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Analyses are made of the mutual interactions beti~ en shock structure
and the sidewall laminar boundary-layer and. their effect s on the quasi-steady
flat-plate laminar boundary layer in ionizing argon shock-tube flows. The
mutual interactions are studied using effective quaai-one-dim~nsional equations
derived, from an area-averaged-flow concept in a finite-area shock tube • The
effects of mass, momenttun and energy non-unifonnities and the wall dissipations
in the ionization and relaxation regions on the argon shock structure are dis-
cussed.. The new results obtained for shock structure, shock-tube laminar side-
wall and quasi-steady flat-plate boundary-layer flows are cm~ ared with dual-
wavelength interfer~~~tric data obtained from the tZL’IAS 10 cm x 18 cm Hypervelocity
Shock Tube • It is shown that the di fference between the results obtained from the
present method and those obtained by Eno~~to based on Mirels’ perfect-ga s
boundary-layer solutions are significant for lower shock Mach nu~~ers (M8 -

~ 13)
where the relaxation lengths are large (‘- 10 cm) . In general, the present
results agree better ‘with our experimental data than our previous results for
uncoupled ionizing flows .

- - - 
~
— iii

- ~~~~
----

~~~~~ -
-

~~~~~~~
- v - ~~-~~~~~- -- ~~~~~~

---
~~~
-

~~~~~~~~
—-



r — 
~~~~~

- - -
~~ 

—-- ---- ---- -----— ___________________________~
wI._

CON~EW2S

Acknowledgements ii

Samm~ ry iii

Notation v

1. fl~ZR~~UCTION 1

2. THEORETICAL CONSfl)ERATIONS 2

2.1 Basic Equations 2
2.2 Initial Conditions 12
2.3 Ntmerical Procedures 13
2.4 Discussions 13

3. EFFECTS OF SB)EWALL BOUNDARY LAYER ON SHOCK-WAVE STRUCTURE 114

3.] . Genera]. Considerati ons
3.2 Comparison of Numerical Results with Experimental Results 114
3.3 Discussions 18

4. SHOCK-TUBE S~~EWAIJJ BOUNDARY-LAYER FLOWS 19

14.1 General Considerations 19
14.2 Comparison of Numerical and Experimental Results

and Discussions 19

5. QTIASI-STEADY FLAT-PLATE BOUNDARY-LAYER FLOWS 23

5.1 Genera]. Discussions 23
5.2 Ccm~ arison of Numerical and. Experimental Results

and Discussions 23

6. DISCUSSIONS AND CONCLUSIONS 214

REFERENCES 26

TABLES

• FIGURES

APPENDDC A - AREA AVERAGED QUASI-ONE-DI}~ NSIONAL FLOW EQUATIONS

APPENDDC B - BOUNDARY-LAYER THIC1Q~ESSES AND WALL DISSIPATION TER)~

iv 

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - — — — ~~~~~— -  -~~~~~~~~—~~~~~-~~~--— -~~~ — - -— — ---~~~~~~~~~ - - -



-~~ - - - - - - — - ~—— -~~~~~ --— ---

Notation

A shock-tube cross-sections]. area

C~ local skin friction coefficient

specific heat at constant pressure

D hydraulic diameter

Dm a±ipolar-diffuaion coeff icient

H plaama tots ]. enthalpy

k Bolt~~ann constant

L shock-tube perimeter

shock-wave Mach number

ma atomic mass of argon

Nu local Nus s it  number

ne electron-nu mber density

electron-number density production-rate

p pressure

elastic energy-transfer rate to electrons

inelastic energy-transfer rate to electrons

radiation energy loss

4 shock-tube sidewall heat conduction rate

plasma heat conduction ener gy flux

plaama diffusive-energy flux

electron heat-c onduction energy- flux

~~~~~~~~ diffuaive energy flux

V



—-- _ i- . ~~~~~~~~~~~~~~ 
_ ‘____

~
- _ -
~-I 

— -‘— ---- - - ---— -- -.-‘-—-------

~

- - - -  _ _ _ _ _

R gas constant

Re Reynolds number

T te~~erature

T1 characteri stic ionization temperature

t time

u velocity ccmponent in x-direction

V particle velocity

velocity component in y-d.trection

x distance along shock-tube sidewall

y distance normal to shock-tube sidewall.

a degree of ionization

specific heat ratio

boundary layer thicknesses; see Eqs . (28a) (28j )

ion-diffusive velocity

thermal-conduction coefficient

mixture viseosity coefficient

p total-plasma density 
—

1• shear stress

Subscripts

a atom

e electron

i ion

w conditions at the shock-tube sidewall

0 conditions in front of shock wave

condition at the boundary layer edge

Operator

<1> = 
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1. I1~RODUCT ION

In our previous analyses of ionizing shock-wave structures (Glass
et a]., Ref ~~. 1., 2) and, the ionizing boundary-layer flows induced by a strong
shock wave (Liu et a]., Ref s 3, 14 ), the coupled effects between inviscid and
viscous flows in a shock tube were neglected . As shown by Glass and Patterson
(Ref . 5) and MLrels (Ref . 6), the flow between the shock wave and the contact
surface in sri actual shock tube is nonuniform owing to .he growth of the shock-
tube sidewall boundary layer . The gross features of shock-wave structure in an
ionizing gas are affe ’~ted by the sidewall boundary layer . Consequently, the
induced ionizing boundary layers on a flat plate in the so-called quasi-uniform
flaw s are affected by these mutual interactions . This nonuniformity has to be
considered when interpreting shock-tube data in aerodynamic or chemical-kinetic
studies .

The important effects of the growth of the s~dewa1l boundary layer
on the freestreem flow are the induced wall shearing stress , heat transfers and
the consequent nonunii’orxnities in the flow . In order to take into account the
flow nonuniformities in a shock-tube, Mirels (Ref s. 6, 7, 8) has obtained corre-
lation formulae for a perfect gas , “hich are often used by many researchers in
gasdynanics . These relations are based on similarity solutions of the boundary-
layer equations treating the boundary layer as an aerodynamic sink . Local-
similarity assumptions cannot be applied to those cases where the variations of
the freestreain-flow quantities are important and cannot be neglected. As shown
by Liu et a.).. (Ref a. 3, 14) the similarity assumption is not valid. for the
electron-temperature and electron-number-density profiles for the sidewall-
boundary-layer flow where ionizing nonequilibrium phen~~~na occur in the
freestream flow behind the shock front and the variations of’ the freestream
conditions for the sidewall boundary layer are significant . Also, only mass
conservation was considered by Mi.rels in the study of flow nonuniformi1~~.The effects of the sidewall boundary layer on the freestream ~~mentum and. energy
equations were neglected. The validity of Mirels ’ correlation formulae cease
to apply to an ionizing-gas flow, although they were used by Enom~to (Ref . 9),
McLaren and Hobson (Ref. 10) and Brabbs and Belles (Ref . 11) in their studies
of’ shock structure in an ionizing gas . Enomoto studied the sidewall boundary-
layer effects on ionizing shock structure in argon . He applied Mirels’ (Ref . 6)
perfect-gas-correlation f ormulae for flow nonuniformity of’ the mass mixture.
Flow nonuniformities in the mc~~ntum and energy equations were entirely neglected
without giving any reasons. Nevertheless , he found the important physical result
that the relaxation length is significantly reduced in tubes of decreasing cross-
sectional area owing to the sidewall-boundary-layer growth .

The sidewall boundary-layer growth generates both compression and
raref’action wa.velets. However the net effect is that of a rarefaction wave
which attenuates the shock front ; see Trimpi and Cohen (Ref . 12) . Flow uni-
formity in ionizing gases in the relaxation regions induced by incident and.
reflected. shock waves is still far from being completely understood . - In
principle , the analytical approach can be made by taking into account the inter-
action between the boundary-layer growth and the development of a two or three-
dimensional inviscid-flow model as well as .y  taking into account their inter-
action with unsteady flow effects such as shock-wave attenuation or contact
surf ace acceleration .

For ~x’inlple, Hubbard and de Boer (Ref . 13) studied two-dimensional
flow nonunil’orxnities in a perfect gas based on the basic assumption that the

1
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boundary-layer parameters do not change very much in the region where two-dimen-
sional effects are of importance. They showed that the flow in the inviscid
region is nearly one-dimensional at a distance from the shock front greater
than the shock-tube r 4ius. Dermlig (Ref . i14) studied one-dimensional ionization
relaxation in krypton under influences of weakly attenuating shock fronts and
sidewall boundary-layer effects • He calculated the flaw field behind an experi-
mentally determined attenuating shock front by taking into account only the
boundary-layer displacement thickness growth in a way similar to Enon~ to ’ a method.
He showed the combined effects of b oundary-layer growth and shock-wave attenuation
on the ionizing krypton shock-wave structure at a shock Mach number of about 10.

In the usual one-dimensional model , the boundary layer is assumed thin
compared to the shock-tube radius and is replaced by a sink distribution. The
inviscid core is assui~~d to be quasi-one-dimensional in the sense that flow
variatiox:s are assumed to occur only in the streamwise direction . However ,
as Glass et a]. (Ref. 2) showed experimentally that the electron-cascade front
approaches the translational shock front near the sidewall, the mutual inter-
action between ionization mechani~~is and the flow field is not simple.

In the present analysis , the inviscid core field is assumed to be
effectively one-di~~ nsional by using an area-averaging process instead of
treating the boundary layer as a sink distribution as for the perfect-gas case .

The purpose of this work is to extend our previous studies of shock-
wave structure and boundary-layer flows for ionizing argon by including the
mutual interactions between the inviscid freestream and viscous sidewall
boundary-layer flows. The present study of the mutual interactions is based
on the effective one-dimensional-flow equation derived from the flow area-
averaged concept , where the flow nonuniformities in the freestream mass,
momentum arid 3nergy equations and the wall dissipation terms are considered.
A finite-difference scheme is applied to the ionizing boundary- layer equations.
An examination Is made of the role of the sidewall-boundary-layer growth on the
behaviour of the shock-structure ionization and radiation-cooling regions .

The results of the quasi-steady flat-plate and the sidewall boundary-
layer flow induced by a strong shock wave in a finite area shock tube are
re-examined and compared with our dual-wavelength interferometric boundary-layer
data obtained from the UT IAS 10 cm x 18 om Hy’pervelocity Shock Tube . It is shown
that the difference between the results obtained fr om the present method and the
simplified Mirels ’ one-dimensional equations are even more significant at lower
shock Mach number where the relaxation lengths are larger . In general, the
present analysis gives much better agreement with our experimental data by
taking into account the mutual interactions between the inviscid and viscous
flows .

2. THEORL’IICAL CONS]~ ERATIONS

2.1 Basic Equations

Two methods have been widely applied in obtaining the effective
quasi-one-dimensional-flow equations in gas mixtures: (1) control volume
method, aM (2) flow area-averaged method. In the control volume method, the
integral form of the conservation law is applied to the mixture control voli.~~~.

2
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The effective equations are obtained by introducing definitions of area-averaged
properties and limiting the length of the control volume to zero . In the flow
averaged method, local instantaneous conservation equations are obtained from
the law of conservation. The effective quasi-one-dimensional-flow equations
are obtained by applying an area-average on the local instantaneous conservation
equations. Identical results are obtained from both methods for a homogeneous
gas-mixture flow .

In this work, the effective quasi-one-dimensional-flow equations
for an ionized gas in a shock tube are directly obtained by applying the flow
area-average on the local instantaneous macroscopic balance equations. Consider
a gas mixture made ~~ of’ atoms, singly-ionized ions and electrons . The macro-
scopic balance equations for the plasma mixture are given by Appleton and Bray
(Ref . 16) as follows:

Mass conservation:

p + ‘
~,i . (pV~ — 0 (i)

Plasma momentum equation:

