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A float that is neutrally buoyant at a fixed depth in
the ocean can serve as a platform for making measurements. If
the float has physical properties that are identical with those
of water, a study of its motion would reveal the motion of the
water. Measursments of this nature would differ from those ob-

tained at a ixed point in space. The instruments themselves
would be on an accelerating reference frame, and the meaning of
their readings may not be obvious. A hydrophone inside an ac-
celerating flocat could indicate pressures which do not exist.
Again, no pressure fluctuations would be found under gravity
waves,

The opurpose of this note 1s to study the response of
both a float and an attached device for measuring pressure gra-
dients. Fven though the particular device 1s of limited inter-
est, the study of the response of the system to oceanic motions
has some fascinating features. N

Statement o he_ Probleu

An aluminum pipe, capped at both ends, is trimmed so
that 1t has the same density as water at a certain depth. The
water has a temperature, © , which decreases with depth; the
salinity is assumed to be constant.

There 1s a shallow well in the bottom of the float,

Fig. 1, which is capped with a thin flexible diaphragm. A hole

in the side of the well is vented into an open section of pipe
which is bent to lie in the direction of the axis of the cylinder.
The well is filled with sea water before putting the float in the
water, and the pipe is filled with sea water at a depth of ap-
proximately 30 ft.

The question is: How do the float and diaphragm respond
to pressure gradients in the water?
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To ettempt to obtailn an exact solution for the behavior
o’ the cylinder in water would be a large undertaking. Instead,
the equation used will {gnore much of the interaction between the
water and float and so will be exact only when there is no rela-
tive motion between the two. The justification for this is that
a relatively simple approximate solution will point out the gen-
ern) features of the motion and show under what conditioris the
float might be expected to follow the water motion _closely and
where it would not. The disadvantage is that it will not describe
the pressure field distortions around a moving float and these
distortions are of paramount importance in de’ermining the motion
of the pressure detector. A better approximation to the correct
solution could be obtained by adding the pressure field generat-
ed by a flozi that is accelerated in water to the initlal pres-
sure field, By a series of such succesgive spproximations, an
exact solution could probatly be obtained for the cylinder geom-
etry used. Such an exact solution, however, is not needed in
the present I(nvestigation where only the order of magnitude of
the response of the pressure gradient detector is desired. The
equations used will be saltably qualified with the response of
the detector in mind.

Fquation Motion

The Cylinder: The equation of motion to be used for
the cylinder is:

®” a
1) ppdBz + Ko Bz + B Z%E o' (2-2,) g

= (py Py ) (B-2) + (ppRC-pyF) A ¢ F (3-8) ,
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vihere the quantities involved are

: 'PFQ average float density

1 KFP restoring rorce per unit volume o float per unit
iisplucenent from 2z = 0 , the equilibrium
position

P displacement of float from equilibrium depth in
still water

T T T ——

Zg water displacement from equilibrium
B, floet cross-sectional srea
£, cylinder length
0, water temperature
a8, vertical temperature pradient
plF, averaga dynanie, or non-hydrostatic, pressure across
he bottom of float
p‘F. average dynamle pressures at top of float
Do average dynanic prescurs just behind diaphragm
A, diaphi*agm area
X, diaphragm stii’'fness per unit area
( X, diaphragm deflecticn relative to float
F, totel drag on the {loat by water moving relative

to 1t with uanit velocity.
Dots denote dlfferentiations with respect to tinme.

The iregt term in Fg. 1) represents the usual irertial

; reactance. The secord tern represents the stiffness or resist.

' ance to displacement of the float ceused by the fact that it 1s
less compressible {hsnh water and also by the fact that the density
of sea wuter usually decreases with helght fast enough to produce
a steble stratification of the fluld K, 4e usually determined
1 under adiabatic conditions: the third term corrects for tempera-
: ture changes of the float which may de induced by water moving
relative to the float,




, The terms on the right of ¥q. 1) represent the total
force acting on the float. The side tube is assumed to be mass-
less. The pressures 91F can be considered to be made up of
two parts: (1) the overall pressure field which acts on both the
water and float, and (2) pressures caused by relative motion be-
tween the float and adjacent water. The effect of these latter
pressures on the relatively large volume of water around, but not
far from, the float will be ignored.

