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EVALUATION

The work described in this report and performed during this effort
represents a significant accomplishment in the structuring of
resource management algorithms for operating systems. First, a
theoretical base was described that is a fresh and general view
of the resource management problems in complex operating systems,
Second, an experimental facility was built to examine various
Tesource management policies.

A critical component of this facility, a virtual machine monitor,
represents the resource management portion of an operating system.
This facility allows one to virtualize a complete computer system
at a work station without having extensive peripherals at the
work station.

This effort demonstrates the types of capabilities that will
compose future operating systems.
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Preface

This final report on Contract No. F30602-77-C-0058 is composed
of two parts. The first part documents research on novel
resource management algorithms used in computing systems. What
we are referring to are the CPU, and memory management
algorithms that are the heart of the resource allocation function

of operating systems.

The contribution made by this research is of a fundamental
nature and we expect that it will revolutionize the design

of operating systems in the future. 1In p?rticular a key con-
tribution made by this research is an unification of the

page replacement policies in operating system. 1In fact, we
present here a result that shows that many of the commonly
accepted page replacement policies can be considered a
special case of the more general policy based on an ARIMA
(1,1,1) model proposed by this work.

The formulation of a unifying theory, which shows that previous
known cases are special cases of a more general case, not only
results in conceptual clarity and economy, but it actually
sheds further light on the conditions where the special cases
are really applicable.
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An additional fall out of this research, and a very significant
one, is that it becomes possible to design operating system
memory management policies which are capable of adaptation.
The point being'that the general unified theory, which is
presented in this report, supplies two key factors. First,

as we stated above, an understanding of the conditions under
which specific memory management policies are optimal and
secondly, a general algorithm which comprises these policies
as special cases. Therefore, one is in the position to

design an operating system which uses a generalized memory
management policy capable of adapting to conditions. 1In

other words, the ARIMA (1,1,1) page replacement algorithm
could be embodied in such a computing system and the algorithm
would automatically specialize to its extreme special cases

when the operating conditions warrant.

Therefore, the key contribution of the first part of the report,
is a fresh, much more powerful and general view to the resource
management problem in computing systems. This contribution

capitalizes on the very extensive and solid body of mathematical

theory that has been developed by the control theoreticians.

The second part of the report presents work on new notions
on the organization of a debugging environment. The basic
principle here is to give the person doing the debuggihq of
complex software an inexpensive work station with a number of
tools which enable him to obtain extensive snapshots of the

state of a complex software system.
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The reason why the work station can be inexpensive and still
offer very powerful status capturing and reporting capabilities
is that the work station obtains most of its peripherals, through
a novel virtualization technique, from the host computer.

Since the work station is capable of transferring at a very

high data rate large sections of the main computer memory

it has the ability to capture extensive status information

and reporting it quickly.

These two parallel efforts were undertaken in this program,
because the experimental apparatus needed to verify the
theories presented in Part I essentially supplies the complete

underlining structure for performing the exploration in Part II.

An inexpensive experimental facility was built by

connecting a PDP-11/40 to a PDP-10 through a very high speed
data bus and by installing on the PDP-11/40 a virtual machine
monitor. This kind of facility is of course a very inexpensive
and very convenient facility for exploring alternative memory
management policies. 1In fact, the virtual machine monitor

is essentially the resource management function of an operating
system and the high speed data bus allows one to virtualize

a complete computer at the work station without having to have

any expensive peripherals at the work station.
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Once this facility for experimenting on operating system resource
management algorithms had been put in place, it became very
natural to use it for exploring approaches to debugging of
complex systems running on the host processoi and this is

exactly the work that is reported in Part II of this report.
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SYNQRSIS

This thesis proposes the application of control theory to the
dynamic optimizaticn of computer systems performance. Until now,
Queueing theory has been extensively used in the evaluation and modeling
of computer systems. It is a good design and static énalyaia tool.
However, it provides little run time guidance. For dynamic (run time)
optimization we need tc exploit modern control theoretic techniques such
as state space models, stochastic filtering and estimation, time series
analysis, etc. In this thesis, a general control theoretic approach is
proposed for the fcrmulation of operating systems resource management
pclicies. The approach is exemplified by formulating policies for CPU

and memory management .

The problem of CPU management is that of deciding which task from
among a set of ready tasks should be run pext. The main problem
encountered in the practical implementation of theoretically optimal
algorithms is that the service-time requirements of tasks are unknown.
The proposed soluticn is to model the CPU demand as a stochastic
process, ‘2F to predict the future demands of a job from its past
behavior. Several analytical results concerning the effect of
prediction errors are derived. An empirical study of program behavior
is made to find a suitable predictor. Several different mcdels are
ccmpared. Finally, it is shown that a zercth order autcregressive
moving average model is the most appropriate ecne. pased cn this
observation an adaptive scheduling algorithm called "SPRPT" (Shortest

Predicted Remaining Processing Time) is proposed.
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The problem of memory management is also formulated as the problem
of predicting future page references from past program behavior. Using
a zero-one stochastic process model fcr page references, it is shown
that the process is non-stationary. Empirical analysis is presented to
show that the page reference pattern can be satisfactorily modeled by an
autoregressive integrated moving average model of order 1,1,1. A two
stage exponential predictor is derived for the model. Based on this
predictor 2a new algorithm called "ARIMA Page Replacement Algorithm" :is
prcpesed. This algorithm is shown to be easy to implement. It is shown
that many conventional page replacement algorithms, including Working
Set, are merely boundary cases of the ARIMA algorithm. The conditicns
under which these conventional algorithms are optimal are described.
The limitaticns of the formulation and possible directions for future

extensions are alsc discussed.

The ARIMA model does not take into account the fact that a binary
process takes only two values, O or 1. This discrepancy is removed by
developing Boolean models for such processes. It is shown that if =2
binary prccess is Markov of a finite known order, 't can be modelecd as
the output of a Boolean (switching) system driven by a set cf binary
white ncises. Modeling, estimation, and prediction of the process using
the Bcclean model is described. A method (s dovqlopod for optimal
non-linear predicticn under any given non-linear cost criterion. All
the results are then generalized to k-ary processes, i.e., processes
which take integer values between 0 and k-1. Finally, the applicaticn

cf the model tc the problem of memory management is described.

11
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CONTROL-THEORETIC FORMULATION
OF
OPERATING SYSTEMS RESOURCE MANAGEMENT 'POLICIES
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Research on Resource Management

Algorithms Used in Computing Systems
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Introduction
Control-thecretic view

Conventionally an operating system is defined as the set of
computer program modules which control the allocation and use of
equipment resources such as the central processing unit (CPU), main
memory, sSeccndary storage, 1/0 devices and files [MaD74). These
programs resolve conflicts, attempt to optimize performance, and
interface between the user program and computer resources (hardware and

system software).

1.1 CONTROL-THEQRETIC VIEW OF AN QPERATING SYSTEM

For a2 control theorist, an operating system is a set of
centrollers which exercise control over the allccation of scme system
resource. The goal of each controller is tc optimize system performance

while operating within the constraints of resource availability.

Figure 1.1 shows scme of the 2émponents cf an operating system.

The Contrcllers are represented by circles. The "load controller”

contrcls the number of jcbs allcwed to loz in. The jcb controller (jcb.

scheduler, cr high level dispatcher) contrcls the transfer of jobs from
the "submitted" queue to the "ready” queue. This decision is based upon
the availability of resources like memcry, magtapes, etc. The CPU
controller (task dispatcher, or low level scheduler) controls the
allccaticn of the CPU., It selects & task froam the set.ot ready tasks
and allcws it to run. The paging contrcller (page replacement
algorithm, cr memcry management algorithm) controls the transfer of

paces frcm virtual memory (disk or drum) tc primary memory, and SO on.
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Introduction
Control-theoretic view

The control components of an operating system are not much
different from those of other systems, except probably, in that they are
non-mechanical. Obviously, there is 'much that can be gained from
control theory in the design and modeling of these components.
Unfortunately, very little control theory has been used for this purpose
so far. Compared with the highly developed theory of.control systems,

most control algorithms used in operating systems today are "primitive".

1.2 QUEUEING-THEORETIC VIEW OF AN OPERATING SXSTEM

Most models of computer systems used today are queueing-theoretic.
From a queueing-theoretic viewpoint, each controller of the operating
system is a server. Thus, an operating system is a queueing network.
One very popular queueing model, called "Central Server Model"™, is shown
in Figure 1.2. In this figure, circles represent servers and rectangles
indicate the location of queues. Such queueing models have been used to
explain many phenomena occuring in computer systems (Buz71]. Typical

questions that have been answered using this approach are the

following :
1. What is the average throughput?
2. What is the average utilization of the CPU, I/0 devices etc.

3. What is the average response time?

4. What is the bottleneck in the system (would a higher speed disk do
better)?

5. What is the optimal degree of multiprogramming?

- PN
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Introduction
Queueing-theoretic view
A vast amount of literature has been published to answer these and
similar questions under a variety of assumptions, restrictions and
generalizations. For chronological ‘surveys and bibliographies see
[(McK69, Mun75, Kle76, LiC77]. Some of the issues investigated are the
following :
1. Service Discipline: M/M/1, G/M/1, M/G/1, FCFS, or priority
service, e.g., see [Shu76]).
2. Types of jobs: one or many classes [BCM75).
3. Devices included: Terminals only (Sch€7), terminals and I/0
devices [Buz?71].
4. State dependent or stationary probabilities [Che75]
5. Exact or approximate solutions [GaS73, Gel75, CHW7S)

6. Part by part (hierarchical) solutions or whole solution (BCB7S].

In spite of the wide applications of queueing theory, there are

-some inherent limitations to its usefulness.

1.3 LIMITATIONS OF QUEUEING THEORY

Queueing theory represents only average statistios. It tries to
represent a number of jobs by the average characteristics of the class.
The "individuality® of a job is ignored. In this sense, it is a static
analysis. It cannot satisfactorily represent time varyitr.z phenomena or
dynamics. Therefore, it is good only as a design time tool. It cannot
be used at operation time, for which we need adaptive techniques that
can adspt to the individual characteristics and time-varying behavior of

Ak
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Limitations of queueing theory

jobs. To give a concrete example, a queueing model is ideal for telling
whether the disk is the bottleneck in the system or whether a faster CPU
will increase efficiency (both design time questions). However, once we
have acquired the proper disk and CPU, it does not tell us which job
from a given a set of jobs should be given the CPU or the disk next.
This is a dynamic decision problem, which can only be solved by the

application of techniques from decision and control theory.

Queueing theory is good for modeling a computer system and, to a
certain extent, its subsystems. However, when we come down to the level
of a program, it cannot model its behavior (because there are no queues
to be modeled). Given all the known information about a program, it
cannot tell what the program behavior is 1likely to be in the near
future. This is a prediction problem. Again, control theory must be

used for this purpose.

