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ABSTRACT

A priori error estimates are derived for the approximation of an

inverse problem in which it is desired to identify an unknown constant

coefficient in a one space dimensional parabolic or two space dimensional

elliptic partial differential equation whose general form is known.
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SIGNIFICANCE AND EXPLANATION

In this paper error estimates are derived for the approximation of

an inverse problem in which it is desired to determine an unknown con-

stant coefficient in a one space dimensional parabolic or two space

dimensional elliptic partial differential equation whose general form

is known.

This type of problem has a wide variety of applications (e.g. in

pollution problems in rivers and oil flow problems) in which one is try-

ing to build a mathematical model to study the underlying phenomena, but

is not able to measure directly certain material properties which are

• necessary to forming the model (e.g. the diffusivity in a heat flow

V 
model).

I
U
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The responsibility for the wording and views expressed in this descriptive
suimnary lies with MAC, and not with the author of this report.
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ERROR ESTIMATES FOR THE APP1~)X IMATION OF AN UN KNOWN
CONSTANT COEFFICIENT IN A PARTIAL DIFFERENTIAL EQUATION

Richard S. Falk

1. INT~~ DUCTION.

In this paper we wish to present further results on a priori error estimates for

the approximation of inverse problems in which it is desired to identify an unknown j

coefficient in a differential equation whose general form is known.

In two previous papers we considered the two point boundary value problem:

(1.1) —~~~~ (a 
d a 

+ C(X ) U
a 

f(x), 0 < x < 1

(1.2) U
a (O) g1, U

a ( l)  g2

Assuming f(x), c(x), g
1
, and g

2 
are known the problems were to determine a constant

a and a function Ua (X ) satisfying (1.1), (1.2) and the auxiliary condition

Sadu(1.3) —a  (0) g
3 

(see [31)

or

(1.4) U (X *) = g
4 

(see [41),

where g
3 

and g
4 

are given constants.

The purpose of this paper is to show how the techniques employed in [31 can bc

generalized to derive error estimates for the approximation of an unknown cc~nst~in t

coefficient in one space-dimensional parabolic and two space—dimensional e l l ip t i c

partial differential equations.

In particular, we will consider the initial boundary value problem

(1.5) u~ - au~~ + C(X ,~~)Ua 
= f(x,t), 0 < x < 1 , t 0

• (1.6) U
5(O ,t) g

5
(t), U

a(l,~~) = g
6

( t ) ,  t 0

(1.7) Ua (X ,O) g7
(x), 0 < x < 1

Sponiored by the United States Army under Contract No. DAAG29-75-C-0024 and tho
National Science Foundation under Grant No. MCS78-02737.
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Assuming f,c,g
51g6

, and g
7 

are known, the problem is to determine a constant

a and a function U
a

(X ,~~ ) satisfyinq (1.5)-(l. 7) and the auxiliary condition :

(1.8) _ aua (0 ,t*) = q
8 

(~~ 3 
and t* 0 given)

We shall henceforth denote by Problem (P) the problem (l.5)-(l.8).

We will also investigate the elliptic boundary value problem

a a(1.9) — a t ~u + c(x)u = f(x), x~ 0

(1.10) u
a
= q  ~~ F

where 0 is a smooth bounded domain in with boundary F . Assuming f , c , and g

are known, the problem is to determine a constant a and a function U
a
(X) satisfying

(1.9)— (l.1O) and the auxiliarly condition :

(1.11) a = g* (g* given)

Problem (l.9)-(l 11) will henceforth be denoted by Problem (E).

As in [31 , our main concern will be to derive an a priori estimate for the error

a - c i i  where ci is an approximation to a obtained by an appropriate numerical

scheme. To do so we wi’.l first need to determine conditions on the data under which

Problems (P) and (E) are well posed. These results are contained in Sections 3 and 5

• respectively.

• We then consider in Sections 4 and 6 respectively approximation schemes for the

two problems and derive a priori error estimates. Finally for completeness, we include

an appendix in which we give proofs of several lemmas which we need in the derivation

of our main results. For the most part they only involve minor modifications of

results already appearing in the literature.

References to much of the work on the determination of parameters in elliptic

and parabolic problems can be found in the bibliographies of 1101 and 1111. In par-

ticular we wish to mention the work of J. R. Cannon, since some of the results

obtained and techniques used here are extensions of 121.

‘I
—2— ‘ 1
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2 NOTAT I ON AND PRELIMINARY RESULTS.

For ~ a bounded domain in or I - (0 ,1) and k .~ nonnegat ive in teger  we

shall denote by W
k p 

the usual Sobolev spaces of function defined on 0 o~ I (the

inte~ ded domain w i l l  be clear f rom the context) with norms

h ull k - ( ~ 1(D~u11~~ ~~~~ 1 
~~Pw ’~ hj l— o p •

and hIu~I k ~~
= Y hI D~uhI L . We further denote by the space wk 2  and by

w ’ bT=o 0

F the closure of C~ in the Ill norm . We will use the notation li U hi k to denote the

norms in Hk , and ~~~~~ to denote the L
2 

inner product in ~ or I. Also fot

X u nonne’d space wi th  norm and u : (0 ,TJ ‘ X , we define

2 
T 2J I U I I L (x) — I hIt~

(. ,t) hl x dt and
2 0

II U JI L (X) — sup hIt1 (. .t ) hI~ .
0.t<T

Finally we shal l  let — (0,1) x 10 ,T1 . C denote a generic constant depending only

• on the dat~i of Problem (P) or (E), and C(b~ ,b*) denote a generic constant which may

• depend on b
~ 

and b* as well as the data of Problem (P) or (F).

We now state several lemmas which will be needed in the proofs of our main tt ’s u l t s .

The first two are results f rom perturbation theory and we provide proofs in the appe n d i x

for  t he  ~ pe ci a l  c.~ses we consider in this paper, although results of this qene’ial k i n d

c . l ! t  be foun d in the l i terature  (see for example 15) and ( 7 1) .

• L e m m , i 1 :  Let be solution of

a a az — a s  + c z  — F , ~~~~~~~~~~ t ’ 0t xx

a a
z (0,t) — 0, z (1,t) — 0, t 0, ar~1

a(0) — G(x) (with G(0) — G(1~
• and let •

~~ b. the solution of

z~~+cz°— F , O~~~x ’  I, t~~~0

z
0(x ,0) — G(x)
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Then if F,c, and C are sufficiently smooth we have for all 0 < a < 1/4 that

(2.1) 15
a 

- z
0

1 (•,t) II~~ K~a~~
4

(2.2) i~ tz~ 
- z~

) (. ,t ) lh 0 < K~a~~
4

and

(2.3) If (F — 
a 

— (. ,t) ~~ K~ a
1”4

where K~ , K~ , and are constants depending only on the data c ,F ,G and t .

Lemma 2: Let be the solution of

- + 
a 

= - cu in £2

= 0 on

Then if f,c,u and F are sufficiently smooth, there exists 0 < c
~ 

< 1 such that

for all 0 ~ a < c~~, f~t - ew — cz hI L < Ca~
”8 for some constant C depending only

on f,c,w, and 0.

The third lemma is a statement of the maximum principle for parabolic equations

which we shall use in the following form. (A general reference for results of this

type and for similar results for elliptic problems which we shall also use is 1121).

Lenina 3: Let v satisfy

v — av + c(x,t)v = F(x,t)
t xx

v(0,t) = G
1
(t), v( l ,t) = G

2
(t)

v(x,0) = G
3
(x)

where G
1
(O) G

3
(O), G

2
(O) = G

3
(1) and c,F,G

1
,G
2
, and C

3 
are smooth functions.

If a 0, c(x,t) > 0, F(x,t )  < 0, G
1

( t) < 0, G
2
(t) < 0, and G

3
(x) 0, for

(x,t) e (0,1) x (O ,TI, then v(x,t) < 0 , (x,t) ~ (0,1] x [0 ,T 1.

We remark that even if the compatibility conditions G1
(0) = G

3
(0), G

2
(0) = G

3
(l)

do not hold , we still have v(x,t) < 0, (x,t) e (0,1) x (0,T), even though

v V C°(ITI• To see this take a sequence G~ (x) < 0 satisfying G~ (0) = G
2
(0),

G~ (l) — G
2
(O) and converging to G3 in L2

(0 1). Denoting by V
i
~(X,t )  the solution

of the corresponding initial boundary value problem, we have by standard energy
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estimates that v~
’(, t) converges to v(.,t) in L

2
(0,l). Now V

5
(X , t )  0 by

lemma 1 and v5 and v aze both continuous functions for t o. Ikn~e t v~~~, t 0

for seine (x, t) e (0 1) ~ (0 ,T) • then we ‘ould f i n d  a funct ion ~ 0 :uch t h .t t

(v 1’,’4~) 0 for all n , but (v ,~~) ‘ 0. This contradicts t h e  conve z~ience o t  t ’

• V tfl L U ) , 1) .

