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ABSTRACT i
A linear spline method for the solution of the Abel integral equation : ﬁ
. S | %
fo T/-Z—;Y(S)ds = £(x), x>0

is analyzed. The approximate solution along with its derivative converges to ’
the corresponding exact solutions at each point in the interval of integration,

the orders of convergence being two and one, respectively. An asymptotic for-

mula for the discretization error is obtained. The method is illustrated by

. a numerical example. h 3

Work Unit Number 7 - Numerical Analysis.

i
AMS (MOS) Subject Classifications: 45E10, 45L10, 65R0S. i 4
Key Words: Abel integral equation, Global approximation, Linear spline method, % 3
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SIGNIFICANCE AND EXPLANATION

Abel-type integral eaquations (see Abstract) occur regularly in applications.
Typical examples are the determination of the emission coefficients in radiation
technology, the determination of gravitational anomalies for an axially symmetric
distribution of masses, and the analysis of the fringe shifts in interferograms.
Applications of Abel ecuations are usually directly or indirectly related to
systems with axially or radially symmetric geometry.

The equation considered in this paper has an explicit inversion formula.
Numerical methods based on this formula have been investigated, but they all have
to deal with the presence of a derivative in the inversion formula. Experience
shows that direct methods are almost as effective as using the inversion formula,
and they can be generalized to solve ecuations for which an inversion formula
is not known. In particular, the results developed in this paper give some idea
of the necessary tools and possible results for linear spline or higher degree

spline approximate solution for a more general Abel irntegral equation of the

form:

* K(x,s)
~———*—L——~——§ y(s)ds = f(x), 0<a<l1l, 0<B<l-a, 0<x<1 .

0 (x-8)"(x+s)

The trapezoidal product integration method considered here has been analyzed
by Atkinson and Benson. The contribution of the present paper is that we can ob-
tain similar results under slightly weaker assumptions by a much simpler method.

The asymptotic error formula obtained for the numerical solution is simple
and quite remarkable because, if we are solving differential or integral equa-
tions numerically, we usually have to solve another differential or integral
equation to get an error estimate, whereas for Abel equations of the type con-

sidered in this paper, the error can be estimated directly from the computed

olution.
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ERROR ANALYSIS OF A LINEAR SPLINE METHOD
FOR SOLVING AN ABEL INTEGRAL EQUATION

Hing-Sum Hung

1. Introduction.
This paper considers the Abel integral equation:

1
(1.1) f y(s)ds = £(x) , x*x0 .
0 7x2_sz

As described in detail in Section 2, we investigate a direct method for solving this equation
based on global approximation of y(s) by a linear spline. Numerical methods based on
numerical evaluation of the known explicit inversion formula for (1.1) have beea considered
in (5], ([8]. However, even though the inversion formula is known, it is of interest to in-
vestigate direct methods for the above equation, partly because they are almost as effective
as using the inversion formula, but mainly because they can be generalized to solve equations
for which an inversion formula is not known. Direct methods for the above and related equa-
tions have been suggested by a number of authors [1-4, 6, 8, 9, 11, 12}.

The trapezoidal product integration method for solving (1.1) considered in the present
paper has been analyzed by only two other authors. Atkinson [l] gives a convergence theorem
but does not prove that the convergence is 0(h2). Benson [2] obtains o(hz) and also de-
rives an asymptotic formula for the discretization error, but his method depvends on a com-
plicated analysis of product integration. The contribution of the present paper is to obtain
similar results under slightly weaker conditions by a much simpler method by using a lemma
which is an.extension of the lemma stated in (11], p. 179.

Convergence results are given in Section 3. A simple asymptotic formula for the dis-

cretization error is derived in Section 4 which confirms the coniecture by Noble [10]. 1iIn

Section 5, a numerical example is presented.

2. Description of the Method.

Let x, =ih, i =0, 1,..., where h is an arbitrary constant stepsize. Let Y,
i 2

denote an approximation to y(xi), the exact value of vy(x) at x = X4 We use a linear

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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spline function P(x), with knots at the points x‘, as an aporoximation to y(x), i.e., }

for i =0, 1, 2,%

g (2.1) Plx) = &

{ oLy = XY ¢ o= x DY ), X <X <X,

The function P(x) is continuous at the knots.
g The approximate solution of the integral equation is obtained by requiring that (1.1)

,é be satisfied at the knots X, i.e., the exact solution y(x) is replaced by the approximate
!

