures give rise to the budget constraint

Cd + C + C — ,personal conaumption~ (33)n ~ “expenditures budget ‘

where
Cd * Personal consumption expenditures on durable goods

(e.g. , housing, transportation)

C~ — Person al consumption expenditures on non—durable
goods (e.g. , food s attire)

C~ — Personal consumption expenditures on services
(e.g. , health care, education)

In this illustrat ive analysis we ignore the household ’s tine input as well

as prices , savings, taxes , public expenditures and other aspects of income

redistribution.

The elements of the model that we consider consist of the following

relations

- ç~~ ;j+ I::z~
; .o~2r8 

~~~ f~
”J

_ _  - - 

_
•
~~~~~~~~~~~~~~~ 
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which ar e based on .cnnosetri c estimates obtained tram USA data in (123

for the years 191e7 tbrough 1970, incorporating only statistically

significant coefficients . These are intended , of course ) only for

illust rativ , purpose. The first equation shows lit, expectancy at birth

as a function of expenditures on durable and non-durable goods . The second

equation shove the participation of married females in the labor force as

a function of consumption of durable goods and serv ices. The third equation

shows education to be direct ly proportional to expenditures on services .

Table 1 aumm~rizes data reflecting inputs (consumption of goods and

services) and outputs of household production for the U.S. in 1950, 1960

and 1970. The output data of the table are then used to construct

proportional const raint s of the form given by (28) in order to describe the

relationship between various household products during each year . Thus , we

have 
~~ l96o~ 

— 3~ ~~ ~~~196O~
(3D1960) 2. 61. 

~ ‘~3.96O~ (35 )
— 1.28

which here describe a consistent ~~’aet of proportions between the various

household products in 1960. See (28).

The figures for consumption expenditures in Table 1 are presented in

1953 constant dollars. These can be used , in turn, to define minimum levels

of each expenditure category , e.g.,

Cd > 200, C~ > 700 ) C5 > 500 (36 )

as additional constraints for use in program (30). See also (29).

course , this set need not be consistent. See discussion in previous
section.

23
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Our purpose in this alq l. is to compute the shadow prices and

trade—offs among the above household products. In the absence of an

explicit utility function we proceed to locate a possible point of tangency

on the household production possibility set . See Figure ~&. Recalling that

we vent to use the goal focusing model (30) in lieu of (13) we show via

Table 1 how the relevant constraints can be constructed with 1960 data. Under

each of the variables at the top of the table we List the coefficient s for

use in formulating the relations for (30 ) as follows. First we list the

coefficients which enter into the objective function to be minimized. Then

we list the coefficient s for the constraints. The first set of constraints

reflects the output proportion goal artifacts of equations (35 ) in goal

prograxsnin~ form. The second set of constraints describes the weights used

to attain the efficiency frontier.~~~
’ The third set of constraints describes

the transformation of consumer expenditures into household products using

the econometr ic mode]. (34). The next constraint is the ~Lj23 consumer

budget limit and the final three constraints reflect the lover bounds on

various expenditures provided in (36) .

The results of applying program (30 ) to 1960 U.S.data~~~are sIm~~~.ized

in the third co].ujan of Table 3. The first and second columns of the table

compare the actual levels of vario us household products with those predicted

by the model via equations (3 4) .  Note that while the model slightly overpre—

diets the participation rate of married women (up ) it underpredicts the Life

expectancey (Lie) and education (3D). The efficient solution , obtai ned via

pro gram (30) .  is ouch closer to the actual indicators of 1.960 than the

~~7~te have t~sed an altered form of (30 ) with aal and the constraint
rerlic~~ by ce

