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~~ X~,oductio~~
A floa t that is neutrally buoyant at a fixed depth in

the ocean can 3erve as a platform for making measurements If
the float ha3 physical properties that are Identical with those
of water, a study of its motIon would reveal the motion of the
water0 Measurements of this nature would differ from those ob~
ta m ed at a fixed point in space . The instruments themselves
would be on an accele rating reference frame, and the meaning of
their readIn~:s may not be obvious. A hydrophone inside an ac~
cele.rating tio~it could indicate pressures which do not exist.
Again, no pressure fluctuations would be found under gravity
waves.

Th.~ urpose of this note is to study the response of
both a floa t and an attached device for measuring pressure gra--
dients. Fven though the pa!-tlcular device is of limited inter-
est, the study of the respon se of the system to oceanic motions
has ~;ome fa3cliiating features .  

~~~~
—

f ~~at~ment of
An aluminum pipe, capped at both end b , is trimmed so

that it has the same density as water at a certain depth - The
water has a temperature, e ~ which decreases with depth; the
salinity is asaume4 to be eonstant~.

There is a shallow well in the bottom of the float,
Fig 1, which is capped with a thin flexible diaphragm A hole
in the side of the well Is vented into an open section of pipe
which is bent to Ue In the direction of the axis of the cylinder.
The well is filled with sea water before putting the float In the
water, and the pipe is filled with sea water at a depth of ap—
proximately 30 ft0

The question las }~ow do the float and diaphragm respond
to pressure gradients In the water?
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To i ttempt to obtain an exact solution f  or the behavior
~ - -- ‘ o’ the cy l inde r in water would be a large undertaking . Instead ,

the equa tiøn used will ignore much of the interaction between the
wate r and f1ot~t and so wlfl be exact only when there Is no rela-
tive motion between the two The justification for this is that
a relatively ~Imple approximate solution will point out the gen~
s—al features of the motion and show under what conditions the
f l oat might ~r expected to follow the water motion closely and
where it wo~ i~. not -s Tht, disadvantage is thttt It will not describe
t~ e ~re i~nure field distortions around a moving float and these
distortions .Lre of raramount Importan~e In de~ermIning the motion
of the pressure dete c tor A bet ter  a~ proxlma t1on to the correct
solution cot U , be ottain~d by adding ~he pri-esure field generat-
ed by a floe t th at  is ac~ e1erated In ~ater to the thitia]. pree
s i r . field 3y a series of such successive approxina tiona , an
e~ avt solutl - - n  could proba bi.) be obta ined for the cylinder geom-
etry used~ Such an exact solution , however, is not needed in
the present tnve s t-I~ ation where only the order of ma gni tude of
the response ~f  the pre~~ure gradient detector is d ’sired 0 The
equations u~~d will be suitably qualified with the response of
the detector in mind .

F~~a tIons~~f ~ 11~n
The Cyl1:~~~~~ Tbe equation of motion to be used for

the cylinder Is:

1) pr~~~ 
+ X ~ (Bz + IB

~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

g

~~ (p1~~~p3~
’) (B—A ) + (p2+IcX-p3~

’) A + F (~~4) ,

.3. . 
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‘ The terms on the r ight  of 1~~. 1) repre~.ent the total

force acting on the f loat .  The side t ube is assumed to be mass-
less. The pressures can be considered to be mad e up of
two piirta s (1)  the overall pressure f i eld which ~cta on both the
water and floa t , and (2 )  pressures cauEed by reI&i t : .ve motion be--
tw en the (los t and adjacent water . The e f fec t  of these latter
pressures on the relatively large volume of water around , but not
far from , the float will be ignored

Ileasonable approximations car be made t~c dete rmine the
pressures caused by the relative motion be tween th ’  float and
water. A steady flo~.• fcr  instance , will generat e a kine tic
pressure , I /2p(~p ~~~~

)‘ near the ends of the float .  In an
Ideal frictionleas fluid , these prei~ures will pioluce no acce].-
.ration . In a viscou, fluid , they nay con~ rlbute along with the
viscous drag at the floa t surfaces to the acceleza~ ion . Their
e ffect on the acceleration of the ent i re  . b a t  c l1~ be cons idered
to be inclt.~.d in the e’xçresplon F(z~ -- :) for  the frictional
drag . Later, when the mot ion of wa~er In the sice tube is con--
gidered , terms in pz 2 

~Ili have t ) be conside re d
( When a solid ~~ c ’lerai,,d in - i f luid 1 rxtra momen tu m

t~ Imparted to the f l ui l  and the so Lid se~ims to ~ave a highe r I n—
ert la than It~ own mass would indlc.ite ~n othe i ~:ord s , ~‘n ac
selerat ing sol id has pressure dIt ’fe ’an~ es be tw~e’i : t~- ends which
are proportional to the acceleration ..

A sphere .icceler a ted in w l t e r  bohuve~ ~s though It ha~
.in extra mass equa) to o - e  third tht~ mas.~ of 1isiil~uced water ~
cylinder would probably not have ~~ h1~:h a correc t or if the
extra mass fraction is -lenoted b’, i .  , thi~ aVPt’a~~e pre s sure drop
generated along the float by relati”e :Ict~ leratlcn is
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d- ical floa t , assume d e~ uai to H e  i loat
length

-.6 . -

- --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :_
-

~~ ~~~~~~~ - -~~~~~ 

- 
-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-~~~~ 
- —.--— --—--- -.--—-- ---.—-. ---————---—---- ‘-~ - 

-‘ 

-

