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The sequential conjugate gradient-restoration algorithm
presented here differs from previous work, in that it is not
required that the state vector be given at the initial point.
Instead, the initial conditions can be absolutely general.
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final conditions, it is suitable for the solution of optimal
control problems with general boundary conditions. 1Its
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the problem of minimizing a functional I subject to differen-

i

boundary conditions.
the control u(t),

I is minimized while the constraints and the boundary condi-

t
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Sequential Conjugate Gradient-Restoration Algorithm
for Optimal Control Problems
with Nondifferential Constraints

and General Boundary Conditions1

by

A.K. WU2 and A. MIELE3

Abstract. This paper considers the numerical solution of

ial constraints, nondifferential constraints, and general

ions are satisfied to a predetermined accuracy.
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It consists of finding the state x(t),

and the parameter m so that the functional
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The approach taken is a sequence of two-phase cycles,
composed of a conjugate gradient phase and a restoration
phase. The conjugate gradient phase involves one iteration
and is designed to decrease the value of the functional,
while the constraints are satisfied to first order. During
this iteration, the first variation of the functional is
minimized, subject to linearized constraints. The minimiza-

tion is performed over the class of variations of the control,

the parameter, and the missing components of the initial

state which are equidistant from some constant multiple of

the corresponding variations of the previous conjugate gra-
dient phase. The sequence of conjugate gradient phases
generated by the algorithm is such that, for the special case of a
quadratic functional subject to linear constraints, various
orthogonality and conjugacy conditions hold. The restoration
phase involves one or more iterations and is designed to

force constraint satisfaction to a predetermined accuracy,

while the norm squared of the variations of the control, the

parameter, and the missing components of the initial state

[ is minimized.

: The principal property of the algorithm is that it pro-
duces a sequence of feasible suboptimal solutions: the fun-
ctions obtained at the end of each cycle satisfy the cons-

traints to a predetermined accuracy. Therefore, the values
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of the functional I corresponding to any two elements of the
sequence are comparable.

The stepsize of the conjugate gradient phase is deter-
mined by a one-dimensional search on the augmented functional
J, while the stepsize of the restoration phase is obtained
by a one-dimensional search on the constraint error P. The
conjugate gradient stepsize and the restoration stepsize are
chosen so that the restoration phase preserves the descent
property of the conjugate gradient phase. Therefore, the
value of the functional I at the end of any complete conju-
gate gradient-restoration cycle is smaller than the value of
the same functional at the beginning of that cycle. Of
course, restarting the algorithm might be occasionally neces-
sary.

The sequential conjugate gradient-restoration algorithm
presented here differs from that of Refs, 3 and 4, in that it
is not required that the state vector be given at the initial
point. Instead, the initial conditions can be absolutely
general. In analogy with Refs. 3 and 4, the present algorithm
is capable of handling general final conditions; therefore, it
is suitable for the solution of optimal control problems
with general boundary conditions. 1Its importance lies in the

fact that many optimal control problems involve initial con-

ditions of the type considered here. NOD ] ,,’gf W
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Twelve numerical examples are presented in order to
illustrate the performance of the algorithm. The numerical
results show the feasibility as well as the convergence

characteristics of the present algorithm,

Key Words. Optimal control, numerical methods, computing
methods, gradient methods, gradient-restoration algorithms,
sequential gradient-restoration algorithms, conjugate gradient-
restoration algorithms, sequential conjugate gradient-
restoration algorithms, nondifferential constraints, bounded

control, bounded state, general boundary conditions.
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1. Introduction

