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ABSTRACT

Partial prior knowledge is quantified by a range R(L,U) of o-finite prior
measures Q satisfying L(A) < Q(A) < U(A) for all measurable sets A , and is
interpreted as a probability statement in a betting framework. The concept of
conditional probability distributions is generalized to that of conditional
measures, and Bayes theorem is extended to accommodate unbounded priors. According
to Bayes theorem, the range R(L,U) of prior measures is transformed upon
observing X into a similar range R(LX'UX) of posterior measures. Upper and
lower expectations and variances induced by such ranges of measures are obtained.
Under weak regularity conditions, these upper and lower posterior expectations are
strongly consistent estimators. The range of posterior expectations of an arbi-
trary function b on the parameter space is asymptotically bN 3 agy + (dnh)
where bN and q: are the posterior mean and variance of b induced by the
upper prior measure U , and where a is a constant reflecting the uncertainty

about the prior in terms of the derivative of L with respect to U . !

AMS (MOS) Subject Classification: Primary 62A15; Secondary 60F15.
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SIGNIFICANCE AND EXPLANATION

A typical example of the type of problem that can be handled by the
methods discussed in this paper is the estimation of the mean and standard
deviation of a normal distribution. The Bayesian method proceeds by first
assuming a probability distribution for the unknown mean and standard devia-
tion (the so-called prior). Then measurements are made in the system, giving

sample information. Estimates of the unknown mean and standard deviation are

made by cambining the assumed prior and the sample information, producing an
updated, or posterior, distribution for the parameters to be estimated (the
mean and standard deviation in this case). Typically, the posterior distribu-
tion responds to increasing empirical evidence by concentrating about the true
parameter values.

In practice, it is extremely demanding to require the experimenter to
state a precise prior distribution for the parameters of interest; however,
vague prior knowledge usually exists. Furthermore, Bayesian inference is same-
times criticized by the objective scientific community because of its dependence
on subjective prior information. Thus, it is important that the sensitivity of
Bayesian techniques to the prior be assessed, and that inferentially useful
mathematical structures for quantifying vague prior knowledge be developed.

The purpose of this paper is to explore the inferential usefulness of
specifying a range of priors. This is done in a way that is particularly easy
to specify in practice and which leads to new insights into the robustness of

Bayesian techniques.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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RANGES OF PRIOR MEASURES

Lorraine DeRobertis and J. A. Hartigan

1. Introduction

The personalistic Bayesian approach to statistical inference, as axiomatized by
Ramsey (1926), de Finetti (1937), and Savage (1954), demonstrates that a coherent system
of prior beliefs about a class of propositions must be consistent with a unique proba-~
bility distribution on that class of propositions. Furthermore, coherent revision of
prior opinion given empirical evidence must conform to Bayes theorem. In practice, prior
knowledge is typically vague and any elicited prior distribution is only an approximation
to the true one. Thus, less stringent modes of quantifying subjective information would
facilitate the practicality of the Bayesian approach and would insure protection against
the inferential errors that could result from the discrepancy between the elicited and
true prior.

Keynes (1921) proposed that probability should be a partial ordering on pairs of
propositions, induced by statements of the form "A given B is more probable than C
given D." KXoopman (1940) axiomatized Keynes' approach. If the observation space can
be partitioned into events which are judged equally probable, Koopman developed a technique
for assigning upper and lower numerical values to conditional probabilities. Good (1961)
offered an axiom system for such upper and lower probabilities. Smith (1961) defined
upper and lower probabilities to correspond to a range of bets which might be accepted for
or against a proposition; any probability between the lower and upper probabilities is
acceptable. For a continuous parameter, Smith suggested accepting any of a convex family
of prior probability densities. Heath and Sudderth (1972) consider bets to be candom
variables on some sample space, and show that if a convex set of bounded bets contains no
entirely negative bet, then there exists a finitely additive probalility measure giving
every bet in the set non-negative expectation; the convex set of such measures is the
analogue of Smith's range of probabilities for a single event. Heath and Sudderth (1978)
develop the relationship between families of acceptable bets and admissible decisions; if

a decision is admissible, it must be worthwhile betting on it against other decisions.

Sponsored by the United States Army under Contract No. DAAG29-75-C~0024. This material is

based upon work supported by the National Science Foundation under Grant Nos. MCS78=00525
and MCS75-08374.
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rhroughout the tollowing, © will denote an arbitrary parameter space, and B a
o-field of subsets of ©, A measure Q on (8,B) is a non-negative, countably-additive

function on 8 ; @ is a probability measure if Q(8) = 1. The analogue of lower and

upper probabilities for a convex set ¢ of probability measures is the collection of

Pt < B e A T R U

extreme points of the set; under suitable conditions, all probability measures in C

will be expressible as mixtures of extreme probability measures. Furthermore, continuous

R

linear functionals on ¢ (i.e. expectations of bounded measurable functions of ¢ ) are
optimized at the extreme points of € . We consider here a convex set of measures (not
necessarily probability measures) which is especially simple to specify without reference
to extreme points, and on which many functionals of interest in statistical inference may
be conveniently optimized.