~~~pV~+ V ’ ( p V~~~+ V P = V . ( i i W )  (2)

Plasma energy conservation :

(3)

Electron mass conservation:

ap + V7 . (apV’) = m n e + 

~~~~~ 
(Ii )

Electron energy conservation :

cZPC
J~T~ + V ( PVtXCpTe) ~~~ ~~~~~~

V . (q + 

~ j e~ 
+ + 

~inei

where the definitions of’ the variables and other terms are the same as those in
Ref’s. 1 and 2.

Consider a mixture in a constant area of a shock tube with cross-
sectional arqa A. Integration of Eqs. (l)-(5) over the flow area A a.t any

3
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instant in time gives:

(6)

(7)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
A A A A A (8)

f ~~ ap~~ V. (ap~~~~ = m
af ~~~~ ~f 

V. (
~~m~~

)
~~

and 

~~ 
(a~C~T~)~~ + f V. (P~~~pT~ )~ = J ~~~~~ 

+ 
~~~~~~~~~

I~~~ce + 

~~~~~~ ~~~ ~~el + 

~~nel~~~ 
( io)

where the conduction- and diffusive-energy flux are given by:

- ~~ + ?~)V~a - 
~‘e~~e

= - (RT .~ + C
pTe) ~~~~

(u)
= -

~~e CpTe~~m’~~

Using the special forms of the Leibnitz and Gauss theorems and
taking the dot product to get the x-component yields:

Mass conservation:

<p> + <~3U> = 0 (12)

4
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Plasma momentum equation:

<~~> + ~~ + ~> = -

(13)
p = 0

Plasma energy conservation:

<Pl~> + <P~~> = 

~ >w - <~1T>~, 
- ( lie )

Electron mass conservation :

(i.5)

Electron energy conservation:

~~ <~~~pT~> + ~~ <P~~~pT~> = <(u + out ) ~ E >

+ <%~ + Qinei> + <(j e>w (i 6)

where the operator <f) = 

~ 
f fdA is introduced., and the boundary-layer approxi-

mation with neglecting terms of’ o( ~2) is made.

The wall dissipation terms are defined as follows:

L (  ~u ’\
= X ~ ~ ~j  ),~,

>w = 
~~~ (~~ m 

~~ 
)~ 

(17)

~ 
(~~ +

:1
5 
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Equations (].2)-(16) are the basic equations for the unst~eady area-averaged flow
model. Demeig (Ref . 14) st~~ied the effects of boundary layer growth and
unsteady shock-wave motion on ionizing krypton shock-wave structure by solving
Eqs . (12)-(l6) . He took into account only the boundary layer displacement
thickness growth in Eq. (12) , neglecting other boundary layer effects and the
we].]. dissipation terms in Eqs . (13)-(l6) as well as a radiation-energy loss
term in Eq. (lie) . He calculated the flow structure behind an experimentally
obtained attenuating shock wave by an inverse method, so that ii~~ortant unsteady
effects propagating across the contact front were not taken into account • In
his experiments, the shock wave Mach nunber varied from 10.6 to 10.1 over a
distance of’ 2.27 m in a 5.2 cm x 5.2 cm shock tube • On the other hand, In the
UTIAS 10 cm x 18 cm Hypervelocity Shock Tube , the shock attenuation rate a

are about 0.2 (Mach rnmber/m) for shock Mach nuthers M8 = 13 and 16.
Therefore, throughout the present analysis , it is acceptable that the ahock
front propagates with constant velocity and shock-fixed coordinates are
applicable.

In the shock-f’ixed coordinate , the quasi-one-dimensional flow
equations are obtained from Eqs . (12) -(16) :

Mass conservation:

(i8)

Plasma ~~~~ntum equation:

(19)

where the pressure, p, is constant across the cross sectional area of the shock
tube .

Plasma energy conservation:

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(20)

Degree of ionization:

(21)

Electron energy conservation:
dp

+ <%] + Qinei> - <4e>w (22)

6 
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The aid.ewall boundary layer effects are thus taken into consideration
in the area-averaged terms of the above equations. Equations (].8)-(22) finally
become (for details of the derivation see Appendix A):

Mass conservation:

~~ pu(A - 6*L) = 0 (23)

or

pu (A - §*L) = p0
u
8A (23a)

Plasma momentum equation:

~~~ pu2( A -  6mL) + A~~~~= _ L ( P~~~~) 
(24 )

Plasma energy conservation:

~~ pu(A - §
~L) + RT1 4~ pu~(A - §

a
li) + ~~ - beL)

= L~~ - ~~(A - ~~L) - L (~~ ~~ )w 
(25)

Electron mass conservation :

~~ pta(A - 
~~~ 

= mazle(A - 6~L) - L (~~~m~~~ )w 
(26)

Electron energy conservation:

R ~~ puXre(A - 

~~~ 
+ 

~~~~~~ 
- bn L) ~~~~~ u(A - 6~L)

~~ei + 

~inei)~~ 
- 5QL) - (27)

The various boundary layer thicknesses defined and used in Eqs.
(22)-(27) , which are related to the known definitions of the boundary
layer thicknesses (for example, Schlichting , Ref . 18), are given as follows:

Disp1ac~~~nt thickness:

~~

* =f (1 £~ -)  dy (28a) 

- _ _ _ _ _ _ _ _ _ _  - 



¶
where the primed variables are those across the boundary layer (i.e ~~~~. (A3fl:

1I~~~
Titum thickness:

(2&)

Velocity thickness:

(28c)

Degree of ionization thickness:

(28d)

Energy-dissipation thickness:

,3
= f  ( ~ ~~~ ) ~~~ - ~ + f (1, .. 

~~ 
dy (28.)

Radiation energy loss thickness:

= f  ( ~. - dy (28f)

Reaetion rate thickness:

(28g)

Electron n~a~~er density thickness:

(28h)

Electron energy-transfer rate thickness:

(26i)

Electron t.s~ erature thickness:

- - - p’u ’cx ’T ’ , , a’T’

B
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As shown in the shock-tube sidewall boundary-layer analysis in ionizing
argon by Liu et al (Refs . 3, 4), if the electron temperature is assumed constant
across the boundary layer , the electron temperature thickness 6Te is appr~~4 mately
equal to the degree of ionizati on thickness 6a, that is ,

~T ~‘6e a

It should be noted that in the shock-fixed coordinate 6*, 6~, §~ and §~
are negative and 6R ’ ~~ , one and 6~ are positive, whereas the sign of ~~ depends
on the type of boundary~layer flow, that is, frozen or nonequilibrium. The growth
and details of these boundary-layer thicknesses are shown in Appendix B. The
dissipation terms - shearing stress at the shock-tube sidewall; wall heat trans-
fers due to the mixture of atoms, ions and. electrons, and the energy deposition at
the wall due to the diffusion of ions - are explained in Appendix B.

It is worth noting that the existence of the electron-cascade front in
the ionizing irxvi scid. core gives rise to the nonuniform boundary-layer develop-
ment with distance quite differently from the boundary-layer development in
perfect argon . Some of the defined boundary-layer thicknesses are maxima or
minima at the electron-cascade front and eventually influence the shock-wave
structure .

Enomoto (Ref . 9) first showed that the relaxa tion distance was reduced
due to the existence of’ the shock-wave induced sidewall boundary layer . His
ana3.ytica]. model accounted for the effects due only to the displacement thickness
of the sidewall boundary layer . His boundary-layer displacement thickn ess was
based on Z.trels’ similar boundary-layer analysi s for perfect argon (Ref. 6):

A~~~6 *L = A {l ~~~(f) }  (29)

where N = 0.5 for the laminar boundary-layer flow and £~ is the separati ng distance
between an incident shock wave and. a contact front calculated from the formulas
given by ~~rels (Ref . 6). However , Enomoto disregarded the other mutual inter-
action terms such as the other boundary-layer thi cknesses and. the wall dissipation
terms which appeared In the source terms of the quasi-one-dimensional equations ,
Eqs . (24)-(27) . He also neglected the radiation energy loss term ~~ in the energy
conservation equation.