Over the past several years, a successful family of al-
gorithms for the solution of optimal control problems involv-
ing differential constraints, nondifferential constraints,
and terminal constraints has been developed at Rice Universi-
ty by Miele and his associates (see Refs. 1-4). They are
known as sequential gradient-restoration algorithms and have
been designed for the solution of different classes of optimal
control problems. Some of these algorithms are of the
ordinary-gradient type (Refs. 1-2), while the rest are of the
conjugate-gradient type (Refs. 2-4). All of them have shown
to be robust and reliable; however, they all require the
state vector to be given at the initial point. Owing to the
fact that optimal control problems exist, which require satis-
faction of more general boundary conditions, the task of ex-
tending the aforementioned family of algorithms must be
undertaken, with these ideas in mind: (i) to retain the
robustness, reliability, and convergence characteristics of
the algorithms discussed in Refs. 1-4; (ii) to be able to
handle all of the optimal control problems treated in Refs.
1-4; and (iii) to have the additional capability of handling
optimal control problems with general boundary conditions.

In Ref. 5, an algorithm of the ordinary gradient type

was developed, extending the work of Ref. 1 to problems with




general boundary conditions. 1In this report, an algorithm of

the conjugate gradient type is developed, extending the work
of Refs. 3-4 to problems with general boundary conditions.

Specifically, the following optimal control problem is
considered: Minimize the functional I, which depends on the
n-vector state x(t), the m-vector control u(t), and the
p-vector parameter n. The state and the parameter are re-
quired to satisfy r scalar relations at the initial point and
q scalar relations at the final point. Along the interval of
integration, the state, the control, and the parameter are
required to satisfy n scalar differential equations and k
scalar nondifferential relations.

The approach taken is a sequence of two-phase cycles,
composed of a conjugate gradient phase and a restoration
phase. The conjugate gradient phase involves one iteration
and 1s designed to decrease the value of the functional, while
the constraints are satisfied to first order. During this iter-
ation, the first variationof the functional is minimized, sub-
ject to the linearized constraints. The minimization is per-
formed over the class of variations of the control, the para-
meter, and the missing components of the initial state which
are equidistant from some constant multiple of the corres-

ponding variations of the previous conjugate gradient phase.

The sequence of conjugate gradient phases generated by the
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algorithm is such that, for the special case of a guadratic
functional subject to linear constraints, various orthogona-
lity and conjugacy conditions hold. The restoration phase
involves one or more iterations and is designed to force cons-

traint satisfaction to a predetermined accuracy, while the

L‘ norm squared of the variations of the control, the parameter,
and the missing components of the initial state is minimized.

L The principal property of the algorithm is that it pro-

I duces a sequence of feasible suboptimal solutions: the func-

tions obtained at the end of each cycle satisfy the cons-

traints to a predetermined accuracy. Therefore, the values

of the functional I corresponding to any two elements of the
L sequence are comparable.

5 1 The stepsize of the conjugate gradient phase is deter-

mined by a one-dimensional search on the augmented functional

i

J, while the stepsize of the restoration phase is obtained by

[
-

a one-dimensional search on the constraint error P. The con-
jugate gradient stepsize and the restoration stepsize are
chosen so that the restoration phase preserves the descent
property of the conjugate gradient phase. Therefore, the

value of the functional I at the end of any complete conjugate l

gradient-restoration cycle is smaller than the value of the
same functional at the beginning of that cycle. Of course,

restarting the algorithm might be occasionally necessary.
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A time normalization is used in order to simplify the
numerical computatisns. Specifically, the actual time 6 is
replaced by the normalized time t=6/71, which is defined in
such a way that the initial time is t=0 and the final time
is t=1. The actual final time 1, if it is free, is regarded
as a component of the vector parameter m to be optimized.

In this way, an optimal control problem with variable final
time is converted into an optimal control problem with fixed

final time.

s
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2. Statement of the Problem

2.1. Notation. Let t denote the independent variable,
and let x(t), u(t), m denote the dependent variables. The
time t is a scalar, the state x(t) is an n-vector, the con-
trol u(t) is an m-vector, and the parameter 7 is a p-vector.4

The state x(t) is partitioned into vectors y(t) and z(t),
defined as follows: y(t) is an a-vector including those com-
ponents of the state that are prescribed at the initial point,
and z(t) is a b-vector including‘those components of the
state that are not prescribed at the initial point. Clearly,
a+b=n.

