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ABSTRACT

Partial prior knowledge is quantified by a range R(L,U) of a-finite ~r ior

measures Q satisfying L(A) s Q (A) • U(A) for all measurable sets A , anti ~ s

interpreted as a probability statement in a betting framework. The concept of

conditional probability distributions is generalized to that of conditional

measures, and Bayes theorem is extended to accommodate unbounded priors. According

to Bayes theorem, the range R(L,U) of prior measures is transformed upon

observing X into a similar range R (L
x~

Ux) of posterior measures . Upper and

lower expectations and variances induced by such ranges of measures are obtained .

Under weak regular it y cond it ions , these upper and lower posterior expectations are

strongly consistent estimators. The range of posterior expectations of an arbi-

trary function b on the parameter space is asymptotically b
N 

I 

~ ‘N + o(a~
)

where b
N and are the posterior mean and variance of b induced by the

upper prior measure U , and where c~ is a constant reflecting tlic uncertainty

about the prior in terms of the derivative of L with respect to U
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SIGNIFICANCE AND EXPLANATION

• A typ ical example of the type of problem that can be handled by the

methods discussed in this paper is the estimation of the mean and standard

dcv iation of a normal distribution. The Bayesian method proceeds by f i r s t

assuming a probabi l i ty  d i s t r ibu t ion  for the unknown mean and standard devia-

tion (the so-called pr ior) . Then measurements are made in the system , gi ving

li in fo rma t ion .  Est imates of the unknown mean and standard deviation are

made by combin ing  the  assumed prior and the sample information , producing an

updatcd , or posterior, d i s t r i b u t i o n  for  the parameters to be est imated ( t h e

mean and standard deviation in this case). Typically, the posterior distribu-

t ion responds to in creasing empi r ical ev idence by concent rat ing about the true

~aLT ametor values.

In  I ract  ice , it is extremely demanding to require the experimenter to

‘ ; t c it e  a precise prior distribution for the parameters of interest ; however ,

v.Iqut’ prior knowledge usually exists. Furthermore, Bayesian inference is  some-

t i:n~”; c r i t i c i zed by the obj ective sc ient i f ic  community because of i t s  dependence

‘n ~~~t ’c t  lye prior information . Thus , it is impor tant that the sensitivit y c~t

~‘~tv~.-;ian techniques to the prior be assessed , and that inferentiall y useful

~~tis~matical ~:tructures for quantitying vague prior knowledge he developed .

The purpose of this paper is to explore the inferential usefulness of

.~ eeifying a range of priors. This is done in a way that is particularly easy

t~~’ specify  in practice and which leads to new insights into the robu ;tness of

t~.IVt’s  ian techniques.

‘I

The r espons ib i l i ty  for the wording and views expressed in th is  descriptive -

s

summary l ip s  w i t h  MRC , and not with  the authors of this  report . ‘
~~ .
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RANGES 01’ PRIOR MEASURES

Lorraine PeRobertis and 3. A. Ilartiqa,;

1. Introduction

The personalis tic ~~yos ian appr oach to s t at i s t lca~ inference . a~ ~l x i A n , i t i z, ’d by

Ramsey (1926), de Finetti (1937), and Savage (1954), demo nstr at e~; that ~~~-~,hs ’x -nt sy:~t~ m

of prior beliefs about a class of propositions must ho con u is tent wit h  a un i que proba-

bility distribution on that class of propositions . Furthermore , coherent revision of

prior opinion given empirical evidence must conform to Bayes theorem. In practice , prior

knowledqe is typically vague and any elicited prior distribution is only an approximation

to the true one. Thus, less stringent modes of quantifying subjective informatiun would

facilitate the practicality of the Bayesian approach and would insure protection against

the inferential errors that could result from the discrepancy between the elicited and

true prior .

Keynes (1921) proposed that probability should be a partial ordering on pairs of

propositions, induced by statements of the form “A given B is more probable than C

given P.” KoolInan (1940) axiomatized Keynes ’ approach . If the observation space can

be partitioned into events which are judged equally probable , Roopman developed a technique

(or assigninq upper and lower numerical values to conditional probabilitie~;. Coed (1%1)

offered an axiom system for such upper and lower probabilitie :;. Smith (1%l) defined

upper and tower probabilities to correspond to a range of bets which miqht ~s ~ic~~ ’ ptt ~~1 t o t

or against a proposition ; any probability between the lower and upper probabilities i:

acceptable. For a continuous parameter , Smith suggested accepting any ~~ -i conv ex family

of prior probability dens ities. Heath and Sudderth (1972) t ’onsider h~’t t o be .andcst

• variables on some sample space , and show that if a convex set of hounded bet : contains no

entirely negative bet , then there exists a finitely additive probsi~t 1i ty  measure g iv i t to

every bet in the set non-negative expectation ; the convex set of such measures is the

analogue of Smith’ s range of probabilities for a sing le event. Heath and Sudderth (1075)

develop the relationship between families of acceptable bets and admissible des is io n : ; if

a decis ion is ac~,issible, It must be worthwhile betting on it against othi’ ; s s i : ; io n : .

Sponsored by the United States Army under Contract No. P/tAC.’0-75~ C~O024. This materisl is
based upon work supported by the N a t  i onal ~~~ i coo t ’ t’ouis-tut i ‘n undet Ci ant No:: ~~~
and MCS75-08374.
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t’ hi . tts ~ t s ’ t t  the t s s t  low eng • H will ~h ns’t ‘ an arbitrary parameter apa ce , and B a

‘- t i t I d  of : t u t’ : , t ,~ of H, A measure ~ on (H,~~) Is a non—negative , countab ly- additlve

snot i~ ’i: on B ~ is a 1uo ba t t l  i ty measure if Q(*4) — 1. The analogue of lower and

u i ’~~ ~~ ~ b.tf ,t lit  i i .  t ’ ~ .t s ’f lVt ’X ~et C of probability measures is the collection of

ext e ‘rn, p i tt :  ct t he S t i  ; unst.’i suitable’ conditions , all probability measures in C

w i lt  t t ~ i xt r c : s t b l e  .is mixtures of extreme probability measures. Furthermore , continuous

It  lie u I tuii ~~t i ou t  1. eli ( i . (‘ . expi s ’t at ions of bounded measurable functions of ii ) are

spi imire l .,t t i. e’xtit’rne’ points et C . We’ consider here’ a convex set of measures (not

i t y probability measure’s) which Is u’speclalty simp le to specify without reference

t o  . x t r t m u ’  point .., and ‘n which many functionals of Interest In statistical inference may

Lw conveniently opt imized .

ror .‘ g t t’ ..n i t t ,  of ‘ — !  t nit , rne’asure,s 1., ii on (19,B) satisfying I. (A) (I (A ) fat

alt A . B (de’notett L L’) , let R(L,tl) be the convex set of measures Q satisfying

L U. Sins ,’ we ie ’ s jtI t re only that L and 11 be’ c-finite , such useful prior measures

a .  L,etw ieque me asure may hi’ aceausuodated. The lower measure L and the upper measure (~

t i , . s i i i , ’ t t  qs’nerat izations s’t the’ towe r and upper probabilities of Koo~*uan and Smith.

