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ABSTRACT

The power series method used by the author to generate highly accurate finite
difference schemes for ordinary differential equations in [1] and for the heat equa-
tion in [2] is here applied to the wave equation. The analysis runs parallel to [2]
and involves semi-discrete approximations in t and in x before the totally dis-
crete scheme is derived. The results differ from [2] in that an arbitrarily accurate
difference scheme is found for the wave equation that is stable and consistent with
the differential equation. No such scheme exists for the heat equation. The step
sizes in x and t must be equal for this difference scheme. Other difference
schemes that do not restrict the step sizes are stable only when the order of
accuracy in x 1is less than 5. The lowest order scheme is shown to coincide with

Keller's Box Scheme [3].

AMS (MOS) Subject Classifications: 35A40, 65MO5, 65M10.
Key Words: Partial differential equation, wave equdtion, power series, difference
scheme, high accuracy.

Work Unit Number 7 - Numerical Analysis.

Sponsored in part by the United States Army under Contract No. DAAG29-75-C-0024 and
the National Research Council of Canada under Grant No. A8785.
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SIGNIFICANCE AND EXPLANATION

This paper, a sequel to TSR #1923 and TSR #1924 where the author introduced the
"Power Series Method" and applied it to the heat equation, applies the method to the
wave equation. We derive difference equations that approximate the differential equa-
tion by substituting power series into it, and let these series apply in a grid of
cells that cover the domain. After the coefficients in the series are evaluated the
series are truncated at some order of accuracy. As much of the detail of the method
is described in the above quoted TSR's, this paper omits such detail and moves rapidly
through the analysis. The results are surprisingly different for the wave equation
compared to those of the heat equation. Here we obtain a set of difference schemes
of increasing accuracy that are stable to all orders while, for the heat equation,

only schemes accurate to order 15 in x are stable.

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the author of this report.
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POWER SERIES METHODS III - THE WAVE EQUATION

Robert D. Small

Introduction

In previous papers of this series, [1], [2], which we refer to as I and II, the power
series method has been used to derive finite difference schemes for a general first order or-
dinary differential equation and for the heat equation. This paper continues the study of the
method by application to the wave equation. Since we shall depenh heavily on the previous work,
a I or II preceding equation or figure numbers will refer to equations or figures in these
papers. In addition, since the treatment of the wave equation follows closely that of the heat
equation, a good deal of detail in the procedures is omitted in this presentation. As in II,
we discretize the wave equation first in t, then in x and finally combine the two discret~
izations, maintaining the stability conditions that have accumulated along the way. It turns
out that one Ean obtain a stable, arbitrarily accurate difference approximation for the wave

equation whereas this is impossible for the heat equation. As in the case of the heat equation

the root locus diagram of equation (I-16) illustrated in Figqure I-1 plays a fundamental role

in the stability analysis.

Sponsored in part by the United States Army under Contract No. DAAG29-75-C-0024 and by the
National Research Council of Canada under Grant No. A8785.
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1. Formulation of the Problem

We now prepare to derive difference schemes for the wave equation

2
du
(1) m— e ) .
8x2 2
The domain is taken identical to that used in II and is defined by 0 < x < 2Lh, 0 < t < «. It

is partitioned into a grid of rectangular cells of size 2h by 2k in the x and t direct-

ions respectively and each is identified by an ordered pair of integers (i,j). A local origin
is located in each cell a distance 2)k from the bottom of the cell on the vertical mid-line
and the local co-ordinates are denoted (xi'tj)' the solution to (1) then being denoted within
the cell by uij(xi'tj)' As in II, since the preponderance of coefficients requires that sub-
scripts be reserved to distinguish them, partial derivatives will always be written with the
symbol 3 and the superscript (n) will denote the nth ordinary derivative of a function with
respect to its argument. Commas are used to separate subscript expressions and are omitted

when no ambiquity arises.

u
at

gl(t) on the left side of the domain and gz(t) on the right. Expressing these conditions in

We specify that initially u is U(x) and is V(x). For boundary conditions, u is

local co-ordinates, we have

( g, G200 = U ()
i=1,2,°,L
duyy
g T (xi,—2lk) = Vi(xi)
2
(2)
ulj(~h,tj) = glj(t )
j=1,2,00%,®
.(h,t. = L(t)) :
L Tyt 253
For interior cell boundaries we specify that u and %% are continuous across horizontal

