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ABSTRACT

A linear spline method for the solution of the Abel integral equation

1X
2
5
2 
y(s)ds f(x), x > 0

is analyzed. The approximate solution along with its derivative converges to

the corresponding exact solutions at each point in the interval of integration,

the orders of convergence being two and one, respectively. An asymptotic for-

mula for the discretization error is obtained. The method is illustrated by

a numerical example.
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SIGNIFICANCE AND EXPLANATION

Abel—type integral eauations (see Abstract) occur regularly in applications.

Typical examples are the determination of the emission coefficients in radiation

technology, the determination of gravitational anomalies for an axially symmetric

distribution of masses, and the analysis of the fringe shifts in interferogrants.

Applications of Abel ecTuations are usually directly or indirectly related to

systems with axially or radially symmetric geometry.

The equation considered in this caper has an explicit inversion formula.

Numerical methods based on this formula have been investiqated , but they all have

to deal with the presence of a derivative in the inversion formula. Experience

shows that direct methods are almost as effective as using the inversion formula,

and they can be generalized to solve eccuations for which an inversion formula

is not known. In particular , the results developed in this paper give some idea

of the necessary tools and possible results for linear spline or higher degree

spuine approximate solution for a more general Abel thtegral equation of the

form:

j K(x,s) 
~ y(s)ds = f(x), 0 < a < 1, 0 < ~ 1-ct , 0 < x < 1

0 (x_s)ct(x+s)

The trapezoidal product integration method considered here has been analyzed

by Atkinson and Benson. The contribution of the present paper is that we can ob-

tain similar results under slightly weaker assumptions by a much simpler method.

The asymptotic error formula obtained for the numerical solution is simple

and quite remarkable because, if we are solving differential or integral equa-

tions numerically , we usually have to solve another differential or integral

equation to get an error estimate, whereas for Abel equations of the type con-

sidered in this paper, the error can be estimated directly from the computed

solution

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the author of this report.

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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ER~~)R ANALYSIS OF A LINEAR SPL.INE METHOD

FOR SOLVING AN ABEL INTEGRAL EQUATION

Hing—Swn Hung

1. Introduction.

This paper considers the Abel integral equation :

(1.1) 
~~ 

y(s)ds = f (x )  , x > 0

As described in detail in Section 2, we investigate a direct method for solving this equation

based on global approximation of y(s) by a linear spline. Numerical methods based on

numerical evaluation of the known explicit inversion formula for (1.1) have beefl considered

in [5), (8). However, even though the inversion formula is known , it is of interest to in-

vestigate direct methods for the above eauation, partly because they are almost as effective

as using the inversion formula, but mainly because they can be generalized to solve equations

for which an inversion formula is not known. Direct methods for the above and related equa-

tions have been suggested by a number of authors [1-4, 6, 8, 9, 11, 12).

The trapezoidal product integration method for solving (1.1) considered in the present

paper has been analyzed by only two other authors. Atkinson (11 gives a convergence theorem

but does not prove that the convergence is 0(h2). Benson (2) obtains 0(h2) and also de-

rives an asymptotic formula for the discretization error, but his method deoends on a com-

plicated analysis of product integration. The contribution of the present paper is to obtain

similar results under slightly weaker conditions by a much simpler method by using a lemma

which is an extension of the lenina stated in (111, p. 179.

Convergence results are given in Section 3. A simple asymptotic formula for the dis-

cretization error is derived in Section 4 which confirms the conjecture by Noble [101 . In

Section 5, a numerical example is presented.

2. Description of the Method.

Let x~ ih, i 0, 1,..., where h is an arbitrary constant stepsize. Let

denote an approximation to ~(x~). the exact value of y(x) at x = x1. We use a linear

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.

p ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~



~~~~~~ _,.S_~~_

-
I

spu n. function P(x). wi th knots at the points s~ , a~ an apuro xinta tion to y(x ) , i . e . ,

for j  — 0 , 1, 2 , .• •

1( 2 .1) P (x )  — 
~~ 

( ( x ~~~1 
— x)Y~ • (x — x j)Y j4t ) . *

lb. function P1*) is cont inuous at the knots.

The spproxiutat. solution of the integral equation ii obtained by requiring that ( 1 . 1)

be satisfied at the knots i.e., the exact solution y(x) is replaced by the approximate

solution P(x) derived from the value P(x1
) — Y~ computed front

X
k

(2.2) J !.....P(s)ds — f(x ), k — 1, 2 , •’
0/2 2 k

X
k~~

S

This can be rewritten in the form:

k
(2.3) 

~ ~~~~ Y~ — f ( x .~) .  k — 1. 2, • • •

where
- SI Cx .-.)

It de

( s—x ) X
141 Cx

(2.4) Wk i  — 

