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AK STRACT

A new a%)pr o1% ch is supp i t  t’d for t’vnl nat I ~~ L hi~ i 1  f it ’ tt’ney
of decision making units 1 locating ut l ic iency f ron t i er s  and est im at in g
parameters from observational date. This is accomplished by means of
• nonlinsar—nonconvex bi—extr.mii t pr inciple which Is subsequently
shown to be essentially reducible to a finite sequences of linear programaing
problems . The development is illustrated by means of mult iple output
functions which are piecewise of Cobb—Douglas or general log linear type
and which also allow for Increasing, decreasing and constant returns to
scale. The reduct ion of the bi-txtruaal p~ tnc t plu to l inear progra tng
equivalence is also accomplished f~ r much more general classe s of t unct ions
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1. INTRODUCTION

CCR [3 J provided a nonlinear ratio extremal principle for determining

a piecewise linear efficiency front ier m r  a collec tion of DMU ’s (Dec ision

Making Units). This is fundamental to the subsequently developed procedures

of Data Envelopment Analysis which are used to d istinguish between “Program,”

“Managerial” and other types of etfic~iency. See 121 . One limitation

of the preceding analysis, however , is that tiw efficiency

frontiers are formed from functions which are of linear and/or piecewise

lth.ar type. Some situations may involve othcr ,more general ,para metr ic

families of functions . One may then need to estimate the parameters

with assurance that the resulting functions give the relevant efficiency

f r on t i e r s .

Here we shall develop a bi—extremal principle for simul taneously

achieving the parametric estimates and the associated efficiency measure to

be assigned to each DMU . The basic idea is as follows: We “envelope”

the observed values of the outputs by means of parametric functions of

the observed input values. The envelope is “tightened” to rest on possible

observed output values by means of a minimization operation. Then the

parametric output func tions are used to replace the observed output values

in the manner of the nonlinear ratio maximization princ iple of CCR [3]

b r  the eff iciency determination of each DM1.1. Thus one obtains a bi—extremal

princ ip le of “m~x imt n i  type .”

In this paper, and for output functions of Cobb—Douglas type

~or , more generally, for “
~~ 

linear ” type)U we show that this nonlinear—

nonconvex bl—ext rema l pr inc iple Is , In fact , equivalent to a finite sequence

of linear programming problems with one nonlinear vector operation. The

linear programs further differ only in the right—hand side, thus grea tly

fac ilitating computation and analysis.

~
j  See section 6 below.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



.—.-~— - - - .-- .-
~ —- -~_________ - ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~ -

-2-

Most current approaches to the estimat ion of extreme values

(e.g. as in mathematical stat istics) are restricted to zero dimensional

values (or front iers) such as the •nd point s of a unif orm dis tribut i on.

Our bi-extremal pr inciple provides a new approach to the determination

of multi—d imensiona l (extreme) frontier . such as are required for effic iency

determinat ion in the multiple input—m ultiple output situa t ions that

are co~~~nly encountered in publi c policy evaluation problems . The

principle is more general than such multiple input—multiple output

appl ications, however , and extends to any case where extreme frontiers
are of interest.

2. BAcKC. guut4n
We follow the notat ion convent ions of [3j  and consider the c oemom

input and output values for a collection of DMU’s defined as follows :

x ~ — the amount of input, t • 1., ..., a;
(1)

y • th. amount of output , r • 1, ..., a,
Ti

where j  • 1, ... , n indexes each one of the Dill ’s be ing considered .

These x~ and values will generally represent observations generated

from past behavior and we shall assume that they all have positive values.

Th. following formulation was given in (3J for determining

• the efficienc y of any specified Dill fro. among this set of ,j • 1, ... , n Dill ’s:
I