% Ju X : § -
boundaries and that u and 3; are continuous across vertical boundaries. These conditions

j are




:d

.
uij(xi' 2)k)

(3)

We now proceed with the derivation of truncated power series solutions to the equations,

first with powers of t,

Yi,5-1

(xi,Z(I-A)k)

aui o1
_EE—I—_ (xi.Z(l-A)k{

j-1

Yi-1,3

Ju

(h;tj) i

= —si:iLl (h,t.) l j
*i-1 2l

i = ],2,000,L

2,3, ,®

B
\
=2,3,°*+,L

=1,2,°°°,»

st SR S

then with powers of x and then with the combined series.
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2. Discretization in t

Substitution of a power series in t into (1) gives the local solution

. (2n)( @ .’(211)(x )
Uyl et = J _uLn)—-_t;n I —Gwot tg?nu
n=0 n=0
3 Substitution of this into (2) and (3) leads to the following infinite system of ordinary differ-
E ential equations:
2 2
) 4 o can® s ] i i U -220 2 =y (x)
sitg | (2nMA noo  (2n+D)! B
(5a) (2n+2)( ) (2n)( ) i=1,2,°,L
31 i 2n+l Byy g 2n i
] o (-23K) + ] —5——— (-2)k) = V. (x,)
e (2n+1) ! =0 (2n) ¢ i o
( (Zn) (2n)
alj (-h) = glj (0)
b{?n)(-h) 9{2"*1) (0) n=0,1,%0,®
(5b) 2 J
(2n) (2n) g AN
3 (h) g2j (0) j = 1,2, '
(2n) (2n+1)
bLj (h) 23 (0)
N 7
( (2n) (2n)
P i LR N 7 2i -0 2™ - ;
(2m 1 Garn e (-2 -
n=0 n=0
(2n) (Zn)
B e (XL ) (x,)
i,j=1 2n $,4=1""1 2n+l
I ST ea-un® s | W (2(1-1)k) B fo v
n=0 n=0
(5¢) < <
(2n+2) (2n) 5
- (x.) Ll x.) J = 2,3,%00,
i - 2n+1 i R 2n _ =
e i A SR -l L
n=0 n=0
(2n+2) v t2n)
AR (x,) W by (%
i,3-1 i 2n+1 i,j=1 2n
] L (2(1-0k) + 7 (2(1-))k)
3 G (2n+1) ! A=0 (2n)'
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As is usual in the semi-discrete formulation, (5d) indicates that the partitioning into
cells in the x-direction is unnecessary; the problem takes place in horizontal strips. Equa-

tions (5¢) are truncated in the following manner.

Npp N By

I

1
n=0 n=0 n=0 n=0

o
®
"
™
.
®
o

where i=/"1. i371

The result is a system of homogeneous equations for which the condition for non-trivial solu-

tions is
= P 2n 2n Mg Bdn | 2n 2n
D" - 8T -0 " (20k) U e il € £ Vs €1 R
e (2n) ! L (2n) ¢
N sy =1 2n+1 antl N3 fi, el . L 2n+1 2n+l
R sl F el ™) (20k) p o™ v s -0 2ak) i
n=0 (2n+1) ! o (2n+1) !
The choice Nl = N4 and N2 = N3 allows square roots to be taken and also suppresses some un-

desirable roots for R. The the best accuracy occurs for Nl = [N/2] and N2 = [Egil for

some order of accuracy N. Making these choices we solve for g obtaining

“21 n"ea-va®® | Nf =D 2a-n k) 2™
1 1
" ;0 (2n) ! r;:o (2n+1) !
T et e o
n=0 3 n=0 3
and its complex conjugate. We can obtain IBI = 1 by choosing A = 1/2 but other values of

A do not consistently maintain |8 <1 for all & or k, hence we take ) = 1/2. With
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these choices we select the correct boundary conditions from (5b) and (5d) to suit the differ-

ential equations and obtain the following semi-discrete scheme that is still continuous in x.

