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The work described in this report and performed during this effortrepresents a significant accomplishment in the structuring ofresource management algorithms for operating systems. First, atheoretical base was described that is a fresh and general viewof the resource management problems in complex operating systems.Second, an experimental facility was built to examine variousresource management policies.

A critical component of this facility, a virtual machine monitor,represents the resource management portion of an operating system.This facility allows one to virtualize a complete computer systemat a work station without having extensive peripherals at thework station.

V This effort demonstrates the types of capabilities that willcompose future operating systems.
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Preface

This final report on Contract No. F30602—77—C—0058 is composed

of two parts. The f irst part documents research on novel

resource management algorithms used in computing systems. What

we are referring to are the CPU, and memory management

algorithms that are the heart of the resource allocation function

of operating systems.

The contribution made by this research is of a fundamental

nature and we expect that it will revolutionize the design

of operating systems in the future. In particular a key con-
V tribution made by this research is an unification of the

page replacement policies in operating system. In fact, we

present here a result that shows that many of the commonly

accepted page replacement policies can be considered a

special case of the more general policy based on an ARIMA

4 (1 ,1,1) model proposed by this work.

The formulation of a unifying theory , which shows thE t previous

known cases are special cases of a more general case , not only

results in conceptual clarity and economy , but it actually

sheds further light on the conditions where the special cases
are really applicable.
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An additional fall out of this research , and a very significant

one, is that it becomes possible to design operating system 
*

memory management policies which are capable of adaptation .

The point being that the general unified theory, which is

presented in this report, supplies two key factors. First,

as we stated above, an understanding of the conditions under

which specific memory management policies are optimal and

secondly, a general algorithm which comprises these policies

as special cases. Therefore , one is in the position to

design an operating system which uses a generalized memory

management policy capable of adapting to conditions. In

other words, the ARIMA (1,1,3.) page replacement algorithm

could be embodied in such a computing system and the algorithm

would automatically specialize to its extreme special cases

when the operating conditions warrant.

Therefore, the key contribution of the first part of the report,

is a fresh, much more powerful and general view to the resource

management problem in computing systems. This contribution
V 

capitalizes on the very extensive and solid body of mathematical

V 

theory that has been developed by the control theoreticians.

The second part of the report presents work on new notions

on the organization of a debugging environrntnt. The basic

principle here is to give the person doing the debugging of

complex software an inexpensive work station with a number of

tools which enable him to obtain extensive snapshots of the

stat. of a complex software system.

.1
4-4
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The reason why the work station can be inexpensive and still

offer very powerful status capturing and reporting capabilities

is that the work station obtains most of its peripherals, through

a novel virtualization technique, from the host computer.

Since the work station is capable of transferring at a very

high data rate large sections of the main computer memory

it has the ability to capture extensive status information I ~and reporting it quickly.
I

These two parallel efforts were undertaken in this program, 
V

because the experimental apparatus needed to verify the

theories presented in Part I essentially supplies the complete

underlining structure for performing the exploration in Part II.

An inexpensive experimental facility was built by

connecting a PDP-ll/40 to a PDP-lO through a very high speed

data bus and by installing on the PDP-ll/40 a virtual machine

monitor. This kind of facility is of course a very inexpensive

and very convenient facility for exploring alternative memory

management policies. In fact, the virtual machine monitor - ;

is essentially the resource management function of an operating

system and the high speed data bus allows one to virtualize

a complete computer at the work station without having to have

any expensive peripherals at the work station. - , V

~—- ~~~~~
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Once this facility for experimenting on operating system resource

management algorithms had been put in place , it became very

natural to use it for exploring approaches to debugging of

• complex systeln3 running on the host processor and thu is

exactly the work that is reported in Part II of this report.

S

I.
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This thesis proposes the application of control theory to the

dynamic optimization of computer systems performance. Until now,

queueing theory has been extensively used in the evaluation and modeling V

of computer systems . It is a good design and static analysis tool .

However , it provides l i t t l e  run time guidance . For dynarntc (run time)

optimizat ion we need to exploit modern control theoretic techniques such

as state space models, stochastic filtering and estimation, time series

analysis, etc. In this thesis, a general control theoretIc approach is

proposed for the formulation of operating systems resource management

policies. The approach is exemplified by formulating policies for CPU

and memory management .

The problem of CPU management Is that of deciding wh.tch task from

among a set of ru dy tasks should be run next . The main problem 
V

encountered in the practical Implementation of theoretically optimal

algorithms is that the service—time requirements of tasks are unknown.

The proposed solutIon is to model the CPU demand as stochastic

process , and to predict the future demands of a job trom its past

behavior. Several, analytical results conoerning the effect of

prediction errors are derived. An empirical study of program behavior

is made to find a suitable predictor. Sev•ral. different models are 
•

compared. Finally, it Is shown that a zeroth order autoregressive

moving average model is the most appropriat , one. Based on this

-~~ ~- observation an adaptive scheduling algorithm called “SPRPT ” (Shortest
• Predicted Remaining Processing Time) Is proposed.

I
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The problem of memory management is also formulated as the problem

of predicting fu ture page references from past program behavior . Using

a zero-one stochastic process model for page references , it is shown
V that the process is non-st ationary . Empirical analysis is presented to

show that  the page re ference pattern can be satisfactorily modeled by an

autoregressive Int egrat ed moving average model of order 1 ,1 ,1. A two

stage exponential predictor is derived for the model . Based on this

predIctor a new algorithm called “A RIMA Page Replacement Algorithm ” ~s

proposed . This algorithm ts shown to be easy to implement . It is shown

that man y conventional page replacement algorithm s, Including Working

Set , are merely boundary cases of the ARIMA algorIt hm . The conditlcns

under which these conventional algorithms are opt imal are described .

V The limitat!cns of the formulation and possible directions for future

extensions are also discussed.

The ARIMA model does not take into account the fact that  a binar y

process takes only two values , 0 or 1. This discrepancy is removed by 
V

developing Boolean models for such processes. It is shown tha t if a
V 

V 
binary process Is Markov of a finite known order, ‘t can be modeled as

V the output of a Boolean (switching) system driven b) a set of binary

white ncises . Modeling , estimat ion , and predict ion of the process using

the Bcclean rodel is described. A method is developed for opt Imal

non—linear prediction under any given non—linear Oost criterion . All

the results are then generalized to k—cry processes , i .e . ,  processes

which take int eger values between 0 and k— I . Finally, the app licat lcn

of the model to the problem of memory manage~~nt is described .

a V
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Int roduction
Cont rol-theoretic view

Conventionally an operating system is defIned as the set of

V computer program modules which control the allocation and use of V

equipment resources such as the cent ral processing unit ( CPU ) ,  main

memory, secondary st orage , I/O devices and files (MaD7 I4 L These

programs resolve conflicts , at t empt to optimize performance , and

interface between the user program and computer resources ( hardware and

syst em soft ware) .

~.•j TROL-T }IEORETI& U~ Q~ ~j QPERAT~NG SYSTE~j

For a control theorist , an operatIng system is a set of

V 
ccntroj.lers which exercise control over the allocatIon of some system ‘

resource. The goal of each controller Is to optimize system performance

V while operatirg wIthin the constraint s of resource avaIlability.

FIgure 1 .1 shows scme of the components of an operating system. 
V

- The Cont rollers are represented by circles. The “load controller ”

cont rols the number of jobs allowed to lo~ in. The jcb controller (Job .

scheduler , or high level dispatcher) controls the transfer of Jobs from

the “subm.tted ” queue to the “ready ” queue . This decision is based upon

the ava i labI l Ity  of resources like mernory , rnagtapes , etc. The CPU
V 

cont roller (task  dispatcher , or low level scheduler ) con t rols the

allocation of the CPU. It selects I task from the set of ready tasks

and allows it to run . The paging cont roiler (page replacement
I

• 
algorI t hm , cr memory management algorithm ) controls th e t ransfer of

V 
pa!es frcm ‘ilrtual memory (dI~ ic or drum ) to pr Imary memory, and so on.
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Information V
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- /

V Device A Device Z
Controller Controller

V 
V .

Fiqure ~~ ControI-~hsovelic view of on operat ing system



1-4
Introduotio~Cont rol-theoretic view

The control components of an operating system are not much 
*

different from those of other systems, except probably, in tha t they are

non-mechanical. Obviously, there is ‘much tha t can be gained from

control t heory in the design and modeling of these components.
V Unfortunately, very little control theory has been used for thi. purpose

so far. Compared with the highly developed theory of oontrol systems,

most cont rol algorithms used in operating syst ems t oday are “priaitive~.

j~~ ~ JEUEING-THEORETIC W~ ~ OPERATING SYST~ 4

Most models of computer systems used today are queuelng—theoretio.

From a queueing—theoretic viewpoint, each controller of the operating

syst em is a server . Thus , an operating system is a queueing net work.

One very popular queueing model , called “Central Server Model”, is showo

in Figure 1.2. In this figure , circles represent servers and reot angles

indicate the location of queues. Such queueing models have been used to

explain many phenomena 000uring in computer systems (BuzYl]. Typical V

questions that have been answered using thi s approach are the

following

1. What I s the average throughput ?

2. What is the average utilization of the CPU , I/O devices etc. 
V

3. What Is th. average resp onse time?

- • 
V *. What is the bottlene ck in the system (would a higher speed disk do

better)?

- V 5. Wha t is the opt imal degree of multiprog ra~~ing?

--

VI
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Queue ing—theoret to view 
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Introduction
Queueing—th.oret Ic view

A vast amount of literature has been published to- answer these and
4

similar questions under a variety of assumptions, restrictions and
generalizat ions , For chronological survey, and bibliographie, see

(McK69 , Mun75 , K1e76, Lid ?]. Some of the issues investigated are the
following :

1. Service Discipline : KIM/ I , GIN/ I , N/Oil , FCFS, or priority
service , e.g. ,  see (Shu76J .

2. Types of Jobs : one or many classes (3C1475].

3. Devices included : Terminals only (Sch67j , terminals and I/O

device, (Buzll).

*. State dependsnt or stationary probabilities (Che15 ]

5. Exact or approximat e solutions (GaS73, 0el75, CHW75)
6. Par t by pert (hierarchical) solutions or whole solution (8C8753.

In spite of the wide applications of queueing t heory , there are
acme inher ent limitati ons to it. usefuln ess.

j,~ 
UNITAtIONS QL ~1EUEING THROB!•0~~ 

Qususing theory represents only average statistic.. It tries to

represent a number of Job. by the average characteristics of the class.

The ‘individuality’ of a Job is ignored. In this sense, it is a static

analysis . it cannot sat isfact orily represent time varyir.; phenomena or

dynamics . Therefo re, it is good only as a design time tool. It cannot
be used at operation t ie., for which we need ada ptive technique s that
can adapt to the individual characteristic. and time ..vsrying behavior of



Int roduction Page 1—7
Limitations of queueing theory

Jobs. To give a concrete example , a queueing model is ideal for telling

whether the disk i. the bottleneck in the system or whether a faster CPU

• will increase efficiency ( both design time questions). However, once we

have acquired th. proper disk and CPU , it does not tell us which job

from a given a set of jobs should be given the CPU or the disk next .

This is a dynamic decision problem , which can only be solved by the

V application of techniques from decision and control theory.

Queueing theory is good for modeling a computer syst em and , to a

cert ain extent , its subsystems. However , when we come down to the level

of a program , it cannot model its behavior (because there are no queues

to be modeled). Given a] ]. the known information about a program , it - 

V

cannot tell what the program behavior i~ likely to be in the near

future. This is a prediction problem. Again, control theory must be

used for this purpose .

Queueing theory cannot model the int erac tion between the space and

time demands of a program. Since the theory cannot model either the

space demand behavior of a program or its time demand behavior , it

cert ainly 1. inadequate for modeling the interact ion between the two.

Bad memory .enag.ment may cause frequent page faults and may degrade the

performance of an otherwise good scheduling policy . Still , the memory

and the CPU allocation policies of most operating systems to date are

more or less independent . This is due to a lack of clear understanding

of the interaction bet ween them. With the applicat ion of control theory

we hope to remedy this situation, because , given control-theoretic

~

VV

-
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Introduction
Limitations of queueing theory 

V

models of two systems, their Joint model can be obtained by modeling the

cross—correlation between the two.

j,j ADDITIONAL EXPECTATIONS FROM CONTROL THROB!

There are many concept s like stability, controllability, and

parameter sensitivity, tha t are well established in control theory but

have not been used in comput er syst ems modeling . We hope that the

control-theoretic approa ch will eventually lead to a better

understanding of these concept s as applied to computer systems. For

example , take the concept of stability, Instability in computer systems
V occurs in the form of excessive overh ead caused by frequent switching of

CPU between j obs, or by frequent oscillation of pages between main and

secondary memory. Instability in The control-theoretic approach i.

especially suitable Ce~ stability st udies , e.g., for determining the

effect of sudden demand variations, or the effect of measureme nt delays . 
V

There are well established techniques for this purpose.

Cofltrollsbility studies of computer .ysteas could similarly help

us to determine whether it ii possible to reach the optim um performance

V 
-
. 

state. Para met er sensitiv ity is alread y a big issue even in current

- 
V queueing models. One of the major st udies tha t investigated th e

V 

applicability of qu ueing modils to a real int eractive system was

conducted by Moore at the University of Michigan (Moo7lJ. One

conclusion of the st udy was that queue ing odels are very sensitive to V

paramet er values which vary consider ably with time and load varietions. V 

V

— V~ V,
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Expectation, from control theory

Again, control theory wit,h its well established techniques for

sensitivity analysis provides better hope.

J~~ SURVE! Q~ APPL.ICATI~NS Q~, CONTROL THEQRVX

Wilkes was probably the first to strongly advocate the

exploitation of control theory for computer systems modeling . In his

paper (Wi 173], he stated:

“We are not yet in a position, end perhaps never will
be, to write down equations of motion for computer systems.
However this does not exclude the design of a control
system. Indeed, it is just in circumstances where the
dynamical equation are not fully understood or when the
system must operate in an environment that can vary over a
wide range that control engineering comes into its own. ”

The paper presents many arguments for applying control theory . We do

not int end to duplicate those arguments here . To illust rat e his ideas ,

Wilkes prop osed a general model of paging systems.

Adapt ive policies for many components of operat ing systems have

been proposed . Dynamic tuning of allocation policies to improve

throughput in suit tprogra ing systems has been suggest ed by Wui f

(Wul69]. An adaptive implementation of a load cont roller i~ described

in (WillIJ . Blevins and Rasamoorthy have investigated the feasibility V

of a dynamically adapt iv, operating syst em (B 1R76). Two different

techniques for adaptive cont rol of the degree of suit iprogramaing have

been described in (DEL.76].

— 
~~~~~~~~ - 

V 

V
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The need for a control—theoretic approach was also stressed by

Arnold and Gagliardi (ArG7~$]. They proposed a state space -formulation

using resource utilization as the state variables. A dynamic

programeing approach to nemory management and scheduling problems is

described in (Lew7~l, Lew76). A survey of some early applications of

statistical techniques to computer systems analysis can be found in

(Ash72].
- 

V

The work most closely related to this thesis is that of Arnold

(Arn75 , Arn78]. Using correlation properties of the memory demand

behavior of programs, he has invest igated the applicability of the

Wiener filter theory to the design of a memory management policy.

j
~~ PRINCIPAL CONtRIBUTIONS ~~ ORGANIZATION Z ~~ THESIS

In this thesis we propose the following general cont rol—theoretic

approach to th. formulat ion of resource management policies for

operating systems.

1. In order to develop a resource management policy, model the V

corresponding program behavior as a stochastic process.

2. Using identification techniques and empirical dat a , identify a V

suitable model structure for the process’ and est imat e typ ical

values of model parameters. 

a eeeeeaeeeeeeea~~ 
* Th. term orocaaa is used here exclusively in the cont rol-theoretic
sense of stochastic process . To avoid contusion , the term ~~~ is used
to denote computer pr ocesses e.g. ,  we say ‘ready tasks’ inst ead of
“ready processes”.
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3. Based on the model , formulate a prediction strategy for the

stochastic process , and hence a resource management policy.

The policy so obtained is dynamic in the sense that it varies the

allocation of the system resource to a user job depending upon the

recent past behavior of the job. It,  thus , provides the run time

optimization not possible with the queueing theory approach. Also, V
V\.

notice that the individuality of the job is fully exploited. The key

step in the approach is the formulation of the stochastic process model

in such a way that the allocation problem reduces to a prediction

problem. We exemplify this approach by formulat ing cont rol-theoretic

policies for CPU scheduling and page replacement . Policies for

allocation of other shared resources (e.g., disks) can be, similarly ,

formulated.

Formulation of the CPU scheduling policy is described in

Chapt er II. Tb. time taken by successive compute bursts of a program is

modeled as a stochastic process. It is shown tha t the main problem is 
V

that of predicting the future demands of a Job from its past behavior.

A few analytical results are derived concerning the increase in the mesn

weighted flow time du. to prediction error. Correlation techniques

(also called time series analysis techniques) ar. used to identify a

suitable model structure for th. stochastic process. ~~piriosi data on

the CPU demand behavior of users of an actual time sharing system is

used for this purpose. Details of the procedure used for modeling and

parameter estimation fro. the data are included . In psrtioular, it ii

• V
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shown that the CPU demand process is a stationary stochastic process

having very little autooorrelation . The efficiency of several •

autoregressive moving average (ARMA ) models is compared . The fina l

conclusion is that the gains are very small and that a zeroth order

non-zero mean white noise ( ARMA (O ,O) ) model ii appropriate for the

process. Based on this conclusion, several different predicion schemes

are proposed. An adaptive scheduling algorithm called ‘Shortest

Predicted Remaining Processing Time’ (SPRPT ) is proposed.

In Chapter III , the problem of page replacement is formulated as a
prediction problem. Using a stochastic process model of memory demand

behavior, suggested by Arnold (Arn753, an expression is derived for the

cost of prediction error. The identification analysis shows that the

pro cess is non—stationar y. The non—stationarity is , however ,

homogeneous in the sense that the first differences of the process are

stationary. An autoregressive integra t ed moving average model of order

1,1,1 C ARIMA (1 ,1,1) ) is shown to be an appropriate model for the

process, A two step exponential predictor is derived for the model .

Based on this predictor , a new page replacement algorith, called the

‘ABIMA ” algorith, is proposed . Ivan though the origin of the algori thm

lies in complex control—theoretic ideas, its final Implementation is

very simple Moreover , it tu rns out that many conventional page

replacement algor ithm, lik, the working set algorithm (Dec68), Arnold’s

Wiener filter ai$*1 the (*rn 7~3, and the independent reference model

(*01171) are special cisc. of the ARIMA algorit hm. Tb. control—theoret ic

derivation of the conditions under which these algorit hms at. optimal is
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presented.

- 

- 
V. Chapter IV is devoted to developing new techniques for analysis of

binary processes like the memory demand process • The ARIMA model does
V not tak. into account the fact that a binary process takes only two

values , 0 or 1. In thi s chapter , an attempt i~ made to remove this

discrepancy. It is shown tha t it a binary process is Markov of a finite

known order , it can be modeled as the output of $ Boolean (switching)
-

~~cV

system driven by a set of binary white noises. Modeling , est imation ,

and prediction of the proces s using the Boolean model is described . A

method is developed for optimal non—linear prediction under any given

linear or non—linear cost criterion. All the results are then

generalized to k—ary processes , i.e., processes which take int eger

values bet ween 0 and k—i.  The model i~ shown to be applicable to a

- class of non—stationary processes also. Finally, the application of the
V 

model to the problem of memory management is described.

V . 

In this thesis we make extensive use of control—theoretic t erms

and concepts. However , sines a majority of the readers of the thesis

are likely t~ be computer scientist s, a tutorial approach i~ followed in

deriving the control-theoretic results. Whenever possible, simple and
V intuitive explanations of the inferences based on control theory are 

- -

V 
provided . A brief explanation of ARIMA models, which are used

- 
extensively in this thesis, is given in Appendix A. Further details of

- - control-theoretic concepts can be obtained from (Nel?3, 80470 , Ast7O , V

V BrN69].
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CPU Management
Problem Statement

L.1 PROBLEM 
~~IAI~~~~~~I

I

The problem of CPU management is that of deciding which task from

among a set of ready tasks be given the CPU next . In the literature

this problem is al so referred to as low level scheduling , short t erm

scheduling , or process dispatching. There has been a considerable

amount of work on designing scheduling st rategie, for optimizing

different cost criteria , single or multiprocessor st rat egies ,and for

different precedence constraints among the jobs (Cofl6). A comeon

underlying assumption in all these researches is that the CPU time

required by each job i~ known. For example , the simplest scheduling

problem ii that of scheduling n independent tasks with known CPU time

requirements of t 1, t2 ,., . ,t~ respectively on a single processor in such

a way as to minimize average finish ti*. for all users. If the jobs
‘ were scheduled in lexicographic order (i.e., 1,2,...n), the average V

finish time would be 
V 

V

R 
~~ ~~~(n—i.1) t1 

V

i. I
V 

A very well known solution to thi. problem i. due to

V~~ 

SaitI~ (3si56), This solution i~ called “SPT” or Short ast Processing

Time rule i.e., the jobs are given the CPU in the order of

non-decreasing CPU d mand . For those not familiar with this fact the
V 

- following example should prove convincing .

: Consider scheduling two Jobs 
~1 

and 
~2 with each requiring

V only one cycle of computation followed by out put . The ti.. required for

CPU and I/O are shown in Figure 2.1 • Tb. scheduling decision is to

L
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10 cpu

c~u

A. Job J~ is scheduled first. Average Response time * 17+31 ‘24 V -

JTT iT r~~~~~~~~time 0 10 16 17 3

a. Job J2 is scheduled first. Avircge Response time . $ 22

• 
cpu ~~~ J~~~~LTT~time O 6 16 21 23

FIgure 2.1; Optimal scheduling of two obs

— —- • V
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decide which of the job. get s the CPU first . Obviously there are only

two options: J
~ 

first , or 
~2 first . The calculation of the average

response times to the users in tbe two cases are also shown in the - f
figure. It is clear that scheduling the shorter job first gives a lower

average response time. 
V V

In the case of Line printer scheduling , the service time

requirements can be predicted reasonably accuratel y from the size of the

ru, to be printed or by counting the number of linefeeds and formfeeds

if necessary. However , in the case of the CPU , there is no known met hod

of predicting the future CPU time requirements of the job . This makes

SPT and all similar schedul ing strategies unimplementable .

In the absence of knowledge of program behavior , the operating

system designer is left to use his own ad hoc prediction strat egy . One

such etritegy is to assume that all the tasks are going to take the same

(a fixed quantum of) time . The tasks -are, therefore, given the CPU in a

round robin fashion for the fixed quantum of time , and if a task has not

V completed by the end of the quantum , it is put back on the run queue .

V 
It is obvious that full—information st rategic. like SPT perform better 

V

than no-information st ra t egies like the fixed-quantum round robin. Thi.
V V 

point is illustrated in Figure 2.2 where it I5 shown tha t if job J
~ 

- 

V

happens to be the first in the queue the response t ime is 25; otherwise , V -

it is 2~.5. In both cases it is mor. than the Sfl response t ime.
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23+27A. Round robin with J1 first. Averoge Response time 2 ‘25

cpu ~ J2 ~ ~a ~~~ ~l ~~~~~~ 
Ji ~2

time 0 12 16 23 27 ;

B. Round robin with J2 first. Average Response time ’ ~~~~~ ‘24~

Jz Ji Ja J~ J2 J, J2 J1 J2 Ji J2 fJ1 J1 Ji J 1 Ji ~~~~~~~ -

time O 11 16 23 26 
V

Figure 2.2: Round robin scheduling with unit quantum time

0
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Up till now we have a~sumed that .11 the tasks arrive

simultaneousLy and are ready for processi ng at the same time.

Obviously, tht~ Is nat the CLII in a ren t computer system , where , tasks

arrive interm.tt ’- ent ly. The opt imal scheduling strategy is still

basioal~.y the same . At each point in time one makes the best selection
f rom aa ng those jobs avaIlable , ~onsi~!er-ing only the remainin g

pr~ce.cing time of the job tha t ii current ly be~r~g execut ed . This

gener~ltzaticn of SPZ ±~z Qall.d the Shor~ist 9e~ aining ?rocessing Time

(SRPT ) rule 13.i78j . This ain~mizes th. mean flow time if the ’o is no

extra cost irvoi red in esa~inj a preeipted job. Ot her resul~e for the

case of ai su~.taneoua arrival are sirdlarly applicable. Note, in

partio~J.ar , that it ~.a not necessary to have any ac~vanr e information

about job e~rivals.



_ V _ V
~~

_VV,:V .

CPU Management Page 2-7
Control Theoretic Formulation

z~.a CONTROL THEORETIC FOJRMULAT ION

Consider a program in a uniprogrameing situation . Figure 2.3

shows the typical time behavior of the program5. The program oscillates

between CPU and I/O devices (Disk, Teletype, Card reader, Magnetic tape

etc.). Most program have three phases . During the first phase they do

very little computation , spending most of the time collecting parameter

values from the user . The program then enters a computation phase

consist ing generally of one or more loops’. Finally, the program outputs

the results. The computation phase constitutes a major port ion of the

life of the program . Th. cyclic nature of this, phase ( due to loops)

makes the program behavior somewhat predictable. While in a loop, the

program repeatedly references the same set of pages , and makes similar

CPU and I/O demands. Under the name of “Principle of Locality’, this

behavior has- been successfully exploited for memory manage*ent. The

working set strategy of memory management is pertly based on this

principle . This st rategy states that the set of pages referenced during

the last time interval T are more likely to be referenced in the near

fut ure than other pages. 0

Th. CPU management equivalent of the VS strategy is to say tha t
V~~~ 

~~~~~r ~~~~~~~ the length of the last CPU burst i. the likely length of the next CPU

V burst. This strategy has been used in many operating systems , though

t here are many differe nt forms of its implementat ions. One
V - a_a_a__a_a__a __ _ e_ _ _ _ __ __ _ _e _  a__a 

• The use is applicable to a program in a multiprogrs ing 51 V

V uat ion V

provided the time scale repr esents ‘virtual time ’.

a

a ~
_ —U-- •~VV__VVVV ~V V - ~~ -
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V 

Input Phase Computation Phase Output Phase

J u 1 1 i  I f l i t  ILJ LJ L
z(1) z(2) z(3) 

V

I II I • .
I I

V 

FIgure 2.3 Cpu ond 1/0 demands of a typical program

t -V
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implementation method is to put a job taking a lot of CPU t ime on e. low

priority queue so that the next time it will get the CPU only afer those

job s which have taken less CPU t ime this cycle . Unfort unatel y , this

principle , although ocemonly used , has never been theoreticall y

explained .

One aim of the research reported here was to check the validity of

this ‘Next Equal to Last’ (NEt. ) prinoiple , and , if it was found invalid ,

to find a st rat egy for the best prediction of the future CPU demand of a

program from its past behavior. We model the CPU demands of a job as a

stochastic process . The k~ ’ CPU burst is modeled as a random variable

z(k) . One way of represent ing a stochastic process is to model tt as

the output of a control system driven by white noise (see Figure 2.*).