I

i

4 - ‘.-
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3. WELL POSEDNESS OF PROBLEM (P).

In this section we wish to ~et ermiiic some simple conditions under whtcli problem

(l.5)— (l.8) is well posed, i .e . there exists a unique positive solution to the equation

Q ( a )  _ a u a (O , t * )  q wh i ch is  c~~n tinuou s ly  dependent on (w~ shal l  assume t h a t

c , f , q
5

,q
6 

and are f i xe d ) .

Althoug h theorems unde r a l t e~ na t ive  hypotheses are possible , we sha l l  assume tha t

the data ~~~~~~~~~~ and are sufficiently smooth and s a t i sf y  the following

condi t ions:

(HO ) r~~0) = g
7

( O ) ,  g~~(0)  = g 7
( l )

( 111) c (x , t )  0 , (x , t )  ~

(112) q~ Ct ) 0, t ~ LO S T)

(H3) q~~(t) 0, t e (O ,T)

(114) q~,(x) ‘- 0 , x E (0,11

(115) f(x,t) — c(x ,t)q7(x) - 0, (x , t )  €

(Ho) (x,t) ~~, 
(x ,t)

( 117) (x , t) - c (x , t )9
7 
Cx) - c (x, t) (1 - x) [q~ Ct) 

- g
5 
(0) J ~ 0 , (x , t )  C

(118) g ( O) < 0

(119) 1 g~~(T)dt - q (0) 0

We note tha t  these conditions impl y that

(3.1) g
5

( t * )  ~ g6
(t*)

To see this , wr i t e

= g
7
(l) = g

7
(0) + q (O) + g ( ~,

) = q
5
(O) + g.~1,(O) +

(using (110 ) and a Taylor series expansion) .  Hence by (114) and (118) , q
6
(0) < g

5
(O)

w i t h  s t r i c t  inequa l i ty  holding i f  q ;( O)  < 0. By (112) and ( 113) our desired result is

t r u e  unless both g~~ O) = 0 and g~~(t) = 0, t e EO ,t*). (119) rules out this

~o~ sib~ i y.

I
~ ~~~~~~~
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Wv now ~‘~~~w the tollowinq :

j~~~~~~ iS t ’ that hypotheses (HO ) — (H9) are s a t i s f ie d .  Then t ar  any ~ ~ 0 ,

&~~~~ t . a ~ut  t . j ~s posi t ive  solution of Q (a) ~ 
— au

a 
(0, t ~ 

) — . l’ u z t h e n n oz e  , t a~

all 0 ‘ a , h

a - b~ k~(a) - Q ( b ) I / K ( a *)

wht

t i
i q ’ (i)

K ( i * )  — f 
~ 

dr —

0

~c i t t ~ u
a 

— :
1 

+ r where r ( 1 — x )g
5

( t )  + xg
6
(t) and sat  i sf i es

a 
— 

a 
~ ~~~ F, 0 ~~ ~~ , ~t xx

(0 , t 1 0, 
a 
(1, t) 0, t 0

(x ,0)  
~(x) , 0 ‘- x ~ 1

- F — — ~-r  — 

~ 
and ~ — r(x ,0)

~‘h. ca nd t a:i ~ a — .iu~ (0 , t~ ) = g then becomes
x 8

~~ 
- — az’1 (0 , t *) a[g

5 
(ti) — g

6
(t*)) =

0’ i t t ’~ i i t  i , s-~ ~~~~

— az” (0 ,t )  — (F — 
a 

—

• X 
0 

t

• 0 at  i s ;  t i ~ i n •ei • 1 a~ ’~ l v  is~ the boundary conditions, we have

l x
a 5 f (F  — ~~~ — z 1 ( s ) d ;  dx

0 0

V i.a I h. ~~hwa i n t ’~~ua I ty and set t ing t — t * , we .‘as i I y obt a i n

(0 , t •) II (F — 
a 

— 
~~~~~~ H

t hen  • ‘l lows t hat I tm ~ ~~~ 0 since lim IF — — ( •  , t ~~ L 0 by 1en~~.i 1
a a

Wv w t 11 now h~ w us i n~i a st andard energy argument that  . , t *

• (. , ( * • 0 a~ -i -‘ . This coupled with the f ac t  C ~~. I t h i t  a . ~t ‘~~ 
— •~ 

i 0
t ~~0

-7-
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w i l l pr a~* . t h a t  u r n  ~ ( a )  = + -‘ . The existence of a positive solution to Q (i) =

t O :  ~‘0si t i v  will then tallow from the continuity of Q (a)

Mul t t ~‘I y i ng equation t ~~. 1) by and integrating by parts , we have

~~ iI z
d (~ ,t) i1 ~ a~ Z ( , t ) 4 ii (.~~z) (• ,t)

= (F,z
d
) ~~ I i F ( . , t ) I i o i I z

a ( . , t ) I I o

F(• ,t) + 
3a f l a ( t )  il (~

( u L i s ; t : i  SC1;w~~t :~~~ in ,~ a~ i t h m et i c~~it ’~~m e t rj c  mean i nequalities). Since z (0,t) =

a ea~ i i v  ~~~ Ii a 
~ , r) H - 2 H a 

~ , t) 
2 and so

x 0 —  0

I d  a 2 a a ‘ 1 2
— — — —  f~ 

(.,t ) ff + ~ l iz ( . ,t )iI~~
< ~~~ i i F ( ~~, t )  iI~

II. I ;

~
_
~~~ * ~e

d t  if~~~.,t)ii~~’ ~~~ e’~ ti F( .t) Il 2

t:; : a 1: 1 . -~ t a t  na we act

II ~~~~ , t )  ll ~~ 0-a t  
II Z

a ( .  , 0) II~ + 
1 

1
~ 

ea t )
II F ,s) ds .

S i n ~ e * 0 , we , ih t a i ~~ u r n  j z (. , t * )  H = 0.
To • ‘ k ’ t i i n  a similar result for za, we differentiate (3.3) to obtain the followiiia

; : ; ; t  :a l  bounda ry v a l ue prob l em for  za (recall that G (O) = G(l) 0 by ( H O ) ) .

— a [z a] + cz = — c~ z
a 

+

z~~(O,t) = 0, z(l ,t) = 0

z~ (x,0) = a~
; ’ — c (x , 0) G  + F(x,O)

Using the same argument as in the previous case, we obtain

IIZ
a (.,~ fI~~ e~~~ ff ~~ (. , o) 

~ 
+ 

1 
1
~ 
e
a(s t)

II [_c tz
a 

+ F ]  (. ,~~) lI~ ds

It easily follows that lirn ff :~~.,t*) ff 0 0 .

-8—

__________ S -~~~~~~ ~~~~~~
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To obtain a cent Inuous depende n a  t as ul t it is es ‘i i  Vt ii t e nt  t a t .- w i t  a

a a a
o •- v w ~ , where v sat tsf it

37 ) — av ’ - • 0 , 0 x I , t 0
t ‘ Xx

(0, t ) t )  — ( 0 )  , v (I, I ) 0 , t - 0

(x , 0)  0 , 0 x I ,

and ~~ sttts tie s

a a a a
w — aw + cw — t — cv t • i ~~

’ — ~‘ a .  0 x 1 , - ‘i
t xx -

, 
-

wa 
~~, t) 0, w

a 
Cl , t ) = • (t  — a 0)  , t 0

a
W (x , 0) 0 , 0 ‘ \ ~- 1 .

• Then -

~ ~a)  — — au (0 , t * ) — a’.
t 

(0  1 — aw
t 
(0, t —

.in i so

a
~~~ ‘ 

~a) = — — a ’. (0 , t ~ ) I ~ 
—
~~~

- 1— a w  ~~~‘ , t — .i ’ t O
x x 7

Now i t  ~~s not di f ~ icult to  show t hat

~~~ 
~~~~~~~~~~~~~~~~~ 

t~ = — a 
~a w~ (0 , t ~~ - w~~ (0 , t * I ~ - L~

0 ,

.~ a
where ~

—
~~

— s at i sf  i c u  the part ial .1 t t .‘ l . ’ nt  i i i  .‘o~ i . t t  b i t

a 2 .1 .1 a
r W 1 1 r -~ ~“ 1 1 - - - V

— — + c -  • — — -  + a ”
~t ~a 2 ‘i i - L I 1 • ‘i a

sub t a ct  t a horno~i. ’naaus in i t i a l  and l a t u i l i  t v d at  a ,  and ~~~ 
• sat i ’  •i as t h. ‘a t  t

ditta rent iat equation

~~~~~~~~~~ = k 1
also subject to homogeneous initial m d  t’ounda ry • 1 t t  a .

aa ~w a
~atting p = a ~~

-_- + w , we have t hat

a‘(a) = — —i——— p (2 , t * ) 4 
~~~ 

I — . tv~ t o , t * 1)  — a t O )

-~~~~~~ 5- — 
-~— — =~~~ _~‘- 

— .~— • S •~ 5 — ~~~~~ I ~~ j l1IllI~~~ ljl~fll~~~I.=1lIIlJ
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where ~a satisfies

a a t a l y
1 

a a a(3.11) p — a p  +ap = aw -ac , - + ag” + w  -aw + CW
t xx xx ‘i a 7 t xx

a• a a
= w 4’ cw I •a~ ” - n’ ’-t 7 I i

w i th  p ( o , t = ~~~, p ( l ,t )  q ( t )  — y ( O ) ,  and p
d
(x,O) = 0 .