N (2n) N (2n) \
¥ 8y, () 2n 22 By (% o R
o (201 o (2nF1)Y 1Y%
(6a) i=1,2,9%e,%
N (2n+2) N (2n)
E 22 e L 2L Zl Biy %) B ey
e (2n+1)! =0 (2n) ! b R
(2n) o = (2n) 5 D N\
(alj (~h) glj (0) n=20,1, ,N2
(2n) o o201 5 ey o
blj (~h) = glj (0) n=0,1, Ny 1
(6b) ST
(2n) (2n) = f
aLj (h) = g2j (0) n=20,1, N,
(2n) (2n+1) y A
L bLj (h) 23 (0) n=20,1, ,N1 1
(N, _(2n) N, . (2n)
) S gl TR B )
ij b k2n i Z ij i k2n+l
& (2n) 1 (2n+1) ¢
n=0 n=0
N (2n) N (2n)
Il e T i 000 22 S e
(2n) ! (2n+1) ! Rl BT s
n=0 n=0
(6c) <
N (2n+2) N (2n) j = 2,3,°0¢,»
2 a,, (x.) 1 b (%) N
2 1%2n+1)!1 k2n+1 3 z l%Zn)|l an -
n=0 n=0 )
N (2n+2) N (2n)
p S (x,) I by g i)
z 1z%n11)!1 k2n+1 S X 1}%;31 3 k2n
n=0 n=0 ~
(n) (n) "
I = = . (h = y1l,0°¢,2N_+1 = 2,3,°°°,L
o au (=h) ai-l,]‘ ) n=20 N2 l i
(n) = sl = P o e iR
R R LI R RN 1J j=1,2,000,
Qe L T e o Pl sl
(6e) u (x,t) = ) —de—t Ty 7 2L 2 ¢f
> % e - (2n) ! j ne0 (2n+1) ! j § & L, 3gee 0
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(7)

Substitution into (2) and (3) gives the

(8a)
(8b)
i
(8c)
/i
|
'f !
9 ! (8d)
b |
4

Discretization in x

We begin with the power series in X

uij (xiltj) =

o =(2m) - o f2m)

e LU R T
(2m) ¢ i (2m+1) ! 15

m=0 m=0

following system, where we have taken A

which satisfies (1),

1/2.

—(2m) (2m)
-k = U, 0
a.il (-k) i (0) W
B gy gl gy m= 0,1,
il i
—(2m+1) _ ,(2m) F 0 i
ail ('k) = Vi (0) i=1,2, L
B e oy
il i )
) . m(zm
l )‘ a; GEL) th_ X bl' (£) 2m+l=g e
L (2m) ! (2m+1) ! 55 ey
| m=0 m=0 3
( = 1,2,%°° ,»
! —(2m) —(2m)
e Za GED) LI o (D)
I % i 4 om, R i B P
i £0 (2m)! & (2m+1) ! 2373
| m=0 m=0
NG
o s ’
Ll M- SR B PR R
ij i,3=1
ic= 1,0, vee,T :
—(m) _ —(m) i GO ;
by (k) = by, (k) 3= 2,300, :
3 :
e o) L =(2m 3\
5 a;’ (t.) h2m g Z bi' (t.) h2m+l |
- (2m) ! (2m+1) ! 1
m=0 m=0 3
—(2m) —(2m) i
«i» ai—l,'(t')th E bi—l,'(t') h2m+1 "
| mep  (2m! mep (2ml)! (i = 2,3,++4,L
4 i
—(2m+2) —=(2m) 1 - Ty o8
; 3_’ ai. k) 2m+1 g ‘i’ i3 (500) hzm v Ji= 1,2, v K‘;g
meg  (2ml)! mo (2m!
|
s {
| AT o BT e |
; 5 i-1,3 J h2m+1 & Z g 7 [ h2mi
i - (2m+1) ! (2m) ! !
m=0 0 )
2
- -4
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We truncate (8d) in the following manner,

My oM

el

m=0 =0

M, My My My

Lot ,

m=0 m=0 m=0 m=0

]
~
7Y
]

and test the stability of this new system by the substitution

i1 BE o
A de) =a Jooty
1559

t. X
b..(t.) = eB 39211ah5 “
ij 73

The resulting system of homogeneous equations has non-trivial solutions if the following equa-

tion holds.

M M o 2 M M
4 =21 2 + 3
o™ & ™ (e 21““) 0 R [ ) e
! ] 2 1 .
=0 (2m) ! =0 (2m) ! l—e_21ah 0 (2m+1) ! = (2m+1) !
To suppress undesirable roots in B we take Ml = M4 and M2 = M3 which allows square roots
to be taken. Then we set M1 = [M/2] and Mz = [ﬂ%l) to obtain optimum accuracy for some
1+ -2iah & 5
order of accuracy M. The factor ——2—;?—;) reduces to - cot oh which we set equal to
-2ia)
1-e
- c2. With these choices we obtain
M M
1 2 2 2m+1
(9) 4 R M S (S
. s
=0 (2m) ! #=0 (2m+1) !