Queueing theory cannot model the interaction between the space and
time demands of a program. Since the theory cannot model either the
space demand behavior of a program or its time demand behavior, it
certainly is inadequate for modeling the interaction between the two.
Bad memory management may cause frequent page faults and may degrade the
performance of an otherwise good scheduling policy. Still, the memory
and the CPU allocation policies of most operating systems to date are
more or less independent. This is due to a lack of clear understanding
of the interaction between them. With the application of control theory

we hope to remedy this situation, because, given cpntrol-thoorotio

- P
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Introduction
Limitations of queueing theory

models of two systems, their joint model can be obtained by modeling the

cross-correlation between the two.

1.4 ADDITIONAL EXPECTATIONS FROM CONTROL IHEQRX

There are many concepts like stability, controllability, and
parameter sensitivity, that are well established in control theory but
have not been used in computer systems modeling. We hope that the
control-theoretic approach will eventually lead to a better
understanding of these concepts as applied tc computer systems. For
example, take the concept of stability. Instability in computer systems
occurs in the form of excessive overhead caused by frequent switching of
CPU between jobs, or by frequent oscillation of pages between main and
secondary memory. Instability im The control-theoretic approach is
especially suitable feof stability studies, e.g., for determining the
effect of sudden demand variations, or the effect of measurement delays.

There are well established techniques for this purpose.

Controllability studies of computer systems could similarly help
us to determine whether it is possible to reach the optimum performance
state. Parameter sensitivity is already a big issue even in current
queueing models, One of the major studies that investigated the
applicability of queueing models to a real interactive system was
conduotid by Moore at the University of Michigan [MooTi). One
conclusion of the study was that queueing models aro.vory sensitive to

parameter values which vary considerably with time and load varistions.
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Expectations from control theory

Again, control theory with its well established techniques for

sensitivity analysis provides better hope.

1.5 SURVEY OF APPLICATIONS OF CONTROL THEORX

Wilkes was probably the first to strongly advocate the
¢

exploitation of control theory for computer systems modeling. In his

paper (Wil73], he stated:
"We are not yet in a position, snd perhaps never will
be, to write down equations of motion for computer systems.
However this does not exclude the design of a control
system. Indeed, it is Just in circumstances where the
dynamical equation are not fully understood or when the
system must operate in an environment that can vary over a
wide range that control engineering comes into its own."
The paper presents many arguments for applying control theory. We do
not intend to duplicate those arguments here. To illustrate his ideas,

Wilkes proposed a general model of paging systems.

Adaptive policies for many components of operating systems have
been proposed. Dynamic tuning of allocation policies to improve
throughput in multiiprogramming systems - has been suggested by Wulf
(Wwul69]. An adaptive implementation of a load controller is described
in [Wil71). Blevins and Ramamoorthy have investigated the feasibility
of a dynamically adaptive operating system [B1R76]. Two different
techniques for adaptive control of the degree of multiprogramming have

been described in [DKL76].
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The need for a control-theoretic approach was also stressed by
Arnold and Gagliardi [ArG74]. They proposed a state space formulation
using resource utilization as the  state variables. A dynamic
programming approach to memory management and scheduling problems is
described in [Lew74, Lew76]. A survey of some early applications of
statistical techniques to computer systems analysis can be found in

(Ash72].
\

The work most closely related to this thesis is that of Arnold
[(Arn75, Arn78). (Using correlation properties of the memory demand
behavior of programs, he has investigated the applicability of the

Wiener filter theory to the design of a memory management policy.

1.6 ERINCIPAL CONTRIBUTIONS ANR QRGANIZATION OF IHE IHESIS

In this thesis we propose the following general control-theoretic
approach to the formulation of resource management policies for
operating systems.

1. In order to develop a resource management policy, model the
corresponding program behavior as a stochastic prccess.

2. Using identification techniques and empirical data, identify a
suitable model structure for the process*® and estimate typical

values of model parameters.

% The term process is used here exclusively in the control-theoretic
sense of stochastic process. To avoid confusion, the term tauk is used
to denote computer processes e.g., we say "ready tasks" instead of
"ready processes".

S
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Contributions and organization
3. Based on the model, formulate a prediction strategy for the

stochastic process, and hence a resource management policy.

The policy 30 obtained is dynamic in the sense that it varies the
allocation of the usystem resource to a user job depending upon the
recent past behavior of the job. It, thus, provides the run time
optimization not possible with the queueing theory approach. Also,
notice that the individuality of the job is fully exploited. The key
step in the approach is the formulation of the stochastic process model
in such a way that the allocation problem reduces to # prediction
problem. We exemplify this approach by formulating control-theoretic
policies for CPU scheduling and page replacement. Policies for
allocation of other shared resources (e.g., disks) can be, similarly,

formulated.

Formulation of the CPU scheduling policy is described in
Chapter II. The time taken by successive compute bursts of a program is
modeled as a stochastic process. It is shown that the main problem is
that of predicting the future demands of a job from its past behavior.
A few analytical results are derived concerning the increase in the mean
weighted flow time due to prediction error. Correlation techniques
(also called time series analysis techniques) are used to identify a
suitable model structure for the stochastic process. Empirical data on
the CPU demand behavior of users of an actual time sharing system is
used for this purpose. Details of the procedure used for modeling and
parameter estimation from the data are included. In particular, it is

PR
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Introduction

Contributions and organization

shown that the CPU demand process is a stationary stochastic process
having very 1little autocorrelation. The efficiency of several
autoregressive moving average (ARMA) models is compared. The final
conclusion is that the gains are very small and that a zeroth order
non-zero mean white noise ( ARMA(0,0) ) model is appropriate for the
process. Based on this conclusion, several different predicion schemes
are proposed. An adaptive scheduling algorithm called "Shortest

Predicted Remaining Processing Time" (SPRPT) is proposed.

In Chapter III, the problem of page replacement is formulated as a
prediction problem. Using a stochastic process model of memory demand
behavior, suggested by Arnold [Arn75), an expression is derived for the
cost of prediction error. The identification analysis shows that the
process is non-stationary. The non-stationarity is, however,
homogeneous in the sense that the first differences of the process are
stationary. An autoregressive integrated moving average model of order
1,1, ( ARIMA(1,1,1) ) 4s shown to be an appropriate model for the

process. A two step exponential predictor is derived for the model.

‘Based on this predictor, a new page replacement algorithm called the

"ARIMA" algorithm is proposed. Even though the origin of the algoriths
lies in complex control-theoretic ideas, its final implementation is
very simple. Moreover, it turns out that many conventional page
replacement nlgor‘it’hu like the working set algorithm (Den68), Arnold‘'s
Wiener filter n’x’;‘}‘:-'un- {Arn75), and the independent reference model
[ADU71] sre special cases of the ARIMA algorithm. The control-theoretic
derivation of the oon;nionu under which these algorithms are optimal is

o g 17 7o
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presented.

Chapter 1V is devoted to developing new techniques for analysis of
binary processes like the memory demand process. The ARIMA model does
not take into account the fact that a binary process takes only two
values, 0 or 1. In this chapter, an attempt is made to remove this
discrepancy. It is shown that if a binary process is Markov of a finite
known order, it can be modeled as the output of a Boolean (switching)
system driven by a set of binary white noises. Modeling, estimation,
and prediction of the process using the Boolean model is described. A
method is developed for optimal non-linear prediction under any given
linear or non-linear cost criterion. All the results are then
generalized to k-ary processes, i.e., processes which take integer
values between 0 and k-?!. The model is shown to be applicable to a
class of non-stationary processes also. Finally, the application of the

model to the problem of memory management is described.

In this thesis we make extensive use of control-theoretic terms
and concepts. Hovever, since a majority of the readers of the thesis
are likely t» be computer scientists, a tutorial approach is followed in
deriving the control-theoretic results. Whenever possible, simple and
intuitive explanations oé the inferences based on control theory are
provided. A brief explanation of ARIMA models, which are used
extensively in this thesis, is given in Appendix A. Further details of
control-theoretic concepts oan be obtained from [Nel73, BoJ70, Ast70,
Bri69].
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2.1 PROBLEM STATEMENT

The problem of CPU management is that of deciding which task from
among a set of ready tasks be given the CPU next. In the literature
this DPO;IOI is also referred to as low 1level scheduling, short term
scheduling, or process dispatching. There has been a considerable
amount of work on designing scheduling strategies for optimizing
different cost criteria, single or multiprocessor strategies,and for
different precedence constraints among the Jjobs ([Cof76]. A common
underlying assumption in ‘111 these researches is that the CPU time
required by each job is known. For example, the simplest scheduling
problem is that of scheduling n independent tasks with known CPU time
requirements of t,, tos...,t, respectively on a single processor in such

a way as to minimize average finish time for all users. If the jobs

were scheduled in lexicographic order (i.e., 1,2,...n), the average

finish time would be

1
" L (oot )ty
i=1

A very well known solution to this problem is due to
Smith (Smi56]. This solution 4is called "SPT" or Shortest Processing
Timse rule i.e., the jobs are given the CPU in the order of
non-decreasing CPU demand. For those not familiar with this fact the
following example should prove convineing.
Example : Consider scheduling two jobs Jy and Ja with o;oh requiring
only one cycle of computation followed by output. The time required for
CPU and 1/0 are shown in Figure 2.1 . The scheduling decision is to
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4 140
J 10 CPU
’ Lo 1/0
5 g cPU
': ' {
4 A. Job J, is scheduled first. Average Response time s 1-7—;—-3— =24 %
, ;: 1/0 E
: J J
: cPU ! 2
time O 10 16 17 3

B: Job J, is scheduled first. Averoge Response time = gl_+23§ =22

1/0
| 2 i |

CPU
time O 6 16 2l 23

, 'Fiqure 2.1: Optimal scheduling of two jobs
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decide which of the jobs gets the CPU first. Obviously there are only
two options: J, first, or Jy first. The calculation of the average
response times to the users in the two cases are also shown in the
figure. It is clear that scheduling the shorter job first gives a lower

average response time.

In the case of Line printer scheduling, the service time
requirements can be predicted reasonably accurately from the size of the
file to be printed or by counting the number of linefeeds and formfeeds
if necessary. However, in the case of the CPU, there is no known method
of predicting the future CPU time requirements of the job. This makes

SPT and all similar scheduling strategies unimplementable.