We now show tha t p ( x ,t) 0 for all 0 x 1, I - . 0. ~i i i c ’ p
t

(O , t )  = 0,

this will imply tha t  — p ( O , t *)  0. To do ,;o we observe tha t  by hypotheses ( I I I )

and (H4 ) g
6

(t )  - q
6
(0) 0 and aq~ < 0 . Hence the desired result will follow

iitunediately from the maximum principle (lemma 3) if we can show that w
d 

~ ~a 
~

and ~~~~~~~ > 0, (x,t )  c (0,1) x (O,T].

Now using hypotheses (H1)-(H5) it easily follows from the maximum principle that

> 0 and hence tha t w
d 

< 0 for all (x,t) ~ I,~. To show that w~ < 0 and

0 we observe that w satisfies the initial boundary value problem

• 2
2 a a a a a a

(3.12) -

~

-

~~ 
[w

t
] - a —i- [w

e
) + c [w

t l = ~c~w + f — cy~ - c~y — c~~ 7

w~~(0,t) = 0, w~~(l ,t) = q~~(t) , and

w~~(x ,O) = f ( x ,O) — c (x ,0)cj7
(x) + ag ’ (x )

and y satisfies:
II a a( 3 . 1 3 )  — a —

~~

- 

~~~ 
0

y ( O ,t )  = g~,(t ) , y ( 1 ,t )  = 0, and y~~(x,O) = 0

By applying the maximum principle one easily shows that for all

(x,t )  € (0 ,1) x (0,TJ

(3.14) y~ 0 (using (H2))

(3  15) y~
’i < (1 — x) Eq

5 
(t) — q

5 
(0)1 (using (112))

(3 .  I n )  wa < 0 (using (Hi), (113), (114) , (US), (116), (117), and ( 1 . lh )

• ( 3 . 1 7 )  0 (us ing (1 .14)).

-10- j
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Thuit  wp lm~ivi’

v.)’ (a)  
~ 

( -ay (O , t ) ~ -

Now t~ om I .’1 wi h i v e  t lt.it

I I~~ ) y ’ (0 , t )  — f M C t ’ , a ( t  I —

l~ l~ I w i t ,  ~ , ~~~, , i )  — 
— • 

~~~~~~~~~ 

Cx — I

I I. i i , ’.’

1 1*  I I
I ~V (11 ,1 4 ) 1 — M(tt ,a (t* — t ) ) . ~~’ ( t ) . ~ t s I N ( O ,.i ( t~ — t I ) ~U t  — I i .

‘‘‘It

I OM (x , 0)  t1
—

~ ~~~~ ~ y t~x i4— 
(x  

~

_
~~ •

. —
~~ -‘ — .‘I I )  ( x  —

— 
4 ’  

— -  

4,’ 
—

I - a

• M (O •~~~) I oN (O , o )  n 
- 

~

i t ,  - 

0 —

~~
4

~~ 
(- .%v~~(O , t~~)1 t f l ,~ (~~* - ~ ) 

S i t

I ‘ ‘~ .~~i i ~ ‘. a

~) 1 ( % )

1 ~. • ‘0 
~~‘‘ ~~ ii ‘i * ( I  ~ — I 

t i m  — ( 0 )

~ I’ ~~~~~ i~ t I ’\  ~~~~~ t t ~~t ( I I ’ l )  1. 1~ •‘) t t ’ % It ’w ii* tn ~n~i’. i t,- i t e % y  t i . ’nt l b . ’ I l l e a l l  v a % t t ~’ t b. -.’t . m

W. .-in.i i k I h at  wheim f p 0 , a — 0, ~~~~ s 0 , wv a % + ’  a ~.a, • I I y t t i  I he ‘ l it  tt.i t I t  I n

I i i  ‘ )  , win t a I in ’  t~ ’ ’ t t i 1  I ol ‘I’iti ’t s i i ’m  I t’o~ t lwi .iI’.+ vi ’ ’ i p. ’t t , t %  ..1 &i ’ W.1~. I I l l

r • t ’L ’ t  , . l

III i i i , ’ l, ’ t  I v  i t  l i t  0~~ t i t ~ ’ ‘‘ I  1 0 1  t ’’~~ t ( f l 1 5 1 t t ’  WT~ ‘~~i i t %  1 ~~‘,~ it t I ’ ’ .1 ~~I t t ’l I ~~~~~~ .111, 1

1. ’WI ’I L’t t t i i i I , ~~, t i n ’ ’’ ‘ 1111 I t ’ l l  . i . W~ now ~~~~~~~~

— I t —
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Lemma 4: Assume the conditions of Theorem 1 are satisfied . Then 0 < a 1 ‘ a <

whL ’ l a

( 
t1 g ’(i) 2

= max~~1 , 1
81(1 

_________ 
di — q (O))

o V~(t * —

and

I t  2 t *  4
d l = 

~~~~~~ 

(q8/[~~~ 6 
+ g

5
( t 4 )  —

I-I
(and  N is a constant defined in lemma 1) -

Proof: In the proof of Theorem I we showed that

= Q(a) _ay~~(O,t*) - dW
a
(O,~~*) — ag!1

(0)

and that w
d
(x,t) < 0, (x,t )  € I . Since W

a
(O ,~~) = 0 it follows that _ aw a (O, t * ) -

~— ‘r x —

a t t i  so q ‘ _ ay a (O ,t*) - ag ’ (0). Now from (3.18) and (3.19) we have8 —  x 7

a t~ q , (’t )
_ ay

~~
(O,t*) > a  5 -‘i dr

0 /lTa (t” — r )
and to

~~ g’ (ii
g > 

_______  
dr - ag ’(O)

0 i t( t 1  — r)

I f  a 1 then

t*( g ( i)

~ _,~~~ 
— 

di -

(I Vi t ( t *  —

and 51)

a max
{ 

i, [g8/(f
t ~~~~( i )  

di - g~~(0))]2} a*I 
~ /1T ( t * _ r )

To get a lower bound we observe that from (3.4) and (3.5) we have

~~Ii I F - cz
a 

— z~1( . , t * ) I l 0 + a[q
5
(t*) — q

6
(t ) 1  <~~~ K~~~a~~~

4 
+ .i[q~~(t1) 

-

• far t) ,i 1 /4 (by l emma I)  . Hence for 0 -- a 1/4

< [1- K~ + g
5
(t1) —

5O

a > m i l l  { 
~~~