Reasonable approximations can be made (¢ determine the
pressures caused by the relative motion between the float and
water. A steady flow, for instence, will generate a kinetie
pressure, 1/29(;3 - ;w)2 near the ends of the float. In an
ideal frictionless fluid, these pressures will produce no accel-
eration. In a viscous fluid, they may contiribute along with the
viscous drag at the float surfaces to the acceleration. Their
effect on the acceleration of the entire "loat cen be considered
to be included in the expression F(z, - z) for the frictional
drag. Later, when the wotion of water in the sice tube is con-
sldered, terms in piz will have to be considered

When a solid is acéelerutad in a fluid, extra momentum
is imparted to the fluid and the solild sesms to have & higher in-
artia than its own mass would indicate. [(n other wvords, &n ac
celerating solld has pressure differences between . ts ends whicnh
are proportional to the scceleration.

A sphere accelerated in water bohaves #s though it has
an extra mass equal to one third the mass of displuced water A
eylinder would probably not have as high a correction. If the
axtra mass fraction is denoted by « , the average pressure drop
generated along the float by relative accelevaticn is

apyd(zg ~ 'iw) 5
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This term must contribute to Q,F and p3F along with any con-
tribution from an externally induced field

The Disohragms The displacement, X , of the dia-
phragm satis’ies the equation

2) p§D %Py + KX+ mz ¢+ (m X ,

whera m 1s the nass per unit area of the dlaphragm and yu 1is
a radlation inertia term. %The other quantities were dascribdasd
in the previous section. As iwmplied in the previous section,
the pressure on the exterior o the diaghrugmp p'p » Wwill not bdbe
{dentical with the averase pressure p’b

When the diaphragm moves relstive to the float, 1t
pushes water around and the radiation reactance of this motion
is quite large. It can De shown that water on the exterior face
of the diaphragm adde an inertial mass per unii area of p = @p X
radius of diephragm. Inertial loading benind the diaphragm can
probabdly be fynored because most of 1t takes place in the side
tudbe whereas Py is measured in the wall.

The Venting Tudbs: The equation used to describe the
motion of fluld in the venting pipe is

WRE 3 XA =
3) Py ..pBT = p.r(-e-fln? -55 + p,r(; + ,215‘“(34‘3\.) + ¢ 22 .
where
P1T- pressure at open end of pipe

AL vertical length of plipe parallel to the cylin-
drical float, assumed equal to the float

length




Lov langth of herizontal pipe

A, diaphrazm ares
a, pipe cross-sectional area

Kw, stiffness of water in a stratified medium
f, a friction factor

The mass of fluid in the side tube is considered con-
stant, despite the pumning mnotion of the dizphragm. The "organe
pipe™ end correction for ¢ 4is also ignored. Accaleration of
the float produces no pressure drop along the horizontal pipe, so
the term pTJbi does not appear above.

Approximate Solution

An external source is assumed %o induce a pressure
gradient near tha float which is independent of horizontal po-
sition for distances large compared to the dimensions of the
float. This pressura field is modiZ‘ied by the mecticn of the
float in a w=y polnted cut earlier. If the externally iniluced
pressures at the horizontel planes through the bottom and top of
the cylinder arc Py and p3 s respectively, the pressures
near the float can be written

p- + A’D (i. ‘zi)
By * &y s 2)
Py =Py * Ay (%, )

s o ao
p3 e p3 * ABT (z, 2) .,

o]
b
i

%)

When these values ere substituted in Fgs. 1) and 2) and p,
eliminated between the two equations, the following relationship
is found:




. Opy
5) Pp/BZ + KpfBz + gfB 351'- o (5-z)

= Bap + A8y peagp) ¢ (B-2)(84p~8yp) - AmZ - A(mep) X o Flz-z).

Op 1s written for Py p3
Slullarly, Eqs. 2) and 3) yield

v

6) ppdedy) 38 + ol + g (2e8h) 4 ¢ 2B

.

= AP *Ap - Oyp - KX - b8 - (map) X .