Thus , as seen by the CPU scheduler , the program is like a control system

which generates successive CPU demandi. A general time series model f or

such a process is given by the following equation:

aCt )  $ f(z(1),z(2),...,s(t~1),.(1),.(2),...,e(t))

Where z(t )  r.p reseflts t th CPU burst and e(t )  is the t th  random shook. A

linearized and time invariant form of the abov, equation is the well

known ARMA(p,q) model (see Appendix A for details on ARNA models) :

a Ct ) ~ w+a 1z(t_ 1 )+ . . . .+spz(t ...P )+e(t )a b ie(t ..1)_ ... ..bqe(t aQ )

We choose this formulat ion to model the CPU demand behavior of

programs, because there are well established techniques to find such

models from empirical data. Onoe a suitable ARMA model is found, it is

easy to convert it to ot her models (e.g., stat . space model), if

necessary.

—/
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Noise e ( t )  Linear System 
~ 
r
6~~OfldS z ( t )

Figure 2.4~ Cpu demands modeled as a stochastic process
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~~~ EFFECT Q~~ PREDICTION ERRORS

In order to study the effect of prediction errors , we need t o

choose a performance measure. Consider the problem of scheduling n

independent tasks with CPU time requirements of t1,t2,...,t~
V respectively on a single processor. A schedule consists of specifying

the sequence in which the tasks should be given to the processor. There

are many different performance measures for comparing different

schedules • The measure most commonly used for single processor V

scheduling is “Mean Weighted Finish Time” (MWFT ) V. It is defined as

follows:

V C 2 i
~~~~ wjfj
iii

Where fi is the finishing time of jth task and Wj  is the weight or

deferral cost of the task. It was shown by Smith (Smi56] tha t this cost

- criterion is minimized by arranging the tasks in the order of V

t non—decreasi ng ratio t
i/wi. If all the tasks have equal deferral costs,

I i .e.,  Vi w1 •~~, t hen the cost 0 is called average finishing t ime or

average response time. It follows from the above that the average

respons. time is minimized by sequencing the tasks in the order of

non—decrea sing t1 This rul e is commonly known as “Shortest Processin g

Time” (SPT) . rule.

It has been shown that Sfl also minimizes the following cost

- criteria (0*167] :

V 1. Mean power of finishing time 1 Ic
V 

I’ i1.1
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V 
2. Mean waiting time 

~~ (fi—ti
)

i. 1
3. Mean power of waiting time.

It. Mean lateness (time beyond deadline).

5. Mean tardiness if all j obs are tardy .

6. Mean number of tasks waiting

However, SPT does not optimize the following cost criteria (all of which

are functions of due dates):

1. Maximum lateness 
- 

— V

2. Maximum tardiness - 
V 

-

3. Mean tardiness

1. Number of tardy jobs.

Fortunately, due dates are rarely, if aver , specified for CPU scheduling

and hence the above criteria are of no practical interest. For a

computer user the most important criterion is a low response t imeC .

Since a job consist s of several CPU—I/O cycles (or CPU—I/O t asks) , the

response time is the sum of the finishing time of these tasks of ’ the
— -—-V—V.-

job. An increase in the finishing time of a task directly contributes

to an increase in the response time .

V 

V 

~
,

• Some researchers believe that it is the consist ency of response time
V rather than minimality that is of concern to a user (HoP72). For

example , if a program take s 1 minut e on one day, it is quite bothersome
to the user if it takes 5 minutes on another day. However , the proper
cont rol point for this oritirion is load control (control of the number
of users allowed to log in or the number of batch jobs allowed to run
simultaneo usly) . Therefore , we do not consider this criterion .

-I
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In the following, we derive a few analytical results concerning

the increase in mean weighted finishing t ime ( I4JFT) of tasks due to

prediction errors . We first consider a . very general case where the t ime

requirements of all jobs are to be predicted . Then we consider another

case , where only one job is considered for prediction, the comput e t ime

requirements of other jobs is assumed to be known. The results are

- 
presented as Theorems 2.3.1 and 2.3.2 below. The proofs of theorems are

given in Ap~~ndiz B.

V 

~~3 1  Theorem j~~n—deterministio Case] : Consider a set of n tasks

.• •~~ 
T~_1 with compute time requirements of t0, t~, •. . ,  tn_I

respectively, where all the times are unknown and are predicted as t 1~,

~~ 
fn...l etc. The predictor is such that the predicted time is

a random variable with distribution F~(f 1) The increase in the mean
finishing time (MFT ) due to prediction error is given by

t~~~mI
V O z  £_. (i~~) t iilO

where t • Predicted position of

V $ f ( ~~~~ ?i
( t )]  fi(t )dt

o j ~i

2.3.2 THEORDI (Deterministic Case) : Given a set of n tasks

To,Ti,... ,T~._i with compute time requirements of ~~~~~~~~~~~
V respe ctively, where ~~~~~~~~~~~~~~ are known exactly and t0 is predicted as

then the increase in mean wsighted finishing time (PEP? ) due to
prediction error is given by: V V V

,

I

-_~~~~~~~ _~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~
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o $(w O tk w)~t ,~) I
kel

t kWhere Ia(k : —_

<
((t0,

~~
, tp/Wo) if tO<tp

t0/w0) if t p)t~
Informally, I is the set of indioes of tasks lying between the predicted

and the real Position of T0~ .3 is the interval between t0/w0 and t p/VO. V

2.3.2.1 corollary : The increase in mean finishing t ime (wk.l vic) due
to t0 predicted as t~ is given by :

1o 
~ k.I

where I s (k : tO(t k(t p or t p (t k(t o}

One implication of this corollary i. that only those tasks that 
V.

lie in between the predicted and actual position of the task contribute

to the increase in lW? . Thus if the compute time of various tasks are

arranged in increasing order and plot t ed as shown in the Figure 2.5,

then the increase in HF? is represented by the hat ched area. In the

special case, when the se oomput e times are linearly increasing, the

increase in lw? is proportional to square of the predict ion error . This

fact is stated by the following corollary whose proof is given in

Appendix B.

2.3.2.2 corollary : If tka~~, kal ,2 ,. . . , n— 1 then the increase in HF?

due to t 0 predicted as t~ is given , appr oxlastely by:

O I_.!_(t _t ~2
• 2nT 0 p’

L L____ - -V I
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Increase in MFT due to - -

predicting t0 OS t~~ 

~7
Time I ~~~~~

V 

Required t p 

Tosk number Ii 
V

I

Figure 2,5: Increase in MFT due to prediction error

— .1

- ~~~ R 
V~~~
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It is seen from above theorems t hat the error in prediction of

computer time of a job affects the relative placement of all other jobs

in a very complicated fashion . For example, it is possible that the

time ~~~~~~~~~~~~~ are far away from one another so that the predicted
value ~j even though away from tj may not result in any change in the

order and hence the net effect on HF? say be. zero . - On the other hand,
V -

it is also possible that the times 
~~~~~~~~~ are very near to each

other so that a slight prediction error may result in a substant ial

change in the schedule and hence in the HF?. Therefore , except in some

very specia l oases , e.g., in corollary 2.3.2.2, it in not possible to

express the cost of misprediction as a ~funot ion of predicion error
V 

alone . That is , there is no one simple Nf* such that osf( t 0, t~ )

represents the loss function . We , t herefore , choose to use the

conventional least square criterion to predict the compute t ime. In 
V

Bt her words , we seek to predict in 
V~~~~~

0h a way that the average value of

squar. difference between the predicted and the actual value is minimum. 
V

--V .- ...

hJ
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RAli CCLLECTIOH

This section describes the exper iment to collect data on CPU

demands of actual programs. The experi ment was conducted on a real user

environment in our Liken Computation Laboratory. The laborato ry has a

DECsystem—1O computer with TOPS—lO operat ing system . The system is

mainly a research facilit y for use by graduate students.

The TOPS—lO operating system maintains a number of queues among

which the jobs are distributed. For example , the re is a queue f or  jobs V

waiting to be run, a queue for jobs waiting for disc I/O , a queue for

jobs waiting for TTT I/O etc . Thus. the easiest way to get the data we

require is to wat ch the queue history of the program i .e. ,  to not e the

queue the job is in and to repeat the observation at every clock tick’.

Table 2.1 gives major details of the experiment . It consisted of

19 different runs spread over a month. Each r*m consisted of randoml y

selecting a user and watching his queue history for a period of about It5

minutes. Along with the queue history which was observed every clock

tick , many ot her parameters like program name, memory used , eta. were

also recorded every second.

The data was later translated to produce the CPU demand processes

of individual programs • Thi. produced 550 CPU demand processes

j consisting of the length of successive CPU bursts (total CPU usage
V 

- eeeo ee aneeene eeeee eaeea eee eeenneeeefle aeeneo eeeoeeo

• In all subsequent discussion., the unit of time will be a clock tick
called “jif fy ~ in DEC t r ~inology. A Jiffy is the cycle period Of the
line power supply i.e., 1/60th of a second.

______- ~~ V V .
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— TABLE 2.1 : DATA C0~LECTION EXPERIMENT

Duration of the experiment I month

Number of runs 19

Duration of each run ~5 minutes

Number of programs observed 550

lumber of programs with 80 or more bursts 33
Number of program histories analyzed 33

Number of user histories obtained 19

Number of user histories analyzed 8 

V between successive I/O requests). However , most of these program

processes were too short i .e.,  consist ed of only a emaIl number of

observat ton. (number of CPU bursts). Only 33 processes had 80 or more

observations. These were chosen for correlation anal ysis.

We also obtained 19 user processes — one for each run . These

consist of lengths of successive CPU de ands of the user regardless of

the program being run. Of these user processes, alternate (actually

only 8) processes were selected for analysis. Th. list of the processes
V 

- selected for analysis is shown in Table 2.2 • The process.. are named

where XXXIX is either •USIR* for user processes or the

program name. I is the user identification (letters A, B, C,...) and NH

Is the serial number of the program in a particular run. Thus MLIN.R55

V 
stands for the 55th program run by user B. MAIN is the name of the

: 
‘1 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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program. Table 2.2 also gives the type of the program, number of
V observations in the process , its mean value , standard deviation s~, and

P—VALUE. The term P-VALU E will be exp3ained later under the Chi—square

test .

The developmental nature of the environment is obvious from the

table. Notice that 11$ (112%) of the programs are editing (SOS and TECO),

7 (21%) are FORTRAN programs, and 11 (12%) are ELi programs. FORTRAN and 
V 

V

EL. 1 are the main languages used at our laboratory . Most users follow a

cycle of editing (TECO), compiling (FORTR), and running the program, and

then reediting etc. This ii typical of research and development

environments. En a production environment in an industry, les. amount

of editing and more application program execut ion is expected. However,

as we shall see later, the CPU demand behavior of editing programs and

application programs are not very different except tha t the mean val ue

of CPU burst in an editing program tends to be much Lower than tha t in

an application program . Therefore , it is plausible that the result-s V
obtained here also hold in a production environment .

H

L. 
- -V
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Table 2.2 : List of CPU Demand Processes Analyzed

S. No. Process N P—VALUE Program
V Name Chi-sq Type

1. CCtIP2.G63 158 211.8 85.0 0.000 FORTRAN Program
2. ECL.B1 81 11.2 18.9 0.2 141 ELI Program
3. ECL .B2 260 714.7 379.9 0.006 ELI Program
14. ECL.S1 11118 119.0 308.9 0.997 ELi Program
5. ECL.S2 270 77.6 528.5 V 0.999 ELi Program
6. FORTR.P21 113 5.14 7.8 0.178 FORTRAN compiler
7. FORTR.P30 231$ V V

; 6.3 7.6 0.1412 FORTRAN compiler
8. FORTR .P8 3119 6.2  6.7 0.000 FORTRAN compiler

V 9• FORTR.Q 17 253 5.2 6.1 0.001 FORTRAN compiler
10. FRCDO.C1 1111 606.7 1298.0 0.0117 FORTRAN Program 

V

11. FRCDO.C1I 158 - 1811.2 576.8 0.000 FORTRAN Program
12. M786Sjj1 5011 1.5 5.7 0.000 FORTRAN Program
13. MAIN.Q10 201$ ~ 8.11 7.11 0.000 FORTRAN Program
us . MAIN.Q19 98 8.2 5.9 0.000 FORTRAN Program
15. $4A1N.R55 129 3.11 3.11 0.230 FORTRAN Program

V 16. P .A19 222 9.2 23.11 0.000 FORTRAN Program
17. PIP.G18 1110 1.1 0.7 0.088 Peripheral I/O
18. PIP.G*5 8~$ 1.0 0.8 0.000 Peripheral I/O
19. PT.P.060 225 0.9 0.3- 0.000 Peripheral I/O
20. SOS.A21 1422 1.9 2.7 0.000 Text Editor
21. SOS.A22 85 -2.0 2.7 0.6116 Text Editor
22. SOS.A23 103 1.5 1.3 0.3714 Text Editor
23. SOS.A6 110 2.8 3.1 0.606 Text Editor
2*. TECO.88 90 3.7 6.6 0.916 Text Editor
25. TECO.F1 92 2.7 11.6 0.5140 Text Editor V

26. TECO.F20 199 5.7 6.3 0.018 Text Editor
27. TECO.G37 116 28.0 122.2 0.272 Text Editor
26. TECO.G38 221 17.2 611.8 0.1140 Text Editor

- - 29. TECO.G55 1 11$ 11.3 14.5 0.000 Text Editor
30. TECO.H1 168 2.2 2.8 0.001 Text Editor
31. TECO.J5 90 6.11 6.1$ 0.17* Text Editor
32. TE CO .P1 138 11.6 12.8 0.979 Text Editor
33. TECO.P13 8* 14.3 5.5 0.568 Text Editor
3*. USER.B 587 37.0 257.7 0.000
35. USER .D 259 52.0 329.2 1.000
36. USER ..? 680 5.5 17.5 1.000 

~~~~~~~~~~~~~~~ 
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~~~~ DATA ANALYSIS

The aim of dat a ana lysis is to find one suitable model structure

for CPU demand behavior of programs. The two main steps of data

analysis are model identification and parameter est imat ion. The first

st ep consists of st udying the first and the second order statistics of

the dat a in order to identify a class of models suitab le for the

process. In the second step, these models are fitted to each process to

find the maximum achievable gain Finally, these different models are

compared to give one general model for all CPU demand processes. *

large pert of the data analysis reporteø here was done on a time series

analysis package TS developed by Professor Vandalae of Harvard Business

School . 
-

Stat istical techniques are very often misused and results

V misint erpreted. It is easy to dr)w misleading conclusions unless the

statistical procedures are fully understood and used properly. f or

example , we have noticed that in most of the computer science
~~~~~~~VV ~V V  literature , correlation teohniqu.s ar e used witnout significance tests ,

parameters est imat ed without their confidenc. intervals , and so on. We , 
V

therefore , decided to explain the methodology along with the results.

In the following we have tried to describe the reasoni ng behind each

inferencs that we draw. The descript ion is, however , brief due to space

limitat ions and references ar. provided for further details whenever

necessary. -
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2.5.1 Model I~dentification:

Model identification consists of studying the characterist ic

behavior of the first and the second order statistics of the data. The

goal of this step is to identify a model structure or a class of models

suitable for the data. Notice that this does not include finding an

exac t model equa tion; that is part of the next step on parameter

est imation . The statistics used for model identification in this

analysis are data plots , aut ocorrelations , pa rtial aut ocorrelat ions,

inverse aut ocorrelat ions , and Chi square test • The inferences drawn

from these statist ics are now described .

V 
2.5 • 1.1 Deta Plot. : V

The very first step in any identification procedure must be to plot the V

data and to study its general time behavior. The plots of CPU demands

of acme of the programs ana lyzed are shown in Figure 2.6 • These are

typical of all the programs analyzed . Very often a program has just one

or two large CPU bursts which if plot ted would obscure the details at

lower val ues . There fore , the !—.xie scales have been so chosen that at

least 95% of the dat a are shown in the graph. Very large value are

shown out off at the largest plottable value. Notice the following
V characteristic behavior of these gra phs :

~~ Trend : A trend ( monoton ous increase or decrease ) in the dat a is

an indicat ion of non —stat ionarity , though its absence does not confirm

stat ionarity. For a stationary series , the mean of the data does not

depend upon time ; it is constant . Therefore, such a series t akes tri ps

- - - - - -~~~~~~~~~~~~ -~~-V-~~ - - -- — —-- -~~ - - - - --~~~~~---
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away from the mean , but it returns repeatedly durtng its history .

F rt unately none of the CPU demand pro cesses show a t rend. Thus we can

hope for stati onarit y. A more conolusive test of stat ionarit y via the

aut ooorrelation function will be described in the next section .

L. !iolent Variations : Notice that the series does not stay at any

one level even for short intervals. This indicates that a WS—type

prediction scheme ( 1(t , 1)zz(t), i .e.,  the current CPU burst size is a

good est imat e of the next one) is probably not very valid . We may have

to use some more sophisticated scheme.

2.5.1.2 Aut ocorrelatian Fimct.~ion

As the name imp Lies, the aut ocorrel atton function is a measure of the

correlation between the present and the past observations. It is

therefore , also a measure of the predictability of future from the past .

Mathemat ically, the aut ocorre lation function is the normalized

autocovariance function. The lat t er is defined as follows:

Cov(k) a

By dividing the aut ocovar iance function by the variance (Cov(O)) we get

• the autooorrelat ion funct ion C(k) :

C(k) a Cov(k)/Cov(O)

Obviously, to be of any value, a st ochastic process should have

finite memory, i.e.,  the present observation must be correlated only

with those in the finite past. In other words, the aut ocorrelation

V 
function should die down to zero at very large lags . Such proces ses are

called stationary because aft er a while they achieve “equilibrium’ and
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their behavior does not depend upon initial conditions (long past).

Autocorre].ation functions (ACF) of some of the CPU demand

processes are shown in Figure 2. 1 . These are typical of all the

programs analyzed . The dashed lines indicat e the 95% confidence
V 

interval of the £CF for the given sample. The expression given above
for C(k) is valid only for infinite sample sizes. For finite sample

sizes the calculated values are only an approximat ion to t he theoret ical I ~ V

ACF. Thus if r(k) denotes the standard dev iation of C(k), then a V

calculated value for theoretically zero autocorrelation (C(k)sO) may lie

anywhere between Otl.98r(1c) with 95% probability. In simple words, any

value between the dotted lines can be effectively assumed to be zero

with 95% confidence . The variance r(k) can be calculated by Bartlett ’s

formula (Bar*6]. In computer science literature , this significance test

is al most always omitted , resulting in misleading conclusions.

The characteristic features of the AC? and the inferenc e that we

can draw are now described .

V - V~~~~~ V £... Ib& A~~ down ~~ ~~~~ very ouinklv. This indicates that the CPU

demand process is stationary. If the ACF had not died down quickly, we
V 

would have had to analyz. the AC? of the first and higher differ ences of

the process.

L Ibi ~~ ~~ non-zero onli ~~~ j  g~ ~ j~gg. We can , therefore,

restrict our consideration to MA models of order less than 2.
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It is ver y import ant to remember that the sample aut ocorrelat ions

are only est imates of the actual aut ocorrelations for the process which

generated the dat a at hand . Therefore , the analyst must be on the look

out for general characteristics which are recognizable in the sample

correlogram and not automaticall y attach significance to every detail.

For example, there i* a 5% probability that a theoret ically zero

correlation will show up as significant (above the dashed lines) .

Therefore , one or two significant correlations at- large lags in some of

the cases shown should not alarm us.

~~ j~ cositive. A positive correlation between successive

values indicates that a large CPU demand in one cycle implies a lar ge

V demand in the next cycle . Therefore , a program that took a long CPU

time during last cycle can be expected to be - CPU bound at least for the

next cycle and put on a lower priority queue.

j flj valus ~( A~~ jj~ rather email • ~ Tb. AC? at lower lag - values even

though non—zero and posit ive is reall y very small (of the order of 0.1) .

This part ially du lls the hops expressed in the - last inference. The - 

V

correlat ion being small, the gain in the predictability of the future V

from the past will be small. Zn control theoretic terms, we are , A

perhaps ., headed for a zerot h order ~~~~~~~~~ 
- V

2.5.1 .~ Partial Aut ocorre lation Function

The PACF is the duel of the AC?. Like the AC? gives an idea of the

order of the MA models, PAC ? gives an idea of the order of AR models.

If the process ia modeled by an AR model of order p:

s( t)  I II + &1a(t ..1) • s2a4ti.i2) • ... • a~.(t—p) • e (t)
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Then theOcoefficient a~ of the last AR term z ( t — p) is defined as the
value of PACF at lag p. Naturally, if the real process generating the

data had an AR model of order n , then we would expect PACF to be zero at

all lags greater than n. Thus the out—off point of the PAC? gives the

order of AR model.

The PACF* of some of the CPU demand processes are shown in 
- - -

Figure 2.8 • The dashed lines indicate the 95% oonfidence interval for

the PACF for given sample sizes. It was shown by Qu.nouille (Que~9]
V 

that the approximat e standard error of the PACF is ~~~~ The

characteristic attributes of these PACFS and their implications are now

described.

A.. Ifl~ ~~~~ di.s down ~~ z~ero yer~v auiakiv. In fac t in most cases the

PACF is significant ( above the dashed lines) only for lags I or 2. Thi.

means that we do not have to bother about very high order AR models to

model these processes. A first or second order model will do.

~~~ FAG? j~ oøsitive 
~~ ~~~ 

jg
~~. Notice that the PAC? for almost

all processes is positive at lag 1. Only in 1 or 2 eases is PAC?( 1)

negative . The positive value implies that a CPU bursts gives a positive

contribution to the est imat e of the next burst . It therefore confi rms

our previous conclusion that a large CPU burst is more likely to be

followed by anot her large burst .

2.5 i .Vk ~~ ~~~~ Lgg~. ~t ja~dgg~ggg.
On. way of viewing the process of modeling a time series is as an

V 

attem pt to find a t ran sformat ion that reduces th. observed data ~ó
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random noise . The first question , therefore , is whether the data itself

is a random noise . Theoreticall y, the aut ocorrelat ion of random noise

will be zero at all lags. In practice, it will have small non—zero

values . Bartlett ’s formula for the standard error of the AC? provides

some guidance to test the smallness. A better quantitative test of

randomness i. due to Box and Pierce (BoP7O]. They have suggested a

statistic that offers a test of the smallness of a whole set of sample

autocorrelat ions for lags I through k. This is the Q statist ic given by

V 

~~ C ( J ) 2

Q is approximately Chi—sq uare distributed with k degrees of freedom.

Using the Q statist ic one can calculate the probability that the given

sample came from a white noise process. This probability i. listed in

the Table 2.2 under P—VALUE. Notice that 22 of the 33 processes

analyzed have non—zero P —VALUE , 16 have P—VALUE greater than 10%, and 8

have P—VALUE greater t han 50% . Of the 8 user processes analyzed II have

a P-VALUE of 1, i.e., they are almost surely random noises. The high

randomness of the user processes is a result of their being mixtures of

several program traces, many of which have no relat ion to one ano t her.

2.S.1.~ ~~~g~gj Autonorr.lation Function

The inverse autosorrelat ions of a time series are defined to be the

aut ocorrelations associated with the inverse of the spectral density of

th. series, i.e.,

IACF s In-v . Fourier Tr ansform t————— — ———- —~— — ——— ————— V

- -~ - Four ier Tran sfors(AC? )
The IACFs were first proposed by Cleveland tCle723. He claims that they

;~~~ VV~V VV 

~~~~~~



2-34 
-CPU Management

Dat a Analysis

are useful in identifying non-zero coefficients in an ARMA model.

However, their utility in model identification i. still a point of

debate among statisticians (Par 72). We calculated the inverse 
*

autocorre].atjon functions for all of our CPU demand dat a processes .

However, in most 
- 

cases these functions did not give much addit iónal
V 

informat ion . Only in some (2 or 3) cases , where the processes behaved

abnormally (a low order ARMA model was not adequate), did we gain aome

insight into modeling these particular cases . V

In order to illustrate the use of IACF , let us consider one such I
case : the CPU demand behavior of program PRCDO.C11 . It s k~P IflI~ PACF

were insignificant everywhere except at lags 5, 6 , and I s .  Obviously, a

low order ARMA model would not work for this process. As we will. see in

the next section of model fitting, that an AR(2) model resulted in only 
V

1.6 % improvement over a zerot h order model • The inverse cut ocorrelat ion

for this process (assuming orders of I thro ugh 8 for the AR part of the

model) are shown in Table 2.3 . Notice that all columns except 5 and 6 V

are zero. Clevsland suggests that this indicatis an appropriate model
- —. would have a 6th order AR part with only 5th and 6th coefficient s

non—zero and all other coefficient zero, i.e., a mode] of the 
V 
following

type :  - ; .  , . V

zit) a V + a,z (t _ 5)V .  a6z(t—6) • s(t ) -

Obviously , these high order models are of no interest to us

because of their applicability only in rare cases , and also bsoausa of 
V

the rather small gain even in these oases. 
V

H

_ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Table 2.3 : Inverse Autocorrelations of FRCDO.CI1

a rt(1) ri(2) ri(3) ri(1$) ri(5) ri(6) ri(7) ri(8) 

_ ______e_  
__ a see

1 —0.076

2 —0 .09 1 0.100 -

3 ~O.071 V 0.087 0.080

15 —0.072 0.090 0.077 0.0115

5 —0.078 0.066 0.0156 0.038 —0.162

6 —0.01 1 0.062 0.026 0.001 —0.135 —0.189 
V

7 —0 .018 0.056 0.027 0.003 — 0. 132 —0.190 0.016

8 —0.019 0.095 0.052 —0.003 —0.1 150 —0.205 0.026 —0.107 

a C

ri (n ) a nth Inverse autocorrelation

m a Order of the AR model used for calculating ri.

-
~~~~ V 1- 

V - 
-
‘

- : 

~V V~ V

~~~~~~~

V 

~~

1

~
, 

-
- V V V~~~~ V V V V~~~~~
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2.5.2 ~g~ggg~g~ Estimation

In order to find one general model for all CPU demand processes we

fitted several models to each process , and found the best parameter

est imates and hence the maximum improvement available. The details of

the model fitting procedure and the results obtained are the topic of

this section.

The net conclusion of the identification step discussed in the

last section are the following

I. The CPU demand process is a stationary process.

2. The order of the ARMA model required to model the process is

rather small — of the order of 1 or 2.

We , therefore, limited our search for the best model to the clara

of ARMA (p q) models with pi.q ~~ , 2. This class includes the following six

models.

~~ 0.0 Model ~vne Model snuat ion

1. 0 0 White Noise z(t)aw4.e(t)
S

2. 0 1 M A C I )  Z(t)w+I(t)b15(t.1)

3. 0 2 MA(2) z(t)av+e(t)ab1e (t_1)_b2e(t..2) 
V

1 0 AR (1)

5. 1 1 ARMA (1 ,1) z(t)sw...a12(t..1)..(t)_.b1e(t..1)

6. 2 0 AR(2) z(t )a w.a 12( t_ 1) + a 22( t_ 2) +e ( t )

•

Vj

_ _  

V~~~~~J~~~~~~~~~ 

V
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Let us consider the general case of fit t ing an AR MA (p ,q ) model to

a process. The model is

Z(t)
~aiz(t 1) ..._apz(t p) a w+e(t)_bie(t_1)_ ..._bqe (t_q)

The parameter estimation problem is to find the “best ” estimate of

the parameters 9 .(w, a1,...,a~, b i,...,bq}, and the variance s~ 
of 

V

e(t ) .  Here the best is defined in the sense of maximum likelihood (ML). 
I

The likelihood function is the probability p(zG,s~ ) that a given set of -
‘~~ 

-

parameter values would have given rise to the observed data. If the

noise e(t) is assumed to be normal then it can be shown that the ML
V estimates are obtained by maximizing the sum—of—square function (Ne 172 ,

p9 15): -

SSR(8) $ 

~~~

Once MLE of 9 has been obtained , tILE of s~ is just

32 ~e N

The supersoript * denotes ML est imate. We illust rat e the estimation

V procedure with a sample case .

