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The problem of receiving Intelligence through a medium whose
properties are time varying has become an important one recentl y as

4 communication techniques are  extended to the upper atmos phere , or tro p —
osphere and to the underwater domain of submar ines. Both the tr opo-
sphere and sea wa ter are tin~e vary ing in a enmber of ways, and the dais
vaiiations have a wide ran g. of characterist ic periods. Som, of the.. are
long, such as the diur nal and seasonal variation, of underwater soond ve~
loch 7 profile.. Othese are quite abort and may result from magnetic
storms and solar flare. , which affect the Ion density of the troposphere,
or the wave motion of the s.awater surface and the relstive motion of
differ ent underly ing layer s of water This psper~~~~-be~~cncerned with
Luci short~- time temporal instabilities, namely, those that ha ’e an oppor-
tu.rzity to distort the time base of a transmitted or received signal (wave-
for-rn ) during the time duration of the coded signaL Such distortion s even
though alight , can be expected to play havoc with the usual type of matched

• filter or corre lator receiver ~~which Id actually an optimum receiver when
temporal distortions are not present f Moreover , as signal codes of
longer duration are used in an att empt to put more energ y into the medium
and attain more processing gain in the receiver , the llklihood of tempor al
distortions occurring within the time durat ion of the signal code becomes
mor e pronounced . It will be shown that the optimum receive r in the pres~
ence of tempo ral distortions is a particular form of an adapti ve receive r

The communication probl em tr eated here is considered In the ¶
general sense; it includes the transmission of a predetermined waveform
coded In any manner, and the reception of a temporally distorted version
of this waveform plu s add itive white Gaussian noise. Thus it pertain s to
message transmissions for purposes of sending intelligence from one point
to another as well as to rada r and sonar systems designed pr incipall y for
detection .. Actu ally the detection aspect of an optimally encoded waveform

P M. Woodward, ProbabU.i~y and Information Theory, with Applica’-
tions to Radar (Pergaman P~r e.s, ~~~ord, 1953), Chap 4



will be emphasized in this paper; no attempt will be made to treat the
• • choice of codes or the best utilization of channel capacities in a 5h2 flnofl

sense0
A second important cause of temporal incoherence, In addition

to the vagaries of the medium, becomes apparent when we consider target
detection by reflecti on of a long duration encoded signaL A target, to be
worthy of its mission, obviousl y has the capability of changing its location
in tim e and of accelerating and most targets can do both during the time
they are illuminated by a radar or sonar transmitter, The effect of such
target motion is to multiply the time base of the reflected waveform by a
constant scale factor , in the case of uniform relative motion, or by a
variable scale factor , Ia the case of accelera ted motion. The former
effect produc e. the Doppler—distorted r etur n signal for which satisfactory
technique s have been developed. The latter effect appears as an unwanted
temporal distortion of the signal-a tl rubb eriz ing*I of the time base which is
quite analogous to that imposed by the tim e variations, e- g. ocean surface
motion of the medium,

An assumption will be made that signal s arriving at the receiver
via several different paths in the medium are resolvabl e even thoug h over-
lapping. In other words , the various multipath arrivals ar e separated in
time so that the output of a correlation receiver is a set of resolved cor re~
lation peaks corresponding to the various multipath. Part of a proper en-
coding procedure is the choice of waveform which possesses a good ambigu-
ity function and hence good time and Doppler resolution, 2 and ther efore good
rnultipath resolut ion Moreover , the physical nature of the medium Is often
such, particularly In sound propagation through sea water , that the var ious
arrivals are separated In time by appreciable fractions of a second, more
than enough to resolve an optim ally coded waveform of wide bandwidth.