,E solution P(x) derived from the value P(x*) = \’l computed from ]
*x
(2.2) / P(s)ds = £(x ), K =1, 2,000 .
0 A2.g2 x ;
X, -s

This can be rewritten in the form:

k k.
(2.3) T ow oY= f(x), k=1, 2,00 ,
T 7 e Toridey
where
r e | 1 (xl-s)
'k 0 - h ds ,
. xo /{-.2
X X
i (s=-x, .) i+l (x,, ,-s) \
2.0 { w =] L ol ge s f 3 B s, 1=1,k-1
Red g 3y . 2%
i-1 Ve -s i Vx-s
*x (s~ )
A “x-1 ds .

Equation (2.3) is a nonsingular triangular system for Y‘, since

(2.5) S hecn <t .
) 3 2k — "Rk = 3 kel !

for k = 1, 2,**+, The starting value of this system needs to be determined by other means,

for instance, it might be obtained from

|

| )

! (2.6) Yo = v(0) = 5 £,
i




cafl. Rl Ao

" which exists, whenever (1.1) has a continuous solution.

An estimate of y'(x) is given by the derivative of (2.1). If we denote this (constant)

i . estimate of y'(x) in X, s x < Xin by Y!, this gives
E
i
(2.7 vtady oy X, <X <x
i h itl 4= £ T
1
E 3. Convergence of the Method.

The proofs of Theorem 3.1 and Theorem 4.1 require the following lemma.

Lemma 3.1. If there exist a constant € > 0 and an integer N > 1, all independent of k,

such that

i
x| <ec, f =0, 1,000,N ,
{
v T i
'xk§ll s i:ol“k‘l'i! lxi' + ,Fklo K = N, N¢l,ev0, §
with
) |
» - ] - ) h I > 0,
b . 3 im0 k41,1
[8,] < cops K = N, Ntleso,
then [x‘l < €, i=Q, 1, 2,¢¢s . 3
Proof: Asmmothm.]xiizx‘ for i =0, 1,***,k (k > N). Then :
9
; ]
.x l:_\‘ ,l“ '*(‘(l- - {a .h‘(‘ .
X+ joo Rehed {oo X+Lod

a8 o B e

Since this is obviously true for k = N, it is by induction true for all Kk > N.

(Note that, if N = 1, Lemme 3.1 is identical to the lemma stated in [11, p. 179],
which is a congeauence of the standard results for reqular infinite systems of alagebraic
aquations by Kantorovich and Krylov in (7, p. 271.)

Let yix) be the exact solution of (1.1), and define the discretization error function |

by €(x) = y(x) = P(x), where P(x) is the linear spline function approximation to y(x)

«fu




obtained from our numerical method. Denote G(x1) by €t. We state the following theorem:

Theorem 3.1. If y"(x) is Lipschitz continuous on {0,1], then the discretization error of

the linear spline method satisfies

(3.1) € = ohd, k=1, 2,°° ,

2

provided € the error of the starting value, is of order h".

0!

Proof: By a standard theorem on Lagrange interpolation

- x)Gi + (x - xi)eiﬁll + v(x) |,

1
(3.2) €(x) = = [(*1+1

where

' Ve s 5
#(x) = >y (n G (x = x) (x = x;.,), X S0 < xp e X S X <X, .

Since both y(x) and P(x) satisfy (1.1) at each knot x = Xy o

kil I i+l
(3.3) €(s)ds = 0, k=1, 2,°°* .
i=0 X, '/xz 2
-8
k
This can be rewritten as
k
- 1.Zo e it s e B e
where
kfl I"i+1 3
(3.5) = - ¢(s)ds ,
R =0 x, ;,:- 2

and the Y 1‘3 are defined in (2.4).
.

Multiply (3.4) by k, difference the resulting equation for k and k + 1, and then

divide by (k + 1l)w to yield the required error equation

k+1,k+1
X
(3.6) Q1 ® 1 a,1,1 & * By k=1, 2, ,
i=0
where
(3.7 B T iatliodeiss > & i=0, 1eee,k
: 41,1 (3 e S AR

-4-
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(KeDR,, - X8

(3.8) b,

- " kw=wl, 2,°** ,
k (k'l)"kol,kol

(Note that (3.6) is not the only vossible error eguation that can be derived. See, fo
instance, Atkinson [1] and Benson [2]. However the procedure used here simplifies the asymp-
totic error analysis in Section 4.)