~~~~~~~~~~~~~~ 

~~~~~ dn , It da, i — l , ” .k — 1

~ ~~~~~ 
- 

JC~ _~~ j~~~~5

•

~ 

k-i ds

Equation (2.3) ii a nonsinqular triangular system for Y~ , since

(2.5)

for k - 1, 2 ,~~~~. Th. starting value of thi, system needs to be determined by othe r mean,,

for instance it might be obtained front

(2.f’) Y0 - ~‘(O) 
f (O)

— 2—

-~~~~ - - ~~~~~~~~~~~~~ 1 -,~~~w - . - ’ . . . 8 .  
.

~~~~~~~~
~~—S~~— —— _ ~~~

__
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

£.~~



which exists.  wh.nevøt ( 1 . 1 )  has a continuous solution.

An estima t , of y ’ (x )  is give n by the derivativ, of 12 . 1) .  If we denote this (constant)

ext~ mate of r ’ ( x )  in x~ x ~~~~ 1w Y !.  this gives
(

I:. ~~ Y — tl ’
~ •~ 

— 1’.) • 5
i 

x i+ 1

~~. ~~~_~~~~ Method.

Th, i.~~f~; 
~! Theorem 3 .1 and Theorem 4.1 reouire the following lettitta.

L..mins Lt. If theis exist a constant C ~
. C and an integer N 1, all Indenendent of k.

such that

l x i i . C , — 0, 1 , ’’’ , N

‘ 
.0

’
~k+1 ,i 

x~! • ~~, k — N , N4 l , ’’• ,

wi th
k

— 1 — 
\• 

~ C• k+ 1 , t ‘

~~~ ~~~~~~~~ 
k — N , N i l ’ . ’,

then I • C , — 0 , 1 , ~~~~~~~~~

A ssunte that 1x 1 C t~~: i — C , l , ’ ’ ’ ,k ( k ~ N ) .  Then

k k

~ ~~~~~ 
+ t’(l — Y 1

~ k+1, L~~ 
—

S i—0

:~~
-
~ ‘ this is ~bv icnt at y true fc’: k • 14, it  is by induct ion ti u,’ for all Ic, N.

(N ot e that . if N — 1 , Lenitta ~.l is identical to the lenr~ stated In (11 , p. 179),

wtc:~ h Is .~ conseuu,nce of the standard results for regular infinite systems of aloebraic

~ ‘.~ust i~’n~ 1w Kantorovich and Krytov in (7, ~‘. 21 .1

Let yt*) be the exact solution of (1.1), and define the discretixatlon error function

tx~ y (x) — P (~~) , whc’te  P ( x )  is the linear spline function approximation to 

y(x)I
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obtained front our numerical method. Denote E (x~) by Ei. We state the following theorem:

Th.or.* 3.1. If y”(x) is Lipechits continuous on (0,1), then the discretisation error of

the linear spu n. method satisfies

(3.1) — 0(h2), Ii — 1, 2, ’’’

provided E
0
, the error of the starting value , is of order It2.

Proof: By a standard theorem on Lagrange interpolation

( 3 . 2 )  E ( x) — 
~~ 

[(xj~~ 
— x)E

1 
+ Cx  — x

~
)E
~~~I 

+ D (x)

where

— ~~‘ y”(n~ (x))(x — x~)(x — x~,1), x~ ~ 
< x~~1

, x~ < x <

Since both y(x ) and P(x) satisfy (1.1) at each knot x —

k—i ~i+i
(3.3) 

~ J 1 E(s)ds — 0, k — 1, 2, ’”
i— 0 x ~ ,.~~~

‘
2

This can be rewritten as

k
( 3 . 4 )  