The well- known optimum detector for a fully coherent signal cor~
• rupted by additive Gaussian noise is one which cross corre lates the received

2 Woodward, op. cit. (above, note 1), Chap~ 7
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signal with a pre -~recorded version of the transmitted signal. Thi s result
3r ‘

~~~~ can be derived from a Likithood function as Woodward and others have
shown. As a next step to Increasing the maximum range of detection , the
transm itted waveform i.a lengthened (in the case ot a peak-power limited
transm~~fe r s~ as to couple more energy into the medium and to increase
the fr equency, or Doppler velocity, resolution for a moving target How-~
ever , in the presence of the tempor al instabilities alr eady discussed, ext-

• tending the time duration of the signal becomes seli - defeating after a point
Despite the Inc r ease in input signal -to - noise ratio obta ined thereb y, the
greater the frequency resolution fresolution spacing lfr, possessed by a
waveform by rea sor : of ~ time duration T the more susceptible is its
au tocorr elat ion function to slight distorti ons of the time base. Thu s, it is
quit e possible to “overdesign’~ a detection system by inadvertentl y building
so much resolu tion into it that is tails to recogrn ze a slightl y distorted , tar
get refl er-ted signal in spite of an adequatel y high input signal-to noise ratio
In fact , such an ~overdea igned” system can easily fa il to detect signals
which would have been recognized r~n~~ibiguoualy by simpler , less costly
receivers which processed the rec eiv ed energy coherent ly over a shorter
time sp~tn.. Thus . ~~. ~ ~~~~~ ~~us that an optimum detector should be mat ched
somehow to the “coherence times ” of the medium and any moving targets
which m a y  be pre sent~ It ía less obvious e~~ ctly what form an optimum re
ceiver, , so matched , should take, althoug h this problem has been trea ted
in the radar case for a received signal distorted by multiplicativ e noise. ’
For certain sonar applications particularly, it is more pleasing and specific
to treat the e~~ ct case of a time base distortion.. Th~ following paragraphs
der ve the form of an opt imum receiver from the standpoint of a maximum
Iticithood detector when time base diatortio~ a are present ,

We will consider a r eceived signa l f(t~ which ii comprised of
• 

• add , tive white Gaussian noise u(t~ and a distorted version sfk 0t • - ~V (t . ]

3 c w .  Heistrom , Statistical Theo~y of SIgn~4 ~~ t~çtio~ (Pergamaa Press
Oxford, 1960), p. 64, 73 ..

Rojas . prtvatt c.csnmunic*tlon6
p, Della, “J oint estimation of delay, Doppler, and Doppler rate,” ~~E

t ( Tr ans . , P, G. L T. , I T 6 , 330 (1960).
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of the t r ansm itted signal s$t )

f~t~ • n~t~ + rs [k0t •‘ - (l~

The delay parameter 
~~ 

represent . the round’ trip time delay for propaga~
tson out to the target and back, averaged over the signal durati on.. The

• term ~~ introduces the time base distortion which In itself is a function
of time The term , a constant, accounts for the time base compression
or expansion resul ting fr om the target a average speed relative to the
transmitter— r eceiver location , The quantity r is a r eal consta nt which
r epr esents attenuation of the transmitted aignal • The r might more gen~
eta U y have been conøidered complex and time varying, in which case its
phase ‘~. ould represent a phase shift of the signal carrier and the time fluc.
tuatior~ (-ou.~d account for scintillation effects. While such considerations
are appl icabl e to rada r ; it is the contenti on here that phase shifts of the
carrier do not adeq~~ t &v r ”pre sent the usual time base distort ions in un
der ’~~”~ ~~gnaL pr opagations. - 

S

Only st tisti.c~~ knowlec1ge is availabl e to the observer for n(t~ and
- rc t i~ Eq. U~ ‘rheir forms a.s explicit functiona Cif t are not known, but
they can be described in term s of the probability distributions of their arripli-
tudes 2
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The probability distr ibution upon 1 is assumed to be Gaussian
not only because of its simplicity and Its freq uent close approximation to
actual probability distributions in nature, but because by the central l imit
theorem the actual distribution will tend to a Gaussian shape if a number
of Independent and random factors contribute to the T(t ) distort ion at
any given time , In tropospheric and underwater propagation over long
distances this is the case, for the resultant time base distor tion is a cas~
cading of many spatially separated distorting effect s~ For example , a
principal mode for transmission of underwater sound over long dista nces
is the RSR mode (refract ion~ surface reflection) which entails mul tiple
surface or near surface reflections before arri val at the receiver . The
sea wave amplitudes and phases at the spatially separated surface reflec~
tions can be considered independent, and reflection from each of the
moving surfaces acts sequentiall y as a time base distorter upon the prop.~
agated slgnal • Thu s the resul tant distortion can be thought of as an op~
erator which ~s the produ ct of a n~xrn ber of other independent operato m a
cascaded to produc e -the ~~ u.~cant effect.

equations (Z~ and (3) give the probability distributions at any time
t but the joint probability distributions fox ‘all times included in the sig~
nal duration are actually of In terest , For this it is convenient to use
Shannon s concept of number of degrees of freedom ” in a waveform .
Shannon showed that a waveform of duration T conta ining fr equencie s with
a bandwidth W has ZWT degrees of freedom In other words, any such
waveform can be fully specified by a set of real time samples ~ W sec apart
taken over the time span r or by a set of complex fr equency cc~x1ponent9
spaced 1 ’!’ cpa apart suixiaied over the bandwidth W,, Since the samples
are statist3cally independent, the joint probabili ty distribut ion for any
arb~trary noise sample can be written as a multivariate normal distribu~
tion withou t cross-corre lation term s~

% ZWT Zr ~~1 ~ t
W [n(t~ • 1 - -‘-
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~ ci2WT 2(T i ’~~W[ n ~t j  ~~~ -k - ---- - e (51,)

Equal:icin (5 ‘. -
~~~~~~ be rewritten more compa ctly by t-~ons~deriiig the ZWT