max h r 1  r ro  -0

i~ l ~ t~~to(2)
su bject t’~

~~r•I r r3
~~~~~~ ~ 1, ~ • 1, ..., n

W , u~~ 0, V t ,r.

_ _ _  
_ 

_
______ 
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Iecause the ratio In the functiona l also appears in the constraints we

have max. h • h~ ‘. I in any case and , as shown In 1~~I. h* — I, j f f
0 0 —  0

Dt4 is efficient . Note , in particular , that thin provides a scalar value

for the wanted effic iency rating .

This scalari :atton is achieve d via the non-negative weights y
r .

u1 assigned to the respec t ive outputs and inputs. Thes. weights are not

assigned g priori in an arbitrary manner , however , but are determined

objectivel y from the data as prescr ibed by (.‘). Hereafter

we shal l refe r to them as “virtual weight. “ —- the intended analogy being

t o  concepts like “vir tua l  disp lacements ” and/or “virtual work” in physics

or enginuering~~ ,whtc h represent magnitudes that are’ not observed directly
hut c c  implicit , instead~ in the underly ing pnysical principles ani wodels.

In the present paper we want to repLaces the’ t or~~ulat ion ifl ~2)

-

• 
w i t h  another more general one that will,lnt.r alta , enable us to

est imate eiftcienc’~ for Cobb—Douglas type (multiple output) functions. We

want to do this , however , without losing contact with the developments in [3).

In part tcu lar ,we want to pre ser ve the Data Envelopment Analysis procedures

of the preceding work so that we’ wil l  thereby be able to effect evaluat ions

tha t distinguish between programs or technologies and managerial effic iencies

th.~t are of importance tor public sector guidance and control. See (23 .

To help f ix  the ideas , we present ~~~ development in terms of Cobb—Douglas

functions and then present the more general formulae.

iiA discussion of th~’ operational signif icance of this rating as well
as .i transformation into l inear  programming equivalents (e.g. for computat ional

e’f i tc iency) are provid ed in ( 
~~
.

e.g., the discussion on p.M~ in 111.
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3. DEVgLOPMEIIT

First, we Introd uce the “ env elopment condtt iom” on th. out puts ,

m
~ A1 

~~ 
, _I • I, ...,

where the variabl es 
~ 

and A are const rained ~ be non—negati ve .~~ Here

the symbol retei~. to the s—fold nroduc t ~of the ri value , so

that we are now restr~~ ting attenti on to Iui~.t ion,, w h i c h  are of Cobi’-
Douglas form —— but c*t ended to the ~~~~ of m iu lt ipli’ out putt. • I , . . . , s
in number.

As already ohserved ,we wi~h to make’ t Iu t ’Sc ine qua lities as t ight

as pos sible. Hence we orient our ol tective ’ toward a minimisation over

the A and u~ var ia b les , as in the following

I m u
r w A  r r i

r~ l r r r~ l tomax . m m .  _____________ -w ,u A,r~
$ri

t~l i to

(4) subjec t to
m ~v A• rj — r i—I ij

r~ i~ r~
’rj •~~ i~ l~ t~ lI

A ,  
~rt ’ Wr~ 

u
1 

0.

R.c.ll that 
~rj 

and ~~~ arE observed positiv e constants.

• Li~ ee (4) and (S) to t  further extension to the’ cL,iss of posit lvi’ homogeneous
and analyti c tune t tons for these Cobb—Douglas t ‘ pc ci formulat tons.

3
- .—

~~~~~ —‘~~~~
.-•——-.—--—-~ -- f—, -
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hit s furmu I .u Lou i’t cv (U e’* ou r non ! tu ~~~~I r — ucuuc OIIV i X ii — e ’  ~ t rtm~1 I p Inc p ie ,

here forautsted for functions ot i obt’—t~’uigIas ( i ,t ut r  (pie output ) type . Note

that , unlike the development in ( .‘ ) .  we’ here hay. .~ s imultaneous determination

fl (1) the param et.-u - values A , 
~“ 

and ( it )  t h e  e f f i c ie ncy  ratings via (iii)

the “virtual weights ” w and u
r

11ie~ formis (~ i 
j~ (4 ~

.o 
~~~~~~ ~~~~~ 

,.: - 

~~ 
- c i t  V

Ifl t hue hi — ex t  re’m.u I •.h ~~~ t ye .  h I . ~~~’ t . ~ I t Ii~ ‘ , t t i l t  rudest t i t in .

~~. sh.e 11 hr tn~ t n it ’ en equ u v~i I i-nt ccnc lvi — . ~tuv.  - x t ‘ t r n  rid t ic i hi C it ’

~sn .~_j~r to r t  I ixe.i i ll  Le sei~uen. .~ % I h t e t .ui 
~~~ ~~~~ u • i n i n u ’ i e~ t r e t . I tm~ 

i. it  h

one ueon 11 neai ye.- (0 ,  cp.’ u .u t iou

4. TKAN ”FO RMAT iON

We now t~ t ruduce the variables z vi:,rn
m

(“) A ‘ r i
I t•1 to  — ro

As a result of adj..ining these additional constraints to (4) an equivalent

4 objective func t ion ~ s

1
.~~w z
r•l r ro

(i.) m.sx . mi i i .

to  

I

Sc ~ t ~-e m.ike~ t he t .. 1 tow  i n.~ c h,.uue~~,- . 1  V . I I  I .ih I i - ..

i. ’ • ii.-

I.’) r r

1 ~~~
‘ •
I

1-
suc h that ... 

~~
.

I.

