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SIGNIFICANCE AND EXPLANATION

In this paper error estimates are derived for the approximation of
an inverse problem in which it is desired to determine an unknown con-
stant coefficient in a one space dimensional parabolic or two space
dimensional elliptic partial differential equation whose general form
is known.

This type of problem has a wide variety of applications (e.g. in
pollution problems in rivers and oil flow problems) in which one is try-
ing to build a mathematical model to study the underlying phenomena, but
is not able to measure directly certain material properties which are
necessary to forming the model (e.g. the diffusivity in a heat flow

model) .

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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ERROR ESTIMATES FOR THE APPROXIMATION OF AN UNKNOWN
CONSTANT COEFFICIENT IN A PARTIAL DIFFERENTIAL EQUATION

Richard S. Falk
1. INTRODUCTION.
In this paper we wish to present further results on a priori error estimates for
the approximation of inverse problems in which it is desired to identify an unknown
coefficient in a differential equation whose general form is known.

In two previous papers we considered the two point boundary value problem:

4 au® a
(1.1) - a3 ) & atxin = E(m), O < x <
a a
(1.2) u (0) = 9,r u 1) = 9, »

Assuming f(x), c(x), gl. and 92 are known the problems were to determine a constant

a and a function ua(x) satisfying (1.1), (1.2) and the auxiliary condition

3

dua
(1.3) b (0) = 9, (see [3))
or
(1.4) u (x*) = 9, (see [4]),
where g and 94 are given constants.

The purpose of this paper is to show how the techniques employed in [3] can be
generalized to derive error estimates for the approximation of an unknown constant
coefficient in one space-dimensional parabolic and two space-dimensional elliptic
partial differential equations.

In particular, we will consider the initial boundary value problem

(1.5) u: - au:x + c(x.t)ua = f(x,t), O <L, >0
(1.6) u(o,t) = 95 (1), w1t = gglt), t>0
(1.7) uw?(x,0) = g,(x), 0 <x<1

———— O aa e et e

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the
National Science Foundation under Grant No. MCS78-02737.
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Assuming f,c,gs.g6. and 97 are kxnown, the problem is to determine a constant

a
a and a function u (x,t) satisfying (1.5)-(1.7) and the auxiliary condition:

a
(1.8) -au (0,t*) = * >
x( L E%) 9 (qB and t 0 given) .

We shall henceforth denote by Problem (P) the problem (1.5)-(1.8). .

We will also investigate the elliptic boundary value problem
(1.9) -—aAu® + cx)u® = f(x), xe€ Q

(1.10) wWw=g on T
where Q 1is a smooth bounded domain in IR2 with boundary I'. Assuming f,c, and g

; : a
are known, the problem is to determine a constant a and a function u (x) satisfying

(1.9)-(1.10) and the auxiliarly condition:

a
(1.11) a %E (x*) = g* (g* given) .

Problem (1.9)-(1.11) will henceforth be denoted by Problem (E).

As in [3]), our main concern will be to derive an a priori estimate for the error
Ia - a| where a 1is an approximation to a obtained by an appropriate numerical
scheme. To do so we will first need to determine conditions on the data under which
Problems (P) and (E) are well posed. These results are contained in Sections 3 and 5
respectively.

We then consider in Sections 4 and 6 respectively approximation schemes for the
two problems and derive a priori error estimates. Finally for completeness, we include
an appendix in which we give proofs of several lemmas which we need in the derivation
of our main results. For the most part they only involve minor modifications of
results already appearing in the literature.

References to much of the work on the determination of parameters in elliptic
and parabolic problems can be found in the bibliographies of [10] and [11]. In par-
ticular we wish to mention the work of J. R. Cannon, since some of the results

obtained and techniques used here are extensions of [2].
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2 NOTATION AND PRELIMINARY RESULTS.

For % a bounded domain in ZR2 or I = [0,1) and Kk a nonnegative integer we
| 3
shall denote by W ‘P the usual Sobolev spaces of function defined on € or I (the
intended domain will be clear from the context) with norms

k
ol o= | } ol e 1cpen
WP 3]0 “p

k
and ||u“ R { “Dju“L . We further denote by Hk the space Wk'z and by ué
w' i|=0 ®

w

the closure of Co in the Hl norm. We will use the notation Hu”k to denote the
norms in Hk, and (+,*) to denote the L2 inner product in § or I. Also for

X a normed space with norm ”'llx and u: [0,T] * X, we define
T
“uuiﬁx)-é “ub.ﬂ“idt and
Il o = 20 lluceoo

Finally we shall let IT = [0,1) x [0,T], C denote a generic constant depending only
on the data of Problem (P) or (E), and C(b,,b*) denote a generic constant which may
depend on b, and b* as well as the data of Problem (P) or (E).

We now state several lemmas which will be needed in the proofs of our main results.
The first two are results from perturbation theory and we provide proofs in the appendix
for the special cases we consider in this paper, although results of this general kind
can be found in the literature (see for example [5] and (7)).
Lemma 1: let ¢ be the solution of

a a a
£ - &8 +c8 =F, ODex<l, >0
t XX

220,t) =0, 2z*(1,t) =0, t> 0, amd

22 (x,0) = G(x) (with G(Q) = G(1) = Q) ,

)
and let ;l be the solution of

zg + czo «pP, Cexneld, € >0

2% (x,0) = G(x) .

|
!
)

.=
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Then if F,c,

and G are sufficiently smooth we h

ave for all O < a < 1/4 that

(2.1) liz® - 22,0l < tal,
0— "4
a 0 t 1/4
(2.2) H[zt - zt](-,t)uoj_KSa -
and
. a a t 1/4
4.3 - - 3
(2.3) | F - cz z,) ( ,t)|h)i Kca
t t -
where K4, KS, and K6 are constants depending only on the data c¢,F,G and t.
Lemma 2: Let za be the solution of
- aAza +czt = f - cw in
za =@ an T .
Then if f,c,w and T are sufficiently smooth, there exists 0 < ¢ < 1 such that

1/8

for all 0 < a < cg, £ - cw - cza”L < Cca for

on f,c,w, and Q.

0

some constant C depending only

The third lemma is a statement of the maximum principle for parabolic equations

which we shall use in the following form.

(A general reference for results of this

type and for similar results for elliptic problems which we shall also use is [12]).

Lemma 3: Let v satisfy

v -

av
t XX

+ c(x,t)v = F(x,t)

v(o,t) = Gl(t), v(l,t) = Gz(t)
v(x,0) = G3(x)
where GI(O) = G3(0), GZ(O) = G3(1) and C'F'Gl'Gz' and G3 are smooth functions.
1f a>0, c(x,t) >0, F(x,t) <O, Gl(t) <0, Gz(t) <0, and Ga(x) <0, for
(x,t) € (0,1) x (0,T), then v(x,t) <O, (x,t) € [0,1] x [0O,T].