The same discussions are appli cable to Deamiig ’s model (Ref . iie) . He
studied Ionizing krypton shock-wave structures at shock Mach nu~~er of about 10
and. initial pressure of 8 torr . He considered the effects of the growth of a
sidewall boundary layer as well as effects of unsteady shock-wave behaviour, and
solved the unsteady one-dimensional flow equations by applying the characteristic
method to the so-called inverse problem with an experimentally given shock-wave
trajectory. However, even in his boundary-layer model , only the growth of the
boundary-layer displacement thi ckness obtain ed from the similar boundary-layer
analysis for perfect krypton was considered. Other boundary-layer effects as
well as wall dissipation terms used in the present stndy are neglected . Further ,
although shock attenuation effects were considered in De~mnig ’ s analysis, the
radiation energy-lois term ~~~, was neglected in the energy conserVation equation .

- ~~~~~~~~- -



The boundary-layer displacement thickness that Demaig obtained from
an analysis given by Dem’yanav- (Ref . 15) is ‘written as

C ~~~A _ 5 *L = A ~~~l _ ’~~ ’ ( l U d t - x  ) ~ (29a)
t~ I J

where fU5dt - x is the di stance from the unstea dy shock front , d and. Re are the

diameter of the shock tube and the Reynolds nuther referring to the invisaid
uniform flaw region and d , respectively . Dem’yanov (Ref. 15) asatun ed a velocity
profile across the boundary layer as

U

6 ~~~~~~ \
I%

o
) 2 \ ~%)  

-

where i~ ~~— dy and corresponds to ~ at the outer edge of the boundary layer .
“

p6
He used the above mentioned velocity profile and solved the nonuniformity flow
behind a shock wave.

Brabbs et al (Ref . 11) used the sa~~ formula as Eq. (29) to demonstrate
the effects of flow nonunif’ormlties induced by a laminar sidewall boundary layer
on the chemical kinetic study in a shock tube . Belles et ad.. (Ref . 17) also
used the same formula for a turbulent boundary layer by putti ng N = 0.8 in Eq.
(29) .

Consequently, only the mass conservation equation , Eq. (23) , is c~~~on
to En~~~to’ s basic equations. In the present study the displacement thickness ,
other boundary layer thicknesses and wall dissipation terms were obtained by
solving the two-dimensional ionizing boundary-layer equations. The profiles
along the shock-tube sidewall distance were significantly different from those

— resulting from a similar boundary-layer analysi s such as given by }~.rela (Ref . 6).
These profiles used, in this study are shown in Appendix B.

Details of’ an iu~licit six—point finite difference method for solving
the two-temperature nonequilibrium boundary-layer equations in ionizing argon
‘were given by Liu et al (Refs. 3, is ) .  Con~arison between the first-order
results where the mutual interaction between inviscid shock-wave structures and.
boundary-layer flows were not taken into account, and the experimental data for
both quasi-steady flat-plate and. sidewall boundary-layer flows were also given .

Once a.ll the boundary layer thicknesses and wall dissipation terms ~are
known from the analysi s of - boundary-layer flows in ionizing argon, Eqs .
(23)-(27) can be numerically solved . Glass et ad. (Ref S.  l~ 2) solved Eqs.(23)-(27) for shock-wave structures in ionizing argon and krypton where contri-
butions from the sidewall boundary layers and the wall dissipation terms were
not taken into consideration . The results were compared with interfer ometric
data in s~~~ detaj~~iri Ref s. 1 and 2.

By rearranging Eqs. (23)-(27) we have
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+ (dissipation ter ms)
}/{~~ (

A 
A~~~ 

- - ~ } ~
where

(dissipation terms) = - 
~~~ ~ (~ ~) + A 

A 

~ {(~ ~

The momentum conservation equation is given by

The electron energy equation is rewritten as

2. ~~e - 2 A - A - one’s ( d  A 1 du ’\ 2 A - §
QL %i + 

~inei
ç~~~~~~~~~A~~~~~L A ~~~~~~~~~ Om ~i~~ f’ 3~.- ~~~~ ~~~~~~~~

• + A A { m ~~~~) + ~~~~~~(~~~~~~~ )}
Since the electron energy-transfer rate due to inelastic collisions

is larger than that due to elastic collisions in the electron temperature range
now und r discussion, the following appro ,d.mation can be made across the boundary

L layer:
Q’ + &  n’ ( i i ) ’el. “ine1~~~”insl~~ e e

+ 

~~~~~ ~inei 
~~~~

— <~~ine1 and Q 1  < 4inei’
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Consequently, from the defini tions of the boundary-layer thicknesses , Eqs . (28g)
and (28±) , it is possible to assume the following relationship :

(34 )

Variations of both and ~ along the shock-tube sidewall are compared for
14s = 13.1. and. 15.9 in Appendix B , Fig. B8. Finally , by introducing the above
appro~dmatioti, Eq. ( 34) , we can rewrite the electron energy- transfer rate due
to the inelasti c collision as follows (Glass et al , Ref . 2):

~inel - k(Z ~~) (T 1 + 
~~ 

T~~)

Equations (29)-(32 ) together with the mass conservation equation , Eq.
(23a) and the equati on of state

p = P R(T + 
~~~~ 

(36)

can be numerica lly solved with given initial conditions by using , for instance ,
the Run ge-Kutta ..Gil]. method.. It is worth noting that if the mutual interactions
between inviscid. and viscous flows are not taken into consideration , the above-
mentioned equations are exactly consistent with the basic equation s of Glass et
al (Ref . 2) .

2.2 Initial Conditio ns

If all the bounda ry layer propertie s and the wall dissipation terms ar~.known from a shock-tube sidewall boundary-layer analysis, the basic equations of
shock-wave structures, Eqs . (30)-(33), (23a) and. (36) , can be solved for the
unknowns p, Ta, Te, u, CX and p with the following initial conditions:

u (y l)M8
2 +2

+

— 

27M5
2 - 

( y  - i)
p y + l

Ta ~~~l

T

a - o
and 

p ( y  + 1) M 2

p0 ( y -  L)M 5
2 

+ 2
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where ~ 
= 5/3 and the subscript o denotes the condition in front of the shock

wave in the shock-fixed coordinate .

2.3 Nimerical Procedures

The procedures of the present iteration scheme are described as follows:

(i) Calculate the first-order ionizing shock-wave structure by neglecting the
mutual interaction terms such as the boundary-layer thicknesses and the
wall dissipation terms.

(2) Using these shock-wave structure results, obtain all the boundary-layer
thicknesses and. wall dissipation terms by solving the laminar boundary-
layer equations in ionizing argon .

(3) Applying these boundary-layer thicknesses and wall dissipation terms ,
solve the area-averaged quasi-one-dimensional shock-wave-structure
equations.

(4) Repeat procedures (2) and (3) until the iterative solutions converge to
a given criterion.

There is no guarantee that the present iterative scheme Will converge. However,
from our experience the solutions converge quite quickly, within two or three
iterations.

As an example, variations of the boundary-layer di splacement thi ckness
with distance x at each iteration number are shown in Figs. 1(a) and 1(b) for
shock-wave Mach numbers 13.1 and 15.9. It is found that the solutions almost
converge at the iteration rnmters of 2 for M5 = 15.9 and 3 for M5 = 13.1.

2.4 Discussions

In the present study, an iterative scheme for solving Eqs. (23)-(27)
together with the boundary-layer equations was proposed. The shock-wave struc-
tures , sidewall boundary-layer flows and the quasi-steady flat-plate boundary-
layer flows were re-examined and. can~ ared with the experiments given in Ref s.

In the s~nmnary of the theoretical considerations, the following
differences are pointed out between the pre sent study and the previous works :

(1) In the previous works by Enomoto (Ref . 9) for Ionizing argon , Demmig
(Ref.  14) for ionizing krypton and Brahbs (Ref. 11) for chemical kinetic studies,
the boundary-layer effects are represented only by the boundary-layer displace-
ment thickness. The mutual interactions between the inviscid shock-wave structure
and the boundary-layer flaw s, such as var ious boundary- layer thi cknesses as well
as the wall dissipation terms in the momentum and ener gy conservation equations
and. so on , are considered in this work .

(2) Similar solutions obtained by Mirels (Ref . 6) were applied by Enometo
• and others in the evaluation of the boundary-layer displacement thickness. In

the present study the exact boundary-layer equations were solved by an implici t
six-point finite difference scheme . In addition, the variations of transpor t
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properties across the boundary layer were taken into consideration .

There were no concurrent analyses or experiments to show that Mirels ’
formulation (Ref . 6) of the boundary-layer effects was a proper basis for making
corrections to the previous analytical results or experimental data for ionizing
gases. Enomoto made use of Mirels ’ boundary-layer formulation to study the
ionizing argon shock-wave structure . There were still large differences between
his analysi s and the experiments.

3. EFFECTS OF S~~EWALL BOU~)ARY LAYER ON SHOCK-WAITE STRUCTURE

3.1 General Considerations

In our previous sttulies of ionizing argon shock-wave structure (Glass
et a]., Ref. 2),  it was shown that the experiments for higher shock-wave Mach
number (M8 ~ 16) are in good agreement with the analysis. However the agreement
between analysis and experiments was not satisfactory for the lower shock Mach
number case (M~ ~ 13) ccm~a.ring ionization relaxation lengths and. the electron
number density at the electron cascade front. Enomoto (Ref. 9) showed that due
to the boundary-layer displacement thickness effect, the ionizing relaxation
length was reduced and, especially in the lower shock-wave Mach number, reduction
of the relaxation length became significant. However, his postulated analytical.
model seems to be physically oversimplified. In this chapter the results are
ccmpared with the experimental data and the previous analyses.

3.2 Comparison of Numerical Results with Experimental Results 
- 

-~

Figure 2 shows ccm~a.risons between the various analyses and the inter-ferometric experimental data given by Glass et al (Ref s. 1, 2), for the electron
number density profile of the lower shock-wave Mach number , M5 ~ 13. The result
of the first order solution neglecting the sidewall boundary-layer effects , is
shown by curve A. Curve B shows the result obtained by taking into account only
the boundary-layer displacement thickness effect s, calculated from the similar
boundary-layer analysis for frozen argon; this is similar to Enomoto’ a model.
Coeffi cients of the growth of the boundary-layer displacement thickness _~ */..&
are shown in Fig . B2 of ~~pendix B. The boundary-laye r displacement thi ckness
used in curve B is written as follows:

_b*=O.WO6~~~~forM= 13 .1 , p= 5 . l6 torr 8ndT=300 K,
and S 0 0

-
~~~~~ = 0.1064 ..J2 for M = 15.1, p0 5.10 torr and T0 = 298 IC.