In the absence of knowledge of program behavior, the operating
system designer is left to use his own ad hoc prediction strategy. One
such strategy is to assume that all the tasks are going to take the same
(a fixed quantum of) time. The tasks are, therefore, given the CPU in a
round robin fashion for the fixed quantum of time, and if a task has not
completed by the end of the quantum, it is put back on the run queue.
It is obvious that full-information strategies like SPT perform better
than no-information strategies like the fixed-quantum round robin. This
point is illustrated in Figure 2.2 where it is shown that if Jjob J‘
happens to be the first in the queue the response time is 25; otherwise,
it is 24.5. In both cases it is more than the SPT response time.
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A. Round robin with J, first, Average Response time = 23;27' 25

cpy 2 dida iz i dp i dp d dp | G Y J,]

time 0 12 16 23 27
B. Round robin with J, first, Average Response time = é-;;z—s =24 %

10 e

cpy S d2didadi Jpdy i dp i Yy 9y 0y Yy

time O n 16 23 26

Figure 2.2: Round robin scheduling with unit quantum time
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Up till now we have acsumed that all the tasks arrive
simultanecusiy and are ready for processing at the same time.
Obviously, this is ndt the care in a renl computer system, where, tasks
arrive intermit‘ently. The optimal scheduling strategy 1is still
basically the same. At each point in time one makes the best selection
Srom  among those Jobs avallable, sonsicdering caly the remaining
processing time of the jub that is currently beirg executed. This
generalization of SPI ‘3 called the Shor:sst Retaining Processing Time
(SRPT) rule [S@i78). Tnis min‘mizes the mean flcw time if thero is no
extra cost irvolved in esioang a preempted job. Other resulrs for the
case of sivuitanecus arrival are’ sinilarly applicable. Note, in
particular, that it <2 nct mceu;'ry.to have any advance information

about job arrivais.

S e
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2.2 CONTROL IHEQRETIC FQRMULATION

Consider a program in a uniprogramming situation. Figure 2.3
shows the typical time behavior of the program*. The program oscillates
between CPU and I/0 devices (Disk, Teletype, Card reader, Magnetic tape
etc.). Most program have three phases. During the first phase they do
very little computation, spending most of the time collecting parameter
values from the user. The program then enters a computation phase
consisting generally of one or more loops. Finally, the program outputs
the results. The computation phase constitutes a major portion of the
life of the program. The cyclic nature of this phase (due to loops)
makes the program behavior somewhat predictable. While in a loop, the
program repeatedly references the same set of pnkes, and makes similar
CPU and I/0 demands. Under the name of "Principle of Locality", this
behavior has been successfully exploited for memory management. The
working ~set strategy of wmemory management is partly based on this
principld. This strategy states that the set of pages referenced during
the last time interval T are more likely to be referenced in the near

future than other pages.

The CPU management equivalent of the WS strategy is to say that
the 1length of the last CPU burst is the likely length of the next CPU
burst. This strategy has been used in many operating systems, though

there are many different forms of its implementations. One

® The same is applicable to a program in a multiprogramming si uation
provided the time scale represents "virtual time".

i
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Input Phase Computation Phase

1/0
C

Output Phase

PUZN ) 209)

— v e amn N | e c—— —— —

aghe gl

Figure 2.3: CPU ond 1/0 demands of o typical program
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implementation method is to put a job taking a lot of CPU time on 2. low
priority queue 30 that the next time it will get the CPU only afer those
Jobs which have taken less CPU time this cycle. Unfortunately, this
principle, although commonly used, has never been theoretically

explained.

One aim of the research reported here was t§ ghcck the validity of
this "Next Equal to Last®™ (NEL) principle, and, if it was found invalid,
to find a strategy for the best prediction of the future CPU demand of a
program from its past behavior. We model the CPU demands of a job as a
stochastic process. The k'D CPU burst is modeled as a random variable
z(k). One way of representing a stochastic process is to model it as
the output of a control system driven by white noise (see Figure 2.4).
Thus, as seen by the CPU scheduler, the program is like a control system
which generates successive CPU demands. A general time series model for
such a process is given by the following equation:

z(t) s £(2(1),2(2),...,2(t=1),0(1),e(2),...,e(t))
Where z(t) represents t'P CPU burst and e(t) is the ttP random shock. A
linearized and time invariant form of the above equation is the well
known ARMA(p,q) model (see Appendix A for details on ARMA models) :
z(t) = Wed z(te1)e. o cea z(t=p)se(t)-Dye(t=1)=...~be(t-q)

We choose this formulation to model the CPU demand behavior of
programs, because there are well established techniques to find such
models from empirical data. Once a suitable ARMA model is found, it 1is
easy to oconvert it to other models (e.g., state space model), if

necessary.

e S P,

Aok




2-10
CPU Scheduling
Control-theoretic Formulation

: - : CPU
Noise e(t ) ————>n . Linear System > Demonds z(t)

Figure 24: CPU demands modeled as o stochastic process




g i

CPU Management Page 2-11
Effect of Prediction Errors

2.3 EFFECT OF PREDICTION ERRQRS

In order to study the effect of .prediction errors, we need to
choose a performance measure. Consider the problem cf scheduling n
independent tasks with CPU time requirements of t,,tz,...,tn
respectively on a single processor. A schedule consists of specifying
the sequence in which the tasks should be'given to the processor. There
are many different performance measures for comparing different

schedules. The measure most commonly used for single processor

scheduling is "Mean Weighted Finish Time" (MHFT). It is defined as

1
ot t"ifi
i=1

follows:

Where f;»is the finishing time of ith task and w; is the weight or
deferral cost of the task. It was shown by Smith [SmiS6] that this cost

criterion is wminimized by arranging the tasks in the order of
non-decreasing ratio t,,y,, If all the tasks have equal deferral costs,
l.e., w1 W, =1, then the cost ¢ is called average finishing time or
average response time. It follows from the above that the average
response time is minimized by sequencing the tasks in the order of

non-decreasing t,. This rule is commonly known as "Shortest Processing
Time" (SPT).rule.

It has been shown that SPT also wminimizes the following cost
oriteria [CMM67]:

1. Mean power of finishing time ! t r. X
" i=1 5
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1
2. Mean waiting time ;1: (f£q-ty)
=
3. Mean power of waiting time.
4. Mean lateness (time beyond deadline).
5. Mean tardiness if all jobs are tardy.

6. Mean number of tasks waiting

However, SPT does not optimize the following cost criteria (all of which
are functions of due dates):

1. Maximum lateness

2. Maximum tardiness

3. Mean tardiness

4, Number of tardy jobs.

Fortunately, due dates are rarely, if aver, specified for CPU scheduling
and hence the abov‘ criteria are of no practical interest. For a
computer user the most important criterion is a low response time*.
Since a Jjob consists of several CPU-I/0 cycles (or CPU-I/O tasks), the
response time is the sum of the finishing time of these tasks of the
Job. An increase in the finishing time of a task directly contributes

to an increase in the response time.

® Some researchers believe that it is the consistency of response time
rather than minimality that is of oconcern to a user [HoP72). For
example, if a program takes 1 minute on one day, it is quite bothersome
to the user if it takes 5 minutes on another day. However, the proper
control point for this criterion is load control (control of the number
of users allowed to log in or the number of batch jobs allowed to run
simultaneously). Therefore, we do not consider this oriterion.

e ———
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In the following, we derive a few analytical results concerning
the increase in mean weighted finishing time (MWFT) of tasks due to
prediction errors. We first consider a very general case where the time
requirements of all jobs are to be predicted. Then we consider another
case, where only one job is considered for prediction, the compute time
requirements of other Jjobs is assumed to be known. The results are
presented as Theorems 2.3.1 and 2.3.2 below. The proofs of theorems are

given in Appindix B.

2+.3.1 Theorem [Non-deterministic Caso] ¢t Consider a set of n tasks T

0
T,, Gistog Tn-1 with compute time requirements of to, tgs coes thai
respectively, where all the times are unknown and are predicted as to,
€40 .ees €41 eto. The predictor is such that the predicted time , is
s random variable with distribution F,(f,), The increase in the mean

finishing time (MFT) due to prediction error is given by
1 Ra!
V%2 (1-1) t4
- f&ﬁ

where £ = Predicted position of T

i
®
1
» f tt Fg(t)] £y(t)at
s0 :
0 ili
2.3.2 THEOREM (Deterministic Case) : Given a set of n tasks

To,T;,....T.,-, ﬁth cﬂWt. ti.. M\limtl Of ‘o.t'.ooo;tn-‘
respectively, where t, .. . ,t._ ; are known exactly and tg is predicted as
lp. then the increase in mean weighted finishing time (MWFT) due to

prediction error is given by:

T
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§o. 5 kQZI (ot = witp)!l

tk
Where I={k : ;; oJ}

/
- (:“o/wo, tp/vg) 1f toctp
\(tp/ug, to/vg) Lf tpdtg
Informally, I is the set of indices of tasks lying between the predicted

and the real position of T, J iy the interval between to/wp and tp/wp.

2.3.2.1 corollary : The increase in mean finishing time ("k" vk) due

to t, predicted as tp is given by :

.. £k§“k-to'
where I = {k : toctycty or toctycty)

. One implication of this corollary is that only those tasks that
lie in between the predicted and actual position of the task contribute
to the increase in MFT. Thus if the compute time of various tasks are
arranged in 1increasing order and plotted as shown in the Figure 2.5,
then the increase in MFT is represented by the hatched area. In the
special case, when these compute times are linearly increasing, the
increase in MFT is proportional to square of the prediction error. This

fact is stated by the following corollary whose proof is given in
Appendix B.

2.3.2.2 corollary : If t .kT, ke1,2,...,n=1 then the 'increase in MFT

due to ty predicted as t, is given approximately by:

PRSP P —
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A
Increase in MFT due to
predicling t, as to
Time : # ,’F
Required| tp=—==—======= - ?
tk
g == ]-T AN\
: —
Tosk number k

Figure 2.5: Increase in MFT due to prediction error
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It is seen from above theorems that the error in prediction of

computer time of a job affects the relative placement of all other jobs

in a very complicated fashion. For example, it 1is possible that the

time i, ...,tp.qy are far away from one another so that the predicted

value t, even though away from t, may not result in any change in the
order and hence the net effect on MFT may be zero. - On the other hand,
it is also possible that the ti-os,to'_,..tn_1 are very near to o‘ch
other so that a slight prediction error may result in a substantial
change in the schedule and hence in the MFT. Therefore, except in some
very special cases, e.g., in corollary 2.3.2.2, it is not possible to
express the cost of nisprodictiop‘ as a 5tﬁhction of predicion error
alone. That is, there is no one simple "f" such that c-r(to.tp)
represents the loss function. We, therefore, choose to use the
conventional least square criterion to predict the compute time. In

Sther words, we seek to predict in such a way that the average value of

square difference between the predicted and the actual value is minimum.
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2.4 DATA COLLECTION

This section describes the experiment to collect data on CPU
demands of actual programs. The experiment was conducted on a real user
environment in our Aiken Computation Laboratory. The laboratory has a
DECsystem-10 computer with TOPS-10 operating system. The system is

mainly a research facility for use by graduate students.

The TOPS-10 operating system maintains a number of queues among
which the jobs are distributed. For example, there is a queue for jobs
waiting to be run, a queue for jobs waiting for disc 1/0, a queue for
Jobs waiting for TTY I/0 etc. Thus. the easiesi way to get the data we
require is to watch the queue history of the program i.e., to note the

queue the job is in and to repeat the observation at every clock tick®.