Equation (3.6) implies that

Kk
(3.9) 1€l < ) l“xu,il le,l + Ip 1. Xom o, 2
i=0

Since by assumption, 60 - O(hz). it is easily shown from ecuation (3.4), by using Lemma

3.3{(a) below, that Ei B O(hz) for i = 1,+++,K, with K as defined in Lemma 3.2 below.

On the basis of this together with Lemma 3.2(b) and Lemma 3.3(c) below, we can apply [omma

3.1 on (3.9) and obtain (3.1). Hence the proof of Theorem 3.1 is completed.

Lemma 3.2. If the aa i's are defined by (3.7), then there exists an integer K * 1,
’

independent of h and X, such that

(a) Qi 20 i=0, Li*vo k=1, kX > 1
’
o1,k = O KEZE
k e ]
(b) 1 - 1.2.(,!"‘*1"' Gy g B C B ;
Proof of (a): From (3.7), using (2.4) and (2.5), we have ;
x : ;
%;1 0 i (x+1) ! .( ! F L o 1 (xrb)~ ds > O {
. W, 2 - 2 -
kel kel x /1_(_5_\) '4_(

since the integrand is nonnegative. Similarlv, we can prove that > 0 for

ak01,1

s \° i t
|
b i
’
|
|
i =1,¢+¢,k=-1. By straightforward estimation, it is easy to show that

1 4 1 S R '
kel k =~ Vol el {3 % &3 o k+1]} 1

- t
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Since the guantity inside the square brackets of the last expression tends to (3 - 2V2) > 0

as k increases, there exists an integer X, independent of h and Xk, such that

a2 for k > K.
.

! Proof of (b): Since by using (2.4) we obtain
e
i (3.10) w - a5 - =
i k,i 2
i =0 ™' 0 x:-sz 3
B for k =1, 2,**+, it can easily be shown that, for k =1, 2,+°**,
j K
# " 1
| (3.11) 8 =1 -
i s k+l,i 2 (lul)wk”'kﬂ
A |
<1 = a ‘&. .

By means of part (a) and (3.11), the result of part (b) immediately follows.

Lemma 3.3. If y"(x) is Lipschitz continuous on [0,1), then there exist constants

C . C . C

1 2 g > 0, independent of h and k, such that

(a) |Pk| :’Cl h '
n? ;
® R, - R| <6
2 3
@ ol <cy = “'

for k = 1, 2,***, where P.k and b, are defined in (3.5) and (3.8), respectively. b

Proof of (a): Let M, = xell.;xll |y*(x)|. Then by straightforward estimation, it follows
.

from (3.5) that -3

(3.12) |P}l £¢ n k=1, 2,°°,

1
where Cl ol - M

e




Proof of (b): Subtraction of (3.5) from (3.5) with k replaced by k + 1, and by a

change of the variable of integration, it is not difficult to show that

) (2) (3 o
(3.13) Rlnl P\ - Ak + Ak + Ak ‘ kw3, 2 '
where %
(1 1 X3t [ el
A - - ) [y"(n (s)) - y"(n, (s-h))] (s-x, .)(s-x, .)ds ,
k 4 ." / - i+l i i+l i42
i=0 xiQI x: _53
+1
x
k-1 142
(2) 1'% [ 1 1 1 .
T - va ~ =y "’1“"‘”""‘&01’(5"‘1+2)d' ’
im0 x, .. L™ /&k-l*'] o 0
()] 1 -xl 1
Ay 3 Jx = = y (no(s))(s—xo)(s«-xl)ds .
¥ e

Let L2 be the Lipschitz constant for v". Then by straightforward estimation and noting

that hk < 1, we obtain from (3.13)

2 2 2
. § 1 1
i LWER IR IS L = s et i R A

where (. -d

N 8 NL2 + JM_‘,).

Proof of (¢): From (3.8), using (3.12), (3.14) and (2.5), it can easily be shown that, for

K=}, 2.0,

Im - B iR

“ie1, kel

;_

O

i

0
.
S

= 3
where ( y® 2 (C‘ + C2) .