Curve C is the first iterative result of the present method where the boundary
layer equations were solved exactly, and, not only the displacement thickness but
also other boundary layer effects and the wall dissipation terms were applied in
the analysis of’ shock-wave structures. Curve D shows the higher order iterative
result of the present method. It is obvious that the difference between the
present results (curve D) and Enomoto’s model (curve B) is significant for this
lower shock Mach ntm*ier.

The relaxation length, ~~~ , is drastically reduced. in Enomoto’ s model,
= 7.8 ~~~ , and the corre 3ponding result for the first-order model is about

10 om, whereas the present method gives XE = 8.93 om. The experi~~nta1 value

1)4
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is shout XE = 9.0 cm. The agreement between the present analysis and. the experi-
mental data is significantly improved, at lower shock-wave Mach number M5 = 13.1.
These results are tabulated. in Table 1( a) and. 1(b) aid compared with other
results with different parametri c values.

The e1e~tron number density at the el~~tron-cascade front predicted byusing Enomoto’s model gives a much higher value than that predic’ted by the present
analysis. The reduction of t~’e relaxation le:i.gth and the ov~L shoot of the electron
nimber density in Enomoto’s model can be explained as follows . In the first-order
analysis neglecting the muti~a1 intera~~ion effects the mass flux pu is always
smaller than p0u~ as shown in Eq. (23a):

~~ < Pu A 
A = p

0
U ( 38)

where the b oundary-layer displacement thickness (6* < C )  acts as though it
enlarges the shock-tube cross-sectional area in the shock fixed coordinate.

The production of the electron number density, described in Eq. (26), is
as follows:

dn m~~e ae > ae
dx pu p0U5

Therefore the quasi-equilibrium peak value of the electron nunter density is
roughly proportional to the inverse of the mass flux pu. In E~ omoto ’ s model ,
the relaxation length is alwa~rs shortened and. the degree of ionization is over-
reached. However, in the present ~odel the overshoot of the degree of ionization
is comparatively suppressed aril -~o~sequent1y the relaxation length is not sodrastically shortened as Enomoto’ s model predi cts.

The con~ arison bctween the ar.alyses a~d the experimental dat a of the
total plasma density i3 plotted in Fig. 3. The total plasma density initially
increases gradually from its frozen value, suddenly increases near the electron-
cascade front , and the:i r~a-~hes the q~iasi-equi1ibrium value as shown by arrows
in Fig. 3. The total plasma density gradien t is a maximum near the electron-
cascade front where the e~ e-:tron number density production rate ~e 

is a maximum.
Due to the radiation en~rgy loss , the tot al plasma density slowly increases
behind the el-~ctron-~ ascade front . Thi s will be explained later together with
the interpretation of the pressure profiles . It is shown that much better
agreement between the pr~~~nt model and experiments is obtained..

A c~~~arisori of the degr-~e of ionization is also shown in Fig. 4. The
relaxation length is reduced by about 12% due to the sidewall boundary layer
effects at this lower shock-wave Mach number M8 = 13.1. Arrows on the curves
and the experimental data ir~1icat~ termination of the relaxation length . Good
agreement between the present model and the experiment is obtained with respect
to the relaxation length. However , the predicted quasi-equilibrium values
determined from the present model , curve D , are larger than the experimental
results by shout 25% . The general tendency of the data points is simi lar to the
prediction and they are almost parallel to the curve D at the quasi-equilibrium
region. The reason for this discrepancy between the analysis and experiments in
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the lower shock Mach number case is not clear . However , as found later for the
case of higher shock Mach number , agreement of a/CE be tween the analysis and
experiments is good . In the present analysis, the most reasonable formulae and
the most reliable coefficients to them are used for the excitational. cross-section
for atom-atom and electron-atom collisions, the momentum transfer cros~ secti ons
for electr on_atom and electron-ion collisions and the radiation energy loss term
(Ref . 2) .  There may be analytically undetermined factors in estimating these
cross-sections and the radiation energy loss term . Therefore , it is not clear how
these unknown factors depend on the shock Mach number .

Normalized pressure profiles p/Po’ and temperature profiles are shown in
Figs. 5 and 6, respectively . Curves A , B and D correspond to the first-order
results , Enomoto’s model , and the present model , respectively.

In the first-order results the pressure initially increases gradually
from its frozen value , and then suddenly increases to its quasi-equilibrium value .
The pressure gradient is a maximum near the electron-cascade front where the
electron number density production rate i~1e is a maximum. Ove r the quasi-equili-
brium region , the pressure still increases slowly. The reasons are explained in
the following argument.

If we rewrite Eq. (31) by taking int o account only the boundary-layer dis-
placement thickness f or the sake of simplici ty,

d RT1 m ñ  Q~
1 du 2 ~~ 2n(A - o*L) + .~~~~ _ _L~ +

u Pu 
(4~~)

1.5(l~~~~~)

where M~ = pu2/~p < 1 gives the local flow Mach number behind the shock front
which is less than unity in the shock-fixed coordinate . The pressure gradient
is also wri tten as

(1~l)
~2d ~ u d x

As shown in Eq. (40) , the velocity gradient is composed of contributions
from ( 1) the sidewall boundary-layer displacement thickness growth d/dx £n(A -
(2) the electron number density production rate , ite, and (3) the radiation-energy
losses (~~~. Initially the contribution from the b oundary-layer di splacement thick-
ness effects are greater . Near the electron-cascade fron t the contribution from
the electron number densi ty pr~- uuction rate is more prominent. Finally , behind
the electron-cascade fron t the contribution from the radiation-energy loss is
significant.

Since the flow field behind the shock front in the shock-fixed coordinates
ib subsonic, and the boundary-layer di splacement thickness acts to expand the cross-
sectional area of a shock tube , the sign of velocity gradient. Eq. ( 40), is always

J 

negative . Physically this indicates that due to subsonic flow behind the shock
— wave in the shock-fixed coordinate , the ab ove mentioned effects encourage the
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velocity profile U5 - u to keep on decreasing with distance x. In other words,
the particle velocity u is increasing with di stance from the shock front in the
laboratory-fixed coordinate ( see Glass et al, Ref . 2 ) .  Therefore , as obviously
seen from the ~~menti~ equation , Eq. (4i) , the pressure should keep on increasing
with distance behind the shock front . The curves B and D in Fig. 5 show compara-
tively sharp initial pressure rises from the frozen value as a result of taking
into account the boundary-layer growth effects. The present results ( curve D)
lie between the first-order results ( curve A) and Enomoto’ s model (curve B)
except at the beginning .

The same interpretation is applicable to the total plasma density profile .
The total plasma density is inversely proportional to the velocity; see Eq. ( 23a) .
Consequently, the atom temperature T~ and the electron temperature Te are over-
reached in curve D as shown in Fig. 6 , and. are very mud , over-reached in Enomoto’s
model , curve B. Atom and electron temperature-overshoots subsequently give rise
to more atom-atom collisions and as a result the electron number density in front
of the electron cascade front increases. Therefore the relaxation length is
significantly reduced . It is found that Enomoto’ s model gives an overestimation
to the reduction of the relaxation length. Thi s interpretation is of course
consistent with the previous one that the reducti on of the relaxation length can
be explained from the point of’ view of boundary layer displacement thickness
growth and the reduction of the mass flux .

It is worth noting that an initial sharp pressure rise and a temperature
overshoot are peculiar to the analysis where the growth of boundary- layer d.is-
placement thickness is taken into account. DeDmlig (Ref . 14) studied combined
effects of the sidewall boundary-layer displacement thickness and the unsteady
shock-wave motion on ionizing krypton shock wave structure. He shoved that the
temperature overshoot occurs despite shock-wave attenuation.

One of the interesting features of’ ionizing argon shock wave structures
is the existence of’ an incubation period in which a gas particle passes from the
translationa) shock front to the electron-cascade front . In the incubation period,
no significant changes in the flow properties occur but internal electroni b states
are excited and the electron number density is very slightly increasing . After
this period all the flow properties change very suddenly. The electron-cascade
front appears. Therefore it is physically acceptable that any change in the
dynamic flow properties such as a pressure rise induced by the boundary-layer
growth would sharply in.fluence the whole shock wave structure and eventually
reduce the relaxation length .

Experimental data obtained from shock tubes with various configurations
are compared by means of using the hydraulic diameter D. Here we compared our
predicted values with experimental data obtained by the UIIAS 10 cm x 18 cm
Hypervelocity Shock Tube , so that we employ the standard ]) = 4A/L 12.86 cm
f or a 10 cm x 18 cm shock tube.

In order to examine the shock tube diameter effects on the ionizing shock
wave structure , ccmputations were done for these different diameter shock tubes:

= 6.43 cm, D1~O = 12.86 cm, D2.O 25.73 cm and D — . The computational
results for the infinite shock tube diameter D~ is equTvalent to those of thefirst order analysis since, as shown in Eqs . (23)-(27) , the terms representing
the mutual interaction effects are inversely proportional to the hydraulic
diameter . On the other hand, in a small diameter shock tube the mutual inter-
action effects are even greater, and. in the extreme case of a very small diameter -
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shock tube, the area-averaged quasi-one-dimensional analysis is no longer valid.
In this case, a two or three-dimensional flow model and the subsequent strong
shock attenuation effect should be considered. Sometimes a very small diameter
shock tube is used as a c o n  shock tube or a detonation tube. For example ,
Snomoto (Ref. 9) compared the reduction of relaxation length from a one-inch
diameter shock tube. However, it is not clear whether the present method
can be applied to this small diameter shock tube or not. In Table 1(a) the
quasi-equilibrium peak value of’ O~~, n~~ , p~ and. the relaxation length XE are
tabulated at M5 = 13.1, Po = 5.16 torr and T0 = 300 K for various shock-tube
diameters. In addition both nonequilibrium and frozen boundary-layer profiles
are compared. However it is known from the results of’ the shock-tube sidewall
boundary layer that the noneq.uilibrium profile is closer to the experimental
data ~see Chapter 4 of this report and. Liu and Glass, Ref. 4). Therefore, the
higher-order iteration is applied only in the nonequilibrium flow .

