AD=A068 992 TEXAS UNIV AT AUSTIN CENTER FOR CYBERNETIC STUDIES F/6 12/2 \

i A BI=EXTREMAL PRINCIPLE FOR ESTIMATING EFFICIENCY FRONTIER PARA==ETC(U)

! MAR 79 A CHARNES: W W COOPER: A P SCHINNAR NOOD14=75=C=0616
UNCLASSIFIED CcCS=329 NL

| o | I : ;
... 5 | |

DATE A
FILMED '

6-7/9




=

I
I

e

A

N

O

MICROCOPY RESOLUTION T

ONAL - BUIRE

—

. m )8 “ 25
— A
e .
b
e i 29
™ to R
(W B
o P
vk 20

Il

it foe

CHARY

e ANDAK .




ADAOG899L

CENTER FOR
_ o GYBERNETIC

STUDIES

The University of Texas
Austin,Texas 78712

>
o
Q
[
Ll
g
s
D
==
=

Il‘[s ;) b" G‘\"IQV
S 2CT .

i dOCum nt hc n g

P b i 2 38 Gu sCiT X

(Ol 1pis ieiew i - l 8

distribution is unlimited.

\

Sl e Lot assa st sttt




Research Report CCS 329

A BI-EXTREMAL PRINCIPLE FOR
ESTIMATING EFFICIENCY
FRONTIER PARAMETER VALUES

by
A. Charnes*

W.W. Cooper**
A.P. Schinnar***

March 1979

*The University of Texas at Austin, Austin, Texas
**Harvard University, Boston, Massachusetts
***The University of Pennsylvania, Philadelphia, Pennsylvania

This research was partly supported by NSF Grant No. SOC76-15876,
"Collaborative Research on the Analytical Capabilities of a Goals Accounting
System." It is also supported by Project NR047-021, ONR Contracts N00014-
75-C-0569 & 0616 with the Center for Cybernetic Studies, The University

of Texas, and ONR Contract N00014-76-C-0932 at Carnegie-Mellon University
School of Urban and Public Affairs. Reproduction in whole or in part is
permitted for any purpose of the U.S. Government.

CENTER FOR CYBERNETIC STUDIES

A. Charnes, Director
Business-Economics Building, 203E
The University of Texas at Austin

Austin, Texas 78712

(512) 471-1821

document has been appro

for public relzase and salo; its
Yiatribution is unlimited 9 V ‘
K ) UV




e ey W N %

ABSTRACT

A new approach is supplicd for ovaluating the etfficlency
of decision making units, locating et({iciency frontiers and estimating
parameters from observational data. This {s accomplished by means of
a nonlinear-nonconvex bi-extremal principle which is subsequently
shown to be essentially reducible to a finite sequence of linear programming
problems. The development is illustrated by means of multiple output
functions which are piecewise of Cobb-Douglas or general log linear type
and which also allow for increasing, decreasing and constant returns to
scale. The reduction of the bi-extremal peinciple to linear programming
equivalence 18 also accomplished for much more general classcs of functions.
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1. INTRODUCTION

CCR [3) provided a nonlinear ratio extremal principle for determining

a plecewise linear c¢fficiency frontler for a collection of DMU's (Decision
Making Units). This {s fundamental to the subsequently developed procedures
of Data Envelopment Analysis which are used to distinguish between "Program,"
"Managerial" and other types of efficiency. See [2]. One limitation

of the preceding analysis, however, is that tie efficiency

frontiers are formed from functions which are of linear and/or piecewise
lincar type. Some situations may involve other,more general,parametric
families of functions. One may then need to estimate the parameters

with assurance that the resulting functions give the relevant efficiency
frontiers.

Here we shall develop a bi-extremal principle for simultaneously
achieving the parametric estimates and the associated efficiency measure to
be assigned to each DMU. The basic idea i1s as follows: We "envelope"
the observed values of the outputs by means of parametric functions of
the observed input values. The envelope is "tightened" to rest on possible
observed output values by means of @ minimization operation. Then the
parametric output functions are used to replace the observed output values
in the manner of the nonlinecar ratio maximization principle of CCR (3]
tor the efficiency determination of each DMU. Thus one obtains a bi-extremal
principle of "maximim type."