~ 
w~ ~ 

— Rk . k — 1, 2,
i—O

where

k—i 
5i4~

(3.5) — — 

i~
,o L /-~

-‘
~~ 

~~~~~~~~~ ‘

and the W
k ~

‘s are defined in (2.4).

Multiply (3.4) by ii , difference the resulting equation for k and k + 1, and then

divide by (k + i)wk+l k+l 
to yield the required error equation

(3.6) ¶+i — 51c+i,i EL + b~ , k -1 , ~~~~~

where
k w - (k+l)w

(3.7) 5k+l, i (k+1)wk+l k+i ’

— 4—

~

L 
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4
and

( k + l ) R k %  — k
(3 . 8 )  b — , k — I ,  2 ,~~’’k (k4 l ) wk.l k+l

A

(Note that (3.6) is not the only riossible error equation t~~ it can bt’ J , :  iv,~~. s..’ ’,

instance, Atkinson ( 11 and Benson ( 2 1.  However the procedure used here ‘.:mi ’Ii~ c.” thc •~~ycnI-

totic error analysis in Section 4 . )

Equation (3.6) implies that

(3 .9)  
~~k+1 1 ~~

I&k+l,i t E
u • ib~ i .  k — 1, .‘,..-

Since by assumption, E
0 

— 0(h 2 ) ,  i t  i s easily shown from eauatic.u ( 3 . 4 )  , by i c u c s ,

3.3(a) below, that € — 0(h 2 ) for i — 1, ..- ,K , with K as defined in I.emma I ..’ b elow.

On the basis of this together wi th  I.emma 3 . 2 ( b )  and Lemma 3 . 3 ( c)  below , wc .- •:u •p~c ’ 1v t . ’nvsa

3.1 on (3.9) and obtain ~~~~~ Hence the proof of Theorem ~.1 is completed .

Len~a 3.2. If the 5k+l ~‘s are defined by (3.7), then there cxlstc •IIc itc t c.1 , ’1 K 
~~‘

independent of It and k, such that

(a) 0, i — C , 1 , ’” , k — l , k •‘ 1

ak + l k _ O . k~~~K

(b) I — 

~Z0
!5k+1 ,i l 

~~
- 

~~~~~

, k ::. K

Proof of (a): From ( 3 . 7 ) , using ( 2 . 4 )  and (2 .5 ) , we have

S1 (x -s)
— 

(k+l)w
k+l k+l 

~ o [
~

—

~

-

~~

_ 
/~~~~~

j
2] 

C .

sinc, the int.qrand is nonnegative . Similarly , we can prove t1
~,lt ak + l  ‘ C t . ’c

i — 1,”•,k—l . By straightforward estimation, it is easy to ~;h ~ w th , : t

W
,c,~~l k ~~~ (3 .2k 

- 

~

• ‘ - 

~~ 
•

— 5—

L~~~r’~ T . ~~~ ~~~~~~~~~~~~~~~~~
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Sinc, the quantity m aid . the square brackets of the last expression tends to (3 - 2/i) ~ 0

as k increases, there exists an integer K , :ndependont of It and k , such that

5k+l.k 0 for k K.

Proo f of (bI c Since by using ( 2 . 4 )  we obtain

( 3 . 1 0)  ) . W~~~1 
— 

~~ 2 
— 

2

for ) — 1, 2 , ”’ , it can easily be shown tha t ,  for k — 1, ~~~~~~

k
5 1( 1 . 11) 

.~~ 
a~~ 1 .  — — 

1 (k+l)w k+l , k+1

i i i  -
:

4~~~

By means of part (a) and (~~.l i) , the result  of part (b) ininediately follows.

I3mea 3 .3. I f  y ” (x) is Lipschit~ continuou s on (0, 1 1 , then there exist constants

C1
, c ,. C3 

‘ 0, independent of It and k, such that —

(a) 
~k ’ C

1 
h ”

(b) l R k ,~~ 
— R ,c, 1 2,. C2 j—

(c) Lb k l ~~~~~~~~~~~~~~ ,

f or Ic — 1, 2 ,~~•’ , where and bk are defined in (3 .5 )  and (3 .8) , respectively .

Proof of (a): Let N2 — xS to l l lY (*)i. Then by straightforward estimation, it follows —

from (3.5) that

(~~.l 2) lAId ‘ C 1 It2 , k — 1, 2, ’~ ’

I’where C - — N ,.