- ---—-h ~~ .~~c.i~~.tpt
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In these f l ew  variab les w~’ havi~ .1 til lIne ar functiona l and onst raints

as follow.

I

~~x . m m .  
~r 1 r ro

r o

subjec t to

“ 
~riA i x  zr 1 1  to — ro

(9) v
1 •~~ ~~ 

f l ,~~
t

S

r i ~ r ” r i

i 1 1 Ic

A , Ur 1 
w ’, u ’ ‘ 0.

By taking logs in the f i rs t  tWO in.qualitie we can rewrite (9)

in the form ,
m

max. m m .  �. ,‘z, , r•l r tow ,u a
to

subject to

(10) IflZ + A ~ i~ i t’r t  ~io o
m

— À  —r t •l t i  ,~ _~~~_

— rjm

•

r~ l ~~~~ - 1~ 1u x~~ ~ 0

Z I A~ Un . W ’ , U > 0

when, the caret above a ‘.vmbo t denotes natura l logarithm .

_ _ __________________ ----
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‘1. LINEA R_PR0CkA!~Q4 iNt J 1VAt.F.NT

Notice in (10) that the w ’, u ’ and the z , ~~~~. 1
~r i  

sets of

variabl es occur in scparate ,indepcndent sets of constraints. These two

const raint 5)’$tems restr ict  thue ’Ir SCP.lrflht’ V.11 Idt)ie Me ts to convex and

feasible sets. Further , wit h the’ bilinear f isuut t io na t , the bt—cxt rema l

prob lem is equtvalen’t to a saddle—value problem and such an equivalence

would hold I or much more general hi-extrema l tiroblems than (10).

;;. shall pursue thi . generality in subsequent papers .

Here We nOt e  next that th ’ ~ , A , ~ constra int systemre, r ri

sc; arates into independent systems w i t h ,  one syst e m (o r each, output Index r.

T hes is (or any set .‘t t he ncn—neg.It (vi~ w valeit’. • we w i  ~.hs to minimize eac h

s subject to i ts  s h t .)r.lte ( r
th l ) const raint syst e m. Sct t  iug z • in(z ),t o  to to

h.’ r ~ ~‘ problem would be:

I t’m m .  ~

LU. 1) sub It - - i  i.

m
— A — • x -. ()

to r 1 I  
~~ 1o

PC — —A + L W I • ’ lSj \
I ) t , ) 1  n

‘ ri  ~ ‘ i — ~J , ..,

‘ b e e  min I m  i z Lu~ ~‘ 
~ is equ t v - i l  ‘iii to mit e s ‘i i .’ ~~~ 

~ro ’ ~~~ have th in ar

• ~ransu~ I ng prob 1

rd l vu . - .
S I- ’

tl I ) subject to

P.

- A  — L ,  ~.
t o  r ee l  rt  uo —

~u 
+ 

i~~ I~~ r l * t l  ~ 
its  n

> 0 , 1.1. .... m. 

- - - -~~~~~~~~~~~~-. -~~~~
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Notice that the t unctiona t and matrix eoehfic ten t structure of

this linea r programming system is the same for all r•L , ..., s. Only the

right hand side , the’ would change w it lu r. It sine’ were to solve the

system via th. dual linear programming problems , only the functional

would change w i t t i  r. One t hen knows a pri ori e.,ch functional to be

employed . Thus .in opt ima l h a s - . for one value of r would he a feas ible

ba~. Is I or any v.iit ,e oh r

On obtaining t he ’  optima l z • we ’ make the inverscro to
(exponentia l) t ransform..t ion to get z * and thereby secu re’ the following

linear progra In)~ ~.rnh1em to det e rmine w ’* , u ’*, ( l i t - i - . i.~~~, eu~~ i t  desired):
S

~ w ’z*r I r ro

(12) 
1
’

1 u
’x

1 
= I

~.uhject to
S
‘S 

— u ,,( C i~r~~t r ri i — I  I i~~ - -

• 0 .

The maximal valise of the functional t ~:.w * ’z * )is then the efticiencv ratingr no

for i)MU . ~ imilar lv , the’ chi t i ni.aI v.iIiie ~ of the var tables ,
m ~~A;. ~~~~ give us t hi~ local Cobb—I~~ugl.is type enve’lcpe’ A* 1
fl
1x~~

t function

at this ~~~~ DM1).

~~(:EN KK.J(l. I /..V1 ION

It is c lear th.it to get i’qsu tv.e l i•nt linear programming svctcms of the

sort of’ (ii) and (12) to our b i— ex tr i mal print ip le. much more general output

fetnct ions than those of Cobh—t)t ’ug%.s’. or genet ii log It  iwar tv~ t are pe rm iss Lb le .