We remark that even if the compatibility conditions Gl(O) = G3(0), GZ(O) = G3(1)

do not hold, we still have v(x,t) <0,

0
vy C [ITl. To see this take a sequence Gg(x) <0

cg(l) = G,(0) and converging to G, in L,(0,1).

3

of the corresponding initial boundary value problem, we have by

(x,t) € (0,1) x (0,T],

even though

satisfying 03(0) = G2(0),

Denoting by vn(x,t) the solution

standard enerqgy
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estimates that v“('.t) converges to v(-,t) in L2(0,1). Now vn(x.t) < 0 by

lemma 3 and vn and v are both continuous functions for t > 0. Hence if vi(x,t) > 0
for some (x,t) € (0,1) x (0,T], then we could find a function ¢ > 0 such that
"0 <0 for all n, but (v,§) > 0. This contradicts the convergence of v to

v in Lz(O,l).
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3. WELL POSEDNESS OF PROBLEM (P).

In this section we wish to determine some simple conditions under which problem
(1.5)-(1.8) is well posed, i.e. there exists a unique positive solution to the eguation
a : : ;
Q(a) = -aux(O.t‘) = 98 which is continuously dependent on 98 (we shall assume that

c,f,gs,q6 and q7 are fixed).

Although theorems under alternative hypotheses are possible, we shall assume that
the data c,f,qs,qe, and g7 are sufficiently smooth and satisfy the following
conditions:

(HO) qS(O) B g7(0), 96(0) = 97(1)

(H1) cix,t) > 0, (x,t) € IT
(H2) gé(t) >0, te [07T]

| A

(H3) gé(t) 0, te (0,7
(H4)  gi(x) <0, x € (0,1]
(HS5) £ix,t) = c(x,t)q7(x) <0, (x,t)e IT

(Ho) ct(x,t) <0, ({x,t)e Y
7 = - C - - <
H7) £ Ot - ¢ (t)g (x) - c () {Q-x)1g (t) - g (0)]} <0, (x,£) € I,
(H8) q;(O) <0
t*
o) gy (1)dt = g5(0) > 0 .
0
We note that these conditions imply that
* - *
(3.1) qs(t ) qe(t ) TS

To see this, write

96(0) L 97(0) + 9;(0) ¥ 9;(&) " 95(0) o 9;(0) + 97(5)

(using (HO) and a Taylor series expansion). Hence by (H4) and (H8), q6(0) 5_95(0)
with strict inequality holding if q;(O) < 0. By (H2) and (H3) our desired result is
true unless both q;(O) = 0 and gé(t) =0, te [0,t*]}. (HI) rules out this

possibility.

-6=-




We now prove the following:

Theorem 1l: Suppose that hypotheses (HO)~-(H9) are satisfied. Then for any \18 > 0,
there exists a unigue positive solution of Q(a) = -aua(O,t‘) = gg- Furthermore, for
X

1) O € 3,b < a*,

(3.2) la - b| < |oa) - Q) |/K(a*)
where
t* "
1)
K(a®) = %j ¥g ¢ dv - g3(0).
0 na*(t - 1)

a a ¢
Proof: Write u =2z + r where r = (1 - x)qs(t) +xq6(t) and z® satisfies

" a a a
£3:3) zt-azxx#cz&F,O\x\'l,t*O

22(0,t) =0, z*(,t) =0, t>0

2% (x,0) = G(x), 0 < x <1

where F f - ¢cr - lt and G = 9, - T(X:0).
The condition Qf(a) = —au:(o,t‘) - qs then becomes
a
3. 4) d(a) =-az (0O,t*) + t*) - t* - "
{ Q x( §or) a[qs( ) 96( )] g

By integrating (3.3), we get

_ X
az’ (x,t) - aza(o.t) = -f {r = cz® - 271 (s)ds
X X 0 ;-

Integrating again and applying the boundary conditions, we have
1 - 3 a a

az_(0,t) = f f [F=cx = 8 ](s)ds ax .
X 0 0 t

\pplying the Schwarz inequality and setting t = t*, we easily obtain
(3.5} l.\:.d(O,t')l < 3”““ - 2" - za](',t")” .
X - 3 t 0

. : . a
[t then follows that lim Q(a) = 0 since lim||[F - cz

a
=% l(-,t“HO- 0 by lemma 1.
a»Q a0 t

: a
We will now show using a standard energy argument that {[z"(.,t%)[|  and

, a . -
‘zt\-.t') I g 0 as a =+ », This coupled with the fact (3.1) that nr‘\t‘) - 9, (™)
! L - >

0




will prove that 1lim Q(a) =+, The existence of a positive solution to Q(a) = g

aKI)

for positive 9q will then follow from the continuity of Q(a).

8

: x > a . "
Multiplying equation (3.3) by =z and integrating by parts, we have

(SR

d & 2 2 2
acllz®caollg +allz Coollg+ L ez ¢, |l

am a < = a -
= (F,z°) <||Fr( ,t)HOHz ( ,t)llo

1 2 3 2
s &lircallgs Sl e.all;

; : : ; ; 4 e : a
(using the Schwarz and arithmetic-geometric mean inequalities). Since 2z (0,t) = 0,

we easlly get !Izi(',t)||5;:21!zd(-,t)||§ and so

- a 2. a a 2 1 2
saclzcmligr Sl el Zlire.ollg.
Hence
d t 2 1 - 2
3t e nll] < 5= e lre,oll?

and after integrating we get

t
—at‘lza ea(s-t)”F(.

sz("t)“gie ('ro)"(2)+§};j 'S)”gds
0

Since t* > 0, we obtain lim ”za(-,t*)||)= 0.
a+e :

i e, a . . 2 :
To obtain a similar result for zt, we differentiate (3.3) to obtain the following

initial boundary value problem for zi (recall that G(0) = G(1) = 0 by (HO)).
ay a a
. z | - = - + F
(3.06) [ e a[zt] + ¢c2 gtz .
. XX
a a
zt(O,t) =0, zt(l,t) =0
z:(x,O) = aG" - c(x,0)G + F(x,0)

Using the same argument as in the previous case, we obtain

>
2 -at 2 1 (s-t) a 2
lzp ool e fedc,olis 5 ) SN -e2® + r ) 015 as

It easily follows that lim |lz{(-,en || = o, \

a

.