, (~ / f ‘- q~ (t ~~) - q
6

( t *) ] )  } .1
~~~ -

• — 12—

L _____ ____________
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  S-- •--—-~~~~~ _5~~~~~~ __ , • ~_~~ _•~ _‘~~~a- -55



5-’ =— • -- - 5-5 .-,_’5- S_ -S. ~~~~~~~~~~~~~~~~~~~~ -.-——•--•----‘— 
- -

• - —~~-—. -

4. DESCRIPTION OF THE APP~~XIMATE PROBhFJI ANt) ERR01~ Es’rIMATES FOR PROBl l~~1 (P) .

It is convenient to descirbe the approximate problem in somewhat ,tbst t a i ’t  tirms

since  part of the numerical procedure in~~ 1ves the .li)I’r (iximat ion at t i t t ’  fo rwa rd

problem (1.5)— (1.7) for which many nurne r I cal • ‘lt, ’m. : . tr e .1V.t i able.

For a given let denote an approximat . ’ ts i i  ut ion of (1 . S)— (1 . 7) c o l r e s~k,n di 11(1

to meshes of width it and At in t l I (  X and t d i r e c t (a l l : ;  r t ’ n p t ’c I I Vc ly .ini

sa ti s fy ing an er ror estimate of the form

( 4 . 1 )  I u ~ (0 , t~ ) — U~~(0 , t *)

for a l l  ~ e tb 1,b11 where ~ (it , A t )  sa t isf ia t ;  u r n  ic (h , A t )  1) ( f o r  some st ’it , ’mt ’s
h ~t)

At ~0
th is type of esti~’iate may only hold when sam, i-d at ion ( X i  ste be t ween h i t ’  S z ’  at  it

and At , e.g. At ‘~ Ch 2).

The approximate problem is then to tlet,erntine 1 ( - a n st a r I t  1 s u c h  t h ~~t

(4.1) ~ (a) .i —tiU ~~(O , 1 *)  i i

Since th is is just a noni j i t e a r  equat ion in ~ , W~~~ c lii  ;e-’iv,’ it , Ii~ my ut  tinl .titl

iterative method where of course, in O l de r to evi l nat a ci (a) we must fi tid

the approximate solution to the forward px’olil em (1 . h )  — (1 - 7) (wit Ii .1 I O~ ’ 1 ,n ’ . l  by ‘i ) .

We rema rk that for  f i n i t e  d i i  I t ’ l a l t t  e ;;, ’i ’i , ’tm ’s the da t  i vat  i vi (0 , 1 * ) m.I\ ’ be

i al ’ t . i c e t i  by a difference quotient such a:; (it , t*) — II I ’ (0 , t 11 ) :lt , and ‘I’ t t , ’a ia nt

(t a follow) ~‘,tsi ly amended to acc.nint  t a r  t -h i  ; t ’h, t i t i t ’  .

Fo r’ approxima t L ou ~ ch i t ’ine:; sat  •i s ty i i t . i  ( 1 .  I), wi wi I I i i i s i  th aw t hit ’ , ‘X t  i t  eu~’.’ ~~t

a nol ulion to the .II’ [’l’OX i m at e  problem and t ie t i  VO . 1 1 1  t h i : ;  I I , tc  t c i  I 01 a: t t I I . t t  ‘ ‘ - We t lu’it

q (Vt’ speci tic error ast i mates t a r  two examples where an a:; I i l U . l t  a at  t i i .  t ype (.1. 1)

can be aa:; i ly tl~ t’ i ved from i’esul I ,ip~’t’ i  F L i l t ]  t~~ ti m , ’ 1 i t  a I I  I t i l t ’

Theorem 2: Stq ‘iio:ta the hypotheses ti t Theoz- t ’m 1 . i i ’  , , I  I I : ;  I t ’tI ~tn t I I im , i  t (a , 11
I 

~

the sal_ut.  ion of problem (1. 5)— (1 .8) . I”a t  a ‘ii v a l m  i at  t 1~ i lena t  a an . t p p i .  x i  mat a

solution of (1. 5)—(I .7) sat i .’;fyinq ~ & ) I l t h I t  l O u  (4.1). l e t 0 - b 4 .l~

where a1, a1 ar e the bounds on a derived i i i  I emma 4. Then t o t  it , tumd A t

—l 1—

- . --



sufficiently small  there exist :; an a l,~ , h 1 I sin-h that t ito ‘at r (‘t . 17
1

) ,5I I I : 1  1 I ’ :-

(4. .‘ ) and l o u  a l l  such so t n t I i ; ’ . wi

(4. 1) I — I~~ t ’(h i 4 ,I~~L,’ (Ii , ‘i t  I —

Pr a l t  : I ly  di’ t 1 1 1 1 1  I t ’ l l ,

• ~ i 1~~k I
h

* ( ; i , I * )  • ~~h i i t ’ * t ( i , t * )  I t ,~~(tl
1 *( ;t ,I* ) — (1

1
* 0 4 ) 1

I i ’ ( h 4~ h ’~ 1, (Ii , I ) ( i F  I I I  ( 4 .  1)

Now

‘l It ’ 4 ) 
~l (b 4

) — 1 I i  s ‘u - ‘I  — K i . t ~ ) (a  — 1 4 1

(us tnt; ( 1 . .‘0)  . t t i~l t In’ I a t - I that I~ ‘ a)  .

— L K t . m 1) (a — t~~~) — m ’ ( t ~~~, i * 1 ~ ’ ( l m , \ I 1 1  ~ ii  I~~~u li , \I : . l t t  I l a t e n t  i v  - . i i i . t l  I

i nec ~
‘ (I i , ‘i t  1 ~ • Ii , ‘i t  i t  

~~~~~

i,’ Ui 4 ‘l (l~~ 1 — t ’ (b 1 , h~~ )~~‘ ( i i , ‘ i t  1 i K ([ 4 ) (b — i t )  — C (b hi 4 )~~‘ (ii , At

‘ j~~ i a i  li ,,\t s u i t  i i  a lit  ly eiui,tl I .

By the c t l l it  t i t i l I t  y at ~ (a I , t i u ’ t .  ax  i t  . an a c Lb 4 1 b4 1 ;ut ’h that ‘~ (a)  •

for  a l l  h • A t : . tO  i t ’  i c u lt  ly :;ma ii.

tI,~ 1 1 V.’ t i t . ’ ~‘ u t  ‘u  e~ t I ma I i’ we t i lOt ’S, ’ hi — t ~~ ( - .‘)  t i i  alit a i t t

• - 
K ( i ’~~ ) ‘ l ( , t )  - ‘ l ( t )  

K ( l ’~~) 11
8 

— ‘l ( a )  K ~l’~~) ci ( i l - ‘ l ( m )

ii Ii 1
K ( [)~~) IT  (i tm , t ~

) — u ( i i , I ) 
K f t 4  I l• (li e , h i 4  )~~‘ (l i  , A t 1

(u  t uiq (4. 1) ,tnd t’ ht ’ I ,I t ’I 111 ,11 ~ 1L) ~~, b~ 1 )

TI: ,‘% tl ap~’l i t ’, u t  t an of ‘l’lii’orcrn I Wt ’ ella 11 t ’t l l l S I dot t h it ’  t i  . m u i k  N t  i i i , ’) ;, l i l — C a  1. ’, k in

.t~q’,t~x [mat i~~m to Ci •
1,) — ( 1  . 1)  , wh j e l i  may 1~.’ 1, ’;;, ’ t I hod i: ; t o t  I , ’we I,et Ii I N , whet’ .’

N t ,- ; .u ~~~~ ”; i t  I V . ’ i I t t  ,‘t~~i ’ t  ,lti.i ;.‘t

l v  . i’ ll) , 1 1  : V 1’k 
( 1 . ) I I , .  . - ,N l  ,

whit’ i. I ( ( 1 -- t I l t , I i i ) ,i i i t t  t ’
k — 

(1) l : ; t he a t  a t  .ml I pa I yIIOm i i i : ;  a I dat i  t e e  ‘

~lt I i  it.’~I i~ tt I - t )c t m i t . ’ 
k 

— ~ 
,•k : v ~;i ) — v 1 )  — 01 . Now let ‘ii — I’ I whet a

It ii

I: ;  .i j ’.’’; l (iv.’ i t i t  .‘~~~i ’ t  itm il ‘n ’t  I i m \ t  , ~ ;~ , i , . . . , 7 .

- i-I -

—
--St

- -~ -‘ —•- •I_,_ .. , .__ 
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For a function F defined at times t we denote by F the f u n c t i o n  F(t ) .  We
n n n

shall also use

F — (F + F ’ ) / .‘
n + l ’2  n+ l  n

( Note F ~ F(t  i i  and

) I-’ -. (F — F ) A tt n + l / .  n+ 1 n

Our ~ap h rax ima t a p i  ihi I ~‘m is t ttt ’,t described as follows:

I ~ ‘1 1 a a $lit’ to im i  fli’ ‘1 t ’t I ! t S  t a n t  a and a sequence ~ U ? where n — ~ r • ~ S
~ n )  n n n n hn—0

sat tefit’s

Ii I a
(4.4) t

~~~~~+ii .1 • V) + a (~~- — Z
1 

, , , ~~
— V) + ( c ( - , In + -~ lA t )~~~~1 ,,V) (F~~~1, , , V )

t ’ t  all V c S~~, n 0 and

a 1
( 4 . 5 )  .i ~~~~ I~~ 

— t 1  s- -V ) +‘ ( c C -  , o ) (
~~ 

— Gi , V)  — 0 for a l l  V

whet.’ 1 — (1 — x ) q~~( t )  + xg
6
(t)

— — ci — t’ , and

q,7 (x )  — r (x,0)

, t i t t l  — i t ! ’ ( i t , t ~) q . ( Z is t he .‘r-ank—Nic o ison—Gal ou ki n at’prox i ma I h u t  I a
x 8 ii

For’ the ads. when c — a (xl , Whcel. ’r I I ¶ I has proved tha t  t I (do t m o d  by

7 . ~) 1 b. ’lonqs to 1, (w
k . ) , ~~ b.’loii t ;s  t o  I (U k ) and 

~ 
ho lo nq;; I t ’ 1 1 (1. ,)

hi.’ui there a u ’  t - , ’ u i - - I t n t : .  C and t “ 0 such that fai all 0 ‘it —

(4.t’) 
~

,‘ (- t
11

) - 

~~ 
~ c lhi

k
t lL~ I l L~~Wk ,~’I 

+ l I~~t t l (H~~ 
+ ( ‘ i t r  ~ 1 1 (1 1 )

1 •

A lthouqh t h e  t~an st  , i r i t  C wil t  depend on a It is ~ (‘(hi 4 ,
b4) for a lb 4 ~~~~ 1

Remarks: I I I  ( 1 . 1 1 Wa_h iii it ahowed tha t  an e st i m a te  similar to (1. ( ‘)  ._‘t iui  d be tier i ~~~

• for uix~ i . ’ eas ii y computabla t ’t i t )  ices of than (4. “) and a I so I -it s .it’OS w i t  ii

i i i  iii.’ r I i t t  . ‘ I *-  lemont cant i nu i  ty  . We t t i t  ther’ note tha t  i t  I ;; pose t lilt ’ it ext .‘uid lit .’

result:; in ( l_~~ to  the ca:n ’ a clx , t for the pttiblem we at . ’  con:;i tie i inq . ( I t  ~~l aol

a I ti t i ’ m  tact 1:. 1 n(’ I tided i n  the appendix as 1 emma t ’)  -

—15—
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To get an estimate of the type (4.1) we use an inverse condition satisfied by

elements V ~ S~ , i.e.,

(4.7) 
~~~~~~~~~~~~