A ~~~ : Figure 2.9 presents the out put from the program ESTIMA -

for the case of fitting an ARMA (1,1) model to ECL.52 process. The first
V 

portion of the output describes the problem , i.e., number of *

observations, order of differencing , initial guess values for parameters

etc. Then the iterat ions toward s ML est imate begin. The Gauss—Newton

method is used to find the opt ima.]. We now describ , the importance of

each of thE results shown in Figure 2.9 .

• :~

2 _ _ _
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CPU DEMAND BEHAVIOR OF ECL. (S—2)
V 

NOBS a 27O
INITIAL VALUES

ARC 1) 0.1000E+O0
MAC 1) —0.1000E+OO
CONS? O.7500E+02

MODEL W I T H D a O D S = O S O

MEAN = 81.67 SD 528.9 (NOES 270)

INIT SSR 0.75150E+08

ITER SSR ESTIMATES
1 2 3

1 O.7J$73E+08 3.905E—02 —7. 193E— 02 78.0
2 0.71172E+08 —1.716E—02 —0.122 82.9
3 0.7i$71E+08 —7 .~497E—02 —0.180 87.7

V 

~5 O.7~$71E+O8 —5 .205E—02 —0.157 85.9
5 0.71571E+08 —6 .595E—02 —0.171 87.0

REL . CHANGE IN SSR <a O.I000E—05 V

FINAL SSR = 0.7Is7IE~O8 
V

5 ITERATIONS -

CPU DEMA ND BEHAVIOR OF ECL. (S—2)

PARAMETER ESTIMATE.~
aaaaaa za: :zaaaasaa

ES? SE EST/SE 95% CON F LIMITS
AR ( 1) —0.066 0.569 — 0.116 —1 .181 1.0159
MAC 1) —0. 171 0.563 —0.30 15 — 1.273 0.932

V CONS? 87.001 59.532 1.1561 —29.6 82 203.6815

EST.RES.SD $ 5.2899E+02
EST.RES .SD(WITH BACK FORECAST) a 5.2899E+02

V 

SQR 0.011
ADIJ R SOR 0.0015
D.F. a 267
F 1.157* -(2 ,267 DY) P—VALU E a 0.231

CORRELATION MATRIX
AR ( 1) MA C I )

MA( 1) 0.9915
CON( 3) -.0.780 -0.776

( CONTINUED... )

--
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CPU DEMAND BEHAVIOR OF ECL. (S—2)

AUTOCORRELATIONS OF RESIDUALS
LAGS ROW SE -

1 —8 .06 —0.00 -.0.01 —0.02 0.014 -0.02 —0.01 —0.01 —0.01
9—16 V .06 —0.02 —0.01 .0.01 —0.01 —0.01 —0.01 —0.02 —0.01

CR1—SQUARE TEST P—VALUE V

QC 8) a .679 6 D.F. 0.995
Q(16) = 1.06 114 D .F. 1.000

CROSS CORRELATIONS OF RESIDUALS AND THE SERIES
ZERO LAG a 0.99

LAGS 
- 

E(T),Z(T+K)
1 —8 0.10 —0.01 —0 .02 0.03 —0.01 —0.01 —0.01 —0.01
9— 16 —0 .02 —0.01 —0.0 1 —0.01 .0.01 -.0.01 —0.02 —0.02

CHI—3QUARE TEST P—V ALUE
Q( 8) a 3.59 6 D.F. 0.732
Q(16) a 14.03 III D .F. 0.995

LAGS E(T.i~K),Z(T)1 —8 —0.00 —0.01 —0.02 0.03 —0.02 —0.01 —0.01 —0.02
9—16 —0.02 .0.01 —0.01 —0.01 —0.01 —0.01 —0.02 —0.02 V

V 
CR1—SQUARE TEST P—VALUE
Q( 8) a .6~$9 — 6 D.F. 0.996 - V - -.

Q(16) a 1.10 115 D.F. 1.000
V 

- -

Figure 2.9 : Output of the Parameter Estimat ion Program

I

V V 1*

.1 

-~~- -~~-~~~~~ ~— 
V~~~~
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A~ StoDoin~ Criterj:~~~ Regardless of the optimization technique used

one has to decide when to atop iteration . Various stopping cri t eria and
justifications for their use have been discussed by *u’alidharan and

Jam (MuJ75J. The ESTIMA program stops whenev er any of the following

criteria are satisfied :

1. Re lative chang e in SSR is less than 106 .

2. Absolut e change in 530 is less than 10 6 .
3. The step size is less than i~~ 6.

1$• Number of iteration reaches a limit of 30 (a bad likelihood
function).

In almost all oases of CPU demand modeling, the optimization

program stopped an the first criterion.

L. confiden~~ Interval : It is important to remember that MLE of the
parameters are , aft er all , random variables since they are functions of
the data. It can be shown (BoJ7O, p226 ) that tILE in large samples are
joint normally distribut ed with mean value equal to the t rue parameter
values and variance oovariance mat rix given by :

V(s) a2s~~Q~

V where the (i ,j)th element of the matrix Q is given by
d2S

_
~~~~~~~~_  i,j.1,2,...,p...q—1

j I  i .1
Taking the square root of th. diagonal elements of th. est imated

V 

variance—covarlance matrix , we get the est imat ed st andard deviation of V

the parameter estima t es or the standard error denoted St(O~ ). A ~~



I

CPU Management Page 2— 151
Data Analysis

confidence int erval for °~ is given by ej ±1.96*SE(ê~) .

~~~ Utility 2L j~~ t~odel : We test the utility of the model in terms of

and F—test . R2 is the fraction of the variance explained by the

model . It is calculated by th e following formula :

a 1 — !!! L!LUI
var (z(t )3

1/N e2( t )  
V

a 1 
_ --- ___ -—-- _ ___

This criterion for measuring the utility of a model does not

penalize the model for its use of parameters. Generally the addition of

V 

any parameter to a model may be expected to reduce SSR and s~ since the

additional parameter offers one additional degree of freedom along which

to reduce them. Consequent]y, to penalize a model for its use of 
V

parameter or degrees of freedom , one may comput e est imates of 3~ by

dividing SSR by N—k 1..., the net remaining degrees of freedom . This

corrected measure of improvemen t is oa].led Adjusted 0?

1/CR—k ) ~~~e Ct )

S I —

- 

1/ C M— i ) ~~ ( z ( t )—E 2

M-.i 2 k— i -
$ : ~~~ -~~~ -~~ V

V 

A negati ve or very low value of R
~dJ indicates that the model is reall y ~ 

-

V not worth the trouble .
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The utility of a model can also be assessed by the F—test . This

test compares two hypotheses : - 
-

Lii : G~ O -  - 
-

H O :  OaQ 
-

It can be shown that the likelihood ratio F givin by

F R2/k 
-

P(z/HO) (1—R2 )/(N—k)

is F—distributed with k and N—k degrees of Freedom (BoJ7O p266). The

t 
probability that a F—dist ributed variable has the calculated F value is

given in the output as P—VALUE. A Large P—VALUE implies that the

V 
parameter values are significantly different from zero . For exa4iple ,

the ARMAC1 ,1) model for ECL.S2 has a P—VALUE of 0.231. This low- value 
V

indicates futility of the ARMA model for this proOess.

L ~~~ Forecast ina : The values of e( t)  in the expression for 330 are

calculated as follows

eC t) a z ( t )  — aiz (t —i ) • ~~ bje ( t— i) — V - -

jal iii

It is i ediate ly appat mt that there is a problem here because we have

no value for C0 ... ,e..q,1 and z ( O ) , . . . , z ( — p) .  One solution is to assume
e( 1) t hrough •(q) as zero and start using the above equation from tsq.1.

An alternative solution to this starting value problem is a back

forecasting proc edur , suggested by Box and Jenkins (BoJ7O, p2 12). The

ESTIMA output gives the standard deviation of the residuals with and

without the back foreca sting .
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~~~~~ Correlation Matrix : Also given in the ESTIMA output is the

estimated correlation matrix of the parameter estimates. The

correlation between two parameters is obtained by taking their estimated

covariance form the varia nce—covariance matrix described before and

dividing it by the product of their standard errors . In thi s example,

the correlation between a 1 and b1 is estimated to be 0.9911. This high

correlat ion indicates tha t one of the two parameters is highly dependent V

on the other and therefore one of them can be omit ted from t he model and

the model order reduced without seriously affecting the performance . 
V

V ~~ Diagnostic Checks ~~ ~ j  Residuals : There are two kinds of tests

that can be applied to residuals to test the adequacy of a model. These

are the whiteness test and the cross—correlation test. If the model Is

adequate , we would expect to find that the residuals 1(t) have the

property of random noise - in particular , tha t they are not serially

correlated. Autocorrelat ion, if eviden t in the residuals , may help to 
V

suggest the direction in which the model should be modified. To test

whiteness, we use the Q—statistic discussed before . In the example

shown , the Q— statist io is 1.06 which corresponds to a probabilit y

(P—value ) of 1.000. This kigh p—value confirms the uncorrelatedness of

residuals.

The cross—correlat ion test is based on the correlation between the
V 

residuals and the process. An important property of the theoretical

disturbances ii that they are correlated with the presen t and fut ure

values of z, but not with the past values , i.e.,

4
~~VV

-— ~~~~~~~~~~~~ - -~~~- V V _ _ _ _
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Cov (z (t— k ) , e(t ) ]  a 0 100

Cov(z(t,.k),eCt)] a 0 k�.O

As an additional check on the model , corresponding sample 
V

cross—correlations between residuals and the process are displayed in

ESTIMA output .

~~~~

J

VV

Z
V 

V 

V



V _~~V~ _ _ V  _
~~• V _ _ _ V V V~~~~~ 

V

CPU Management Page 2— 155
Data Analysis

2.5.3 Choosina j  General Model:

The results of parameter estimation for 5 different models of 141

different CPU demand processes analyzed are listed in Tables 2.1$ through

2.8 . In these tables , w, a1, a2, b1, and b2, if present , are model

parameters; s~ is the standard deviation of the residuals. ~2,

P—value for F—test , and 
- 

P—value for Chi—square test are as explained 
V

previously in sections 2.5.2.C and 2.5.1.11 .

Our next task is to choose the model which best represent s CPU

demand behavior of programs • There are many ways of defining the

“best”. For example, one criterion that we first explored was the

following :

For each process find the best model (the one giving the

highest ~2, or R~dj), and choose the model that is best for a

majority of the processes.

We rejected this criterion on the grounds tha t it does not reflect

the fact that for programs with large variances even a wall ~2 is good,

whereas for programs with low variances even a lar ge R 2 is not much use.

Thus the net reduction in 330 rather than R2 should be the criterion foe

selection. We, therefore, decided to use the followi ng criterion :

V For each type of model , find the total ( sum of) reduction in

SSR achieved by the model for all programs, and choose the

model tha t gives the highest reduction.

I

/

t ± V ~~~V~~~~~~~~~~~~~~~~ 

_
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Table 2.15 : Parameter Estimation for ARMA (1 ,1) Model

z(t) a V + a 1z ( t _ $ )  + e(t )  — b1e (t—1)

Process w a 1 b 1 $ ~2 R
~d P—VAL. P—VA LName F—t est Chi—sq

COMP2.G63 7.00 0.71 0.38 77.3 0.185 0.175 0.000 0.190
ECL.B1 8.98 0.19 —0.17 18.1 0.118 0.095 0.007 0.8814
ECL.32 20.89 0.72 0.53 368.7 0.066 0.058 0.000 0.969
ECL.S1 27.55 0.1414 0.1114 309.6 0.000 0.0015 0.000 0.990
ECL..32 83.68 —0.08 —0.19 527.15 0.011 0.0015 0.2114 0.000
FORTR.P21 0.714 0.86 0.75 7.7 0.0152 0.025 0.0911 0.377
FORTR.P30 0.76 0.88 0.80 7.6 0.025 0.017 0.053 0.925
FORTR.P8 0.10 0.98 0.93 6.7 0.01513 0.038 0.000 0.0159
FORTR.Q17 0.82 0.815 0.69 6.0 0.068 0.061 0.000 0.3614
FECDO.C1 3915.10 0.36 0.70 1232.1 0.112 0.100 0.000 0.3614 V

FECDO.C11 2143.75 —0.32 —0.132 579.7 0.010 0.003 0.1570 0.001
M786S .U 1 1.60 —0.01 —0.39 5.15 0.127 0.123 0.000 0.000
MAIN.Q10 1.18 0.85 0.55 6.5 0.21514 0.237 0.000 0.955
MA IN.Q19 1.81 0.77 0.~32 5.3 0.207 0.190 0.000 0.000
MAIN.055 1.111 0.59 0.111 3.11 0.0153 0.028 0.0614 0.591
P .A 19 - 2.70 0.70 0.157 22.5 0.093 0.085 0.000 0.000
PIP.G18 0.53 0.56 0.35 0.7 0.0159 0.035 0.031 0.1509
PIP.G115 _0.01I 1.01 0.33 0.6 0.500 0.1488 0.000 0.552
PIP.G60 —0.02 0.10 0.82 0.3 0.292 0.285 0.000 0.910
SOS.A21 - 0.03 0.98 0.92 2.6 0.077 0.072 0.000 0.000
SOS.A22 0.26 0.87 0.73 2.7 0.0615 0.0141 0.067 0.997
SOS.A23 0.151 0.715 0.83 1.15 0.015 0.005 0.1876 0.370
SOS.A 6 —0.0* 1.01 0.96 3.1 0.029 0.011 0.210 0.557 V

TECO.88 6.16 —0.66 -0.53 6.6 0.031 0.008 0.258 0.966
TECO.F 1 0.214 0.10 0.98 11.6 0.023 0.001 0.3118 0.5914
TECO.F20 0.82 0.86 0.73 6.2 0.056 0.0157 0.003 0.731
TECO.G37 1 .714 0.918 0.91 123.0 0.005 0.013 0.763 0.268
TECO.038 2.147 0.85 0.78 615.6 0.019- 0.010 0.12* 0.221
TECO.G55 0.69 0.8* 0.59 18.2 0. 160 0.1*5 0.000 0.960
TECO.N1 0.56 0.71$ 0.52 2.7 0.100 0.089 0.000 0.706
TECO.J5 0.82 0.87 072 6.3 0.069 0.0148 0.01413 0.6119 V

TECO.P1 15.115 0.05 —0.10 12.8 0.021 0.006 0.2140 0.000
TECO.P13 2.57 0.1*1 0.25 5.6 0.027 0.003 0.325 0.967
USER.B 9.12 0.75 0.55 2147.2 0.082 0.079 0.000 0.779
USER.D 155.22 0.13 0.10 330.3 0.001 0.007 0.86* 0.000
USER.F 0.82 0.85 0.814 17.6 0.001 0.002 0.7*3 0.000
U3ER.H 7.01 -0.07 —0.13 140.0 0.003 0.002 0.5*8 0.000
USER .L. 1.1415 0.66 0.59 V 7.8 0.009 0.003 0.195 0.001
U SER.N 23.87 0.21 0.13 187.3 0.006 0.002 0.222 0.000
u3E0.P 1.614 0.77 0.63 17.1 0.0*8 0.0*7 0.000 0.096
USER.T 12.11 0.52 0.39 111.3 0.022 0.01* 0.059 0.852

4 
se__os__en 

__ see
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Table 2.5 : Parameter £stimatton for AR (1) Model

a C t ) a w . a1z(t_1) + e(t )

Process w a1 $ V - 

~
2 R

~d4 P—VALUE P—VALUE
Name e 

‘ F—test Chi—sq 
_e see_c

COMP2.G63 118 .39 0.181 77~6 0.172 0.167 0.000 0.01*
ECL.B1 7.33 0.315 18.0 0.113 0.102 0.002 0.867 

V

ECL.B2 60.56 0.19 373.8 0.036 0.032 0.002 0.531
ECL.31 119.31 —0.01 309.3 0.000 0.002 0.893 0.995
ECLI.32 69.39 0.11 526.6 0.011 0.007 0.085 0.000
FORTR.P21 5.19 0.05 7.9 0.003 0.006 0.572 0.297 V

FORTR.P30 6.07 0.05 7.7 0.002 0.002 0.1385 0.521
FORTR.P8 5.57 0.10 6.8 0.010 0.007 0.058 0.003
FORTR.Q17 15.1515 0.10 6.1 0.0213 0.020 0.0113 0.029
FRCDO.C1 727.58 0.10 1277.3 0.039 0.032 0.019 0.058
FRCOO.C11 169.95 0.08 579.0 0.006 0.001 0.339 0.001
M7863.U1 1.06 0.33 5.5 0.110 0.108 0.000 0.812
MAIN.Q10 15.75 0.10 6.7 0.1811 0.180 0.000 0.091
MAIN.Q19 15.79 0.141 5.5 0.161 0.152 0.000 0.000
MAIN.055 2.81 0.10 3~.* 0.031 0.023 0.0116 0.593
P.A1 9 6.99 0.214 22.9 0.057 0.052 0.000 0.000
PIP.G18 0.9* 0.22 0.7 0.0151 0.0315 0.017 0.1857
PIP.G135 0.17 0.87 0.7 0.l$151 0.1*3* 0.000 0.000
PIP.G60 0.149 0.139 0.18 0.1618 0.160 0.000 0.000
SOS.A2 1 1.92 0.02 2.7 0.001 0.002 0.622 0.000
SOS.A22 1.68 0.18 2.7 0.031 0.019 0.107 0.970
30S.A23 1.57 —0.03 1.15 0.001 0.009 0.766 0.379
SOS.A6 2.66 0.06 3.1 0.00* 0.006 0.538 0.666
TECO.B8 15.17 0.10 6.6 0.015 0.00* 0.2*6 0.9*1 V

TECO.F1 2.93 —0.08 15,7 0.007 0.00* 0.14*0 0.638
TECO.F20 15.92 0.115 6.3 0.021 0.016 0.01*1 0.266
TECO.G37 27.70 0.01 122.7 0.000 0.009 0.896 0.303
TECO.G38 16.89 0.02 65.0 0.000 0.00* 0.753 0.1*8 V

TECO.055 2.87 0.315 15.3 0.113 0.105 0.000 0.708
TECO.N1 1.60 0.28 2.7 0.079 0.07* 0.000 0.660

V TECO.J5 18.8* 0.10 6.3 0.059 0.0*8 0.021 0.797
V TECO.P1 15.01 0.115 12.8 0.021 0.013 0.092 0.000

TECO.P13 3.67 0.15 5.6 0.023 0.01 1 0.170 0.95*
USER.B. 29.015 0.21 251.9 0.0*6 0.01415 0.000 0.010
USER.D 50.131 0.015 329.7 0.001 0.003 0.586 0.000
USER.? 5.5* 0.01 17.5 0.000 0.001 0.782 0.000
USU.H 6.18 0.05 39.9 0.003 0.000 0.276 0.000
USU.L 18.11 0.0* 7.8 0.002 0.001 0.1533 0.001
USER.Il , 27.82 0.08 187.1 0.006 0.00* 0.085 0.000
USER .P 5.82 0.18 17.2 0.033 0.032 0.000 0.000
USER.? 21.97 0.12 111.14 0.015 0.012 0.015* 0.791

V e e s e e f l eee eoS Ofleefls e 
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Table 2.6 : Parameter Est imation for MA (-1) Model

z(t )  a w + e(t )  — °1e ( t — 1)  
V

Process w b 1 ~2 R~d P—VALUE P—VALUE
Name e F—t est Chi—sq

COMP2.G63 215.76 —0.31 79.7 0.127 0.121 0.000 0.000
ECLS-1 11.13 —0.32 18.0 0.112 0.101 0.002 0.921
ECL.82 715.70 .0.113 375.6 0.026 0.023 0.009 0.270
ECL.S1 159.00 0.01 309.3 0.000 0.002 0.891 0.995
ECL.S2 77.55 —0.11 526.5 0.011 0.008 0.080 0.000
FORTR.P21 5.119 —0.05 7.9 0.002 0.007 0.605 0.283
FORTR.P30 6.36 —0.014 7.7 0.002 0.003 0.522 0.1498
FORTR .P8 6.21 —0.09 6.8 0.009 0.006 0.079 0.002
FORTR.Q17 5.26 —0.11 6.1 0.017 0.013 0.039 0.012
FRCDO.C1 610.29 0.130 1253.3 0.075 0.068 0.001 0.070
FRCDO.C11 1814.015 —0.09 578.6 0.007 0.001 0.291 0.001
M786S.U1 1.58 —0.38 5.14 0.127 0.125 0.000 0.000
MAIN.Q1O 8.39 _0.311 6.9 0.1313 0.130 0.000 0.000
MA IN.Q19 8.17 ..0.26 5.7 0.102 0.093 0.001 0.000
MAIN.R55 3.132 —0.115 3.13 0.0215 0.017 0.078 0.532
P.A19 9.19 —0.17 23.1 0.039 0.035 0.003 0.000
PIP .G18 1.19 —0.17 0.7 0.031 0.0213 0.036 0.392
PIP.G145 1.03 —0.153 0.8 0.213 0.2013 0.000 0.0513
PIP.060 0.95 —0.30 0.14 0.098 0.09’4 0.000 0.000
SOS.A21 1.96 .0.02 2.7 0.000 0.002 0.665 0.000
SOS.A22 2.013 —0.17 2.7 0.029 0.017 0.122 0.959 V

SOS.A23 1.53 0.013 1.15 0.001 0.009 0.7151 0.372
SOS.A6 2.83 -0.06 3.1 0.003 0.006 0.5142 0.665
TECO.B8 3.71 0.09 6.6 0.011 0.000 0.316 0.9110
TECO.F1 2.71 0.10 13.7 0.007 0.0015 0.15133 0.633
TECO.F20 5.76 —0.12 6.3 0.017 0.012 0.067 0.178
TECO.037 28.011 —0.01- 122.7 0.000 0.009 0.897 0.303
TECO.G38 17.26 —0.02 65.0 0.000 0.0013 0.761 0.1138
TECO.055 15.35 50.21* 14.3 0.077 0.069 0.003 0.210 V

- 
V 

TECO.131 2.211 —0.21 2,8 0.059 0.053 0.002 0.262
TECO.J5 6. 131 —0.215 6.3 0.059 0.0138 0.021 0.805

V 
V TECO.P1 13 .69 —0.113 12.8 0.021 Ø•Ø11$ 0.091 0.000

TECO.P 13 13.315 — 0.12 5.6 0.018 0.006 0.221 0.911
USER.B 36 .98 —0.16 253.5 0.0318 0.032 0.000 0.000
USER.D 52.25 —0.0 13 329.7 0.001 0.003 0.587 0.000
USER.? 5.59 .0.01 17.5 0.000 0.001 0.783 0.000
USER.H 6.53 .0.05 39.9 0.003 0.000 0.27* 0.000

- ~
- USSR.L. 14.28 —0.03 7.8 0.001 0.001 0.1573 0.001

USE R N  30.22 .0.08 187.2 0.006 0.001* 0.089 0.000
USER.P 7.10 .0.15 17.3 0.027 0.027 0.000 0.000

~~. 
I USER.? 25.11 —0.10 111.6 0.013 0.009 0.069 0.75*

~~~~~~~~~~ 

V

V
V

~ V~~;
, 

V 

- 
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Table 2.7 : Parameter Estimation for AR(2) Model

V aCt) $ w + a1z(t..1) + a2z ( t— 2 ) + e( t )

Process w a 1 a2 5e ~
2 R

~d P—VA L. P-VALName F-test Chi—sq

COHP2.063 12.71 0.37 0.11 77.1* 0.183 0.172 0.000 0.137
ECL.B1 8.00 0.37 —0.09 18.0 0.120 0.097 0.007 0.906
ECL..32 159.152 0.15 0.18 368.1$ 0.067 0.060 0.000 0.980
ECLS1 189.915 —0.01 -.0.01 309.6 0.000 0.0013 0.956 0.991
ECL.S2 71.08 0.11 —0.02 527.13 0.012 0.0015 0.211 0.000
FORTR.P21 13 ,62 0.05 0.11 7.9 0.0113 0.0014 0.1356 0.2115
FORTR.P30 5.136 0.018 0.10 7.7 0.012 0.003 0.260 0.766
FORTR.P8 5.09 0.09 0.08 6.7 0.017 0.012 0.0*8 0.010
FORTR.Q17 3.51 0.10 0.21 6.0 0.065 0.058 0.000 0.325
FRCDO.C1 888.015 0.10 .0.22 1251.6 0.0815 0.071 0.002 0.105
FRCDO.C11 187.83 0.10 —0.10 577.8 0.016 0.00* 0.281 0.000
M786S.U1 1.19 0.37 .0.13 5.14 0.12* 0.121 0.000 0.000
MA III.Q1O 3.69 0.314 0.21 6.6 0.220 0.213 0.000 0.582
MA IN.Q19 3.32 0.31 0.21 5.3 0.220 0.203 0.000 0.002

V MAIN.R55 2.133 0.10 0.13 3.15 0.0188 0.033 0.0185 0.665
P .A 19 5.35 0.18 0.23 22.3 0.106 0.098 0.000 0.000
PIP.G18 0.81 0.18 0.113 0.7 0.056 0.0132 0.020 0.1328
PIP.0155 —0.03 0.10 0.38 0.6 0.52-’ 0.5113 0.000 0.911
PIP.G60 0.30 0.33 0.36 0.3 0.232 0.225 0.000 0.02I$
SOS.A21 1.62 0.02 0.15 2.7 0.023 0.019 0.007 0.000
SOS.A22 1.58 0.17 0.06 2.7 0.03* 0.011 0.237 0.96*
S0S.A23 1.72 —0.03 —0.09 1.13 0.009 0.011 0.628 0.11159
SOS.A6 2.62 0.06 0.01 3.1 0.00* 0.015 0.819 0.595
TZCO.88 3.137 0.10 0.16 6.6 0.0151 0.019 0.159 0.9911
TECO.F1 2.92 —0.08 000 13.7 0.007 0.016 0.715~$ 0.565
TECO.F20 13.30 0.13 0.13 6.3 0.036 0.026 0.027 0.397
TECO.037 27.51 0.01 0.01 123.2 0.000 0.018 0.989 0.2*3
TECO.038 16.21 0.02 0.015 65.1 0.002 0.007 0.802 0.117
TECO.055 2.20 0.26 0.23 13.2 0.157 0.1*2 0.000 0.965
TECO.ft1 1.36 0.215 -0.15 2.? 0.100 0.089 0.000 0.751
TECO.J5 14.98 0.25 .0.03 6.3 0.059 0.038 0.069 0.752
TECO.P1 14.08 0.15 —0.02 12.8 0.02 1 0.006 0.239 0.000 