Figure 7 shows the result of the electron number density for the various
hydrau)Lc diameters where ~eE is the equilibrium electron number density for
D1~0 = 12.86 cm. As shown in Fig. 7, the relaxation length decreases and. the
electron number density at the electron-cascade front increases as the shock-
tube diameter is made smaller.

As a second example at higher shock-wave Mach number M5 = 15 .9, the
experimental and analytical results for the electron number density are shown
in Fig. 8. In this case the difference between the present model (as shown
in curve D) and Enomoto’ s model (curve B) is smaller than that in the previous
low shock-wave Mach number case M~ = 13.1. The reason is t.iat effects of the
various boundary layer thicknesses and wall dissipation terms on the shock-wave
structure are not so important since the quasi-equilibrium temperature is higher
and the relaxation length is shorter , x~ = 2 cm for the higher shock Mach number

= 15.9.

In Fig. 9 the total-plasma density profiles are shown. Good agreement
is obtained between the present model and. the experiments. Results for the
degree of ionization profile are shown in Fig . 10 for comparison . Pressure and
temperature profiles are shown in Pigs. 11 and. 12, respectively . The same
remarks as for the lower shock Mach number are applied to this case. The quasi-
equilibrium peak values are shown in Table 1(b) for various shock-tube diameters.
The effects of the shock-tube diameter on the shock-wave structure are plotted
in Fig. 13. As expected, effects of the shock-tube diameter on the shock-wave
structure are smaller, since the relaxation length is shorter in this case so
that the t:’ue duration in which the boundary layer influences the structure is
shorter • It is found. that the profiles for a 1)2.0 shock tube and an infinite
diameter shock tube are almost the same. The profile for a D1~() = 12.86 cm shock
tube is very close to that for D~,. This shows that the UTIAS Hypervelocity
Shock Tube gives almost one-dimensional shock-wave structures at higher shock
Mach ntmbers. In the first-order analysis, the relaxation length is 2.15 cm,
whereas in the present model XE = 2.03 cm after the iteration number of 2. Conse-
quently, at this higher shock wave Mach number, the boundary-layer effect reduces
the relaxation length by only 6% whereas it is about 12% at the previous lower
shock wave Mach number.

3.3 Discussions

Comparing our area-averaged quasi-one-dimensional model with Enomoto’ a
model and the first-order analysis as well as interferometric data, the following
discussions are pointed out:
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(1) The formerly selected value of argon-argon collisional cross-section
constant of 10-19 eV/cm2 (Glass et al , Ref . 2), which was used throughout the
present study, is accurate . The argon-argon collisional cross- sect ion constant
is known to affect the relaxation length . Go~~ agreement was obtained between
experiments and the present analysis for bath M8 = 13.1 and 15.9.

(2) The relaxation length is significantly reduced due to the sidewall
boundary-layer growth as predicted by Enomoto (Ref. 9). The reduction of’ the
relaxation length is more pronounced. for the lower shock-wave Mach number

• (Ms = 13.1) where the length is much longer (XE 9.0 cm) than that (XE = 2.0 cm)
for the higher shock-wave Mach number (M5 = 15.9).

(3) The model suggested by Enomoto over-predicted the effect of boundary-
layer growth on the shock-wave structure . Therefore the application of ~~re1è’
method to ionizing gas flows is inadequate , except for a rough estimation of the
effects of the sidewa.L]. boundary layer on the shock-wave structure.

(4) The effect of the sidewall boundary layer on the shock-wave structure is
more pronounced in a. shock tube of smaller diameter. For higher shock-wave
Mach ntnthers the reduction of the relaxation length is small enough for us to
conclude that the 1J2IAS 10 cm x 18 cm H~pervelocity Shock Tube,with which the
present experiments were conducted, is large enough for us to ignore the effect
of the boundary layer on experiments in ionizing argon flows.

4. SHOCK-TUBE SWEWAI~L B0UNDARY-LA~~ FLOWS

14 .1 Genera]. Considerations

Shock-tube sidewall boundary-layer flows in ionizing argon , without
taking into account the mutual interactions between the inviscid and. the
viscous flows, were analyzed and compared with dual-wavelength interferometric
data by Liu et al (Ref s. 3, 4). Satisfactory agreement was obtained for the
low-Mach-znuiter case , M5 = 13.1. The experimental results lie between the frozen
and. nonequilibrium solutions . However, it was found that two-dimensional effects
are significant for the higher Mach number case, H5 15.9. The phenomenon of
the electron-cascade front moving toward the wall to approach the translational
shock wave was found more prominent for stronger shock waves by Glass et al
(Ref . 2 ) .  The reason s for this premature ionization and. relaxation process
close to the wall are still unknown.

The present sidewall boundary-layer results were obtained by using the
shock-structure solutions described previously as the edge conditions of the
boundary layer . The difference between the previous model by Liu et a]. (Ref. 4)
without taking into account the mutual interactions and the present results arises
from the variations of f reestre am f low properties. As expected, a change in the
freestreain flow conditions will ca~4se changes in the boundary-layer flows.

4.2 Ccz~ arison of Numerical and Experimental Results and Discussions

Figure 114 shows the corresponding first order and present results for
= 13.1, P0 5.16 torr and To = 300 K together with the experimental data for

the total-plasma-density profiles, p/ps, where ~ denotes the conditions outsidethe boundary layer . Curve A shows the first-order results for the nonequilibrium
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• boundary layer ; curve B shows the present results for the nonequilibrium boundary
layer and. curve C shows the first-order results for the frozen boundary layer .
The difference between the first-order and the present coupled result s is small
since it was shown before by Liu et a]. (Bets . 3, 4) that the total plasma-density
profile is not a sensitive indicator of boundary-layer structure . However , the
difference between the first-order and the pre sent results for the electron-number-

• density profiles can be readily seen in Fig. 15, even though the difference is
small. As drawn in curve B, the experi mental data are closer to the present
results. This shows that the experimental boundary-layer profile for ne/ne5 is
closer to the nonequilibrium profile. In this case the sidewall boundary-layer
profiles are measured at x = 9.5 cm behind the shock front . The relaxation length
is about 9.0 cm as predicted in the present model and in experiments. Therefore ,
curve B still shows strong influence from the electron-cascade front where the
profi le is very much different from the similar profile in Liu et a~1 (Ref. 4 ) .
The sa~~ tendency is observable in the degree of ionization profile plotted in
Fig . i6. It is evident that the present results agree better with the experi-
mental data than with the first-order results for lower shock Mach number, where
premature ionization and reco 1nbination close to the wall is not significant in
the experiments ( see Glass et al , Ref . 2) .  The premature ionization is discussed.
later in some detail.

Figure 17 shows the first-order and present result s for the higher shock
Mach number case M5 = 15 .9 and Po = 5.10 torr for the total plasma. density p/ ps.
The agreement between the present result and experimental data is not as good. as
expected in the lower shock Mach number case. The electron number density profiled
are shown in Fig . 18. The present results (curve B) lie between the nonequilibrium 

-profile ( curve A) and the frozen profile (curve C), and apart from the experimental
data . The experimental data differ from the analytical results outside the
boundary layer edge at Y > 2 nm. This obviously shows the two-dimensional effect
of the ionizing shock-wave structure in higher shock Mach n~.mter (see Glass et a].,Ref. 19).

A tendency similar to the electron-number-density profile is shc~n inFig. 19 for the degree of ionization o~/cx~ . The agreement of the present results
with the experimental data is worse. The reason for the discrepancy between the
lower and higher shock Mach number cases is argued as follows • It was shown by
Glass et a]. (Ref. 2) that coupled sinusoidal disturbances occur at higher shock
Mach numbers in the translational shock front as well as in the electron cascade
front and beyond. Recently the flow profiles in the direction normal to the
wall were measured by Glass et a]. (Ref. 19) in the inviscid. flow region. It was
found that the flow is nonuniform in the inviscid region at this high Mach number
H6 = 16. In the experiment, the electron-number density as well as the degree of

• ionization increased with distance Y from the wall and did not reach asymptotic
values at the outer edge of the boundary layer Y = i4 i~~~, whereas the total-plasma
density decreased from the wall and reached its asymptotic value at the edge of
the boundary layer. However, it decreased again when the distance from the wall
was greater than 8 unn. This flow nonuniformity behind a moving shock wave at
higher shock Mach numbers results mainly from radiation energy transfer. The
radiation energy losses are prominent in the inviscid core with respect to the
nonequilibrium boundary-layer flow (see Fig. B6).

The two-d imensional effects on the shock structure cannot be predicted.
simply by using the quasi-one-dimensional models as used in the previc~ s and

• present analysis. Further analysis such as using the unste ady two-di~~ns1ona].
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model may be tried in order to know propagation of disturbances induced by radiation-
energy transfer. In addition to this, although we have argued about the optically
thin argon plasma , it may be necessary in a future study to take into accoun t
effects of reabsorption of the radi ation energy loss in the inviacid core as well
as in the boundary layer . This effect is very difficult to include because the
reabsorption coefficient is a function of the c~~~].ete structure of the radiation
cooling zone . Thi s effect was not included in the present analysis (see Liu et a].,
Ref’. 3).

Figures 20(a) and 20(b) show experimental contour s of constant degree
• of ionization a for shocks (N6 = 16.5 and H8 = 13 .6) redrawn from Glass et al

(Ref . 2) .  The solid line s indicat e the outer edge of the degree of ionization
boundary layer a/a6 = 0.99, obtained from the present sidewall boundary-layer
analysis for (a) M6 = 16.6, Po = 4.81 torr, To = 296 K and aE = 15.7%, and (b)
M5 = 13.1, Po = s.i6 torr , T0 = 300 K and CXE = 6.4% . These small, discrepancies

• of initial condition s between anal yses and experiments do not lead to significant
error s in c~~~aring both results. The boundary-layer thickness for degree of
ionization reaches a maximum at a distance wher e the electron number density
production rate ne is a maximum, and then temporarily decreases. The reasons
for this strange behaviour of the degree of ionization can be explained as follows .