• They arc net e’xeesstv,.ly burdensome to specify , as would be a completely general convex

family of m, asuue’s . Bayes theorem “works” en the range’ R(L, U) in that prior measures ~~

R ( L , C )  map into posterior lfl(’451120 . r~ng Iflg between those induced by L and U . Uppe r

and lower posterior expectations , quantileus , anti variances of arbitrary bets b:$ R~ are

obtained . And , finally, some attainable but not trivial asymptot ic results are der ved.

Citsi, ’ v quite weak s end it t s sn t; , the upper and lower 1’c~ t ci i • ii expectations of b( t) are

st rongly S i t ~ S i s t , ’n t est im ates of h (tt) turthermor~ , as the amount of sample information

i f l s r. .t o’~~ , th e ’ t . ~~ ~e’ of Ixisterlor expectat ions of h(s) is approximately ki
N 

where

hN~ N ~~~~ the ’ pesst.’r tot  expectat ion and standard deviation of bitt) induced by P , and

wtwre ’ the mul tip le .  i s  determined by the precision ot the prior range Rfl,,t)) of

me .esut, :5

Tb.’ “pr tne t ~~l.’ t f  st ab le estimation ” put forward in Edwards , Linettian, and Savage (l%3)

tn t  .t , n , i  i t  tted by Pickey (l ’e7 n) may 1w’ exprr~ se’d in te rms of ranges of ptior measures~

I

5. 
5
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~ —‘---,- .-‘-.‘--“,• .—

~

,

, ~1t’5ar,,~~~ • :_
~~~

_ .
~~~~~

.. ___ _ _ .~

• • •

~ 1

’

ci .1 real parameter U , t t  is asaemed that th. prior density p satisf Ies c pi et )

(l. ,~~ tot ii P and t i e 1) ‘1 c for all U . This is just the range of measut-es with

P-wi t measu ru ’ L(A ) — 0i (P c A) and upp.r measure U(A) — (1+ B) c i~U~ :1 A) + ~~(-; (fl 0 A) where

is t.e’bcsque’ measure. Provided P has high posterior probability induced by ~ , the

tot range of measures Is then close to the posterior measur. for a uniform prior .

I
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2. Ranges of M.asur.8

G iven a pair Q1,Q~ of measures on (H,Ø) , we say .. i t Q 1 (A ) ~ , (A ) r ,

all A e B . tat 1. and Ii be a-finite measures on ($,B) satisfying I • U.  The

rant. of measur.s K (L,U) consists of all measures Q such that I.. U. t : s t s l i vs t le . , t I’,

If L and U have densities t and u with respect to some. c- finite measure ’ on

(8 . B ) ,  then R(L . U) consist. of measures with densities q with respect t o  v s at i - ty ing  $
t i e) ‘~ q(O ) .. u(O) Iv) . If Q k(L ,U) • then the odds ratio Q (A) ,~~(pt to t  A ,B , ft ~~

.

bounded by U (A)/t (5) whenever that bound is well—defined . The measu re I w i l l  I’, ti le d

the lower measure and the measure U the i~pper measure .

A real-valued . B- .*surable function b on H l~ called a bet , and L i t  its

received if it occurs , A 1~robabill t1 statement is defined as the accept ance’ of s’- e o o s s

vex class of bets containing no str ictly negative bet . Fot a measure ~ on ($ ,B) , l i t

Q (b) denote the integral of h with respect to Q . The measure Q , interl rcte ’d a .  .i

probability statement , is taken to mean the acceptance of all bets b tot which ~ P 1

and Q(b) ~e . Of course , and Q2 accept the same bets it and onl y it’ , t oe  some ’

constant a 3 • Q1 (A) — a Q , (A ) for all A B: thus proportional me.as:ue- es are’ equiv.~le’nt

probabilit y stat ements .

A bet b is R(L ,U)-no nnsgat ive If ~ (~ b~) and Q(b) ‘ t~ for every ~ in Ru , p t  .

The range of measure . R(L ,tI). interpreted as a probability stat ement , Is taken to  mesh the

acceptance of all R(L .U)-nonneqativo bets . The class of all measures piopoet ionat  to  s~wn,’

• member of R (L ,U) is , thus , equivalent to the probability statement RU .,tl) . t’ t ’i any bet

b , define b (9) — b(S ) if b(s ) 0 , b4
(O)  — 0 If bit t)  .- 0 , and define b Pt t  —

b($) — b’(O ) . Since Qib) — Q(b ) + Q(b ) L(h ) + 11(b ) for all e_~ in R(L ,U’e , vu’

see that a bet b is R(L ,U)—nonn.gativ. if and only if U ( Ih I)  ‘ and l.(t~~t i p f t t  -‘

A bet b is K (L~U)-positiv. If l.(b
4
) • ti(b ) 0

.4..