- 

~~~
‘
~~fl

le~~,~ h :1’ :~or1zonta1 pipe
A 1 :ili i~a~m area
a , pipci cross-~sect1ona1 are a

st iffness o~ wa ter in a str~ ti~’i -~d medi’~mn

a frictior.  fac tor
Th~ mass of ~]uid ir the side tube is -~on~ idered con

stant, despite the p~~~oi np iiotion of the diephracm - Th~ “organ-.
pipe” end correction for P 19 also Ignore d . t.cc3lera tion of
the float prc’ä uc~ s no 2~~-ss~tre drop along the t~c~-1~ cnt.ai pipe~ so
the term does 1ot appear above

Approximate Solution

An ext ’~rna L .ic- z’c-~ i~ assumed to I~~iuce a pressure
gradient near the fi~at ~‘!‘i.~’i is independent of hon zontal po-~
sition for d1stan~~s :Lar-~~ •-~omrpai’ed tc- the di~iensior~s o: the
float. This pre a sur-~ :~~~~d is modi led by the motic-n of the
float in a w -~ po~r~~: - ~ cut  3r~ i~~~.. Ii’ the externally ~.r1uced
pressures at the ~or~.’ -:~ rt-al planes through the bottom and top of
the cylinder ar ~ p1 an( respectively ~ the pressures
near the float c~~ b~ ~,r itton

D
p
1 p~ + ó~~~~~~ 

(z , ‘
~~~)

L4 )  
+ 

~~~1F ~~~~‘ ~~~

F . .
— + (z, z)

T
~
• 

~3T ~~~‘ ~~

When these values era subst~.tu t ed in Fq~~0 I )  and 2~ and p2
eliminated bet’4een the two equations, the fol1o~4ng relationship
Is found :
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p
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T
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2
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~3T

Fquatlon 9) will not be graced with the title “solution .”
It and Eq. 8). however, form a useful guide for determining mo-
tions In circumstances where conditions are particularly simple .
A major reason for this analysis is to determine the response of
the diaphragm under a gravity wave.. Ex periments with floats
showe d approximately a 1 -percent response to gravity wave pressure
gradients at various depths . Maximum expe cted values for the
constants in the above equations should allow determining wheiher
such a response is reasonable.