2.2. Optimization Problem. With the above notations,

the optimization problem can be stated as follows. Minimize

the functional

1
I=Sfhgum,ﬂdt+[hu,m10+[g&fﬂ]l, (1)
0

with respect to the state x(t), the control u(t), and the

parameter m which satisfy the differential constraints

Xx-¢(x,u,m,t)=0, Bl (2)

4All vectors are column vectors.
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the nondifferential constraints

S(x,u,n,t) =0, Gceel, (3)
and the boundary conditions
y (0) = given, (4)
hu(z,it)]o =0, (5)
[Q’(x,il)]l ! (6)

In the above equations, the quantities I,f,h,qg are scalar,

the function ¢ is an n-vector, the function S is a k-vector,
the function w is a c-vector, and the function § is a g-vector.
The number of initial conditions r=a+c and the number of

final conditions g must satisfy the following relation:

r+q§n0+nl+p*§2n+p. (7)

In Ineq. (7), the symbol p, < p denotes the number of compo-
nents of the parameter m present in the boundary conditions;
the symbol nysn denotes the number of state variables pres-

ent in the initial conditions; and the symbol n < n denotes

1
the number of state variables present in the final conditions.

2.3. First-Order Conditions. From calculus of varia-

tions, it can be seen that the previous problem is one of the

Bolza type, and it can be recast as that of minimizing the
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agumented functional5

1
J=S [£+27 (k- ¢) + 0 sldt+ (h+ o w) g+ (g+u"y),
0

= Sl(f - AT¢) + st - iTx)dt+ (-,xTx + h+on)o+(\TX*r get HTUJ)l,(B)
0
subject to (2)-(6). Here, the n-vector A(t) is a variable
Lagrange multiplier, the k-vector p(t) is a variable Lagrange
multiplier, the c-vector o is a constant Lagrange multiplier,
and the g-vector p is a constant Lagrange multiplier.

The functions x(t), u(t), m and the multipliers A (t),
p(t), o, u solving the previous problem must satisfy the
feasibility equations (2)-(6) and the following optimality

conditions:

A-f +¢ A-85.0=0, 0o<t<l1, (9)
£ =0\ +5,0=0, 0<t<l, (10)
1
S (fTl - «bnk +S"0)dt+ (hTT +(u"0)0+ (g‘n +lpnu)l= 0, (11)
0
(-(,+hz+wzo)0=0, (12)
(}\+gx+1pxu)l=0 . (13)

5The second form of Eq. (8) arises after the customary in-
tegration by parts is performed.

PRTEPTIRIT =S R = Y




2.4. Remark. Just as the state vector x(t) is parti-

tioned into an a-vector y(t) and a b-vector z(t), the multi-
plier vector \(t) is partitioned into an a-vector n(t) and a
b-vector ¢ (t), having the following meaning: n(t) is associa-
ted with y(t), and ;(t) is associated with z(t). With
reference to Eq. (12), £ (0) denotes the portion of the initial
Lagrange multiplier A (0) which is associated with z(0), the
portion of the initial state vector x(0) which is not pres-
cribed.

2.5. Approximate Methods. Since in general the differ-

ential system (2)-(6) and .(9)-(13) is nonlinear, approximate
methods are employed to find a solution iteratively. In this

connection, let the norm squared of a vector v be defined by
N(v) =vov. (14)

Then, the constraint error P can be written a56

1 1
P=S N(:'c-¢)dt+s N(s)dt+N(m)0+N(u;)l, (15)
0 0

and the error in the optimality conditions Q is given by

6In Eq. (15), it is assumed that the initial condition (4) is

satisfied.
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ik 1
Q=SON()\ - fx + ‘bx)\ - Sxp)dt +SON(fu- ¢u)\ + Sup)dt

1
+N[S (fTI - ¢">\ + sﬂp)dt+ (h" +w"o)o+ (g"+ w"u)l]
0

+N(-C+hz+w20)o+N(>\+gx+¢vxu)l. (16)

For the exact optimal solution, one must have
P = 0, Q=0. (17)

For an approximation to the optimal solution, the following

relations are to be satisfied:

P<e¢

S€y Q< E (18)

where €, and €, are small, preselected numbers.