independent components r~ to form a vector in a signal space of ZWT
ovtho~ onai d~.m~ nsio~,a Tht~n Lc ~~ b e o mcH

2I - -‘ —a -

~~~~~ 1 - r. . , (~. r
~~~-‘~~- ;t~ 

-
- ~~- ‘ .t U - ‘6-~ ln~ ~ —--

~~
----

~~-—— e
yjz-i-.,n)

~~}u -r e the ar ro~ cibo~-e ~ qu-~zitity tndL ate s a “~ c& to.r.. For convenienc e~we wlH describe W~~i-i~ - Eq. ~3 . , In the same iip~ce of 2WT dirnensior s
even thou gh the munber of ir ’&iependenl. compom”nts -~n the vet-for ~r is
2 W .T where W ~s th~ ~~~~ udv~ ~dth of frequencies ixivolved in 4t
Sim.-.e ‘~t a r4 .es ~n tne first place becau6e of physical motion of’ the prop-
agating m’dlwn and the targ.~t~ .ts frequencies must ~e ‘band limited to a
low pass reg ion desci iptiv~ of th ese phenomena . l-h~~ e, it ~-s r~~ sona b~e
to asaun-~e that W ,. ~ < -w - ‘~;e ~~~~ bandwidth. Then ~ desc r iption of

‘i ~ a ~pa~-e of 2WT meas~ons wili require cr oss corre lation coefffri~nt$
between the- variou s i’ . components which are no Longer Independent. L~
p~ict icuJ ar ,. ~ the a~ e st ecif’ed as tar ” , sat-~p l c~. ci ,t at ~ W i.nte~r
val s . then the norm~~~ ‘ - -  ~‘ —~- -r e ~ io~ ma~rix~ ~or ‘~‘i~ be of the forrn

W . B. Davenpo r t a~d W~ L Root . ~~~~~~~~~~~~~~ the The~ T-~ 0:Random Signal s and N- ’~i~ e ~cGr ~ t~ liii ~~o~ ! i’ ip~ icv, Tr- , . ~~ c -  Yu ~
’ .I ~ 
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1 2  ZWT