*
7
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To obtain a continuous dependence result it 1s convenient to rewrite

97. where y satisfies

a
ay w0, 0< x
XX

g (£) = g, (0), vy,

a
and i, 0y = 0, 0 €% < A,

a ol
and w satisfies

a a a 3 a
(3.8) w,_ - aw +cw = f ~cy + agt - cg..;
t XX 7 7

v {0,t) =0, wrl,t) = g, () = 9. (0),

a
w (x,0) = 0, 0O <

a a a
Q(a) ¥ ~au (0,t*) =~ay (O,t*) - aw (0,t*) ag' (0)
X X X

and so

' (a) = 3 [-a a(0 t*) ] + 2 [—awd(O t*)] -
\ 3a Yx ' Y s 519

DS

Now it is not difficult to show that

R a J a a
wnpanss - * = - —— * = , (
3 [ aw (0, t )] a 3 w (0,t*) hx(\\,t'\

a

Iw 4 o A ’ P : S
where T satisfies the partial differential equation

w a
R] dw ¢ Jw a
3.9 = -l + e [-=] =
3.9 At [3a e e i [3a / Vxx

a
i 2 sUsiGe dy ’ .
subject to homogeneous initial and boundary data, and ~— satisfies

Ja

differential equation

(3.10) 1 [

at *3a

also subject to homogeneous initial and boundary data.

a
) a dw a
Setting p = a 3 + w , we have that
da

Q' (a) = -:L-\a(o t*) + 41-l~\vd(0 t*))] - g'(0)
v ax | " da bt i !




where pa satisfies

a
a a a a 9y a a a
3.11 - ap + C = — + ag" + == +
( ) P. P * °P aw - ac == agh + W - aw  + cw

a
a a dJ
=w,_ +cw + ag" - ac A

t / da

with pa(O,t) = 0, pa(l,t) = gb(L) ~ q((O), and pa(x,o) = 0.
)

We now show that p(x,t) < 0 for all 0 <x <1, t>0. Since p"(0,t) =0,

. & : J &
this will imply that - o pd(O,t*) > 0. To do so we observe that by hypotheses (H3)

and (H4) gG(t) - q6(0) < 0 and ag; < 0. Hence the desired result will follow

immediately from the maximum principle (lemma 3) if we can show that w £0, w <0,

o

a
and 2->0, (x,t) € (0,1) x (0,7].

R

Now using hypotheses (H1l)-(HS) it easily follows from the maximum principle that

a
ya > 0 and hence that w < 0 for all (x,t) € IT. To show that wi < 0 and

d
§§ > 0 we observe that wi satisfies the initial boundary value problem
J a ¢ a a a a a
’ Pl = o = - hE e - -
(3.12) ot [wt] a qxz [wt] s c[wt] th & CYt CtY Ct97
a a "
wt(O,t) =0, wt(l,t) = qG(t) , and
a "
wt(x,O) = £(x,0) - c(x,0)9,(x) + agZ(x)
a Nl
and vy satisfies:
h 9 a ')2 a
(3.13) 3¢ W) = &g [¥ed =0
dx
a a
Yt(O,t) = qé(t), yi(l,t) = 0, and yt(x,o) = 0
By applying the maximum principle one easily shows that for all
(X,t) € (011) X (O'T]
(3.14) yi >0 (using (H2))
(3.15) ya £ (k- x)[qs(t) - 95(0)] (using (H2))
(3.16) W} <0 (using (H1), (H3), (H4), (HS), (H6), (H7), and (3.15))
and
3y
(317 2L > 0 (using (3.14)).

«10=




Thus we have

2
) (4 S wile - B\ Y ¢ W - ‘(O
O (a) Y | Mx“" )] u.,(\)

Now from (2] we have that

'.
(1.18) YIO,t0 = o M0, a(t - 1)t (D
X "
0
s 4 i~ "
- - ) " AL
(3.19) where N(x,0) = 2 V/3,"1/2 ¢ Gl =7 oL,
\ “\
T ;
Honce
) e te
| a
(~ay_ (0,t%)) = | MO, a(t* = t))ag' (VDde + f M (O,a(t* « 1Malt -« Vg’ (Va
da X ;‘ N 0 O "
Rut

-1/2 =1/2 ‘ P )'
MOX,0) 4 oM (x,0) = !‘ " 1 o 1 \ "x"l' (X n ]
\ & \

[ R R

w Al )
-1/2,-1/2 ¢ (x = )  (x - 2n)”
SR S o s W
and so
- 3 - \
M(O,0) \‘M\(\\,\\) > l‘ " 1 L 1/2 :
\ -
s
“ a' ()
R ) y '.)‘ 1 I' LY . \ ‘
Ay ( L r v (AR}
da l AY o 100 25 vha(td « )
and 80 for all O < a <« a%
t e ‘l: (1)
\ \
3. 20) Y (@ ~ - e ' [ ))
(3. at Q' (&) "£ /rat (E% = 1) d al

K(a*) = 0 (by (H®) and (M), (L) follows fnmediately trom the mean value theotoem.
We remark that when = 0, ¢ & 0, and a, « O,  we are oxactly fn the situat ton
analyzed in (21, where the result of MTheorem 1 for the above special cane was firat

abtained,

Inthe dertvation of the error estimate we shall requite a priovd apper and

lower bounds tor the solution  a.  We now prove




lemma 4: Assume the conditions of Theorem 1 are satisfied. Then 0 < a, < ac<ar

where

qé(T)

: max{l. [98/[{. T

ar - q;(O))]z}

: 1 2 * 4
= mln{z, (ga/[gl(g 1 gs(t*) - q6(t*)]) }

t* : 3 y
(and K( 1s a constant defined in lemma 1).
D

Proof: 1In the proof of Theorem 1 we showed that
g, = Q(a) = —aya(O t*) - awa(O t*) - ag!'(0)
8 2 g 7

a :
that w((x,t) <0, (x,t) € IT. Since wa(o,t) = (0 it follows that -awi((),t-*) >0

sO g ;\_—ayi((),t*) - ag_'7(0). Now from (3.18) and (3.19) we have

8

t*
g. (1)
-ayi(O,t*) > a / S dt

0 vra(t* - 1)

t*
Ya |

gg(r)

e O = aq;(o)
vi(t* - 1)

t* g. (1) 4
@ < max{l,[g&/(j S dt - 937(0))]2} = a*

0 Yu(t* - 1)
To get a lower bound we observe that from (3.4) and (3.5) we have

*
g t* 174
6

é._ P *) - t\."}. *) - g (t*
SIHF - ez z,) ( ,t*)|h)+ alg, (e%) = g (tM] < S K + algg(th) = g (t%)]

g8~
for 0 < a < 1/4 (by lemma 1). Hence for 0 < a < 1/4

5 g (EF) =~ g (t‘*)]al/4
o 6

* )
+ qs(t*) - qe(t*)]) } = a,




4. DESCRIPTION OF THE APPROXIMATE PROBLEM AND ERROR ESTIMATES FOR PROBLEM (P).

It is convenient to descirbe the approximate problem in somewhat abstract terms
since part of the numerical procedure involves the approximation of the forward
problem (1.5)=(1.7) for which many numerical schemes are available.