3. Description of the Algorithm

The technique employed is characterized by a sequence of
two-phase cycles, composed of a conjugate gradient phase and
a restoration phase. These phases are described below.

The conjugate gradient phase is started only when the
constraint error P satisfies Ineq. (18-1). It involves a
single iteration, which is designed to decrease the value of
the functional I or the augmented functional J, while the
constraints are satisfied to first order. During this itera-
tion, the first variation of the functional I is minimized,
subject to the linearized constraints. The minimization is
performed over the class of variations of the control u(t) and
the parameters m and z(0) which are equidistant from some con-
stant multiple of the corresponding variations of the previous
conjugate gradient phase.7

The restoration phase is started only when the constraint
error P violates Ineq. (18-1). The restoration phase involves
one or more iterations. In each restorative iteration, the
objective is to reduce the constraint error P, while the

constraints are satisfied to first order and the norm squared

7The sequence of conjugate gradient phases generated by the
algorithm is such that, for the special case of a quadratic
functional subject to linear constraints, various orthogonal-
ity and conjugacy conditions hold (see Section 6).
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\
i of the variations of the control u(t) and the parameters =

and z(0) is minimized. The restoration phase is terminated
whenever Ineq. (18-1) is satisfied.
' A complete conjugate gradient-restoration cycle is de-

signed so that the value of the functional I decreases,while

l. the constraints are satisfied to the accuracy (18-1) both at
- the beginning and at the end of the cycle. Finally, the al-
i' gorithm as a whole is terminated whenever Inegs. (18) are

satisfied simultaneously.

o,
-

3.1. Remark. During each conjugate gradient iteration

B ot
N '

or restorative iteration, use of nonlinear equations must be

avoided. Therefore, the exact feasibility equations (2)-(6)

o
* ‘

are replaced by their corresponding linearized approximations.

_.-,
|

These linearized approximations do not include forcing terms

in the conjugate gradient phase, while they do include forcing

terms in the restoration phase.

o |

3.2. Notation. For any iteration of the conjugate
gradient phase or the restoration phase, the following termi-
nology is adopted: x(t), u(t), m denote the nominal functions;
x(t), u(t), ™ denote the varied functions; and Ax(t), Au(t),

Am denote the displacements leading from the nominal functions

to the varied functions. These quantities satisfy the relations

X(t) =x(t) + Ax(t), u(t) =u(t) + Au(t), T=w+An, (19)

i st

. N e WM P PN
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Because the vector x is partitioned into y and z, Eq. (19-1) 8

implies that

y(t) =y(t) +Ay(t), z(t) =z(t) +Az(t). (20) g

Let a be a positive number representing the stepsize
(either the conjugate gradient stepsize or the restoration
stepsize). Then, we define the displacements per unit step-

size as follows:
A(t) = Ax(t) /a, B(t) = Au(t) /a, C=An/a. (21)

The vector A is partitioned into vectors D and E associated .
with y and z, respectively. Therefore, Eq. (21-1) implies

that
D(t) = Ay (t) /a, E(t) = Az (t) /a. (22)
Upon combining (19)-(20) with (21)-(22), we see that

x(t) = x(t) + aA(t), da(t) =u(t) + aB(t), T=mnm+aC, (23)

[ SI——

y(t) =y(t) +aD(t), Z(t) =z(t) +aE(t) . (24)