We shall cal I an output f iunet ion g(,e 
• . . . ,

~~~ , x 
• 

. . . , x ) “e—i ine’ar” 111 :m I rn ,

(11) 
~ Ig( S,x ) 1  .~~ ~~~~~

where ~ is a monottlie ’ s t r i c t ly i n c u t s s t n g  function.
I

We sha ll .issume each Outpu t function g is 
~r

m n a
~ 

Apply i n g

the same technique s as in cur Cohh—I)oug Las cases , we can reduce our bt—extn.mal

principle to solut Ion of the f~ 1l~~ 4n, tW~ lthear pro*ramming systems . Ptrst ,

~~~- ~~~~~~ ~~r - 
- - 1T~~ -. - .~ ~~~~~~~~~~~~

--—~~ .--- - —~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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m m .  - ‘ ‘ I
I S  ‘1 r~

(l..l)
su~ jcct ~~ k~ 1 ~rk

’ rk ”
~~~ 

._: r t t  ) 
• 1 , . .. ,

i’ 1ti~ s u ci .  ot her i t  1cvj i i t  linear i t i t - pi.s L i t  ii - - . tin t h i t  wIt i t  Is do not

I nv’  tv~- .ini. ot he’ r v i  Its .  ot i . i m n ~. 
,~ .iva i i i  lilt’ • t lie- e l f  I ~ I enc v ‘.V s t e m

ri. ro

1* 11 ‘s ~‘rne~~. ( lie . -
‘ iii) 01 C t ie -.. .o’ I iii. c i  ‘i ci — — v i  . •

S ‘—4— I  - i-I
m ix. - t. ( S *  )

r ” l  t ro

- 4

subjec t to ~I
’ .5 1 ,  

— 1

“ )“ - 
— 

~ tI s - ~ 1) 2i r j i—i t L —-  7
-i-i -- ‘• ,

• ci . ‘ 0 .
I- 1 — t, _.

~~
~~

CON US iON

Between i C R  3~ and t he above , we’ have flow explicit ly covered the

C.ISC t~t ;—l i n ca r  functions —— w t ua c te includes log linear and Cobb—Douglas

f amLi Les of fuuct ions. Convenience’ of use and the extent of their validation

t O  .fl1~ i r  lea  I st cid I t s  makes me’mhe’r~ of our (~ohh—flou~’ : as f.imi lv of special interest. It

shou ld  be noted , c - ’e- t ew e r , that our t ornulat ions extend  to m u l t i p l e  out puts and

to  • :~ ‘ enc v t i-out  i.rs wnicn .-er e  i’~~t’t ’t’W ise’ ( :tibh— l)Ougl.es . i’lso ,

~~~~
- d id  iltit r es t  i t , (  t i l e  s ilo 1 e e  ot  U - to t i le  ~~~~~ (it Consta nt returns tor r u

s~ a 1.. l(en~ e , nut iL. C. I c e  p i e c ~ ~
-
~~ ‘ SC I I ICe - i r ,- s t  c i t  I -

~ I cs. now permit

in - i t Is t ug  s o d/ o s -  it ~~~i - i s  in~ r e t  s i i • ii~- t o  - - . - .u l.- l.ui Ii in t I le ’  I rout ic rs  anti

I C C  I It I)MU ‘ -c be’ I leg c v i  Iti , et eel ,

‘Flit’ m.a s it  rt~ for o f t  Ic I cot ’ i. • h~ wt v, r • ret a in t hi’ I r opi rat iona 1

si gfl ii IC .unc e . S~~e I I . It shots Id he s i t - c I I i ~~ S I  Lv noted t heat in the c - ases 01

in.’re.Is Lug , dec re- Is iICg anti cons tan t  ret urns to  s e a  It t lie c-I lie iencv eval ’ea t ion

is ~ C tccted by reference to the f ront icr segments tha t have this same proper ty .  In

~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _  —

~~
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other words, we can now ascertain whether a DMU that has increasing

returns to scale is operating efficiently within any such zone as well 
-

as whether it is attaining scale economies. Moreover, we can also

restrict particular coefficients so that they provide only one of

increasing, decreasing or constant returns to scale. ThIs could be done

by introducting inequalities on the exponents or functions without

altering any of the properties of the above models. Finally we should

note that these multiple output/multiple input formulations permit

these features to be used in some of the output/input relations without

requiring them for all of the others at the same time.

I

____ 
_____________ 

4 ‘1-- —- — -.~~~ .*~—-__-t_..-n-

- --b—-- ~~~~— — ~~~~~ —-~S--
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