Corollary 3.1. If the assumptions of Theorem 3.1 are satisfied, then for anv fixed

% ¢ [0.1),

€(x) = 0(hY), €'(x) =0 .

ae
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Proof: If we express v(x) which is defined in (3.2), in integral form, we obtain
X,
x i+l (xi“-u)

vix) = / (x-s)y"(s)ds ~ (x-xi) f i g y“"(s)ds .

LT = .

By means of (3.1), Corollary 3.1 follows immediately from (3.2) and the equation resulting

from differentiating (3.2).

4. An Asymptotic Formula for thc Discretization Error.

In this section we obtain an asymptotic formula for the discretization error of our
numerical solution which confirms the conjecture by Noble [10].

Theorem 4.1. If vy ¢ C3[0,1]. then the discretization error for the linear spline method

satisfies

h2 2
(4.1) € =17 Y'(x) + 0 /%) . k=1, 2,°+ ,
provided € the error of the starting value, is of order h2.

Ol

Proof: Since y(x) € CJ(O.II, it is not difficult to show that, for x ¢ [xi, xi*l)'

2 2
1 ) — o i R 8 .
(4.2) €(x) h I(xi+1 - x)(Ei =gay (xi)) + (x “1)(€i01 Y (xi+1))] + ¢(x)
where
9 y"(x,) n2 .
v(x) = 3 ((x-xi)(x-xi*l) Wb § + olx)
with
®, € nixl < x
~ R sl 115 ) 9 SRS A e e - R i= =i
p(x) 3 (x x‘) 12 {2y ‘"(xi#l)) y ‘£(Xi+l)))h (x xi), x, < £(x) < R

By substituting (4.2) into (3.3) we obtain

b3 2
h L = R = L
(4.3) 120 v, 1§ - 13 Y"x)) = R, kw1, 2, "
where %
£ kil J’ i+l 1 =
(4.4) = - —==== ¢(s)ds . a
* 1=0 x; ./x:-sz

B




Comparing (4.3) and (3.4), we note that ﬁk is converging faster than R . If we

I
derive an error equation in the same way as in the proof of convergence without modifying
(4.5), we expect the parts in the derived error equation which corresvond to Sk and
in Lemma 3.1 would have unbalanced rates of convergence, with the former converging faster

than the latter. By applying Lemma 3.1 to such an equation, we will fail to obtain the re-

sults we expect. To avoid this, we define éi = v’i+1(€i - %E'V"(Xi)) and rewrite (4.3) a:
3 T :
4.5) M e S - ) S TR PR
( ot Rl Ay 4 Rk'
: Now multiply (4.5) by k, difference the resulting ecquation for kX and Xk + 1, then

divide by (k’l)kaI,k+l//;73 to yield the required error equation

i k
¢ = - . L
: (4.6) €1 ™ ‘X By g B ¥ B k=1, 2,5
3 i=0
where
Tt
' = o Yk+2 A= St
; (4.7 ALi ¥ v a1,i’ i=0,1, S
and
> a vk+2 2 =
(4.8) b, = ———————— [ (k+]) - kR ], Row L, Qv
1 S e T

with ak#l.i as defined in (3.7).

Equation (4.6) implies that

WL

k
. € S b, |, -
(4.9) | k+1‘ < ‘Z "’k+1.i' leil + |bkl k=, 2
i=0
A h2 2
Since Eo = Eo =~ 3% y"(xo) = 0(h”), it is easily shown from equation (4.5) by using Lewmma

4.2(a) below, that € = 0(h’) for i=1,"**,K, with K as defined in Lemma 4.1 below.
On the basis of this together with Lemma 4.1(b) and Lemma 4.2(c) below, we can applv Lemna

3.1 on (4.9) and conclude that
- h2 -
Ek = /x+1 (Gk =35 y'(xk)) = O0(h"), K= 0y Ly %88 o

-9-




Thus the proof of Theorem 4.1 is completed.