For a given let u®  denote an approximate solution of (1.5)=(1.7) corresponding
to meshes of width h and At in the x and t directions respectively and

satisfying an error estimate of the form
(4.1) lub (0, t0) - tP(0,t%) | < o, , b (h,at)
X X i N

for all 8 ¢ [b,,b*] where ¢ (h,At) satisfies 1lim¢(h,At) = 0 (for some schemes
h»0
A0

this type of estipate may only hold when some relation exists between the size of h

and At, e.q. At<Ch2).

The approximate problem is then to determine a constant « such that

(4.2) Ola) w —aU:(l),t*) = g,

Since this is just a nonlinear equation in «, we can solve it by any standard

\
i X ; - ' n
iterative method where of course, in order to evaluate O(un\ we must find U 7,

the approximate solution to the forward problem (1.5)-(1.7) (with a replaced by « ).

n

We remark that for finite difference schemes the derivative U’;(ﬂ,t*) may be
replaced by a difference quotient such as lllﬁ(h,t*) - u"(n,r*) }/h, and Theorem 2
(to follow) easily amended to account for this change.

For approximation schemes satisfying (4.1), we will first show the existence of
a solution to the approximate problem and derive an abstract error estimate.  We then
give specific error estimates for two examples where an estimate of the type (4.1)
can be easily derived from results appearing in the literaturoe.

Theorem 2: Suppose the hypotheses of Theorem 1 are satisfied and that (.\,u“) is
the solution of problem (1.5)-(1.8). For a given let u? denote an approximate
solution of (1.5)-(1.7) satisfying condition (4.1). Let 0 < b, < a, < a* <« b*

where a.,a' are the bounds on a derived in lemma 4. Then for h  and At

o




sufficiently small there exists an a ¢ lb.,b') such that the pair (u,l'“) satisfies
(4.2) and for all such solutions we have

(4.3 [a = a] < @, ,bMy (h,AL)

Fl()()l: “y dl‘fini(i\)n,
‘;‘(l‘ ) - ‘b u (“:‘ ) = =1 \b‘((‘,(.) +t b ul‘ﬂl'[.) - ”h.((i '.’l
X lx l X X x

Q(b,) + C(b,,b*)¢ (h, t) (using (4.1))

Now

Qb,) = Q(by) - Qa) + gy < g, - K{a*)(a = b,)

(using (3.20) and the tact that a, * a). Hence

{‘(b.) %" (Ka*) (a = b,) - C(b,,b¥)¢ (h,At)] < aq for h,At sufficiently small

since ¢ (h,At) > 0 as h,At + 0. Similarly,

{‘(h‘) > Q(br) - \‘(l\‘,l\‘)»‘(h“\t) > q“ + K(LY) (b* = a) - C(l\.,b‘)q‘ th,At)

ol for h,At sufficiently small.

By the continuity of Q(x), there exists an  a ¢ (b, b*l  such that Q) = 9q

for all h,At sufficiently small,

To derive the orror estimate we choose b a in (3.2) to obtain

1 1 1 :
la - al K@Y [Qa) = Q)| L KbY) I“H - Q)| = K(b*) [Q(a) - Q) |
« =2 1y%(0,t*) - u(0,t*%)] < = C(b,,b*)¢ (h,At)
Kb»y g " - R — K(b¥) L :

(uing (4.1) and the fact that « ¢ lh*,b']).
As an application of Theorem 2 we shall consider the Crank=Nicholson=Galerkin
approximation to (1.5)=(1.7), which may be described as follows: Let h = 1/N, where

N 18 a positive integer and seot

K 0 :
::h « {ve C [0,1] ¢ v ¢ 'k—l“iy," Ln v b
where ‘, = ([1 = tih, i) and “k-l(” in the set of all polynomials of dearee < k-1
. ok K ;
defined on 1. Detine :‘h {v ¢ :‘h t v(0) = v(1) = 0}, Now let At = T/ where J

is a positive integer and set 'n = ndt, n®0;Yl;ccepds




For a function F defined at times tn we denote by Fn the function F(tn). We
shall also use

Fnﬂ/2 M (Fn+l 2 Fn)/2

(Note ¥ F( and

Fn+1/2 tn+l/2))

;‘ = - ol // .
tFn*l/Z (Fn*l l‘n) 8%

Our approximate problem is then described as follows:

J

i . . I\ o i\ [\ ok
Determine a constant «a and a sequence u where U =2 +r, 2 €8
n n n n h
n=0
satisfies
a 3 a J 1 Qa
4.4) 3 2 + a(=— —_— . ol VA -
( ( t‘n*l/?'V) ‘(3x zn+1/2' ™ V) + (c(+, [n ’2]At)'n+l/2'V) (Fn01/2'V)
for all Vv ¢ ;h' n > 0 and
[ , d L g ok
(4.5) d(gx lao - Gl"K;V) +(c(-,0)(&0 - G]l,Vv) = 0 for all V¢ bha
where - - t) + t
« r (1 x)qs( ) xqs( ) 8
Fe =gy = rt. and
G = q.,(x) - r(x,0) ,
0 X " 5 X
and - aUx(n,t') =g, (Z; is the Crank=-Nicolson-Galerkin approximation to 2 ).

For the case when ¢ = c¢(x), Wheeler [15] has proved that if 2z (defined by
- |

(3.3)) belongs to [&(wk'm), 2{ belongs to Lz(Hk) and A-% belongs to L (L)),
¢ 3 2 4
then there are constants ¢ and L > 0 such that for all ‘0 < At < W
4.6) |z2%¢-,t ) -2 < vlhk(“z“ K, o+ ||93|I RN II:?»-"—"T‘II 1, n>0
p TN n Lm-< W ) at L2(H ) Qtj L2(L2) -

Although the constant C will depend on a it is =< C(b,,b*) for a ¢ [b, ,b¥],
Remarks: In [14] Wahlbin showed that an estimate similar to (4.6) could be derived

for more ecasily computable choices of 2 than (4.5) and also for subspaces with

]
higher interelement continuity. We further note that it is possible it extend the

results in [(15] to the case ¢ = c(x,t) for the problem we are considering. (A proot

of this fact is included in the appendix as lemma 6).