This is equation (I-16) whose root loci for parameter c¢ were originally displayed in Figure
I-1l. This diagram is symmetric about the real and imaginary axes and is later reproduced in
Figure 1. For stability we must have Re B8 < O for all a and hence all c. From Figure 1
we can see that there are loci that lie in the first and fourth quadrants for M > 4 and hence
this semi-discrete scheme is stable only for M < 4. In this way the x-discretization suffers

a severe restriction on the order of accuracy of difference schemes that may be used.
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Now selecting suitable boundary conditions

semi-discrete scheme, continuous in t.

from (8a) and (8c) we cbtain the following

( —(2m) _ (2m) i
ail ( k) - Ui (0) m = olll le
_iim)( k) o U]'(_2m+l) (0) m=0,1,°"*,M =1
(10a) < i= 1,2,505,0
—(2m+1) _ (2m) A ¥y
ail (k) = Vl (0) m= 0,1, le
plamel) o (2mel) . Nl
L b].l -k) = i (0) m = 0,1, M. -1
M. —(2m) M (2m)
Zl ar; (t.) h2m 2 14 (t.) h2m+l e
L T o (2! 915'%
(10b) 3j 1,2,%00,®
M, —(2m) M, —(2m)
)jl a . t.) hzm . 22 bL' (t.) h2m+l ’ (t.)
o  (2m) ! o (emD)!
Z;’;’( k) = Ei“‘)j LK) m= 0,1, 241 i=1,2,-+,L
(10c)
(m) _(m) - LN - ] = t e oo
i3 (=k) = bi,j l(k) m=20,1, ,2M1 1 \] = 2,3, ;
My -—SZ_m) (t.) M, —-(Zm)( ) }
z ij ] h21'!\ Z ij j h2m+l
(2m) ! (2m+1) !
m=0 m=0
Ml —(2m) (t.) M2 —(2m) (t.)
Z 1—1,! j h2m 5 z 1-1,! l h 2m+1
o (2! moo  (2mtD)! L= 2,8,
>
M, —(2m+2) M (2m) Je= iy 2ysery®
22 ai. (5 -3% h2m+1 o Z1 (t.) th -
moo  (2m+D)! meo  (2m)! 4
M2 —(2m+2) M E(Zm) (t.)
z 1-1,] J h2m-4>1 & Z 1=1,7 2 h2m
weg (2D wp B /
M1 a(2m)(t % M2 i2m)(t ) e Irl =1,2,%°°,L
s b T L L e Z Gmt %5t et i)




4. Full Discretization
We now discretize the two semi-discrete schemes (6) and (10) with respect to the variables
that remain. To discretize (6) we set
© o
a,.(x,) = § =00
b L | m! 2k
m=0

Substitution into (6) leads to the system

N

N
f’ ®il,m+2n  2n _ f

——k
(2n) i =0

N2 c
2 il,m+2n+2

2n+l
(2n+1) ! i

k

X J,m+2n ( h)
m=0

¢ d1' m+2n

I e

z 1,m+2n 1 g

z ],m+2n h

,
N
f cij,m+2n k2n = f
(2n) ! =
n=0 n=0

i i,j-1,m+2n
(2n) !

N

2n+1
g( n+1)

(2n+1)
=g

dil,m+2n k2n+1
(2n+1) !

N

f’ dil,m+2n
1

=0 (2n) !

14 (0)

(2n)

23 (0)

23 (0)

dij,m+2n k2n+1
(2n+1) !

N
2
k2n X

di,j-l,m+2n k2n+1
(2n+1) !

2
L

n=0

(37
ij,m+2n+2 k2n+1 i
(2n+1) !

Ny

n=0 (2n+1) !