Letting V
1 

be the interpolate of z
ci (.,t ) in S~ , we get

ci. ci Ci Ci
— (U  (- ,t ) — U I = — (z (.,t ) — z In n L0~, 3x n n

~ i I~~ [z
ci
(~~,t )  - V

II II L 
+~~~II V - Z

~~~L

ci C ci C ci Ci
(~~~ 

( . , t )  — V
I J I I L

+ — I ~vI — z (•,t ) I j~~~+ j - I I z  ( - ~~t~~) — Zn I~L

Chk l  
l~zci ( , tn ) i I k ~IIZ ci (,, ,t5) —

(using the standa;d approximation properties of subspace S~~) .

Applying (4.6), we will then get the desired estimate with P ( h ,At)  = h
k l

+ (At)
2/h

provided that the solution has the indicated regularity for all ci € [b~ ,b*).

Using Theorem 5.3 in Lions [8), this will be the case if the following compatibility

conditions are satisfied.

(4.8) G(x) = 0, x = 0,1

(4 . 9)  cgG” (x) + c(x)G(x) + F(x,0) = 0, x 0,1

and

(4.10) ci(ciG” (x) + c(x)G (x) + F(x,0)J”

+ c(x)[ctG ” (x) + c(x)G(x) + F(x,0))

+ F
~
(x,0) = 0, x = 0,1

Since we require that conditions (4.9) and (4.10) hold for all ci 6 [b~ ,b*]

these two conditions actually lead to the more restrictive conditions that

(4.11) G”(x) = 0, x = 0,1

(4.12) c(x)G(x) + F(x,0) = 0, x = 0,1

(4.13) G~
”
~(x) = 0, x = 0,1

(4.14) (c(x)G(x) + F(x,0)J° = 0, x = 0,1

It -
-16- I I

U
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and

(4.15) F
~~
(x
~

O) = 0, x — 0,1 -

(For the case c = c(x,t) the compatibility conditions become more comp l i~’.it I i .  : . - .

Theorem 6.2 of (81).

Under these coneitions, we get the error estimate

Ia — c i i  < C(b 1,b1) (h
k i  

+ (~t)
2
/h1 (K ‘- 4) -

By making use of the results of (11 and observing that condition (1.1) ‘sly

involves an estimate at time t = t~ > 0, the compatibility conditions : ;t ’ i t & ’,l

previously can be weakened for a special case of the problem we are cons i -larinq .

Suppose that g
5 

and g6 are constants, c = clx), and f = f(x). Let i ’(x) be

the solution of the steady state problem

(4.16) _ c t _ O
ci

+ c O
C
~~.iu f , 0 < x ’ .l

0
Ci

(0 )  = g O~~(l )  g
6

Then v~ • u
ci 
- satisfies:

a a a(4.17) v — CiV + cv = 0, 0 ‘- x < 1, t “ 0t xx

v
Ci
(o ,t )  = 0, v

ci (l ,t) = 0, t 0

v
Ci
(x,o) g,~(x) — ~ci ( )

Now denote by -e~ € s~ the standard Galerkirt approximation toth~~ eta,mdy - t ,\ t ~~

solutton 6 and by (V I the Crank—Nicolson—Galerkin approximatian t o  V -

it is shown in (11 that

(4.18) i v (~~,
t )  — VU

I L C(t ) (h k + (At) ] j I g 7 — t I I
~

provided t~t < Ch2. Since we have from (161 that

(4• jt~) 10~ — ‘~‘I ~, 
~~
. 
Chk II EIa II k

W ’

it follows that for U~ ¶/~ +n n

- 5 5 -S-—- 5,-- --- _ — - - - - --- 5~~~~~~~~~~~ S _ _ - S- ---’ 5,~~~~~~~~~ -~~~~~~~- S  ~~~~~~~~~~~~~~~~
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I ua - , t I - - C ~~~ , h4 I lh
k 

+ ‘it  1

and u i t n ~j t h e  triVe t ‘a ‘o i i , i  i t  I t ’l l • s  • bet t t h a t 4~ 1) is’! 4 -  ts’ i t  i i  ~
‘ (ii , ‘ t 1 4 ( ‘ i t  I ii

without re’qur r m nq the Cc r i ‘ ‘ , , u t ! I l Ic t  , ‘Si I t t ’ i  I ; t y ~~~ si s i  it i a i l s

(4.~
c)) ( i ’ ’ ( ~ c 1 — ‘‘ (xl ) I1 , x

a rid

(4..’l ) a ’ l X ) ( s 7
1

(X ! — ‘ ‘  
~~x)  I , x 1,1

Ct1c ) s 1 u i s 7 :. t s s - ,i , u ~~
- c~ at  5 t ; m t  t t i L i t ’t i ’ , ~ ‘ t ‘~~t ’ts t : . t  ~‘t ~~~t c s  ( 1 .  a.  K = 41 an,l • \ t

We’ w o u l d  t I t s ; ;  ~, ‘t

( 4 . . ~2 )  a - ~ ~ c ’ (h~~, h * ) h ~ -

We note ’ tha t r e s u l t  - - I:;,I 1 a s s ’m ; ; t s ( -1 . 1 ) s i c  ob t a i ned in [H for a w i ~Ia c I ~ms:; at

s in g le ’ ; t e ’l G a l e r  k i i ;  t j } u s ’ x  t m , t t  l a l ; : - , an~1 t hat t’t’ t’C’ r t ’s t ima t  ~~ s ’O i t t 5 } ~~5 t 1 s h I f l s 1  t o  U s e  ~‘t

these sche ’int ‘5 S i t ’ obt at  nes t i i i  a s im.i l a r I ,tsl ;  i s - i l l

— 1 0 —
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Wt’ t t~ w t tit i t  t a t he ~‘i c ’b 1.511 at  dot et-mi i i i  nq the uttknciwut c ’t S ’  I I i~~’ i t i l t  I i i  t l ~~’ a 1 I t pt it ’

v . tj  t i e ’  (1. 5 11 • 1. l~~1 t~~) ~e’c t t o  cot id it  ian  ( 1 . 1 1 1  - i i i  ,i  malili ,’i sti n t i , t i t o

St’ s ’ t t . ’ i t  , t . t ’ ‘ - h a i l  t i :  -;  t de’ t a 1 111 1 It . ’ same simp le’ COlIc1 i t  ion:: UIIci t ’1 wit icli i ’ i t ~ i’ i o i u u  t t ’ l  I:;

we 1 1 c ’S’ ’ct  • I . a t i t e ’ i a cx t st  s a unIqUe’ posit iv” so I u t  t on t o  t t ic equal b i t

a ‘~ 1 ;~ whit cli cati t i nuous lv dt’peuideuit out ~~ ~~ u ’ ::h.i 11 .u’;suuue t hat

C , I ,t itd s~ . t l  C t I

I t s ‘ we W 1 I I ,  tui~tk.’ uSe ’ c - i t  t h e ’ t’uns,-t  ion “ sat i , s ly  uiq

— ,\& = o in ~

~ q on I’ -

We ~ t i  I 1 t • h a n  1 -: 111:1, ’ that a , f, and q a re’ ~;u I i t ’ i t ’ll 1 1 y Sh Ot ’ ( i t  ,i~~,i I t i . t

(At ) I c ’ sc ~ ~~~~ X I S

‘ I 
~~ 

~~ * 1 ‘- 
~~~ ,t t id

• 0 — a “ - 5 ’~~x i  ‘. a

- t i  a I .i t l ’\ 1 s, ’ ill ~~t t h e ’ i l t 5 i X  i tuuurri ~ ‘ u - i t s - u  
~ ‘ i s ’ (a .  c i .  :s’~ ’ 1 1 ,‘

~~ , ‘r I:t ’s ’i ’.’nt

~U . l \  sI = i t ~~~~ i 0 , .%ncl cj t x i  i t ;  not i d en t i c a l l y  ~‘o t i st s i i t  , t han ~~
“ u x ~~ 1 0 .t i ;

x’ 1’
l~’ , i ,  a l i t : ,  s 7 Vs ’ : .1 Si  II1}’ i t ’ • ::t 1 1 s t  ant ~‘on~1 i t ~ c’ii t o t  ( A .’ 1 t 0 lit ” I ci -