‘ 1  
_ _ _ _ _  _ _ _ _

~~~~~~~~~~~~~~~ 
‘ _ ,~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I. Ranges of l o s t e r i o l  M ,asui : ts s

maya. Theorem states that it IP 1 t O H) is a f a m i l y  of probability m,c .u!- ,,; di ! i t t e s i

a si— field F ot subsets of a sample space X where P has densi ty f ( x ~ S) w i t )

respect to a -f Itil t e  measure v on (X, F) , and if is a probability measure on

B~,B) , then the unique probability measure on CX (4, F ’ 8) having t1-rnarqinal measure

Q0 and regular conditional distribution {P .j o HI g iven B is the, probability rnec:,ui,’

• Q with density f ( X ~ il) with respect to v ‘ . Furthermore , the regular  cond i t iona l

d is t r ibut ion of ~ given F has density f (X  I t l )/ f f  (X O)d Q 0 ( s~
) with i t s  pi-ot to Q0 . It

is straightforward to extend Bayes Theorem to the class of improper .‘-f init - priors ç~, lot

• which the’ induced measure Q has c-finite X—marginal measure , as, for example , in the ci::,

where ‘~ N (tl ,l) and Q0 is the uniform prior . However , if the X—marginal of ~‘ is ;

not si—finite then it is possible that ~(x X~ ff (XIO)dQ 0
(11) ~‘} is positive , so that .i

conditional probability measure foi e~ given X cannot be defined .

For example , it r 5 (x—I ) — , r’ 1 (x —O ) — 1— i , and dQ0/do — il
1
(1—ts)~~~. 0 i ,

then Jf (x~t1)dQ0
(s) — f s l

X li1.11) X
dft — .

~ for a l l  X . Thus , the posterior probabilitY

density “prescribed” by Bayes Theorem equals zero if u~ I and is indet erminat e at

0 and ~
i 1. Nevertheless , the measure dQ

~~
(tl ) 1t ( l— ~~)~~~d1s is a probability

statement about ~e according to which , given X , all bets h(~~) such that f b(s )dQ~~Utt -.

0 are acceptable.

To accextanodate all s—finite priors we w i l l  generalize the concept ci a regular condi-

tional probability measure to that of a regular conditional measure’ which will be inter-

preted as a conditional probability statement .

Definition 3. 1.  Let Q be a measure on (1~,S) and let D be a sul’-,’-f~ old  of S . A -~~~

family 
~Q I~ ~

} of measures on (:: , S) is a regular condit iona l measure’ given D if

for every S-measurable , Q-lntegrable function 1’

i) Q (b) is D—measurable and f i nite’ IQ1~S

u t  
~ 

(gb) — g(w)Q (b) (Qi for every bounded D—measurahle fur.,t ion g
w

iii) Q (b) — 0 (QI implies Q(b) — 0
U’

The existence ot such a family requires regularity s endit ions s i rni lar to those

guaranteeing the’ e’xistencc ot .u r e g u l a r  co n d i t i o nal  probability measure (so,’ Renyi (l’t C) 1
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If ~~( 
.) — I and ç ( : )  — 1 I QI then Q(gb) — Q(9Q(.)(b)) for all bounded D-ineasurable

g and Q-tntegrable b ; thus (Q !~ ~
) is a regular conditional probability given D

In particular , Q (.) ( i )  is ,~~~~~~ t~~; i h iit . i~Or unbounded measures Q we prove the

~

Leemna 3 . . .~ Assume Q is -fintte cr ~‘ , and let {Q fw c 0), (Q I W t 0) be regular

conditional measures for Q given U C S. Then there exists a D -measurable function k

such that k ( . )  “ 0 for every ‘ s~ and Q (b) — k(w)Q’(b) (QI for every Q-integrable b.

Proof. Q ‘-f”iite on S is equivalent to the existence of an S-measurable, Q—integrable

function P such that b
0
L) > 0 for every s ( 12. Since Q ,Q’ are countably additive,

~ (b1~
) -. 0 and Q ’(b

0
) ‘ 0 for all . . Define k(s) — Q ( b 0)/Q ( b 0) .  Let b be

any non-negative , S-measurable , Q—integrable function , and let C(s) — Q (b)/Q (b
0
),

C’(.) - Q’(b)/Q’(b
0). Define CM

(S) — 0 if C(s)  > H , CM
(S) C(s) if C(s) <H.

Then Q(CMbO - b) - CM
(
~~
)Q (b

o
) - Q (b) (QI . Letting M + ~, we find by the monotone

convergence theorem that Q (C b0—b) — 0 1°) . Hence , “tic b
0—b) = 0; similarly,

Q (C’b
0
-b) = 0. Thus, Q (b

0
(C-C’)) = 0 . Let A = (sIc(s) ‘ C’(s)). Applying the above

argument to the function l
A
b. and noting that Q (lA

b) — l
A
(s)Q (b) and Q (l

a
b) =

1 (w)Q’(b) since A e fl. we find that Q(b 1 (C—C ))— 0. But b (C—c’) is strictlyA w O A  0

positive on A ; hence, Q(A) = 0. Similarly, Q{wIC (w) < C’(s)) = 0 , and so

CCe’ — C’L) (QJ . We have sreown , then, that Q (b) = k(w)Q (b) (QI for any nonnegative

S—measurable Q—integrable b. For arbitrary S-measurable Q—integrable b = b~ + b , the

desired equality holds since it holds for each of b~ and b . U

A regular conditional measure (Q iw e 12), interpreted as a conditional probability

statement, is taken to mean the acceptance of all Q—integrable bets b for which

• Q (b) > 0 (QJ . By Lejimta 3.2. conditional probability statements are unique.

Bayes theorem for unbounded priors:

Let (X ,F) be a sample space, and let (~ 0 je 9) be a family of probability

measures on ( X ,r) with densities f ix 0) with respect to a a—finite measure v on
(X,F~. Let Q0 be a a—finite prior measure on (9,2).

—6—

~~~~~~~~~~~ ~~~~~~~~~~~~~
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~‘‘ s, :5  t i - i C  ~~~ I - i  i t i l t  ique measure ~ cc, ( X s (4, F ‘ B) SIUS h t t s 5 t  ~ ~~ c c i ’ :. s t  i t :

- 
.‘s .,,, ,i ‘ s i ): I hat (I~ ~tI • H’ i s a regular .5’,,dt I tonal measu re ot Q ~; ivi ’ ,, -

- . — i i  r , i t e  ‘n F s 15 - ~ tegulat ~~~~ It to nal measure of ~ sj i  ve t ,  F i~~ IX

-~ ,i’t t’,N .:~)tt\ )J~’ ( s i t
I-
,

i i  cot • ,t  
~~ 

have .%e .t t5  it  y ~~~ 5 w i th t-esieect f tc  v ‘ 
~ 

Toneti t ‘ Theorem implies

t :ct l. ’i e V t ’ C V  B , B, I.’ I X  ‘ It) f tuX !5)dv (x)dQ (:) — Q0
(B) . Since s~~ IS

t ’ ,14 5 -

sin ft , ,‘ is • ‘~~t l i tt l e  on F B

v es i ug B as .i sub — .‘ — t t e  id of F B ii, the ciw i 005 way , we next show that

t 
~~ 

~i is a regu 1 ac Cs ’flt t it ions I erasu re ~‘t ~‘ given B in the sense that lbs fam ily

‘! :‘s.’.t ,:ee:. 
~ ~ 5 ,

t , (4 defined by ~~ ,(A ~ B) P
~,

iA) lB
(t il tc i  A F ,t’ ft

‘ -c! t - . i. .5 ,’ ,S f l t i  I t onS 1 , ii , i i i  of Pet in it ion 1 .1. Let h be any F s 15—measurable ,