N a
%

n=0

1j,m+2n

(2n) 1

N

(> e p !
2 i, j-1,m+2n+2 k2n+1 + z

n=0

di,j—l,m+2n k2n
(2n)!
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cij m+n m S s m :
2 ' (-n)™ = z __._'J'__nh n=0,1,%**,2N_+1
m! m! 2 A
= i w 2,3,500.9,
(114)
= dij,m+n m 1-1,1,m+n geap kst
s e = Z n=0,1,%+,2N-1
m= 5
N e cee
1 o ‘f > ),m+2n m, 2n Z X dij,m+2n m, 2n+1 fl = e
CRRGNE et L aitomt & mi(2n+D) T %%y .
m=0 n=0 m=0 n=0 3 = 2920025
To discretize (10) we set
= 5 E; n . n s a&'n n
a, . (t) = § —2B " e ]l .
ol 5 n=0 J n=0 : J
Substitution into (10) gives the system
a — 3
@ (o)
j Ahedmin ogn m= 0,1, M
et n! i 2
® da,
A T RN R i R R T |
=0 n! i 1
(12a) i=1,2,*,L
© c. n (2m)
z il,2m+n+l (~k} =V, “(0) m = O,l,---,M2
e nt i»
L] E‘
§ AhaEml B 20D o) s Oulee e iy el
n! £ i )
% n=0
(w2 i
i +
} B . D i
m=0 m=0 . n = L, s ;o
(12b) {
Ml g Mz E j = 1,2, ™
z Lj,2m+n h2m & Z Lj,2m+n h2m+1 g g“.’)(O)
=0 (2m) ! =0 (2m+1) ! 2j
& e
z _13#!“1_“_(_’()“= z _]-_'_l:ﬂ_'m_ﬂk m= 0,1 '-°,2M2+1
n=0 3 (i=1121...IL
(12¢) y ¢
- \j=2,3,---'m
Z —l——l s L ) —3——;} MR GR ns 0,100,251

n=0

=11=
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f d h2m+l
a0 (2m+1)!
M M. = 4
f 1—1,],2m+n h2m f di-l,j,2m+n h2m+1
(2m) ! (2m+1) ! n=20,1,°°°,
m=0 m=0
(12a) ¢ ? § = 2,3,85%,L
M 3 =3 ®ese 00
f ©13,2mint2 2l 2 By o n o 2m e
1 1
a0 (2m+1) ! seo (2m) !
M 3
z 1—1,1,2m+n+2 h2m+1 Z i-1,j,2m+n th
L (2m+1) ! (2m) ! J
% c. i=1,2,%",L
ij,2m+n 2m n ij,2m+ 2m+l n oy 4
(12e) i35 £y = Z Z _—J—L_—(Zm)!n' + 2 Z _1—_(2m+1)'n! i
m=0 n=0 E m=0 n=0 Lj = 1,2,000,2 .

Systems - (11) and (12) express finite difference equations that are written in different
variables and truncated at different stages of the series. To select common variables we com-

pare (lle) and (12e) and note the correspondence

€ij,2n

€ij,2n+1

= ©i3.2n

= di4,on

935,2n

59,2081 =

= Cij,2n+1

935, 2n+1

If (12) is now expressed in the variables of (11), we can choose all the finite limits of summa-

tion from this new system and from (11) and obtain the fully discrete scheme.

That final sys-

tem is

N N &

$ Si3 aeon 0w 2 Aoy medn 2041 _ . (m)

) B~ T = ] RSk =y

n=0 n=0 m=0,1,°°*,M-1
(13a)

N N i=1,2,°°,L

5 f fil,mé2nt2 | 2nel | f‘ 9i1,me2n w20 L glml oo
Lo Tn sty Ay i

-12-




M c W
: 3 z _1j,m+2n (=h)™ = g(2n)(o) n=0,1,*++,N
3 =0 m! 13 2
¢ ¥ dy4,me2n m (2n+1)
) A - gii™H o n=o0,2,0em -1
(13b) < P ) j =1,2,00¢,®
M c_ .
V e .m0 n=0,1,,N
=0 m! 2j 2
5 d1.;“m+2n . = gl2n*1) (o) n=0,1,°*+,N.-1
m! 2j 1
% m=0 7
; Mg N2 a ‘
z ij,m+2n k2n = Z ij,m+2n k2n+1
t (2n) ! (2n+D) !
n=0 n=0
3 E N N
] Zl i,j-lms2n 20 , Zz %,3-1,m2n 2041
3 e (2n)! 22 (2n+1)! m=0,1,°°°,M-1
(13c) < > i = 1,0 son,1,
s N N ek
: X 22 ©4j mane2 2001 | z1 44 mam 20 - j=2,3,000,
(2n+1) ! L T(2n, "
n=0 n=0
N N
22 Si,j-1me2n+2 | 2041 Zl 9i,4-1,m2n 20
Lo T (aneD)y Lo~ ()
/
M e, M c,
z _13'_““'2( h)" = Z Ll_'j_';"_"’.ﬂhm n=0,1,-",2N2+1 i =2,8, 55,1
= m! 0 m!
(134)
2 di' m+n m e di-l m+n . m
j 2R ™= ¥ _i-1,j,m+n i n=0,1,s+¢,2N, -1 j=1,2,000,%
3 =0 m! #=0 m! 1
: N N
E M A M i
4 (13e) utnty = ] —l——~m‘. ('2“:;2!" xl;t?n - m—-J———f(é:Ii')‘l x';t;n+1
| J J m=0 n=0 J m=0 n=0 i
q i
3,, 5 e
; ij ,MN M N e
4 MINT xicj (N even) i 1.2, )
| dij,men-1 mow i ARSI
’ MIN! i%3 < J b=
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The final term in (13e) arises because the highest coefficients computed in (13a) to (13d) are