In this paper, and for output functions of Cobb-Douglas type
{(or, more generally, for "¢ linear" typo)lhl we show that this nonlinear-
nonconvex bi-extremal principle is, in fact, equivalent to a finite sequence
of lincar programming problems with one nonlinear vector operation. The
linear programs further differ only in the right-hand side, thus greatly

facilitating computation and analysis.

1] Seescction 6 below.
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Most current approaches to the estimation of extreme values
(e.g., as in mathematical statistica) are restricted to zero dimensional
values (or frontiers) such as the end points of a uniform distribution.
Our bi-extremal principle provides a new approach to the determination
of multi-dimensional (extreme) frontiers such as are required for efficiency
determination in the multiple input-multiple output situations that
are commonly encountered in publ.lc policy evaluation problems. The
principle is more general than such multiple input-multiple output
f applications, however, and extends to any case vhere extreme frontiers

are of interest.

2. BACKGROUND

We follow the notation convent lons of [3] and consider the commom

input and output values for a collection of DMU's defincd as followa:

x,, = the amount of input, LWLy veny WY

(1) 1
yrj = the amount of output, r =1, ..., s,

vhere § = 1, ..., n indexes each one of the DMU's beiny considered.

These ‘11 and yrj values will generally represent observations generated
from past behavior and we shall assume that they all have positive values.
The following formulation was given in (3] for determining

the efficiency of any specified DNDO from among this sct of J = 1, ..., n DMU's:

s
max h rEI "3152_~
1 Y%
(2)
subject to
s
Y, w.y
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Because the ratio in the functional also appears in the constraints we
have max. ho a h; S 1 in any case and, as shown (n {3}, h; - 1, {ff
DHUO is efficient. Note, in particular, that this provides a scalar value
for the wanted efficiency rating. l)
This scalarization is achieved via the non-negative weights 'r'
u, assigned to the respective outputs and inputs. These weights are not
assigned g prioxd in an arbitrary manner, however, but are determined
i objectively from the data as prescribed by (2). Hereafter
| we shall refer to them as "virtual weights " -- the intended analogy being
to concepts like "virtual displacements" and/or "vivtual work'" i{n physics
or vnglneerlngéj.vhlch represent magnitudes that are not observed directly
but are implicit, instead, in the undevlying pnysical principles and wodels.
In the present paper we want to replace the formulation in (2)

with another more general one that will,inter alia, enable us to

estimate efficiency for Cobb-Douglas type (multiple output) functions. We
want to do this, however, without losing contact with the developments in |3).

In particular,we want to preserve the Data Euvelopment Analysis procedures

of the preceding work so that we will thereby be able to effect evaluations
that distinguish between programs or technologies and managerial efficiencies
that are of importance for public sector guidance and contvol. See (2.

To help fix the fdeas, we present our development in terms of Cobb-Douglas

functions and then present the more general formulae.

e t—

1

‘JA discussion of the operational significance of this rating as well

as a transformation into lincar programming equivalents (e.g. for computational
efficiency) are provided in [ ].

2

See, e.g., the discussion on p.64&7 in (1),

e N ——
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3. DEVELOPMENT

Firet, we introduce the " envelopment condition” on the outputs,

£) gk KR w18 e

where the variables Moo and A' are constrained to be non-nogatlvc.kj Here
L]

4
the symbol lﬂl reters to the m=fold oroduct .of the x“ rd values so

that we are now restricting attention to functions which are of Cobb-

Douglas form == but cxtended to the case of multiple outputs v = 1, ..., &

o
in number. =J

As already observed ,we wish to make these Incqualities as tight
as possible. Hence we orient our objective toward a ainimization over

the Ar and “rl variables, as i{n the following,

s mou >
§ v A I x v
aans . adi rsl rr rel {o
Vou o Ay =
-
11 Y1 ®yo
(4) subject to
m o
v <A N.x T

vy = Tr 1=y
S

n
:
VeV S g%y

s N ¥
Aps Vot* Yp* Yy - 0.