K41 i's are defined by (4.7), then there exist integers K and X >1,
.

independent of h and k, such that

Lemma 4.1. If the a

(@ a.,, ;20 i=0, 1,°¢2k-1, k2>1 ,
e,k = O ELE
k
. " c 2
(b) 1 - a - k > K
120 lBear,il =37 - e
for an appropriate C , 0 < C < 1.
Proof of (a): By means of Lemma 3.2(a), part (a) follows immediately from (4.7). 2
3 k
3 Proof of (b): Since it would be very complex if we estimate Z 8k+1 i directly, we introduce |3
i=0 . i
: A+1,i ¢ ; i
: E (1-cyw,
1 (4.10) a , o= .+ —l=, 0 <c <L, d=0, L,k . |3
3 k+1,i 41, i (k+1)wk+1,k+1

By using Lemma 3.2(a) and noting the nonnegativity of the We i from (2.4), we obtain
’

(4.11) Sk+1,i > 0, i=0, 1,°°¢,k-1, k>1 , 1
ak+1’k :_0, k z_K ’
‘ where the K is the same K as defined in Lemma 3.2. J

Using (3.10) and (4.11) it can easily be verified that

k L

~ i e »
! (4.12) 1-£J%HJI;;W. k>K . 3

1f we can show that for an appropriate C, 0 < C < 1, 5k+1,i - aK+1,i > 0, then the proof is

completed. To do this, it is sufficient to show that, for i=0, 1, ,k,

vk+2
(1-C)wk,1 - (7T:T - 1) [kwk,i - (k+l)wk+1,1] SN0t

-10- s 1

T




o

T

By using (2.4) and letting s = ht, it i{s easily verified that, for i = 1,*++ k-3,
i il
(4.13) Opel, i 2 j;_\l.k.l(t)(t—hl)dt + fl Ly, i (t) (141-t)ae
where
by (0 = ALCL - k8, ekl

Since for {1 =1 <t < i+ 1, { = 1,000,xk-3,

" 2 o
n ey » AR - Biied))” (2710 k- Ae2/in) (e .

ki w 3 -
A2 - (-0 ?)

if ¢ is chosen to be

1 :
3 it is obvious from (4.13) that Dkol,x >

With this value of €, it is also not difficult to show that as k increases,

0 for i = ),ece, k-3,

Dye1,1

1 1 f ) - 1
.- s =(3V3 = SV2 2 S—— g
a’ “51' ‘("> - ‘ V2x i

:(-5.— 1) ~:L. respectively, and are therefore greater than zero for sufficiently large X.
vZok

(i=0,k=2,k=1, k) tends to ‘T(u-ufjov.’:‘)

Thus, for 1 =« 0, 1,*+*+,k, there exists an integer K * 1, independent of h and X,

such that

>
| v
>

Berd i = Yer1 it

Hy means of part (a), (4.11) and (4.12), it follows that

K k .
1e Jlagalzd= Dlh, J25%
N joo il S 4 F

tor C = 5, and k > K, with K = max(K, R).

L

Lomna 4.2, If vy ¢ C]lo.ll. then there exist constants ¢ , ¢, ¢ 0, independent of

h and k, such that a

. ~ h
(a) IRk' p. £ Cl I
vk 2
R R e .
(b) ln\n - '\' £ €, vk
3 “ h2
() lbk‘ < Cy :z: '

“ll=




o A

for k=1, 2,**+, where &k and i’k are defined in (4.4) and (4.8), respectively.

Proof of (a): By repeated integration by parts, it is not difficult to show that, for

i=0, 1,%°,k-1,

(4.14)
x x 2 2
-l-f e y"(x,) [(s=x,) (s-x, .) + D—z'lds = -l-f o 0 i y"(x,) (s-x )2(s—x )2ds
2 4 /2_2 i i i+l 6 24 = 2 3 5/2 i i i+l 2
L SR 1 (%, -s%)
Using (4.14) we can rewrite (4.4) as
(4.15) R = 3;1’ R S O
where
x 2 2
k-1 i+l +2s
) SR K i P 2
= f 573 Y (%)) (s=x) “As=x; ) 7ds
i=0 x 2 2
i (xk-s )
X
k-1 i+l
et L S(sras
i=0 x 2.0°
X
with p(s) as defined in (4.2).
= max " - max " : : e
Let M2 xe [0,1] |y (x)| and M3 xe [0,1] |y (x) | . Then by straightforward estimation,
and noting that hk < 1, we obtain from (4.15)
2 2
A h 3 ~ h
(4.16) IR | My EHM R <8 o k=1, 3 '
where C1 = M2 + “3'

Proof of (b): Subtraction of (4.15) from (4.15), with k replaced by k + 1, then by
straightforward estimation, and noting that hk < 1, it is not difficult to show that for
k=1, 2,00 :

A1) 201 ~(2) _ a(2
I() ()|*|() ()l

(4.17) Ry = Rl € NG = & T

2 3 2
h h A ¢
(7M2+M3) k&.+5M3x_<_C2m ’

Ia

where C. = 7M_ + 6M_.