©13,Me2N 41 and dij,M+2N1—1'

and this must be deleted.

The double sum in (13e) contains one term that is not computed

We now test system (13) for stability. To examine one Fourier component of the error we

set

(re
ijn

d

ijn

= B]eZLLah&

i B]e211aha
n

Substitution of this into (13c) and (13d) gives the following set of homogeneous equations.

(N 1 o o
) (1-8_7) |, 2ng Si (1487) , 2n+ly e
(2n) ! m+2n (2n+1) ! m+2n
n=0 n=0
m=0,1,°**,M-1
N N
_ s e A S
o (2n+1) ! m+2n+2 RS (2n) ! m+2n
(14) < .
M m =2ich
((-1)"-e Lo o
y = Nc, =0 n=0,1,2¢,2N3+1
m=0
M m -2iah, -~
((-1) -e ) .m & = Sete =
) e LD B TR R
m=0

\

The matrix of coefficients of (14)

resembles the Sylvester matrix encountered in II except

that this one has four sets of staggered rows instead of two. We note that if its determinant

is set equal to zero, we obtain an algebraic equation of degree 2M in B and thus we seek

2M solutions for B for each fixed a

~ n

Cn - z ,

o n+l
d“ =% 2 ’

. The substitution that collapses the equations is

n=0,1,**°,M2N_+1

2

n = O.l,"‘,M+2N1-l .

Then the two linearly independent equations that survive are

N N
sy Z (kz)Zn a5 1*5-1 ZZ (kz)2n+l
n=0 (2n) ! 1-8-1 <80 (2n+1) ¢

and

-14-




P

I e e s . -

M M
i § inz) e D N
(2m) ! (2m+1) !
m=0 0

where ¢ = cot ah. Equation (16) is of degree M in 2z and for fixed ¢ gives M solutions.
Then equation (15), being linear in B but double valued, furnishes the full 2M solutions for
8.

For non-trivial solutions for the errors we must have that equations (15) and (16) hold
-1

1

simultaneously. When |B| = 1 the factor is purely imaginary so that (15) is of the

form (I-16). The root loci of this equation}-gisplayed in Figure I-1, are reproduced here in
Figure 1 for the variable kz. These curves divide the complex plane into regions where solu-
tions of (15) fall for |B| < 1 and for |B| > 1. since (15) is double-valued, however, any
point in Figure 1 that corresponds to a solution for IB} < 1 also corresponds to another
solution where [B| > 1. Thus any value of kz not on a curve or the imaginary axis of Figure
1 corresponds to an unstable error. Equation (16) is also of the form (I-16) and thus Figure 1
represents its root loci for the variable hz, parameterized by c.

For stability of any difference scheme (13) of order (M,N) we must have non-trivial
errors only for |B| < 1. To investigate whether this is the case we identify the roots hz of
(16) as the curves corresponding to M and the imaginary axis of Figure 1. These curves are
mapped into the same diagram but for the scale adjusted to that of the variable kz so that the
value of B in (15) can be ascertained. If the mapped curves fall only upon the curves corre-
sponding to N and the imaginary axis then all errors occur for |B| = 1 and the scheme is
stable. For any other case, some errors correspond to IB! > 1 and instability results.

Clearly scheme (13) is stable for all h, k, N if M < 4 since the solutions of (16) lie
on the imaginary axis and, under the stretching of a scale change, remain there. This result
we anticipated from section 3. An additional set of stable schemes is obtained by setting

M=N and h = k since the roots of (15) for |B] = 1 and the roots of (16) then coincide.