~‘— t : , te ’g i ais le’ tons i is’ii. The,, 
~~~ 1 (b) — j bit , c’S t ( t  i t)d~’it) I P (b) is B —measurable l v

• ~‘ : , t ’ :  :i ‘ S ~ts, ’ci em. 11 .t i s  alt’ t’s’un:Ie’d B —measurable on X ~ H then , without l o ss  s’~

.je,.r,a l itv . g i-; a fund ion only of ct and s.’ P ,( bei) — b ( t ,:’)..;(~t ) f ( t  : 5 th - It) *

- , ‘I’,, it ’ ’ . t” i nail y . i t  I it’) o ~‘1 then P It’) — 0 1 ~nd . by t’ut: i t ,  s ‘ S Theorem

pi .j ,’ i : ’~ — 0 -

• :t~ ’ pose ~‘ 
• -; a measur e ~‘n ( 5 ‘ H. F ‘ B) which as~~t ces w i l t :  ~‘ on ft and

h . Z  s. ’ i t :  :1 ~i $ - . a requ tat  const it tehia 1 measure ~J iven 15 , Then ~ 
‘ i -’ ; ,  — t ii, i t s -

.*.~ 
, - t t  ~

. F B acid ~~~~~ ~‘ ‘ (~~5 a t e  bet S i  f i n i t e  thee, ~‘( . ) ~ (P ,( l )‘

Si nce ~‘ .ind ~~~ a te  both ‘— fi n i t e , i t  fe l lows t hat ~‘

w e sh , ’w tha t t~~~ LX c 5~ is a res;iit~ t’ conditional measute of ~‘ ~c t v e n  F

in t ’ t , - ,,’~t ,~,’ I h at  I h, t ain t ly s’t measures ~‘ x 5 , P’~ te t  i cie d by 
~~ 

(A B) —

I i X  t~~t~~,t t i  t o !  A t ,N B s a t i s f i es  ,-~‘c,Jtt ions i i  i t , i i i .
II

~t ,, ’~ ’c cm cm l iii ’s that it’) is F—measurable to! eve! ~‘— i ntesjrahle t’ And s ’t’v t : ’ti:: 1

— 

~ x 
it- i I ‘c any ) ‘os,,,,t~d F—measurab le ~ . las t lv . supps’se ~~ it’) 0 (QI

1 e’! \ 
~

‘ it ’’ — 0 5 .  Ny t~t t t ’ i n i  ‘ ‘; ~‘t t e 5 ’ ’.t ’t5 . ‘~~it ~~ — s~il;t i  t~~i\ ~~~ ~Pt .t5 i \ t  — 0

U

the :vs-~~.,:e es _‘
~~ 

. • 5 are cal ted i’s ’~~t ‘—
I- to t-  measures, given t hi ~‘i’~t e r ~~at ccii X

s c- t i:. s’d t’v t ~s’ pi to t  meanurw Q We interpret untiounded measu res I - .’ make ptet ’~it ’i lit y

-‘

i
__________ .__ _ - — — _____ — -. - — - --

~~ 
- A_a--’— — 

___
•
__ _J_ -~ —---- ---- - -- •~~~~~~~~~~~~~~~~~~~~

_ -- ~~~~~~ ~~~~~~~~~ :. aa. .
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st*t~~ents as follows . For the prior Q
0
, the 8 —measurable bet b is acceptable who,,-

ever b is Q0=int.gr$ble and Q0
(b) 0 . Bets b such that b and -b are acceptable

are fa ir bets. For th . cond itio nal measures P~ , any F B-measurable bets b such tha t

P0
(b) 0 (Q

0
1 are acceptable. Any bet b is the simi of the P

9
—fair bet b (0)-P

0
(b)

and the 9-measurable bet P
0
ib). Bayes Theoram states that there exists a unique measure 

‘

Q on I X ”  0, F”B ) such that b is Q—acc.ptable (i.e. Q(b) >0) if and only if b

is the si~~ of a P9—fa ir bet and a Q0
—accaptabte bet. A subset of these Q-acceptab le bets

consists of all bets accepteble according to the posterior measures Q~
, X e X, namely ,

all bets b such that Qx
(b) ‘~ 0 (Qi . By Lenuna 3.2 , the set of posterior acceptable

bets is uniq uely determined by Q
0 

and (P
6 J o 

9). See also Freedman and Purves (1969) .

~ R (L ,U ) ,  then Q
~ 

R (L x ,Ux ) .  For if LIA) < Q 0
(A) < U (A) fo r all A B

than it follows , since f(X O ) > 0 , that Lx
(A) 

~~~~~~~~~~ ~~~~ 
for all A B .  Thus ,

Bayes Theoram “ works ” for ranges of prior measures in that a range of prior measures is

transformed given X into a range of posterior measures . Indeed , dL/dU = dtx/ dtix ,

so that the density dL/dU, which indicates how far apart the lower and upper measures

are , is unaffected by the observation X

—8—

‘
~~ 
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-
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4 .  Bounds on

• For the B ,,,t’asurable’ , ‘ — i r : t u - -~t’all,’ 1st  5; 1 an-i c , u~~t t . c R ( - ,~ ’ )  
~ 

;jt lvi’ , con—

Si 1.-i the c e n t~ - - I  t r :~~c - - l l - t  t a iOS -~~( b)  ‘jc) f - c  • t’(L, ’’ ) . I I t !  s’:: lal i c - t s - r ~ s t

is ‘he bet c i )  “ t ‘~ ~S) for f i xed  \ • c c c  r e - s 1  - ‘ - c d t n~i ’ ’ p s - i  1 :’~ ! t x 1 . t i t  ~~~Iss -

Theorem 4.1. L ‘ ~~~~~~ f e  t~~,, :s , t i .’s i m  and snj : e - m 1 , r c n l . ’ c t i v i - i n , :1 ç( b ) / Q ( c )

f or Q , h i I. ,~~
‘ )  - ~

- i , ~ 
, ~~~~ ~~~ I 

( I )  — “ ( i s —  c S  
— 

4 1 (1’- ‘c)  ,tn:I 0 , ( 11 =

t ’ ( f - - , s - )  + 1, 11- - c )  . Tt , , r  J ( 1 )  0 :1 tn -I onl y it \ and 3 (~ ) - 0 if an-I
i i 1,

on l y  i tT I ~ ~~. Thus \ is t h . -  s t rO p:, s- lut i-- ,: of ,1 ( C )  — 0
1 i i

Proof . :,~-t  — in s t  • (ci , h(t ,’ ’ )  5 , c , nu~ 
- : ~~(c) ~ - - ~ (L,P) ~~. Since c is P—

irt ,’qrat--li’ and k(1,, P 5 — :  ,- s i t  i v ’ , and c ., are f i n i te’  ,ic;- i : 
~‘;i iv, . Furthei~nore ,

• -~ tb) -’~’(c)~ ~~U ( b
’ ) / s ’

1 
i - c all Q R(L ,t’ ), so th at ‘

~~ 
and are f init,- ,

Since J 1
( ” )  — i n f s ’ ~~( i ’ — \ c )  ‘_~ h I !  , ‘ ‘)  

~
, it  and on l y if C’ j

l~~~ 
, Mo roove i’ ,

to t  any , ‘ 0 , \ + ‘
~~ 

implies , . w h i ch  in t n r c :  :~~i-l ivs 1 * ~~~~

Thus , I if an t or I y if 0 J 1 ‘ 1 > i f and onl y if 0 
~ 1 

, and so

is the unique ;oli:t ions of 3 ( 1 )  0 . The result I s i  follows similarl y.