2

Now assume that aAp(t) 4s of the form Apelut

Equation 5)
becomes

.- 2 .y
) Kpl3-0"po{B-Anmw®+ 10F+g/B %6 9 |=

6. OPF p
= Bap + Alnw UX + i‘“Fz'W + /B ¥ e %,

T AL g 0yR) + (3-4)(8ypmay)

8« AP = A * Bym ~wope () A 3
Fa ) 3, {J },,\, T a A

g, N .
+ (Kw ;} X+ KX « @%aw) X + 10f f::' X

When Eqs. 3 and 7) are combined.

8
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op
op+ (mow WP XA/ Bz, /Bvel ok of 2 oo o0y ) SBEAL (8, pen. )

t
W2 pmh-AK om) \
Sanh I(FI-ozppl-Amﬁ/mwF,/Bmlg—gI e’

= X(KefKy § wlop(+hy) & WP (mn)vior £ - ap - Ay + 4y

Fquation 9) will not be graced with the title "solution."

It and Eq. 8), however, form a useful guide for determining mo-
tions in circumstances where conditions are particularly simple.
A major reason for this analysis 1s to determine the response of
the diaphragm under a gravity wave. Experiments with floats
showed approximately a 1.-percent response to gravity wave pressure
gradients at various depths  Maximum expected values for the
constants in the above equations should allow determining whether
such a response is reasonable

{ The simplifying conditicn in the pressure gradient
measurements was that most of the response of the diaphragm was
sharply peaked at W = 1.5 rad sec”' . It will be shown that at
this frequency wsz > le . In fact, (sz,l. can be shown large
compared to any of the other coefficients with the possible ex..
ception of the A‘s. Now consider the left side of Fq. 9), ex-

cluding for a while the bracketed part of the expression. This §
can be written :
5 §

o v ——
Wy P2L §
10) - g !

o) R _m_ iF & e i
't b wusz+§pT’~B""'r" e
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wvhere all She parameters are small compared with unity and
PF"PT*OPv s

The water displacement, 2z, , for the case W p,>> K./
can be written y

With approximations of the type (1+a)”! =1 - a , the left side
of Eq. 9) can now be written

Opg
Ky o] dg e A m iF ;) e,)
T T S R

8p
2y A _1F F A B-A
- X popae 5 ¢ w‘?"'*pw’§<Am~A3p)=‘14(Am“A3F’) :

Now, certain terms would drop out of this expression if Py = Pq .
This equality may not always hold but the densities should never
differ by more than 1 part in 100. The coefficients of such terms
in p are

=10~




2
s - 1 - 2x 1073
W 380 X 1.5 x 1 x 10

€ (3] el = 3 P 2.9 X 10‘““! b x 10.’,+ L X 10"5
wzpw 2.3

K <

1 Kp ik 1077 -5
W oy 2.3

The values of the constants used here can be obtained from the
] Appendix to this report. Difference terms involving these co-
efficlents and the densities, Eq. 12), should then be zero to
order 10"5 . To within this accuracy, Eq. 9) can be written,
after considering Eq. 12)

13) (coelXx = ayp - o ACYIDTA4F) _ (B-A) (M1F783F)
%‘ﬁ 5 oul ]Ap - (m+pw? X

The later terms have magnitudos

- M L 32 x107 -8
I g Thgte . Txw

W P
___III_. BA o+ ook % 1072 x 1 ~ % %1077 for aluminum
~ 6% 10"k for platinum

() W2 X § ~ (.056+5) x 2.3 % 107* x ~ 7 %107 .

n
S




Then

‘l‘) [cno] X -~ A” - A3r * (A'D"A3F)("‘ ﬁ) . ;&; AP

to an accuracy of \ part in 10“. excluding the case of a heavy
platinum diaphragm. Again, 69 = Pp - Pp o
Karlier, it was shown that the a's have the form

15) &= apyl (8 -2 +ppy (2 -850

where a and B are constants with values less than unity. For
& =1.5 and { = 102 cm , the first of the expressions on the
right 1s dominant. The order of magriitude of the difference be-

tween g and By can be found by writing Fg. 5) in the approxi-

mate form
% op
16) PpPBE + KpfbBz + B el o (xox)

= Bap + Al pgp (Bezy)
and noting that
” F’w.':w”‘w“w‘"“lm

for a large volume of water relative to the sige of the float.
IL can be verified from these that

“12.
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18) 3..1*239‘,*,\1(" |

2z Pw pFaz

and from Fqs 15), 17), and 18)

PP
-a(_u)w :
P
It 1s consequently apparent that the diaphragm response would
be controlled by mismatches in density 4Ap Dbetween the float,

water in the side tube and water external to the float. Eq. &)
will then be written in the form of an inequality

e (.. )x< [—-L_“'pp"’“' ‘ 2'.".___5"'1'.]

where the coefficient of X is the same as in Fq. 9).