L

where the diagonal e~~ment s are all one , and , as show-n by the Gaussian
shaped curve at the center of the matruç, the slightly off--diagonal ele--
ments will be less than un ity, falling to zero as their separation fr om
the main diagonal increases - This form of the cor’-elation matrix shows
that closely spaced sample points rj  are highly correlated, with the
correlation dropping to zero as the time between sample points Increases .
The shape of this decay depends upon the time constants of the physical
causes of the temporal distortions ; in the case of a sonar system, it
would depend upon the sea state and acceleration capabilities of the target
Fi.nally~, the variance factor ar

T
2 is unchanged ‘-thether W ( T , is described

in a space of 2WTT or ZW T dimensions. The variance is indicative of the

range of amplitude excursions in i(t) and also depends upon se-a conditions

and targ et accelera tion capability, but it is independent of the shape of the

frequency spectrum of ~~~ R ewriting Eq~ (3~ as a rn~gtivar*ate normal dis
tr ibu tion in a space uf 2WT dimensions, we take account of the cross

correlation of the -r term s as follow s 6 

C a
1’ (c ’ - ’ i

2WT 2r ’~j p~1 1 1’
W Cr - -—

~~~~
--—-- - - - —-— e , (7:i

0 , AJ~~~~~ Ø. “f~P1

where

(~~~C 
- cofactor of the correlation matrix, and

p determina nt of the correlation matrix -
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To -3 ?f z r i e .  n optimum rec eivex ‘i- .- f-~) c ~- Woodw-ard ’ s cuncepti
c~ a ma ~i~rnu~x ‘hk( ?) o~~~~ ~ett ’ wr Certa~’riv ~1-t :~ ~:ea t tha t any re~’ eive r
cou id pi ovid~ w oul d be the a poaterlori r~ro~~?~ ~:y Thstributiou
W$~~)~ ‘I~T~ of ~. ~~~~thc~ r e - e i  -- I e ~g~~ I F whez e

W~~ , c , r ~. W (- 1-c ,~ L - f ~~~~ k - -r
0 0  - 0 0 ~) C) 0

W ( k , r - 
~~~~~ ~ ~~~~~~~

No .further thfc tn;~.t~on could be obtained o,.~ d —
~~~~~~ fr om the received

signal T
~n Eq .- ~6 - c is a constant and W0(~ k~ -y is the a priori p~ oh --

abili ty c3ensit \ di ~~~ r biiticns of and which can be factored ac~
c’& r -’Jing to ~rh. - ~~-~-u r  ~xpre8sion ~tn Eq. f8  into two thdependent terms

~~ 

-

~~~~~ 

a fuuct’-~on of target motion ~pciettior and r elati-ce speed) . .

h ir~cli-d.~ . the -~~ -b - -’~g ~~~‘t . ts of ‘: - :- -~ ‘ : e~~~~r and ~cc~-1t ra
tto~t effects ~If 

~~~~~~ ~a - -~~~ t- !~’ - ..ne t~we T L~1 ’- ., k , r is the Aikli —
!-~~

- ::~~~~ ~~ofl ~ h~i-~ ~s proportional to the ‘: ondi :~~~a T probabihty
W~T 1~~,k~~ T~ ~o~ s dered as a function of - ‘ I .  a-ad -- The ob3ect~ve

o~ ar op’imurcz rec -~iic~ is t~ evaluate Eq ~~~~~
- - Short of this , which is an

impractical t sk Icir ni~ st pra~ t cal hardware sy items~ a maximum likt
hood receive:~ can. b. deaign~ d to recognize the p~~k n the W ( . k0 T0~i

-
‘ curve piotted ~~ a t~~ :~-ion. ~f -

‘

.. . arid - if 1-he —- irve is syrntnetr~c

abou c tts peak. tha : tria d of va~ues 1~~~k00 r~ ’-~~~~creap~rnthng to the peal -

will be -td~mt to t u txiad o-C e~~ e.ctation ~~~~~~~~ ~~ ~~> <~~~~> ~- and

the rnaxfmurr kl t ii .o—3 rece~.ver wiU provide the~~ expectation value- a at  its

o”itp’tt- ~ fu-rther ~ii~~~rta~~ i umpti on is - z- ~uaUy made that the a pr~c~ i

~ r o i ~~f~~y ~~~“~~-.k -y is ~~ow~-y vary ~ng a.s compared with the mor e

ah.~ r~ 1~- p- .~a.k -~1 L~ ‘- Ic ,. -
~~~~~ 