In  ar t ion lar • if 1 1(4) < ‘~ thu-n for an’; A B , sup ~ (A) ‘~~ (I—i) ~ ~ IL , Y) I —

• u (A )/(tc(A ) + L I A c) and i n f s ~~ ( A )  
~~
‘ ~~~

i) F~ b ( L ,t ’) I — L ( A ) / ( L ( A )  + P ( A  5 )  . For any

B—measurable [st  Is , we def ine the lower and upper distribution t s :nc t  ions -1 Is 1,y

F
1
(t) inf Q (A

t
).c(*4) 

~ 
- R(L ,ii) and

? , (t )  - su~ (A
~~

)/Q ((4) ç~ 
R L ,0 }

where At — { b ( ’~) t . If I’(A
t
) is continuous and strictly incroasiny in t , thu ’:i ,

or 0 < , < 1, tIn’ lower and rii~ ’er •, —percen t  points of b a u ’  the unique so! Ut ions “1

F~~( t )  — , and F1( t )  = i , respective ly . In  the special case sc’hi’rc 1’ = kL ton scot’

it > 1 , these are sim~-l y the a/I ,~~k— ,k) and ,,k , ’ ( l + . , k — s )  perce’nt s s ’ i c : t s - ~~~~’f P w i t )

respect to L

~ c~~ple 4 .2 .  Let (4 and suppose that I. is Lebesgus- measure .,nd 1’ = hi for sonic

constant k ‘ I we are supposing , thu— n,  t hat the- !‘rior fl’.s’,tSUt c of ,s:p,- :-c t d~~e’:s not

exceed it tinies the prior measure of any s ,-f  o f the Sante I~- l’c’s~pie’ rne’asui ,’ - It

‘~ ‘~ N I c’ , -~~) given  t’ • w ith 
~~ 

known , then ttn- post  c-ri cc ms’asurc i ainr c’ is (I , 1’~

‘ _ 
5

I
—. - --  -: ~~~~~~~ ç~~iws .c ’ . - -

— ~ --~~~~ — —.-~
---.~ -~~~~ 

_
~~~~s_ •___•__ _ • .~~,-,.- ..•~~~~ --- —----- -- --‘— 
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— - —
-~~~~~~~~~~~ - ‘ rn ’ ’- ~~~~~~~

- - _ 7_ n,__ ~~~~~~~~
—-—

~~~~~~~~~~

¶ ——

where Lx 
has density f ( X ~~~) - (‘~~ o0

)~~ .xpI- ~ (X-O)
2/o~ J with reep.ct to L.besgus

measure and has density it f( id ) .
The upper and lower posterior distribution functions of 9 are

k ~ ~ ( t — X ~/a0
)

F,,,(t )  • 

~ + k— U~~Ut—x /a01
and

F1
(t) — 

~ — (k—l)~~((t—x)/o 0) 
, t t R

where ~ is the standard normal cM. For 0 a < 1 , the upper and lower posterior

• a-percent points of 0 are, respec tively , the cik/(l+ak-ci) and a/(ci+k—mk) percent

points of N(X ,O~ ).

The posterior mean Q ( O f ( X J O ) ) / Q ( f ( X J O ) ) ,  Q e R(L ,U), has minimum value satisfying

+ L~~( o - A ) ’
~ • 0 , and maximum value satisfying U

~~
( O_ A ) ’

~ 
+ L

~~
(O_ A) — 0 . It  is

• eaui ly seen that this range of posterior means is (X—0 0’f(k) , X+o 0~ (k) ) where y(k)

satisfies

ky — (k—l) (4i(’y) + y~~(y ) )

and •, S’ am the standard normal denslty and cdt. Table 1 displays values of y(k) for

1 ‘- it 10. It is seen that a substantial amount of variation in the prior has only a

minor ef fect  on the posterior mean of 0, en ceispared to the variability of the estimate

X duo to the data .

Table l

it 1 1.25 1.50 1.75 2 2.5 3 4 5 6 7 8 9 10

~y (k)~ o f  .089 .162 .223 .276 ~.364 ~.436 .54~~ .636~ .707 .766 .817 .R62 .90~

-10-
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_ _ _ _ _ _ _~~ 5. Bounds on Variances

For a B-measurable bet b on (9 , we w ill characterize the range of the variance

.11 1’ v
Q

(b)  I Q ( J b 1 )/Q (H) - JQ (b)/Q(0)J
2 , for Q • R(L ,U) when U ( J b J 2) < and

U (t4) - --- . We note f irst that without loss of generality we may assume (0,B) —

where B
~ 

is the Borel c-field on R1, and b(0) — 0. For , let 6(b) denote the sub—

- ‘-field of B qenerated by {h 1(A) A t B
0

), and let Rb(I.,
U) be the family of measures

~ on ((4,6(b)) satisfying L(B) ~~Q(B) ~~U(B) for all B e B(b). Clearly, R(L,tJ) C

Now , the mapping Q • Q* , where Q*(A) — Q(b
1(A)) for A • B

0
, defines a one-

to-one correspondence between R(L5,1J) and R
b
(L ,U) with respect to which V

Q 
is

invariant . Furthermore , if Q e R
b
(L ,U) then there exists sane B(b)—measurable func-

Lion -, such that 0 a(0) ~- 1 LIJ I and Q( B) — L(isl8
) + U((l_cs)lB

) for every B e 6(b) .

Defining Q ’ (C) — L (c1l
~~
) + U((l_ct)l

c
) for C B, we see that Q e R(L,U) and

- t (b) . Hence , the range of V
Q
(b). Q R(L,lJ) equals the range of

flt~ a I di.~e (t)/ fdQ* (t), Q* R(L*,U*) where a — ft dQ*(t)/ JdQ*(t). Throughout this

~ec-tion , then , we will assume without loss of generality that ((4,6) — (R 1
,B
0
) and

i’( ~ — • - .

The following notation will prove useful. For -- < a — — , define o~~(a)  — 
-

‘

i c , f Q(~~r b_ a I
2 ) /11(H) IQ . R(L,U)) and o~ (a) — sup (Q (J0—a l

2)/Q(*9)lQ e R(L.U)}. And for

o - i i  let J 1 (a,c) lJ ((J0—a J
2 

— ~2) )  + L ( ( I 0 — a 1
2 — o 2 ) ” ) and 32 (a ,ce) L ( ( J t i _ a J _c 2) )  +

By Theorem 4 .1 , o,(a) is the unique nonnegative solution of J (a,o) — 0.

Ne x t , for 0 1 define 
~~~~ 

• R(L ,U)  by

11(A) if A c (la— a l 
~~~~~~~~~ 

5

1 
L (A) if A C { la—a l o 1 (a )  S

Q (A) -

A L ( A ) + ( l — \ ) u ( A )  if A —

AIJ(A)+ (l—l)L (A ) if A — (a +o 1
(a ) } .

Define Q~ 
similarly, with the roles of I, and 13 reversed and with ‘

~ 

(ii ) replaced
,a -

-
t y - - ( i) . Note that

-

‘ 
, ‘ (a) —

fcc- i — 1 ,0 and for all 0 1 1. Furthermore , if a satisfies ç~~,5~~
t s ) — 0

for n,once 0 1 then o~ (a) is the variance of 0 with respect to

-Il- 

-- •“-
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Theorem 5.1. Let A 1 — (.lQ~ a ( tl_t) — 0 for all 0 I 1) and A , — ak ,~ ~~~~
‘ —

~ 
—

for sonce 0 1 1). Then A~ and A
2 

at -. nonempty and

i) if lf (V
Q

(8) IQ k(L ,U ) )  — inf(c~(a)la e A
1 

I

ii) 5t*P(V
Q
(O) IQ e R ( L ,U )  ) — lnf(,c~~(a)  a . A 2 S .