-6—
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( c o ~’t ~~~~ ~l’( : Subtraction of ( 3 .5) from (3 .5)  wi th  I replaced by 1 + 1, ~nd by a

change .~~ t he ’  variable of integration, it is not d i f f i c u l t  to show that

( 3 . I U  — — + + ~~~~ I — 1, 2 , ’’’

where
1-1 i+2(I) l

~~~ 
.

A
1 

— — - - --
~~~~~~~~~~~~~~ (v ( n ~~ 1

(s) ) — V (n (s—h))) (s_x ~41) 
(s_x ~ 52)dst — 0  x~ ,1 ‘x ,1 —s ’~

- , k — I
— - 

~ i~o ~‘i+l ~~~~~~~~ 

- 

/x
k l +sJ ~

‘X
~c,,~1~

S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - Y ” ( ’ c ) ( s ) ) ( s - x Ø ) ( s - x 1
)ds

. t I. , I-’.’ the’ t. ipsc)ct tr c.’nst .,rct for s’” . Then hr st r a igh t  forwar d ,‘st cm.~t i~’cc and not ing

t ’ c . t t  hk 1, we obtai n from (3 .133

. 14 )  h.~,,1 
— R.c, ~ L,h

3 
+ 

,~ N 1 k C ~.
‘ k - ~~2 Ic ’ I — 1 ,

where C , — — 4!., +

‘ { .  . -

~‘t (c~ : rrom ( 3 ,~ ( , usir i . ,  ( ~~. 12(  , (3 .14) and (2.5), it can easily bc shown that , r~’c

1 — 1 , 2 . ’’. ,

~~~~~~~~~~~~~~~~~~~~~~~~~
_ _ _

— w1+1 , 1+1

h 2

— : (C
1 

+ C ,)

,~~‘ 3 .(. I f  the assumptions of Theorem 3.1 are s at i s f ied ,  then for ~tnv f i xed

x , ( C , 1 ) ,

E ( X 1  — 0 ( h
2 ) ,  E ’ 5 c — 0 (h )

- 7 -

t

LI ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~. ~~~~~~~~~~~~~~~~~~~ 
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Proof : If  we express P(x ) which ie defined in ( 3 . 2 ) , in integral foris , we obtain

x C x ,  —s )

~( x) — f ( x — s ) y ” (s)ds  — (x — x
1
) f v ”(s)ds

By means of ( 3 . 1 ) ,  Corollary 3. 1 fol lows immediately from ( 3 . 2 )  and the equation r e su l t i ng

f rom different ia t ing 13.2 ) .

4. An A symptotic Formula for thc Dir  -retisation Error.

In this section we obtain an asymptotic formula for the discret izat ion error of our

numerrcal solution which conf i rms the conjecture by Noble (10 1,

Theorem 4.1. If y C
3
(O,1), then the discretiration error for the linear Sp lifle method

satiqfies

(4.1) — ~~
—. y”(x1) + O(h 2/& ) . I — 1, 2 , ’’’ *

provided E
0, the error of the starting value, is of order It 2 .

Proof: Since y(x) C
3
(O,11, it is not d i ff icu l t  to show that, for x (x ., x~~1

),

2 2
( 4 .2 )  E ( x )  — 

~~ ((x~~,1 — x) (E
u 

— 
~~~ ~‘1x~ ) )  + (x_ x ~ ) ~~~~~ — 

~~~~ y ” ( x . ÷1
) ) 1  + ~c(x) *

where
y”(x

1
) It2p(x) — 2 

( ( x _ x~ ) (x_ x ~~ 1
) + -

~~
— I + ,~ (x)

with

IIS (  Ix) ) 3 1 2 ‘~ ‘i(x
c (x) — 6 (xx~) — jj - (2Y ” (n ( x~~ 1) )  — y ’”(i(x i+j)))h (x—x ~ ) ,  

x 1 i.(x) ‘.

By substituting (4.2) into (3.3) we obtain

(4.3) w11(E~ 
— 

~~
-
~~

- y”(x1
)) — R~c,, k — 1, 2,’’~

where - 
4

k—i :
(4.4) — — 

~ ~~~~
‘—

~~ 

p( s)d s . 
‘

i—0 *~ VX
1
-g

—8— 

Iii.~ ~~~ — ~~~~~~~ — ~~~
, ___$‘..A~~

_ — -‘4.~g~~~e
1s,. 

— ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .s
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Comparing (4.3) and ( 3 . 4 ) , we note that P,,~ is c o n ve c c i n c  t,lst.’: than 4,. 11 w~

derive an error equation in the sane way as in the proo f of con’- c u— c~ - ’ wi ut  mod - ‘ i .

we expect the parts in the derived error equation which rre~~’onJ t ’  ~ ~i : (  - -I
I n Le~~ a 3. 1 would have unbalanced rates of convergence, with the former converqir c r.t

than the latter.  By applying Lemma 3.1 to such an equation,  we w i l l  f a i l  to obtac: :  ~~~ to’

suits we expect. To avoid this , we define E • — v’j i(E . - ~~~~ v ” ( x . ) )  and r,’s’rctc ( . . ‘ cc

k
( 4 . 5 )  w . —~~~ - E  — R, , k 1, ~~~~~

i— O k, i ,j 4 l  1 K

Now multiply (4 .5 )  by I, d i f f e rence the resu l t ing  eauation for I and k 1, ‘h ~ n

di vide by (k + l ) w
1~ 11~ 1/,ç~~ to yield the reuuired error equation

(4 .6 )  E
k+l — 

i~ 0 k+ l , i + b
1
, I — 1, 2 , ’’~ *

where

(4,73 a. . — a . ,  i = 0, l ,’’~~,kK+i, i 
~i+l 

k+1 ,i

(4.8) b1 — (k+1)w~~1 1 1  
((k+i)

~~ +i 
- k~~~1,  I — ~~,

with 5k+l ~ 
as defined in (3 .7) .

Equation (4.6 )  implies that
I

I
(4.9) 

~k+1
l 

~~
. ~ k+l ,j 1 1ê 11 + b1T .  k = 1 , 2,’’’ .

2
Since — E

0 
— 

~~
-
~~

- y’(x
0
) = 0(h2) , it is easily shown from equation (4~t’) by u s i c o :  !-. - .~u~~*

4.2(a) below , that E . 0(h 2 ) fo r i 1, ’” ,K,  wi th  K as def ined  in Lerma 4 , 1  ic~~ ( - -,, -

On the basis of this together with Lemma 4.1(b) and Lemma 4.2(c) below , we can .3tu’1v

3.1 on (4.9) and conclude that

= *~~~~~ 
(E~ — 