There are probably only three major reasons for a den-
sity mismateh. First, the water in the side tubes may differ from
that outside the float. Secondly, the water may have temperature
fluctuations about the average gradient and, lastly, float motions
outside the examined frequency range may produce a mismatch in
density.

Water in the side tudbe is sealed in near the surface.
The salinity difference between this and deeper water would cer-
tainly be less than 2 /oo » 80 that the maximum possible density




difference wou'd be less then 1.5 X 103 gm em™3 . Temperature
fluctustions abhout the average would probably not exceed 1°C,
for which the density change is 3 X 10”“ Fm em 3

At very lov frequencies, the flocat amplitude is con-~
trollied by K, , Fq-. 5), and the water amplitude is controlled
by Ky » Fas 17). These have values of 1k X 10“5 dyne cll"1 end
12 X 10”5 dyne e ! ; respectively, so that the amplitudes would
have the ratio O0.84%. It is conceivable that low period internal
waves were , - .ol and had an amplitude of 15 m. When the
water gradient is Lk X 10"“ oC/c¢m , a fallure of ths float to fol-
low the moticn of such wavas could result only in a trivial den-
sily mismatch

The result of the above analysis shows thst the diaphragm
should respond to less than a few tenths of a percent of the pres.-
sure gradient associsted with waves having a wavelength much larger
than the largost dimension of the float. The approximations were
generous in trying teo get a response; :n practice, a 0.1 percent
1imit should vorobably be applied.

Responge to Cravity Waves

In a steady 15-knot wind, surface waves develop to a
27 .3 cm averspe amplitude or to a 55 5 cm average height; the
average pericd of these waves i1s 7.5 seconds and the wavelength
is 88 mw (J. Darbyshire, 1959). The characteristics of s pro-
gressive gravity wave having these average features are shown as
a function of depth in the following table:

Ak
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Gravity Wave Pressures

Fxpected mximun.
Perticle Pressure instrument
Depth,| Amplitude,| velocity,| Pressure, |gradient response
meters cn cm sec~! | dynes cm-2 dyne cm™ dyne cm-2
0 27.3 23 2.67 x 10| 19.1 1.9
20 4,0 3.4 3.9 X 103| 2.77 3
60 0.38 232 3.7 x 10%| 0.26 .03
100 0.02 02 (2.1 X 10 0.015 . 002

The expected instrument response is based on measuring 0.1 percent

of the pressure drop over a meter distance.

The approximate rms

responses actually obtained under different conditions are shown

in the next table.

Instrument Response

Depth, ?2:;3530. Minimum probable | Location in Atlantic
meters miio Pressure Ocean .

13 0.3 0.2 Off shelf, New York i

1?7 1.3 0.7 "

21 3.3 2,0 n

64 o6 0.4 Bermuda

98 .0 .0 Virgin Islands

102 212 «06 "

109 o1? «06 Bermuda

?ressures at depths between 190 m and 700 m were too small to de-
tect. The minimum probable pressure was obtained by using an
average d. c. sensitivity of 3 dynes em~2 mm=1 and then allowing

1 5=




a fivefold increase in sensitivity to allow for instrument res-
onances. This procedure probably underestimates the pressures
acting on the diaphragm. The results near 100 m are questioned
because (1) the float at Bermuda was not completely at rest and
(2) the Virgin Islands result was obtained with a platinum dia-
phragm which may have responded to temperature fluctuations.