3.3. Desired Properties. The functions Ax(t), Au(t), {
Am must be determined so as to produce some desirable effect
at every iteration, namely, the decrease of the functionals

I, and/or J, and/or P. Thus, the following descent properties

are required:
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I< T, and/or 3-:J, and/or P < P, (25)

where I, J, P are associated with the nominal functions and

-~

I

t

w

~

r U p are associated with the varied functions. In turn,

he functions A(t), B(t), C are chosen so that
§I1<0, and/or §J<0, and/or SpP<O, (26)

here the symbol §(...) denotes the first variation. Then,

by choosing the stepsize a sufficiently small, the satisfac-

t

a

w

P

ion of relations (25) is guaranteed. Ineqgs. (25-1), (25-2)
nd (26-1), (26-2) characterize the conjugate gradient phase,
hile Ineqgs. (25-3) and (26-3) characterize the restoration
hase.

3J.4. First Variations. Next, we give the expressions

for the first variations of the functionals I, J, P; after

S

t

imple manipulations, omitted for the sake of brevity, they

ake the forms'9

1
$1/a = S (f;I;I\+ f$B+ f'fcmu (h':n+ h;fC)o + (q;l;A+ q:'C)l , (27
0

8Implicit in Egs. (27)-(29) is the assumption D(0) = 0.

9

The first variation of the augmented functional J is computed
by varying the functions x(t), u(t), w,while holding the
multipliers )\ (t), p(t), o, u unchanged.




and

5J/a = ‘l(—i+f - ¢\ +S_p) TAdt + l(f - ¢ A +S p)TBdt f
oA 0 x "~ Px’ x' o u u u” -

i | T
+ [‘0 (f“ - on,\ +Snp)dt+ (hn +mn0)o+ (gn +1,’rnu)1] C

T n
+ [(—.‘,+hz+u\zu) E]0+ [()\+<;;x+u»xu)‘1\.]1 ; (28)
and
i | . T 1 t
] Sp/2a= ‘ (x—@)T(A-\b:A-@uB-u*fC)dt+‘ ST(S$A+S$B+S:‘C)dt ‘
0 0
P SR T
+[m (mzﬁ+mnC)]o + [J (l.xA+u”C)]1 . (29)

3.5. Remark. For the purpose of this report, Egs.

(27)-(29) must be completed by one of the following relations:

1
K/a = ‘0 BTBdt + CTC + (ETE)O, (30)

or

(31) L

1
K/0® = [0 (B-yé)'rm-yé)du(c—yc‘:)T(c-yé)+[(E—yr‘:)T(E-vr§)]

’
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o

which constitute a measure of the overall change of the con-
trol u(t) and the parameters mn and z(0). Equation (30) is
employed in the restoration phase, and Eq. (31) is employed
in the conjugate gradient phase. In Eq. (31), the functions
A(t), B(t), C pertain to the present conjugate gradient phase,
i and the functions A(t), é(t), C pertain to the previous con-
jugate gradient phase. The symbol Yy denotes a scalar, non-

d negative quantity, called the directional coefficient. 1Its

specification is discussed in Section 6 .
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4. Restoration Phase

4.1. Linearized Equations. Let x(t), u(t), n denote

nominal functions satisfying (4), but not necessarily (2)~-(3)
and (5)-(6). To first order, the perturbations per unit
stepsize A(t), B(t), C must satisfy the linearized constraint

equations
Ao Rt B0 C+ (2~d]=0 0<t<l (32)
X u m ! s

T

S;A+S B+SC+S=0, 0<ts<1, (33)
D(0) =0, (34)
(w'er+w;fC+w)o =0, (35)
WA+ pTc+ ) =0, (36)

4.2. Descent Property. The linearized equations

(32)-(36) admit an infinite number of solutions, each of
which is characterized by a descent property in the constraint
error P. This descent property can be seen by combining (29)

with (32)-(36): the first variation of P becomes

§P = -2aP. (37)
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Since P> 0, Eq. (37) shows that 8P < 0; hence, for a suffi-
ciently small, a decrease in the constraint error P is quar-
anteed.