To get an estimate of the type (4.1) we use an inverse condition satisfied by

elements V € S:, e85,
(11
4 < = .
@.7) v, I, < §livll,
Letting VI be the interpolate of zu(°,tn) in S:, we get

9 a a d a a 4
3z v €t ) - Un]”Lm_ oy 2 ot ) -2l . {

() ]

{A

3 a C a
= tstet ) - vl + = fv, ~ zlly 1

3 a C a C .o a
lhsg e teee ) - Volll, * 5l ~ e Gl »elle ) -2,

[ A

C a (6 4
+ -E||z (b} » &

wklm n”Lm

(using the standard approximation properties of subspace S:).

A

k-1 a
ch' " |z (-,tn)H

- 2
Applying (4.6), we will then get the desired estimate with ¢ (h,At) = hk 1+~(At) /h

provided that the solution z" has the indicated regularity for all a € [b_,b*].

Using Theorem 5.3 in Lions [8], this will be the case if the following compatibility

conditions are satisfied.

(4.8) G(x) =0, x=20,1,

(4.9) aG" (x) + c(x)G(x) + F(x,0) =0, x=20,1,
and

(4.10) afaG” (x) + c(x)G(x) + F(x,0)]"

+ c(x) [aG" (x) + c(x)G(x) + F(x,0)]

+ Ft(x,O) =0, x=0,1.

Since we require that conditions (4.9) and (4.10) hold for all a € [b_,b*]

these two conditions actually lead to the more restrictive conditions that

(4.11) G"(x) =0, x=0,1,

(4.12) c(x)G(x) + F(x,0) =0, x=0,1

(4.13) ¢ Wiy =m0, x=0,1

(4.14) [c(x)G(x) + F(x,0)]" =0, x = 0,1
_16-




and

(4.15) Ft(x'O) =0, x=20,1.

(For the case c¢ = c(x,t) the compatibility conditions become more complicated.

Theorem 6.2 of [8]).
Under these concditions, we get the error estimate

1

la - a] < cw,, by 0!+ a0 ?m (k < 4)

By making use of the results of [1] and observing that condition (4.1) only

involves an estimate at time t = t* > 0, the compatibility conditions stated
previously can be weakened for a special case of the problem we are considering.

Suppose that g and 96 are constants, c¢ = c(x), and f = f(x). Let ﬂu(x)

5

the solution of the steady state problem

(4.16) =g ——= 0 + O wm £ - 0 < x <]

\1 1 Qa ot s
Then v =u -0 satisfies:

(4.17) vOl - avg + cva =0, 0<x<l, &3>0
t XX

vio,t) =0, vi(lL,t) =0, t>0
va(x,O) = 97(x) - Ga(x)

Now denote by GP € s:

solution 6% and by [V:} the Crank-Nicolson-Galerkin approximation to v

the standard Galerkin approximation to the steady state

0

It is shown in [1] that

o Qo
(4.18) Pitt) = v |,

[

; k 2 Q
e )m + @ao |la, - 6%

provided At i_chz. Since we have from [16] that

(4.19) |6 - o < cn®|l0%|

L

o«

weee

it follows that for u: = vﬁ + "

be




[ (., e - n“(-,t-)!‘ < U(h.,b')lhk v an )

‘oo E

and using the inverse condition as before that (4.1) holds with ¢ (h,At) = hk_1 O(At)z/h

without requiring the corresponding compatibility conditions:

(4.20) (af(x) - 8"(x)] =0, x = 0,1 '
and
(4.21) c'(x)lq;(x) - B0} = 0, &= 0,) .

. K 2
Choosing Sh = the space of continuous piecewise cubics (i.e. k = 4) and At = Ch°,

we would then get

3
(4.22) la - a] < c,.bHn” .
We note that results analogous to (4.18) are abtained in (1] for a wide class of
single step Galerkin approximations, and that error estimates corresponding to use of

these schemes are obtained i1n a similar fashion.
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S. WELL POSEDNESS OF PROBLEM (E).

We now turn to the problem of determining the unknown coefticient
boundary value (1.9)-(1.10) subject to condition (1.11). 1In a manner

section

in the

similay

3, we shall tirst determine some simple conditions under which Problem (E)

elliptic
to §

18 i

well posed, 1.e¢. there exists a unique positive solution to the equation
'
R(a) =z a \inr (X*) = g* which is continuously dependent on g* (we shall assume that

c.f and g are fixed).
To do s0 we will make use of the function w satisfying:
-Aw =0 in
w=g on I .

We shall then assume that ¢,f, and g

(Al) f-ocw<0, x¢ R,
Jw

(A2) —= (x%*) > 0, and
an

(A3) 0 < \'1 < c(x) < \‘-‘ .

We note that by a form of the maximum principle (e.g. see [12), Theorem

max g (x) g(x) 1s not identically constant,
xe [

Hence this gives a simple sufficient condition for (A2) to hold.

gi(x*) > 0, and

We now prove the tollowing:

Theorem 3: Suppose that hypotheses (Al)-(A3) are satisfied. Then for
g . : . Ju * &
there exists a unique positive solution of Q(a) = a n (x*) = g¥*,
all a,b > 0,
4 R
(5.1) a - b ~i IQ(\\) - Q(b)', h (x*)
a a a S
Proof. Write u z +uw Then 2 satisfies
a a . 5 <
(5.2) -~afe +eg = f=cn n N
a "
2 =0 an I .
o
The condition Q(a) = a '-\‘-\- (x*) = g* then becomes
1
P R
5.3) Y (¢ : a = - (x™ — x* - gh .
(5 \(l);( 3n ( ) f(‘:‘“( ) i

=-19=

tl R1t
SSra o
wn Y

D
- (xX*)
1

any 4

are suftficiently smooth and that

8) if
> Q.
* x QO

Furthermore, tor

ORI




Now from (5.2) we have -al\za = f - cw - cza and so

1 “l - 3
a zdlt .,4= H-A [f-cw-czdl” ,,4:H-A 1” > 4 1||f—om-czl||l .
W' W' SN ) ‘4
e 0

az" a
By the Sobolev lemma (—,—~ (x")| LShe “z H h and so

an - w,,.}

32" a
(5.4) |a oo (x‘}| < CHf— ow ~ o8 ”L .
4
It then follows that 1lim Q(a) = 0 since Ht - cw - vzd L *0 as a * 0 by lemma 2.
a*) 4
3
Now multiplying equation (5.2) by [z“] and integrating by parts, we have
) o =l
3a | zd\'z“lls v Ve [z.d] H:\— (f - cw,[zdl )
ay a ’
<l - coll, IH["] Il e - oll, B2l -
L4 Las3 s "y
a 1 ; az? ;
Hence ||z ”L < —:—Ht - cw”l (using A3). This implies that B v (x*)| is bounded
4 " ‘a4 '
for all a and thus from (A2) and (5.3) it follows that 1lim Q(a) = +~. The existence
ak\\

of a positive solution to Q(a) = g* for positive g* follows from the continuity of

Q(a).