For a given pair of o-finite measures L, U on (8,B) satisfying L(A) < U(A) for
all A« B (denoted L < U) , let R(L,U) be the convex set of measures Q satisfying
L < Q « U. Since we require only that L Qnd U be o-finite, such useful prior measures i
as Lebesgue measure may be accommodated. The lower measure L and the upper measure
are direct generalizations of the lower and upper probabilities of Koopman and Smith.
They are not excessively burdensome to specify, as would be a completely general convex
family of measures. Bayes theorem "works" on the range R(L,U) in that prior measures in
R(L,!) map into posterior measures ranging between those induced by L and U . Upper
and lower posterior expectations, quantiles, and variances of arbitrary bets bh:8 » Rl are
obtained. And, finally, some attainable but not trivial asymptotic results are der.ved.
Under quite weak conditions, the upper and lower posterior expectations of b(g) are
strongly consistent estimates of b(9); furthermore, as the amount of sample information
increases, the range of posterior expectations of b(d) is approximately hN t a0y where

b, are the posterior expectation and standard deviation of b(8) induced by U , and v

NN

where the multiple o is determined by the precision of the prior range R(L,U) of

measures.,

The "principle of stable estimation" put forward in Edwards, Lindman, and Savage (1963) '

and generalized by Dickey (1976) may be expressed in terms of ranges of prior measures,

“e .
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For a real parameter @ , it is assumed that the prior density p satisfies o < p(0) <

(Ief)e for 0 « D and p(8) < ye for all 0 . This is just the range of measures with

lower measure L(A) = ¢u(D n A) and upper measure U(A) = (1+8)cu(DnA) + yeu(d n A)  where
15 Lebesgue measure. Provided D has high posterior probability induced by u , the

posterior range of measures is then close to the posterior measure for a uniform prior,
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2. Ranges of Measures

Given a pair Q,+Q, of measures on (8,B), we say Q 2 Q, if QA = Q. (A) for
all Ae¢ B, Let L and U be o-finite measures on (8,B) satisfying L = U. The
range of measures R(L,U) consists of all measures Q such that L < Q - U, Equivalently,

if L and U have densities &t and u with respect to some o~finite measure . on

b e SRS o B

(8,8), then R(L,U) consists of measures with densities q with respect to v satistying

st

(8) < q(8) < u(®) [vl. If Q ¢ R(L,U), then the odds ratio Q(A)AQ(B) for AR« B 1w
bounded by U(A)/L(B) whenever that bound is well-defined. The measure 1. will be called
the lower measure and the measure U the upper measure.

A real-valued, B-measurable function b on ®© is called a bet, and b(#) the payot:

received if 0 occurs. A probability statement is defined as the acceptance of some con-

vex class of bets containing no strictly negative bet. For a measure Q on (8,8), let

Q(b) denote the integral of b with respect to Q . The measure Q , interpreted as a
probability statement, is taken to mean the acceptance of all bets b for which \‘(Ibl' < W
and Q(b) > 0. Of course, Q and 92 accept the same bets if and only if, for some
constant o > 0, Ql(” = \\Qz(k) for all A ¢ B; thus proportional measures are equivalent
probability statements,

A bet b is R(L,U)-nonnagative if Q(|b]) < « and Q(b) >0 for every Q in R(L,).

The range of measures R(L,U), interpreted as a probability statement, is taken to mean the
acceptance of all R(L,U)-nonnegative bets. The class of all measures proportional to some
member of R(L,U) is, thus, equivalent to the probability statement R(L,U). For any bet
b, define b'(0) = b(O) if BO >0, b =0 if B(O < 0, and define b (Q) =

b() - b'(0). since Q) = QbY) + Qb)) > L) + UMD for all Q in R, we

see that a bet b is R(L,U)-nonnegative if and only if U(|b]) < « and L'y v o) > 0.

Abet b is R(LU)-positive {f L(b) + v >0 .

ol




3. Ranges of Posterior Measures

Bayes Theorem states that if (polo' B} is a family of probability measures defined
on a o-field F of subsets of a sample space X , where PU has density f(x[@) with
respect to a o-finite measure v on (X,F), and if Q0 is a probability measure on
®,B), then the unique probability measure on (X x ©,F x B) having @-marginal measure
Qo and regular conditional distribution (PGIO s 68} given B is the probability measure

Q with density f(x(a) with respect to v x QO . Furthermore, the reqular conditional

distribution of Q given F has density f(!lﬁ)/ff(x[ﬁ)on(O) with respect to QO .« It

is straightforward to extend Bayes Theorem to the class of improper o-finite priors QO for
which the induced measure Q has o-finite X-marginal measure, as, for example, in the case
where x[o v N(8,1) and Q is the uniform prior. However, if the X-marginal of Q 1is

not o-finite then it is possible that vi{X ¢ X| ff(x[ﬂ)dQO(U) = «} is positive, so that a
conditional probability measure for 6 given X cannot be defined.

For example, if P“(x-l) R Pﬂ(x-o) = 1-¢, and dQO/dU - 0-1(1-0)-1. 0 <8 =
then jf(xlﬂ)on(O) = fox-l(l—ﬂ)-xdu = » for all X . Thus, the posterior probability
density "prescribed" by Bayes Theorem equals zero if 0 <« ¢ < 1 and is indeterminate at
8 =0 and 9 = 1. Nevertheless, the measure de(a) Ox—l(l-o)—xdo is a probability
statement about ¢ according to which, given X , all bets b(g) such that [ b(o)de(O)

0 are acceptable.

To accommodate all o-finite priors we will generalize the concept of a regular condi-
tional probability measure to that of a regular conditional measure which will be inter-
preted as a conditional probability statement.