The simplifying condition in the pressure gradient
measurements was that most of the response of the diaphragm was
sharply peaked at CJ 1.5 rad sec~~ . It vii]. be shown that at
this frequency W 2

PT >> K~/ -. In fact, can be shown large
compared to any of the othe r coefficients wi th the possible cx- -

ception of the Li e. Now consider the left side of Fq. 9), cx--
cJ.uding for a while the bracketed part of the expression. This
can be written

_ aI
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where all the parame~~rs are 3rnall compared with LL~Ity arid
- Ap — p + u p

The water displacement, ZW , for the case ~) PT>> 1c~1can be written -

11) 
~ i 2~~

With approximations of the ty pe (1+a)’’1 = 1 — a , the left side
of Eq. 9) can now be written

4 o p-F5

12)  _ 

~~~~~ 
~~~~~~~ 

- 
~~~~~~ 

- 

~ 
+ E~~~j~X

- ((m+~~J2X ~~~~~~~~ ~~~ ~~~D~~~ F i ~~~~~1F~~ 3F ))

Now, certain terms wOuld drop out of this expression if p~
ThIa equality may not always hold but the densities should never
differ  by more than 1 part In 100~ The coefficients of such terms
in p are

( 
-10-
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The values of the cons tants used here can be obtained from the
Appendix to this report. Difference terms involving these co--~
efficlents arid the densities , Eq. 12), should then be zero to
order 10~~ -, ‘To within this accuracy , Eq0 9) can be written,
after considering Eq. 12)

- \
_ _ 

1 ) ( 1 x 
- (~ iD~~3F) (~~A) (~1F~~~F)3 ... - 

~~D~~~~3T~~ ~~~~~~~ 

+ - (m:~ ) ~~2 x 4
- 

- 
The later terms have magnitudes

~ 12 X 10 
x io~~o p 2.3

_ .
~~.... 

~~ .ao’+ ~: i o
..2 X 1 1~ x 10~~ f or aluminum

~~~ 6 ‘~ 10~~ for platinum

X (.056+5) ~ 2.3 ‘~~ i0’~~ X 
7 >‘- 10~~
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Then

114) ( i .]  2 A3~ A3T + (A lD~z~ F ) ( 1_  4) •
to an accuracy of I part in 10

14 , exclud ing the ca~ie of a heavy
platinum diaphragm. Again . 

~5p 
a - 

~T
J~arlI.r, It was shown that th. &a have the form

~ s~~) A 
~~ UpW/ 

(~ — z.~~) + 
t~~i~~~~ 

(
~ 

j~)2

~4he re ~ and ~ are constants wi th valuea lass than uril ty . ForV -
~ 1 .5 a nd ~ a io2 cm , th. first of the expression s on th~right Is dominant. The ord.r or magr.ltude of the -lifference be.-~t~ seri z and s~ can be found by writing F~~ ~~ in the approxl--

ma te form

1 6 )  P lpi~~~~ 
+ KFIBZ + ~~~~~~~ o’ ~~~

. - -

~~~~ P + Aa ’ p~~~( 
~~~~

- - -

~~~~~~~

and noting that

1 7 )  P w w + 1 (
~~

Zw~~~?

for a lsr~e volume of vatsr rela tive to the si~. of the f loat  -

It ‘an be verif ied from these that

-1 2-- .
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18) 1 + + 
K~)

I +

and from Fqs 15 ) ,  17) .  and 1 6 )

19) a 
~~~~~

It is consequently apparent that the diaphragm response would
be controlled by mismatches in density Ap between the float~
water in the side tub. and water external to the float. Eq. 114 )
will then be written in the f orm of an inequality

20) ( . - . . ]  ~ < + 
2 f ~~~~~i]

wher, the coefficient of I is the same as in Fq .  9).
There are probably only three major reasons for a den-

si ty mismat ch ,.. First, the water in the side tube may differ from
that outside the float. Secondly , the water may hav, temperature
fluctuation s about the average gradient and , lastly , floa t motion s
outsid , the examined freque ncy range may prod uce a mismatch in
density .