Boundary-layer flows are first assumed to be similar jus t behind the
shock front . Boundary-layer flows become nonequilibritnu gradually as x increases.
In the electron-cascade front, the flow properties are much different from the
similar original flow properties since the electron-number-density production
rate and the radi ation-energy losses are greatest there , as shown in Fig. i6,
for example. Consequently, the boundary-layer profiles are also changed sharply
wi th distance x near the electron-cascade front . Far behind the electron-
cascade f ront , the boundary-la yer profiles recover to the weak nonequi libriu m
profiles , since radiation-en ergy losses are prominent and new uniform flow
conditions are established , for example , Fig. 4. The transition of the boundary-
layer profile from a strong nonequilibrium profile to a new similar profile occurs
just behind the electron cascade front . In addition the degree of ionization
decreases from its quasi-equilibrium value in the iriviscid core. Therefore the

• boundary-layer thickness of the degree of ionization (a/a6 = 0.99 ) temporarily
decrease s , as shown in Fig . 20 ( a) . It is found that the overshoot in the a

• profile across the boundary layer occur s just behind the electron-cascade front
for the following reasons . The velocity boundary layer as well as the bounda ry-
layer displacement thickness develop almost ~~notonically with distance x by
the same mechanism as in the flat-plate boundary-layer case (see Figs. Bl(a) and
Bl(b)] . Their growths are also encouraged by acceleration of particle velocity
in the inviscid core • The temperature in the inviscid. core decreases so sharply
at the electron-cascade front that the temperature bounda ry layer cannot develop
as quickly as the velocity bounda ry layer . The temperature boundary layer
decreases temporarily. Con sequently , for tot al enthalpy to be maintained
across the boundary layer , the temperat ure profile across the bounda ry layer
should have an overshoot . As a result , this temperature ~ -ersboot acros8 the
boundary layer induces the overshoot of degree of ionization profile at the

• electron-cascade front.

It is clear that this overshoot significantly affects the boundary-
• layer thickness of the degree of ionization, ~~~~ defi ned by Eq. (28d). In

Fig . B5, variation s of ~rj with distance x are shown for shocks with N6 = 15.9

and 13.1. It is worth noting that due to this overshoot profile , ~~ can be
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a maximum near the electron-cascade front in the case of’ the nonequilibritun
boundary layer . However , in the frozen boundary layer , the over shoot of a is
not found. For details see Appendix B.

Arrows with figures along a/cr6 = 0.99 curve s in Fig . 20(a) show the
degree of ionization (%) at the marked points . The value of a along the curve

• cz/cr6 = 0.99 increases monoton ically from 0% at the shock front to 4% at x = 1.25
cm. Then it suddenly increases across the electron-cascade front and re ache s a
maximum of’ a = 15 .7%. It is shown that experimental a contours indicate the Cr
overshoo t at the electron-cascade front. The agreement of a between the present
analysis and. experiments is very good at and behind the electron-cascade front;
but it is poor in the Incubation region between the shock front and the electro n-
cascade front, since the 2% contour intersects with the a/cr6 = 0.99 curve where

• the predicted values are less than i%. The reason for this discrepancy is not
clear . The same remarks can be applied, to the lower shock Mach number case ,
N5 13.]. as drawn in Fig . 20(b).

Agreement betwe en experimen tally obtaine d cx contour s an d, predicted
a/a6 = 0.99 curves is very good. It is worth noting that the premature
ionization near the sidewall is merged with the predicted degree of ionization
boundary layer.

It is known that far behind the electron-cascade front the degree of’
ionization and electron-number density in experiments do not approach their
as~,mptotic value s but still .increase beyond the outer edge of the boundary
layer for higher shock Mach number N5 15.9. Glass et a]. (Ref . 17) sbudied

• these phenomena and concluded that a two-dimensional effect is mainly due to
the rad iation energy tra nsf er mechanism. The details are still far from clear .

• Experimental indications, for example in Fig . 20(a) , show that the degree of
ionization profile across the boundary layer at the electron-cascade front
x 17 nun initially increases with di stance Y from the sidewall. Then it
reaches the quasi-equilibrium peak value CrE = 15 .8% . Finally it gradually
decreases in the inviscid core Y > 2 nun since the experimental a contours are
concave to the shock front . It is found that thi s profile shows a completely
different tendency from that far behind the electron-cascade front at x = 18 cm

as shown by Glass et a]. (Ref. 19) or in Fig. 19. The reasons for this differ-
ence are explained as follows . The a profile across the shock tube is affected
by the boundary-layer growth, radiation energy losses and ionizat ion and
recoithination rate processes. Since these effects themselves and their coupled
effects vary significantly with distance x, it is quite acceptable to assume
that the experimental a profile measured at the electron- cascade front is very

• different from that measured far behind the electron-cascade front.

In an actual unsteady two-dimensional flow, especially behind the
electron-cascade front, disturbances generated by the boundary-layer growth,
radiation energy losses and ionization and. recombination processes are non-
uniformly propagating along the characteristic surfaces • These nonuniformly
propagating disturbances interact with the electron-cascade front as well as
the shock front. However, it is far from clear how these disturbances interact
two-dimensiona lly with the 9lectro n-casca d.e front and how they are related to

• the sinusoidal, configuration of a perturbed shock front, as found by Glass et a].
(Ref . 2). Although the premature ionization near the sidewall is found to be

• merged with the degree of ionization boundary layer, their detailed interpretations
are still far from being ccmpleted. It will be an important future research task
to understand their origin and interactions with ionizing argon shook-tube flows.
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Deckker et a.]. (Ref . 20) , applying the hot wire anemnmetry to shock-
tube flows, showed that flow pr operty distrib utions are not uniform close to
the shock front even at very low shock Mach number M8 = i.16 ( the pressure
ratio across the shock front P21 = 1.57) . Velocity and temperature profiles -•
are found. to be different from those profiles predicted by the similar boundary-
layer analyses. Although a critical examination of the reproducibility of thei r
shock-tube experiments and. disturbi ng effect s of the probe on the subsoni c
shock-tube flow is needed , the question arises as to which mechani sms cause
the flow nonuniformity close to the shock front . They concluded that the
flow nonuniformity may be due to the unsteady effects of the shook-tube flow,
especially due to the propagation of disturbances generated at the contact
front.

- 

Further experiments and. more sophisticated analyses applying the
unsteady two or three-di mensiona l Navier-Stoke s equations to the ionizing
argon shock-tube flow ar e necessary to understand the flow nonuniformity.

5. QUASI-STEADY FLAT-PLATE BOUNDARY-LAYER FLOWS

5.1 General Discussions

The first-order results of quasi-steady flat-plate boundary-layer
flows generated by a strong shock wave in a shock tube for ionizing argon
were given and c~~~ared with dual-wavel ength interferometric data by Liu et al
(Ref. 3) .  Satisfacto ry agreement was obtained. between anal ysis and. experi-
mental total plasma-density and, electron-nu mber densit y profiles for shocks
N5 = 13.1 and. 15.9 .

Two cases report ed previ ously , M5 = 12.8, Pa = 5.01 torr and T0 =

297 K, and M5 = 16.6, p0 = 4.81 torr and To = 298 K, are re-analysed by using
the present method. The difference between the previous result by Liu et a].
(Ref . 3) and. the present analysis arises from the changes in the free-stream
flow conditions which result from mutual interactions between inviscid and
viscous flows .

5.2 Co~~arison of Ni.merical and Experimental Results and Discussions

Figur e 21 shows c~~~a.r isons between anal yses and. experimental data
for the case with M8 = i6.6, Pa = 4.81 torr and T0 = 297 K for the total-
p1asma-densi~~. The difference between the present anal ysis and the first-
order results is c~uite small . The corre spondi ng results for the electron-
number density n~/n.e6 and degree of ionization profiles a/a6 are plotted in
Figs. 22 and 23, respectively . A btu~ appears in the experimental data for
the electron-ntnrber densit y profile and in the present analysis , but the
maximum deviation from the asymptotic value of ne/fle5 -~ 1 is very small, at
most 2%. The disagreement between analysis and experiments for the electron-
number density results mainly from the fact that the boundary-layer flow is
assumed to be quasi-steady while in the experiments it is unsteady due to
radiation-energy losses. That is, the e1eotron -n~.mber density and degree
of ionization are slowly decreasing with distance from the electron-cascade
front and the pressure , particle velocity and total plasma density are slightly
increasing with distance from the electron-cascade front , as discussed in
Chapter 3. However , variations of these flow properties wi th distance x were
not considered in the present flat-plate boundar y-layer flow in order to satisfy
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the steady-state conditions. The boundary-layer displacement thickness growths
are shown with distance x in Fig 24 for both nonequi libriu m and. frozen boundary-
layer flows. As expected in the steady flat-plate flow , the displacement thick-
ness grows almost pr oporti onal to the square root of the distance from the
leading edge of the flat-plate, whereas in the sidewall boundary layer , bumps
appear at the electron-cascade front . The boundary-layer displacement thickness

• in the frozen flow is thinner than that in the nonequilibrium flow , although
the Reynolds numbers referring to the inviscid core flow properties are the same .
The reason is that in the nonequilibrium boundary-layer flow , kinetic energy
is spent for internal electronic excitation of argon at oms as well as for
ionization processes. As a result , a temperature gradient and other flow
property gra.d.ients across the boundary layer are comparatively smoothed out .
For example , Figs. 23 and 24 show the electron number density and degree of
ionization profiles, respectively. Therefore the nonequilibrium boundary-layer
displacement thickness is thicker than that of the frozen flow .

In Table 2 comparisons of the uniform conditions between the first-
order results and the present results are tabulated. The differences be tween
these results are not significant . The local flow Mach numbers Mb are increased
by about 3% f or Ms = 16.6 and by about 5% for M3 = 12.8. For the latter case,
Ms = 12.8, the nonequilibrium and frozen flow profiles for total plasma density
p/p5 and for electron-number density are shown in Figs. 25 and 26, respectively,
together with experimental data . A small improvement is found. The experimental
results for the electron-nunt er density lie between the analytical nonequ ilibrium
and, the frozen-flow profiles . The corresponding results for the degree of ioniza-
tion are shown in Fig . 27.