V

TECO.P13 3.25 0.115 0.11 5.6 0.035 0.011 0.2131 0.987
- 

- USER J 23.51 0.17 0.19 2*7.6 0.080 0.077 0.000 0.6813
USER.D 50.35 0.015 0.00 330.3 0.001 0.007 0.862 0.000
USER.? 5.159 0.01 0.01 17.6 0.000 0.003 0.9*18 0.000
U3*R.H 6.22 0.05 —0.01 150.0 0.003 0.002 0.549 0.000
USER.L 3.69 0.015 0.10 7.8 0.012 0.006 0.116 0.001
U3ER.N 27.53 0.08 0.01 187.3 0.006 0.002 0.222 0.000
USU.P 5.28 0.16 0.09 17.1 0.0151 0.0130 0.000 0.003
USER.? - 19.67 0.11 0.10 111.0 0.026 0.018 0.033 0.937
n e e se n e s s o e e e ee e e e e m enn ee nene

4

I

_ _  
V H~



2—5 0
CPU Manag ement
Dat a Anal ysis

Table 2.8 : Parameter Estimation for MA(2) Model

aCt )  a w + e(t) bie(t_1) - b2e(t -2)

Process w b1 b2 a2 R2d P—VAL P—VA L
Name e a ~ F—test Chi—sq 

COMP2 063 213.75 —0 .39 —0.21 77.8 0.175 0.165 0.000 0.051
ECL..B1 11.09 —0.38 —0.10 18.0 0.121 0.099 0.006 0.891
ECL..82 711.57 —0.12 —0.17 370.8 0.055 0.0*7 0.001 0.8313
ECL.S1 139.00 0.01 0.01 309.6 0.000 0.004 0.961 0.991
ECL.S2 77.56 — 0.11 0.01 527.~l 0.012 0.0014 0.213 0.000FORTR.P21 5.148 -0.01 —0.07 7.9 0.008 0.010 0.6180 0.198
FORTR.P30 V 6.36 50.03 50.08 7.7 0.009 0.000 0.350 0.682
FORTR.P8 6.20 -.0.08 —0.06 6.8 0.0114 0.008 0.090 0.005 I V ,V 

IFORTR.Q17 5.25 —0.12 —0.15 6.0 0.049 0.0151 0.002 0.171
FRCDO.C1 615.91 0.31 0.21 1226.13 0.121 0.108 0.000 0.1329
FRCDO.C11 1818.158 —0.07 0.09 578.14 0.0118 0.002 0.330 0.001
M786S.U1 1.58 —0.38 0.00 5.14 0.12? 0.123 0.000 0.000
MAIN.Q10 8.38 —0.31 .0.19 6.8 0.163 0.155 0.000 0.003
MAIN.Q19 8.13 —0.30 -.0.22 5.5 0.170 0.153 0.000 0.000
MAIN.R55 3.151 .0.115 —0.16 3.4 0.047 0.032 0.0157 0.702
P A 19 9.16 —0. 13 .0.23 22.5 0.087 0.079 0.000 0.000
PIP.G18 1.20 —0.18 —0.18 0.7 0.057 0.0*3 0.018 0.398
PIP.Gl$5 1.03 .0.1513 —0.56 0.7 0.1816 0.401 0.000 0.9615
PIP.G60 0.95 -0.35 -.0.27 0.4 0.162 0.155 0.000 0.000
SOS.A21 1.96 0.01 —0.13 2.7 0.019 0.0115 0.018 0.000
SOS.A22 2.013 —0.16 -0.02 27 0.029 0.005 0.299 0.9*1
SO5.A23 1.53 0.05 0.10 1.15 0.011 0.009 0.581 0.133* V

SOS.A6 2.83 -0.06 —0.01 3.1 0.003 0.015 0.830 0.593 V

TECO.B8 3.70 0.12 —0.16 6.6 0.0150 0.018 0.172 0.992
TECO.P1 2.71 0.08 —0.01 14.7 0.007 0.016 0.71514 0.565
TECO.F20 5.76 —0.11 —0.09 6.3 0.028 0.018 0.0613 0.276
TECO.G37 28.03 —0.01 —0.01 123.2 0.000 0.018 0.990 0.2153
TECO.038 17.25 0.00 .0.01* 65.1 0.002 0.008 0.81$? 0.110
TECO.G55 15.33 —0.23 —0.27 11.2 0.137 0.122 0.000 0.819
TECO.H1 2.215 —0.2 14 —0.20 2.7 0.095 0.0818 0.000 0.7183
TECO.J5 - 6 1 3 1  50.25 -0.03 6.3 0.060 0.038 0.068 0e757
TECO.P1 18.69 —0.15 —0.01 12.8 0.021 0.006 0.2180 0.000

- - - TECO,P13 13.32 0.15 .0.16 55 0.0151 0.017 0.185 0.991
USER.8 36.95 —0.15 —0.16 2119.9 0.063 0.060 0.000 0.096
USER .D 52.27 —0.015 —0.00 330.3 0.001 0.007 0.862 0.000

- 
V USER.? 5.59 -.0 01 —0.01 17.6 0.000 0.003 0.9187 0.000

USER.H 6.53 -0.05 0.00 150.0 0.003 0.002 0.5158 0.000
USER .LP 15.28 .0.01 -0.11 7.8 0.012 0.007 0.110 0.001
USER.II 30.21 -0.08 —0.02 187.3 0.006 0.002 0.22* 0.000 V

USER.? 7.10 —0.16 —0.09 17.2 0.036 0.035 0.000 0.000
USER.? 25.07 —0.12 —0.11 111.0 0.026 0.019 0.032 0.9*1

V eeee e~~~Se eeSSe c es5es s eeeeee
J
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Table 2.9 : Comparison of Different Models 
V 

Model Net Reduction in Total SSR

Program User
Processes Proce sses

ARNA (1,1) 6.3% 3.9%

AR (1) 2.6% 2.3% 
V 

V

MACI) 18. 0% 1.7%

AR(2) 5.2% 3.8%

MA (2) 6.6% 3.0% 

The total red uction in SSR for various model types are listed in

Table 2.9 • The reductions have been expressed as a fract ion of tot al

SSR for 0th order model C a Ct )  a Z+e(t) ) . We see tha t for program

processes the maxim~~ reduction achievable is only 6.6% if vs choose the

MA (2) model. The gain is only 3.9% in case of USER processes. The next

question is whether with this little reduction it is worth while having

V 
a two p rameter model. In ow’ judgment*, it is too much work for too

nfloeeescee es~~~~~~~~~~~ enno e 
V The analysis presented in this sect ion is more of a qualitative nat ure V

than quantitat ive. Hence , personal preferences and biases of the
analysts may well affect the final conclusion. However, it is the
approach rather than th. result that we deem more important . It is
quite possible for some ana lyst to disagree with ow’ conclusions.
However , the y can still follow ow’ approach and come up with a
soheduling algorithm based on control theoretic arg uments.
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little gain and the aeroth order model is good enough. Our conclusion
L.. V

is also backed up by many of the observations made during the

identj fj catV:on step, viz. , violent variations in th. process, small

V values of AC? and PACF, non—zero probabil ities in chi.square tests etc.

1 • 1
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~~~ SCHEDULING ALGORITHtj BASED Q~ ~~~ ZEROTH ORDER MODEL

The net conclusion of the analysis so far is that the CPU demand

behavior of programs is best represented by the following 0th order

model:

aCt )  a

Since, e(t) is unoorrelated zero mean noise, it cannot be predicted , and - 
-

t he best est imate of the fut ure CPU demand is its mean value , i.e.,

~(t)az

where 2 a zCk )
ks I

The problem in using the above formula is that 2 can be calculated only

after all values of alt), tal ,2,...,N are known. What we need now is an

adaptive technique to calculate 2 and update it each time a new

observation is obtained. Some of the possible adaptive methods are

discussed below.

j ,  Current ~~~~~~ : Average. of all values observed up to t-.1.

a r1; ~~~z(k) t>i
cii

t—2 Ig 

~~j~t.i 
+ ~~j s(t _ 1)

• C t.at)g~_ l + atz (t— 1) where ata~~
Here , 

~~ denotes the current estimate of the mean.
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~~ Exaonentiallv Wailhted 1u~gu!
$ (I—a ) E~ _ -~ + a z(t —I )

This is a special ization of case 1 above with at taken to be a const ant
rat her than a variable.

V 
~~~~,, Averaze ~~ j ~ j  last ~ yRlues : nsconst ant

a ~ t aCt -k )
ku

Notice that the special case nil corresponds to the NEL (Next Equal To

Last) strategy.

Regardless of which formula is used for prediction, the scheduling

algorithm basically remains the same. We call it SPRPT (Sbort.st
V Predicted Remaining Processing Tim.) algorithm. It can be stated as

follows: V

Each time a job leaves C~! for I/O, the CPU time taken by the
job is noted and the current estimat e of mean value is

updated. This gives the est imate of the next CPU demand of

this job. Scheduling is done at suitable intervals (e.g. ,

clock interrupts, or whenever a job changes stat e etc.), and

the job with the shortest predicted remaining time is selected

— fl_a —— ~ —— n°n—-~neee nn — fl _ nen_n nnflaa
• £ resist vey of aw’rent operating syst ems revealed that Dijkst ra ’s
?.L*. s~~rsting system uses a scheduling algorithm based on

ltaLLy ighted average of previous CPU demands (McW 763. V

• the ailorithe was based on the simple argument that I/O bound
~
._V,.. sa eeI4 he gives preferential CPU allocation , and that a program

he slaa ified a. CPU bound simply because it took large CPU
~~~~~~ the last beret • The exponent ial weighted average was

he he a Wit er iadioat or of CPU boundedness •
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for CPU allocation.

Notice that the SPRPT algorithm does not require any ext ra book

keeping other than whet is already done by the operaing system. Most

operating systems record CPU time used by programs for accounting and

billing purposes.

I

~~LV V~~~~~~~~~~~~~~~~ V 

_
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~~~ CONCLUSION

A control theoretic formulation of the CPU management problem has

been presented • The problem has been formuj ,at ed as one of predicting •

the future CPU demand of a job based on its previous demands, several

analytical expressions for the effect of prediction errors on the mean

finishing time of tasks have been derived. The results of an experiment

to study the behavior of actual program have been reported. The

empirical st udy shows that the CPU demands of program follow a white

noise model. The best least—squares predictor for the next CPU burst

is, therefore , the current mean. Three different schemes for adapt ive

prediction have been proposed. An adaptive scheduling algorithm called

SPRPT has been proposed.

V 

- -

-

, 

V
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.34 PROBLEM STATEMENT . 

•
1

Memory management is the technique whereby an operating system
V creat es an illusion of virtually unlimited memory even though the actual

physical memory is limited. Thus, a user program having memory

requirement larger than the available physical main memory can be run on

the system. This i-s accomplished by dividing the user program into

several equal size (say 1K Words) pieces called pages. The whole

program is stored on a secondary memory (drum or disk) and only a few

pages are loaded in the primary Ccore) memory. The program is then

allowed to run. Obviously, -the program will be interrupted when it

tries to reference a page that is not in the primary memory. This

situation is called “page fault” .

On a page fault , the demanded page is brought in to the core .

Space for the incoming page is obtained by removing either a page of

this same program or a page of some other program residing in the core.

In the first case, total core memory ~vai lab le to each program remains

fixed, and in the second case , it varies with time. The former scheme

is kno wn as fixed partitioning and the latter as var iable or dynamic

partitioning. In either case , when a new page is brought in, an old

page must be removed from the core . The page to be removed is

determined by using a page replacement algorithm. Thus , the chief

problem in memory management is that of page replacement .

V-I
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Intuitively, the best page to remove is the one that will never be

needed again or, at least , not for a long time. In fact, it has been

proved that for fixed memory partitionfng, the best page to remove is

the one that will not be referenced for the longeit interval of time .

This policy called ‘MDI’ is optimal in the sense that it minimizes the

total number of page faults (B.l66). However, this requires advance

knowledge of the future page references (a prediotion probleel) . A 
I 

~~~

realizable approximation to MIN is the Least Recently Used (LRU ) policy

which assumes that the page t hat has not been referenced for the longest

interval in the past is the one that will not be referenced for the

longest interval in future, and is the candidate for replacement .

In case of variable memory partitioning, it has been shown that

MIN and its LRU approximations are not optimal • The opt imal page

replacement policy in this case (called VMIN algorithm) is to remove all

those pages that will not be r~ferenoed during the nex t T t ime int erval

Ct , t+T), where T a R/U is the ratio of the cost of bringing a new page

in the main memory from secondary memor y to the coat of keeping a page

in the main memory for unit time (PrF76]. Again, this is only of - - ~.

theore Ucal interest , because it requires knowledge of the future page

V reference string .

- A realizable approximation to YMIN policy is the Working S.t (WS)

Policy ( Den68] . According to this policy, the pages most likely to be

referenced in the next T int erval I t , t.s.T) are those which have been

referenced during last T interval (t—T , t). All other pages can
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therefore be removed. The interval T i~ called the window size.

Both LRU and WS try to prediot the future - reference pattern from

the past behavior of the program. Efficient operation of these

algorithms is dependent upon the degre. of locality of reference in

programs. In statistical terms , the principle of locality states tha t

there is- a high correlation bet wean the imediate fut ure and the recent

past behavior of a program. - V

- I _ — V V

- V - V 
- ~~~~~~~ - 

V 
- 
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V

.3~ çVONTEQL THEORETIC FORMULATION 
- 

V V V

It is obvious from the previous discussion that the problem of

page replacement is a predict ion probl em. If we can somehow model the

page reference string as a stochast ic process , we can use modern control

theoretic prediction algorithms such as Wiener filter, or Kalman filter

etc. to predict future page reference string.

IThere are many ways to model the reference string as a stochast ic

process. Ideally the model shøuld be such that it incorporates all the

information contained in the page reference string. However, such a
V 

model becomes very complex and difficult to analyze. We, therefore,

choose to begin with a rather simple stochastic process model suggested

by Arnold (Arn75]. More complexity may be introduced in the future

work. The implications of this simplification, and limitat ions of the

conclusion drawn from this model are discussed in the last section of

this chapter. It turns out that even this simplified model gives us

much useful insight in to the problem. The stochastic process is,

therefore , described next .

The page reference pattern of a given ( say Ith ) page of a program

oan be modeled as a zero—one process as follows : 
V

I if the page is refersnoed in the
kth tnt erval C (k—i )T < t <. kT )

z(k) •

0 otherwise

-I I  
_  _ _ _ _ _ _ _ _
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A sample trajectory of the process i5 shown in Figure 3.1. The

problem of page replacement is that of predicting z(k) given trajectory

up to time Ck—1)T, i.e., finding the beat estimate 2(k) of z(k) from

measurements up to time (k—1)T. This problem is well known in control

theory. There, much work has been done on the prediction of stochastic

processes.

hV

~~

V

~~~~~

V

~~~

- l
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zf I) 
-

ru V , r  H
IT 2T 3T 41 51 61 71 t

Figure 3.1 Refe rences to a page modelled as a binary -StOChOSt iC process 
- 
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i.a cgsi EXPRESSION

In this section we derive an expression for the cost of imperfect

prediction. In memory management with fixed memory partitioning ,
generally the objective is to minimize the chances of page faults. In

the case of variable partitioning, however, page faults alone do not

provide an adequate criterion. This is because it is always possible to

reduce page faults for one particular p”ogram by giving it more memory.

This, however , pei~alizes other programs which must operate with less

memory. Thus , an additional objective is to keep memory usage also to a
minimum. This second cost is often referred to as space time product .
The total cost is , therefore , calculated as follows .

Let R a Cost of a page fault

= Cost of bringing a new page in to memory

and U a Coat of memory usage

a Cost of withholding one page of memory from other

users for unit time

Let 2(k) denote the predicted value of aCk) from information available

at time (k—I)?. Due to imperfect knowledge of the future , z(k) and 2(k)

are not the same. A price Ms to be paid for errors in prediction. If

both z and 2 can take only 0, 1 values then there are only k oases to

be considered as shown in Table 3.1.

Thus the additional cost due to imperfect prediotion of ,z  is given
b y :

V C ZR d +U T f t

- — ~~~~~~~~~~~~~~~~~~~~~ V
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TABLE 34 : Costs of memory management 
-

Decision Additional
z B Based on 2 Cost Remark

0 0 Remove 0

0 1 Keep UT The page is not referenced
but still kept .

1 0 Remove R A page fault occurs .

I I Keep 0 The page is referenced and
it is in the memory.

V Our aim should be choose B such that the expected cost E(C) is minimum.
EEC] a E(Rz! + UTZ2]

I If we choose our decision interval T such that TaR/U or RaUT, we have

I EE C ] a E( R(z! + li)] 
-

a E( R( z— 2 ) 2]

R E(Cz—2)2)

• R t imes the mean square prediction error

Note that the second equality above holdi only if both z and B are
zero—one valued variables , not otherwise.

A classic solution to the least square prediction problem is due

to Wiener(Pap65 , p. kOB]. It consists of designing a linear system
A

- - 
- (Wiene r filter) with impulse response h(u) such that the out put of the

V system is the est imate B Ct )  when input is z(k) , 0 ( Ic ( t— 1 (see
- 

- Figure 3.2).

2(t )  a 

~~3(u)z(t—u)us 1
The impulse response h(u) can be obtained by solving the Wtener -Nopf

V 
V

—~ — ~~~~~~~ - V-. V~~~~ —
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L

Linear System .Post Predicted Az(t-k ) 
obser- ~ with impulse response Value z C t )
votions h(u)

Figure 3.2: Wiener filter predictor. h (u) is given by
solution to W iener-Hopf equation.

-.~---V
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equation

C(k) 
~~(k—u)h(u) k=O , 1, 2,

U: 1

where C(k) = autocorrelatton function of z(t ) .  The memory management

problem can , therefore , be solved by measuring C(k) an~i solving the

Wiener-Hopf equation.

Strictly speaking the Wiener filter technique is not applicable to

binary processes . For example , the out put bf the predictor will not be

necessarily 0 or 1. It may take any value . The analysis is, therefore ,

approximate. The reason for the choice of this method for initial

analysis is that there is no as convenient a way of modeling binary

processes’ as for cont inuous processes. In tact , the techniques for

modeling, est imat ion , and prediction of continuous processes are so well

developed that it is no longer necessary to solve the Wier*er—Hopf

equation in order to find the optimal predictor. Simply, by looking at

the shape of the autocorrelat ion function, it is possible to guess the

model of the system that could have generated the process [BoJ7O &

Nel73]. For example, an exponent ially decayin g autocorrelat ion function

implies an AR ( 1) model , i.e., the impulse response hCu ) (the solution of

the Wiener—Hopf equation ) is zero every where except at U z i.  These

“Time Series. Analysis Techniques” provide very convenient means for

modeling empirical data.

• We have developed some techniques for modeling binary processes .
These techniques and their appli3at ions to page reference process are
described in the next chapt er . In this chapter we report the results
using conventional techniques.
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34 NON-STATIONARIT ! QE ~~~ !AGE REFERENCE PROCES8
-

Arnold (Arn75 3 has reported the results of aut ocorrelation

measurement s on a number of programs. Hit oonoluaion is that in most

cases the aut000rrelat ion function has the following tore :

C(k) a p + (1~p)qk with p > 0 and qaconstant

Arnold report s in his paper tha t one of the main findings of his

measurement s is the fac t that the eutooorrelat ion function does not go

to zero , i.e., the constant p~O.

An important implication of this observation is tha t the page

reference process is a non—stationary stochastic process. In tact, a

oo~~only used test for stat ionarity is to verify that the

autocorrelation function C(k) dies down to zero at large lags (B0J7OI.

A simple explanation is that if the correlation between aCk) and sCO) is

zero for large Ic, the effect of the initial conditions will not be felt

after large enough Ic, and the process will eventually reach a state of

“statistical equilibrium” called stationarity.

There are unlimited number of ways in which a proces. can be

non—stationary . h owever , most of the real world non—stationary

processes exhibit a “homog.neous” non—stationary behavior, such tha t some

suitable difference of the process is stat ionary . For example, if the

process exhibits homogeneity in the sense that apart from local, level

C i.e., local mean ) , one part of th. series behaves much like any other

part , then the first difference of the process may be found to be
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stationary.

To model such non—stationary processes, therefore, one studies the
aut000rrejation function of 1st , 2nd , 3rd , ... differences unt il a
stat ionary process is obtained . Thus, to model 2(t) we should study the
autocorrejat ton funotiona of

Dz(t) a z(t) — z(t.’.l)

D2~(t )  a Dz(t) — D z (t — 1)

V 

Ddz(t) 
~:~~

_1z(
~
) ~ D d 1 z(t~ l)

till a stat ionary process DdZ(t ) is found .

The non—stat tonarity of page reference process act )  can he
explaIned as follows. Even though the program bshavior may be
stationary in one locality, the frequency of reference to a particular

page varies as the program progresses fro, one locality to the next .
Thus , the process z(t) may behave like a set of locally station ary
processes , i.e., like a homogeneous non—st a. tonary process whose mean
value varies. It this is so, the first difference of aCt) must be
stationary. At this point thià is Just a hypothesis. The

identification results pr~eaented in the next section confirm this

hypothe sis. 
V V

V J
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~~~~~ ARIMA MODEL QE PAGE ~~~~~~~ BEHAVIOR

This section describes the results of modeling the lit and higher
• I differences of the page reference process . The data for analysis was

supplied by Arnold. It consisted of a reference string trace of the

MUDDLE compiler. About 5 different pages were chosen for analysis.

The aut000rre] at ion functions of some of the pages studied is

shown in Figure 3.3. The broken lines indicate the 95% confidence

interval of the AC? for the given sample . It is obvious from this

figure that the process is non—stationary and further differencing is

necessary. The first difference process y(t) is defined as

y(t) a z(t)—z(t—1)

In almost all oases studied the first differences turned out to be
• stationary. Sample aut ocorre lat ion (AC?) and part ial aut ocorrelati on

( PACt ) functions are shown in Figure 3.~ . The comeon characterist ics of

these funot ions and the inferences that we can draw f ro m these are now

described. V-

A~ ~ t1~ out~i aLC ii. AI~zt V ),agt
~ 

This implies tha t the 1st

differences are stationary and no further ditf.rencing is necessary.
~ Thus the appropriate model for the page reference process aCt ) would be

an ARIMA(p , I ,q) model (Auto—Regressive Integrated Moving Average model

of order p,1 ,q) for some suitable p , and q.

TI
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Fi gure 3.~ : The AC? and PAC ? of 1st di fference of the page reference processes
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L. flit mean ~~ ~j~j difference orocess j,~ almost zero. This means tha t

the constant term in the ARMA model for y(t) could be taken as zero.

This property of y( t )  is least surpris ing because a little arithmetic

shows that this must be so.

y(t) • z(t)s.s(t—1)

Hence, mean of y( t )  a

$ 
~~~~~ ( s ( t )— z (t — 1)]

ta2

• !L!1:!111
s—i

• 
____ .A~Z ~øt Z&~L i~.t ~zui. at. Ls& .1... aZU~ 

which they ~~
slowly. Of cours e , there are a few Jueps at other lags5 and the fall is

not smooth. The main point is that C ( 1)  and 0( 1) are not insignificant

as was the case for CPU demand processes. Therefore, suitable low order

model for y(t) is ARNA( 1, t )  model . To see this clearly, consider the

°~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ e~~~~~~~~~~
___ 

V 5 Scse page. show peri odic peaks th the AC? even at large lags. This
happens far the pages that are in a big (with resp ect to interval T)

• program loop. If the total t i*. of the loop is kT ( say) , the page is
referenced every k int erva ls. Thus a C t ) and z(t ,k ) are highly
correlat ed , and so are 2( t )  and z(t +j k) , 3.2,3 , . . .  This will cause

• peak, in AC? at lags 3k , j aI ,2 ,1,... In conventional time series
• V analysis this behavior is called ‘seasonal ’. Though it is not very

difficult to model this behavior , we will not consider this here ira
• order to keep , the analysis staple .

.1

“V •~~~~~~~~~~ 
. -
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ARMA model :

y(t) — ay(t—1) a e(t) — be (t—1)
The ACF and PACF of this process for different relat ive values of

paramet ers a and b are shown in Figure 3.5. The exact expressions are

as follows

C(0) a 1 0(0) a 1
a—b

~‘ ~ a 0( 1) a a—b
1—2ab+b 2 - V

C(k+ 1) a aC(k) k>0 0(k.s.1) a bOCk) k>O V

The comparison of Figure 3.11 with Figure 3.5 shows that a

ARMA(1,1) model with b)a)0 could be used for y(t).

~~ flit ~~ ~~ we~l PLC2 are neaative jj ~gg~ j,~ This observation along

with the expressions for C ( 1) and 0( 1) given above further confi rm the

constraint guessed above , i.e., b>a. The fact that the successive

val.uss of y(t) will always be negative ly correlate d can easily be seen

as follows:

y (t)a$ a> z(t)s1 a> y(t.s.1)aO or — 1

y(t)s.1 a> z(t )a O a> y(t+1).O or 1

Thus a positive value of y(t) implies that . that the next value will be

zero or negative and vice versa.

The parameter values obtained tor the cases analysed are listed in

Table 3.2 Notice tha t a and b do satisfy the constraint s (b>a>0)

conjectured above . In addition we not ice that b is almost always nearer

to I and a is nearer to 0. Also listed in the table is the relat ive
I

V 
V * 

V

‘V

V—
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1.0 V

~~~~~~~~~~~~~~~~~~~~~~~~~~ kk

-i.e V

~~CII 1 #IIk //

/
/HvV ~_ _ _  

V

-1.0

FIgure 3.5: Aut ocor re loHon and partial outocorrelatlon functions Ck and #11k
for ARMA (1,1) Mode l

y ( t )  — oy(t•1) ‘s (t ) - be(t - i )

:~:‘
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TA~LE ~~ : Parameter values ;for the ARIMA(1,1,1) model

(1.aB)(1—B)z(t) a (1—bB)e(t) 

SOS earn s •~~~~~~aS •

Page # a b R2 . 

S 51 ~~~~~~~~ 

—

1111 0.6511 0.961 14.1%
- - 79 0.41*6 0.856 17.3%

172 0.345 0.822 20.6%

206 0.0 0.858 41.4% V

226 0.0 0.783 38.2% 

S S 

V

reduction in the variance (52) achieved by the model . Notice that the

model does provide significant gain in prediction efficiency over a

zeroth order model.