Wa ter in the aide tube is sealed in near the surface
The salini ty differ ence be tween thi s and d.eper water would car—
tainly be less than 2 O

/~~~ , so that the maximum possible density

(~) . 13—
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i~ t’f.irenc~ w~ u d  be less than 1.5 X IO ’.
~ gm cm 3 .- ~emp.r.turi

fluctuations 1 )out the average would probably not exceed 1°C,

for  ~ihich the lenatty chRnge is 3 ~ 10~~ gm cm 3 
. 

*

At -i~ ir ~ low frequencies, the float amplitude is con —
troU.d by L .~. , Fq... 5), and the wa ter amplitud e ii controlled
by F , Fq... r.’).. These have va lues of jl~ X 1O~~ din. cm 1 and
12 X 10 - dyne cm respectively , so tha t th. ampl itudes would
have the rats -, O.~8t.. it is conceivable that low period internal
waves were 

•~~. .
~ ~~ -t  

~~rd had an amplitude of 1 5 m... When the
wa tir gr adi er. t Is 14 )

~ 1O~~ °C/cm , a failure of the float to fol-
low the mot.i .-~ of such wa ves could result only in a trivial den-
s i ty  misnwt -c) . .

Th~ result- of the above snal>-sia shows that the diaph ragm
should respon i to less than a few tenths of a percent of the pres-
sure gradient t’~esocieted with waves having a wavelength much larger
than the lar~~~ t dimcnalon of the float. The approximations were
generous in tr y ing to get a response~ : n  practice, a 0.1 pe rcent
limit, should ~robably be applied ..

~~~pc~nee t o C ~~ v~ ty Wa~ye~
In a steady 1 5—knot wind , surfac. waves develop to 8

27 .3 cm average amplitude or to a 55-5  cm average height;  the
average p.ric4l of these waves is ?.~ s ’conda and the wave leng th —

is 88 m (S. Derbyshire , 1959). The characteri st ict of a pro —
gr essivs gr avl. t.y wave having these average features are shown as
a function of depth in the following t;~k~lps

_ _ _ _ _ _  ____  ~~~~~~~~~~~~~~~ - -- ____  
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- Grav ity Wave Pressures

Fxpected maximum
Particle Pre~~ure instrument

Depth , Amplitude, velocitj, Pressure, gradient~ reapanse
meters cm cm sec” 1 dyne. cm” 2 dyne ~~~~ dyne cm”-2 

—

0 2 7 3  23 ‘- 2.67 x 10~ 19.1 1 . .-9
20 14.0 3.14 309  X 10~ 2.7? o3

60 0~38 .32 3~7 x io2 0.26 .03
100 0.02 .02 2.1 X 10 0.015 .002

The expected instrument response is based on measuring 0.1 percent
of the pressure drop over a meter distanes. ~the approxi mate m a
responses actually obtained under different conditions are shown
in the next table

Instrument Baa pona•
- 

Mirror
‘ I Depth , response, Minimum proba ble Location in Atlanti c

me ters pre ssure Ocean

13 0,3 0.2 0ff shelf , New York
1? 1~~3 0~7
21 303 2.0
614 ~6 Bermuda• 98 .0 .0 Virgin Island s

102 ~1? .06 “
109 .t?  .06 Bermuda

Pressures at depths between 190 m and 700 a were too small to de-
tect. The minimum probable pressur, was obtained by using an
average d. c..— sensitivity of 3 dyne. cm”2 ma’~ and then allowing

— — 15—I I  ( ~
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a fiv.fold increase in sensitivity to allow for instrument r.s—t onances. This proced ure probably underestima tes the pressures
acting on the diaphragm. Th. result s near 100 a are questioned
because (1) the float at Bermud a was not completely at rest and
(2) the Virgin Islands result was obtained with a platinum dis•-
phragm which may have responde d to temperature fluctuations.

The.s results show that the maximum pro babl. obser ved
pr essures were somewhat large r than the maximum expected to be
measured . This lead s to some reluc tanc , to attribute the pres-
sures to gravity waves, but some strong counter arg uments can
be made s ( 1)  Re sponses increase with depth near the surface as
would be expected if stron gly saline surface waters fill ths
measuring pi pe ; (2) the measuremen ts near 100 a are question-
able ; (3) the 100 a measurement near the Vir gin Island s was
performed wi th a cri tically dampe d system and the predominant
frequency had a period near that of the surface waves, 10 see ;
(14) ther , were too few shallow tests in too many location s to
give a good descript ion of the depth effect being measured;
(5) a frequency analysis showed a considerab ly broad er spectr um
than expe cted from the chara cteristics of the instru ment ; higher
frequencies could have been introd uced by dia phragm resonances
and lover ones by gravity waves.

if t.r all this, on. is still lift with the original
discrepancy. The f i rs t  reaction is that the instrument measures
pressure gradients associated with gravi ty wa ves, but this is on
a shaky quantitative ground. A definite answer is needed to know
whether gravity waves or turbulent and internal wave motions are
the sources of excitation .

—16—
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Motict- of _tbe Float

For most purposes, the motion of the float and sur-
rounding vater is adequa tely described by Fqs. 16) and 17). It
would be uEeful to mike only a few gener al observations based
on these equ~tions.