Remark. In general , A
1 

and 
~2 

may contain score than one vat ~ e. Huwever , ( i i )  im~- 1 ies

that i~~(a) is constant on

proof of Theorem 5.1.

I t  is readily se•n that and .‘ ,, are continuous and that Urn o~ (a) — - ‘ r

inf (c1 (a) — a s ~ ) and inf (.’
2
(a) I - ‘ - a - —1 are , in fact , attained . We’ now nili,’w

that a minimise . ‘ 1
(a) only if a u- A 1, froni which it follows that A

1 and A , a c e -

nonempty.

Consider, first , I f  a minimise . o , then ‘1,s’,(a)’i ‘ ii fot  a ll

~1 0. L..t

— f ( 0—a)d t(O) + J ( a—a)dt i (0) .

l 0—a l~o
It is straightforward to show that for all --‘ - a - — and 0 .- ,S - o

— J 2 (a ,oI — 2~~ s-1 ,(a ,cu) + ,i(t( a4oS — l,~~a— ’ o53 4

and ‘

— J ,(a ,e) + 21c(G
2

( a , c)  + u(U (a+c) — L (a— e)1 + i’ç ( l )

where 06
( 1) ‘ 0  as 6 4 0  . Since J,(a ,o ,(a)) — 0 we see that a minimizes ~‘,(5)

only if

02(5) (L(a—o 2
(a)) — tt (a+5i

2
(a))j C.

2(a,o ,(a) ) 
~~ 

.‘ , (a) IL’ (a— o (a) S — L(a-1 5n ,, (a)  ) I

or.equival.ntly, only if there exists s~ cce 0 •~ 
.. 1 euch that Q~ a 1

~
’
~

’5 — ii ( i . e .

only if a A
2). Thus , A 2 ~ •~ and in f (c ~~

(a) l — =  . a - “-S — lnf (o (a) a A ,).

Next , consider c 1 (a)s define

C1
(a,c ) — f (8—a)dU(~~) + f (a—a)dL(o)

0 la—a l — ..‘

An analysis similar to that for .‘,(a) demonstrates t hat a minimizes o 5 (a) only i f

0
1

(a) hU(a—o 1(s)) — L(a+c
1
(a))) c;

1 1a ,c 1
(a) ) 

~~~ 

(a) I t - ( a— o 1(a) )  — ti(a
~.~t 

(a))).

— —— 
-

- ~~~~~—
- -~~~ ~~~~_~~ _ _ s ,~ - - --~~~ —~~-~~~~~~~~ - — ~— —.
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since U , this is equivalent ~~-‘  (C ’ — a )  — it ( s i  all 0 - I. t l s i-  , A
1 ~

antI ln f(- ’~~(al ‘“- ‘ a — ‘~‘~ — int l - ‘ (a) a • A 1 
I 

-

Now

tnt V (0 )  — in? in? Q( I (1—a I •‘i$ (*~) —

Q’ l~(l,,ll) “ ~‘- R (t-,t!S — - — a —
in? in? c.~( I 0~al 2 )/Q (H) — in? ‘ (a) — in? “ (~~)

a s-’ Q~R(l.,tt) — - ‘- ‘a ’ - -- a,A
1

which pi s,ces ( i ) . And

sup V (0 )  — sul’ in? Q is —a I’ ) /~ 
(*4)

u~ R( 1,, li) ‘ Q, )-i(L ,ti) — 

in? sup ~ 
( ‘—a l 2~ / (*4) —

a ‘ ‘ Q~~~(L ,ti)

in? s ’ ’~(a) — t n t  “~~(a) sup V (u ’)
a -‘- a ’ A , Qs ’ R( L ,Ll )

where the last inc-quality follows ft-co th~. fact that a ‘ A , imp lies s” ( 5) -‘ 
2 

(t i)

(or ss*ne 0 1 thus statement (ii) is pt-owed .

I’xamjsle !‘c .2. s\sns idct  the normal lot-at ion problem s ,( Example 4 . . ’ , and 1, -I V ,~ ,V
”

denote’ I-he m in imeim ,‘~e,st maximum 1 , ’~ t i’c cc vat- lance of 0 as lit . - ~~1 t - it sn- -C’ c -i R (L • I ’) .

Applying Theorem ‘s . 1 to R (L
~ ~

Ii
~~

) , and noting that A 1 
— A , — I \ i t t  i t t  - we f i n d

that v~ 
:~

t
, 

\‘ ate , res pectiv ely , the unique sc n liit i, ’nst of I i i  5-  
- V I  4

I.x
( ( I a—x V — v )  ~ — 0 and l

~~
( ( ( t l — x  I —vi  I + ( ( l~—x —v i ) — 0 . ‘cf ln t It ~; Iii 1c ’) —

14’ ( 1)  + (.1’ -1) ~ (1) -‘- 1 , it is readily seen that V~ — -~ , w h e t  e - -s I ite clii i ‘Us”

solution of H (10 1
) — is with • ( k — ’) • (~~k— ‘5 . Ansi V~ — \ ‘,‘ whcie ,\ 

- 
t -s I I,,’

unique sotut ion of U (,\ ,~ ‘ ,) • C’ with c , — ( 2 k— I 5/ 1 2 k — .’) - Table’ -‘ q cv ,- - - ~‘,~lui’s of

and ,\ 
- 

tot- 1 it 10~ We’ ne’, , lot example , that ii t he- j-t i ,,i vat  c i - - , ,cl’nout I he on f,’titt

I’rlor by up 1~ s a fAc tor ci t~~’ , the 1-, ’st e ’c jo t  ~t~ ndard ,1e~’ j~~ t t~~’t1 I s  s~~ te ’~-t i—il l’ s - tics

than 17% cc i  I-lw standat-d e’ rI- t ’c ‘
, -‘1 t he data .

r

- 

~

- 
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~~ -_ _ _ _ _ _ _ _ _ _ _



- -

‘—5,- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

- 
/

— •~~~~~~~~~~ ,. - 
~~~

Table 2

k 62

1 1 1 4 .697 1.360 1 -

1.25 .947 1.055 5 .654 1.421

1.50 .904 1.100 6 .621 1.472

1.75 .870 1.140 7 .574 1.515

2 .840 1.174 8 .592 1.552

2.5 .79~ 1.233 9 .552 1.585

3 .754 1.282 10 .53 5 1.615

Example 5.3. The mixture parameter A of Theorem 5.1 is , of course , relevant only if

Ii is not continuous. In the discrete case, the functions and are easily

minimized since they are piecewise quadratic . For example, if 9 — {O
l
,82
} with

0 0 , and if we denote L , • L(0 ) ,  U — 13(0  ) ,  i — 1,2, then o2(a) •

(10 1— a1
2
L1 + 102-aj

2U
2
)/(L

1
+U2
) if a < ( 0~+0~ )/2 , and o~(a) cI:1— a I 2u1 + 102—aI

2L2)/

if a (8
1+02

)/2. If L
1 

<
~~~~2 

and L
2 iU 1 we find min a~ (a) (8

2
0l)/4~ —

attained at a — (8ll~
e2)/2 . These are the variance and mean of the uniform measure

R (L .U ) .  where a — (01+02)12 and A — (U
2 —L 1)/ ( U

1+U
2

—L
1

—L 2
) .