To prove continuous dependence, we differentiate Q(a) to obtain

a

W Ga) = e fa SR )] b 2 ey
X da ' dn an i
Now it is not difficult to show that
a a a a
J Lz‘ J dz o2 “."’. a
o em— xt B A pa— * 4+ — > * e a — + 2 *
aa[ 3 (x*)] e (x*) 3 (x*) 3 [‘.\a ] (x*)
a
where 1 satisfies the boundary value problem
Je
a a
3z ) a
-~al|l—| *+ c|7T—] = Az in ®
[\. ] [\\a ] o
a
3z
— =0 on [I'.
Ja
\ T A 3 N \
& < s ap W < 5 -
setting p( = a 3 + 2z, we have that Q'(a) = —\%* (x*) + -\—:‘; (x*) where p satisfies
da 2 :
i1 a a a a
{5.5) -aAp + cp = adz” =~ adz” + cz” in @
pd =0 on T




RO

e e R clea i — e

o —

a

Applying the maximum principle it follows from (Al) and (5.2) that =z <« 0 and hence

a
. a . e a = dp
from (5.5) that p < 0 in Q. Since P =0 on T, -‘ﬁ— {(x*) > ¢ and so

Jw S .
Q' (a) > Ti (x*). (5.1) now follows directly from the mean value theorem.
\
As in the parabolic problem we shall require a priori upper and lower bounds for

the solution a 1in order to derive the error estimate. We now prove:

lemma 5: Assume the conditions of Theorem 3 are satisfied. Then 0 < a, < a < a* for
some constants  a,,a* depending only on the data ot Problem (E).
Proof: In the proof of Theorem 3 we showed that
N y(a) 3z® *) dw (x*)
= = ———— X + & ——
q Qa) = a n (X a e X
a

a \ k a ‘ " 5 d
and that z <0 in Q. Since 2z =0 on I, it follows that i (x*) > 0 and so

ax.

g* > a L. (x*) Hence by (A2) a < g%/ - (x*)
- an 3 = -~ In

To get a lower bound we abserve that from (5.3) and (5.4)

-3 a Rl \ /8 RN
q* \C“t - Ccw - C2 H +a— (X*) <ca’" +a-— (x*)
s L an - an
4
by | Al

-

for 0 < a < €, (by lemma 2). Hence for 0 < a < € (e’.y defined in lemma 2)
\

1/8
g* < Ca and so

2 8
|

a > min{z‘\",[q*/\‘! a

n
»

Remarks: We now make two comments about the requirement in (A3) that o(x) > 8y * 0.

As evident from the proof of Theorem 3, the reason for this restriction was to prowve

existence of a solution for all positive g*. We note however that it ¢ only

satisfies c(x} > 0, then it is still true that Q'(b) > 0 for b 0. Hence 1if

we also know that Q(al) = q‘l' and Q(a,) = g* with 0 < .\1 < _\:, then for any

\l‘{ < g% < g%, there will exist an a, faxa, such that Q(a) g*. Since we would

-

then have both the existence of a solution and a priori bounds on a without the usc

of lemma 2, the requirement that c(x) > . P 0 could be weakened.

The second remark has to do with the case c¢(x) & 0. In this case

1 4oeerind
where = satisfies

1 .
-z = ¢ in
1 5
2 =Q on I .




Condition (5.3) becomes

1
dz Jw
g® ®m o= (x%*) + a =— (x¥)
an dn
and so
le dw
a [g® = o= (x%)] = (k]
an an
. ; : 5 R [
Thus the problem is trivial and in fact we see that if o8 (x*) = 0 then the problem
an
Yo 1 1 1
will have no solution unless g% = §:~v(x'). In that case u = 2z /a + w for any
an

value of a and we have nonuniqueness.

SRR S
RN =N
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6. DESCRIPTION OF THE APPROXIMATE PROBLEM AND ERROR ESTIMATES FOR PROBLEM (E).

As 1n Section 4, it is convenient to describe the approximate problem in abstract
terms so that we may easily take into account the many numerical schemes available for
solving the forward problem (1.9)-(1.10).

For a given, let v*  denote an approximate solution to (1.9)-(1.10) satisfying

an error estimate of the form

2

- S o
Rl k1S
= (%) = = x0)| < b, b h)

16.1) |,)n

for all B€ [b, ,b*] where ¢(h) satisfies limy(h) = 0. (In the applications, h
h+0
might denote the size of a finite element mesh).

The approximate problem is then to determine a constant a such that

Q

C U
il = —— * = ®
(6.2) Q(a) = a n (x*) g

Once agalin this is just a nonlinear equation in a, easily solvable by standard
iterative techniques.

Using essentially the same proof as in Theorem 2, we get:

Theorem d4: Suppose the hypotheses of Theorem 3 are satisfied and that (a,u’) is the

solution of Problem (E). For a given, let Ua denote an approximate solution of

(1.9)-(1.10) satisfying condition (6.1). Let Q <Db_ < a,  <a* < b* where a, a* are
@ bounds on a given in lemma 5. Then for h sufficiently small there exists an

x € [b,,b*] such that the pair (a,U“) satisfies (6.2) and for all such solutions

we have

(6. 3) la - al S Clb, b*)ye(h) .

In order to apply Theorem 4, we need only choose the approximation scheme and
determine the function ¢ (h) of (6.1) Estimates of this type for various finite
element methods follow easily from the work of Nitsche [9], Goldstein and Scott ([6],
wahlbin [13] and others described in the references of those papers, provided we have
the inverse condition “VVI]L < E !hﬂ]L for all V € finite element subspace

o

o

being used.

-23-
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For the standard finite element method applied to (1.9)-(1.10), for example,

with subspaces of piecewise polynomials of degree k - 1 we get that (6.1) holds with

o) =1, x> 3

hienh|, k=2 .

: . : . 3
Hence using piecewise cubics for example, we would get |a - al < Ch .