~~~y”(~~)) — 0(h ), k — 0, 1, ~~~~

1

) 
_ _ _ _  _ _  _ _ _ _ _ _ _ _- - -  —

~
.-- - - - -L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ..,,~J
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Thus the proof of Theorem 4.1 is completed .

Lemma 4.1. If the a1~11
1 s are defined by (4.7), then there exist integers K and K > 1,

independent of h and 1, such that

(a) ‘ 0, i — 0, l ,”’,k—l , k > 1

ak+l k 1O
~ 

k IK

(b) 1 — 1a1~1,j1 ..~ k 
-~~ k

for an appropriate C , 0 < C < 1.

Proof of (a): By means of Lemma 3.2(a) , part (a) follows immediately from (4.7).

k
Proof of (b): Since it would be very complex if we estimate 

~ 
directly , we introduce

i—0

~k4l ,i 
:

(l—C)w
(4.10) = 51+l j 

+ 
(k+1)w

1~11~ 1
’ 0 —

By using Lemma 3.2(a) and noting the nonnegativity of the wk j  from (2.4) , we obtain

(4.11) 0, i — 0, 1, ’” ,k—l , I 1

&k+l k ~~~
O * kIK

where the K is t~ o same K as defined in Lemma .4 .2.

using (3.10) and (4.11) it can easily be verified that

~~ (4.12) 1 — 
~~l a 1+i , i l ~ 

k ~ K

If we can show that for an appropriate C, 0 C < 1, 
~k+1 , i 

- a
~+11 

0~ then the proof is

completed. To do this, it is sufficient to show that, for i — 0 , ~~~~~ ,k ,

“ D1~ 1,1 — ( l_ C)w k , j  — (-~~~j - — 1) 1kw 1,1 — (k+l)w 141 11 ~ 0 •

— 10—

a

- —,—- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~-
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‘ 13y usiIs~ (2.4) and le tting a — ht ,  it is easily verified that , f or I —

(4.Ifl I.1~~ (t) (t-i+l)dt + 1 t~~~~(t) (i+1-t)dt

where

(t) - -~ L-~~ - ( ‘~i?~ - 1)