(‘h ’ ~~‘s , ‘ t s ’ I h~’ ‘.s ’l I ow l i st :

em ~ ~~U }’1’O’5’ t ‘s l I t  l \ ’l ’c ’t i t t ’ ’ ;u ’:; ( A l l —  (A ~~) .ut’ e’ ti,it 1~~~t l tSl. T1t.’ti t O t  . t i l \  sl~ “ 0

I s I t ’ ‘ ,~~t . t  a , I t l 1 , ~~t I t ’ ’s ’ - i ,  vu ’ ~~‘l t i t  t O i l  O t  ~~t a 1  — ~ :~
-
~ 

~~~ — si~~ - l I l t  I i!e ’ i S O  C , ~~~

,ill ~~~~~~~ 0 ,

- 
~ 

- ~~(b )  j ,’ ~~~~ ( X 41 
-

a’ ’ . ~~ i t t  s ’ 11 — 0. ~‘h, ‘i t  S it  S

• - I
( ‘ _ ‘! — ~~~ + c’ ,’ t — t ’,, ’ i l l  S

‘I
0 ott  l~ -
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Now f rom (‘-u . ‘) We ha ve’ — a.’i:~~ — t — — and so

I • — l  a i p — l i sH - ’ i  i~ ~‘ c 0 — e-’z i L  
~~~~~~~~~~ 

I— .’i II 
, .‘,4 ~ 

If  - — -

W 1 ( L  , W .2

by the •~ I. cv le~~~i I (x *) ~~ ~ ‘ ~~~~ ~ttid SO

i,i 
~

-

~~~

- (x * 1  ~~c I I t -  co -

I t  I l t s ’i i  I s~~1 I c~WS ‘, 1511 It uti s~’ u . i ) 0 i i s a  t’ — c ’o — a ~~~~ 

L 
C 1) .t: : a 0 isv le ’mm,t .~ -

N~’~ m u it t p lv  i u tc i  u ’slu . i  I I t ’l l  C’ . -, 1 t ’y ~~ and i i i t  act i , t t  t i ic~ isv p ar t S , We ’ t t . i V t ’

i, I ? ~
1
V:~~~~~~ f j ( i a  ~

_ ‘~~il ( t - ~~~~~,~~~~~~~~)
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~! l t — t ’s s j ~~~ II [:.51] 
~ •~~_ Ii t
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— s ’~~Ii l IZ Il l —

4 4 • i  .1 4

~ li t  — c oj I  

I 
~~~ A 1) - ‘rhis imp i (a: :  t hat  j a ~~~~~~~ (x *)  I S  I)OLllide ’ci

t o  .1 1 1 ,t d u d  t i t  ci:; I t  oUt ~
‘\,‘ 1 and (‘~ - I )  it t’o 1 laws that ii m c (~i)  = + “  - ‘Flit’ e’x i  Sta nce

of c~ posit iv. ,’ so lu t ion  to t- (a ) = cl * t o t  posi t  iv~’ tI * fol low:: from t l i t’ c’Oiit  i l tUl  t y O l

‘I’o pt ’s,’uve ’ cant i uiUoUS de’l’el t ch ’ I i c ’t’ , we du  f foretit t at  a s,~ (a) to obtai Ii

c,~~’ (5i ) = — [a — --—- (x*’) 1 4- - --‘- (x*l -
“i _ i  1~~ i ii
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1 ~~~ t .~
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I 1 
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(a  ‘ ‘—  (x*)1 — a - ‘--‘
~~

- - (x *) ~
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~
--  (a  - - -

~
---- 1 (x*I

1a ~t n ~1a li i  ,I n 3t t

• 1.
51
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‘ • ,  ,
— 3t t

‘i” ‘L i t  t i l t ’  ~~~ t ,tlu ~u i t  a pr oblem we ’ — , l i ,t l 1 i e ’c I t i  1 i’,’ ,i t i  I ’.’ i t upj ’.’ i t i t i l ate t i  t s s ‘w ; ,t : -  t o t

t i e ’ so I cit  t o ? :  5 1 I) c ‘ I sit ’ I t c ~ sit ’ 1 1  Vt ’ tuie’ a i i c ’ I OS t um ,ita - We ’ i t ’- ~~ 1 o va :

t ’imila 

~
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l~~s
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~~
— -  t x ~~ t 4 a ~~~ (x *)

,t ii ‘in
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~~ I ;1 ~~~~ ~~~— ,i t I  —

“ a -
~
--

~
- t x )  . kence by ( A 1  a ~ --~

‘
~ (xi) — , i * .
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~~ ,~ t’i

0 a ~ :~ 
(by I enmt~ .~ 
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~ Ca ‘ and :;o

a min t: , ~~ 
,
~~l

:
~1 cl~ -

5, ‘ t : i , i  t I ’.:; We 110W make two comment :; about t ile ’ t’ c ’S lU  I i  c ’ltls ’i lt  i t t  C\ ~ t h a t  a a~ 
‘
~ 0 ,

A’; avtdent from the ~‘t at ’ I at  The.,it-em i , t ile’ i~~’, lSc ’ij  t~~~l t I i i  S t e st  1 1 , ‘t  1 s) l l  5 , 15 I s ’
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A:’ i i i  ~~e c I  tsM ; 4, i t  i t ’  s_ ’oiiV ’l t l t ’n t  t o  ,Ie ’:;s_ - r  ibe t h e ’ .I } ’i ’ la ,~~1lr , t a j ’ i s _ s I ’ l O U ?  in ,t i  st  t a ct

I e’ :tts t ;o t 5 t we ; , iV c ’ . i ’ ;  i lv I .tk~’ i t :  t o  s _ t s _ ’ s_ ’oL i l  I t lie many nume cal  - 
‘ I t a u w ’  ,t v  s t  I , t L ’  Ia s

~
,‘lviis i t~~;e ’ ! s ’ t ’ a i , i  t i s s b l a m  (1.~))—(1. It ’).

- 1 -~ iV C f l , ie ’t  1’ s_ ’ il c ) t t ’ an approx1~~~te sol’;t t o r t  t o  (1 •
d i ) _  t i  - 10)  s~i t iS t v ; ttg

_ t I ,  ~_ ‘ t i s _ ’ i  e ’ s t  ; : n , s t . ,  ‘1 t h t ,’ r~~ i’m

U ’
~t , . 1)  ‘-- ‘ - Cx ’) - ‘ “ (x ’) I C(b ,b’)~ (hi)• :r~ —— C

t a t  , L l l  ~‘e  [1 i ’  t”h , ’i - ; ’ ~
,‘ (hi) satisfies lint ~ (h) 0. (In t h e ’  , I I ’ 1 ’ l i c ’at lOh t S , ii

h ~0
m i q it  t t i e ’ t t , ’t ~ ‘ t i l e ’ S t  .5’ -s_ -’t a t i n t  t a element mesh)

The s~ I ‘ I  , ‘x t i n , ;  ‘~~s_ -il ’ lam is then to determine a coii:;taitt a such t I s_u t

~~~~~‘ 
.‘)  ~‘ (a )  a 

~

‘

~~

-_  (x*) = g * -

s_ 5 :s ’e ,~~si~~ii fl his i s  1;: ; t ,t non l inea r  equation in a , eas i ly  sol vable by starts_1,i c s_ I

i t a r  a t  1 ‘s’ s s ’,~ S I ,  ~l 1c ’ S -

i n q  -s to isi iv the atm ’ proof as in Theorem -~~, WC s_ let

~ he ’ a : e u n  4 ; W’I’ O: ;C Ut ’’  t ; V l o t h ; ’ ; e ’s of Theorem 3 arc’ ss_ ut i sfle ~51 a I :s _ i  t h a t  ( d ,~~l
a

) j~~

‘ ‘ I O  ~~ s it  a t  r. a t , I , ,t ,~ t b ’ )  - For a siven , let ~a denote an ap p r o x im a t e ’ s a l ut  i s _ t i  s_~~t~

‘~ I - — ( 1 . I C )  11 :; v ; I s ?  s_ csilsl 11 i o t t  ( u s  - 1) . 1 sot  0 “ b~ < a 
* 

s_i~ ~ h’ t ’ I:~’ a a~ , a * ;~~ a

t i e ’ t- i ’ ’tu t c i t ’  s ’fl ~i s_ l i ve?: l i i  s ’mi:; ,t Then for hi sufficiently siit,t 11 thei t t  a N t  - I ’  an
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do e, u .u r : : t nei rho t unctis_ ’ii ~
‘ ( h i )  a t ’ (e’ .1) Estimates of l i i i : ,  t y p e  l o t  V , i I ’l O U S  I h u t 5 ,’

ci- ‘:: a : l  n t  h ost : .  t’a 1 low e ’sl ;I I ty Ir s_ sin the work of Ni tsche ~ I , ;,ol5,i: ;tei fl , i i i d  Sa~~t t [Is I

Walt i t ’ t  1 3 1 . ij t s l  s_ ’ ‘S i t  .l.,’Sa i bed in the re fa rence’s at  t lis _ ” : ;s ’ pape ’ ta , ~
‘;  Oy i s _ I s ’,l W~~ 1151\’ e ’

• the i n v 5 ’r :~s_ ’ , ‘s s i i s _ l i : ‘ : i Ii 5’V L  
~ 

~~ I V IJ 
~~, 

for all V e f i n i t e  e ie ’ine ’iit  :;t I b SP s is_ ’c

is’ t r t ’i  t i , :e ’,l
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For the standard finite element method applied to (l.9)-(l.1O), for example,

with subspaces of piecewise polynomials of degree k — 1 we get that (6.1) holds with

~~(h)  = I~L
k l

, k > 3

hl~ nhI, 
k = 2

Hence using piecewise cubics for example, we would get Ia — c~l < Cl-i
3
.
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7 , APPENDIX. 4

Proof of lemma 1: For any -
~~ ~‘ c > 0 define

Cx) = x/c , 0 < x < i

1 , c < x < 1 — e

(1 — x)/c , 1 — c x < 1

‘rhen one easily verifies that

(7.1) 0 < x e < l

(7 .2)  
II’ 

- x 1 1 0 ~~~~~~~~ and

(7.3) II~~ x
u II~ < 2//~ -

Write = + z~ , where z~ satisfies

23 a 3 a a C O  0(7 4 ) -
~~~~~ z1 