Equation 17) ihowi that water motion can be excited
to high amplitudes ~t a frequency given by

C.)

IS Si llThis frequency, called the Vaisala or stability frequency , has
an associated period ranging from about 10 m1nute~ to many hours,depending on -, Internal W*7s3 will propagate only at fr,.
quencies lower than this Vaissla frequency .

Similarly, the float has a resonanc, which varies withILL, • In the mor. stable waters , IC~ is only slight ly greater
( than L,~ and the float will have approximately the same resona nt

period as the water. 1L~. , however, is determined by the lowcompressibility of the aluminum shell as well as by the stabilityof the surrounding water and so it var ies l.ag with water condi—N ti •,tions than doea the Vais*l. frequency . The float resonant fri..quengy can change 01*2.) by a factor of about two throughout the
Ocean.

In the previou s sections , interest was centered on
freque ncies well above the resonant frequenc ies of the rloat andwater where the equality of density allowed the float to behav e
mechanically in the ~sme way as an equivalent amount of water.Stable water , with a large temperatux e grad ient , formed the en—vironment and the K ’ s fox th. water and shell were sufficiently
close for the float to follow water motions to a large extent at

.17-
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frequ encie. well below resonance as well. )Iotion near th. res-
t .; orien t frequency is a special case which need not be discussed I -,

here .
U 55 55These condi tions change in deep water where the Vaisala

frequency is very low and K7 >> K
~ 
. At the low frequency end

the float would hard ly respo nd whereas larg . ‘water motions are
likely to take place . Siseable vertical motions of the floa t
could only take place near and above its resonance frequency , a
region where littl * kinetic energy is likely to be present0

-18..
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Append ix

This secti on deals with evaluating the stiffness con-
stant s K~ and IL4 for displacements in a stably stratified
medium.

A stratified medium is one in which the density , or some
other property, of the fluid depends only on the distance, a
from some horizontal reference plane. s will be measured upward .
Then , the density difference between two planes 6Z apart can
be written

l À)  As .

When a uni t volume of fluid is moved through the distance
Al • it will undergo a density change as a result of the pressure
differe nce be tween th . two levels. The thermal diffusivity of the
medium is assumed sufficiently small for the change to tak , place
adiabatically The resulting density chan ge can be ‘written —

2A) dp ~~AZ — .-~~~~ pgAz

where is the entropy ; p , the density ; p , the pressure;
g , the acceleration of gravity ; and c , the velocity of sound
In the mediuw.

In general , the density of displaced fluid will differ
from that of the fluid on the new level and there will be a net

~~Qyant force per uni t volume given by

3A) .
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This expression can be examined in more detail by expressing the
density as a function of the temperature, e , and the pr essure .

~A) Ax ~~~~~ + (
~

) ~ £5
It is then apparent that the buoyancy depends on the thermal ex-
pansion of the medium in a temperature gradient arid on the gj~-ferepce between the isothermal and adiabatic cospressibilittes
of the fluid . The latter quantity i~ usually very small , but It
may be the moat important factor in deep water.

çompr.ssibi]itj ss

The difference between the adiabatic and isothermal
compressibllitles can be obtained thermodyna mically . App lica-
tion of the result to a cylindri cal containe r is irre gular , so
that a complete treatment of the problem will be given here .

The volume of the float , or of water around it, can
be expre ssed as a function of two thermodynamic variables. It
can be expres sed as V(a , p)  for the variables a , ~ or
V” (a, b) for the variables a, b • Derivatives in terms of the
first variables can be expressed in terms of the second , so that

5A) (fi~) (
~

)
~ +(

~
.) (

~
)

It is then correct to write

6k) 

~~ 
* (~~~)e p (~~~)~ 
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The total heat capacity of the float can be writtenL

9k) c ”~ ~~~~~~~~

where 01p is the heat capacity per gram of material i present
in a mass a1 in the float. It will be assumed that con—
slats only of aluminum , for which c , = 0.21 cal gm~~°C • The
ratio = p~ , the density of surrounding water when the float

— is neutrally balanced. for the float is known to be
1 8 X  10_ il  dyn&’1 cm2 ; the compresEibility of solid aluminum
is 1.~2 ~ • For a float under typical conditions, Eq0 BA)
shows

~98x (69x 1o~~)2p0 Eb3X O.21 X ‘+ .th X 107

= — 116 x

or

p 
— 9~~~10 ’~Float —

The same ratio for solid aluminum is 0k.
Similarly , f  or water

- ~98x  (300 x 10~~)2

~ e E 03x ~ +,1~sx 1O~