Sl b e o

-S4




7. APPENDIX.

Proof of lemma l: For any -;—> € > 0 define

B i T
L aa e b e i st L Al tis e o i L

xe(x)= x/€ ¢ O x e
1 PR S S U
@ =-x)/e, L=€25 %<1l
Then one easily verifies that
€
(7.1) A= o il
€ 2€
(7.2) 1 - x ||0 ¥ and
(7.3) 2 2l = 24k .
Ix Q i~
Write za = zi + z;, where zi satisfies 4
9 a ?2 a a €0 0
g o =— g -a—5z + = +
(7.4) 3t zl a axz 71 czl X [Zt cz |

a a a e
zl(ort) L 01 z.l (l't) = ol Zl (xlo) - (!(X)

a b
and z satisfies

2
2
3 _a d a a €
. e - e + = -
(7.5) 3t z2 a ax2 22 c22 Fl1 ¥ 1

a a a
zz(O,t) =0, zz(l,t) = 0, zz(x,O) = 0 .,

From (7.5) it follows that

a

d a
2’ dx

(l za a
2

z za) + (cz
ot “2'72 2

9 a
) +a(~a;z ,7.2)

- @ - L) < frcLoll, 200l

o

(using (7.2))

i A

:
2 i 1
[Ercon, ]+ 3 g0

|
LS

Hence

2
) 2 3t :
Y ”zg(',t) lg = [Vj{— HF(-,t)HLJ " ”z;(',t)

)
l()

-25-




T

Applying Gronwall's inequality, we get

t 1/2
a 2¢ t-8 2
Nz - el < \/; S ae lecus{lf as)
0 ‘o
Now using (7.4), it follows that
9 a € 0 a £.0 Ci s L S a €0 a € 0
(ac [zl xz.],zl—,\z) 'J(Dx S .al) +(c[:¢r,l kz.],zl X 2 )
ks RO e e 0 SEe N U e 2 a g € 0, 2
= mle= ®p= Iy e 1) g aflz- 2 Al * 7 ||3x (xz .ol -

Hence
9 a 0 2 ¢
e Nz - xf2cn|lg < 3 ”}S%E x°2% 0 Il
and so
t .
: 2 - g 3 0 2
lltz] - x="10llg < o = xellg 2,5 I3z b= comnligas
Now

(6] o 0 0 ]
\I% 20 s g < lIxSa 2 Casd ([ + Iz o) 5= Xl

a0 2 0
Z Ll ElLewl,

(using (7.1) and (7.3)). Hence

it e il < el et e e
Itz - xz 10l < |V5 L ot L Shilg

(L8

t 2
val [ Lol ] as

0

and so

t 1/2
\fz.. 3 0 |
||[zi‘ - xczol(-,t) “o < -—; ||Gl|Lm + /a{g; :}Tx z (‘,S)“Ods} !

t
+ 2@ {f Hzo(-,s) Hi as) 172
0

w
Applying the trianglc inequality, we get

S
iz - 21esolly < e - xS0 olly « el

: : t
+ X - 1120('.t) ”0 iki/; + KZ/; + Ky \[g

SATT— AP |- e




¢

where

5 t 1/2
ot 2 . 2 t=-s . 2 2 2 0
= 2 loll, + V3 T IO R e,

t i 2
K( {f ”AJ .’U : I;’ }]/
" 5 2 (',b)loth\ y
0
and
o |
. . s 0 2 1/2
K3 .If [| = (-,:;)“] ds} .
O oo
Choosing ¢ - »:[, we have for 0 < a < 1/4 that
3 ¢ 0 t 1/4
7.0) :'.‘ -3 . ¢
(7.6 [ 2108, < Ka
where
t t t, /o t
K, = K& X /WVQ + K_ «
4 1 '.’./ 3
’ : ; a 0 ; 2
I'o obtain an estimate for H I""t’ - ZL] (-,t)”0 we observe that since G € C (0,1}
with G(0) G(l) Q) '.'.t satisties the initial boundary value problem
")
) a 3° a a a
g, ~ 8 —=% +ocx =P -cn
3t 4 e R g
IX

<

\ a
'.',‘ (0, t) (0" z((l,t) Q

a
'.'.t (x,0) ag" (x) + F(x,0) = c(x,0)G(x) ,
O
and :.( satisfies
) 0 0 0
SF SR - R B - O
T L R T

)
~.=‘( (x,0) = F(x,0) = ¢(x,0)Gx) .

We now apply the previous argument to these problems, i.e¢. write

a a a a Ty
2 2z + 2 where 2 satisfies
t tl t2 2 tl ;
;\
U . e a La t 13_ L0 o 0'
) TR B ! i 7 S T Y
\‘x
; a a
T7) 2 0,t : 0 2 1t = (0
( t1 (0,t) ’ tl (1,t)

'.'.':l(x,o) aG" (x) + F(x,0) - ¢c(x,0)G(x)




0

and 222 satisfies
J 1 32 a a € 0
y ~— 2 -a—r2 _ *C = - x lIF, - -c 2% -z
(7.8) 3¢ Fe2 1 '\x2 e2 ¥ Sy X = x 1l L e ] (tlz ]
a a a
% 2(0,t) = 0, ztz(l,t) = 0, ztz(x,O) =0
we obtain from (7.8) that
)

as before,

£ ! — : 1/
o boi il 5{! o! h[\/’?{— I, - ctzoj|(-,s)”i ds}

0
1/2

Proceeding
“""t.z
¢ t-s 2 a 0 2
v V2 {f e IICl(.,s)||L|||z - 2 1(,8) || as}
) o«

0

Again following our previous argument, we get using (7.7) that
=
2€ "
V - lIFC¢,00 - c(-,06]],
3 Jll‘

ds}

: alle*l,

a t
|[[a <= X zt

22 1¢.02 |l
. 1/2 t 4

0 2 . 0 2
( ,s)“ods} v 2\/% {£ Ilzt(-,s) L

R]

t
+va (f | % e
0 :

Applying the triangle inequality,

H(;-,: - z:“"“”o ”[zil - xrz(t)](-,t)llo ' ||z:2(-,t)||0 vt - ]I::f(-,t)”u
Choosing ¢ = V:} inserting inequality (7.6), and collecting terms we will have for
some constant K; that for all 0 < a < 1/4

Itz - 21000l < kta'/?
Inequality (2.3) now follows from the definition of z( and the triangle
inequality.

Proof of lemma 2: For ¢ > 0 define

& 1, p(x,I') €
X (x) = 1
T p(x, I, p(x,T) <ce
p(x,I'") denotes the distance of a point x € Q to the boundary ['. Since
b ru > 0  such that for all

where
is assumed sufficiently smooth there will exist an

X~ € wird and satisfies

() - .
$ € € 'O'




g

o

B e

{ A

(7.9) By =%
€ 1
(7.10) Hi-x I, <ce i
L
4
and
(7.11) loxCll. < ce™3/4
L ——
4
Now write za = zi + z; where zi satisfies
a [ .
(7.12) (-ald + c)z1 = (f - cw)y in @
z‘: =0 on T
a ey
and 22 satisfies
a € ;
(7.13) (-ad + c)z2 = (f -cw)(l -x) in Q
z; =0 on T .