«12=
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Proof of (c): From (4.8), using (4.16), (4.17) and (2.5) we obtain, for k = 1, 2,+**,

Az

b, | £ mmyo———— [(k+D)|R . = R | + |R |)
! & T Rt ™ B ®

|2
0>
-
=%

- 3, -
where C3 = 3(C1 + 2C2).

5. A Numerical Example.

The linear spline method was applied to the following Abel integral equation:

{: x;ia; y(s)ds = % Jo(x) .
Thie exact solution is y(x) = cos(x).

In Table 5.1(a) and Table 5.1(b) we list the error €(x) and €'(x) at knots and at
mid-points between the knots, respectively on [0,3] for different stepsizes h. The error
€(x) and €'(x) satisfy the predicted h2 and h dependence, respectively. Note also in
Table 5.1(b) that the error €'(x) at the mid-points are actually O(hz) although we have
not proved that this will be the case.

In Table 5.2 we list the actual error (column 2) for the linear spline method and the
theoretical error estimate (column 3) computed from equation (4.1) at knots on (0,11 tor

h = 0.01.

13-
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Table 5.1(a)

Error at Knots (h = 0.1)

v (x)

.0000E 0

=.7126E-3

-.4621E-3

=.7963E~4

b e

=.5067E-4

h/9

00008 O

h

€' (x)

h/3

h/9

LAO24E-1

o 1

+1309E-1

.43638-2

-, Q886K 5

S———

«4345E-1

145881

.4AB70E-2

-.5570E~5%

| =8 280

L26258=-1

«8923E~2

«2992E-2

-.9744E-4

=.8969E-5

«2927E-3

J3503E-4

=.9239E-6

J20638-2

L1084E=-2

3823E-13

+JBISE-5

b

-, 2158E-1

-.7021E-2

JO119E-3

L7049E-4

3.0

.71822E-3

S
LB871E-4

— !

JTT24E-S

JO662E-5

=.4054E-1

-

=.1341E-1

=.4958E-1

=-.1651E~1

=.5501E-2

Table 5.1(b)

Error at Mid-points (h = 0.1)

€ (x)

h/3

h/9

0.45

.4002E-3

«4360E-4

0.95

«2341E-3

L 2649E-4

LATOOE-S

+29978-S

1.45

1410E-4

«3312E-8

LAd13E-6

1.95

-.2076E-13

=.2058E-4

- 22728=5

2.45

2.95

-.3775E-13
-

-.319318E-4

=.44728-5

=.4544E-3

~.4851E-4

= 5580E-5

m— B e ———

“1d=-

e e et e

TS S

B

JS117E-4

€' (x)

h/3

J14528-4

h/9

JA921R-5

ML TR ) R |

C33528-4

LA6T5E-13

LA4287K-4

LARSHE-S

A7178-5

LA602E-1

———

L 2744E-13

S ——

15283

SENTU——— S

4150E-4

L2991E-4

b S——

d421e-5

S
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1099E-5
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Table 5.2
Actual Error and Theoretical Exrror Estimate !
at Knots with h = 0,01

ACTUAL THEORETICAL
X ERROR ERROR ESTIMATE ‘i
0.1 - .8001E-5 -.8291E-5 ]
£ 0.2 -.7957E-5 -.8167E-5
: 0.3 =-.7790E-5 -.7961E-5 2
i. F 0.4 -.7531E-5 -.7676E-5
% 0.5 -.7191E~5 -.7313E-5 4
: 0.6 -.6778E-5 - .6878E-5
% 0.7 -.6296E-5 -.6373E-5
L
2 0.8 -.5752E-5 -.5806E-5
’ y 0.9 -.5151E-5 -.5180E-5 :i
% 1.0 -.4501E-5 -.4503E-5
1
;
E
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