— a —~~
- z

1 
+ cz

1 
= X [ z

~ 
+ CZ I

z~~(O ,t) = 0, z~~(1,t) = 0, z~~(x ,0) G(x)

and z~ satisfies

. 2 +
a a a a(7 .5)  ‘~~
-
~~ z2 

— a —i z
2 

+ cz , = F [1  — x I
3x

z~~(O ,t) = 0, z~~(l ,t) = 0, z~~(x,O) 0

From (7.5) it follows that

3 a a 3 a 3 a a a
(‘

~
-
~ z2

,z~ ) + a(~— Z 2 5~ ~~
— z~ ) + (c z

2
, z

2
)

= (F( 1 - x U I, z~) < 
~~~IIF( ,t )  11 L IIz~~

.,t Il~
(using (7.2))

~ [~~~~~IlF
.
~~t ii 1j

2 
~ 

1 II~~~,t) Il~
Hence

-

‘ 

~ ~~~~~~~~~~

- I I r ( -~t ) II Lj ~ II~ t I J ~

p
— 25—
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Applying Gronwall’s inequ5’tl itv , we ‘ju t

IIz2 - ,t) ~~~~~ 
{f  e ’~~~ t’ IH - , t ’)  tl ~ ei~~)

Now using (7.4), it follows that

‘3 a i’ 1  s_ u , 0 ‘3 s I  ‘3 ‘1 5 i i )  . 1  t O
-
~~

-- --- [Z
1 

— :‘ J ,  :‘t
1• 

— s, ) , t ( -’- 
~~~~~

, -
~~

- z
1

) ( I - I t t
1 

— 

~ 
z ) ,  ‘z

1 
— \ z )

= a(~~ ~~~ ~ 1x
L
z~ fl 

~ 
z~

t ( -  , t )  
~ 

j~~ (~~~z
0
(,t) I

Hence

~ H - y,~ z
0) ( , t )  

~; ~ JJ’ -~ 
I~~’ z~ ( .  , t )  1

and so

li(z~ 
- \~~r°I(. ,t) I~ l u - x ’ I;; x Il~ ~ I Lt 

k’° ( ” )IM ” ’1~

Now

‘3 C O  c~) 0 0 ‘3lI~~ Lx Z ( ,s)lll o < lIx ‘~j
— z ( ,s) 

~ 
+ liz (. ,s) ‘

~~~~~ x

3 0  2 0

~ II’~~ 
z (. ,s ) j ~~+ ,,~ Ilz 

~~‘~~~
1 1 L

(using (7.1) and ( 7 . 3) ) .  j l t ’ i t c e

II Lz~ - X
:
z
O (.,t )  II~ < [ ~~~~IlG Il~,]

5 
5-i f }} ‘~~~~~~~s) Il~ ds

+ a f [_~ Ilz 0 (~,s) lI L ] ds

and so

II [z~ - x~ z
0

I ( , t) 11 0 ~ ~~ II ; t l ~ ~ 
f I~~~ ~~~ ,s) II~~

ds) :
+ o V i f  h z

0 
,s)II~~~

ds1 1/2

App ly I it ; t h e ’  t . i  I s t l i s i 1 1 1 s ”  I ’ - i t  ‘s’ s We ’ <p ’ t

II [z ’1 
- ( , 1)  [~ r ’

~ - ~~
‘ z~ (- ,t) + lIz~~ ,t) I )

‘*5

+ II tx ’ - lIz°(- ,t)l (0 
‘ K ~~ 4 K~~~a + K~ 

—-5— -‘-- - ‘ - --‘-- . - -- - 
~~~~~~~~~ 

-

~~



W h et e’

~ It ; II~ ~~~~~ 
( f  t - t ;  

F ( .  , u )  II s it ;  ~~~~~~ Il’-°( - , t )

F
t t f  t t~~~

0 ( ) II . l

t 
— (- , s)  ds}

; ‘Ii s ’s ‘: ;  i ris .4 , we have l s ’ i  0 ‘— a ‘~ 1/4 that

( / . i u )  II - •,O~ ( , t) II~ ~ K~ a~~~
4

wi t e t i  a

= 4 +

l’s ’  t s i s t , i t i t  .51 u ’ st i u i , u t u ’ t e s t  I - - - :‘~~) ( , t ) wet i s t ’ t ; e ’i’v e’ that S i  nc -c ’ ~ t c ’ ( t) , I~

w i t it ~ ~~~t ~ j  ) 5 , s i t  i t ;  t i t ’s  the ’ i t t i  t I 5-il boundary ~‘ai no pi ol’l out

1 cI , i  , a
— ‘ 5  t’ I s ’~ , 1’ — e ’ :~,

_ t t  t - .u 
~ ~ t I

s I x

~‘ 0 , 
~
‘
~

( 1  ,t) — 0

~~~~ x , 0)  aG ” ( x )  I”(x ,O) —

5- ii ie l .~ : ; , i t  I S t I , ~~

, 1 () 0 5
I c ’:’ F — s ’

‘ + t I t t t

= t” (x ,O) — ‘ ( x , O ) ; s u x ) -

Wi ’ !i~~~W ‘~ i ’ I ’ I  ‘
~
‘ t i t e ’ ‘ i ‘‘s’ ! ’;!: t i  c j i f l f l t ’, 4 t  t O  I llt’tie ’ I’I OIII e’ml; , i . a.  w i - i t  ,‘

— .‘~ 4 .‘ “ whe’rt’ ~; , i t  i t  i u ’
I I i  I . ’ t i

1 ’ a a 4 0
- — i  • .  I s ’ . — ‘ I a - ’

t I l t  ‘~~
‘ t1 I I  ,l~ t ‘ t

x

( _ ‘ . ~‘1 ( + 1 , 1 )  - 0, ~ ,t ) — 0

(x ,t)) ac ” (x) 4 F(x,0) —
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Stid z~~2 
5.11 1 st  Ic ’S

( L i t)  
sIt  t2  

- 
‘~ 

4 e’Z = Li - X
t
J [F

t 
- c~ z

°I - —

(0 , t )  = 0, z~ 7 (1, ,t) 0, z ., (x,0) = 1)

I ’~ os_ ’ ’ ’ d  i t i s i  , i~~ bc ’t ( s t e’ , we obtain from (7 - H) that

I:~ 2 , t )  IL, ~ ~~ {1

t 
t :;

[
~~~~. II (F~ - 5, .t U Ol (.,~~) Ii~~ dt;}

t 1’”I — ’ ;  1 0
~: i f  a ‘ 

~
( t -’~~ 

(. ,
~)II ” lI k’ — 

~
. J (  ,~~

) II~ d~
} 

-

,‘\ s l , t  it t t s_ ’ I low i I I e j  t I U t  pt ’ ( ’ V i e ’tIS ,tt ’qument , we s;~~’~~ tiI ;jfle’j (7.7) that

II 
~~~~ 

- \ ( , t )  ‘ t lI~” II~ 
+ IIi-~ , 0)  - e ’ (

+ { f II ~~~ . 
:~~ ( ,s) ds)  1 2 ~~ {f I :r ° ( ,s) IL ds}

‘1 y t j 4 s J  the t i i Situ ,; Ic’ i it e ’ s _ l r r , I  l i t  y

H ( :~
‘
~ - z~~J (• ,t) Ib~ II - 

-~~

‘ z~] 
~~~~ 

I lI z~2 - ,t) II ) + II ~~~I 
- ~ :~~~( - , t )  hI t, -

t t I s ~~s S i  l i s t  1 = ) I ~ irtsortinq inequality (7 . u ) ,  and cal lat ’t iflq terms wc’ will have t a r

Soflte ’ s ’oii :tt t n t  Kt that t e s t all 0 ‘ ,i — 1 “-1
5

a 0 ~t I ’ 4
— 

~t
1 ~ - ~~ 0 

‘

I f le”jU5-t  ii ty (2 . 3) noW follows t ram th’ 1e’ I iii it iOU at  ~~~ and the’ t t ~ I .inq 1 (‘

irtcqu.il ity.