These results show that the maximum probable observed
pressures were somewvhat larger than the maximum expected to be
measured. This leads to some reluctance to attribute the pres-
sures to gravity waves, but some strong counter arguments can
be made: (1) Responses increase with depth near the surface as
would be expected if strongly saline surface waters fill the
measuring pipe; (2) the measurements near 100 m are question-
able; (3) the 100 m measurement near the Virgin Islands was
performed with a critically damped system and the predominant
frequency had a period near that of the surface waves, 10 sec;
(#) there were too few shallow tests in too many locations to
give a good description of the depth effect being measured;

(5) a frequency analysis showed a considerably broader spectrum
than expected from the characteristics of the instrument; higher
frequencies could have been introduced by diaphragm resonances
and lower ones by gravity waves.

After all this, one is still left with the original
discrepancy. The first reaction is that the instrument measures
pressure gradients associated with gravity waves, but this is on
& shaky quantitative ground. A definite answer is needed to know
vhether gravity waves or turbulent and internal wave motions are
the sources of excitation.

«16-




Motior of the Float

For most purposes, the motion of the float and sur-
rounding vater is adequately described by Fqs. 16) and 17). It
would be ureful to make only a few general observations based
on these equutions.

Equation 17) shows that water motion can be excited
to high amplitudes at a frequency given by

(A =‘f5—_

Pw

This frequency, called the vzia:I: or stability frequency, has
an associated period ranging from about 10 minutes to many hours,
depending on Kw ° Interngl ra:'s will propagate only at fre-
qQuencies lower than this Vaisala frequency.

Similarly, the float has a resonance which varies with
xr « In the more stable waters, KF is only slightly greater
than K' and the float will have approximately the same resonant
period as the water. ‘F » however, is determined by the low
compressibility of the aluminum shell as well as by the stability
of the surrounding water and so it varies less with water condi-
tions than does the v21.212 frequency. The float resonant fre-
queney can change only by a factor of about two throughout the
ocean.

In the previous sections, interest was centered on
frequencies well above the resonant frequencies of the float and
water where the equallty of density allowed the float to behave
mechanically in the same vay as an equivalent amount of water.
Stable water, with a large temperature gradient, formed the en-
vironment and the K's for the water and shell were sufficiently
close for the float to follow water motions to a large extent at

7=
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frequencies well below resonance as well. Motion near the res-

onant frequency is a special case which need not be discussed
here.

These conditions change in deep water where the v21-21:
frequency is very low and Kr > Ky o At the low frequency end,
the float would hardly respond whereas large water motions are
likely to take place. Sizeable vertical motions of the float
could only take place near and above its resonance frequency, a
region vwhere little kinetic energy is likely to be present.

-18-
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Appendix

This section deals with evaluating the stiffness con-
stants Kp and K, for displacements in a stably stratified
medium.

A stratified wedium is one in which the density, or some
other property, of the fluid depends only on the distance, =z ,
from some horizontal reference plane. £ will be measured upward.
Then, the density difference between two planes Az apart can
be written

14) $

When a unit volume of fluid is moved through the distance
Az , it will undergo a density change as a result of the pressure
difference between the two levels., The thermal diffusivity of the
medium is assumed sufficiently small for the change to take place
adiadatically. The resulting density change can be written

24) ‘%%L? dp = -(ﬁg)n pgAz = - ;-k PEAS

where n is the entropy; p , the density; p , the pressure;
g +» the acceleration of gravity; anmd ¢ , the velocity of sound
in the medium.

In general, the density of displaced fluid will differ
from that of the fluid on the new level and there will be a net
buoyant force per unit volume given by

3A) +.(gg-‘§glng§)u :

- - '&A&‘j




This expression can be examined in more detail by expressing the
density as a function of the temperature, © , and the pressure.

) oo B8 $0s o (B), B

It 1s then apparent that the buoyancy depends on the thermal ex-
pansion of the medium in a temperature gradient and on the dif-
ference between the isothermal and adiabatic compressibilities
of the fluid. The latter quantity is usually very small, but it
may be the most important factor in deep water.

Compressibilities

The difference between the adiabatic and isothermal
compressibilities can be obtained thermodynamically. Applica-
tion of the result to a cylindrical container is irregular, so
that a complete treatment of the problem will be given here.