The fact tha t ARMA ( 1 1) i. the appropriate low order model f or

y( t )  is furt her confirmed by comparing it with other iow order models

lik e *5(1), 14A(1), or AR(2). The relat ive efficiency of these models is

listed in Table 3.3. Notice that in all oases analyzed , the A RMA( 1 ,1) 
V

model turn, out to be the most efficient . V V ,~

Since y(t) is the first difference pi’io~ess of a Ct ) ,  aCt) is said

to be the first ‘integrated” process of y(t ) .  Thus an Auto Regressive

Moving Average (ANNA ) model of order 1 1  for 7(t) implies an Auto

Regres sive Integrated Moving Average (ARIMA ) model of order 1 ,1 ,1 for

s(t). The model equation for 7(t ) is
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( 1— aB)y( t ) ( 1—b B) e ( t )

where B isi the backward shift operator (By(t) a y (t~ 1) ) .  Furt her since ,

y ( t )  a z ( t ) e z ( t — I )  * (I—B)z(t)
~~~~~ ~~~ V -

V the model equation for 2(t) is given by the following equation

a (1—bB)s(t)

V TABLE 
~~ 

: Comparison of ANNA models of 1st difference process

y(t) • aCt )  - z(t.1)

List of ~2 (% reduct ion in. variano.) for different models of y(t) 

a coca 
___

Page#. ~~~~~~ *5(2) MACI) ARMA (1,1) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ flees 

1111 11.6% - - 6.0% 6.13% 14.1%

79 7.6% 13.2% 17.3%
V 

172 13.2% 16.9% 19. 1% 20.6%

206 25.0% 29.0% 4 1.4% 111.4% V

V - V

226 25.13% 29.5% 38.2% , ~~~~~~~ 38.2%

eeSee5ee eeeee a0 ~~~~~~~~~~~~~~~ f i 0 Z ree fl Sefl

S
V ~ V V

- & V f ’ V .V ‘ V

— 
- — ‘ • ‘~~~V ’’ _ . V_ ’ V~~~

— V

4
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~3~1 PAGE REFERENCE PREDICTION USING fl~ ARI MA ( 1.1.1 ) MODEL
L..

The net conclusion of the last section is that the page reference

behavior of programs can be appropriately modeled by an ARIPI A( 1, 1,I )
model :

(I e a B ) ( 1— 5 ) z ( t ) a ( 1— b B ) e ( t )

where aCt )  is the binary page reference process , e(t )  is white noise , 9
is the backward shift operator , and a, b are model parameters with

b>a>0. Using this model , we can derive equations f or  prediction of 2 ( t )
based on process observations up to , time t— 1. In the following, we
derive two such sets of equat ions called “open loop’ and “closed loop”
predictors. An implementation of open loop predictor using tw~’
exponent ial weighted averages is also discussed . V

3~6.I Qoert ~~~~ Predictor : The usual way to derive a predictor for any

*5114* model i~ to transform it into an equivalent AR model • For our
ARIMA (1,1 ,1) odel, this is done as follows:

(leaB)(1—B)V e(t ) a
1-bB ~

- 

$ C 1 - (1.p sb)3 -(boa)( 1-b ) fb i_28i J z(t )
ia2

V V a z(t)S( 1.a—b)z(t . 1) ..(b ...a)(t .~.b) ~~ b1521( t_ i)

or, 2(t )  • e(t).(1...s—b)z(tol),(b a)(1_b ) fb~~
2a (t_i)

is2 V

Li
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Since e(t )  is white noise and ca.~ not be est imated or predicted

from the previous observations , the best estimate of z(t) from

observations up to time t i is given by:

2(t) • (1.i.aeb)z(t—1)+(b—a)(1—b) 
~~

1
bi 2 z(t4) (3.1]

ia2
This equation is very inconvenient to use because it requires knowledge 

V

V of all previo us observations. One way to simplify it is to ignore the

higher order terms (terms with small coefficients). In practice, terms

after the 5th lag can be easily ignored without much loss in accuracy .

A more ingenious procedure is to rewrite the e.~ at ion 3.1 as

follows:
V 

2 (t )  ~ (1-c)z(t - 1) + c 2(t-2) (3.2)

V 
where czb—a>0 and a ( t — 2 )  is defined as ( 1— b ) t imes the summat ion term in

the equation 3.1. It can be recursively calculated as follows:

5(t 2) a ( l eb ) z (t—2 ) + bEt—3) with 2~0)a0 (3.3)

Notice that both the equations 3.2 and 3.3 represent exponent ial

weighted averages. However, the weight ing coefficient s ira the two

V equat ions are quite different , because b-c a a i 0.

V 1.6.2 Closed ~~~~ Predictor : A somewhat different equat ion fC.a the

predictor can be derived as follows:

aCt )  a
(1—aB)(1—B) e(t )

( l .a—b) - aB
~ •( t ) • ° ° B e  ( ‘ V(1— aB)( 1—B)

~ ( 1 i.e-a) aB• e( t , + ~~~~~~~~~~~~~~~~~~~~~ I .

~~
V -
-(l aB)(1—9) e —

~~~ V 
V
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jiia—b) — aB (l—aB)(i—B )= e( t ) + —— — , •
V ( 1— aB ) Ci— B ) 1—bB ~~~~~~~

a e(t) + i1~!:~1_:!! aC t— i ) 
. 

V

Hence 2 ( t )  ~ 11~!:~i_ !! aC t — i )

or (1—bB)2(t) a ((l .a-b) — aB)z(t—l)

V or 2 (t )—bS ( t — 1) = ( 1+ a—b ) .z (t— 1) — azCt—2)

or 2 (t )  a ( 1+ a) z (t—l )  — az(t—2) — b(z(t~ l )—2(t—1)]
V 

, a (1.a)z(t—i) — az (t— 2) — be(t—1) (3.1*3

where e(t) a z(t)—2(t) 
V

a Error in prediction st t

a Innovation sequence

The block diagram representations of predictors given by equation 3.1
and 3. 13 are shown in Figure 3.6. It is obvious f rom the diagrams why we V

call these predictors open loop and olosed loop respect ively.

• , 1

I

V 
-~~ -— - - —~~~~~ —-~~~-- —j V V
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- z (t- 1) 

~ 
-

z (t - 1) 
Close4 loop A ( t )fredictor ______  

Z

f Deloy}

Figure 3.6: Block Diagram representation of Predictors

L. V~~L
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~~~ ARIMA PAGE RflPLA~ EMENT ALGORITHM

Using either the open loop exponential predictor or the closed

loop equat ion derived above , one can design a page replacement

V 
algorithm. We will call such an algorithm “ARIMA page replacement V

algorithm” . In the following, we describe the algorithm based on the

exponent ial predictor • The closed loop version can , similarly, be

designed . The algorithm is as follows~

1. Associated wit h each page 1 is a hardware register !~ (called
5—register) . Also associated i~ a bit 21 (called a—bit).

2. Whenever a page is referenced its associated z—bit is set.

3. Every T interval (where T is the rat io of costs as described

before), all 2—registers are updated using the following (FORTRAN

like) statement :

• (l..b)’z~ • beti
V and ill 2—bits are cleared.

13. When a new page is loaded in the memory the Ij  bit is cleared and

is initialized to 0.

V 5. At the time of page replacement , which could be every T interval ,
V 

or more appropriately at page fault , a quantity called •j  is
V calculated as follows :

• (isO)*$i + olli
Based on Ii, a decision is made regarding the page to be replaced .

j ,ei
‘~ 

~

V :

~~~~~l 
-
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There are many possible ways of making this decision . Some

• examples of such decision rules are described below

a. The page with least 2~ is ~~plaaed.
b. All pages with 2j  < k , where k is some suitable out off point

(say 0.5) are replaced.
V 

c. The first page encountered with *~ < ~ t. replaced.
d. Iaong the pages with 2j C i c , the page to be replaced is

selected using LIFO, FIFO, or LRU algorithms.

Of course , one may also use a combination of two or more rules,

for example , In the case b above , if there is no page with ti < k , then

use the rule a, or try varying k depending upon the. page fault frequency

V 
and so on.

The main overhead involved in this algorithm is the updat e of a

registers every T interval • This overhead is not excessive considering

that it involves only one multiplication, one addition , and a

complementat ion. A simple hardware circuitry could be used to do this

task as shown in Figure 3.7. At the time of replacement the same

circuit ry could be used for prediction by repla’.ing b by a.

V The question that we have ignored so far is what value of

parameters ’ b and a should be used in the ARINA algorithm . Ideally , one
V would like to est imate these par ameters sepa ratel y for each page. The

est imat ion technique should be an adapt ive one so that b1 and at are

updated along with zi every T—interval . Alternately one could use some

suitable fixed value • This latter procedure has much less overhead and
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I— —— a,

$ I

z—bit I •

T~r:s’:r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 3.7: Hardware Implementation of ARIM~ Algorithm

H
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is more practical. However , in this case, program behavior monitoring

• . should be done from time to time to detect drastic variations in user

program behavior . The main consideration in choosing these values is

that they should be representative of user program behavior, and also

they must be easy to represent . For example , for the pages we analyzed ,

we found that the average values of b and a were 0.856, and 0.567

respectively. Therefore, ba7/8, and oal/2 seem appropriate, considering V 

V

that we are going to use binary arithmet ic.

I

J.L
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3,~ SPECIAL CASES 9! ~~~ AR IMA ALGORITHM

In this section we show that working set, reference frequency, and

few other algorithms are special oases of the ARII4A algorithm. Another V

special case is an extended working set , wherein the window size is

dynamically adjusted to mat ch th e program locality size . Recall from

the last section that the exponential predictor for the ARIMA( 1,l ,1)

model is given by :
- 2(t) a ( i— c ) z ( t — l )  • cz(t—2)

Z(t—2) a (1—b)z(t—2) + bz(t—3)

We shall refer to these two equations as predict ion equation , and updat e V

equat ion respectively. The tour special cases of the ARIMA algorithm

occur when the parameters b and a take their extreme values 0 and 1.

These cases are now described .

sue. ~ I caQi : In this case, the predict ion equat ion becomes

2(t) a z( t— 1 )

i.e., the pages that were referenced in the last T interval are the ones

V that are likely to be referenced in the next T interval . All other

pages can be replaced . This ii exactly what Vorkina ,~ j policy also

says • For this special case of the ARIMA page replacement algorithm

described above , the 5—registers are no longer necessary , and the pages

with 2—bit Ofl constitute the working set . Also not ice that cab—taO

implies that the model equat ion for this case is 
V

(1—B)z(t) • e(t ) 
V

i.e., an ARDIA(0 ,l ,0) model . In this case the process 2( t )  is an‘4 .’ 
LI j
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“Integrated white noise” or Wiener process. Thus working set is optimal

for programs whose page reference processes constitute a Wiener prooess.

Since using US is equivalent to using a white noise model for the 
V

first difference process y(t), the percentage improvements listed in

Table 3.3 are also percentage paging cost improvements achievable by t
various ARIMA models. 

V 

V

Case [bal l : For this case the update equation takes the following

form :

!(t—2) • Et—3 ) • S ( say)

i.e., the mean is time invariant , the prediction equation therefore

• reduces to an ARC I) predictor

2 (t )  a ( l— c) z Ct— l) +c!

This is ?jrnold ’s Wiener Filter model (Arn75) . Notice that this is

applicable only if the mean is time invariant, i.e., if the aCt )  process

is stationary.

~~~~~~~ 
(aal. ~gj 1 : For this special oase , like case II above , the

update equation implies a time invariant mean and the predictor equation V

becomes

2 ( t ) . !  V

i .e. ,  the pages are expected to be referenced with fixed frequency (mean

value ) and the page with least z is the candidate for repl acement . This

is the ~g g ~g~~j  Fr ouenov ooliav of page replacement . This model ii

also known as Indaoend.nt ~~~g~~~gj t’~d.l (1514). For this case the

model equation becomes
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(l—B)z(t) • (l—B)e(t) since aab—osO

or, aCt) • eCt) .z 
V

This is an ARIMAC O ,O ,O) or white noise model . Thus the reference

frequency model is appropriate only if the page references const itute

white noise0. V

case ~~ [cab] : In this case, the predictor and the update equations

become similar.

2(t) a ( l— b ) z ( t — 1)  • bz(t—2)
V !(t—2) a (l—b)z(t—2) • bz(t—3)

These equat ions can be rewritten as follows:

2(t) a z(t—l)

!(t— l) a (l—b)zCt—l) + bI(t —l) -

This is an extension of the independent referenc, model • Here the

reference frequency is assumed to be t ime varying and is comput ed

adaptively using an exponential weighted average . This policy could ,

therefore , be called “Adaptive Independent Reference Model” (*1514).

This is opt imal when aao—baO and the process model is ARIMA( O , l , l) :

(l_B)z (t) a (l—bB)e (t)

j i.e., z(t) is the integration of a first order (colored or correlated)

noise. It could, therefore, be called “Colored Wiener Process ” .

• ThIs ame OO;;i usion was rei;hed b; Aho , Demiing, ;d UU.an ~*;ui ii . 
•

They call it Ao policy and show that the policy is opt imal when the
probability of reference of a page depends neither on time
(stat iânarity) nor on previous program behavior (no-aut ooorrelation).
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We conclude this section on special cases of the ARIMA( l , l l )

model by depicting all the four oases discussed above on a single

diagram as shown in Figure 3.8. The ARIMA model operates in the
V 

triangular region O<o<b l. It is obvious from this diagram that the

ARIMA (l ,l ,l) is a general model and that Working set, Arnold’s Wiener

Filter , Independent Reference Model , and Adaptive Indep endent Reference V

Mode], are all its boundary cases .

- - ; ~

V 
V~~ I~ , - 

V
V V 

V

• V 4



V _ _ V ~ 
__ • V _ _ _ ~_ V~~ V

3-34
Memory Management
Special. Cases of ARIMA

Independent Reference

/‘Model/ARIMZ\ (O,Q,O)

V 

~~ rking set/ARIM~(O,IQ) 
—0 1.0 b

V 

Figure 3.8: Special cases of ARIMA (1 ,1,1) Algorithm V

V .

~4 ~ V 

-

Vi 
V
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3J, LIMITATIONS 9! ~~ FORMULATION

In the lab section it was shown that the working set policy is a

speoial case of the ARIMA policy. Therefore, a question that naturally

arises is whether there is any relation between the ARIMA and another

popular page replacement algorithm LRU , and whether the LRU is also a *

special case of the ARIMA. The answer is probably “no”. This is

because of the limitations of the zero—one stochastio formulation that

we started with. It uses only a subset of the available past

information .

A deeper insight into the information structure can be obta ined by

considering the information used by various algorithms. ThIN — the
• optimal variable space algorithm uses the complete page reference

string. WS requires knowledge of set of pages referenced in the last T

interval . It does not require the order in which the pages are

referenced or the number of times they are referenced. A general ARIMA

model would use all the sets of pages referenced in successive T

interval . Finally, LRU uses the set of last referenced m pages along

with their order of reference. The Venn diagram of information used by 
V

these algorithms is shown in Figure 3.9. The broken line in this figure

separat es the past from the future . There are two inferences to be

drawn from this figure
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t

Figure 3.9: lnformot~on used by vorious page replacement
V algorithms.
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V Limitations of the Formulation

1. The informat ion used by the US is a subset of that used by the

V ARIMA . This explains why ARIMA policies can always be specialized to US

set policies with proper wine i sizes~

2. There is much information, C like the frequency of reference of a

page in an interval, the order of reference of various pages, nnd

cross—correlation between different page processes ), that is not used

in the zero—one stochastic process formulation used to derive the ARIMA

policy. If we could somehow develop a formulation which uses the

V complete past information , then both the US and the LRU will be special,

cases of the generalized model. The conclusions drawn would then be

universal in scope.

- V i

V VV~~~V J  
-

-?



V ~V~~• V~~~~ _ _ V __ •V -

3—38
Memory Management
Conclusion

V 
140 CONCLUSION

V The page reference behavior modeled as a zero-one binary V

stochastic process exhibits a non—stat ionary behavior An ARIMA(1,1,1)

model was shown to be appropriate for the process. This model is then

used to design a memory management policy.

The main results achieved in this chapter can be stated as

follows: V

1. We have shown that the cost of imperfect prediction is

proportional to the square of the difference between the

predicted and the actual value. 
V

2. Using empirical results, we have shown that the ARIMA (1,1,1)

V 

- 

model is an approp riate model for page reference processes.

3. We have designed a new page replacement algorithm called ARIMA

page replacement algorithm. The algorithm is shown easy to

- —.
~~~~~~~ 

implement.

11 • We have ihown that many convent tonal algorithms like Working
V 

- 

3.t, Re ference frequen cy, and Arnold ’s Wiener Filter algorithm

ar e merely boundar y cases of the ARIMA algorithm . Also we have

described condi tions under which these boundary cases are

optimal . In part icular we , thus , have a cont rol t heoretic

derivation of the US policy.
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In the analysis presented in this chapter, approximations were

introduced due to Gaussian assumpt ion . We , therefore , expect that the

development of identificat ion methods for discrete binary processes will

lead to better underst anding and management of program memory behavior.

V
~~~~ SVV



— ____ V _ VV_• V~ V - _VV~ ~V — V V_VVV~~V V

Page 4-~

V 

CHAPTEE~~~

BOOLEAN MODELS 
~~ 

BINARI ~ROCESSES

WITH

APPLICATION ~Q M~ IOR! MANAGEMEN T

V • 4 ~

1



V Boolean Models
Introduct ion

L.j . INTRODUC TION

In this chapter we present a new approach for analysis of binary

processes . A process z( t )  is called binary if the variable z(.) can

take only two values 0 and 1’. A classic example of a binary stochastic

process is the so called “Semi—random Telegraph Signal” which consists

of a sequence of independent identically distributed binary random

variables . 
V

In computer science , binary process are a comeon occurrence. For

example, as was shown in the last chapter, the reference pattern of a

part icular page constitutes a binary stochastic process which can be

used to design new memory management policies. Similarly, in database

management , record reference patterns constitute binary processes which 
V

can be used to detect changes in reference patterns and to determine

opt imum points for database reorganization . In computer net works,

V 
packet arrivals at a node can be modeled by a zero—one process. Several

similar examples can be const ructed in the areas of weather prediction,

signal detection , medical diagnosis , and informat ion t heory. 

n _  

• In fact , z( .) can take any two values say a and b. The analysis

presented here can still be used by t ransforming it to another process

Notice that the process y(t) is a zero—one process.
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In spite of the fect that binary processes are so common, it is

V 
surprising that no direct technique for identification and prediction of

V such processes has been described in the published literature. The two

known methods for analyzing such processes are both indirect (CoL66).

In the first method, one analyzes the intervals between successive
V 1 z(t)zl pulses. These interval can be assumed to be Gaussian, and the

analysis carried out as usual. Alternatively, one can count the number

of z(t)zl pulses over suitable intervals of equal length and model the

resulting “count” process as a Gaussian process. It is obvious that

both these approaches for “modeling” of the process are not suitable for

the prediction of z(t) given its history upto tile t.

In this chapter, we present a direct approach to modeling,

estimation, and prediction of binary processes • The approach is

analogous to that for Gaussian processes. Like the Wiener filter for a

Gaussian process (see Figure ~$.1), we design a system (a Boolean system) 
V

whose output is the predicted value g(t) , and the input is the past 
V

history of the process. Our model is more general than the Wiener V

filter in the following respects:

1. The measure of goodness of the predictor is not limited to a fixed

criterion, e.g., least—squares in the case of Wiener filter. Our

method applies to any given criterion: linear or non-linear.

2. We do not impose the linearity condition on the system. Our method

gives the opt imal non—linear predictor for the process. Further, if V

the optimal predictor is not unique, our met hod gives all the

pre dictors . 
V

ii
_ 

V ~~~~~~~~~~~~~~~ -~~~~
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Post History 
V 

Future
‘ Linear System

V z ( t ) , . . .,z ( t— 1 )  z ( t  )

a. Wiener Predictor f~ r Gaussion Processes

V Post History Future
~ Booleon System,z(t—l) z (t)

b. Booleon Predictor for Binary and k-cry Processes

Figure 4.1: Analogy between Wiener predictor and
Booleon Predictor

I V

‘ 1
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3. Our model is not restricted to stationary processes alone; it is

• applicable to some non—stationary processes also .

An additional feature of our model is tha t it gives zero—one

estimates of a zero—one process. Since z(t) is binary it is not

meaningful to have fractional estimates of z(t). For example, it is

meaningless to say 1(t) O.7 (though it is meaningful to say that the 
V

probability of z(t) s 1 is 0.73 ) .

The only restriction in our model, which does not appear in the

Wiener filter, is that the process is assumed to be Markov of a given

order n. A process is called Markov if the probability distribution of

z(t) given all the past history of the process depends only on a finite

past. In particular, z(t) is Markov of order n if

P(z(tHz(t—n),z(t—n+1),...,z(t—1)]

Here P(.) denotes the probability of an event.

In this chapter we develop a general probabilistic model relating V

z(t) to its past values. Based on this model , an expression is derived
~~~~~~~V V ~~V ~ V 

for the likelihood function, and hence, for the maximum likelihood

estimates (MLE) of the model parameters. We show how the model is used
V 

• V V V
~ for optimum prediction and derive a formula for the total cost due to

prediction errors. Then we extend all results to the more general case

• V of k—ar y processes . In this case, the process takes integer values f rom

0 through k—I. Finally, we show how the model can be used for page

replacement. 
V

‘ 1 V
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In the analysis presented in this paper we make frequent use of

the properties of pseudo—Boolean functions. The essential elements of

the theory of such functions are, therefore, briefly reviewed in the

next section ( adopted from (HaR68)) . The material in the other sections

V of this paper is original and , as far as is known to the author, has not 
V

I appeared anywhere in the published literature.

- V~~~~~V~~~~~~~ 
V

- ~VV 
~-?t~~

V ~~~~~~~~~~~~~~~~~~~~~~~~~~ - •-

- - V
~~ V~~ 

- -

~~*~~ V .~~~~~ V -

V V V~

- $ ~•VV~~~~ V

V ~~~~~

VfV V~~~
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Boolean Functions

.~L12. BOOL.EAN FUNCTIONS — FUNDAMENTALS

The definition of Boolean functions varies widely among authors. 
V

In an attempt to generalize the concept s , even the pioneers of t his

theory, Rudeanu and Hammer, have changed the definition over time (e.g.,

in (HaR68], and (Rud7~s]). In th is thesis, we adopt the following

definition from (Ha068).

1L2. 1 Definition : By a “Boolean function” f(xi,x2,...,x~) of y~

variables we mean a mapping

f: (0, 1) n_> (0, 1)

i.e., a zero—one valued function of zero—one valued variables. f
V An example of a Boolean function is f(x1,x2) x~ + x2 — 2x1x2.

The usual way to express a Boolean function is by using the Boolean

operations (e.g., conjunction, disjunction, and negation). For example,

the above function is usually written as

f(x 1, x2 ) ~1x2 v

where “v” is the disjunction (inolusive OR) operator, bar indicates

negation , 
-~ and conjunction is denoted by juxtaposition. The

transformation between the two representations is a result of tha

following equivalences:

V 
s I—x wx G(O,1)

*1 , x2 x1 • *2 - x1z2 ~ v x ,x2 e(O,1}

V 
- •V~~~~

V V V~~~~~ •V

Li V V ~~~~~~~~~~~~~~~~ V~~~
_ _ _ _ _ _ _ _
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V

A notation whioh is commonly used in the literature on Boolean

functions is the following

X0 Z X  X 1 a X

Where zO is “x sup zero” (not x raised to the power zero). To avoid

confusion, we will use (x)1 to denote the jth power of a binary variable

x. Continuing with the notation , if X (X
1,*2,..., ,} is a set of n

binary variables and i1j2~~~ is the n digit binary representation of

i, ~~ ~ j~
n..1, then

iQi( X) a a X 1 ‘X2 
c 

~~••  Xn 
fl

is called the Ith fundamental product. For example , for ns3

q
5 x1~X2

0X3~ a X
1j2~ 3 and q0 a x 1

0X2
0X 3

0

An important property of fundamental products is that ~~(x)a1 if

and only it Xai . Thus, the fundamental products are “mutually

exclusive” , i.e.,

(0 i~jq1q~ a

~qj i~j

There ar e many ways of represent ing a Boolean function • A f~~ 
V

examples are given below: ;: 
~

- :

I — x 1 — *2 • 2*1*2 (Polynomial form )

21*2 V *1*2 (Disjunctive Form) V V

V 
(X i V X2 )(1I v (Conjunctive Form)
I X 1ea2 (R..d-Muller form)

2112 • 011*2 • 0*112 + X 1x2 (Sum of Products form)

I
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In our analysts, we use the sum of products form. Using Shannon~s

decomposition theorem, any Boolean function can be expressed in this

form as follows:

f(X) a 
~~~ fj qj (X )

4 where, f~ a f(X ~Xai),  i.e., f(X ) when xlai i,  z2si2, ... , x~ at 1~.

The concept of Boolean functions can be generalized to other V

functions — not necessaril y zer o—one val ued . Such functions are called

“pseudo—Boolean functions”.

l .2~2 Definition : Let R be the field of real numbers; by a

pseudo—Boolean function f we !ean a mapping

V 
f:(O,1}n -, H

i.e., a real. val ued function of binary variables.

An example of pseudo.Boolean functions is the following function :

f(Xl,x2) a 0.5(xi)~ • 
3xi — 2(x2 ) 2 

V

In fact, all functions (includ ing Boolean functions) of binary variables V

are pseudo—Boolean functions • Therefore , the adjective “pseudo—Boolean”

may be dropped whenever it is clear from the context.

Again using Shannon’s decomposit ion t heorem, any function of

binary variables can be reduced to a “sum of products f or m” :

f(X) • 
2
~~tq(X)

For example,

f(11,X2) a 1 — 0.5(xi)~ • 
3xixz 2(~~)

2 
V

For this function a 1 , f1 • .1, f2 • 0.5, and f’3 a 1.5, hence , 
V
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V

t (x 1, x2) a 1i 112 • (-1)21x2 • O.5x1~2 • 1.5x1x2
Similarly, x~2,X1 0*112 + 111x2 • 0*112 + ex1x2

Notice that when expressed in the sum of products form , every

function of binary variables becomes linear in each variable (i.e., each

variable appears only as its first power), although the function itself

is non—linear (due to the presence of product terms) .

—
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j~~ DEVELOPM~~T Q~ ~~~ BOOLEAN MODEL V

Let ~~ denote the set of I observations immediately preceding

i.e., (z(j—i), z(j—i+1), ... , z (j — 1)} .  Thus

a (z(1),z(2),...z(t—1)) denotes the complete past history of the

process. Let Pt z P ( z (t ) s f l z ( l ) , z(2 ) , . . . , z ( t — 1) )  denot e the probability

of z(t):1 given the past history of the process. The simplest binary 
V~

process is the so—called “Binary White Noise” (RWN) or Bernoulli 

J ~~~~~

.