Definition 3.1. Let Q be a measure on (2,S) and let D be a sub-o-field of S . A
family 1QU|m ¢ 0} of measures on (Q,S) is a regular conditional measure given [ if
for every S-measurable, Q-integrable function b

i) Qv(b) is D-measurable and finite [Q); |

ii) Qm(qb) = q(m)Q‘(b) [Q] for every bounded D-measurable function g ;
w

iii) Q (b) = 0 [Q] implies Q(b) = 0 .
w
The existence of such a family requires regularity conditions similar to those

guaranteeing the existence of a regular conditional probability measure (see Renyi (1970)).
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If QU =1 and Q (2 =1 [Q) then Q(gb) = Q(gQ(_)(b)) for all bounded D-measurable

g and Q-integrable b ; thus (lew € 2} is a regular conditional probability given D .

In particular, Q(.)(b) is [Q]-unique. For unbounded measures Q we prove the
following:
Lemma 3.2. Assume Q is o-finite on S , and let (Qulm e« Q) {Q;|w € 2} be regular

conditional measures for Q given D © S. Then there exists a [ -measurable function k
such that k(w) > 0 for every w ¢ 2 and Qw(b) = k(w)Q;(b) [Q) for every Q-integrable b.
Proof. Q o-finite on § is equivalent to the existence of an $-measurable, Q-integrable
function b0 such that bo(u) > 0 for every w € Q. Since Qw'Q& are countably additive,
Qd(bo) » 0 and QL(bO) >0 for all we R . Define k(w) = Qw(bo)/Q&(bO)' Let b be

any non-negative, S-measurable, Q-integrable function, and let C(w) = Qm(b)/Qm(bo)'

C'(w) = Q' (b)/Q (by). Define C,(w) =0 if C(w) >M, C,(w =Clw) if Clw) <M.

Then Qu(CMbO - b) = CH(u)Qu(bo) - Qw(b) [@]. Letting M 4 =, we find by the monotone
convergence theorem that Qw(C bo-b) = 0 [0]. Hence, 2(C bo—b) = 0'; similarly,

Q(C'by-b) = 0. Thus, Q(b (C-C')) =0 . Let A= {w|C(w) > C'(w)}. Applying the above
argument to the function IAb' and noting that Qw(lAb) = lA(m)Qw(b) and Q&(lAb) =
IA(w)Q;(b) since A ¢ N, we find that Q(bolA(C-C'))= 0. But bO(C—C') is strictly
positive on A ; hence, Q(A) = 0. similarly, Q{w|C(w) <C'(w} =0, and so

C(w' = C'(w) [Q]. We have shown, then, that Qw(b) = k(w)Q;(b) [Q) for any nonnegative
S-measurable Q-integrable b. For arbitrary S-measurable Q-integrable b = b+ +b , the
desired equality holds since it holds for each of b+ and b . -

A regular conditional measure {lew € Q}, interpreted as a conditional probability

statement, is taken to mean the acceptance of all Q-integrable bets b for which

Q (b) > 0 [Q]. By Lemma 3.2, conditional probability statements are unique.
& -

Bayes theorem for unbounded priors:

Let (X,F) bhe a sample space, and let (Pele € ©} be a family of probability

measures on (X, with densities f(xle) with respect to a o-finite measure v on

(X,P. Let Q, be a o-finite prior measure on (©,B).
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Then there exists a unique measure Q on (X ~ &,F x B)  such that ¢

agrees with

Q. on 8 and such that lPﬂ{ﬂ « B} {s a regular conditional measure ot Q given B

\

O 1% o=finite on  FxB . A regular conditional measure of Q given F is iQ\IN ¢« X}

where Qb ] BN, M EX [0 dp ().

!
©
Proot . Let O have density f£(X|8) with respect to v x Qu. Tonelli's Theorem implies
that for every B ¢ B, Q(XxB) = [ | E(x[oavixdg (8) = Q (B) . since Q is o-finite

DeB X
on 8, Q is o-finite on Fx8

Viewing B as a sub-o-field of F x B in the obvious way, we next show that
\P“‘d « 81 1s a regular conditional measure of Q given B in the sense that the family
of measures \g‘.ﬂlx ¢ X,0 ¢ 8} defined by Qx,a‘“ B P (AL () for AcF.cB
satisfies conditions i, ii, 111 of Definition 3,1, Let b be any F x B-measurable,
Q-integrable function., Then Qx,a(b) = { b(t,0) f(t]a)dvit) - Pﬂ(b) is B-measurable by
Fubini's Theorem. If g is any boundad‘ B-measurable on X x @ then, without loss of
generality, g is a function only of @ and so Pﬂ(bg) = f b(t,dg(e)f(t|a)dv(t) =

X
g(Me (b}, Finally, if rﬂ(b) = 0 [Q] then Pﬂ(b) =0 lQol and, by Fubini's Theorem,

Q(b) = [ p (D)aQ (&) = 0 .
[T

Now, suppose Q' 1is a measure on (X x 8, FxB) which agrees with Q, on B and
for which 1Pﬂ'ﬂ ¢ 81 14 a regular conditional measure given B . Then Q' 1is o-finite,
as 18 Q. If C¢ Fx B and Q(O, Q'() are both finite then Q(C) = olr, (1)) =
G‘\rﬂ(lc)‘ = Q'(C). Since Q and Q' are both o-finite, it follows that Q = Q'.