The volume of the float, or of water around it, can
be expressed as a function of two thermodynamic variables. It
can be expressed as V(a, p) for the variadbles a, § or
V/(a, b) for the variables a, b . Derivatives in terms of the
first variables can be expressed in terms of the second, so that

$, (%), (8, (%), -

64) (g%)ﬁ ' (%)e * (g)p (g)n :

(8-
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| where ‘he pressure and cntrooy, » and ;(, ire ope set of varie f

. ables and the pressure and temperature, p and @ , are the ;

seco'd set. The lgeatropie volune snange 1s then seen to be
api8d by the isothe pal comprassiLility and Ly thermal expansion
i ajs;oclated wlth the timperaturs chonge in the adlabatlie process.
3

By starting with the enthaipy eguation and using

(S

QQD, €) , 1t 13 possidle to show }

48 _ |é&
p 6 {b'

1

o

dp

7.) 377 =0/
\

'p

or

1 i
el {
4 \ -a <
» o & c ~
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The total heat capacity of the float can be written

9}\) c/p = X mi cip ’

where °1p 1s the heat capacity per gram of material 1 present
in a mass my in the float. It will be assumed that n* con-
sists only of aluminum, for which ¢ = 0,21 cal ga~toc- The

ratio § = p, , the density of surrounding water vhen the float
is neutrally balanced. Bg for the float is known to be
1.8% 10°"! gyne™! ew? ; the compressibility of solid aluminum

1s 1.42 %X 10°'2 | Por a float under typical conditions, Eq. 8A)
shows

6,2
208 X (69X 10
P R 126 3“2"6‘9‘1.2 "x"'TF,"%U'i‘T'OT'

=« 1.6x 10”13

or
B "ﬁa -
( Po )Float = - 9x 1073

The same ratio for solid aluminum is .O4%.
Similarly, for water

" s .29 x §a00x 10‘6)2
p pe oV X ©° X

= 6,2% 10713




and

This ratio for water 1s only indicative. It varies appreciadbly
with water corditions because of the unusual thermal expansion
properties of water.

Evaluation of Stiffness Constants

The restoring force on a unit volume of material dls-
placed adiabstically in a stratified medium was shown to be,
Eqs. 3A) end &A),

Koz = -g “%)p 8- ((%%), 3 {%%);Z)pg] 5

or
e =p e, 82 - (ﬁ;l ~ By PGJ bs

a  and 8,, refer to the medium; ﬁh refers to the substancs

displaced.

The adbove expression will be svaluated first for water
motions only.

Experiments were performed et locations where the top
100 meters of water had a gradient of approximately
L 10'k o¢ om™! The temperature gradient at a 1000-meter

depth was about a factor of ten less. "The thermal expansion of
the surface waters, which were at a temperature near 25°C, was
I x 10”“ oc”! . At a depth of 1000 m, the expansion coafficient

SN W 5

W TR .
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should have been 1.4% X 10"'lr o1 These values {or the surface
vaters and the values of the compressibility difference found in
the preceding section can be substituted in 2q. 10L) to find K, ©

. ) -} .
X, = 980(3 x o™ x hx 107 + 6.2x 10713 x 1.03 x 980] 1,03
.

=12 % 10”7 dyne cm™ "

[he effect of ths difference in compressibllities is obviously
negligible at this depth snd stability is caused by the tempera-
dure gradient. It affects the value of Kh by sprroximately

0 percent at the 1000-m level. In the absence of a temperature

gradient, the compressibllity fterw glone would procuce a Kw of
r )

b " ol
approximately 6 X 10 4 dyne cw .

The stiffness asscciated with displacenxents of the
float can now be calculztesd for the near surface cusal

r - Y l;~ i - 1S 4 1
Kp = 980{_? 10" %10~ « (1.8¢10°' L 4. x10°M)) 14 03x98‘oj 1.03

Again, the stability of the float in surface waters is controlled
by the teusperature gradisnt in the water, but now the float in-
compressibility nmakes a contridution which decomes Jominant in

smaller Lemperature gradients.
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The relatively small float will not respond adiabat-
ically in slow motions but will assume the temperature of nearby
water which doss react adiabatlically. For most purposes, the
difference betyeen adlabatlc and iscthermal response is small
enocugh to lgnore, but correction must be made if water washes
over the float so as to change its temperature. It is for this
reason that the term in e/(z«zw) apy¢{k> is included in Eg. 1).
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