Al
4

Recall that er and x" are observed positive constants.

See [4] and [S) tor further extension to the class of poaitive homogeneous
and analytic functions for these Cobb=Douglas tyvpe of formulations.
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This formulation provides our noul (ncar=nonconvex hi=cxtremal principle,
here formulated for functions of Cobb=Douglas (multiple output) type. Note

that, unlike the development in (2], we here have a Simultancous determination

ot (1) the paramctuer values Ar. Wiy and (i1) the efficiency ratings via (i11)

the "virtual weights” w  and e
|

The formulation in (4) involves non-convesity (or non=coneavity)
tn the bi-oxtremal ohjective.  lowever, s notod inonr Introduct ion,
we shall bring it into an cquivalent concave-convex foom redacible to
an a jpraort tixed tintte segquence of Linear programming problems with
one nonl incar vector operation,

& TRANSFORMATION

We now introduce the vartables zro via

. Mg
S S < .
) Al’ i=] \i\‘ - tro

As a result of adjoining these additional constraints to (4) an equivalent

objective function is

s
f.wz
r=1 v ro
(6) max. min. ERNG A S
w,u .'r‘ m
AN "
151"1%50 j
&
‘ - Q)
Next  we make the tollowing change of varviables, @.
' ¢ D
W » tw PN
- C r O 3
el g
' > )
u L] tu, (:\ *’»
1 i & 3
Q’Q Ny ']
¢ &
5 N
such that TS

&
’
8) i-‘luﬁ‘h‘ l. “)
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In these noew varfables we have a bilinear functional and (onstraints

as follows
s
Bax. min, L
vwiu' 2 rzl"‘r“
ro
subject to
mou
ri
Ar igl'to - *ro
. htl
(9 Yey 2 A (g

N
' , N
LIRS i=1"1%qy
m
. L}
1Lluix‘0 -

. L]
A, “rl' w , u

» B,
v R

By taking logs in the first two inequalities we can rewrite (9)

in the form,

"
max. min. t.w'e
" u' " rel r ro
¥ ro
subject to
. ~
(10) -ln:r0+ A+ ‘gl Mot %o <0
~ - -
= A glp Ve Ry * <
. P 05
‘\ At
in'y *yy -1 |
s % m 4
w. Y < 0

-

rot Apr bpge Mo ug 5 0

&

vhere the caret above a symbol denotes natural logarithm.
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5. LINEAR_PROGRAMMING EQU1VALENT

Notice i{n (10) that the w', u' and the z , A v U, sets of
ro 4 ri

variables occur (n scparste,independent sets of constraints. These two
constraint  systems restrict thelr separate varlable sets to convex and
feasible sets. Further, with the bilinear functional, the bi-extremal
problem is equlvalcn& to a saddle-value problem and such an equivalence
would hold for much more general bi-extremal problems than (10).

we shall pursuc this generality in subsequent papers.

Here  we note next that the rr " Ar' Y ( constraint system
(%] r

sceparates into independent systems with one system tor each output Index r.

Thus for any set ot the non=-negat ive w; values, we wish to minimize each

ro

et
the £ problem would be:

2
'rv
\

min. o

(10.1) subjoect to
s ~ '\“ N
z w & = Aoty > ()
ro v EM YN =
N ‘n -~ -~
N { N AY -
r i¥1'ri i) rj iy 2
l‘ri 0 ¥ L B ey M
ir‘
% ‘ % 5 3 5 ~
dr, stince minimiziang ¢ is equivaleat to minimiciag 2, we have the
ro
pProgramming problom,
e
o
\ll) 5Ub_’ck‘t to
~
- A - g i ]
ro v 1sl ri 0o =
~ ~ -
O > =|
1 ity = Ye o 4%h » B

: th
2 subject to its separate (r ) constralnt svstem. Setting z " = in(z_),
re

ro

lin-ar




Notice that the tunctional and matrix coetficient structure of

this linear programming system is the same for all r=l, ..., s. Only the

-~

right hand side, the vrj' would change with r. If one were to solve the

system via the dual linear programming problems, only the functional
would change with r. One then knows a priori cach functional to be
employed. Thus an optimal bas: s for one value of r would be a feasible
basls tor any valuc ot r.