TZT~ in ¶711iC~ “C is here ~ivc~ the value of e .005. This
is equivalent to a choice of a— .005 in prog ram (30).

~~~~~ this analysis ~rc use unity for all nonnegative ~1iscretionary weights
associated with positive and negative deviations from the goal. artifacts in
(35) . Variations in these weight may , of course , produce different results.

24
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predicted values, though it shows a slight decrease in both LE and lIP and

an increase in 3D. This result also requires some reallocation of

expenditures: a reduction in the expenditure level on durable goods from

243 to 200 coupled with a ~33.211 and $15.76 increase in consumption of

nondurable goods and services, respectively.

The shadow prices are displayed in the fourth column of Table 3. These

were obtained from an application of program (17) by using the efficient solu-

tion for (30), as displayed in Table 3, for its objective function and the

coefficient s of (31i ) and (36 ) to form the constraint set . We next note that

the shadow prices of LE and 3D are negative while the shadow price assoicated

with lIP is positive. lienee , from our developnent in section 7, we can conclude

that only substitutions between LE and 3D are feasible , whereas, UP is

complementary with respect to L~ and 3D. The rate of substitution or the

trade—off between years of life expectance and number of Bachelors degree s

is 359.71/13.94 or 25.8 Bachelors degrees (per 1000 persons age 23 years old)

for every single yearoof life expectancy at birth.

The complezsentarity between the participation of married women (with

husbands present) in the female labor force (UP ) and the level of education

of the 23—year—old cohort suggests that generally the more educated a society

is, at the college level, the greater the participation of married women in

the labor market. This might be considered as an indicator of a social

trend toward “economic equa1ity~’ of the sexes and the relation studied

accordin3ly. The shadow prices suggest that each additional Bachelors degrees
- 

may be complemented by an increase of .22 percent ( — 13.94/63 .04) in the

participation rates of married women.

The complementarity between ‘ii? and the expectation of life at br ith

might be explained as follows . Uigher life expectancy implies a longer lif e

for married man and therefor e a higher proportion of married women, with

25
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children who have left the household , thus available for employment.

Alternatively, it might be argued that working couples enjoy a higher

level of income end may therefore afford better care for their children ,

which, in turn , may be associated with a higher expectation of life at

birth. The shadow prices suggest that each percent chang. in women

participation may be complemented with a .3.75 change in years of life

expectancy.

We should Like to caution the reader , at this point , that the above

interpretations are only plau sible . The figures reflect what might be

caned the latent socioeconomic structure in households and are not the

manipulative possibilities that ter ms like substitution rat ioe and

~~~ iow prices ’ suggest . Actual variation in household products of

a complementary nature are not feasible within a given househol d production

possibility set . See equations (27a)—(27b) .

The feasibility of margin al rates of substitution between years of

life expectancy and. the number of Bachelors degrees which axe obtaine l

from our model applied to (34 ) migtit be assoicat ed with the fact that

no c~~ ion rQcour~~s ~re utili~e~ in the househ old prod uction of LE and BD.
Reallocation of resources between the products of each household would

then imply a substitution between L~ and 3D.

Finally , in Tables 4 and 5 we s~iiir~L,hize results for the data of 1950

and 1970. In both cases the shadow prices are the same as those which

were obtained with the 3.960 data.~~’ This bears on the issue of the

sensitivity of our model results to data variations . We therefore used

parametric progra ing to check the stab ility of the shadow prices when

~~1Even when the tight constraint Cd > 200 was relaxed the same shadow
prices were obtained.

26
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WP was held constant and LE and 3D were substituted at a rat. 1/25.8 —

13.94/359.71. The values of the shadow prices r — - 1 f l  constant over the

following range of life expectancy 
-

69.15 ) LB1950 > 69.oo

70.08 > LB1960 > 69.30

73.98 > LB1970 > 70.56 
-

Wri eu LB was made equal to the value on the left the 1/25.8 trade—off rate

between LB and 3D was replaced by a new 1/148.1 — 3.80/182.81. Concomitantly ,

the tight constraint C~ 200 was replaced by C~ 700.

27 j
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10. Conclusions

In this set of preliminary notes we have attempted to sketch a

framework for use in studying goals accounting systems . This has involved

a new developsent which might be called a goal focusing approach” to

enable us to secure the values of selected “efficient substitution ratios”

without recourse to an explicitly formulated ‘utility function. The

particular device used in this paper relied on specified output proportions

which we here regard as ‘goal artifacts.” Other parts of these artifacts

used upper and lower bounding constraint s as part of our goal focusing

approac h. Still other devices could be employed. In any case, we have

now outlined a way to explicitly e’~~4ne particular porticns of the

efficiency frontier with full access to readily available computational

algorithms and pro grams .

Othe r part s of this paper address issues such as aggregation of

shadow prices partitioning of household outputs into relevant substitution

classes and. weighting of “goa1s~ and goal focusing artifacts.” These

are all proble ms requiring furth er attention . There are also further

opi ortu nities such as extensions involving e.g. , growth and/or other kinds

of dynamic considerations along with the possibility of including cohort

analyses and more explicit attention to household time budgets , etc . As

noted in our introduction , the purpose of this paper is to provide a framework

for ongoing endea~ors of the research consorti um such as analysis of

tra de-offs regarding future retire ment s in the U.S. or the development of

behavioral data through survey research.