—14—
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6. AsymptOtiC Behavior of Ranges of Posterior Expectations.

Let the observation X. have sample space (X .,F.) i — 1,2,..., and define X = ff
1. 

~ 1
F,, ~ F . . Suppose { r’ 8 05 is a family of probability distribution on (X ,F )  such

1

* 
that P (A) is B—measurable for all A e F .  Let Q be any measure on (8,6) and let

be any sequence of randont variables on (X x 9,F x B). The notation Y • 0 EQS

will mean that, except for some set of 0—values of Q—measure zero, P0
{~ a X hr cx ,o) — 0) — 1.

Similarly, the notation -‘ Y [Q) will mean that, except for some set of e—values of Q—

measure zero , YN
(
~
.0) converges to Y(~ ,8) with P

0
—probability one.

t As sume further that, for all 0, the (X
1 ...~ x~)_margina1 distribution of P

8 has

density f(X
1 

XN I0) with respect to some a—finite measure \t
N 

on (X 1x .,. x X
N~ 

F
1 

x

- FR
). For a B-measurable bet b and a measure Q on (0,6), we will denote QN

(b)

f b(~ )f(X~ XN lO)dQ (8); and for A a B, define QN
(A)

If Q is a probability measure and Q ( lb l )  < — , the Martingale Convergence Theorem

(see, for example , 000b (1949)) implies that QN
(b)/QN(l) + b( 0 )  (QI for any F —measurable

bet b - In particular lint lint QN(lbll lbl M)/QN(l) = 0 [QI ; and Q
N
(A)/QN

(l) 
~
‘A~~ 

[QI

~~~
‘ is F —measurable . We now show that these conditions are essentially sufficient

to extend the martingale result to a-finite measures Q
• 

Lemma 6.1. Assume Q is a a—finite measure on (0,B); let *4 = U A . with A . € B dis—
1

P :oint and 0 < Q(A.) < ~~. Suppose

i) b(9) is F —measurable ;

Ii) 
~N~

1 <  
~~N

1 for sufficiently large N

iii) QN
(Ai)/QN

(l) 
~ 

(0) [QI for i = 1,2,...

iv) lint lit QN(lbll lbl>M )/QN (1) = 0 IQI

Thc-n Q
N
( 1

~ N 11
~ 

-~ b(o) tQ]

Proof. Note, first , that if A c- B, 0 a Q(A)< — , and Q(IblA l )a  — then , by the Martingale

(invergence Theorem applied to the probability measure QA
(D) Q (A n D)/Q(A) for 0 a B,

it follows that QN
(bl

A
)/Q

N
(A) converges to b(e) with P

6
-probability one for all

c A where Q(A — A0
) = 0

!fi~ 15..

.5 t

I
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NOW , suppose Ib e < M for all 8 . Then Q(IblA l ) <  for every i • For any

fixed 8 € A such that Q (bl 
~~~~~~~~~~~ 

+ b(0) and Q (Ai)/ Q (1) -‘ 1 with P8-proba-
i N A1 N N

bility one, it follows that

QN~~
l c>/QN

(1) I < N  Ii - 

~~~~~~~~~~~~ 
+ 0

Aj *

and so also that QN(b) /QN ( l)  ~ bCe) with P8-probability one. By (iii), then, we obtain

QN /
~lW 

-, b(8) EQS

For unbounded b , define bM (O)  — b(8) if b(8) < N and b
M
(O) = 0 otherwise .

Then Pe(QN
(b
M)/QN

(l) + b
M
(O) for all M 1,2,... 5 • 1 EQS . Fix 0 ; then for all

N >  Ib(e ) I ,

— b(e) I ~~. 
IQN

0)M)IQN
(15 — b

M
(8)t + QN (IbIl IbI>M

)/Q
N
(l)

Thus. (iv) implies that QN(b)/ QN
(l) bCe ) EQS .

Remark. Clearly, assumption Ci) may be replaced by the requirement that b(0) be

equivalent to s~se F,,,—measurable function h(~) in the sense that P0(h(~) — b(8)) — 1 EQS .

If b(0) is estintable in that t
N
(Xl4. . . ,X

1~~
) -, b (8) EQS for s~~%e sequence of estimators

then b(8) is equivalent to the F0,-measurable function list t
N
(X
l
....

~
XN
).

If X 1,X 2,... are independent and identically distributed given 8 , with sample

space (X,F) where (X ,F) and (9,B ) are iscisorphic to Borel subsets of complete sepa-

rable metric spaces , and if e
~ ~ 

e2 implies P
8 ~ P0 , 

then Doob (1949) showed that
1 2

there exists acne F -m easurable function h on X such that p (h(~
c) — 0) — 1 for— — 0

every 8 a 8. Hence , any B—measurable bet b(0) is, in this case, F_—measurable.

We now prove that upper and lower posterior expectations determined by the range

R(L , U) - of prior measures are strongly consistent estimators:

Theorem 6.2. Let L and U be mutually absolutely continuous lower and upper measures

on (O ,B ). Suppose the density f (s) of L with respect to U is F_-measurable. If

the measure U and the bet b(s) satisfy the assumptions of Lesuna 6.1, then

sup 
~~~~~~~~~~~ 

— b ( s)  + 0 [U).
- 

Q R(L ,U)