On obtaining the optimal z  “2* , we make the inverse
ro

ro

(exponential) transformation to get z:o and thereby secure the following

linear programming problem to detcermine w'® | u'*, (hence w*, u* {f desired):

s
A
m.lx.r{-l Ur z:“
) ), e =
(12) =1% %0 1
subject to
s m
: ' - 3 ' <0
vel “e¥ey T a2
u;. u; > 0.

The maximal value of the functional \ :}w*'z:n)is then the cfticiency rating

for l»ﬂn). Simllarly, the optimal values of the variables,

m u:
AR * ~ 3 b - as » O > . * 1 tion
Ar' e give us the local Cobb-Douglas type envelope Ar 151‘10 func

at this "0"™ pmu.
& CENERALIZATION
It is clear that to get equivalent linear programming svstems of the E
sort of (11) and (12) to our bi-extremal principles much more general output
functions than those of Cobb=Douglas or pgencral log lincar tvpe are permissible.

We shall call an output function u‘ﬂl. ceed® L X0 cuy x ) "¢-linear”" 1ff:
ml l mz
-3
13 . = oef
(13) VIr(0,x)] ;\}’.l 8, M ¥

where ¢ s a monotane strictly increasing function.

We shall assume each output function 8, is or-ltnear. AppIviag

the same techniques as in our Cobb=Douglas cases, we can reduce our bi-extremal

principle to solution of the following two 1incar programming systems. Firest,
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(14.1)

I :
mlB_)cct to ) = i‘r(V ) . f & b sosu B

plus any other relevant lincar incqualitics on the Or which do not

-
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tnvolve any other value of r. Vich min :'r\ LK : available, the efficiency system
. ‘
then bocomes the sccond of these two Linen programs -- viz,,
A
max. L.ow' -l("" )
e e
14.2)
23 subject to ‘§¥ﬂ“in -3
s m
! - u' <
l;llyr) i=£11 1]
w'y u 0 .
I i -
CONCLUS1ON

Between CCR [3] and the above,we have now explicitly covered the
case of ¢-linear functions -- wnich includes log linear and Cobb-bouglas

families of functions. Convenience of use and the extent of their validation

"

EzD T LG

NISE

'
A

FROM CUPY kU

in empirical studics makes members of our Cobb=Doug:as familv of special interest. It

should be noted, morcover, that our formulations extend to multiple outputs and
to viticiency trontiers wnich are piccewise Cobb=Douglas. Also,
woe did not restrict the choice of Pri to the casc of constant returns to
scales Hence, unlike the piccewise Lincar casce of 3], we now permit
incrcasing and/orv decreasing returns to oscale both in the trontiers and
in the DMU's being cvaluated.

The measures for efticiency, however, retain their operational
significance. Sce [3]. [t should be specitica'ly noted that in the cases of

increasing, decreasing and constant veturns to scale the ctficiency evaluation

is effected by reference to the frontier segments that have this same property.

In
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other words, we can now ascertain whether a DMU that has increasing
returns to scale is operating efficiently within any such zone as well
as whether it is attaining scale economies. Moreover, we can also
restrict particular coefficients so that they provide only one of
increasing, decreasing or constant returns to scale. This could be done
by introducting inequalities on the exponents or functions without
altering any of the properties of the above models. Finally we should
note that these multiple output/multiple input formulations permit
these features to be used in some of the output/input relations without

requiring them for all of the others at the same time.
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