, or W~f 
~~~~~~

., ‘~~,
: This assumption Is

‘ j ~~c) ‘~-s:h~~i ftu e ly is-~ ‘-ii c’tort i-,n :- -4 Tj ( ~~~~ - 1:- ‘- T f -  tC’r~ i~~~— r~ ~ e ~3 ~t
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The right side of Eq ~ 1 L~ would be the ordinary correlation integral if all
wer e set equal to zero and the second term were missing correspond ing

to a complete lack of tim e base di stor tions In the presence of time base

distort~oris , it is necessary to maximize the sum of the two terms on the

right side of Eq. (11) to define an optimum receiver - Obviously the first

terrn~ or correlation integral should be made as large as possibl e con—

siatent with a small value for the second terrn~ A normal procedure in

this direction would be to arriv e at a proper choice for and k - the

average delay and time base distortion factor s, and then to optimize the

correlation integral by adjusting the Instantaneous distortion factor s
while at the sam e time keeping the second term suitabl y small ,, If the Sec
ond term were not present , it would be possible to match eNactly the to

the f~ in the c orrelation integral by adju sting the , but referenc e i-a

Eq~ ( 1: - would show that this procedure merel y adapts the signal cornpcn ents

to the noise n1 which also has ZWT Independ ent components . However ,

the presence of the second term in Eq c, lfl prevents physically unlikely ad

juatrnents of the ‘r1 in particular, this term will becom e large 1 giving a

small value to W~~~
’ 

— Eq. (7k, whenever the -r~ are varied so rapidl y that

the -r~t~ bandw idth WT is exceeded~ Thus , the corr elation matr ix ~p - ,

which in the case of sonar is determined by sea conditions and target a cccl era

tion capability, will set restra int s upon the choice of a ZWT set of component s

T. to maximize Eq (11~- In particular the ra pidity with which the are

varied will be established by the correlati on matrix (p~ ~ and the amp litude

of the var iations will be indicated by the variance • which I s Uso

a function of sea state and target motion - When the average noise power

is small , the coefficient of the first term in Eq. (11) is Large , and this

term becomes r elatively more important than the second- In this high signal -

to — no’se case it is, therefore , legitimate to allow the to assume even
r elatively unlikely sequences of values in the interest of maximizing the

first term , even though the second term becomes more negativ e Th i.i
merely reflects the fact that when the noise power is low, there is a r ela --

tively high degree of ro~. fr denc e that whatever time base di storti ons occur

in the signal are produc ed by the medium arid not the additive noise despite

- 1 1  
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the lower a priori probabili ty which may be associated with this type of
medium di stor tion . Of course , the reverse is true when Is small .

indicating relatively ~~~~ seas or the fact that targets which may be In
the surveillance area ha,’. relatively 5i~t~H acceleration capabilIty 1* the

slgi.1 duration T, or when a is large. Inilcatteg the presence of a large not
contr ibution- In this case, the Iecond term in Eq. (11) becomes more
Important and the tolerable departures of the r~ fr om their zero mean
are small . These considerations lead quite z~~ uraUy to certain design
form s for an adaptive receiver which are discussed in Technical Memo—

7randum No.. 65,

1

~ Ro sa E. Williams, “The Design of Adaptive Receivers for Optimum De-

tection of Temporally Distorted Signals” (Hudson Laboratories. Columbia
Univer sity Technical Memorandum No, 65 Janua ry 14. 1963) ,
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