Table 2.1 gives major details of the experiment. It consisted of
19 different runs spread over a month. Each run consisted of randomly
selecting a user and watching his queue history for a period of about U5
minutes. Along with the queue history which was obiorved every clock
tick, many other parameters like program name, memory used, etc. were

also recorded every second.

The data was later translated to produce the CPU demand processes
of individual programs. This produced 550 CPU demand processes

consisting of the length of successive CPU bursts (total CPU usage

® In all subsequent discussions, the unit of time will be a clock tick
called "jiffy" in DEC terminology. A Jiffy is the cycle period of the
line power supply i.e., 1/60th of a second.

S —————
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TABLE 2.1 : DATA COLLECTION EXPERIMENT

Duration of the experiment 1 month
Number of runs 19
Duration of each run 45 minutes
Number of programs observed 550

Sumber of programs with 80 or more bursts 33

Number of program histories analyzed 33
Number of user histories cbtainod 19
Number of user histories analyzed 8

between successive I/0 requests). However, most of these program
processes were too short i.e., consisted of only a small number of
observations (number of CPU bursts). Only 33 processes had 80 or more

observations. These were chosen for correlation analysis.

We also obtained 19 user processes - one for each run. These
consist of lengths of successive CPU demands of the user regardless of
the program being run. Of these user processes, alternate (actually
only 8) processes were selected for analysis. 'Thc 1list of the processes
selected for analysis is shown in Table 2.2 . The processes are named
"XXXXX.YNN" .where XXXXX 4is either "USER"™ for user processes or the
program name. Y is the user identification (letters A, B, C,...) and NN
is the serial number of the program in a particular run. Thus MAIN.RSS
stands for the 55th program run by user R. "MAIN® is the name of the
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program. Table 2.2 also gives the type of the program, number of
observations in the process, its mean value, standard deviation s,, and
P-VALUE. The term P-VALUE will be explained later under the Chi-square

test.

The developmental nature of the environment is obvious from the
table. Notice that 14 (u42%) of the programs are editing (SOS and TECO),
7 (21%) are FORTRAN programs, and 4 (12%) are EL1 programs. FORTRAN and
EL1 are the main languages used at our laboratory. Most users follow a
cycle of editing (TECO), compiling (FORTR), and running the program, and
then reediting etc. This is typical of research and development
environments. In a production environment in an industry, 1less amount
of editing and more application program oxogution is expected. However,
as we shall see later, the CPU demand behavior of editing programs and
application programs are not very different except that the mean value
of CPU burst in an editing program tends to be much lower than that in
an application program. Therefore, it is plausible that the results

obtained here also hold in a production environment.

.
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Table 2.2 : List of CPU Demand Processes Analyzed

S. No. Process N z s, P-VALUE Program
Name Chi-sq Type
1. COMP2.G63 158 24.8 85.0 0.000 FORTRAN Program
2. ECL.B1 81 11.2 18.9 0.241 ELt1 Program
3. ECL.B2 260 4.7 379.9 0.006 EL1 Program
4., ECL.S1 448 49.0 308.9 0.997 EL1 Program
5. ECL.S2 270 77.6 528.5  0.999 EL1 Program
6. FORTR.P21 113 5.4 7.8 0.178 FORTRAN compiler
7. FORTR.P30 234 6.3 7.6 0.412 FORTRAN compiler
8. FORTR.P8 349 6.2 6.7 0.000 FORTRAN compiler
9. FORTR.Q17 253 5.2 6.1 0.001 FORTRAN compiler
10. FRCDO.C1 141 606.7 1298.0 0.047 FORTRAN Program
11. FRCDO.C11 158 184.2 578.8 0.000 FORTRAN Program
12. M786S.U1 504 1.5 5.7 0.000 FORTRAN Program
13. MAIN.Q10 204 8.4 7.4 0.000 FORTRAN Program
14. MAIN.Q19 98 8.2 5.9 0.000 FORTRAN Program
15. MAIN.RSS 129 ) 3. 0.230 FORTRAN Program
16. P.A19 222 .2 23. 0.000 FORTRAN Program
17. PIP.G18 140 o1 0. 0.088 Peripheral 1/0 -
18. PIP.GUS 84 .0 0. 0.000 Peripheral I/0
19. PIP.G6O 225 9 0. 0.000 Peripheral 1/0
20. S0S.A21 422 s 2. 0.000 Text Editor
21. SO0S.A22 85 % 2. 0.646 Text Editor
22. S0S.A23 103 . i 0.374 Text Editor
‘23. SO0S.A6 110 z 3. 0.606 Text Editor
24. TECO.BS 90 g 6. 0.916 Text Editor
25. TECO.F1 92 4 4, 0.540 Text Editor .
26. TECO.F20 199 6. 0.018 Text Editor

NEEONETONNWN-AN20-22OW
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27. TECO.G37 116 28.0 122. 0.272 Text Editor
28. TECO0.G38 221 17.2 64, 0.140 Text Editor
29. TECO0.G55 114 .3 4 0.000 Text Editor
30. TECO.HY 168 2 2. 0.001 Text Editor
31. TECO0.JS 90 4 6. 0.174 Text Editor
32. TECO.P1 138 .6 12. 0.979 Text Editor
33. TECO.P13 84 .3 5. 0.568 Text Editor
34. USER.B 587 37.0 257. 0.000
35. USER.D 259 52.0 329. 1.000
36. USER.F 680 5.5 17. 1.000
37. USER.H 413 6.5 39. 1.000
38. USER.L 372 4.2 7. 0.000
39. USER.N 471 30.2 187. 0.999
40. USER.P 1629 T.1 17. 0.000
41, USER.T 262 25.1 112. 0.554

S g
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2.3 RATA ANALYSIS

The aim of data analysis is to find one suitable model structure
for CPU demand behavior of programs. The two main steps of data
analysis are model identification and parameter estimation. The first
step consists of studying the first and the second order statistics of
the data in order to identify s class of models suitable for the
process. In the second step, these models are fitted to each process to
find the maximum achievable gain Finally, these different models are
compared to give one general model for all CPU demand processes. A
large part of the data analysis reported here was done on a time series
analysis package TS developed by Professor Vandalae of Harvard Business
School.

Statistical teﬁhniqucn are very often misused and results
misinterpreted. It is easy to dr}w misleading conclusions unless the
statistical procedures are fully understood and used properly. for
example, we have noticed vthat in most of the computer science
literature, correlation tochaiquq: are usod_witnout significance tests,
parameters estimated without their confidence intervals. and so on. Ve,
therefore, decided to explain the methodology along with the results.
In the following we have tried to describe the reasoning behind each
inference that we draw. The description is, however, brief due to space

limitations and references are provided for further details whenever

necessary.
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£.3.1 Model Identification:

Model identification consists of studying the characteristic
behavior of the first and the second order statistics of the data. The
goal of this step is to identify a model structure or a class of models
suitable for the data. Notice that this does not 1n91udo finding an
exact model equation; that is part of the next ustep on parameter
estimation. The statistics used for model identification in this
analysis are data plots, autocorrelations, partial autocorrelations,
inverse autocorrelations, and Chi square test. The inferences drawn

from these statistics are now described.

2.3.1.1 Data Plot :

The very first step in any identification procedure must be to plot the

data and to study its general time behavior. The plots of CPU demands
of some of the programs analyzed are shown in Figure 2.6 . These are
typical of all the programs analyzed. Very often a program has just one
or two large CPU bursts which if plotted would obscure the details at
lower values. Therefore, the Y-gxis scales have been so chosen that at
least 95% of the data are shown in the graph. Very large value are
shown ocut off at the largest plottable value. Notice the following
characteristic behavior of these graphs:

A. No Irend : A trend (monotonous increase or decrease) in the data is
an indication of non-stationarity, though its absence does not ASntirn
stationarity. For a stationary series, the mean of the data does not

depend upon time; it is constant. Therefore, such a series takes trips
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away from the mean; but it returns repeatedly during its history.
Fortunately, none of the CPU demand processes show a trend. Thus we can
hope for stationarity. A more conclusive test of stationarity via the
autocorrelation function will be described in the next section.

B, Violent Variations : Notice that the series does not stay at any
one level even for short intervals., This indicates that a WS-type
prediction scheme (2(t+1)sz(t), i.e., the current CPU burst size is a
good estimate of the next one) is probably not very valid. We may have

to use some more sophisticated scheme.

2.5.1.2 Autocorrelation Function :

As the name implies, the autocorrelation function i3 a measure of the
correlation between the present and the past observations. It is
thohoforo. also a measure of the predictability of future from the past.
Hathclat}oally, the autocorrelation function s the normalized
autocovariance function. The latter is defined as follows:

Cov(k) = E[(z2(t)=2)(z(t+k)-2)]

By dividing the autocovariance function by the variance (Cov(0)) we get
the autocorrelation function C(k):

C(k) = Cov(k)/Cov(0)

Obviously, to be of any value, a stochastic process should have
finite memory, i.e., the present observation must be correlated only
with those in the finite past. In other words, the autocorrelation
function should die down to zero at very large lags. Such processes are

called stationary because after a while they achieve "equilibrium" and
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their behavior does not depend upon initial conditions (long past).

Autocorrelation functions (ACF) of some of the CPU demand
processes are shown in Figure 2.7 . These are typical of all the
programs analyzed. The dashed 1lines 1indicate the .955 confidence
interval of the ACF for the given sample. The expression given above
for C(k) is valid only for infinite sample sizes. For finite sample
sizes the calculated values are only an approximation to the theoretical
ACF. Thus if r(k) denotes the standard deviation of C(k), then a
calculated value for theoretically zero autocorrelation (C(k)=0) may lie
anywhere between 041.98r(k) with 95% probability. In simple words, any
value between the dotted lines can be effectively assumed to be zero
with 95% confidence. The variance r(k) can be calculated by Bartlett's
formula (Bar46]. In computer science literature, this significance test

is almost always omitted, resulting in misleading conclusions.

The characteristic features of the ACF and the inference that we
can draw are now described.
A. Ihe ACF dies down to zero very guickly. This indicates that the CPU
demand process is stationary. If the ACF had not died down quickly, we
would have had to analyze the ACF of the first and higher differences of

the process.

B. The ACF is non-zero only for 1 or 2 Asg3. We can, therefore,

restrict our consideration to MA models of order less than 2.
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It is very important to remember that the sample autocorrelations
are only 6nt1laton of the actual autocorrelations for the procer which
generated thc.dlta at hand. fhercrort. the analyst must be on the look
out for ginoral characteristics which are recognizable in the sample
correlogram and not automatically attach significance to every detail.
For example, there is a 5% probability that a theoretically zero
correlation will show up as significant (above the dashed lines).
Therefore, one or two significant correlations at large lags in some of
the cases shown should not alarm us.
C. The ACF is positive. A positive correlation between successive
values indicates that a large CPU demand in one cycle implies a large
demand in the next cycle. Therefore, a program that took a long CPU
time during last cycle can be expected to be.CPU bound at least for the
next cyecle and ﬁut on a lower priority queue.
D. Ihe value of ACF is rather small. The ACF at lower lag values even
though non-zero and positive is really very small (of the order of 0.1).
This partially dulls the hope expressed in the = last inference. The
correlation being small, the gain in the predictability of the future
from the past will be small. In control theoretic terms, we are,
perhaps, headed for s zeroth order model.