Finally, we show that (QXIN € X! 1is a regular conditional measure of Q given F ,
in the sense that the family of measures (Qi‘ﬂfx ¢ X,0 ¢« O Qefined by Q§'ﬂ(A X B) =
BN I t("t‘dgo(!‘ for A ¢« F,p ¢ B satisfies conditions i,iii,iii. Fubini's
?hcorv: implies that Qx(b) is  F-measurable for every Q-integrable b . And obviously
Q\\lq\ - q\X‘Qx(b\ tor any bounded F-measurable g. Lastly, suppose Qx(b) = 0 [Q].

tet A (B} = 0 }. By Fubini's Theorem, Q(b) = Q(1.bB) = .:'1A«xs¢‘u-m\(x) = 0

The measures Q‘ X « X are called posterior measures, given the ohservation X

N |

induced by the prior measure Qo. We interpret unbounded measures to make probability |

=




statements as follows. For the prior Qo* the B-measurable bet b is acceptable when-
ever b is Qo~intoqrable and Qo(b) >0 . Bets b such that b and -b are acceptable
are fair bets. For the conditional measures P.. any F x B-measurable bets b such that
Pe(b) >0 (Qo] are acceptable. Any bet b is the sum of the Pe-fair bet b(G)-Pe(b)
and the B-measurable bet Pe(b). Bayes Theorem states that there exists a unique measure
Q on (Xx®©, FxB) such that b is Q-acceptable (i.e. Q(b) > 0) if and only if b
is the sum of a Pe-talr bet and a Qo-acceptable bet. A subset of these Q-acceptable bets
consists of all bets acceptable according to the posterior measures Qx’ X € X, namely,
all bets b such that Qx(b) > 0 [Q]. By Lemma 3.2, the set of posterior acceptable
bets is uniquely determined by QO and {pele ¢ ©}. See also Freedman and Purves (1969).
If Q€ R(L,U), then Q ¢ R(L,,U.). For if L(A) 5>QO(A) < U(A) for all A ¢ B
then it follows, since f(X|6 ) > 0, that L (A) < Q (A) < U/ (A) for all A cB. Thus,
Bayes Theorem "works" for ranges of prior measures in that a range of prior measures is
transformed given X into a range of posterior measures. Indeed, dL/dU = de/dux,
so that the density dL/du, which indicates how far apart the lower and upper measures

are, is unaffected by the observation X .
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4. Bounds on Integral Ratios

For the B-aeasurable, U-integrable bets b and ¢, with ¢ R(L,U)-positive, con-

sider the range of integral ratios Q(b)/Q(c) for ¢Q « R(L,U). Of particular interest
is the bet c(8) = f(X|8) for fixed X , corresponding to posterior expectations.
Theorem 4.1. P ‘l and k: be the infimum and supremum, respectively, of Q(b)/Q(c)
for Q ¢ R(L,U). Por ) ¢ R', define J,0) = U(b-2c)” + L(b-ic)’ ana 3,00 =
P(b-\c). + L(b=ic) . Then Ji(l) 0 if and only if ;1 < A ; and Jl(i) » 0 if and
only if \l > A. Thus \x is the unique solution of Jl(\) = 0

Proof. Let B inf{Q(c) |Q ¢ R(L,U)}, B = sup{Q(c) |0 ¢ R(L,)}. Since ¢ is v-
integrable and R(L,U)-rositive, € and c: are finite and positive. Furthermore,

lov) /0(e) | < l'('!b')/cx < « for all Q ¢ R(L,U), so that %1 and )\, are finite.

Since Jl(\) = inf{Q(b-ic) |Q ¢ R(L, )}, 2 <A if and only if 0 < J (X). Moreover,

= 1 1
for any € >0, A+ ‘”cl < \1 implies < Jl(\) which in turn implies 1 + efe, £ \1
Thus, X « 31 if and only if 0 < Jx(\), A > \1 if and only 1f 0 > Jl(‘), and so
\l is the unique solution of Jl(\) = 0 . The result for 1  follows similarly. .

In particular, if U(B) < » then for any A ¢ B, sup{Q(A)/Q(®) |0 ¢ R(L,U)} =

u(a) /(u(a) + L(AS)) and inf{Q(A)/Q( [Q ¢ R(L, 1)} = L(A)/(L(A) + U(AS)). For any

B-measurable bet b , we define the lower and upper distribution functions of b by

I

Fo(t) = inf{Q(A )/Q(®) g ¢ R(L,U)} and

Fo(t) = supiQ(a)/Q(®) lo ¢ R(L,U)}

where At = {b(8) < t}. 1If U(At) is continuous and strictly increasing in t , then,
for 0 < a < 1, the lower and upper a=-percent points of b are the unique solutions of
F_(t) = a and Fl(t) = a, respectively. In the special case where U = KL for some

2

k > 1 , these are simply the a/(a+tk-ak) and ak/(l+ak-a) percent points of b with

respect to L .