4.3. Special Variations. Among the infinite number of

solutions of Egs. (32)-(36), the one that minimizes the
functional {30) is selected. Thus, we seek the minimum of
the quadratic functional (30), with respect to the functions
A(t), B(t), C which satisfy the linearized constraints
(32)-(36).

By applying standard techniques of optimal control theory

or calculus of variations, the following optimality conditions

are obtained:

B=¢UA-Sup, 0O<tc<1, (38)
1

C= ‘o(‘r‘“A = S,n.p)dt- (w_no)o- (wTTU)l' (39)

E(0) = (£ -w,0) 4 (40)

A+ oA =S p

L}
o
-
o
A
(23
A
—
-

(41)

(>\+wxu)1=0. (42) \

Summarizing, we seek functions A(t), B(t), C and multipliers
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A(t), p(t), o, 1 which satisfy the linearized constraints

(32)-(36) and the optimality conditions (38)-(42).

4.4. Linear, Two-Point Boundary-Value Problem. The -4

technique used to solve the LTP-BVP (32)-(36) and (38)-(42)
is a forward integration scheme in combination with the method
of particular solutions (Refs. 6-8). The technique requires
the execution of n+p+ 1 independent sweeps of the differen-
tial system (32)-(36) and (38)-(42), each characterized by a
different value of the (n+ p)-vector w, whose components are
the n components of the initial multiplier ) (0) and the p
components of the parameter C.

The generic sweep is started by assigning particular
values to the components of w, that is, the components of the
vectors A (0) and C. With A(0) known, ;(0) is known. There-
fore, Egs. (35) and (40) constitute a system of b+ c linear
relations in which the unknowns are the b+ c components of
the vectors E(0) and o. For this system to have a unique

solution, the following disegquation must hold:10

T
det[u&wz]o#O. (43)

10Disequation (43) is obtained from (35) and (40) after elimin-
ation of E(0). The resulting linear equation in ¢ admits a ‘
unique solution providing (43) is satisfied. ]
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With E(0) known and because of (34), the vector A(0) is known.
Then, A(t) and A (t) together with B(t) and p(t) are obtained
by forward integration of (32) and (41l), subject to (33) and
(38). Note that, at each time station t, 0<t<1l, Egs. (33)
and (38) constitute a system of m+ k linear relations in which
the unknowns are the m+ k components of the vectors B(t) and
p(t). For this system to have a unique solution, the follow-

ing disequation must hold:ll

T
det[SuSu]#O, 0<t<1. (44)

As a result of the procedure, the sweep is completed: for the
arbitrary value assigned to w, it leads to the satisfaction of
all of the equations of the system (32)-(36) and (38)-(42),
except Egs. (36), (39), (42).

In order to satisfy Egs. (36), (39), (42) and because
the system (32)-(36) and (38)-(42) is nonhomogeneous, n+p+1
independent sweeps must be executed employing n+p+ 1 differ-
ent vectors w,, i=1l,...,n+p+1l. The first n+p sweeps are

performed by choosing the vectors Wyreeoooes to be the

’wn+p

columns of the identity matrix of order n+ p. The last sweep

1l sequation (44) is obtained from (33) and (38) after elim-
ination of B(t). The resulting linear equation in p(t)
admits a unique solution providing (44) is satisfied.
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is executed by cl.oosing w to be the null vector. As

n+p+1
a result, one generates the functions and multipliers

Ai(tL Bi(tL Ci,ki(tL pi(th oi,.i= 1 e ndpat 1. (45)

Now, we introduce the n+p+ 1l undetermined, scalar con-

stants ki and form the linear combinations

A(t)

EkiAi(t), B(t) inBi(t), C==EkiCi, (46)

A(t)

Zkiki(t), p(t) Zkipi(t), o=2tk,o, , (47)

where the summations are taken over the index i. The n+p+1
coefficients ki and the q components of the multiplier u are
obtained by forcing the linear combinations (46)-(47) to sat-
isfy Egqs. (36), (39), (42), together with the normalization

condition (Ref. 6)

Ik

Il
[
.