Figure 28 shows variations of nonequilibrium and frozen boundary-
layer displacement thicknesses with distance x for lower shock Mach number
Ms = 12.8. It is found that the frozen boundary-layer di splacement thi ckness
is i~~ich thinner than that of the nonequilibrium flow. Effects of ioniza-

• tion and recombination processes are more significant in the lower shock Mach
number , as shown in Figs . 26 and 27. Comparing the result for M.~ = 12.8 wi th
the higher shock Mach number N5 = 16.6, it is found that the growth of the
boundary-layer displacement thickness for the lower shock Mach ntnther is much
slower than that for the higher shock Mach number. The Reynolds numbers
referring to the inviscid freestresm properties are different in each case .

It is shown that effects of the mutual interactions between the
inviscid and viscous flows on the quasi-steady flat-plat e boundary-layer flows
are small . However , the flow model used in the present analysis is a quasi-
steady one . Unsteady effects appearing in the experiments are not considered
in the analysis. Therefore, in order to obtain better agreement between analysis
and experiments , the unsteady two-dimensional Navier-Stakes equation s should be
solved wi th proper unsteady inviscid freestream conditions . They are , of course ,
one of the important research tasks for the future .

• 6. DISCUSSIONS AND CONCLUSIONS

Au analysis is presented of the mutual-interaction effects of ionizing-

? 

argon shock-wave structure and shock-tube sidewall as well as flat-plate boundary-
layer flows. The effective quasi-one-dimensional shock-wave-structure equations
for a tube of finite area are derived from the flow area-averaged concept . Plow
nonuniformities resulting from the boundary-layer-displacement thickness and
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othe r defined thicknesses, as well as the wall dissipation ter ms , are included
in the shock-wave-structure anal ysis. The results are compared with a previous
first-order analysis and interferc *netr ic data at nominal shock Mach numbers of
13 and 16 at an initial pr essure of 5 tor r . It is shown that a perfect-gas
analysis based only on displacemen t thickness overestimates the reduction in
shock-wave-structur e thi ckness. However , a real-gas analysis shows that the
actua l shock-wave structure tbickne~s is closer to the idealized one-dimensional
case . In addition , the interfer ometric measurements of the electr on-nt~~ er

• density and, total-plasma density shock-wave-structure profiles as well as the
derived degree 0±’ ionization profiles are in much better agreement wi th the
present ana lysi s than those done previousl y. The same remarks apply to the
ionizing sidewall as well as flat-r l,ate boundar y-layer interferometric profiles .
Agreement of the experimental data with the present analysis is very good for
both the shock-wave structur e and the bounda ry layer at M5 13 and good at
N8 — 16. It is found that the premature ionizati on near the sidewall is merged
with the degree of ionization boundary-layer thickness.

Further investigation based on the time-dependent Navier-Stokes
equation may be required in order to predict the two-d,imensionaj. effects on
shock-wave structur e and, the un steady effects on induced flat-plate boundary-
layer flows.
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Table 1(a)

Quasi-equilibrium peak values of Cr, 1’e aM p and relaxation lengths.

The first iteration results at M
5 

= 13.1, p0 = 5.16 torr and T0 = 300 K.

14~~= l3.l 
_ _ _ _ _ _ _  _________________ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

D X
E ‘~eE

cm cm x1o17/cm3 xio 4g/cm~

First order 10.00 0.0590 0.566 0.650

6.43 6.63 0.0711 0.771 0.719
Non- 12.86 7.93 0.0639 0.655 0.680

equilibrium 8.93 0.0579 0.576 0.660 *
25. 71 8.88 0.0596 0.594 o.66i

6.43 7.88 0.0676 0.694 0.681
Frozen*~~ 12.86 8.98 0.0612 0.609 0.660

25.71 9.48 0.0589 0.578 0.650

* Results by higher iteration nun~ er
** Nonequilibrium boundary-layer profile
~~~~~ Frozen boundary-layer profile

I
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Table l(b~

Quasi-e quilibrium peak values of Cr, 
~e and p and, relaxation lengths.

The first iteration results at M
5 

= 15.9, p0 
= 5.10 torr and T0 = 297 K.

M5 = 15.9  
-

D X
E 

n~~

cm cm x~.o
1S
/cm3 xio~

4
g/cm~

First order 2.15 0.1361 0.168 0.821

6.43 1.83 o.i4i4 0.182 0.852
12.86 2.03 0.1363 0.170 0.828eq r 

~~ 2.03 0.1359 0.170 0.830 *

25.71 2.12 0.1355 0.168 0.824

6.43 1.93 0.11424 0.182 o.848
Frozen *** 12.86 2 .03 0.1371 0.1~3 0. 825

25.71 2.13 0.1362 0.170 0.823

* Results by higher iteration nu~~er
~~~~~ Nonequilibrium boundary-layer profile
~-~-* Frozen boundary-layer profile
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Table 2

Initial conditions and f r eest ream condit ions for flat-plate boundary-layer flow.

Comparison of present condition s wi th those in Ref . 3.

16.6 12.8

p0 (torr) 14.8i 5.01

T0 (°K) 296 297

R ef. 3 Present Ref. 3 Present

u5 ( cxn/s) 14.86xio5 14.97x105 3.53x105 3.59x105

p~ (torr) 2025 2160 1200 1189

T
~5 (

°K) ‘.049x10
14 l.043x1014 1.065xl014 1.0143X104

a
5 

0.021 0.020 0.031 0.028

‘1e5 (~~~3) 3 75~~Q16 3.87x1O~
6 3.27x1016 2.97x1016

2.9 3.0 2.1 2.2

a5 ( cn/s) l.681x105 1.673x10 5 l.676x105 i.65oxio5

xm ( cm) 14 14 14

146 1+6 1+6 46

XE ( em) 1.7 1.57 13.0 11.0
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APPENDDC A

AREA AVERA&ED QUASI-ONE-Dfl€NSIONAL FLOW EQUATIONS

In the shock-fixed coordinates , the area- avera ged mass conservation
equation (sq. 18) is rewritten as follows. Let the operator <>be introduced
1n an area-averaging process, and let A and L be the cross-section al area and
perimeter of a shock tu1~e, respectively. A schematic profile is shown in Fig.
Al. 

=

=~~~{~uf ~~.& + L f  (p ’u ’ - Pu)dY} (Al)
b.layer

=~~~pu (A_ L~*)

where the primed quantities represent variables across the boundary layer and.
§* is the boundary-layer-displacement thickness defined by

~*=f  (i~~~~~~~~ )~~~ (~~)
b .layer

which is negative , as expected . p and. u are the uniform values.

Here inside the boundary lay-er , the mass conservation equation

+ ,
v ’ = (~~)

holds . If we integrate Eq. (A3 ) across the boundary layer , we have the following
relation :

(p ’v ’) 6 = - p’u’dy (M)
b .layer

where § denotes the condition at the outer edge of the boundary layer.

For an arbitrary quantity Q, its convective derivat ive averaged across
the shock tube cross- sectional area is given , taking into account Eqs . (Au) and
(A.3), by

A-i

—



- - - - -  ~~~~~~~~--~~~~-~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - --- 

<puQ> + <pvQ’

= ~ .
~~~~~ puQ(A - §*L) + 

~~ 
f  (p ’uQ’ - p’u ’Q) dy
b .layer

=~~~~~~pu Q ( A _ L ( & 3 e + o ~) )  (A5)

where §~ is defined by

(A6)
b .layer

This is the cos~ only used. boundary-layer thickness for Q, which represents
u, a, H and. C~~e corresponding to the momentum, electron mass , energy and
electron energy conservation equations , respectively.

Here we rewrite the boundary-layer thickness for Q as

(A7)

=1 ~~~~~~~~~~~~~~~~~
b .layer

Finally we have an area-averaged quasi-one-dimensional expres-
sion~ as follows:

<puQ> = ~~~ puQ(A - ö~L) (A8)

I
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APPEIWDC B

BOUNDARY LAYER THICK~~SSES AND WALL DISSIRATION TER~~

Once various boundary-layer thicknesses and wall dissipation terms
are given , we can determine the shock-wave structur e in ionizing argon by
making use of these mutual interaction terms . The boundary-layer thi cknesses
as well as wall. dissipation terms used in the present analyses are presented
here

In Figs . Bl( a) and Bl(b) , variations of the boundary-layer displace-
ment thickness ..5* and the velocity thickness ~~~ 

with distance x are shown
for shocks with shock Mach numbers M~ = 13.1 and M5 = 15.9, respectively. The
thicknesses are defined by

(Bi)

where primed quantities show those across the boundary layer . b* and. 5~ are
negative in the shock-fixed. coordinate , as expected . It is noted. that the bu~~
appears in both nonequilibrium and. frozen boundary-layer flows at the electron-
cascade front where the electron number density production rate ~e is greatest .
Therefore these boundary-layer thickness growths are no longer monatoni cally
increasing as seen in the similar boundary layer analysis for perfect argon.
The velocity boundary-layer thicknesses 

~~~~~~~ 
te~~orari1y decrease at the

electron-cascade front due to the sharp changes of boundary-layer profiles.
The phenomena are even greater in higher shock-wave Mach numbers .