2a5.1.3 Partial Autocorrelation Function :
The PACF is the dual of the ACF. Like the ACF gives an idea of the
order of the MA models, PACF gives an idea of the order of AR models.

If the process is .modeled by an AR model of order p:

2(t) swe a,2(t=1) + az2(t=2) + ... « aps(t-v) + o(t)

st ot
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Then theOcoefficient ap of the last AR term z(t-p) is defined as the
value of PACF at lag p. Naturally, if the real process generating the

data had an AR model of order n, then we would expect PACF to be zero at
all lags greater than n. Thus the cut-off point of the PACF gives the

order of AR model.

The PACFs of some of the CPU demand processes are shown in
Figure 2.8 . The dashed lines indicate the 95% confidence interval for
the PACF for given sample sizes. It was shown by 'Qucnouillc {Queltg]
that the approximate standard error of the PACF is n<=0:5. The
characteristic attributes of these PACFs and their implications are now
described.

A. The PACF dies down to zero very guickly. In fact in most cases the
PACF is significant (above the dashed lines) only for lags ! or 2. This
means that we do not have to bother about very high order AR models to
model these processes. A first or second order model will do.

B, The PACF is positive at low lags. MNotice that the PACF for almost
all processes is positive at lag 1. Only in 1 or 2 cases is PACF(1)
negative. The positive value implies that a CPU bursts gives a positive
contribution to the estimate of the next burst. It therefore confirms
our previous conclusion that a large CPU burst is wmore likely to be

followed by another large burst.

2.5.1.4 Chi Square Test of Randomneass :
One way of viewing the process of modeling a time series is as an

attempt to find a transformation that reduces the observed data 'to

T P ——
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random noise. The first question, therefore, is whether the data itself
is a random noise. Theoretically, the autocorrelation of random noise
will be zero at all lags. In practice, it will have small non-zero
values. Bartlett's formula for the standard error of the ACF provides
some guidance to test the smallness. A better quantitative test of
randomness is due to Box and Pierce (BoP70]. They have suggested a
statistic that offers a test of the smallness of a whole set of sample

autocorrelations for lags 1 through k. This is the Q statistic given by

Q= N ;1 c(4)?

Q is approximately Chi-square distributed with k degrees of freedom.
Using the Q statistic one can calculate the probability that the given
sample came from a white noise process. This probability is listed in
the Table 2.2 under P-VALUE. Notice that 22 of the 33 processes
analyzed have non-zero P-VALUE, 16 have P-VALUE greater than 10%, and 8
have P-VALUE greater than 50%. Of the 8 user processes analyzed 4 have
a P-VALUE of 1, i.e., they are almost surely random noises. The high
randomness of the user processes is a result of their being mixtures of

several program traces, many of which have no relation to one another.

245.1.5 Inveras Autocorrelavion Funotion :

The inverse autosorrelations of a time series are defined to be the
autocorrelations associated with the inverse of the spectral density of

the series, i.e.,
1
Fourier Tranutorn(Acr)]
The IACFs were first proposed by Cleveland (Cle72]. He claims that they

IACF = Inv. Fourier Transform [

S —
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are useful in identifying hon-zoro coefficients in an Anﬁi model.
However, their utility in model identification is still a point of
debate among statisticians (Par72]. We calculated the 1hverse
autocorrelation functions fbr all of our CPU &cnand data processes.
However, in most 'casea these functions did not give much additional
informat ion. Ohly‘in some (2 or 3) cases, where the processes behaved
abnormally (a 1low order ARMA model was not adequate), did we gain some

{nsight into modeling these particular cases.

In order to illustrate the use of IACF, let us consider one such
case : the CPU demand behavior of program FRCDO.C11 . Its.Ldi an? PACF
were insignificant everywhere except at lags 5, 6, and 14. Obviously, a
low order ARMA model would not work fbr this process. AQ we will see in
the next section of model fitting, that an AR(2) model resulted in only
1.6% improvement over a zeroth order model. The inverse autocorrelation
for this process (assuming orders of 1 throdch 8 for the AR part of the
model) are shoﬁn in Table 2.3 . Notice that all columns except 5 and 6
are zero. Cleveland suggests thai this 1hdicitol an aﬁprbpriato model
would have a 6th order AR part with only 5th and 6th coefficients
non-zero and all other coefficient zero, i.e., 3 qo#c}\pt @ho following
type :

2(t) = W+ a52(t-5) + agz(t-6) + e(t)
Obviously, these high order models are of no interest to us

because of their applicability only in iari cases, and also because of

the rather small gain even in these ﬁalol.

—
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Table 2.3 : Inverse Autocorrelations of FRCDO.C11
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] ri(1) ri(2) ri(3) ri(4) ri(5) ri(6) ri(7) ri(8)
1 =0.076

2 <=0.091 0.100

3 -0.074 - 0.087 0.080

4 -0.072 0.090 0.077 0.014

5 =0,078 0.066 0.046 0.038 -0.162

6 -0.011 0.062 0.026 0.001 =0.135 -0.189

7 <0.018 0.056 0.027 0.003 -0,132 =0.190 0.016

8 -0.019 0.095 0.052 -0.003 =-0.140 -0.205 0.026 -0.107

ri(n) = nth jpverse autocorrelation

m = Order of the AR model used for calculating ri.

D T T —
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2.3.2 Parameter Estimation :

In order to find one general model for all CPU demand processes ﬁe
fitted several models to each process, and found the best parameter
estimates and hence the maximum improvement available. The details of
the model fitting procedure and the results obtained are the topic of

this section.

The net conclusion of the identification step discussed in the
last section are the following :
1. The CPU demand process is a stationary process.
2. The order of the ARMA model required to model the process is

rather small - of the order of 1 or 2.

We, therefore, limited our search for the best model to the clars

of ARMA(P,q) models with peq < 2. This class includes the following six
models,

S. N, g Model Ivpe Model eguation
1. 00 White Noise z(t)swse(t)

2. 01 MA(Y) 2(t)awse(t)-b a(t-1)
3. 02  MA(2) z2(t)awse(t)-b e(t-1)-bye(t-2)
b, 10  AR(Y) 2(t)awea, z(t=1)se(t)
5. 11 ARMA(1,1) Z(t)awea, z(1-1)se(t)-bee(t=1)

6. 20 AR(2) z(t)cw¢|1z(t-1)¢.23(1-2)¢.(t)
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Let us consider the general case of fitting an ARMA(p,q) model to

a process. The model is

z('-)“1z(t-1)°...-a,,z(t.-.p) = wee(t)-bre(t-1)-...-bge(t-q)

The parameter estimation problem is to find the "best" estimate of
the parameters @ a{w, a,,...,ap, by,...,bq}, and the variance s2 of
e(t). Here the best is defined in the sense of maximum likelihood (ML).
The likelihood function is the probability p(zio,sg) that a given set of
parameter values would have given rise to the observed data. If the

noise e(t) is assumed to be normal then it can be shown that the ML

estimates are obtained by maximizing the sum-of-square function ([Nel72,

p94):
ssR(e) = B e2(8)
t=1
Once MLE of 0 has been obtained, MLE of ai is Jjust
g2 , SSR(0)
e t

The superscript “ denotes ML estimate. We illustrate the estimation

procedure with a sample case.

A Sagple Case : Figure 2.9 presents the output from the program ESTIMA
for the case of fitting an ARMA(1,1) model to ECL.S2 process. The first
portion of the output describes the problem, i.e., number of
observations, order of differencing, initial guess values for parameters
etc. Then the iterations towards ML estimate begin. The Gauss-Newton
method is used to find the optimal. We now describe the importance of

each of the results shown in Figure 2.9 .

——————
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CPU DEMAND BEHAVIOR OF ECL (S-2)

NOBS = 270
INITIAL VALUES

AR( 1)}  0.1000E+00

MA( 1) -0.1000E+00

CONST 0.7500E+02
MODEL WITH D = 0 DS = 0 S = 0

MEAN = 81.67 SD = 528.9

(NCBS = 270)
INIT SSR = 0.7S40E+08
ITER SSR ESTIMATES
1 2 3
1 0.7473E+08 3.905E-02 -7.193E-02 78.0
2 0.TAT2E+08 -1.T16E-02 -0.122 82.9
3 O0.7HT1E+08 -7.497E-02 -0.180 87.7
4  0.7471E+08 -5.205E-02 -0.157 85.9
5 0.7TMT1E+08 -6.595E-02 -0.1T1 87.0

REL. CHANGE IN SSR <= 0.1000E-05

FINAL SSR = O0.TUT1E+08
S5 ITERATIONS
CPU DEMAND BEHAVIOR OF ECL (S-2)

PARAMETER ESTIMATES

EST SE EST/SE
AR( 1) -0.066 0.569 -0.116
MA( 1) =0.171% 0.563 -0.304

CONST 87.001 59.532

EST.RES.SD = 5.2899E+02
EST.RES.SD(WITH BACK FORECAST) =

R SQR 0.011
ADJ R SQR 0.004
D.F. = 267

F= 1.474 (2,267 DF) P-VALUE =

CORRELATION MATRIX
AR( 1) MA( 1)
MA( 1) 0.994
CON( 3) -0.780 -0.776

1.461

95% CONF LIMITS

-1.273
-2_9.682

5.2899E+02

0.231

1.049
0.932
203.684

(CONTINUED...)
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LAGS ROW SE
1-8 .06
9-16 .06

CHI-SQUARE TEST
Q( 8) = .679 6
Q(16) = 1.06 14

CROSS CORRELATIONS OF

ZERO LAG =  0.99

LAGS
1 -8

9-16

0.10 -0.01
-0.02 -0.01

i CHI-3QUARE TEST
Q( 8) = 3.59 6
Q(16) = 4.03 14

i LAGS
! 1 -8
9-16

-0.00 -0.01
-0.02 =0.01

CHI-SQUARE TEST
Q( 8) = .649 6
Q(16) = 1.10 14

s o —

. ——

Figure 2.9 : Output
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CPU DEMAND BEHAVIOR OF ECL (S-2)
b AUTOCORRELATIONS OF RESIDUALS

-0.00 -0.01 =0.02 0.04 -0.02 -0.01 =0.01 -0.01
-0.02 -0.01 .0.01 -0001 .0001 -0.01 -0.02 -0-01

P-VALUE
D.Fo 00995
D.F. 1.000
RESIDUALS AND THE SERIES

E(T),2(T+K)
-0.02 0.03 -0.01 -0.01
-0.01 -0.01 -0.01 -0.01

=0.01
-0.02

P-VALUE
D.F. 0.732
D.F. 0.995

E(T+K),Z(T)
0.03 -0.02 =0.01
-0001 ‘0001 -0 001

‘0.02
_0001

-0.01
=0.02

-0.02
-O 002

P-VALUE

0.996
1.000

of the Parameter Estimation Program

PO SESE—
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A. Stopping Criterion: Regardless of the optimization technique used
one has to decide when to stop iteration. Various stopping criteria and
Justifications for their use have been discussed by Muralidharan and
Jain (MuJ75]. The ESTIMA program stops whenever any of the following
criteria are satisfied:

1. Relative change in SSR is less than 10-6,

2. Absolute change in SSR is less than 10-6,

3. The step size is less than 10-6.

4, Number of iteration reaches a limit of 30 (a bad 1ikelihood
function).