1
Example 4.2. Let © = R and suppose that L is Lebesgue measure and U = KL for some

constant k > 1 ; we are supposing, then, that the prior measure of any set does not
exceed k times the prior measure of any set of the same Lebesgue measure. If 1

2 4 1
X~ N(P,uo) given 8 , with % known, then the posterior measure range is R(L_,U.)
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where Ly has density f£(X|0) = (/5;00)'loxpl- %(X-O)z/o:) with respect to Lebesgue
measure and Ux has density k t(xld).
The upper and lower posterior distribution functions of 8 are

k ¢ ((t-x)/co]
1+ (k-l)O((t-x)/aol

FZ(t) -
and

Ol(t-x)/col
k - (k-l)@l(t-x)/ool L

t ¢ Rl v

Fl(t) -

where ¢ is the standard normal cdf, For 0 < a < 1 , the upper and lower posterior
a-percent points of 0 are, respectively, the ak/(l+ak~a) and o/(at+k-ak) percent
points of N(x,cg )

The posterior mean Q(Of(xle))/Q(f(XIO)), Q ¢ R(L,U), has minimum value satisfying
ux(o~x)' + LX(O—X)’ = 0 , and maximum value satisfying UX(O-A)+ + LX(G-A)- =0 ., Itis
easily seen that this range of posterior means is [x-uov(k), X+coy(k)] where y(k)

satisfies

ky = (k=1)[¢(y) + yo(y))

and ¢,¢ are the standard normal density and cdf. Table 1 displays values of y(k) for

1 ¢« k € 10. It is seen that a substantial amount of variation in the prior has only a
minor effect on the posterior mean of 0, #s compared to the variability of the estimate

X due to the data.

Table 1

k 1]1.25}1.50)1.75 2 2.5| 3 4 5 6 7 8 9 10

y(k)| 0o} .0B9 | .162 | .223 ) .276 |.364 |.436 | .549 | .636 | .707 | .76A | 817 | 862 | .90)

-10-
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S. Bounds on variances

For a B-measurable bet b on © , we will characterize the range of the variance
of b, V(b o(b])/0®) - |o)/0® ]2, for 0 ¢ R(L,U) when U(]b]?) < = and
U(®) <« w, We note first that without loss of generality we may assume (8,B) = (Rl,BO),
where BO is the Borel o-field on Rl, and b(8) = 0. For, let B(b) denote the sub-
o-field of B generated by {h-l(A)IA € Bo); and let Rb(L,U) be the family of measures
Q on (©,B(b)) satisfying L(B) < Q(B) < U(B) for all B ¢ B(b). Clearly, R(L,U) ¢
Rb(L,UL Now, the mapping Q » Q*, where Q*(A) = Q(b-l(h)) for A ¢ 80' defines a one-
to-one correspondence between R(L*,U*) and Rb(L,U) with respect to which VQ is
invariant. Furthermore, if Q « Rb(L,U) then there exists some B(b)-measurable func-
tion a such that 0 < a(8) <1 (U] and Q(B) = L(ulB) + U((l-n)la) for every B ¢ B(b).
Defining Q'(C) = L(alc) + U((l-a)lc) for C ¢ B, we see that Q' ¢ R(L,U) and
vQ,(b) = VQ(b) . Hence, the range of VQ(b), Q ¢ R(L,U) equals the range of
f!t-al:dQ'(t)/ Jag* (t), Q* ¢ R(L*,U*) where a = [t dQ*(t)/ [dQ*(t). Throughout this
section, then, we will assume without loss of generality that (6,B) = (RI,BO) and
b(8) = ¢.

The following notation will prove useful. For -« < a < », define oi(a) -

infiQ(lN-aIz)/Q(H)lQ ¢ R(L,U)} and og(a) = suplQ(lG—a|2)/Q(9)|Q ¢ R(L,U)}. And for

o2 0 et 3 €a,0 = ultlemal® - 0BT + itfo-al®-cHh) ana g, 0a,00 = i(fe-al®-0h)T)

v
U((]N-a]z-u')’). By Theorem 4.1, oi(a) is the unique nonnegative solution of Ji(a,n) = 0.

Next, for 0 < )\ <1 define Q{ R R(L,U) by
A

U () if A c {|o-a| < 0 (a)}
. L(A) if A< {[e-a] > o (a)}
Q a(A)
i AL(A)+(1=\)U(A) if A= (a-ol(a))
AU(A)+ (=N L(A) if A= (a+ul(a)).

pDefine Qi 4 similarly, with the roles of L and U reversed and with n!(a) replaced
by o (a). Note that
2 i 2 i
= - e
o} (@) Qx,a"° al )/Qx'a( )
i
for i = 1,2 and for all 0 < \ < 1. Furthermore, if a satisfies Q\ a(t\-a) =0
- ta .

for some 0 < A < 1 then Of(a) is the variance of 0 with respect to Qi e
L
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Theorem 5.1. Let A, = {alQ| _(0-a) = 0 for all 0 <\ <1} and A, = {a|Ql (0-a) «
—— 1 \a - - 2 \,a
for some 0 < \ < 1}, Then A, and A, are nonempty and E

b ]
1) xnr(vo(o)lq € R(LU)) = inf!ﬂ;(n)la « A
1) suplvy (0|0 « R,V = inf(o}(a)[a « A, ) .
Remark. In general, Al and \2 may contain more than one value. MHowever, (ii) implies

that 0;(!) is constant on A}'

Proof of Theorem 5.1.

It is readily seen that % and 0, are continuous and that lim “l(‘) = «; thus
ar*tm

inf(ol(a)l -e < a < w) and influz(a)l -» < a <~} are, in fact, attained. We now show
that a minimizes u‘(a) only if a «¢ Ai, from which it follows that A1 and A2 are
nonempty .