Process. It is defined as the sequence of independent identically

distributed binary random variables. The semi—random telegraph signal

described previously is a BWN. Also if we associate a time index to

successive Bernoulli trials, they will constitute a BWN. A BWN can also

V be obtained by filtering and clipping a Gaussian white noise. A BWN

with parameter p will be denoted by BWN(p)

For a Markov process of ord•r n , Pt depends only on the past n

values Ztna(z(t .n),z(t..fl+1),...,Z(t.1)}. We can represent the most

general non—linear dependence of Pt on Z~~ by saying that Pt ~ h(Ztn ),

~ t 
where h is some non—linear function of 

~~~ such that Oj h ji. In the V

sum of products form , we have

2~~1
a P(z(t)a1 Zt~] a Ll~q~(z~~) (‘1.11

isO

where hi * h(Ztn lZ tn ui)
a Value of h(Zt~) when z(t—n),...,z(t-1) take values

corresponding to the binary expansion of I.

and ~1(z~~) a ith funda mental product of z ( t — n ) ..., z ( t — 1)
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The equation for z(t) corresponding to this equation is

z ( t )  a 
~~~ej (t )qj (z t~ ) (p.2]
isO

where, ei(t)_BwN (h~)

By taking expectations of both sides of equation (11.2) , it can be
shown to be equivalent to equation (11.1). Notice that ~~ denotes t he

“state” of th~ process. The process can be in any one of 2~ states V

corresponding to 
~~~~~ iaO , 1 ,...2~~ l The distribution of the future

value z(t) in state i is Bernoulli with parameter hi.

V For example, the Boolean model of a second order t4arkov process is

z(t) a e
0(t)!(t..2)!(t..1) • e1(t)!(t—2)z(t—1) + e2(t)z(t—2)Et—1)

• e3(t)z(t...2)z(t...1)

!~ j -

1 V~~~~ V
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V 

jjJJ~ LIKELIHOOD FUNCTION ~~~ PARAMETER ESTIMATIQ~j

The proposed model (equation 11.1 or 11.2) has 2~ parameters 
V

hO, hl,...,h2n i. In this section we develop a likelihood function for

the observat ions, and find the expression for maximum likelihood J 
V

V 

estimates of these parameters. To develop the result in the form of

Theorem 11.4.2, we need the following lemma. I V s

V 
4.4.1 Lemma ( Funct ion Leama.1 : Let f be a mapping f :R—>R ,

i.e., a real valued function of a real variable, and let V
V 

thiqt (X)
V 

isO

V Then , f(p) * 
2
~~ f(hj)qi(X)iso

Proof : Let p a h(X)
V 

~ that f(p) .~ t(h(X))

Since the right hand side of the above equat ion is a pseudo—Boolean

function , it can be written in a sum of products form:

f(h ( X )) a 
~~~ f(h (X IX si) )qj (X )
i•0

2~~1
- a 

~~~_ f(h1)q~(X)
- 

V 
iso

(Q.E.D.]
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Some examples of the use of the Function Lemma are given b low .

p2 :

V 

P ’ a

iso

log(1—p) a 
~~~iog(1—hj) q1(X) V

tao

4.11.2 Theorem [Estimat ion Theoreal : The maximum likelihood e:timate of 
V

h1 based on N observations (z(1), z(2), ..., z (N )} is given by

mu
hi

V 

mi O +m il

V 
where m10 ~ # of times the sequence is followed by z(t)sO

and a11 a # of times the sequence Z~~~ai is followed by z(t)al

Proof : Let H a (h0,h1,...,h~~~1) be the set of parameters.

I
Let , 

~t a P(z(t)al$Zt~,R3 
a h~qj (Z~~)

iso

~ 1 P t * P(X(t)aO
~

Zt~
,H]

The above two equations for Pt and ~ can be combined as follows:

V P(z(tHZt~,}fls P(s(t)e1IZ~n ,H]2(t)PCZ(t)*0~Ztfl,H]~~
t)

a p
~
z(t)

~~
!(t)

- - 
V Therefore,

a P (z( N)~ z (N— 1) . . . . . z( 1) . Z15, fi]p( z(w 1)$z(n ..2) ,. .., z ( l ) , z 1~ ,n) ..,
V ...P( z ( l ) I Z 1~ ,H~
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P(Z(tHZtn,H)tal

The above equation gives the likelihood that the N observations came
from a model with parameter H a (h0,h1,..;h2fl 1}. Notice that we assume
the initial conditions z(—n.s1),..,,z(O) to be given (or to be assumed

equal to zero). Only the parameters are to be estimated. The

likelihood function is

t
L(H) a i~~p~Z(t)~ 1(t)

tal t

taking the log of the above equation we get the log likelihood function

1(H) a lOg(L(H))

V (z(t)log pt + 2(t)log 
~t
)

V tal

Now using the Function Lemma,

~~z(t)log Pt ~~z(t)~~~ (log hj)q~(z~~) Vta t  tat 
- 
iaO

~ tlogthj)~~~z(t)qj(z~~)
iSO t a t

-
, 

~~~‘~~log(hj )

where •i~ * z (t ) qj (Z~~)
tal

V a # of times Ztnai is followed by z(t).l
The last equality is a result of the observation that z ( t )~1(z~~) is i
if and only if s(t)sI , and ~~~~~ Similarly,

1’ V

j  
V

V V_V V -~~~~~~~~~~
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z(t)1.og 
~ 

2
tmj0log(hj)t:1 isO

Therefore , the log likelihood function is given by 
V

2~~1
1(H) ~ ~~ (m~1log h1 + m10log(1—h1))

jaO

The max imum likelihood estimate of hi is obtained by setting the first

derivative of the log likelihood function equal to zero, i.e.,

dl mj1 miO t~~~V

4dh~ h1 1—h 1

muor h 
mi0 + m ii V

(Q.E.D.)

-

d - -

V 
— V V _ V V ~~ ~V VV ~~~~~~~_V ~V 

V V V V
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V ~~ MEASURES Q~ GOODNE~S

In the case of Gaussian random variables it is common to define

the “best estimate” in the least—squares sense ( LISE), i.e., B is the

best estimat e of a if E((z..B) 2J is minimum . In the case of binar y

variables , the role is played by what we propose to call the “Least XOR

Estimat e” (LXE), and the “Least Cost Estimate” (L.CE).

~
j Least 

~~ ~j,gg~j : Since both a and B can take only two values, S
there are only 11 cases to be considered as shown below. Here e is used

to denote the error variable.

z B Error . e 
V

O 0. No 0 V

O 1 Yes I

1 0 Yes I

1 1 No 0 
V

It is easy to see V frO• the above tabl* that e a act (exclusive—or 
V

of a and B). The minimum number of error cases will be obtained it

£(z.t] is minimum. The estimate B which minimizes E(s.t] is the least

XOR estimate (also the least error estimate). It is easy to verify that

LYE is equivalent to SE for binary variables, i.e., (z_B)2 a z.t.

.L.& lmut. ~~~ ~g~ ggg : In formulating LYE, it was assumed that both

kinds of error zal tsO and ssO,Ial are equally costly. In the signal

processing area , these two errors are called “miss signal” and “false

-V _ _ _
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alarm” respectively. The cost of these two types of errors is generally

different. For example, in the case of weather prediction, the cost of

predicting a storm and not actually getting one is quite different from

that of gett ing an unpredicted storm. Similarly, in the case of memory 
V

management , the cost of a page fault (miss signal) is not always the
same as the cost of keeping an unused page for some time (false alarm).

In such cases, therefore , we propose a generalized concept to be

called the “least cost estimate” or LICE. In this case the cost

function C(z,B) is a given, not necesarily linear , funct ion of z and B.
Now by Shannon ’s decomposition theorem, we can express C as follows :

C(z,t) a c0g~ • c1!B + 0222 + c32B
V 

V 

Where c0 ~ C(O,O), 0 1 ~ c(o,1), c2 a C(1,O), 03 
a C(1,1). 

V

Here 02 and 0 1 are the costs of a miss signal and a false alarm
respectively , Without loss of generality, we can assume tha t Coao3aO.
This is because

C(z,t) a (O
o! + 0

3
$) + ((croo)!t + (02.c3)d }

V 
The part within the first set of braces is independent of B , and hence

the problem is equivalent to one with cost of miss signal °2 03, cost of
false alarm 01—c0, and zero cost for correct prediction.
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L.~ PREDICTION 
-

We now return to our original problem of finding the Boolean

function g, such that the estimate 1(t) a g(Z~~) minimizes a given cost
function . The prediction method that we are going to describe is based

on the two theorems below.

4.6.1 Theorem [Predict tog Theorem l : Given the model relating z(t) to

k 
V

tn

2~~1 
V

z(t) * Lei(t)qj’Ztn)
1*0 V

V 

the estimate 1(t) which minimizes the expected value of coat function

C(z(t),1(t)) for N observations is given by

1(t) a
isO V

where 
~~
, ~~~~~~~~~~ are zero—one valued variables chosen as

follows :

(
1 tfhj > r  - -~~~~~~~~ : V V V • • V  H-

a o, it h1 < r 
- 

V ~~~~~~ i
Li d, ifhj,i~

V ciwhere r a —~~~~ ——°I 1 V 02 
V

and d represents a “don ’t care” condition , i.e., either 0 or I would do

equally well. 
V

)
V I
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Proof : Let the desired est imate be

1(t) a ~(Z~~)
where g(Zt~) is a Boolean function of Ztn. Again , using the
Decomp osition Theorem , we have

1(t) a 
2
Z *j qi(Z tn) 

V

ia0

where •
j  is a zero—one valued variable given by $

j  • g(Z~~IZ ~~ai) .

Since z(t) a 
~~~.~(t)qj(Z~~) 

V

the exclusion property of the fundamental products enables us to write

the cost function as follows:

C(z(t),1(t)) a o1g(t)B(t) + 02g(t)!(t)

,n—i n— i
~ ~~~~~~~~~~~~~~~ + C~ tej(t)liqi(Ztn)

taO iso

~~ i.

‘E (o 1 j (t)*j4o~ej(t)ij}q~ (Z~~ ) 
VlaO

Taking expectation, we have
n—IE (C ( z ( t ) , 1( t ) ) 3  a 
2

1: (o1~j1j+c2hjij)E(q 1(Z~~fl
taO

2~m1
a 

~~~~~ 
C(h i, *j )E (qj (Z~~)] 

V

iaO

Thus we have decomposed the expeoted cost into 2~ small components each
of which can be independently optimized. Consider the ith component

C(hi,$i):

a + c2h111 a 02h1 • *i(cl — (0
~ • 

c2)h1)
V 

V 

-
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The last expression is linear in I
~ It is minimum if each $

j  is chosen

as stated in the theorem.

(Q.E.D.]

Notice the similarity in expressions for z(t) and 1(t). The

expression for 1(t) oan be obtained from that for z(t) by replacing

~i(~
) by $~ . In fact , &~ is the best est imate of the binary white noise

ei(t) it the cost function is C(e j (t ) , 1j ) .  
V

4.6.2 Tbeorqg (Total ~cg~ Theorea l : The total cost of imperfect 
V

prediction for N observations by using the Prediction Theorem is

TC a 
2
Emin c2mii, c1m10)iso

Proof : TC a 
~~ C Z J , 2$J~~ VJal -

- 

(01~
(J)1C1) + 02z(j )~ (i))

V Vi al

Now 
~~1( 1) *(3) a ~~ 1(J)~~~ $j qj ( Zj~ ) 

V

jal jal isO

I V 

V

~ 
~~$j~~~ (J)q~(ajfl 

V

laO ~~ 
V

2~~l
‘ Z..,11m10

L V~~~~~~V i~o 
V

Similarly, 
~~ z J )!J 2

~Vial 1.0

- - n I  
V

Hence , TC a 
~~~ (o11imj O +

j V

V V 
1*0
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V

a 
tain(oimj0, c2mil)t iso

The last equality follows from the observat ion that 1
j is a binary

variable, hence the Sill 0
~p t1~~ + c2ijmj~ is either o1m10 or 02111. The 

Vpredict ion theorem chooses 
~~ j  in such a way that the coefficient of the

larger term is zero.

I (Q.E.D.]

I 

-

V 

~~~~~Vk~;~~
V
~~~
t 

~~~

V 

- 

-

~~~ 

- 
- 

•
H~~~~~~~~~ V~~ 

~~~~~ V

- V J

~~~~~~ V 

—
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j,3 TABULAR METHOD Q~ BINARY PROCESS PREDICTION

~VV

This method is a result of combining the three theorems described

before , viz., the Estimation Theorem, the Prediction Theorem , and the

} Total Cost Theorem. The method consists of the following steps : I V

1. Summarize the observed data in terms of frequency of occurrence of

various fundamental product terms. The su ary is arranged in a V 

V

tabular form as shown in Table 4 .1  . The table has 2n_ 1 rows and 5

columns . The columns are named Z, M, H, t, and TC respectively.

2. The Z column consists of n subcolumns corresponding to n variables

z(t—n) ,z(t-n+1),...,z(t—1). The 1th row in this column is simply

the n digit binary expansion of i—I.

3. The M column consists of 2 subooluens corresponding to z (t ) a O , and

z (t ) al  resp ectively. The entry in the jth row of the first

suboolumn is •,~ i.e., the number of observations with z(t)aO and

2tnai. Similarly, the entry in the second suboolumn is the number

of observations with z(t)aI and

4. The entries in the h1 column are obtained from those in the II

column as follows

lii 
V

eneoen
1±0 + 111

entry in the z(t)aI subooluen
S O e~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ eenen 

sum of entries in the z(t)al and z(t)aO subcolumns

5. The entries in the $ column ire either 0, 1 , or d accordin g as h1
is less than , greater than , or equal to the ratio r a 0i/(ci + °2~•

I 

~~~~~~~~~~~~~~~~~~
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If in a particular row , both ItO, and m11 are zero , the I entry in
th at row is d.

6. The entries in the TC column are calculated according to the Total
V 

Cost Theorem, i.e., th e ith entry is min(o2111, elm 10). V

V 7. Synthesize the Boolean function represented by the $ column. This

is the opt imum predictor . In sum of product form the function is

simply 
~E$jqj(Z~~). Viso

8. The goodness of fit is given by the total cost calculated by

summing up the TC column.

We-now illustrate the method with an example .

4.7.1 ~~~~ : The - data consists of 144 observations on a 4th ord er V

binary process . The actua l observations have not been included here ,

inst cad , the frequency of occurrence of the various combinations is

presented in Tabl e 11.2. The cost of a false alarm is twice that of a

miss signal , i.e., 01a2 and 0251. Th. ratio r a ~~~ • ~ . The hj column
is constru cted as usual. The ent ries in the $ column are 1 or 0

accordi ng as th e entries in the h1 column are greater or less than 2/3.
TWO of the h1~5 are exactly equal to 2/3. Hence , the I entries in these
rows are “don ’t care” entries marked as d 1 and d2 respectively. The
predictor corresponding to d 1d25~~ is V

1(t) a z(t—4)z(t—3)z(t—2)g(t—l) + z ( t — 4 ) z ( t —3 ) z ( t — 2 )~ (t ~ 1)

+ I(t—4)$(t—3)$(t4)s(t..1) + z(t~*)g( t— 3) z (t~2)z( t — I )

+ 2(t—1l)$(t—3)~(t—2)z(t..I) + z(t—*)z(t—3)s(t.2)s(t—1)
V 

. s(t—*)s(t..3)s(t~2)z(t.1)
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a I — ztt.-1) — z(t—3) — z(t_11) + z(t—1)z(t—3) + 2z(t—1)z(t—4)

+ z(t—2)z(t—4) + 2z(t—3)z(t—4) — z(t_1)z(t—2)z(t~1t)— 3z(t—I)z(t—3)z(t—J4) — 2z(t—2)z(t—3)z(t—4)
• 3z(t— 1)z(t—2)z(t—3)z(t—lê)

V Similar equations can be written for 3 other equally good predictors [
corresponding to d1d2aOl , 10, 11. All these predictors give the same

total cost of 50

I

—4

•1

I 
~~~~~~~~~~~~~ 

V _ _
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V TABLE ~4 : Tabular Arrangement for Boolean Model

# of obsv . with

~~~~~~~

101 
V

o ... 0 0 m00 101 ;
~~~~~~ ;;_ 

•. .  
V

O ... 0 1 110 m11 •. .  ... ...
O ... 1 0 120 121 ... ...
0 ... 1 1 m30 m31 ... ... ...

1 ... i m
2~~_ 1 ,0 

12n_ 1 1  ... ...
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V

TABLE ~~~ : Frequency Distribution for Data of Example 14.7.1

z(t—4) z(t—3) z(t—2) z(t—1) lii hi ê min(2m10, lii)

O 0 0 0 1 9 0.90 1 2

0 0 0 1 8 2 0.20 0 2

0 0 1 0 3 8 0.73 1 6

~~ 

.

~~~~~

Total Cost a 50
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JLJ GENERALIZATION .IQ K—AR! VARIABLES

In this section we generalize the analysis done so far to the case

where the process may take k values 0,1 ,...,k—1. To do this

generalization, we use the concept of Boolean functions extended for

k-ary variables. This concept is due to Rosenberg (HaR68, p. 301].

Let , (0 , 1,...,k—I}. A Boolean function is now defined as a

mapping f : 
~~~~~~~ 

and a pseudo—Boolean function as t : (Bk ) r
~4R.

For any x~Bc-~bc-. , we define the so called “Lagrangean Development” xt (x sup
i ) a s :

k V

j  x(x—1)...(x—i+1)(x—i—1)...(x—k+I)
-e ~ a 0_a 000000___ V

1( 1— I) . . .  I (— 1) . . . ( i— k. 1)
mapping Bk into 82. For example, when ka3:

V 

x0 ~ ~(x—1)(x—2) ~ ~~~~~~~ x2 a

Notice that -

(1 if
5 <

otherwise

- 

V V~~~~VV~~~~ V.  

Let il,12,V,.,in be the k—ary expansion of 1, arid X a (x l,x2,...xn}

then Xi ~ a xi
il x2

l 2 ... x51n
a ith Fundamental product

Any pseudo -Boolean function has a Lagrangean develop ment ( sum of

products form) :
‘ V 

V V ç~1~~VV

3 ~~~~
— n_1

a 
~~~f(i)X~ ~ ~~~f~q1(X)

V J i

_  V V V  V - -



V
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Again,

( I  i f X ai
Qj(x) a

~ 0 otherwise 
V

Therefore , the fundamental products are mutually disjoint, i.e.,

(0 iij
V 

Qj ( X )qj (X) a

~qj(X) iaj

So, the Function Lemma holds , i.e., if f is a real valued function of a

real variable, and

- 
V

if p a L h q i x
laO

then f(p) 
~ tf(hj)qj(X)

isO

4. 8.1 Model : The relationship between z(t) and ~~ in its most general
form is given by

z(t) a tej(t)qi(Ztn) -

where ei(t) is a k.a~~ white noise (sequence of independent identically

V distributed random variables) with PCei(t)su]ah j u . Hence ,

V

P 

k~~IP(z(t)*ulZt~ J a �
ö
hjuQj(Ztfl). uaO,l,...~,k—1

There is an additional constraint, however , tha t

i— put a t
uaO

V This oonstraint implies that

V j  ~~

— —V--- V -- V _ _
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Lh i~ I
isO

With this model, all the results of the binary case, viz.,

Estimation theorem, Measures of goodness, Prediction theorei, and Total
Cost theorem , can be generalized to the k—ary case. These
generalizations are stated below. The proofs of th~ t heorems, being

similar to the binary case, are given in Appendix C.

4.8.2 Estimation Theorem : The maximum likelihood est imates of
based on N observations (z(I) z(2),...,z(N)} are given by 

Vtmiu V

uaO , 1,...,k— 1
tmtuuaO

where tmiu a # of times Ztnsi is followed by z(t)su.

~~~~ ~~A$MZU. 2L QQ2VgMU : In the case of k—ary variables the least 
V

cost istimate 1(t ) is obtained by minimizing a general cost function
C(z,!). The function can be expressed in the sum of products form as

follows :

V k~l k1C(z ,I) a 
~~~~~ touvzU~~ ~~~~~~ -usO vsO

where o~~ a c(u,v) a cost of misprediction when zau and liv. It is

often easier to specify C as a Ic by Ic matrix whose (u. 1,v.1)th element
15 0

~~~p. A special case of the least cost estimate occurs when

C(z,1) a 1
is
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It is easy to verify tha t in this case,

(0 if UaV
- 

V 
0uv a < 

V

~1 otherwise

i.e., all errors cost the same . Thus, by minimizing this cost funct ion ,

one obtains the least number of errors. The est imate obta ined could be

called “Least XOR Estimate”, because of the form of the cost function.

In general, LXE is not the same as LSE except in the binary case. 
V

_ _ _ _  

V4 .8.11 Prediction Theorem : Given the model equation

— 1
z(t) ei(t)qj(Ztn)

laO

The estimate 1(t) which minimizes the expected value of the cost

function C(z(t),!(t)) is given by

~ 1(t)
isO

V where $~, iaO,1,...,lc’1—1 are k—ary variables chosen as Follows :

a arg mên~~~o,~ hiu 
V

ua0

a arg min~~~v ~~~- ~uvmiu
usO

11.8.4.1 Corollary : The least lOB estimate 
~~~~~ udv) is given by

aar g a ~x m 1,

~~~~ Total Cost Theorem : Given a set of N observations on *(t), the

total cost of imperfect prediction by using the Prediction Theorem is
~~1TC a 

~~~ m~rl~~~miucuv

V ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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4.8.5.1 Corollary : The total cost in the case of LIE is given by

fl_i
TC a N - 

Ic
E

11.8.6 Tabular Method : The method is very similar to t hat for the

binary case. The only addition is an MC column, which is obtained by

post-multiplying the N column by the C Metrix. We illustrate the

procedure with an example .

11.8.6.1 E~am_ple : Consider the problem of predicting a ternary process V

z(t) of 2nd order. A total of 137 observed values of the process are
V 

available. The data , summarized in tabular form , ar shown in Table 11.3.

The cost function is

C(z(t),1(t)) a z(t) —

Therefore , the cost mat rix is

1 0  
1 2~ 

V

C a  1 0 i f

2 1 oJI-.

V 
The calculations are shown in the table. The MC column is obtained by

post—multiplying the N column by the C matrix. Notice from the table

H - that in the last row, two MC entries are equal.. Therefore, the
V corresponding I entry is d01, which stands for “don ’t care as long as it

V 
is 0 or 1” . The optimum regression function corresponding to d0150 j,~~~

1(t) a zO(t—2)zO(t~ 1) + ZO(~ V~ 2)Z
l (t_V 1 ) + zO(ta2)z2(t—1)

+ 221(t—2)zO(t..1) + 2z$(t_2)~z1 (t_I) + 2zl( t— 2 )z 2( t — 1)

a z0(t—2) + z1(t—2)

V 

a — 
~(z(t_2))

2 + ~z(ta2) • 1

~~ V V V ~~~~J~~V ~~~~~~VV ~~~~~~~~~~~~~~ ~~~V _  V - -  —
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An equivalent, rather simple, expression for the above 1(t) is

1(t) a 1 +
~ 
z(t—2) where •

~ 
denotes “addition modulo 3”.

A second predictor, corresponding to d0151 , can, similarly, be

written. The total cost in either case is 101 .

+

~ 

~
V 

V
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TABLE ~~~ : Boolean Predictor for Data of Example 11.8.6.1

0 0 8 3 6 0.~37 0.18 0.35 15 114 19 1 113

V 
0 1 5 6 7 0.28 0.33 0.39 20 12 16 1 12 

1

0 2 2 5 6 0.15 0.38 0.116 17 8 9 1 8

1 0 5 1 7 0.38 0.08 0.513 15 12 11 2 11

1 1 9 1 11 0.133 0.05 0.52 23 20 19 2 19

1 2 3 4 8 0.20 0.27 0.53 20 II 10 2 10

2 0 7 2 2 0.613 0.18 0.18 6 9 16 0 6

2 1 9 11 5 0.50 0.22 0.28 113 14 22

2 2 6 3 2 0.55 0.27 0.18 7 8 15 0 7
I ‘

— — — 

- 
_—__o—:0000 

~~~V~~~~V~~~~~

f

• 

~~~
V

1

~~~~~
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~~ Q~j MODEL ORDER DETERMINATION

In ~e theory tha t we have developed so tar we have assumed tha t

the model order n is known . In pract ice, this may not always be true.

In the case of Gaussian processes there are man y criteria and tests
V (e.g., see (Akal’$]), that allow us to determine an optimal model order

from empirical data. The corresponding results for Boolean models are

yet to be developed. Some rudimentary ideas - on this problem are 
V

presented in this section.

It should be obvious that the prediction error (or the total cost

of prediction) monotonically decreases as the model order is increased.

A quantitative formula for the increaar 4.n error is given by the

following theorem. I
13.9.1 Tbe~re* : The increase in cost in going f rom a (ni.1)st order V

model to ~th order model is given by:

TC( n)4C(n+1) S uin ( °2( i 1~~i’O’ o1(m10.m1,0))  
V

isO
— min(a~~11, olmiO — mln(c2 1.1, clmj iØ) 1

where the —values are for the (n.t)5t order model, and i’s2~ s.t. - 
V

Proof : Let •‘ denote the s—values for the ~th order model. For

example , ‘
~ 

-
• V

~
‘ji a #  of times 2th s i t s  followed b~ z(t)al

a 0 of times z ( t — n — 1)~sQ, Zt~ai ic followed by z ( t ) s l  
V V

+ 0 of times z(t~n— 1)s1, Zthsj is followed by z (t)al

_ _ _  V k ~
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a I of times Z
~~,1 a I is followed by z(t)=1 

V

+ 0 of times Zt~ .i ~ 2~+i is followed by z(t)sl

a m 11 ~~~~
Similarly, rn’~~ ~~ mjo+mj~o 

V

Now TC(n) * 
~E mint c2rn ’j i ,  clm ’j O)
iaO 

V

2n.1_ i
and TC( n+l) E min(02 111, 01110)

laO

i... (min(o2mj 1, c~mjØ) + mtn(c2mj , 1, e1mj , 0 ) 3

Notice that in the last equation the upper limit of the summation is )
2~~l instead ~~ ~

n.1 1• The difference of the above two equations gives

the theorem as stated.

(Q.E.D.]

There are two implications of this theorem. Fi~”stly, each

summation term is of the form “the minimum of sums sinus the sum of
minima”. Hence, each term is non-negative. This proves the statement
that the cost acnotonically goes down . The second implication , which
becomes obvious from the proof, is tha t thó m—values for the ~th order

V model can be obtained from those of the (n+1)st order model by summing

up value, that, are ~~ apart . Thus, once the data has been summarized in

V 
a tabular form for high enough n, all lower order models can be easily

calculated . An example is shown in Table 14•1$• Here 
~~ 

for the
order model is obtained by adding m~ and 161 (6 a 2~2n, ns2) of the 3rd

order model and so on. Thus , starting from a large n, one can calculate

•/ I 
V
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the total cost TC(n) for that and all lower order models. A plot of -

TC(n) vs n will look similar to that shown In Figure k.2a. V

V In choosing the model order, a compromise must be made between the

amount of computation required for the model and the improvement

-
~~ obtainable by the model. The complexity of the model l~ exponential,

i.e., Q(2fl)~ Hence, the net utility of an ~th order model i~ TC(n)—s2~,

where a is some normalizing constant • The optimal order is obviously

the one that maximizes this utility (see Figure 4.2). Another fact that

should be pointed out In this regard i~ that as the model order 
‘

increases, the number of parameters to be estimated increases and,

hence , the precision (or confidence) of parameter values may go down.

As at present, we do not have formulae for parameter confidence .

j  

V ~~~~~~~
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Cost Computational Net 
V(Error) Com:lexity Utility

_______________  

~_/
— OPtimol order

n n n

Figure 4.2: Determination of mode l order n.