In almost all cases of CPU demand modeling, the optimization

program stopped on the first criterion.

B. Confidence Interval : It is important to remember that MLE of the
parameters are, after all, random variables since they are functions of
the data. It can be shown [BoJ70, p226] that MLE in large samples are
Joint normally distributed with mean value equal to the true parameter
values and variance covariance matrix given by :

v(d) » 282 -

where the (1,j)th element of the matrix Q is given by
d%s
Qi e 1.,’.1.2.00..M“

J 49,40,

Taking the square root of the diagonal elements of the estimated

variance-covariance matrix, we get the estimated standard deviation of

the parameter estimates or the standard error denoted SE(0,), A g5

————
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confidence interval for O, iy given by 8111,95053(51).

C, Utility of the Model : We test the utility of the model in terms of
Rz and F-test. R2 is the fraction of the variance explained by the
model. It is calculated by the following formula :

R . 1 . var[e(t)]
var{z(t)]

/N ﬂe"m
ts1 ’

21 -

/n ﬁ (z(t)-2)2
t=1

This criterion for measuring the utility of a model does not
penalize the model for its use of parameters. Generally the addition of
any parameter to a model may be expected to reduce SSR and sg since the
additional parameter offers one additional degree of freedom zlong which
to reduce them. Consequently, to penalize a model for its use of
parameter or degrees of freedom, one may compute estimates of ﬁi by
dividing SSR by N-k i.e., the net remaining degrees of freedom. This

corrected measure of improvement is called Adjusted R2

1/(H-k) L ¢3(t)

32 1
"
17(N=1) T~ (2(t)-2)?

A negative or very low value of RfdJ indicates that the model is really

not worth the trouble.
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The utility of a model can also be assessed by the F-test. This
test compares two hypotheses :

H1 : Q=28 .

HO : 020

It can be shown that the likelihood ratio F given by
g o P(2/H1) R2/k
H

is F-distributed with k and N-k degrees of Freedom [BoJ70 p266]. The

probability that a F-distributed variable has the calculated F value is
given in the output as P-VALUE. A large P-VALUE implies that the
parameter values are significantly different from zero. For example,
the ARMA(1,1) model for ECL.S2 has a P-VALUE of 0.231. This low value

indicates futility of the ARMA model for this process.

D, Back Forecasting : The values of e(t) in the expression for SSR are

calculated as follows

e(t) = z(t) - 2: agz(t-1) + 2: bje(t-i) =~ w
i=1 i=1

It is immediately appar :nt that there is a problem here because we have
no value for e,,...,e_q,1 and 2(0),...,2(~p). One solution 18 to assuse
e(1) through e(q) as zero and start”uuins'the abévo equation from tsqe+t.
An alternative solution to this starting value problem is a back
forecasting procedure suggested by Box and Jenkins [BoJd70, p212]. . The

ESTIMA output gives the standard deviation of the residuals with and
without the back forecasting.
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E. Correlation Matrix : Also given in the ESTIMA output 1is the
estimated correlation matrix of the parameter estimates. The
correlation between two parameters is obtained by taking their estimated
covariance form the variance-covariance matrix described before and
dividing it by the product of their standard errors. In this example,
the correlation between a, and by is estimated to be 0.994. This high
correlation indicates that one of the two parameters is highly dependent
on the other and therefore one of them can be omitted from the model and

the model order reduced without seriously affecting the performance.

E. Diagnostic Checks on the Residuals : There are two kinds of tests

that can be applied to residuals to test the adequacy of a model. These
are the whiteness test and the cross-correlation test. If the model |is
adequate, we would expect to find that the residuals &(t) have the
property of random noise - in particular, that they are not serially
correlated. Autocorrelation, if evident in the residuals, may help to
suggest the direction in which the model should be modified. To test
whiteness, we use the Q-statistic discussed before. In the example
shown, the Q-statistic is 1.06 which corresponds to a probability

(P=value) of 1.000. This high p-value confirms the uncorrelatedness of

residuals.

The cross-correlation test is based on the correlation between the
residuals and the process. An important property of the theoretical
disturbances is that they are correlated with the present and future

values of z, but not with the past values, i.e.,
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Cov(z(t-k),e(t)] = 0 k>0

Cov[(z(t+k),e(t)] £ 0 k20

As an additional <check on the model, corresponding sample
cross-correlations between residuals and the process are displayed in

ESTIMA output.
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2.5.3 Chooging a General Model:

The results of parameter estimation for 5 different models of U1
different CPU demand processes analyzed are listed in Tables 2.4 through
2.8 . In these tables, w, a,, a,, by, and by, if present, are model

parameters; s, s the standard deviation of the residuals. R2, dej-

P-value for F-test, and P-value for Chi-square test are as explained

previously in sections 2.5.2.C and 2.5.1.4 .

Our next task is to choose the mcdel which best represents CPU
demand behavior of programs. There are many ways of defining the
"best". For example, one criterion that we first explored was the
following :

For each process find the best model (the one giving the

highest RZ, or R2,,), and choose the model that is best for a

majority of the processes.

We rejected this criterion on the grounds that it does not reflect
the fact that for programs with large variances even a small R2 is good,
whereas for programs with low variances even a large RZ is not much use.
Thus the net reduction in SSR rather than R2 should be the criterion for
selection. We, therefore, decided to use the following criterion :

For each type of model, find the total (sum of) reduction in
SSR achieved by the model for all programs, and choose the

model that gives the highest reduction.
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Table 2.4 : Parameter Estimation for ARMA(1,1) Model

z(t) = w + 3,2(t-1) + e(t) - bye(t-1)

Process w a 2 R2,. p. i
Name ! ®1 Je ’ ad} g-!:kt ghgfkq
COMP2.G63 7.00 0.71 0.38 77.3 0.185 0.175 0.000 0.190
ECL.B1 8.98 0.19 «0.17 18.1 0.118 0.095 0.007 0.884
ECL.B2 20.89 0.72 0.53 368.7 0.066 0.058 0.000 0.969
ECL.S1 27.55 O0.44 0.44 309.6 0.000 0.004 0.000 0.990
ECL.S2 83.68 -0.08 -0.19 527.4 0.011 0.004 0.214 0.000
FORTR.P21 0.74 0.86 0.75 7.7 0.042 0.025 0.094 0.377
FORTR.P30 0.76 0.88 0.80 7.6 0.025 0.017 0.053 0.925
FORTR.P8 0.10 0.98 0.93 6.7 0.044 0.038 0.000 0.049
FORTR.Q17 0.82 0.84  0.69 6.0 0.068 0.061 0.000 0.364
FRCDO.C1 394.10 0.36 0.70 1232.1 0.112 0.100 0.000 0.364
FRCDO.C11 243.75 -0.32 -0.42 579.7 0.010 0.003 0.470 0.001
M786S.U1 1.60 =0.01 =0.39 5.4 0.127 0.123 0.000 0.000
MAIN.Q10 1.18 0.85 0.55 6.5 0.244 0.237 0.000 0.955
MAIN.Q19 1.81 0.77 0.42 5.3 0.207 0.190 0.000 0.000
MAIN.RSS 1.41 0.59 0.41 3.4 0.043 0.028 0.064 0.591
P.A19 : 2.70 0.70 0.47 22.5 0.093 0.085 0.000 0.000
PIP.G18 0.53 0.56 0.35 0.7 0.049 0.035 0.031 0.409
PIP.GYS -0.04 1.01 0.33 0.6 0.500 0.488 0.000 0.552
PIP.G60 -0.02 0.10 0.82 0.3 0.292 0.285 0.000 0.910
SO0S.A21 © 0.03 0.98 0.92 2.6 0.077 0.072 0.000 0.000
S0S.A22 0.26 0.87 0.73 2.7 0.064 0.041 0.067 0.997
S0S.A23 o.41 0.74 0.83 1.4 0.015 0.005 0.476 0.370
SO0S.A6 -0.04 1.0t 0.96 3.1 0.029 0.011 0.210 0.557
TECO.B8 6.16 =0.66 =0.53 6.6 0.031 0.008 0.258 0.966
TECO.F1 0.24 0.10 0.98 4.6 0.023 0.001 0.348 0.594
TECO.F20 0.82 0.86 0.73 6.2 0.056 0.047 0.003 0.731
TEC0.G37 1.7 0.94 0.91 123.0 0.005 0.013 0.763 0.268
TEC0.G38 2.47 0.85 0.78 64.6 0,019 0.010 O0.124 0,221
TECO0.G55 0.69 0.84 0.59 4,2 0.160 0.145 0.000 0.960
TECO.H1 0.56 0.74 0.52 2.7 0.100 0.089 0.000 0.706
TECO0.J5 0.82 0.87 0.72 6.3 0.069 0.048 0.044 0.649
TECO.P1 4,45 0.05 -0.10 12.8 0.021 0.006 0.240 0.000
TECO.P13 2.57 0.41 0.25 5.6 0.027 0.003 0.325 0.967
USER.B 9.12 0.75 0.55 2u47.2 0.082 0.079 0.000 0.779
USER.D 45.22 0.13 0.10 330.3 0.001 0.007 0.864 0.000
USER.F 0.82 0.85 0.84 17.6 0.001 0.002 0.743 0.000
USER.H 7.01 -0.07 =0.13 40.0 0.003 0.002 0.548 0.000
USER.L 1.44 0.66 0.59 - 7.8 0.009 0.003 0.195 - 0.001
USER.N 23.87 0.21" 0.13 187.3 0.006 0.002 0.222 0.000
USER.P 1.64 0.77 0.63 17.1 0.048 0.047 0.000 0.096
USER.T 12.11 0.52 0.39 111.3 0.022 0.014 0.059 0.852
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Table 2.6 : Parameter Estimation for MA(‘1) Model

z(t) = w + e(t) - Die(t-1)