Figure B2 shows the variation of -~*/~.& with distance x for shock-
waves with M5 = 13.1 and 15.9. In the similar laminar boundary-layer analysis
for perfect arson, the sidewall boundary-layer di splacement thickness ~5* is
growing with tx. Figure B2 shows roughly a coefficient of the displacement
thickness growth , which is proportional to the square root of the Reynolds
nimber referring to the uniform flow condition . The value of’ -ö*/ .& is
initially constant in the incubation region between the shock front and. the
electron-cascade front and then suddenly changes to another quasi-equilibrium
value across the electron-cascade front. The reasons for this are as follows.
Pressure changes roughly from a constant value in the incubation region to
another constant value behind the electron-cascade front. In other words,
the flow Reynolds nuaiber changes suddenly across the electron-cascade front .
Values of _6*,ATx at x = 0 (_5*/.~& = 0.1006 at M5 - 13.1 and -5*/~.& 0.1064
at M5 = 15.9) are in~ ortant because these values are used in calculating shock-
wave structures by Enomoto ’s model. This model considers only the boundary-
layer displacement thickness which is obtained by a similar boundary-layer
analysis. In Fig . B3, variations of momentum thickness 5m with distance x
are shown for shocks M5 = 13.1 and. 15.9,

B-i
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Solid. lines and dashed lines show nonequilibrium and. frozen boundary layer,
respectively. Inflection points appear at the electron-cascade front owing
to the sa~~ r easons as explained in Figs. Bl(a) and Bl(b). Differences
between nonequilibrium and. frozen boundar y-layer flows are found. to be very
small .

Figure B14 shows the energy dissipation thickness 6e for shocks
Ms = 13.1 and 15.9, where

(B3)

Curve A (—) and curve B (---)  corre spond to nonequilibrium and. frozen
boundary-layer flows, respectively. The same remarks made for Fig. B3 can be
applied to this case .

Figure B5 shows variations of the degree of ionization thickness
&~ with distance x for shocks M5 

= 13.1 and 15.9, where

(B4 )

Curve A (—) and curve B (- --) correspond. to nonequilibrium and frozen
boundary-layer flows, respectively . As mentioned. previously, overshoots
of the a profile occur across the noneq~uilibritun boundary layer just behind.
the electron-cascade front as shown in Figs. i6 and 19. They do - not appear
in the frozen boundary-layer flow. Consequently, 6a in the nonequilibrium
boundary-layer flow can be positive around the elect r on-cascade front and. Is
a ma~d.mum at a distance where the electron number density production rate isgreatest. On the other hand, ~~ in the frozen boundary-layer flow is always
negative and. monotonically decreases with distance x. It is worth noting
that a/as = 0.99 contours in Figs. 20(a) and 20(b) are ai~i1ar~ to the results
obtained for the degree of’ ionization boundary-layer thickness in the nonequl-
libri um boundary-layer, which is defined as

Figure B6 shows vari ati ons of the radi ation energy loss thickness
§R with distance x for shocks H8 = 13.1 and 15.9, where

(B5)

Curves A (—) and B( - - -) correspond to nonequilibrium and froz en bound ary--
layer flows , respectively. 6~ in the noneq uilibr ium boundary layer is

B-2
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always positive. This fact indicates that radiation energy losses inside
the nonequilibrium boundary layer are smaller than those in the inviscid
core . SR is a maximum at the electron-cascade front where the averaged
radiation energy loss inside the nonequilibrium boundary layer is smallest.
The radi ation energy losses in the frozen boundary layer are larger than
those in the inviscid core , since Sj-~ is negative , as shown in Fig. B6. In
the nonequi libri um boundary layer , kineti c energy is transformed int o excita-
tion of the internal electr onic states , and ionization rat e proc esses. Hence
the temperature decreases more than in the frozen boundary layer where the
ionization and reccmbination processes are assumed completely frozen . There-
fore , the r adiation energy losses are more prominent in the frozen bounda ry--
layer flow than in the nonequilibrium boundary-layer flow. However , throughout
the previous and present analysis, the effect of’ re-absorption of radiation
energy in the radiation cooling zone is not considered..

Figure B7 shows variations of the nonequilibrium electron-number
density thickness 5ne Wi th di stance x for shocks H5 = 13.1 and 15.9, where

(B6)

As shown , there is a maximum at the electron-cascade front. The
electron number density in the inviscid core is a maximum. The electron
nt~~er density profile across the nonequilibrium boundary layer near the
electron-cascade front is shown in Fig . 15 where the profiles are compared
at x = 9.5 cm behind the shock front and. the experimental relaxation length
is about 9.0 cm. In Fig . 18 similar comparisons are made at x = 18.0 cm
behind the shock front and. the experimental relaxation length is 2.0 cm.
There is evidence , from Figs. 15 and 18, that the maximum deviation of the
electron nim~er density between the invi scid. core and the boundary layer
occur s at the electron-cascade front .

In Fig. B8, variations of the electron energy transfer rate thick-
ness §c~ and the electron production rate thi ckness S~ with distance x are
shown by curves A and B , respectively, where

5 = r ( 1 ~~el~~~~inel
Q %l ‘

~~ine1
(B7)

As shown , these curve s are similar to each other and the lar gest deviation
between curves A and. B is at most 25% at Ms - 13.1. Therefore , the approxi -
mation of SQ &~ 

in Eq. (34 ) is acceptable . SQ and ~~ are negligible in the
quasi-equilibrium region since in the proce sses of’ computation 

~ç 
and. 6j~ are

written as (Qel + Qinel)5Q and ~~~~ -- and ’ 1 in the quasi-equili-
brium region the ionization rate processes are in equilibrium, ~e (x > x~j) ~~0,
and. consequently the electron energy transfer rate is negligibly small .
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Wall diBsipation terms were used to express the mutual. interaction
in analysing the are a averaged quasi-one-d imensional ionizing shock- wave
structure . It ia helpful. to show the proper expressions of these terms in
Figs . B9-B].2 .

In perfect-gas boundary-layer flows in a shock t~te , the local skin
friction coefficient Cf is related to the Reynolds number by (see Glees at al,
Ref . Bi) ,

C~ ~~~~~ = ~~~ f”( 0) (B8)
Ii-~~ l

where the local skin friction coefficient

Tw
/ u \21 1 w

~ ~~~~ ~
1 -

S (B9)

Re = 
~~~~~ 

(i  - 
U 

)

2

and the shear stress at the wall

( ~U S
~\

‘w =

For strong shock waves in perfect argon, Eq. (B8) is given by

Cf — l.9l~ (Blo)

where f” (o) = -4.062 and tj~/ ti5 = 4 ( see Mi rels , Ref. B2) .

For a real-gas sidewall boundary-layer analysis in ionizing argon,
the shear stress is given in boundary-layer coordinates as

= ~~~~~~ t”(o) (Bu)

where

~ 
_-j pS(x)IL (x)U e(x)dx

TI 
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By defining the Reynolds number

Re = 
PwU5X (1 - 

u~

~w ~ 
U j

where

- I ~6~6
u5~~

= _________

We obtain an expression similar to Eq. (B8):

C
f ~~~~~ = ~~~ ~~~~~

“ (°) (B12)

where

P~I.Lw
P61.L5

As expected, this equation reduces to Eq. (B8), if’ we assi.m~ constant inviscid.uniform flow properties along the shock-tube axis and C = 1 across the sidewall
boundary layer . In Fig. B9, the local skin friction coefficient profiles are
shown for Ms = 13 and 16. As expected, the local skin friction coefficient s
are not monotonica lly decreasing function s of x but increase wi th x near the
electron-cascade front . Since the pressure gradient is a maximum there , the
shear stress increases. Therefore , the value of Cf J~~ , shown in Fig. BlO,
is also a maximum at the electron-cascade front. This effect is much -

different from the results in the boundary-layer analysis in perfect argon ,
and even greater at higher shock Mach number Ms = 16, as drawn. The value of
Cf ~~~ at x = 0 cm is about i.58 for both N5 = 13.1 and 15.9. Although this Value
is calculated from a similar boundary-layer analysis for the frozen uniform
flow conditions, it is different from that of the perfect gas where Cf ~~~~~~~ 

=

1.914. This is due to the two-te mperature effect of the argon plasma used in
the analysis, and . the variation of transport properties across the boundary
layer , such as C = C(y) ~ const , was taken into account .

The sidewall heat-transfers due to at om and electron are shown in
Figs . Bll(a) and Bll(b) for Ms = 13.1 and 15.9, respectively. The wall heat
transfer due to atom temperatur e gradient -(j~ is not a monoton ically decreasi ng
function of x but locally increases at the electron-cascade front . Thi s effect
is even greater at highe r shock Mach number N5 = 16. However , the heat transfer
due to the electron -~~~~~ has a maximum at the electron-cascade front.

The local Nuaselt ntni~ er s are defined as follows:

(Bl3 )
‘ 5  W/

B-S



where q is the heat flux at the sidewall ,

(Bile)

Therefore , the local Nusselt ntmibers are related to the local Reynolds number
defined previously, that is,

NUa 
= 

e’(o) (B15)

~~~~

where e = Ta/Tsh for the atom temperature. For the electron, the relationship
between Nue and Re is

N T~~~~~
0

aS 
T (B16)

- 

~~;

where 8 - Te/Te5
The ion-rec~~~ination heat transfer at the sidewall t~~~ is defined by

(B17)

The Nusselt ntur~er due to c~x and. the local Reynolds number are related as follows~

~~~z’(o) 
(BiB)

~~~~

where Z = a/a5.

Figures Bl2(a) and. B12(b) show variations of Nu/~~~ defined by Eqs .
(B15)~jBl6) and ~~l8) for shock Mach numbers M8 13.1 and 15.9, respectivel y.
Nu~J~~e and Nue/~/Re are maxima at the electron-cascade front. However , for
the ion-recombination heat transfer, Nurj/.J~~ is a maximum 

at a distance behind.
the electron-cascade front. The reason for this is as follows. The gradient
of the degree of ionization at the sidewall z’(o) is inonotonically decreasing
with distance x . However, CL5, at first , increases from its frozen value at
x - 0 to the quasi-equilibrium peak value and then slowly decreases due to the
radiation energy loss. Therefore a6Z ’(O) is a maximum not at the electr on-
cascade front but at a distance behind it. This effect is obvious in Fig .
12(b) for N6 = 15.9 .
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In the present analyses , variations of the local skin frict ion
coefficient Cf and the wall heat transfer -q are found. to differ greatly from
the result by the similar boundary layer analysis for perfect argon. The
local maxima appear at the electron-cascade front and their variations are not
simple in the incubation region as expected in the previous analysis. This
shows the importance of taking into account the mutual interaction terms in
solving the ionizing shock-wave structure problem.

In the actual flow field, these bumps may be reduced. by dissipation
effects but there is no experimental evidence that this indeed. happens.
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