From (7.13) it follows that

a a,3 a a,3
a(Azz,[zz} )y + (czz,lzzl ¥
and after integration by parts that

3al|23v23 |2 + uclf“z;||14 < e - eull,

1/4 3
<clle- coll, ¥ =31,

[ <}

(1f - cwlll - x°1,1251%)

(PR I R E5e
B2 Ny,

/4

(by 7.10)). Hence
1
(7.14) llz;llL <clf- cml|L €
4 L
(since c(x) > c; > 0).
Setting
€ f €
yoo= [‘C“N]X '

it follows from (7.12) that

LY CES P O R B O A T o A

and after integration by parts that
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par

amy®, (2] - ¥°1%)




sall 22 - vE1vied - 12 o eV - ] = sae e - Vi) - e

< .mH(a-.‘l' ok 8 L0 N TEE O M P |

1 0
ia a KBon Che & o A " 2
2 e = vt |l + salltey - vavie] - vl
Hence
Ne® - oY < 3% e - vEImtE < 22 )1ed - et Hwetll?
! Ly =4y ! b =do, "7 L, L
and so
(7.15) oy = v )l < \[:‘,\ v |l
4 ! 4
Now
(7.10) oot ll, < INViG = wtlly, + g = el
. ks ’ \ ‘
3 A 4
~3/4

t t
<Nt - o, cellg -l
A
(by (7.11)). Using the triangle inegquality we get

e R A ot LI S R W \
e - co ~ e2®ll, <o iz - @il - x \1‘:._x vl -~1H\,, el

‘4 4
174 /2 -3/4 /2
(o + Q& U \ !
: ) : : 1 /2
(combining our previous results (7.1 =(7010)) 0 Choasing o a woe have ftot

Al
0 < a < ¢ that
0

\

for sowme constant ¢ depending only on U, ¢, @ oand L

Lemma 6: Suppose that = is the solution ot Problem (3. 1) and {1} the solution of

(4. ) =(4.5). 1t cix,t) 0 and v'(x,H < 0 for (R.%) ¢ l‘l‘ and & i

sufticirently smooth, then

(7.am steaty) - 80, < ‘{"kt“rll g X )




for some constant C independent of h and At.

o
Proof: Following the proof in Wheeler [15) we define for every t € [0,T], z(*,t) € Sh

3 A oV ~ °k
(7.18) a(ax [z - z],ax) + (el2 ~z]l,V) = 0, Ve Sh .

Averaging the weak form of differential equation (3.3) at times t = tn and t = t“*l

yields
(7.19) (3 z P o T e V)
g t n+l/2’ 9x "n+l/2'9dx n+l/2’
ok
n (Fn*l/ZIV) + (Enlv)l V € Sh ’
where
il n+l 832
ST s T B e T T { e it g - ThiE, > T
n

; ~ ~ k
Now setting n = 2z - z and En = Zn - zn, we have for all V € Sh that

i D 3 1 L
Celneasa?) * 3G Epnag V) * (elenln + 2108 gt VI e A, W)
g SRR %1At)2n+1/2,w
(using (7.18), (7.19), and (4.4)). Setting V = 8t€n+1/2' we get
3 2 a 3 2 Kl 2 1/ 1 2
(7.20) ”at§n+1/2”0 7 EKE [”3; n+l”0 i ”ax n”O]+ ”C i+ 2]At)£n+1”0
1/2 1 I | 2 2
le T s sl SollE F om0l ¢ 1284121l
1 A 1 A 2
& 5‘”[cz]n’l/2 - c(*,[n + EIAt)zn+1/2”0 .
Sixnce ¢ < 0,
t —
1/2 1 & 1/2 3 2
12t + 21av0e 112 2 112+ 2ane |12
Making this replacement and summing inequality (7.20) from n = 0,...,J* -1, we get
a 3, 2 d 2 1/2 A - e DU GRS
35t [”3‘; f.T,HO - ”'a‘x- 50”01 *fle™ ey ta + 21At)EJ,HO fe™ %1 5 aE |l
3 =1
1 Ve 2 A 1 . 2
<2 § ey + 3 pally +lltezl yyp = ctutn v 3otz o llG)

by

!
s




J 2
2 At 1 o3 2 |
H H - a ) {“‘n " nu/)l 0 v lltez) gtz T Eloeim b Zlaez , ollgh - |

NOow
fel] B TS WY I 05 WY R U5 W 1 05 S
“avl/2 2 2 2 2
J
and so i
o 1 A 1
ezl p = ctoin v F1a02,,) il |
|
|
A |
V+l' C‘.l'(‘ 201“2 1
e TR ST M ey I e I |
At) ‘ (at)° :
e “X ® lzpp2lle + =4 ”Ct”l““(l“‘) 1920012110
Estimating terms as in {15] we get
- 3 2
3 - 3 3
(7.21) 55 & 'H; < % {(At)‘t “__% + ”32“
J RIS L2(L2) L2(L2)

2 2
At >
B ey ) 102 ¢ eo® N3 I e

3 2

Z

At * 4 8
(B e JUBE, o fectonat{in 25

at

L2(L2)

2 2
an 2 4 2 dz
L 1Y PN PISL [ TE N - N )
It L2(1.2) L2(L2) L2(L2) at L2(L2)
(since z = n + z). Since by the standard Nitsche argument
¥ < * k .
(7.22) Ine,erlly = cta,.a®n lzc ol

we will get the desired result by following the argument in [15] provided

k
|| =i < cla,,an" |zl +lz]| ]
Mg Sagli 55508 LW e L)
2 2
Now from (7.18) we have
a(g N aaxv)+(<.nv)-o, V€ q:“.




e

WP S,

RV RINER  RT pe « s -

-

Hence

9 ) S
(7.23) a(s; n, 5;'V) + (cnt,V) = =(c.n,V)
: on ; °k
To estimate II——” we define for every t € [0,T], V(-',t) € S by
ot L2(L2) h
(7.24) (jL [z, - vl i V) + (clz, - y],V) =0 ve sk
: *iax U ' ox t ‘ ‘ h

o

Then from (7.23) and (7.24) we have for all V € S: that

e ] 3 e
a(s; [zt - ¥l, 5;'V) i (c[zt ¢pl,.Vv) = ( Ctn,V)
Choosing V = ;t - Y one easily gets
Iz, - vic.oll, < cla,.a% Inc.oll -

Now by the standard Nitsche argument
k
(7.25) iz, - w10l < c@amntlz conll, .
Hence from (7.22) and the triangle inequality, we get
k
”nt('.t)”o :_C(a*,a*)h [”zt(-.t)Hk +|Iz(',t)“k]
and so

k

L2(H ) L2(H )

The remainder of the proof of the lemma is identical to the proof in [15].
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