Proof. Let A be the set of 8 a e for which iCe) > 0 and for which , with P8-

probabi lity one, UN
(t (b_X) ”’ + (b

~
A ) )/UN

(l) + iCO) (b(s)—A)”’ + ( b ( 0 )— A )  and

UN~~~~
A) + 

~~~~~~“~N~
3’
~ 

-
~ 

( b ( s )—A ) ” + f(S) (b (0)—A) for all rational A . By Lemma
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*
t’.l , U ( A c) — 0. I - t x Ii - A and ~.st I - ( ’ c - c -  b I t t  i ,. w l t L  c t s l 

- i s t i o c t 4 l

Then ( b ( s )  — ~~,) 
+ 

4 (t5 ) (b(t’) -i~~b 0 . T h u s , w ith I’ i -t ~ - h,il-l li t \ ~‘ t te - ‘ ((h 
~~

il’- .~ ) )  U eventually which , by Theor em 4.1 , j mplie~s su~~{ Q~~(b) 
~N 11

~ ~ 
- b— (L , ’) 5 ‘

eventually. Similarly, inf{
~~N

(h) /QN
(l) f~ - R (L,t!) S ~~~ eventually ~- t t i  m’ 1 -~-robabilut y

one. Since- and c , ate ~rhitrary, the theorem is j rovi-ci -

Convenient al’I’roximat ions t the lowe -i and upper poster j o t  expectat tc ’f l s  s I b (t) it

available when l~ ( s )  is asymptot ically normal in the following se ts ;,- :

lefinitjon 6.3. Let S be the -se- I -  ss I- f u n c t ions q :R 1 
N 1 

tha t a u -  bounded and con-

I- inuous a thios t everywhere- wi t ic  r , -ape-c - I- t ~s Lebesgue measui-e; artd 1 i t  ~ It I is- t lie standard

normal de ’ ns it y - The bet hI Ii) is asyunptot ical ly normal unde-r I’ if ( s i  all ut - S -

(g 1 (b L’N
) ‘“N

55 ‘t
N 
(1) f q  It) 4’(t)dt LI-’ )

where b
~ 

— U
N 
(h) (1) and — 11

N 
(i’~) 

~~
1
N 
(I) —b~~.

Recall frsmi Examp le’ 4. .~ that (sit N - 1 , the’ u~u’?t s t  ~tnt  1k) is the’ uni que solut ion

- -1 r(~u-~
) ” + ( t — ~

) 5 ~ ( t) d t  — 0

Theorem 6.4. Assume- that the s - scndI t ions; of Theorem 0 . .~ hold acid thd I- i-I ‘5 i

tot ical ly noims I nude r II , wi th mean Is and v.ir ia tss - e - u ’ . 1~~t K
R 

— 0 ( I t  ~ 
N 

(li

Then

( sup 
~N 

~~~~ (1 )  — (h
R 

+ C’ (k
u

) ) ) ‘ C’ t U )
Q R(l.,U) N

and

* 

‘ N E 
~~

, R ( L , l I )  
QN

(b)
~~,N

( — (h
R 

— 
“N~ 

(K
R

) ) )  . C’ Eli .

Proof. We will prove the’ de’s~ i re - cl result for t h e -  maximum l-0 te ’1 jot ,~X I ’ e ’5l it t cit ot 1’

that for the mi nimum posterior expectation is similar .

For real I , define Z N
( I)  • (b(i4) _ts

N
) ‘ N 

— 1. The-n l~~ (:~~ 11)1  0 (1 )  — 1 4 ~~ h - -i

all, N . From I-itt’ asymptot ic normality of I’( 0) under I’ - we’ I h i d

~~~ 
l m U ~~( IZ ~~(\ )  Il l:. (\ ) l  ~M)~~~N U5 ~ tm lint 1

N
1 ~~~~~ H N~~

’1 -M ~ (I —

lint lint (l#\~ 
- U (Z~~(\ )  1 ) ‘it (1) 5 — tim 11 4 \~ - 

-~ I t -\‘~~~ I t  ~,1t • C’ 101
M c~ N.= N N 

N N 
M”~-

-17—

~

- ~~~~~-~~~~~~~~~ - . -- ~~~~~~~~~- -~~~~~~~~~
--

~~~~~~ 
-



- - - —~---~~
--.—-

~~
-

— 
~~~~~~~ ‘ 

- -

He’nt’t’ •

~ - N~
’N

1
~~~

5 
N

t
~~ 

- ‘(t-\) ’
~~

(t)dt ! list lim U
N
(IZR (\) IZ WI >N

)
~
fU
N h1) +

~ r~ ‘ N ’2N
1 151

1Z
N
(\) ‘ -M

5 ’
~ N~~~ 

— 

I t — \ I ,~M 
(t—\)”',(t)dt l

-C ~~~ -~ ( t — \ )  4
i ( t)c j t — f I t — A )  4~~(t)dt — 0 LUI .

N ”  t - I ’ - M

Similarl y. S’
S
(Z
N
(\)) 

~N
W f(t— \)

”
i(t)dt EU) . Let C

N 
— 1”

~
’N — U

N (t)1UN
(1). Since

0 - ( - - 5  1 R I  and ~(, t) is F -measurable , Lecrina 6.1 intplies that • ( ( 0)  (Ui .

Thus . t ,~ c c -v e ry real I we have

+ 
~N~N 

) I
N
(l) f t— \)~~~ t)dt + i (tt )f(t— \) 4’(t)dt EU).

Fur thermore , hy the Cauchy—Schwartz inequality ,

It~~( (cN
_
~
)Z
N
( 5 ) )  U ( 1c~~~I 

2 ) ~ (Z
2
~~ ) )  -‘ 2 ‘

U
N
(l) 

N 

~~~~~ 

N N  
— (1-.- t~~b ) li

~,~
(l) — 

~-;i e I) (U)

since , by Le4tlna n .l , UN~~~~
/UN

(l) i” (t)) (UI , Hence , for every real A

+ tZ;( \ ) )
~~
i
~N

(L)  • f (t—\ )~~~( t ) d t  + l~(0)f(t—A) •(t)dt [LII .

Now, let A denote the set of S 8 for which ((8) 0 and for which , with

probability one , U
N

(Z
~~

(\ )  + N
(\))/IJ

NU) converges to f (t—A) ”
~ (t)dt +

for all rational A .  Then u(A C) — 0, Fix S e A , and suppose s -4 (l/t(0)) .- ~i, with

and ,, rational. Then J ( t — ~ 2
) ”'~~(t)dt + ( (t t ) f ( t— c e

2
) $(t)dt ‘- 0 . Hence,with l’5~

probability one, UN (Z
~

( u ,) + tZ
N (c*2

) )  — 0 eventually, which , by Theorem 4.1, implies

that sup(QN
((b_b

N)/c~N
)fQ

N
(t) IQ R ( L , UH e

2 
eventually . Similarly ,

sup (QN
((b_b

N)/ON)/QN
(l) IQ e R ( L ,U ) ‘S “1 *

eventually with P
5
-probability one. Since a1 ,a, are arbitrary , we have shown that

‘;hUp{QN (b) /QN
(l) IQ R ( L ,ti) — bN

) -e (l/e(s)) (U )

Furthermore , KR 
s 1/I(s) (UI and ‘(‘5 is continuous m thus, (kN

) -~( l/ ((5) ) (LII , ‘

and the theorem is proved. S

Theorem 6.4 permits close approximations of ranges of posterior expectations of

arbitrary bets. When ‘ is the true parameter value, the upper and lower posterior

-18-
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expectattons of b are b~ ‘ 55N
( l/ b ( t ) )  + 5

~~ NL Thus , if the prior density with

respect t~~ U is uncertain up to a factor of , say, 2 in the sense that ~(O) - LU) ,

-- 

then th. range of posterior expectations of b is b
N 

‘ .276 1N + o(
~N
) for any bet b

‘.atisfyinq the weak conditions of the theorem .

cc

I

I - -

II
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