Process v s, R RZ;, P-VALUE P-VALUE
Name F-test Chi-sq
COMP2.G63  24.76 79.7 0.127 0.121 0.000 0.000
ECL.B1 11.13 18.0 0.112 0.101 0.002 0.921
ECL.B2 74.70 375.6 0.026 0.023 0.009 0.270
ECL.S1 49..00 309.3 0.000 0.002 0.891 0.995
ECL.S2 17.55 526.5 0.011 0.008 0.080 0.000
FORTR.P21  5.49 7.9 0.002 0.007 0.605 0.283
PORTR.P30  6.36 7.7 0.002 0.003 0.522 0.498
FORTR.P8  6.21 6.8 0.009 0.006 0.079 0.002
FORTR.Q17  5.26 6.1 0.017 0.013 0.039 0.012
FRCDO.C1  610.29 1253.3 0.075 0.068 0.001 0.070
FRCDO.C11 184 .04 578.6 0.007 0.001 0.291  0.001
M786S.U1  1.58 5.4 0.127 0.125 0.000 0.000
MAIN.Q10  8.39 6.9 0.13% 0.130 0.000 0.000
MAIN.Q19  B.17 5.7 0.102 0.093 0.001 0.000
MAIN.RSS  3.42 3.4 0.024 0.017 0.078 0.532
P.A19 9.19 23.1 0.039 0.035 0.003 0.000
PIP.G18 1.19 0.7 0.031 0.024 0.036 0.392
PIP.GUS 1.03 0.8 0.213 0.204 0.000 0.054
PIP.G60 0.95 0.4 0.098 0.094 0.000 0.000
S08.A21 1.96 2.7 0.000 0.002 0.665 0.000
S0S.A22 2.04 2.7 0.029 0.017 0.122 0.959
$08.A23 1.53 1.4 0.001 0.009 0.741 0.372
$0S.A6 2.83 3.1 0.003 0.006 0.542 0.665
TECO.B8 3.71 6.6 0.011 0.000 0.316 0.940
TECO.F1 2.71 4.7 0.007 0.004 0.443 0.633
TECO.F20  5.76 6.3 0.017 0.012 0.067 0.178
TEC0.G37  28.04 122.7 0.000 0.009 0.897 0.303
TEC0.G38  17.26 65.0 0.000 0.004 0.761 0.148
TECO.GS5  4.35 3.3 0.077 0.069 0.003 0.210
TECO.H1 2.2 2.8 0.059 0.053 0.002 0.262
TECO.J5 6.41 6.3 0.059 0.088 0.021 0.805
TECO. P1 4,69 12.8 0.021 0.014 0.091 0.000
TECO.P13 4,34 5.6 0.018 0.006 0.221 0.911
USER.B 36.98 253.5 0.03% 0.032 0.000 0.000
USER.D 52.25 329.7 0.001 0.003 0.587 0.000
USER.F 5.59 17.5 0.000 0.007 0.783 0.000
USER. H 6.53 39.9 0.003 0.000 0.27H  0.000
USER. L 4,28 7.8 0.001 0.001 0.473 0.001
USER.N 30,22 187.2 0.006 0.004 0.089 0.000
USER. P 7.10 17.3 0.027 0.027 0.000 0.000
USER.T 25.11 111.6 0.013 0.009 0.069 0.754
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R2 ‘ia; P-VAL P-VAL
F-test Chi-sq

z(t) sw+ 3;z(t=1) + ayz(t-2) + e(t)

Table 2.7

Process
Name

Data Analysis
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z(t) = w + e(t) - Die(t-1) - boe(t-2)
49.00 0.01

24,75 -0.39 -0.21
11.09 -0.38 -0.10
77.56 =0.11

Table 2.8

Process
COMP2.G63
ECL.B1
ECL.B2
ECL.S1
ECL.S2
FORTR.P21
FORTR.P30
FORTR.P&
FORTR.Q17
FRCDO.C1
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2
1
3
5
3
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Table 2.9 : Comparison of Different Models

Model Net Reduction in Total SSR

Program User
Processes Processes

ARMA(1,1) 6.3% 3.9%
AR(1) 2.6% 2.3%
MA(1) 4.0% 1.7%
AR(2) 5.2% 3.8%
MA(2) 6.6% 3.0%

Theé total reduction in SSR for various model types are listed in
Table 2.9 . The reductions have been expressed as a fraction of total
SSR for Oth order model ( z(t) = Z.e(t) ). We see that for program
processes the maximum reduction achievable is only 6.6% if we choose the
MA(2) iodol. The gain is only 3.9% in case of USER processes. The next
question 1is whether with this little reduction it is worth while having

a two parameter model. In our judgment®, it is too much work for too

® The analysis presented in this section is more of a qualitative nature
than quantitative. Hence, personal preferences and biases of the
analysts may well affect the final conclusion. However, it is the
approach rather than the result that we deem more important. It is
quite possible for some analyst to disagree with our conclusions.
However, they can still follow our approach and come up with a
scheduling algorithm based on control theoretic arguments.

R

2 an.
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little gain and the zeroth order model is good enough. Our conclusion
is also backed up by many of the observations made during the
identificat .on step, viz., violent variations in the process, small

values of ACF and PACF, non-zero probabilities in chi-square tests etc.
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2.6 SCHEDULING ALGORITHM BASEQ ON THE ZEROTH QRDER MODEL

The net conclusion of the analysis so far is that the CPU demand
behavior of programs is best represented by the following Oth order
model:

z(t) = Zse(t) ?
Since, e(t) is uncorrelated zero mean noise, it cannot be predicted, and
the best estimate of the future CPU demand is its mean value, i.e.,

%(t) = 2z

1
where 2 = i tz(k)
ka1

The problem in using the above formula is that Z can be calculated only
after all values of z(t), t=1,2,...,N are known. What we need now is an
adaptive technique to calculate 2 and update it each time a new
observation is obtained. Some of the possible adaptive methods are

discussed below.

1. Current Average : Average of all values observed up to t-1.

1 Ef'
3= 507 Lo2tk) t>1
ks1
t-2 1
% witah % g5t

1
= (1-8)%, 1 + agz(t-1)  where agsgo]

Here, 2, denotes the current estimate of the mean.

f
i
g
4
1
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)
2. Expogentially Weighted Average® :
Z = (1-a)2;_1 + az(t=-1)
This is a specialization of case 1 above with 2, taken to be a constant

rather than a variable.
d. Average of the last n valyes : nsconstant

1
% = 2 o

Notice that the special case nz1 corresponds to the NEL (Next Equal To

Last) strategy.

Regardless of which formula is used for prediction, the scheduling
algorithm basically remains the same. We call it SPRPT (Shortest
Predicted Remaining Processing Time) algorithm. It can be stated as
follows:

Each time a job leaves C™' for 1/0, the CPU time taken by the
Job is noted and the current estimate of mean value is
updated. This gives the estimate of the next CPU demand of
this job. Scheduling is done at suitable intervals (e.g.,
clock interrupts, or whenever a job changes state etc.), and

the job with the shortest predicted remaining time is selected

® A recent survey of current operating systems revealed that Dijkstra's
T.4.8. operating asystem uses a scheduling algorithm based on
snponent islly weighted average of previous CPU demands [McK76].
Sowever, the algorithm was based on the simple argument that I/O bound
gragres should be given preferential CPU allocation, and that a program
fhewid mot be clsssified as CPU bound simply because it took large CPU
18 Swring the last Dburst. The exponential weighted average was
A 'e  » better indicator of CPU boundedness.
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for CPU allocation.
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Notice that the SPRPT algorithm does not require any extra book

keeping other than whet is already done by the operaing system. Most

operating systems record CPU time used by programs for accounting and

billing purposes.
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2.1 CONCLUSION

A control theoretic formulation of the CPU management problem has
been presented. The problem has been formulated as one of predicting
the future CPU demand of a job based on its previous demands. several
analytical expressions for the effect of prediction errors on the mean
finishing time of tasks have been derived. The results of an experiment
to study the behavior of actual program have been reported. The
empirical study shows that the CPU demands of program follow a white
noise model. The best least-squares predictor for the next CPU burst
is, therefore, the current mean. Three different schemes for adaptive
prediction have been proposed. An adaptive scheduling algorithm called
SPRPT has been proposed.
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3.1 EROBLEM STATEMENT

Memory management is the technique whereby an operating system
creates an illusion of virtually unlimited memory even though the actual
physical memory is limited. Thus, a user program having memory
requirement larger than the available physical main memory can be run on
the system. This is accomplished by dividing the user program into
several equal size (say 1K Words) pieces called pages. The whole
program is stored on a secondary memory (drum or disk) and only a few
pages are loaded in the primary (core) memory. The program is then
allowed to run. Obviously, the program will be interrupted when it
tries to reference a page that is not in the primary memory. This

situation is called "page fault".

On a page fault, the demanded page is brought in to the core.
Space for the incoming page is obtained by removing either a page of
this same program or a page of some other program residing in the core.
In the first case, total core memory ‘vailable to each program remains
fixed, and in the second case, it varies with time. The former scheme
is known as fixed partitioning and the latter as variable or dynamic
partitioning. In either case, when a new page is brought in, an old
page must be removed from the core. The page tc be removed is
determined by using a page replacement algorithm. Thus, the chief

problem in memory management is that of page replacement.
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Intuitively, the best page to remove is the one that will never be
needed again or, at least, not for a long time. In fact, it has been
proved that for fixed memory partitioning, the best page to remove is
the one that will not be referenced for the longest interval of time.
This policy c;iled 'MIN®' is optimal in the sense that it minimizes the
total number of page faults [Bel66]. However, this requires advance
knowledge of the future page references (a predioction problem!). A
realizable approximation to MIN is the Least Recently Used (LRU) policy
which assumes that the page that has not been referenced for the longest
interval in the past is the one that will not be referenced for the

longest interval in future, and is the candidate for replacement.

In case of variable memory partitioning, it has been shown that
MIN and its LRU approximations are not optimal. The optimal page
replacement policy in this case (called VMIN algorithm) is to remove all
those pages that will not be referenced during the next T time interval
(t, t+T), where T = R/U is the ratio of the cost of bringing a new page
in the main memory from secondary memory to the cost of keeping a page
in the main memory for unit time [(PrF76]. Again, this is only of
theoretical interest, oociuae it requires knowledge of the future page

reference string.

A realizable approximaticn to VMIN policy is the Working Set (WS)
Policy ([Den68)]. According to this policy, the pages most likely to be
referenced in the next T interval (t, t+T) are those which have been

referenced during last T interval (t-T, t). All other pages can
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therefore be removed. The interval T is called the window size.

Both LRU and WS try to predict the future reference pattern from
the past behavior of the program. Efficient operation of these
algorithms is dependent upon the degree of locality of reference in
programs. In statistical terms, the principle of locality states that
there is a high correlation betweén the immediate future and the recent

past behavior of a program.




Memory Management Page 3-5
Control-theoretic Formulation '

3.2 CONTROL THEQRETIC FORMULATION

It is obvious from the pievioua discussion that th; problem of
page. replacement is a prediction problen.‘ If we cqn_sogehow model the
page reference string as a stoéhastic process, we can use modern control
theoretic prediction algoéithms such as Hién@f filter, or Kalman filter

etc. to predict future page reference string.