I t  s~at c ’t lc ’inxn a .‘ : l”es i  & —‘ 0 def i n e

1 i~ s(x ,fl
\

~ Cx ) = 
~1 

~
- 

(x , I ’)  , i ’ (x  , j ’)

where 
~
‘ (X , I’) de ’ itc stc’ : ;  the distance of a poi U t  x c i~ to the  boundary I’ - rtco :

‘.s assumed suf fi c i en tly su~ oth tlterc~ w i l l  ax 1s t  an 1 F -‘ I) t ; u i u , ’h that te s t i ll

1 ,4 , - ‘0 .- , ‘:_ • 0’ ~ 
e W aitd sat t st t es

— O t ? —
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(7.9) 0 ~ x
C 

< i

(7.10) Iii — ~
C 11 L —

and

(7.11) IIvx 1iI L < Cc~~~
”
~

Now write 
a 

+ z~ where z~ satisfies

(7.12) (—all + c)z~ = (f — cw)X
C 

in ~

a
z
1
= O  on r

and z~ satisfies

(7.13) (—all + c)z~ “

a

u c~ ) (1 — x~~ 
in ci

= o on r

From (7.13) it follows that

-a(llz~~,Lz~ 1
3
) # (cz~~, [z~)

3
) = (If - cu) [1 - x t),Ez )

3)

and after integration by parts that

3aI(z~Vz~~((~ + ((c
l/4

z~~h(~ ~~~ 1k - culi L 
- C I I  l I t

< c l I f — cwIl c”~IIz~ I l~
(by 7.10)). Hence

(7 .14 ) IIZ~IIL < ClI f cu lL C

(since c(x) > C
1 

> 0).

Setting -

C f C

~‘

it follows from (7.12) that

—a (A[z~ — ~,
c

j i ~
a 

— ~,C J
3) + (c[z~ 

— 1P
C

] (z a — 
~~~~ 

a ( ,C ,fz~ — ~c)3)

and after integration by parts that
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for some constant C independent of h and llt.

Proof: Following the proof in Wheeler [15] we define for every t e EO ,T1, ~ (, t) e by

iT’ 
‘3(7.18) a(~— [z 

— zJ, ’~-’—) + (c [~~ — z],V) = 0, V e S
h 
.

Averaging the weak form of differential equation (3.3) at times t = t and t t 1

y i e l ds

(7.19) (‘3tzn+l/2,v) + a(’~— z 1/2~~~
’
~ 

V) +

= (F~~~~
112

,V) + (e, V), V e

where

t

C = ‘3~ z~~ 112 
- (z

~
)
~~+112 

= 

~ 
f 4 (r) (t~~ 1 - T ) ( t  - t)di

Now setting t~ z - z and ~ = Z — z , we have for all V e S thatn n i’i h

(
~~t~ n÷l/2~

v) + a(~~ 
~n +1/2 ” 3x V) + ( c (- , [n  + 4 ) l l t )~ 1/? ’ V) — ( F  + 3

tn +l/2.
V)

([c

~

J 112 
- c( ,[n + 4Jllt)z

112
,V)

• 
(using (7.18), (7.19), and (4.4)). Setting ~ = ‘3t~ n+1/2 ’ we get

(7.20) l l3 t~fl÷l/2 II~ 
+ -f (II

~~~fl+1II~ 
- II~ ~ ll~i + IIc ’~

2 (- , E n +

- IIc~~
2
~~,1n + 

~~]llt)~ ~~ ~~ ~ IIe~ + ‘3tnfl+l/2 ll~ + I ’3 t~fl+1/~lI~
1 1 - 2+ ‘
~~

‘ [cz]  
1/2 

— c(~~, [ n  + ~‘Jllt)z~~ 1~,2 ~

t’~ l ! ls ’ u ’  C ~ 0,

IIc
~~

2
~~

,En + 
~~JA t)~ ~~~ ~~ IIc~~

2(,r n + 4 I~t )~~÷1lI~~.
Making this replacement and sum ming inequali ty (7.20) f rom n = O ,...,J - I , we qet

~~~~~~~ 

[ll~~ :~~l~ - II~ - 
~~~ 

I + ll c
l/2(.,rJ * + ~)A t)~~ II~ - l I c h / 2

~~,~ ~t)~0 II ~

-
~~ 2 

n 0  
+ ‘3~

n
~+112 Il~ 

+ II (c~ 1 +1/2 
- c( ,[n + ~]A t )z~~112 ))~ )
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i l L  4 J
1

fl
1 1 + 1  

, .j I~ 
+ II ( c zj  , ,  

- c( ,[n )A t)z 
~~~~~~ II~

} -

[a ~1 ~~~

‘ 
1

C
1~~ ,~~~,1, ~~ - ~~ t L_ ~

~t ‘1 2 L -‘ ] 2 [ 2 j
15,1 50

H t s _~~~i 
- 

- a ( ,  (n  I ‘ t i  .

~ ~~, 
lI~

- c (  - , In I \t) Il 1 L~11, 1 2 11 0 ~~~~~~~~~~~~~~~~~~ 
5t

u \ t ) ‘ (At)
-
~~~~

‘ il c~~l I 5 , H
11 +1 7 j I 0 4 

- 5 il e
~t II Il 4 t z + i 2 II O

i :~~t• m i t m g  t a l m S  a:; tnt I l~ 1 we s t a t

( 1 . 2 1 )  
~~~~~~

- 

~ * lI~ ~~ L~~ I. 2 L 2 
Il~~I I

- -5) - 5  ~
-1

{[‘~~j~~
I I t ’

~ f
II I, (I, ))’ [:~ll~ lI~~(~~) (,\t )

# lI~~H 1 ( 1 )]

+ [E~
12 ll II ~I l~~l I }c * {A t

4 

‘3~~~~L 2 (1, ,)

+ f I~~ll L
2 U 2

) ~ ii ~ 1l~ 
~~~ 

+ (At) ~ [H. H L., (L2) 
+ II ~ II L~ (L2~~

}

( S l t t a e ’ Z = + z). Since by the standard Nitsche arqument

( 7 . 2 2 )  Il n( . ,t) 
~ 

C(a  , a * )h k
Il z ( .  ,t)

we will get the desired result by following the arqument in [15) provided

ll~~ll~~(~~) c C( a
*
,a*)h

k
t II Z t II k 

+ 
L
2

(iI
k
)

Now from (7.1 8) we have

‘3 3
r~, T~’ V) f (c~~,V) = 0, V t S

b

— 5 —
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Hence

(7.23) a(~~— ri
~~ 

~~~
— V) + (c~~ ,V) =

aTo est imate ll’~-~-Il (L ) we define for every t C IO,T], t~( ,t) E S
h 

by
2 2

‘3 ‘3(7 .24) a (~— (z~ — ij,] , ‘i— V) + (c[z - ‘p) ,V) = 0, V e S
b -

Then from (7.23 ) and (7.24) we have for all V e S
h 

that

a(~~— (~~~~~ 
- P 1 ,  i— V) + (c[~ 

— t~] , V) = (-c~~~,V)

Choosing V = — tjs one easily gets

II [~ — 
~~~] 
(.,~ ) lI~ < C( a

*
,a*) ll n ( ,t)Il 

~
Now by the standard Nitsche arguntent

(7.25) ll (z — * ) ( - , t) 11 0 < C (a
*
,a*)h

k
Ilz (.,t)ll 

k

Hence from (7.22) and the triangle inequality , we get

Il n
~

C ,t) 11 0 < C(a
*
,a*)h k [Ilz (~~ ,t )  

“ K 
+ ~z ( ~~, t )  11k~

and so

CL ) 
< C(a

*
,a*)h k [ l1 z I1 k 

+ l i z Il k2 2 L
2

(H ) L2 (H

The remainder of the proof of the lemma is identical to the p r o c u t  in  1151 -

p .
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Inverse problem

I , i t ’n t  if ication problem
r

A C T  (C anhfnu. on r.v.t .. aid. if n.c.l.aty ,d Identif y by block numbet~
A priori error estimates are derived for  the 51}’j i aximat ion of an inv ’i s-;a

problem in which it is desired to identify an unknown c a n ot u - i nt  ,‘siO t t  i s 0 i” l it

in a one space dimensional parabolic or two si~~~st C l ’  dimensional s ’ l l I j s t l C  i , i r t i . l )

dit L u ’ r e ’i tt i a l  equation whose general form is known.
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