In this way we obtain stable difference schemes for (1) of arbitrarily high order.

-15-
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5. Truncation Error and Consistency

We define the truncation error of a computed quantity as the difference between the com-

puted and the exact solutions for it. Thus the truncation errors éijn' dijn and Gij are

given by

e ) c(e)
ijn ijn ijn

0

] &, %@ =as
e ijn ijn ijn
| w,, =0, - uf?)
3 1) 1] 1]
EZ where cijn’ dijn and uij are the computed solutions and satisfy (13) for finite M and N
N | - (e) (e) (e) . A "
g wvhlle e . ; d_. and u. . satisfy (13) for M =, N = ©». Substracting the two forms of (13)
B - ijn’ “ijn ij
3 we obtain the following equations in the errors:
k1 N, - N, =
N
A ( f‘ €i1,m+2n K20 _ f 941, m+2n el
] 1
F : k0 (2n) ! neo (2n+1)!
el
f?' - cfe) - dfe)
2 - 2 il,m+2n k2n o z il,m+2n k2n+1
& e (2n) ! & (2n+1) !
1‘ n—N1+1 n—N2+1 a= 0,1, ees el
] (17a) < > {
. N =~ N e _i=1121""L
: 22 €il1,m+2n+2 W2l Zl 441,mr2n 2 o
1 g 2n+1) ! 1 &
‘ a0 (2n+1) s (2n)
& . (e) (e)
o c ©
f il,m+2n+2 = 2n+l il,m+2n , 2n
i - z (2n+1) ! & 2 (2n) ! K
! L n=N2+l n=Nl+1 * w
4 F gt (e)
- oo C, .
z ij,m+2n (_h)m . Z ij,m+2n (_h)m
m! o m!
m=0 m=M+1 now O,1,09%,R S
M é g ® C(e,)
e 2 LJ,m+2n hm = z Lj,m+2n hm
| m! m!
144 ¢ 4+
(% (17b) 4 L ol j=1,2,000,>
& -
g M d o © d(?)
b 2 1j,m+2n (_h)m e z 1j,m+2n (_h)m
m! m!
=M+
= i n=0,1,000,N-1
M d %5 d(e)
2 Lj,m+2n hm - z Lj ,m+2n hm
Lm=0 i -vel1 ™ i
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If the determinant of the coefficient matrix of (17a) to (17d) is not zero then the solutions

for the errors Eijn and aijn are o(hM+1,kN+l). If this is so then it follows from (17e)

= + : : y .
that uij is O(hH 1 kN+1,thN) The difference scheme (13) is consistent with the different-

ial equation (1), the boundary conditions (2) and the continuity conditions (3) since the errors
vanish as h and k approach zero, for all M > 1, N > 1, provided that the coefficient
matrix of (17) is of full rank.

This last condition is investigated by examining the homogeneous system formed by deleting
the terms on the right side of (17) and the errors at time step j~1. Then we may delete the

subscript j obtaining the system

-
~ N ~
f’ c1,m+2n k2n », f di,m+2n k2n+1 -5
=0 (2n) ! e (2n+1) ! m=0,1,°**,M-1
(18a)
2 c. N d i=1,2,°%°,L
Z i,m+2n+2 n+1 X _i,m+2n , 2n _ o pissl 4
(2n+1) e “(zn)t
\
(n &1 m+2n m M <~:L m+2n . m
2 —'——(‘h) =0, Z ——=—h =0 n=20,1,+*,N
m! m! 2
m=0 m=0
M d M 3
z 1,m+2n ( h)m -, 2 EELEiZE.hm —i6 o By Lo Ak
m! m! 1
m=0 m=0
(18b) ﬁ =
M (=h) h
z i,m+n i-1,m+n =0 e e
m! 2
m=0
M d (-h) -4 P i
- +,
; i,m+n i-1,m+n 6 e
- m! 1 o
m=0

The following substitution, motivated by the treatment of (14), turns out to give general

solutions for (18):

7o
c. = A.zzn
1;2n i
5 ¥ B'ZZn+1
i,2n+1 : &
(19) %
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T R

3 2n+1
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On substitution of (19) into (18), the following notation becomes convenient.