28
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Table 1.

Quality of life indicators and Personal Consumption
expenditures patterns of the U.S.A. for

1950 . 1960 and 1970

Quality of Life Indicators :
Tsar:

1950 l~~~ 1970
Tears of Life expectancy (12) 68.2 69.7 70.9

Percent of Married Women
Participation (WP ) leO.O 54.4 58.8

L(umber of Bachelor (BD )
Degrees 154 102 223

Personal Consumption expenduturea:
(in 1958 constant dollars )

Year :

19~~ 1960 1970

Durable goods (Cd) 229 248 409

Nondurable goods ( C )  152 802 1008

Services (C5) 539 4t3 914

Total 1520 1723 2331.

*The actual 1950 value for 3D is 182 which is extremely high compared to the
grathation rates in the 50’s. We have chosen instead the value for 1949.

— ‘Note that the personnel consumption expenditures budget ($1723) is less
tbaA the per—capita disposable personal income for that year ($1883) and
substantially below the total personal, income figure ( $2157), all in
1958 dollars.

30

~~~: 
_-i- 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r ’y 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

31

0 0 0 °1~ 
; 0~~~~ § 

~
I I I I I  I II

~~ 
I Al A l  A

‘0 0 0 r4

0 i-f 0

-I 
~4 0 0

+ mg ‘a i-f 0 0 i-f

+ c’J
‘0 0 0

I
+ i-f 

~~~ 
0 0

P4 ‘-4
C’, I I

• 4 ’

14 
0 1 ~~~ 

-
~~~ ~~ ‘-4 0 0  ,-I

a I ~~.,
~ 4
$4 CM 0 0 i-I 0 rl 0
-0 a 8
• 0

I I
-

~~ 

I 
i-f 4 0 0

0 
8 c

I

~ 
0 

~;:; 
~~

0 P~; 
~~~~~ 

~
I 0

~~ 

~~~~~~ 0 i-f L I 0 0

- _ _ _ _  _ _



_______________ r~ ~~~~~~~~ - - — - -,-~ ---~ - - - -

32

- 
Tab le 3

~iouaeho1d Product s and Shadow Pr ices for 1960

Actual Predicted House-- Efficient Solu-. 5he4ovPri~~~hold Products by tion z from T fromProduct s Econometrics Goal Focusing
______ Model (34) Model (30) _(]3)

69.70 69 .47 69.30 —359.71 
-

• 54 .96 54.84 63.04
3D 1b2.0O 177.00 130.83 —13.94

Actual Efficient Lower
~~~enditures Expenditures y 

_____

Cd 243 200 ~ 200

C,~ 300 J35.24 ~ TOO

C C~73 6~8.76 � 500
1723 1723
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Table 4 —

Household Products and Shadow Prices for 1950

Actual. Predicted House- Efficient Solu— Shadow Prices
Household hold Products by tion s from T from
Products Econometrics Goal Focusing Program
for 1950 Model (34) Model (30) (17)

12 68.2 69.22 69.oo —359 .71
48.0 149.00 50.83 63.014

3D 151e 141.76 l55.91e —13.94

Actual Efficient Lower
Expenditures y5 Bounds

Cd 229 200 ~ 200

C 752 727.05 ~ 700

C 539 592.95 ~ 500
1520 1520
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Table 5

Household Products and Shadow Prices for 1970

Actual Predicted House— Efficient Solu- Shadow Prices
Household hold Products by tibn z~ from r* from
Products Econometrics Goal Focusing Program
for 1960 Model. (314] Model (30 ) (17)

12 70.9 70.92 10.56 —359.71

WP 58.8 67.62 61.39 63.014

ED 223 240.38 221.57 _13.914

Actual Efficient Lover
Expenditures Expenditures 1* Bounds

Cd 1409 200 ~~200

Cn ~.008 1288.514 ~~700

C 9114 842.46 ~ 500
2331 2331

34
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The ideas of goal programming are combined with efficient point considerations
to yield a computational approach for use iii &adeof I analysis and evaluations~
for goals accounting analysis . The orientation is toward an efficient point
which comes closest to a set of interrelated goals. Attention is thereby re-
strict ed to a subset of the possible efficient points. Shadow prices to guidel
further analyses are also automatically supplied for guiding subsequent trade-,
off analyses. Relations to the utility theoretic and household production
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considerations of Gary Becker and Kelvin Lancas ter are indicated and an
illustrative example involving econometric estimates for pertinent quality-of-
life dimensions is supplied.
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