Consider, first, aye If a minimizes 9, then J2(a t§,0 () > 0 for all
§ > 0. Let

Gyla,0 = [ (e-addn(e) + [ (e-a)dau(o) .
lo-nl\u [O-al‘u

It is straightforward to show that for all =& < a « w and 0« § « o,
Ja(a*ﬂ.o) - Jz(a,ul - 26(02(a,q} + olLlade) = Ula=o)) + ‘k(l))
and
Jz(a-s,o) - Jz(a.o) + RSQGz(a.n) + ofU(ato) - La=0)] + ‘k(l)}
where 06(1) » 0 as §4+40 . Since JZ(.'°2(“)) = 0 we sce that a minimizes “2(”)
only if

o @) [Lla-o, (a)) = Ulato,(a))] < Gyla,0,(a))

|~

o, (a) [U(a=0, (a)) = Lato,(a))]

or, equivalently, only if there exists some 0 < A <1 such that Q; a(o—a) =0 (i.e.
L]

)
only if a ¢ A)). Thus, A, ¥ ¢ and inf{ng(a)l “® <A< w) - inf(u;(n)(a c Al
Next, consider n\(u); define

G la,) = [ (eadau(®) + [ (o-adauie) .
|o-a)<o |o-a|>o

An analysis similar to that for u2(n) demongtrates that a minimizes u‘(a) only if

ol(n)(U(a-u{n)§ - L(abol(a))\ < Gl(a.nl(n)) * “1(‘)1L(“'"1(")) - U(aOo\(a))].




Since L < U , this is equivalent to Qt ‘(d—a) w0 for all 0 < A < 1. Thus, A, ¢ ¢
- )0 A

1
2 2
and &n((ol(a)] - < g < @} = inflnl(a)la ¢ Al\.
Now,
2
inf v (0) = inf inf Q(lo-al®y/Q®) =
QeR(L, M) ¥ QeRIL,U)  =» < a <
2 c N 2 . 2
inf int  Q(le-al®) Q@) = inf ol(a) = inf ol (a)
= <A se (¢ R(L,U) - < g <w Ac Al
which proves (i). And
%
sup v (@) = sup inf ot]e-al®) Q) =
Qer(L, ¥ QR(L,U) =m<a<w
: 2
inf sup Q(‘()-a‘ Y/QB) =
- o q ¢ oW QiR(L,U)
Q 2
inf o (a) = inf o (a) < sup v _(8)
“w < a <™ ® aca, QeR(L,V)
]
where the last inequality follows from the fact that a « A2 implies 0o (a) =V 2 (%
Q\,a
for some O = \ < 1 ; thus statement (ii) is proved. L]
Example 5.2. Consider the normal location problem of Example 4.2, and let vi,vi

denote the minimum and maximum posterior variance of 0 as the prior ranges

Applying Theorem 5.1 to R(Lx,n‘), and noting that Al = A, = {X} in this case, we find

that vi and Vi are, respectively, the unique solutions of U‘((!H—Xl'~v\") +
2 + 2 - 2 + -
Lx((lo-xl =v)") = 0 and L‘(({u—xf -v) ) o+ u‘((fu-xl V) ') = 0 . Defining R{A,¢) =
3 o %
AP(A) + (A"-1) [d(A)-c), it is veadily seen that Vi = A;ng where A~ is the unique

y
.

1 ;
solution of N(A,v‘) = 0 with ¢, = (k=2) /(2x-2) . And V; = Afn“ where A, is the
A\

unique solution of N(A,u2) = 0 with Gy - (2x=~1)/(2k=2) . Table 2 gives values of )

2
prior by up to a factor of two, the posterjor standard deviation is aftected by no more

than 17% of the standard errox % of the data.

L T T NP RIS, 1 e

over R(L,).

and A for 1 < k < 10. We see, for example, that if the prior varies about the uniform
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Table 2 .
k A1 A2 k A1 A2
1 1 1 4 .697 1.360
1.25 .947 1.055 5 .654 1.421
1.50 .904 1.100 6 .621 1.472
1.75 .870 1.140 7 .574 1.515
2 .840 1.174 8 .592 1.552
2.5 .79¢ 1.233 9 .552 1.585
3 .754 1.282 10 .535 1.615

Example 5.3. The mixture parameter A of Theorem 5.1 is, of course, relevant only if

U 1is not continuous. In the discrete case, the functions oi and oi are easily

minimized since they are piecewise quadratic. For example, if © = {61,62} with

61 < 82, and if we denote Li = L(ei). U1

t)o,-a|%L, + lo-a|®u)/(L +0) 1f & < (0.40.)/2, and o>(a) = (|6,-a|%v, + [6,-a]%c.)/
1 ! 2 2 ) lighel oA e didiall 2 1 1 2 2

= u(ei), i =1,2, then 0:(&) =

; ; 2 2
(UI+L2) if a > (91+92)/2. If L, <U, and L, <U, , we find minaz(a) - (62 61) /4,

attained at a = (61062)/2. These are the variance and mean of the uniform measure

2
Qx,a ¢ R(L,U), where a = (el+ez)/2 and ) = (Uz—Ll)/(Ul+02 L, L2).

=14~




6. Asymptotic Behavior of Ranges of Posterior Expectations.

Let the observation Xi have sample space (xi'Fi) i=1,2,..., and define Xw

b { Fi . Suppose (Pele € ©} is a family of probability distribution on (X_.F)

that P_(A) is B-measurable for all A ¢ F_. Let Q be any measure on (©,B) and

Y'Yl'Yz"" be any sequence of random variables on (Xm x G,Fm x B). The notation Y

will mean that, except for some set of f-values of Q-measure zero, P6{§ € Xw[Y(K'e)