I
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Table 13.11 : Calculation of the Total Cost TC(n) for Lower Order Models
a 2 , 02 a 1~ TCi a min(c 1m10, c2m i l )

na3 ns2 nal flvO

i m~0 mu TC1 I m~~ m11 TC1 I mb mu TC1 i ~~ mu TC1 V

0 8 1 2 12 012 22 22 019 115 38 060 813 811

1 9 10 10 1 25 22 22 1 141 39 39 TC(O) a 813

2 5 6 6 2 7 23 113 TC( 1) 77

3 7  8 8 3 1 6  17 17

14 14 10 8 TC(2) s75

5 16 12 12

6 2 17 11

7 

TC(3) s

- ~~~~ V r V V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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4.10 Qjj ~.I4ThONARITY

A stochastic process is called stationary if its probabilistic

behavior is independent of the time origin. In our Boolean model we

assumed P(z(t)Ztn] a h(Ztn) to be independent of time. For a

stat ionary process this is obviously a valid assumption. For a general

non—stationary process the model should be

P( z ( t ) : z t~ J a h(t ,Zt~ ) a T~~ hj (t )q j (Z ~~)
I aO

i.e., the model parameters are functions of time. We do not know how to

estimate these time varying parameters. Nor do we have any tests for V

st ationarity (simi’.ar to the ACP going to zero for cont inuous

processes). However, what we do know is that the time-Independent

Boolean model applies also to the so called “Homogeneous non—stationary”

processes. A non—stationary process is called homogeneous if its dth

difter~noe is stationary for some d. Recall that in the case of

continuous processes ARIMA rather than ARNA models are used to model

V 
such homogeneous processes The following theorem proves t he above

V ~~~~~~~~~~~ statement.

Theorem : If the dth difference of a k—ary process 5(t) follows an ~th

order t ime—independent Boolean equation then the process itself follows

a (d,n)th oPder time—independent equation. V

V Proof : Consider the ~~ difference process y ( t )  V

-~ 

- 
V 

y ( t )  a - t )  — z ( t — 1)

So that 
~~y(j ) a z(t)—s(0)

V 

V; 4

V
V~~ ; iii
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Hence , P(z(tfl-Zt~+1) a P(z(t)lz(t—n—l), z(t—n),...,z(t—l)]

a P(z(O)+±,(j):z(o)+
t
~~~~(J), z(O).~~~y(j),jal jal jal

ja l

a P(y(t) z(O),t~~~ (J) y(t—n), y(t—n...1), ..., y(t—1)] 
V

jal

a P(y(t) y(t_n), y(t—n+l), ..., y(t—1)]

a Independent of time if y(t) is nth order

Thus we see that if the first difference y(t) has ~t L~ order 
V

time—independent Boolean model, then z(t) has (~~i)5t order

time—independent model. By taking successive difference, t he t heorem

for dth difference follows. V

(Q.E.D.)

The implicat ion of this theorem is tha t we can use the t heory

V 
developed so far for our page zefergnoe process whose 1st difference was

shown to be stationary in the l ast chapter. - 
V

V ~ ~~~~~~~~~~~~~~~~

-
V 

S~
.J

V
~ t

1 4  d

I
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k.1t PAGE REPLACEMENT USING ~~~ BOOLEA N MODEL

There are two ways of using the Boolean model for page

replacement. The first is simply to use the model to predict z(t) from

the knowledge of z(t—l), •.., z(t—n). In this case, one must choose as

t he modeling interval T a B/U , the rat io of replacement and usage costs.

As was shown in the last chapter , the cost criterion in this case is

least—squares. This method is straightforward and we do not develop it

any further here.

An alternative method arises from the fact that with the Boolean

model we are not restricted to the least—squares cost criterion. Hence,

we can design a page replacement policy without any restriction on T.

In this section we develop such a policy. The policy is a realizable 
V

version of a theoretically optimal, but unrealizable, policy called YMIN

( PrF76). In order to see the optimality of YMIN , consider a partIcular

page. Without loss of generality, we can assume tha t the modeling

interval T is unity. Supposing we know the complete page reference

process (past as well as future), let s be the length of time for which

V the page is not referenced following t , i.e., z(t), z(t+1),..., z(t.s—1)

H are all zero and ZU g.s) is 1.

Let d(t) a Decision to remove the page at time t.

( 1 a page is removed

0 a> page is kept In the main memory

The coat of the decision d(t ) over the interval Ct ,  t .s) is

C a Rd(t) + sUd (t) a sU + (R—sU)d(t)

VI
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- V Since the cost is linear in d(t), the optimal decision is d(t)al 1ff

— B—aU < 0, i .e. ,  d ( t ) a 1  1ff 5 > V

U

Thus the opt imal policy is to keep the page if it Is going to be

referenced in the next B/U interval. This is the “MIII policy. However,

this is unrealizable because it uses both pest ax .1 fut ure informat ion .

A realizable version tha t uses only past informat ion can be derived as

follows. V

Since the future is unknown, the “forward recurrence t ime” s is a

random variable and the expected cost E(C] a Rd(t) + Ua(t)E(s] is to be

minimized. The optimal decision based on the past information is,

therefore , to choose d(t)al 1ff E(s) is greater than B/U. The

distribution of a, and hence its expected value can be derived from the

V Soolean model of the process as described by the following two theorems.

14.11 .1 Theorem’ : The “reverse cumulative distribution” (1—c umulative

distribution) of s Is given by

rju a P(s>Ul Zt~ai]

V V 
ja0 2 1  

ee____ 

* In this chapter we use the convention that whenever i appears in a

subscript, the expression upto I is evaluated modulo 2~. Anythin~

following I is simply another subscript. Thus r j~ ~ “r ;ub ~ ~oema ~a,
whereas, h31 is “h sub (3 tiaes i modulo 2fl)~~~• For example for r.~2 ,

L:~T~I. VV V V VVV 

h3iahgah t 

V _ _ _ _ _
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Proof : r10 ~
I a P(Z( t ) a O Zt ai)

V 
sIt 1

r1~ ~~ P(s>uiZtnai) V

a P( z (t +u )a O , z ( t su — 1) a O , ..., Z ( t ) a O t Z t ai)
a

P(~ ( t — u—1 ) a O , .. .  , Z ( t ) a O Zt~ai]
a P( z C t + u )a Ol z u ,t ,fl a2 Ui3r i ,u_ ,

zh
2~1

rj,u_1

The above equation gives a recursive expression for riu. By applying

t he recursion for successively decreasing value of u, and using the

I inIt ial condit ion r10 we get the theorem as stated.

(Q.E.D.]

14. 11.1.1 Corollary : P~1~ a P(5au$Zt~ aj] a h2u1 ~ft B231

Proof : 
~tu ‘ 

ri,u l  - ri,u a - 

~~~~2ij  a h2u~ ~~~~2ii 
~V 

V

V (Q.E.D.1

4.11.2 Theorem : Let 5
~ 

a ~(slZ~~.i]. Then , s
~ 

is given by t he
following recursive equat ion :

a It~(1+s2~) 1a0,1 ,...,2~~1

V and s
~

4 4V

VI

~
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Proof : = E(s:ztnzi)

i.. UpluusO

a fu(ri,u..i — riu) V Vua0 V V

a l(r10_r11 + 2(r11—r12) + 3( rj 2—r~~ ) + ... *

a ri0 + r11 + r12 + ...
a ft1 + ~i~2i 

+ 
~i~ 2i~ 14i +

It1 ( i + + 32i51$i + ... )
a B

1 (1 + 5 )
~ 21By substitut ing taO , In the above equat ion we get

a fl0 (l.so) 
V

or
0

Alternatively, one can derive an expression for 
~ 

from

~
_ uP(asu ZtnsO]. The result is the same as above . V

usO V

(Q.E.D.]

Using theorem 4.11.2 one can get art expression for all 
V

iaO,1,2,..,2n..1 in terms of h1~ However, one must follow a particular I
order. After calculating 5~ for isv, calculate s~ for isv/2 and

21%~~+v/2. For example , for na2 the following expressions are obtained.

mooso s — a ———h0 a01

m~~ 
m00.m01

a fl 2(1+s4) a 
~2

(115O) a —— •~~,m21 m01

V_ _V _V~~~
_ 

+



V V V —~~~

4-46
Boolean Models
Page Replacement

Rio
a fl 1( 1+s2 ) a if i ( 1+~~) * m (1+ )

V o lo+mi i m01(m20+a21)

h233 a if 3(1+s6) a fl3(1+s2) a fl 3( 1+~~) a — ( 1+ )
V 

~ 
m3~.~ 31 m01(m20.,~ 21)

Thus , using the<estieated value of the forward recurrence t ime for

the current state , one can decide whet her to replace a page or not .

This version of the “VMIN” ~.lgorithm , although realizable, is too

expensive to Implement in practice. This is because for an ~th order

model 2~~ 1 registers are required to hold rn—values . This number is

prohibitively large. Even for na2, eight registers are required for

each page . To manage a page of 1048 words, using eight registers Is not

economical. Therefore, at the present t ime we do not discuss

Implementation aspects of the algorithms developed in this chapter.

V 
However , wit h rapidly advancing memory technology It is quite possible

that pages of future will be much bigger and eight registers per page 
V

would then not be an expensive proposition . If that happens , it might

be interesting to do empirical analysis of page reference process and

develop a Boolean model of it. V

V V

V V V V : V ~~~~~~~~..

V 
~V 5

I

—V - 
V
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4.12 CONCLUSION

In this chapter we have proposed a direct approach to modeling, V

est imat Ion, and prediction of a k—ary process • The process Is modeled

as the output of a Boolean syst em driven by a set of k—ary white noIses.

The model makes use of the special propert Ies of pseudo—Boolean

V 
functions in sum of products for.. An expression for the likelihood

function has been developed . Using this expression a formula for •
~V 

-

calculating the maximum likelihood est imate of the model parameters has

been derived. A method of finding the optimal non—linear predictor has

been developed. The met hod makes use of the sample frequency

distributions of the fundamental products.

Two different ways of designing a memory management policies based

on the Boolean model have been presented. The algorithms, although

physicaly realizable, are not economical enough for pract ical

implementat ion at the current state of technology. However , the

research reported here Is val uable from the cont rol—t heoretic point of

view for application to other systems. V

I
V V V

~~V*L -

V In the case of Gaussian variables, the joint probability

distribution of n variables is completely specified by specifying the V

II

mean and covarlance matrix. Therefore, while analyzing Gaussian

processes , we summarize the data in terms of the autocorrelation

function. In the case of binary variables, we find that autocorrelation

has no importance. Instead, the role is played b~ nth order moment s -
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the expected values of fundamental product terms . Thus , whereas the

sufficient statistic’ of a sample of n Gaussian variables has n(n + 1)/2

terms (n means, n (n— 1)/2  variances), that of n binary variables has 2~L1

(kn_1 in the k—ary case) terms.

We have partly resolved the question of “representation”. In the

case of Gaussian processes, the representation theorem (Ast7O ] states

that every stationary stochastic process with rational spectral density

can be represented as the output of a linear system driven, by white

noise. In this chapter , we have shown that any stationary finite order

Markov process can be represented as the output of a Boolean system

driven by a set of k—ary noises.

The Boolean approach to the analysis of k—ary process parallels to 
V

that conventionally used for Gausstan processes . However , as this Is

the first t ime that this approach has been taken, many issues remain to V

be resolved . In part icular , the problem of order determination needs 
V

further research. Nevertheless, some of the results obtained are more

general than those known for Gaussian processes. For example, our model V

gives the opt imal non—linear predictor for any given linear or

non—linear cost function, whereas most of the literature on Gaussian 
V

processes deals with the optimal linear predictor for the least—squares

V 

- cost function.

- 

I * The suffioi;;t ;tatlstic t hs ;i;1;;1;;t ;t st;ti ;tical summaries
V 

that contains all the useful information in the sample data. V
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~4 SUMMARY Q~ RE
SULTS

Most resource management problems are basically prediction

problems. Therefore, we advocate the use of modern stochastic control

theory to formulat e operating systems resource management policies. In V

this thesis, we have proposed a general approach to the prediction of V

resource demands of a program based on its past behavior .

We exemplified the approach by applying it to the problems of CPU

management and memory management. One interesting outcome of the

research reported here is that our control—theoretIc approach also

provides an explanation for many previously described policies tha t are

based on completely non—control—theoretic principles.

In the case of CPU management , it was shown that the successive

CPU demands of a program constitute a stat ionary white noise process .

Therefore , the best predictor for the future demand Is the current mean

value. Several different schemes for adaptively predicting the demand

- were proposed. An adaptive scheduling algorithm called SPRPT was

described. It t urns out that Dijkstra’s “T.H.E.” operating system uses

H a scheme similar to one of the proposed ones. Thus, we also have a
V~~~~~~ AJ

control-theoretic derivation and explanation of T.H.E.’s CPU management

policy. V

In the case of memory management , we start ed wit h a very simple

stochastic process model and still obtained significant results. We

showed that the cost of memory management Is proportional to the square

— V
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of the prediction error. EmpirIcal analysis showed that the process is

non—stationary and that an ARIMA( 1 , 1, l) model is appropriate. A new

page replacement algorithm called “ARIMA ” was, therefore, proposed. The

algorithm is not only easy to implement , It also uni fies many other

algorithms previously cIted in the literature. In particular, Working

Set and the Independent Reference Models were shown to be boundary cases

of the algorithm proposed in this thesi~.

The memory management process is a binary process. The absence of

suitable techniques for prediction of such processes led us to develop

new techniques for modeling , est imation and prediction of binary

processes. We later extended these techniques to k—cry processes also.

Our approach was to model these processes as the output of a Booleart

system. This “Boolean approach” allowed us to find the optimal

non—linear predictor for the process under any given non—linear cost

function. The model was shown to be applicable to a subclass of

non—stationary processes also. However, when applied to the memory

management problem , the resulting algorithm, though optimal, is rather
V expensive to implement for currently used page sizes. Nevertheless, the

V research reported here Is Import ant from the control—theoretic viewpoint

for a;~lication to other systems.
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~~~~~ DIRECTIONS ~~~ FUTURE RESEARCH

There are many avenues along which the research reported in this

thesis can be extended . The first possibility is to investigate the

problem of joint management of CPU and memory . In this thesis , CPU and

memory demands have been modeled as Independent processes. St rictly

speaking this is not true ; the CPU demand Is affected by the memory

policy. For example , a bad memory policy may result In frequent page

faults causing tasks to be deseheduled prematurely.

As far as the analysis of binary or k—cry processes is concerned, 
V

there are many issues that need to be resolved. In particular, the

problem of order determination needs further research. Test s for

stat ionarity and models for non—stat ionary k—ary processes should be

developed. The possibility of using less expensive, though suboptImal,

predictors should be invest igated . This is part icularly desirable for

application to memory management.

The control—theoretic approach can be extended to the management

of other resources, e.g., disks. The disk scheduling policy can be

optimized if the disk demand behavior of programs is predicted in

advance.

The approach can also be used for the modeling of other systems.

For example, in a database, the record access patterns can be modeled as

a stochastic process and its prediction used to determine the optimal

V 

organization and, hence , the reorganization points of the database. In
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the case of comput er net works, the arrival patt erns of packets at a node

can be modeled as a binary stochastic process. The forecast of future

packet arrivals can then be used for flow control or to avoid congestion V

V in the network.

The essence of our philosophy in this thesis Is that

control—theorists have made good use of computers to develop better and

V faster modeling , est imation and prediction techniques . It is now t ime V

for computer scientists to use these techniques to develop better and

fast er computer systems •

~ 

.V

~~~- 

V

VVJ
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AR IMA MODELS

A stochastic process is a sequence of random variables, say, z(1),

The simplest stochastic process is white noise

e(t). It has the property that any two elements e(t) and e(t+k) of the

process are not correlated. The process in which only consecutive

element s, I.e., z(t) and z(t+1), t=1 ,2,... are correlated is

represented by a moving average model of order I ( MA ( 1)  ): V

2(t) : w + e(t) — b1e (t_1)
V 

Here the expression “e(t) — b1e(t...1)n represents a moving average of the

white noise process e(t), and w is a constant used to balance the mean

on the two sides of the equation. A moving average process of order q

C MA(q) ) is similarly represented by

z ( t )  z w + e ( t )  - b1e t ~ fl - b2e(t-2) - ... -b~e(t-q )

On the other hand the process represented by

z(t) — a1z(t..1) — a2z(t—1) — ... —a~z(t—p) w + e ( t )

is called an autoregressive process of order p ( AR(p) ). The rame

clearly indicates that t he process 2 ( t )  depends ( regress~a) on it~ o V

past values. A process which has both AR and MA parts is called an

“ARMA ” process. The ARMA (p,q) model Is given by the following equation:

V 

z(t) a12(t_l)._ .. .—a~z(t—p) s w+e(t)—b1e(t—1)— .. .—bqe(t—q)
For a process 2(t) its dth difference is defined as follows:

Dz(t) s 2(t) — z ( t — 1)

D2z ( t )  a Dz(t) — Dz(t—1)

V V

V 

Dd$(t) ~~ Dd . 12 (t )  — Dd . 15( t_ 1)

V V~~~~~ _V 
— V V~ —— V _ V  V
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Now if y(t )  = Ddz ( t )  Is the dth difference process of z(t), then z(t) is

called the dth integrated process of y(t). Thus If y(t) is shown to be
V

j  

an ARMA (p,q) process, z(t) is said to be an autoregressive Integrated - 
V

moving average process of order p,d,q, I.e., ARIMA(p,d,q). Using the

backward shift operator B, Bz(t) z(t—I), the ARIMA (p,d,q) model can be

written as
V ( I_ a lB....._apBP )( I_ B ) d z( t )  = U + (1_b 1B_ ..._bqB~)e( t )  

;

Further details on ARIMA models are eiven in (Bo~J7O).

‘V 
~~p V V ~~~~~V V V

_ _ _ _ _  — - V 
V
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APPENDIX .~~~ V

PROOFS .Q~ ~~~ ~CHEDULING THEOREMS

3.1 Proof of Theorem 2.3.1: Let us assume that the tasks T0, .~., Tn_ I
V have been so numbered that

to ( t i < ... < t n_ l

This assumption of numbering does not cause any loss of

generality. If the tasks are not In the required order, we sort them in

the required order. Let k’ denote index of the k task in the sorted 
V

sequence , t hen , t0,,t1,,...,t~,_1, form the required ordered sequence.

The rest of the proof can now be carried our with non—prImed subscripts.

Also notice that we assume an increasing sequence rather than a

non—decreasing one. Thus we are excluding the possibility of two t k~s

being equal. This is only to keep the proof simple. If equality is

allowed, the optimal saquence is no longer unique . However , the MFT Is

same for all opt imal sequences , and hence the final cost expression V

remains the same .

V The minimum lIFT with known t1’5 j 5 
V

~~~ i~~~.1V 
V - 

a 
~ ( r *— i) t j
iaO

V Now, if due to prediclon error , jth task Ti is placed in k1
th  position
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then
V 

HFT~ ~ ~~~(i_k i)tilaO

So that the expected increase in MFT is

c = E(MFT~ ]_p.~j T0V 

— 1
V = (i— !) t j  where t = E (k j ]

1:0
It only remains to find an expression for E(k 1~ .

Since, E(k~] E(ki:ti:u]ri(u-)du

We need only show that
— 1E(k

i iti:u) = Fj(u)
~i:O

The easiest way to show this for any n and I is by the met hod of

induction. This is obviously true for un. A*suaing that it is true V

for rz , we now show that It Is true for n+1. For a set of n tasks, let 
V

P[ki.v~tj.u]ap~~. Now if a (n.I .1) 5t task T~ is added , the task T1 will
change positIon , at most , by 1. Therefore ,

~v,n.1 Pvn P(tn>U] + Pv..ç ,n P(t~.ju] V

V a P~~{1..F~(u)} + PVPV I ,fl Fn(u) vaO,1,...4n— 1

The boundary conditions are V

~O,ni.1 Pon(1~Fn
(u)) and Pn,n.1 Pn..i ,n F~ (U )

Therefore, the expected position of T1 among n+1 tasks is

V 
V V~~~~ V V V~~~~

_1 V V
-4 

V
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E(ki:tju ,n+i tasks] a f vpvn+ svaO

— 1
= npn,n+1 + vp~~(1—?(u)1 + ~Pv-1 ,n Fn(u)va I

= nPn...1 ,n Fn(u) + [ 1F n (u )]~~~vpvn + Fn(u)L_.vpv_ I ,nval val

( l . Fn (u)]E (k j :f j :u,n tasks] + F~ ( u) ( 1+E(k j f j :u,n tasks))

= Fn(u) + E(k1:f1u ,n tasks]

H ‘I

= 
~~~Fj (u)

tQ .E. D ]

~~~ Proof .2L Theorem 2 .3.2: AgaIn , as in theorem 2. 3. 1 we assume tha t
t k

the tasks TI,...,Tn.I have been so numbered that —— form an increasingUk
sequence, i.e.,

t2 tn_i
<

1 2 n—I

Let the predicted value t~ be such that the optimal position of

task T0 according to SFT Is aft er task I , I.e.,
t eI ‘p ‘1+1

4( —— ç———
~ 

w0 1+1
whereas the real value t 0 is such that the opt imal position of the task

T0 would be j, i.e.,

V 

V
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~j  t o t j +i
-— <

V o j+I

Hence MWFT with T0 after task T~ is given by:

a ~( w.fp + 
~~~~~~

where 
~k 

a fIni~~ing time of task k with T0 after Ti

tm, ijk~i
in*1

k t 0+ t~ , I+lj kj n— i
mal

and fp to+~~~~tmmal

Notice that we use to (and not t~) in the above expression for tk• This

is because the prediction error results only in misplacement of the V

task. When executed it still takes only to.

Similarly, MWFT with T0 after task Tj Is given by:

MWFT0 = ~(w0f0+ ~~ Ukf’k
)

kni V 
V

V where 
~
‘k ~ finishing time of task Tk with T~ after Tj .

1~~ tm, ij kjj
sal

\t 0+ ~~ tm~ j +Ij kjn— 1
ma I

V 
V

n VVt - V V V -_ V V~V~V__ _
~~~~~

_ VV:V~ -— ~~~~~V~_ V_ - __V~~~~
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and f0 a to+
5~~

t5
The increase in MWFT due to prediction error is given by

o = MWFT~_~~FTØ

1
= 

~(w0(f ~_f0) + Lwlc(tk—f’k)]
kal

V Now there are two possible cases : 1>j or j >I .

I
Case I : i>j The predicted position is higher than the real position .

- In this case ,

( 0  1~kjj

<, —t o j +ljkj l

o i+ljkj n— 1

and f~_t0 = ~~~t k
k=j +l

Therefore ,

V 
CI a  i(~ tt k + O +  ~~~...t Owk + 0 ]

kaj+l kaj+ 1

tk + -t~~W~ 3
V 

- 
V kaj+I kaj+l

-
V 

1 J ~a — 
~~~~ (wotk—towk)kaj +1

“ k’~1 
l o k o k i

- where I.(j+i,i]

V VI 
V
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V — 
Case It : j>t The predicted position is less

In this case ,

1jkV~~i

t 0 i+1jkjj V 
V

0 j +1~Jçjn~l

and ~~~~ a — tk 

V

ksi+l
Therefore , - -

-V0 ~~~~ + to ~~~~~ 
]

k:i+1 kzi+1

i~~~i= 1_. (-w~t~+t~,w~)kai+I

:W ~tk— t Owk : 
V

where La (i+l ,j) 
~~~~~~~~~~~~~~

The two cases can now be combined together by redefining I as V

follows: 
V

C a h1Otk~tOWkt 
V

.

whereIa{k :— 1~3 
V

U
k

- - -——V—-V

VP’ 
‘V 

-
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/ to t p
V 

(;;. ;)  if t~ >t 0
and J a (

I ~p to

~ 
(;;. ;;) if t0>tp

(Q.E.D.)

V 

~~~ Proof of Corollary 2.3.2.1: The corollary follows straght forwardly

from theorem 2.3.2 by substituting VQawpal . (It can also be obtained

from theorem 2.3.1 by substituting impulse functions for probability

density functions of tj).

(Q. E.D]

8.4 Proof of Corollary 2.3.2.2 : Substitut ing Wo wkgl in the

expression for C~ in the above proof we get

c1 = .1 
~~~~~ 

(t k—t O) V

k.j+I - 

V

~ ~( 
~~ t k -t 0(i-j)] V

kaj +I

a -t 0(i-J)) ~~ 
-

p kaj +l

V ‘ T( 
i(i+i) 

— ~1 ! i ) — t 0( i—j) ]  
V

a _Vi~((j2.i_ j2.j)T2 — 2t 0(i..J)T3



V V — V_  V V_~_ VV_ _ _ _ _ V~~ ~

B-8 V

Appendix B V 
V

Proofs of Scheduling Theorems

Since IT ( ~~ < (i+1) T , t~ ~ (l+~ )T
Similarly, to ~ (J+~)T

Therefore ,

~ ( ( i—j)T ) 2

a (i2+j 2—2 ij )72 V

a (i2+i..j2—j +2j2...j+j.2jj )T2

(i2+i-j2-j)T2 - 2(i+i)T(i 3)T
= 2nTo1

i.e., 
V

C
1

Similarly for 
~~~ 

V

(Q. E .D. )

V
_v 

V. V.V

.4

-
~ 

V 

V

-r V V . V—r - - - - - -~~~~~~~~~~~~~~
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PROOFS ~~ THEOR EMS ~ 1 K—AR ! PROCESSES ~~ V

- ~~~~~~ ~- L ~~~$ ~ 4 V~~~~9 Vd~~~~) V V V i
(

V;~~~f l  V V  nV ~cV ~~~~ ~~~~~~~ ~~ t J  1: ~~ 
V

V 

!c22L V2L Estimation ~~~~ := The proof is ess~atial1y-~iáilar - - to ’b the

binary VO$~~~C except that - ncw we have to-maximize the likelihood function V
.

under k~ constraints: ~~~~ ~~~~~~~~~~~~~~~~~~~ V~

1_V hiu a 1 iaO , 1,...,k I V V V

u.O
V V ~~~~~~ V

~~ ~~~~ P•V~~ 

- 
(V

Let 
~tu a P(z(t) .u Zt~ ,H) a Lhjuqi(Ztn) ua0 , 1,...,k— 1 

V

isO - V V
~~~~ T~~~9~ i VVV~~ j ~~~ f l~~V V ~ 

~~~~J •~~~~ V~j  V

The above k equat ions can be combined into one as follows

P ( Z ( t ) I Z
~~ ,a] a P[z (t )aO~Ztfl , H3 2O( t )  

P(;(Vt)al~~Ztfl ,HV]
Z~~

t )  ..~~
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V tal uaO V

Again as in the case of binary processes, we assume that the initial

conditions z(—n+I),...,z(O) are liven (or are assumed equal to zero),

and only the parameters are to be estimated. The log likelihood
V 

function is

1(H) a log(L.(H))

a ~~ ~~
l
~U(t)log p~

tsl uaO 
V

Now , using the Funct ion Lemaa we have ,

1O€ PtU a L log(hiu) qi(Zt~) V

iso

Hence ,

1(H) a f ~~
1
ztl( t )  ‘t log(h j u) q1(Z~~ )

t al  usO isO

k~~1 ~~ L ~~~1og(h j~
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isO uaO t s l
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where , miu a ~~ sU(t )q (z )
t sl

a # of times is followed by z(t)su

The last equality is a result of the fact that the quantity zU(t)q
1(z
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is 1 if and only if s(t)su, and Zt~ u.i. The maximum likelihood estimates

of the parameters are obtained by maximizing 1(H) under the constraints

— 1
hju i 1 ~~~~~~~~~~~~~usO

We use the method of Lagrange multipliers for constrained maximization.

The modified objective function is

t. 1 l,n_1 — 11’(H) a 
~~~ ~~ mju1og hju + T~ wj(1 - ~~~hj u }
isO usO laO uaO

k~~l k~i 
V

‘ 2.... Vi + 2_ ~~ mj~log(hj~)_wjhj~isO isO usO
V Here w1 are Lagarange multipliers. The necessary conditions for

maximization are

P dl’
$ — . ~~, aO ,1 ,...,kn_ 1 , UaO ,1 ,.. ,k— I

lu lu V

V and 
~~

‘biu S I ~~~~~~~~~~~~uaO
tmiu

The first equation above implies that hiu a The second equation
I

implies that
- 

1 k~1 k~1 Vp ;~ ~~ mj~ a 1 or wj a
V I isO isO

Therefore , the desired MLE of the paramete rs is
miu

hiu s
V
~~:i

__ .._ ~~~~~~~~~~~~~ usO , I , . . . ,k— 1

L
usO (Q.I .D.)
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Proof ~~ Pr.diqtion Theorem : Let the desired estimate be

t(t) $ l(Z tn)
where g is a Boo] ean function of 2tn . Aglin ,
using the Lagrangean development of g we have,

!ct) $ 
t$jqj(Z~n) 

V

iso

where 
~ 

is a k—ar y var iable given by $~ a
Applying the Function Lema to the model and the predictor equat ion we

:4~
i

have -:

a t.~
(t)q iCzt~ V

iso

~

iso
and , therefore ,

C(z(t),~(t)) a ~~~

v.0 usO -

• tI ~~1 
~~

1
1~~~(t)q (z )

isO v*O uaO -

or E(C(z(t),*(t))] s 
~~~ 

~~~

isO v.0 Us

I i$ Z_ l(q j (Z~~)] ~~~~ ~~~cuvhiuisO v.0 us
The cost function is linear in $~ Obviously, *~ should be so chosen
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that the ~~ that has the smallest coefficient is one (all other

will then automatically become zero), I.e.,

— 1
a arg men cuvhju

ua0

Now , If hi~ Is determined *ccordi~ig t o the Estimat ion Theorem , t hen
is proportional to mIu• Hence, the above formula for 

~~ j  is equivalent

to that stated in the theorem.

tQ.E.D.)