~ ,,47’••••”i -~

since t o~ t — I t 1 + I ,  i —

L (tI ‘ 1. ~~flt!~L!L2 *~1
’-C*~’ Ic - ~~~~

/i’
~ J (i+1)1,1 — 

~~~~~~ - (i-1)~~1 
—

:1 C is chosen to be ~~~, it is e~~vious from (4.13) that 
~k+1 ~ 

* 0 t *i i  i — 3 ,~ “ , k 3 .

W i t h t h i s  value of C , it is also not diffic ult to show that as Ic increases ,

i 1 L ’ , k 1 , k — I , k)  t elcclu t.’ 1
, 11 — 1 2 , 3 +  7’ .’)  ~~~~~~~~~~~~~~~~~~~~ ~~

.21 “2k

• .‘ — 13 r espect ive ly ,  and ai e therefore greater than zeto (ci su t t  - ic-ut lv ta. cc,’ I.

‘(‘licOc , I ci i — 0 , ~~,‘ • ‘ , k • t h~’t- t’ cxi !;t S an I ntegei K I , i n.i,’pcn~Ie ’iit ‘t h .in.1 ¼ ,

- - t t c  Ii I

~~~~~~~~. 
-
a
3~~ 1 1  ~~~~~~~~~~ 

I K -

3-

~

- iiiq’.lti’i ot ~‘.i, t ( a)  , (4.113 ,uicI (4.3.’) , i t fol Io,,e-i that - 
-

Ic Ic
I — 

~‘k + I , i I I — ~a111 3~ 
~ c

_ ,

‘ ¼

- - 

3 ’ :  C • ~~, us! Ic K , with K = max (K, ~3 -

1,,’nec.t .L .‘ . I f y , C ‘to, I i  , thou t . h t ’i , ’  cx ta t cons tan ts  c ’ , C , , C - 0 , I ndependent of

h .iii ~I ¼ , ,c~i -li tIid%t 
2

(a) 1R11 ~

(b) 1 k4% — — ‘ .‘ k . ’k
- ‘ h1

~~

-

—11-

C-

‘r ~~~~~~~~~~~~~~~~~~ - -  ~~~~~~~~~
. -

—- .~~ _ — ~~~~~~~~~~~ — ,., ~~~~, . _  
- - 

~~~‘~~~~~~““ ~~ ~~~~~~~~~ ‘~~“~ -
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for k — 1, 2,’.’, where R.
~ 

and bk 
are defined in (4.4) and (4.8), respectively .

Proo f of (a) :  By repeated integration by parts, it is not difficult to show that , for

i — 0, l,’’’,k—l, ‘

(4.14)

2 
x~~1 x~+2s

2

~~ f  ,._ ~~
.___ y”(x~) t(s~x~)(s~xi+i) + ~ —)ds — -

~~~~ ~ 5/2 y
”(x~) (s—x ~)

2(s—x~~1
)2ds

X
j ~~~~

_5  X~~ 
~~~~~~~~~ ~

using (4,14) we can rewrite (4.4) as

(4.15) — ~~l) + ~~2), I — 1, 2,’”

where 2k—i xj~1 x
1
+2s

j~i) — — 

~ 5/2 
yH(xi)

(5_x
i)
2(8~~i+i)

2d5
i~0 x1 (~~_~2)

k—i xi+i

~~
2) 

— — 

i~0 ~~ 
h~~

’
~2 p(s)ds ,

with (s) as defined in (4.2).

Let M
2 

— x€~~~ij
’
~

x)t and — 5~~~11 Iy ’’~~ I’ Then by straightforward estimation, ‘

and noting that hk < 1, we obtain from (4.15)

— (4.16) 1’ 
< + M~ h

3 
‘- 

~i ~~ 
k = 1, 2 , ’”

where C1 ‘M ~ + M3.

Proof of (b): Subtraction of (4.15) from (4.15), with I replaced by I + 1, then by

straightforward estimation, and noting that hk 1, it is not difficult to show that for

1 — 1 , 2,’’’ 
-

(4.17) 
‘ 1+1 

— 11 ~~. 
— + 

~~~ 
—

2 3 2
< (7M

2 
+ M

3
) ~~~ + 5M

3 ~~ ~ 
c
2 

,

where — 7M
2 
+ 6M3.
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Proof of (oh From ( 4 . 8) , using (4.16) , (4.17) and (2.5) we obtain, for 1 — 1 , 2 ,’” ,

Ib11 (k+l)w,,~,,1 141 
t ( k + l ) I R

1~~~1 
— 

~-1I + 1R11)

h2

where C3 — ~ (C1 + 2C2).