Similarly, the notation YN + Y [Q)] will mean that, except for some set of 6-values of

measure zero, YN(i.e) converges to v({,e) with Pe-probability one.
Assume further that, for all 6, the (xl,...,xN)-marginal distribution of Pe has

density f(xl,...,XNle) with respect to some o-finite measure v, 1

s (Xlx oiesen XN, F. x
x FN). For a B-measurable bet b and a measure Q on (9,8), we will denote QP =
i b(B)f(Xl,...,XNle)dQ(e); and for A ¢ B, define QN(A) = QN(IA)'

If Q0 1is a probability measure and Q(lb') < =, the Martingale Convergence Theorem

(see, for example, Doob (1949)) implies that QN(b)/QN(l) + b(8) [Q] for any Fm-measurable

—

bet b . 1In particular 1lim 1lim Q ([b|l )/Q. (1) = 0 [Ql; and Q _(A)/Q (1) -+ 1 _(8) (Q]
e [B|>M >N N N A

M-
if lA(ﬂ) is Fm-measurable. We now show that these conditions are essentially sufficient

to extend the martingale result to g¢g-finite measures Q .
Lemma 6.1. Assume Q is a o¢-finite measure on (8,B); let © = A with Ai € B dis-
joint and 0 < Q(Ai) < ®. Suppose

i) b(9) is Fm-measurable;

SR WA ey

ii) QN(1)< © [vNI for sufficiently large N ;
iii) QN(Ai)/QN(l) -> IA'(G) (Ol for i = 1,2,... i

iv) lim  Iim Q ([b[1
M-reo N

Then QN(b)/QN(l) -+ b(e) [Q] .

|b|>M)/QN(1) =0 [Q]

Proof . Note, first, that if A ¢ B, 0 < Q(A)< », and Q(|b13|)< o then, by the Martingale

R SRRV T 1 SRR I TS N (T T

Convergence Theorem applied to the probability measure QA(D) = Q(A nD)/Q(A) for D ¢ B,
it follows that QN(blA)/QN(A) converges to b(g) with Pe-probability one for all

6 AO < A where Q(A - AO) =0 .
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Now, suppose |b(e)| <M for all 6 . Then Q(lblA [)< » for every i . For any
i

fixed 8 ¢ Ai such that QN(blai)/QN(Ai) + b(68) and QN(AX)/QN(I) + 1 with P

e-proba-
bility one, it follows that
IQN(bIAc)/QN(l)I <M 1- QN(Ai)/QN(l)! +>0

i
and so also that QN(b)/QN(l) + b(6) with P _-probability one. By (iii), then, we obtain

2}
Q“(b)/QN(l) + b(8) [Q]

For unbounded b , define bM(G) = b(8) if |b(e) | <M and bM(e) = 0 otherwise.
Then P,(Q(b)/Q (1) +b (6) forall M=1,2,...) =1 [Q). Fix 6 ; then for all
M > [b(e)ll

,QN(b)/QN(l) -b(e)] < lQN(bM)/QN(1) - bM(G)! + QN(,bfl’b|>M)/QN(l) .
Thus, (iv) implies that Qu(b)/QN(l) + b(8) [Q] . L]
Remark. Clearly, assumption (i) may be replaced by the requirement that b(8) be
equivalent to some Fufneasurable function h(&) in the sense that Pe(h(Q) = b(0)) =1 [Q].
If b(8) is estimable in that tN(xl,...,XN) + b(6) [Q) for some sequence of estimators
tN , then b(8) is equivalent to the Fuﬂneasurable function 1lim ¢t

N+
are independent and identically distributed given 6 , with sample

N(Xl,...,XN).

If XI,XZ,-..
space (X,F) where (X,F) and (6,B) are isomorphic to Borel subsets of complete sepa-

rable metric spaces, and if 61 # 02 implies P, # Pe , then Doob (1949) showed that
2

%

there exists same F_-measurable function h on X such that Pe(h({) =6) =1 for
every 0 € ©. Hence, any B-measurable bet b(6) is, in this case, Fm—measurable.

We now prove that upper and lower posterior expectations determined by the range
R(L,U) . of prior measures are strongly consistent estimators:
Theorem 6.2. Let L and U be mutually absolutely continuous lower and upper measures
on (6,B). Suppose the density £(8) of L with respect to U is Fw—measurable. If
the measure U and the bet b(6) satisfy the assumptions of Lemma 6.1, then

sup o (b)/Q (1) - b(e)| >0 (v].
QeR(L,U)

Proof. Let A be the set of 0§ ¢ © for which £(8) > 0 and for which, with Pe~
probability one, uN(m(b-x)* + (=07 () - 2(0) (b(®) ="' + (b(®)-” ana

Ug (=0 + 2(b=0)7) /U (1) + (b(@)-N)" + £(0) (b(6)-N) for all rational ) . By Lemma

-16=-
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6.1, U(AC) = 0. Fix 8 ¢ A and suppose a, * b(t)

a,, with Y and 1 rational.

Then (b(8) - a,)' + 2(0) (b(8)=a,)” < 0 .