M M
) 3 2m 2 2m+1
= (hz) " (hz)
Hy(h,2) = ] T ¢ Bl = ] i .
m=0 m=0
(20)
N N
1 2n 2 2n+1
s (kz) Rt (kz)
Ko = | Gor 0 K2 = S -
n=0 n=0

Then substitution of (19) into (18a) results in a number of equations that differ by factors

that are powers of z. The linearly independent equations that survive are

2 A, 0 3\

-K K Z Gl 0/,

? i=1,2,0°°,L

~
-
1
bal
~N
=2
A
I}
o

-K2 Kl z Di

For non-trivial solutions we require

(21) Kl(k.z) -

)
I+

Kz(k,z)

and then we have

(22) C, =

5

i=1,2,°°,L

(=]
[}
1+
®

Placing (19) into (18b) and using (20) and (22) we again obtain a large set of equations that
reduces due to factoring to the independent set

HA, - HB, =0

11 271
H (A,-A, ) -~ H (B.+B, .) =0
(23) 373 Tisk AR . (1 (A ‘} § w3,
H2(Ai+Ai_1) - Hl(Bi-Bi-l) =0
o i il = T ¢

For (13) to be consistent with (1), (2) and (3) we must not have non-trivial solutions for

the errors in (18). These errors are non-trivial if (21) is satisfied and, in addition, there

«20=
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i
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!
i
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are non-trivial solutions to (23). To test for consistency for a given choice of M, N, L, h,
k, we place k into (21) to determine 2z and then if the determinant of the coefficient
matrix of (23) is non-zero, (13) is consistent. It would seem unlikely that a random choice of
h and k would give an inconsistent scheme. We found in section 4 that to obtain a stable
scheme for M > 5 we were forced to take h =k and M = N. This choice happens to give a
consistent scheme since (21) leads to Hl = * H2 and then the rows of the matrix in (23) are
mutually orthogonal which implies that only trivial solutions exjist. Thus we have a stable,
consistent, and arbitrarily accurate difference approximation for (1).

As in II, it is difficult to prove that substitution (19) yields all solutions for (18)

since one does not have a general formula for the determinant of the matrix in (23). The work-

ing of several examples, however, indicates that (19) is sufficiently general.
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6. Lowest Order Scheme and Concluding Remarks

We have indicated in II that the lowest order scheme generated by the Power Series Method
for the heat equation coincided with Keller's Box Scheme [3] for the heat equation. Making the

same comparison here we set M =1, N =1 in (13) and eliminate the coefficients cijn and

dijn in favor of the solution values uij' We obtain the following difference scheme, arranged

to display the approximation of the derivatives of (1).

= = - +
b 5 70 15 ik 700 T Wl o T 1 Rl 0. o i 7% 1 e 7 T M T W e L PR
a(2x)2
R TR N S T N, T s e P,
2 (ui-1,3+1 Zui.J+l+"1+l.J+l) 2(ul-l,J 2u1,3+"1+1,3) . (ul—l.J—l 2“1,3-1 Yi+1,5-1) -

a(2n)2
Alternatively, if an auxilliary variable v is introduced into (1) so that we have

u_ v du_ dv

Jx w 9E.  GE & 9%

then the Box Scheme [3] used on the derivatives of this system, with the resulting variables
v eliminated, gives the above difference scheme. This demonstration strengthens our specula-
tion made in II that the lowest order scheme in the Power Series Method applied to any differ-
ential equation gives the same result as Keller's Box Scheme when the latter can be applied.

In conclusion, having applied the Power Series Method to the wave equation, arbitrarily
accurate difference schemes have been produced. The point of expansion of the power series
within each cell was taken as the center of the cell in order that the t-discretization be
stable. The heat equation at this stage required only that this point be at least as high as
the center point and was later chosen to be the center point to make the total discretization
stable. We speculate that the center point of the cell should always be the point of expansion
of the series. The stability tests of sections 2 and 3 indicated that the t-discretization was
unconditionally stable and that the x-discretization was stable only for M < 4. The stability
test for the combine discretization corroborated these results in that M < 4 was uncondition-
ally stable for any N. Another stable set of difference schemes that was not predicted by the

semi-discrete stability tests was the case where h =k and M = N. This is the set of

«2Pe=
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schemes of arbitrarily high order of accuracy, and there was no equivalent for the heat equation.

In order for any difference scheme to be consistent with the differential eguation the step

2 sizes and orders of accuracy must meet a mild restriction. When M < 4, stable schemes must be

1 1 tested for this restriction but the case h = k, M = N was shown to satisfy the restriction.
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