5. A Numerical Ex ple.

The linear apline method was applied to the following Abel integral equation:
- 

1

x 
y(s)ds - 

~~ J0
(x)

Tue exact solution is y(x) — cos(x).

In Table 5.1(a) and Table 5.1(b) we list the error E (x) and E’(x) at knots an.! ,it

mid-points between the knots, respectively on (0,31 for different stopsizes h. The -iccc

E(x) and E’(x) satisfy the predicted h2 and h dependence, respectively. Note ,il-;. ~~

Table 5.1(b) that the error € ‘(x) at the mid—points are actual ly 0(112 ) although wc’ )i,i~’,

not proved that this will be the case.

In Table 5.2 we list the actual error (column 2) for the linear splino method ,cn.I t h ~’

theoretical error estimate (cotimmi 3) computed from equation (4.1) at knots on 10 , 13 t.’i

h — 0.01.
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t (~~) t ‘(x)

h Ii - I I~ ‘ 1 Ii . ’ I li ”)

o . 0 . t IOl-: 0 . 0000E I . k10311 3~-: 0 • I ’ .‘ 4 t;— 3 . I 309E— 1 . 436 iF.— 2

0.5 — ,7l:~F— I — . 79b Il~— 4 — .I3tftff,IC—5 .4 %4’~3’— l . 14513!C—l .4#4) 0F—2

1.0 — . 42  1F— I — . ‘cOt ’1E—4 — . .~ c , ‘tlI~— ” , .(c2’cI- — I , 3 I ’ ) 2  II ~— .~ .

• — .9144K—4 — .8~)tc’)I- —S — .92 3 )l-:~~I. ..‘(‘(~ 3 3 - 7 — 2  . 303343-7 — 2 . 3332  II-:— I

2 .0  . 2 ) .’ 1 3 - — _3 . 3”O l!-’-- -l . )~3 ’ ’ ~F — ’~ — . 1 1 ~~03 - :—l  — . 1 0 2 1 K — 2  — .2 322 t:—2

1~~~5 .~~ll~)E— I .704qF’—4 . 77 .74 3- :—~ — .40 ’~4 F — 1  — .1341E—1 — .4457LC—2

3 .0 . f 3 I 2 2 t ~ I .3333 1 33-7 4 . ‘~ I c(c .’F, — ’c — .4 ’) ’~3 lF7 — 1 — . l(~5l E — 1  —

ralcic ‘s . 1( h )

I~r r tc i a t  —j
~~~~~~~ 

( J _ ~ _~!

x ( (x) • (x)

h Ii/ I Ii ‘3 h h .  I

0 . 45  - 40i 2K — 3 .4  IuO3-:—4 . .1 1 ’) 03 - :— , . ‘~~1 I 7E —4  . I 4 ~~~ 2E — 4  .

0 .95  . 2 3 4 1 E — 3  . 2 64 9F — 4  .2’ i ‘I ~— !~ • .7 ?~~ ‘3 - : — I . l’ c ,21 ’7—4

1.45 . 1410F.—4 . I I 1 2 3 - 1 —~c .44 3 3F:—c, • l .~~1 ’~~3-: — I . 4 2 #3 7 t : —4 • 4 7 3, 3 7 _ ~

I . ‘)~ — .20  li ,E— I — . 20’9 33- :—4 — . .‘2 1.~K _ .  . II’I~.’E— I • 41503-1—4 .442)3-:—”
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Table 5.2

Actual Error and Theoretical Error Estimate

at Knots with h — 0.01

ACTUAL THEORET ICAL —

X ERI~)R ER1~ )R ESTIMATE

0 . 1  — .8001E—5 — .82 9 1 E —5

0 . 2  — ,7 9 5 7 E— S  — .8167K—S

0 . 3  — . 7 7 9 0 K — S  — .7961K—S

0 . 4  — . 7 5 3 1 K — S  — . 7676K—S

0 .5  — .7 19 lE — S  — . 7 313 E — 5

0.6 — . 6 7 7 8K - S  - .6878K-S

0 . 7  — .6296E—5 - . 6 3 7 3 K — S

0 . 8  — .5 7 52 K — S  - . 5806K—S

0.9 — .SISIE—5 — .5180K—S

1.0 — .4501E—5 — .4503K— 5
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