~~~~6 ,2 x

—2 2-
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Th1~ ratio for water is only indicative. It varies appreciably

with water c:r-fltlons becau4e c-f the unusual thermal expansion
properties o~ vater~

Eva~.up tiori of Stlffn, s13 Con%tant~
The- restoring force on a ~in1t volume o:i’ material dis•

placed ad1ab~ tically In a ~trat ifled tiedium was :;hown to be ,
Eqs . 3k)  and 

1
# L ) ,

- - g [ (ii) ~ (t •
~) T 

- - ~ g J AZ

or

10k ) +gp a 1) — — ~T pg J AZ
and p ,,, refer to the m~ iIum~ refer s to the substanc,

displaced 1
The above expression will be evaluated f i rs t for watt~r

motions only.
T~x erIments were performed at  locntIon~ where the ~~p

100 meters of water had a gradient of approximately
14. ‘

~ 10~~ °C The teinperatuj ’e gi-adient at  a 1000~-meter
depth was about a factor of ten less. The thermal expansion ~~
the surface watex’s~ which were at a temperature near 250C f. was 

S

3 ~~- io~~ Oc ’1 At a depth of 1000 a, the expansion coefficient

LI
23 
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;hould have bern 1 )~ x ~ Thes~.— values ior the surface

~uter s ard th~ -iathes o1 t i e  eo.npre~sib11ii.y ~ifference found in
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The relatively sn ali :‘That wil]. not respond adiabat---
ica1l~— in s1~~’ riotiox s but wl) 1 ~scume the temperature of nearby
water which -d~~ s react adiabatically 0 For most purposes~ the
aircerence b ; ~~e~ adiabatic and isothernia]. response is small
enough to ignore , but correction nwst be mad e if water washes
over the float ~O ~:s 1:0 chan~~ i~ s tei~perature . It is for this
reason that the term in 9’ (z- - ~~) 

~
pF/óO ~.s included In Eq0 1).
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