There are many ways to model the reference string as a stochastic
process. Ideally the model should be such that it incorporates all the
information contained in the page reference string. However, such a
model becomes very complex and dirficult to analyze. We, therefore,
choose to begin with a rather simple stochastic process model suggested
by Arnold [Arn75]. More complexity may be introduced in the future
work. The implications of this simplification, and limitations of the
conclusion drawn from this model are discussed in the last section of
this chapter. It turns out that even this simplified model gives us
much useful insight in to the problem. The stochastic process is,

therefore, described next.

The page reference pattern of a given (say 1‘“) page of a program
can be modeled as a zero-one process as follows :
1 if the page is referenced in the
kth interval ( (k-1)T < t < kT )
z(k) = <

l 0 otherwise
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A sample trajectory of the process is shown in Figure 3.1. The
problem of page replacement is that of predicting z(k) given trajectory
up to time (k-1)T, i.e., finding the best estimate 2(k) of z(k) from
measurements up to time (k-1)T. This problem is well ﬁnown in control

theory. There, much work has been done on the prediction of stochastic

processes.
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3.3 COST EXPRESSION

In this section we derive an expression for the cost of imperfect
prediction. In memory management with fixed memory partitioning,
generally the objective is to minimize the chances of page faults. In
the case of variable partitioning, however, page faults alone do not
provide an adequate criterion. This is because it is always possible to
reduce page faults for one particular program by giving it more memory.
This, however, penalizes other programs which must operate with less
memory. Thus, an additional objective is to keep memory usage also to a
minimum. This second cost is often referred to as space time product.
The total cost is, therefore, calculated as follows.

Let R = Cost of a page fault

= Cost of bringing a new page in to memory
and U = Cost of memory usage

= Cost of withholding one page of memory from other

users for unit time

Let 2(k) denote the predicted value of z(k) from information available
at time (k-1)T. Due to imperfect knowledge of the future, z(k) and 2(k)
are not the same. A price has to be paid for errors in prediction. If
both z and 2 can take only 0, 1 values, then there are only 4 cases to

be considered as shown in Table 3.1.

Thus the additional cost due to imperfect prediction of .z is given

C = Rz2 + UTZ2
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JABLE 3.1 : Costs of memory management

Decision Additional

z 2 Based on 2 Cost Remark

0 0 Remove 0

0 1 Keep uT The page is not referenced
but still kept.

1 0 Remove R A page fault occurs.

1 1 Keep 0 The page is referenced and

it is in the memory.

Our aim should be choose £ such that the expected cost BtC] is minimum.
E[(C] = E[RzZ + uT2%2)
If we choose our decision interval T such that T=R/U or R=UT, we have
E[C] = E[ R(2Z + 22))
= E[ R(z-2)2)
= R E[(2-2)2)
= R times the mean square prediction error
Note that the second equality above holds only if both z and 2 are

Zero-one valued variables, not otherwise.

A classic solution to the least square prediction problem is due
to Wiener[Pap65, p. 408]. It consists of designing a linear system
(Wiener filter) with impulse response h(u) such that the output of the

system is the estimate 2(t) when input is 2z(k), 0 < k < t-1 (see
Figure 3.2).

&t) = ﬁ(u)z(t-u)
ust

The impulse response h(u) can be obtained by wsolving the Wiener-Hopf
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Linear System

Past ol Predicted .
2(t-k) —e———>1  with impulse response  fo-— z(t)
vations h(u)

, Figure 3.2: Wiener filter predictor. h(u) is given by
solution to Wiener-Hopf equation,
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equation :

k) “» :c(k-u)h(u) ks0, Y, 24 cov
us=

where C(k) = autocorrelation function of z(t). The memory management
problem can, therefore, be solved by measuring C(k) and solving the

Wiener-Hopf equation.

Strictly speaking the Wiener filter technique is not applicable to
binary processes. For example, the output of the predictor will not be
necessarily 0 or 1. It may take any value. The analysis is, therefore,
approximate. The reason for the choice of this method for initial
analysis is that there is no as convenient a way of modeling binary
processes® as for continuous processes. In fact, the techniques for
modeling, estimation, and prediction of continucus processes are so well
developed that it 1is no 1longer necessary to solve the Wiener-Hopf
equation in order to find the optimal predictor. Simply, by looking at
the shape of the autocorrelation function, it is possible to guess the
model of the system that could have generated the process [BoJ70 &
Nel73]. For example, an exponentially decaying autocorrelation function
implies an AR(1) model, i.e., the impulse response h(u) (the solution of
the Wiener-Hopf equation) is zero every where except at u=z1. These
"Time Series Analysis Techniques" provide very convenient means for

modeling empirical data.

®* We have developed some techniques for modeling binary processes.
These techniques and their applicsations to page reference process are
described in the next chapter. In this chapter we report the results
using conventional techniques.
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3,4 NON-STATIONARITY QF THE PAGE REFERENCE PROCESS

Arnold [Arn75] has reported the results of autocorrelation
measurements on a number of programs. His conclusion is that in most
cases the autocorrelation function has the following form :

C(k) = p + (1-p)qk with p > 0 and qsconstant
Arnold reports in his paper that one of the wmain findings of his
measurements is the fact that the autocorrelation function does not go

to zero, i.e., the constant p#£0.

An important implication of this observation is that the bage
reference process is a non-stationary stochaatié process. In fact, a
commonly used test fbr. stationarity is to verify that the
autocorr@lntion function C(k) dies down to zero at large lags (BoJ70].
A simple explanation is that if the correlation between z(k) and z(0) is
zero for large k, the effect of the initial conditions will not be felt
after large enough k, and the'proceas will eventually reach a state of

"statistical equilibrium" called stationarity.

There are unlimited number of ways in which a process ocan be
non-stationary. However, most of  the real world non-stationary
processes exhibit a "homogeneous” ncn-stationary behavior. such that some
suitable difference of the process is stationary. For example, if the
process exhibits homogeneity in the sense that apart from local level
( i.e., local mean ), one part of the norion‘bchivos much liko any other

part, then the first difference of the proccq-._a-y; be tqund to be

e
S
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To model such non-stationary processes, therefore, one studies the
autocorrelation function of fst, 2nd, 3rd, ... differences until a
ntationnry.process is obtained. Thus, to model 2(t) we should study the
autocorrelation functions of

Dz(t) = z(t) - z(ta1)
D2z(t) = Dz(t) - Dz(t-1)
DY2(t) = Dd=1z(t) - pd=1z(t-1)

till a stationary process Ddz(t) is found.

The non-stationarity of page reference process z(t) can be
explained as follows. Even though the program behavior may be
stationary in one locality, the frequency of reference to a particular
Page varies as the program progresses from one locality to the next.
Thus, the process z(t) may behave 1like a "set of ‘locally stationary
processes, i.e., 1like a homogeneous non-sta.ionary process whose mean
value varies. If this is so, the first difference of z(t) must be
stationary. At this point this 1is just a hypothesis. The
1dont1fication results presented in the next section confirm this

hypothesis.

R
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3.5 ARIMA MODEL OF PAGE REFERENCE BEHAVIOR

This section describes the results of modeling the 1st and higher
differences of the page reference process. The data for analysis was
supplied by Arnold. It consisted of a reference string trace of the

MUDDLE compiler. About 5 different pages were chosen for analysis.

The autocorrelation functions of some of the pages studied is
shown in Figure 3.3. The broken 1lines indicate the 95% confidence
interval of the ACF for the given sample. It is obvious from this
figure that the process is non-stationary and further differencing is
necessary. The first difference process y(t) is defined as

y(t) = z(t)-z(t=1)
In almost all cases studied the first differences turned out to be
stationary. Sample autocorrelation (ACF) and partial autocorrelation
(PACF) functions are shown in Figure 3.4, The common characteristics of
these functions and the inferences that we can draw from these are now

described.

A. The ACF cuta off at large lags., This implies that the 1st
differences are stationary and no further differencing is necessary.

Thus the appropriate model for the page reference process z(t) would be
an ARIMA(p,1,q) model (Auto-Regressive Integrated Moving Average model

of order p,1,q) for some suitable p, and q.
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1ST DIFF. OF PAGE REF. SERIES (PAGE 79 )
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B. Ihe mean of the difference process is almost zerc. This means that
the constant term in the ARMA model for y(t) could be taken as zero.
This property of y(t) is least surprising because a little arithmetic
shows that this must be so.

y(t) = z(t)-z(t-1)

Hence, mean of y(t) = -l-é ‘
N-15 y(t)

1
. i:'{t (2(t)=-2(t=1)]
ts2 .

N=1
=0 or “10
-N-1

20
C. Both ACF and PACF are lacgest at lag 1. after which they die out
slowly, Of course, there are a few jumps at other lags® and the fall is
not smooth. The main point is that C(1) and #(1) are not insignificant
as was the case for CPU demand processes. Therefore, suitable low order

model for y(t) is ARMA(1,1) model. To see this clearly, consider the

® Some pages show periodic peaks in the ACF even at large lags. This
happens for the pages that are in a big (with respect to interval T)
program loop. If the total time of the loop is kT (say), the page is
referenced every k intervals. Thus z(t) and z(ts+k) are highly
correlated, and so are z(t) and z(tejk), J=2,3,... This will cause
peaks in ACF at lags Jjk, J=1,2,3,... In conventional time series
analysis this behavior is called "seasonal®. Though it is not very

difficult to model this behavior, we will not consider this here in
order to keep.the analysis simple.

»
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ARMA model :
y(t) - ay(t-1) = e(t) - be(t=1)
The ACF and PACF of this process for different relative values of

parameters a and b are shown in Figure 3.5. The exact expressions are

as follows :

C(0) =1 9(0) = 1
-b
6N e il 8(1) = a-b
1-2ab+b2 : :
C(ke1) = aC(k) k>0 B(ke1) = bB(K) k>O

The comparison of Figure 3.4 with Pigure 3.5 shows that a
ARMA(1,1) model with b>a>Q could be used for y(t).

D, The ACF as well PACT are negative at lag 1. This observation along
with the expressions for C(1) and @(1) given above further confirm the

constraint guessed above, i.e., bd>a. The fact that the successive
values of y(t) will always be negatively éorrqlated can ealiiy be seen
as fbllows:

y(t)=1 2> z(t)=1 2> y(t+1)s0 or =1

y(t)s=1 2> z(t)=0 => y(t+1)=0 or 1
Thus a positive value of y(t) implies that. that the next value will be

zoio or negative and vice versa.

The parameter values obtained for the cases analyzed are listed in
Table 3.2. Notice that a and b do satisfy the constraints (bd>ad0)
conjectured above. In addition we notice that b is almost always nearer

to 1 and a is nearer to 0. Also listed in the table is the relative
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for ARMA (1,1) Model
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