)

Thus, with Pu-pxububxlxty one, PN((h-uz)' 0

e(b-uﬁ)-) < 0 eventually which, by Theorem 4.1, implies sup{QN(b)/QN(l)!Q ¢ rR(L,W)} b

eventually. Similarly, inf{QN(b)/QN(l)[Q ¢ R(L,V)} > a eventually with

one. Since LN and o, are arbitrary, the theorem is proved. L]

.

P -probability

Convenient approximations to the lower and upper posterior expectations of b(0) are

available when b(8) is asymptotically normal in the following sense:

Definition 6.3. Let § be the set of functions q:Rl > Rl that are bounded and con-

tinuous almost everywhere with respect to Lebesgue measure; and let ¢(t) be the standard

normal density. The bet b(8) is asymptotically normal under U if for all g ¢ §

Ut (b=b ) 7o N )+ [Tgtreerae ),

-

2 % a
where kh 2 UN(b)/UN(l) and Oy ™ UN(b )/UN(l)-bN.

Recall from Example 4.2 that for k - 1 , the constant (k) 1is the unique solution

of  [Tk(t-y* + (t-y)g(v)at = 0

Theorem 6.4. Assume that the conditions of Theorem 6.2 hold and that b(9) is asymp-

5
i ey U i > iance o° . Le -1 " 3

totically normal under , with mean lh and variance N Let kN N(l) IN(l)
Then

o [ sup Q. (b)/Q (1) = (b + o y(k )] » 0 [U)

¥ gertr,uy N N AN N
and

et f ink g (B)/Q (1) = (b = vtk > 0 )

QeR(L,U)

Proof. We will prove the desired result for the maximum posterior expoectation of b ;

that for the minimum posterior expectation is similar.

For real \ , define ZN(\) = (b(w)-bN)/uN - . Then UN(ZQ(\))'PN(I) 1 + )\ for
all N . From the asymptotic normality of b{n) under U , we find
lim  Tim U (]2 (V) |2 YAUL(1) < lim lim U (z:(\)l " ) U, (1) =
B N N0 [2g QO] M 7N Kok Siow N fz (0 |7 Tn
lim lim (10\2 -y (72(\)1 YU (D) = lim {10\: - [ (t—\):t(t)dt‘ = 0 (v)
NN {2 ()] <M TN . ' :
Moo Now N =

Mow [t=1]M

7=

WNPSP CTUN DREEPERY O e Wy -

;
|
q
:
i
.
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.
Hence, 3
—_— + N e ——
Tm Ju (2 O = [(e=0"a(0)at] < lim Tim v (2,01 Y0 (1) +
- NN N T N lzN(.\)] >M' VN
, lim Tim Ju_(z' (o1, LD - [ =0 Teae]
Res NN zN(\),:M N ,t‘\ljﬂ
vuim | [ e=ntaae - fe-ntemrae) =0 )
M Jp-) oM
similarly, U (Z O » [(E=0)78(0)dt (U], Let oy = 1Ky = U (DAL (). since
0 < t(8) <1 [U) and R(0) is Fw-measurablo, Lemma 6.1 implies that cN » () [v).
Thus, for every real \ we have
U200+ ez () > [e-ntatrat + (o) f(e-1) Tp(t)ar [u)
N N NN N v i 3
Furthermore, by the Cauchy-Schwartz inequality,
o (leg=-02_ () |2 v tlew=t] v (z200))
) c -2 c.- g
L . S ¢ el .. 5 . « it 0N ) - edl «0 W
u_ (1) - u, (1) u. (1) N N N
| N , N N
. 2 2
since, by Lemma 6.1, UN(Q )/UN(l) » £7(8) [U). Hence, for every real )\ ,
+ - + - .
Ug (2 (V) + 2 (0 /0 (1) » [(e=0)"g(0)at + 2(0) [(£=)) "¢(t)at [ul.
Now, let A denote the set of 6 ¢ 8 for which (8) > 0 and for which, with Po—
probability one, uN(z;(\) + ez;(\))/uum converges to [(t-0)ta(t)at + (o) [(t-1) "a(trat
¥ | for all rational \. Then U(Ac) = 0. Fix 8 ¢ A, and suppose ay < y(1/e(8)) < ay with
{ -
a, and o, rational. Then f(t—uz)*¢(t)dt + &(ﬂ)f(t-az) ¢(t)dt < 0 . Hence, with Po-
probability one, uN(z;(az) + 22;(02)) < 0 eventually, which, by Theorem 4.1, implies
that sup{QN((b-bN)/u“)/QN(l)|Q ¢ R(L,U)} < a, eventually. Similarly,
sup(QN((b-bN)/uN)/QN(l) @ ¢ R(L, WY} > ay
§ eventually with Pe-probability one. Since ayra, are arbitrary, we have shown that
n;*sup{QN(b)/QN(I)IQ ¢ R(L,U)} = b)) » y(1/8(@) [0) .
Furthermore, kN » 1/8(8) [U] and y(+) is continuous; thus, y(kN) » oy (1/e()) (U,
and the theorem is proved. .
Theorem 6.4 permits close approximations of ranges of posterior expectations of |
arbitrary bets. When © is the true parameter value, the upper and lower posterior
t g
-18-
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expectations of b are bN t o"\(l/((l‘)) + o(ou). Thus, if the prior density with

respect to U is uncertain up to a factor of, say, 2 in the sense that (8) > 1 ), |

then the range of posterior expectations of b is bN : 276 o * o(oN) for any bet b

satisfying the weak conditions of the theorem.
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