Proof of Corol lary A$ B. Ze .1 : In this case , Cuv z 1 1ff u~v. Hence ,

2..~ 0uvmiu a ~~Iv + 2.. tmIuuaO uaO
Hence , the v that maximizes tmiv also minimizes the left hand side of the

above equation and hence the cost function.

(Q .E.D. )

Proof ~~ Tot4 Cost. Theore

~~ CC z ( t ) , 2 ( t ) )
t sl
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k~~1
‘ LTCj

iso

where TC~ s 
~~v.0 usO

‘ 2_. $±Lo~
mj~v.0 usO

*

usO

The last equality is valid bgoaus. is chosen according to the

Prediction Theorem.

~Ience, TC 
k
~~

1
qnt:I 0u~~iuiaO isO

~Q.LD.•]

Praøf 
~~ 

CôrølThi’v ~I~8S4  : This corollary follows straightforwardly

from the total cost theorem by substituting %,a1 itt u~v.

(Q.LD.)
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CHAPTER VI

SECTION II

System Software Debugging •

I
1;
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Abstract

This report discusses the use of satellite computers in system

software debugging . In this approach a satellite computer

keeps track of the system states and provides useful information

if the observed system crashes due to a software bug . As a

byproduct of this approach , the data gathered can also be used

to measure and monitor the system performance. This approach I \.
has therefore been named “SODEM ” (Satellite Observer DEbugger

and Monitor) approach.

The design considerations and structural modules of SODEMS

have been •liscuaied in detail. The ideas have been illustrated

with examples from an actual implementation of a SODEM to

observe a DECsystein-lO using a PDP-ll processor.

H
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I. Introduction

The high cost of software development and maintenance has

raised a demand for new tools for software debugging. In the

case of application software , this demand has resulted in at

least two kinds of new developments . Pirstly, in the development

of many interpretive languages e.g., BASIC and EL1 which can

be easily debugged , and secondly in the developmeñt of special

debugging software for non—interpretive languages e.g., FORDDT k

for FORTRAN.

In the case of system software suob as an operating system the

problem of debugging is complicated by the necessity for it to

be done on—line , i .e. the system must be debugged while several

other users are using it. Of course, this does not apply during

the initial development phase at the vendor ’s plant where it

is easy to have a machine for each software development. The

scenery that we have in mind is a more usual one : the one at

a customer ’s sit, where he haa only one copy of the hardware

and a rslativ•ly bug free system software which he has to

frequently modify to satisfy the changing user demandL . The

users are allowed to run on th. modified software. Normally

the system runs fin., except that once in a while a bug

bidden soemwh•rs brings th. system down. To locate this bug

what w nsed is an independent observer which keeps track of 
•

_ _ _ _  ___________ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  L’
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the system states during its use and provides helpful

information for post crash analysis.

One approach to provide this independent observer is to use

a virtual machine monitor to provide several copies of the

hardware (GaG72). The system software is run on one copy and

the observer on another so that the latter remains alive when

the former crashes . This idea, though theoretically Sound: may

not work so well in practice. This is because hardware ma l-

functions, which are more often then not the causes of system

failure, will bring all the virtual machines down simultaneously.

Strictly speaking this should not be taken as the demerit of

this approach because the proposed observer is not supposed

to detect the hardware malfunctioning. However, this approach

does make it difficult to pinpoint the cause of failure.

Mother approach to providing the independent observer could be

to put it on a separate small satellite computer connected to

the main processor. The observer can then run ind~pendntly of

the system software as well as hardware , and regardless of hard-

ware or software nature of failure the observer provides the

expected service .

The idea of satellite computers is nothing new . In the past they

have been extensively used as I/O interfaces better known as

peripheral processors. For example, CDC-6600 uses 10 per ipheral
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processors around its main processor (McW76). Satellite Processors

have also been used as measurement tools to monitor the

performance of computer systems. An example is a HEM I monitor

implemented on one of the peripheral processor of the CYBER

system (5vo76) .

The scheme under consideration here is to use a satellite pro-

cessor to keep track of the states of the system software on

the main processor. The primary purpose of these observations I ~is to help debug the system software. Under normal running

periods the record of system states can also be sued to measure

and monitor the system perforThance. Therefore, we suggest the

use of the acronym SODEM (Satellite Observer DEbugger and

Monitor) for this new role of satellite computers. Although

the term SODEM refers to the union of satellite computer

• hardware, its software and its interface with the main processor,

we will fr3quently use it to denote the software alone.

The SODEM computer does not necessarily have to be a computer

smaller than the main computer, not is it necessary for it to

be dedicated for observin g purpose. In fact , it can be any

other computer connected to the observed system by a hardware

link . The existence of such links is beocming very cosunon

these days . In the light of recent rapid growth of computer
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networ ks, and tremendous success of ARPANET*, the importance of
• SODEM approach is obvious.

At Harvard University. we have developed an experimental SODEM.

Our Aiken Computation Laboratory has a TOPS-lO monitQr on.a

DECsystem—lO connected to ARPANET. Also, it has hardware links

connecting it to a PDP-l, a PDP-ll/lO , a PDP-ll/40, a PDP—ll/70,

and a GT-].O computer. We chose the PDP-]l/].O as the satellite

processor to implement the experimental SODEM called SODEM-lO].l

(SODEM-ten-eleven) and to study various aspects including the

feasibility of this appraoch. The details of this implementation

and the knowledge that we have gained from this are the topic

of this report. 
-

‘H 
_ _ _

• • -. -t
* In the ARPANET the IMPs keep observing the n.ighboring IMP ’ a.
When an IMP comes down, the neighbors not only inform other
IMPs in the network but also reload the IMP if possible. In
this sense IMPs provide observation and monitoring function
of SODEMs.
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II. Design Considerations

L• The three main components involved in a SODEM are the system

to be observed, the link , and the satellite processor. In

the following, we discuss how the choice of each of these

components affects the design and capability of a SODEM. The

ideas have been illustrated with our own experience from the

design of SODEM-lOll.

t - ,

2.1 Data Selection and Data Rate • •~~~ ~~‘ —  -

Data selection involves determining exactly what information

should be observed i.e., what constitutes the system State

and how it can be extracted and recorded. Stirctly speaking,

the system state is the state of all system ’s memo’-ies (main

memory, secondary memory, etc.). Continuous collection of all

this information is neither feasible nor desirable. Therefore,

one has to identify a small subset of important memory location

(suc h as control registers , operating system tables, etc.)
for observation and recording. Also there is the problem of

data availabili ty . Soms information, alt~ough important, may
not be obtained.. 0 

• • ,

Closely coupled with the question of data selection is the

question of data rate i..., how often should the information be
collected. This rate could be different for different •ubs•ts

of collected data. For ex i.pl•, CPU status bits may have to

be Observed every instruction cyci. whereas , teletype status
• - could be observed every few milliseconds or so.
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In case of SODEM-lO].l we have chosen to observe key tables that

the TOPS-lO monitor keeps permanently in the core. This does

not include many of the disk management tables which are kept

on the disk or the job data areas which are swapped in and out

with the job. This choice is quite arbitrary and is based on
the belief that in the case of a crash these other’ tables could

be very reliably obtained form the secondary storage. Depending

upon its variability , each monitor table has been assigned a

cycle time at which it is to be recorded. -;

2.2 Communication Link

Ideally the link connecting the SP (Satellite Processor) to

MP (Main Processor) should be such that the SP can access the

complete main memory of MP. The second best choice is to

let the MP have privilege to read/write SP memory. In the

latter case, SP sends an interrupt signal to MP whenever it wants

some portion of its memory to be read.

The hardware link connecting our PDP-lO and PDP-ll, called

• X-BUS, was designed much before the SODEM project began. It

• provi des a master-slave relationship between the PDP-lO and

the PDP-I.l. To be more precise, the PDP-lO can use the X-BUS

to read/write the PDP-ll memory, to start/stop/interrupt the

PDP-ll or to sense states of PDP—ll. The PDP-ll can not use

it in th. same way to control the PDP-]O. The usual way for

the PDP—ll to cosmiunicate with PDP-lO is to write it in a
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buffer and wait till PDP-lO reads it. This is a rather undesir-

able situation because it not only makes communication slow but

also the observer has to depend upon the observed to get.

the data.

2.3 Satellite Processor

Generally the satellite processor is much smaller and slower

- than the main processor (for obvious economical reasons).

Howeve r , it is desireable that the two processor have the same

word -or byte size. This saves a lot of overhead in data

transformation and manipulation.

In the design of SODEM-lOll. we were faced with completely

uncompatible word sizes — 36 bits in PDP—l0 and 16 bits

in PDP—l].. It means that 4.5 bytes (8 bits each) are required

in PDP—ll to store one PDP-lO word. Thus, we had to write

a complete set of data manipulation routines to add, subtrac t,

multiply, divide these odd size numbers, We did save some time

by sacrificing some PDP-ll memory and using 5 bytes for each

word instead of 4.5 bytes..

I
-

~ 

-~~~-- - — • 0~~~•~~~~ _ _ _ _  _ _ _ _ _ _ _ _ _ _  0 -
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• III. 
• 
Structure of a OCtM $oftware

The basic functions of a 800111 software are the following:

1. To collect data at NP.

2. To transfer the data to SP.

3. To transform it in to a forr- suitable for U.

4. To display it to the human user as U debugging

the software .

5. To record the data in a perm anent stora ge for

future use .

• Thus , it is obvious that a $00111 softwar. should have at least
5 modules , one for each of the above S functiona. In addition

it should have a module where it keep. information on when and

what is to be observed . Tb. interactie. between these vario.s

modules is shown in Figure 3.1. The details of them. modules

with examples from SODEM-lOll are now explained .

3.l~~Dita Definition Module

As said above, this module contains information on what is

f to be observed , and when it is to be observed. In case of

~~~~~~~~ SODEM—lOll , this consists of a list of monitor tables to

be observed. Each table has a name assigned to it , and
consists of several words called entri.s. Bach entry has

~!~;• 
I

• 
• ~~~~~~~ several bytes - collection of variable n~mib r of bits.

0 ’
1~
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Data
P.c9zdinq
Module

~~s.rved ~...4 ~~~sct. ~J cowunic LI ~ :sform Li Covaind L ~ System
Syst.. Module 1 1_Module [ ]_

Module [ [  D.codarf Prograwer 0

Data 1
Definition I
Module

• Figure 3.1: Structure of a SODEM Software

0 [ Tiblel

[ intr ies

• I sytes 1
Piqvr e 3.2s Data Structure Diagr a of SCODI-lOll Data Rae.
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The relationship between table, entry and byte can be very

precisely displayed by a DBTG type data structure diagram shown .

in Figure 3.2. The user can ask for a complete table or a

particular entry in the table , or a particular byte . 1
The data definition module. js thus a schema for ~he data to

be collected . 
0 0

3.2 Data Collection Module - 
0 

- •

The function of this module is to collect the data from MP

memory. If the comunication link between MP and SP is such

that SP can directly read any location in 14? memory then this

module would not be required.

In SODEM-lOll, the data collection module resides on PDP-10,

it reads in the data from PDP-l0 memory. Currently, it runs

as a user program, therefore it has to use monitor service

call, known as GETTAB UU0 to get monitor tables. However, 
0

eventually it will reside in a-fixed portion of core and

have a privilege to read all of the core directly. 4
3.3 Communication Module 

-

This modul, handles the communication link b.tws.n MP and SP.

This means that it handles interrupts in either direction , v

and checks the data for correct transmission . It makes use 
-

of the system clock to do periodic observations. 
0

i i  
_ _

_ _ 
_ _ _ _ _ _  

_ L
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In SODEM-lOli this module resides partly in PDP-1O and partly

in PDP—ll. This is because of the peculiarity of our X-BUX

which does not allow PDP-11 to read/write PDP-l0 memory or

interrupt it. Therefore, the POP-li portion of the communication

module writes the data request messages in fixed locations to

be read and serviced later by PDP-10 portion.

3.4 Data Transformation and Manipulation Module

ThiS module transforms data from the format ued on MP to that

on SP. It would not be required if both the processots had

identical word sizes. Unfortunately, in SODEM-lOll the word

sizes are not only different they are highly incompatible.

As said before, we use 5 bytes in PDP-l1 to store one PDP-lO

word. Thus the data transformation module consists of routines

to interpret these 5-byte words in Ascii, Sixbit, Octal,

Floating point formats. Also it contains routines for arithmetic

operations like addition, subtraction, multiplication , and

• division on these odd size numbers.

—

3.5 Command Decoder

• This module provides the debugging facility to the human pro-

grammer. It is recommended that its command structure be

similar to that of other debugging programs used at the

installation. For example, in SODEM-lOll. the commands are very

similar to DOT used fOr debugging assembly language programs. 

- -  - . 

- .

•

•
,

- •
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In SODEM-lOl]. this module resides partly in POP-b and partly

in POP—li. This is because of the peculiarity of our X—BUX

which does not allow POP—li to read/write PDP-lO memory or

interrupt it. Therefore , the PDP-ll portion of the communication
module writes the data request messages in fixed locations to
be read and serviced later by PDP-lO portion.

3.4 Data Transformation and Manipulation Module

This module transforms data from the format used on MP to that
on SP. It would not be required if both the processors had

identical word sizes. Unfortunately, in SODEM-lOib the word

• sizes are not only different they are highly incompatible.

As said before, we use 5 bytes in PDP-ll to store one PDP-I.O

word. Thus the data transformation module consists of routines

to interpret these 5—byte words in Ascii, Sixbit, Octal,

Floating point formats. Also it contains routines for arithmetic

operat ions like addition , subtraction , multiplication, and
division on these odd size numbers.

3.5 Command Decoder

~his module provides the debugging facility to the human pro-

grammer. It is recommended that its command structure be
• similar to that of other debugging programs used at the

installatio n . For example , in SODEM-lOl], the commands are very

~

111

ila1oD
~~~used for debugging assembly language programs .
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a.

In SODEM—lOll this module resides partly in PDP-•lO and pa~tly

in POP-li. This is because of the peculiarity of our X-SUX

which does not allow PDP-lI. to read/write POP-b memory or

interrupt it. Therefore, the PDP-].l portion of the communication

• modube writes the data request messages in fixed locations to

be read and serviced later by PDP-lO portion.

3.4 Data Transformation and Manipulation Module

This module transforms data from the format used on MP to that

on SP. It would not be required if both the processors had

identical word sizes. Unfortunately, in SODEM-lOll the word

sizes are not only different they are highly incompatible.

As said before, we use 5 bytes in POP-il to store one PDP-1Q

word. Thus the data transformation module consists of routines

to interpret these 5—byte words in Ascii, Sixbit, Octal,

Floating point formats. Also it contains routines for arithmetic

operations like addition, subtraction, multiplication, and

d ivision on these odd size numbers.

3.5 Command Decoder

This module provides the debugging facility to the human pro-

grammer. It is recommended that its command structure be

sl*ilar to that of other debugging programs used at the

installation. For example , in SODEM-lOll the commands are very •

similar to DOT used for debugging assembly language programs.

I
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Thus JBTSTS/” types the table JBTSTS, MJBTSWP_2/ types the

second entry in the table JBTSWP. A linefeed types the next

entry and an up-arrow “‘“ types the previous entry. Also there

•0 are commands to display the last typed data in octal, sixbit,

decimal., half-word formats. A short description of SODEM-lOll
0 

commands is given in the Appendix-A.

3.6 Data Recording Module

This module writes- the data on to a secondary storage device

for later use. In SODEM-lOll, unfortunately, there is no

secondary storage device on the satellite computer POP—li.

Hence no recording is currently done. However, there exists

a virtual machine monitor designed previously for this PDP-ll

and PDP-lO combination. The VMM allows virtual I/O facility

to POP-il users in the sense tha t with its help they can

read or write on PDP-iO devices. Eventually, we plan to use

this facility to record the SODEM-lOll data on PDP-I.O disk.

-.,- a-.-

a

~~~~~~

• 
• 0
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IV. Conclusion

A satellite computer can be a very useful tool for system

software debugging. It also help~i measure the system

• performance as a byproduct. The chief consideration in the

design of a SODEM (Satellite Observer DEbugger and Monitor)

are deciding what data should be observed, the design of the

connecting link and the choice of appropriate satellite processor.

The main structural modules of SODEM software are data collec-

tion module, communication module, data transformation module,

data display maódule, data recording module, and data

definition module.

A SODEM has been implemented successfully at Harvard University

to observe a POP—b using a PDP-ll as a satellite processor.

The different word sizes of the two cOmputers have increased

the size of the øoftware. Also the uni—directional nature of

the X-~BuS connecting the two~computers has made the SODEM a

little slow and dependent on the observed software. Nonetheless,

ç it has demonstrated the feasibility of this approach.

The main advantage of SODEM approach is that the observed system

-: remains intact even when there are hardware or software failures
of the observed system . HoweVer, like most other system

• -

software, it is generally ~ot portable. It can be used only

with a specific type of main processor , operating system , and

satelli te processor combination.

i_ _i ~0~~~~~~~~~~~~ 

0
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Appendix A - Using SODEM-lOlb

This appendix describes the working of the experimental SODEM

developed at Harvard to observe a DECsystem-lO using a PDP-l].

satellite processor. As explained before, the state of the

TOPS-lO monitor system is given largely by the contents of its

various monitor tablees . SODEM-lOl]. lets a user sitting at

PDP-11 teletype to look at almost all the monitor tables during

normal operation or after  a crash. The user has freedom to

observe a particular table, any one entry in a table, or any

bit or set of bits in an entry. Of course, the user must be

familiar wi th the internal structure and working of the TOPS-lO

monitor to be able to find the bugs or to make any sense out

of these observations.

The command structure of SODEM-lOll has been deliberately

kept very similar to that of DOT used here for debugging other

programs. For example, a entry name followed by “/“ displays

that entry, a linefeed displays the enxt entry, and so on.

The key element in learning to use SODEM-bOll is to know
how to specify the name of the data to be observed.

-

• 
A.l Name Specification

Each table in the TOPS-b monitor has a name associated with

it. For example, the table containing th. status of various

• jobs is called ‘JBTSTS’.

_ _ _ _ _ _
_ _ _ _ _ _ _ _ _ _ _  L
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These tables , in general , are several words long . The term
- 

0 
ENTRY denotes a word or a group of consecutive words having 0

similar structure. For example, the first five words of

configuration table give the name of the system. This entry

is named ‘.CNFGO’. The names of various entries are

described in the DFCsystem-lO documentation (DEC74). The

entries that do not have any name have to be specified by their
1’

relative location in the table.

The different bits of set of bits in each word of the

table have different significance. For example, the 3rd bit of

job status word indicates whether that job number has been

assigned to a job, similarly bits 10 thru 14 of this word

specify the wait status code of the job. The term BYTE is used

to denote such bits or set of bits. Many bytes have names

assigned, and many do not. For example, the 3rd bit of job

status word is called ‘JNA ’. Again, these names can be found
• 

. either from monitor listings of from system documentations.

Also, the help command (see below under commands) of SODEM-LOlI.
can be used to get names of tables, entries , or bytes .

A name specification consists of a table name followed by an

entry name or number, followed by byte name or number. The

character “ “  (back arrow , or underline) is used as a separator

between table and entry names, and between entry and byte name~
A few examples of name specifications are shown in Table A.l.

-
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Table Al : Examples of Name Specifications

S. No. Specification Meaning

1. CNFTBL/ Display the whole table.

2. CNFTBL .cNDBG/ Display the debuggin status word
entry only .

3. CNFTBL 4_3/ Display the 3rd bit of the 4th
word in the table.

4. .CNDBG/ Same as in 2.

5. RUN/ Display RUN bits of all entries
in the job status table.

6. JBTSTS 3/ DIsplay 3rd bit of all entries
— in the table. •

7. CNFTBL/ Same as 1. use the same format
for all entries. - 0

8. CNFTBLJ Display each - entry in Its
associated format.

9. CNF?BL / Display all bytes of all entries• in their (byte’s) format. ___ __ _ 
- - • - - - - - . -~•.

- - I • - - ~~• ;:L~~ - 
~ - - - . ‘-

- 

- 
0 ~~~~~ n,--
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Since the names are unique, one can omit table (entry) name if

entry (byte) name is specified . For example, see specifications
4 and 5 in the Table A.1. The entry or byte names can also be

nulls , in which case all the entries or bytes satisfying the

specification are displayed (see example 6 in the Table A.)).

A.2 SODEM Commands

The u - fo rma t ion  in PDP-lO can be in several different formats,

e.g., ASCII , SIXBIT, octal , decima l , etc . Therefore , the data

transformation module of SODEM-lOl]. lets the user view the

information in any formt he deisres. The format is

specified by the command character following the name specifica-

tion . For example, the “— ‘ command types the data in octal format.

The data definition module, which keeps a dictionary of all

data names, ~l.o has a format for each piec~s of data. Thus each

table, entry, or byte has a particular type out format assigned

to it. For example, the entry”.CNOPR” (name of the OPR TTY)

is to be typed in SIXBIT, whereas , “ .CNNSM” (number of nano

P seconds per memory cycle) is typed in decimal . Tha t/N (Slash)

command displays the data in the format specified in the data

definition module. The type out routines chosen are those

associated with the lowest levsl specified (even though that

level specification may be null) in the name specification.

For example, see specifications 7 thru 9 in the Table A.l.

LiL __
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Table A.2: List of SODEM-lOll Commands

S. No. Command Function

1. / Normal type out.

2. * Non-zero entries only.

3. 6 SIXBIT format type out.

4. ASCU Format.

5. $ Decimal format. b

6. — Octal format . ~~ 0

7. Half word format.

8. 1 Binary format.

9. CL?) Type the next entry in the table.

/
/ 10. .

~ Type the entry before th. cur ren t one .

11. (CR) Do nothing. Just prompt again.

12. 7 Help 
~~
, 

~~ 

a ~~~~~~~~~~~~~~~ a_ _a  a e _~~
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Very often one wants to skip over the zero data values. For

example, if only 3 jobs are currc ntly logged in , there is not
point in typing the whole job status table. The “I” (number)
command of SODEM-lOll facilitates this. It is identical to the

slash command except that only non-zero values are displayed.

There are many more commands accepted by SODEM-lOll. Further,

the modular structure of the SODEM allows for easy extensions,

of the command table, if needed. The current list of commands

is given in Table A.2. One command which is very helpful is

the “7” (help) command. It helps the user by listing the

various options that he has at a particular level. Thus, if a

- 
0 question mark is typed after specifying say a table and an entry

name, SODEM-bOll will display the byte names associated with

that entry. The list of available commands, entry names, and

table names can be similarly obtained.

A.3  ~ample Protocols 
0

The effectiveness of SODEM-lOll in helping the user to debug 
- •

- -- i -  P 0 0 .

the system depends upon his familiarity with the internal

I structure of the system. With enough familiarity and imagination,

one can easily extract some very useful information about the

system (and the bugs) . We illustrate it with a sample proto col .

This is just a very small subset of the possible questions

one might want to ask after a system crash. The user type—in
is underlined and our comments follow semicolons. 0 

-

— — -—~~~~~~- -~~~~ — — — — ~
- ‘ 
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Question: List all the users that were logged in.

Protocol:

).PDNM1$ ;TYPE NON-ZERO NAMES (FIRST
;HALF).

.PDNM1 1/OPERA

.PDNM1 3/JAIN

.PDNM1 4/OPERA

Answer: Operator was logged in as job *1 and 4 , and Jam

as $3. -

Question: Which jobs were privileged to POKE the monitor?

Protocol:

>JP.POK* ;TYPE NON-ZERO POKE PRIV BITS. •
1

JBTPRV.1..,JP.POK/1
JBTPRV..4..JP.POX/1

Answer : Jobs 1 and 4 had the privilege. -

Question: Which job poked last?

Protocol:
> . CNPUC/ ~TYPE THE JOB I AND * OF POKESCNFTBL_.cNPUC/ 4,16

- ;TYPE THE ENTRY BEFORE .~ NPUC
I

I 0 - C}~F’fBL_ .CNPOK/ 0,2300

Answer : Job 04 poked location 2300. Total number of pokes

O was l6 (octal) . 
- • . -

• 0~~ 
- 

- - 0 ,
• ~~ •~ I t

_ _ _  _ _ _ _ _ _  

- 

0
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L Question: Who, if any , meddled with his sharable segment?

I Protocol:

MEDDLE# ;TYPE NOW-ZERO MEDDLE BITS
JBTTS(N 3_MEDDLE/l

Answer : Job #3 meddled with his high segment.

A Sample Protocol with SODEM-lOll

&

I 

• 

0 

_ _ _ _ _  L 

-
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