(48)

Once the constants ki are known, the solution of the LTP-BVP
(32)-(36) and (38)-(42) is given by (46)-(47).

4.5. Restoration Stepsize. With the functions A(t),

B(t), C known, the one-parameter family of varied functions
(23) can be formed. For this one-parameter family, the con-

straint error (15) becomes a function of the form




v a
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P=P(a) . (49)
: Then, the stepsize o must be selected so that the following J
i relations are satisfied:
¥
i& P(a) < P(0), ila) > 0. (50) ‘
7 Satisfaction of Ineq. (50-1) is possible because of the des-
| i-

cent property of the restoration phase. 1Ineq. (50-2) is
{ required for problems with free final time.

In order to achieve satisfaction of (50), a bisection
i process is applied to the restoration stepsize «, starting
¢ from the reference stepsize a0==1. This reference stepsize
has the property of yielding one-step restoration for the case
where the constraints (2)-(6) are linear.

4.6. Iterative Procedure for the Restoration Phase.

=)

The descent property (37) of the restoration phase guarantees

P
L

satisfaction of Ineq. (50-1) at the end of any iteration, but
not satisfaction of Ineq. (18-1). Therefore, the restoration

algorithm must be employed iteratively until Ineq. (18-1) is

= e

satisfied. At this point, the restoration phase is termina-

ted.

N N M

=
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5. Conjugate Gradient Phase: General Case

5.1. Linearized Equations. Suppose that nominal func-

tions x(t), u(t), m are available, which satisfy (2)-(6). To
first order, the perturbations per unit stepsize A(t), B(t),

C must satisfy the linearized constraint equations

s L) T T K
A-oTa-¢lB-goC=0, 0<t<l, (51)
sTa+sTB+sTc=0 0<t<l (52)
X u T l = e il
D(0) =0, (53)
T T
(u\zE + u)"C)O— 0, (54)
;AR P
wia+ e, = o. (55)

5.2. Special Variations. Among the infinite number of

solutions of Egs. (51)-(55), the one that minimizes the func-
tional (27) is selected. Thus, we seek the minimum of the
linear functional (27), with respect to the functions A(t),
B(t), C which satisfy the linearized constraints (51)-(55)
and the quadratic isoperimetric constraint (31).

By applying standard techniques of optimal control theory

or calculus of variations, the following optimality conditions
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are obtained:12

B=Y§—(fu-¢u)\+sup), 0<t<1, (56)

A 1
C=vyC-~- U (f,’T - ¢nA +Sﬂp)dt+ (hTr +“n°)0 + (g1r '“Pn“)l] ¢+ (57)
0

E(0) =YE(0)-(-zC+ hz+ mzo)o, (58)
A-f +¢ A-Sp=0, 0<t<1, (59)
(A+gx+wxu)l=0. (60)

Summarizing, for a given value of the directional coefficient
Y, we seek functions A(t), B(t), C and multipliers A(t), p(t),
0, u which satisfy the linearized constraints (51)-(55) and
the optimality conditions (56)-(60).

5.3. Isoperimetric Constraint. In the light of (56)-(60),

the error in the optimality conditions (16) reduces to

l A ~ A A
Q= ‘O(B-Yﬁ)T(B-YB)dt+ (C-YC)T(C-YC) + [(E-YE)T(E-YE)]O . (61)

121n Egs. (56)-(60), the multiplier v associated with the

isoperimetric constraint (31) is set at the level 2v=1.
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Consequently, the following relation ties the isoperimetric
constant, the stepsize, and the error in the optimality con-

ditions:

K=a%Q. (62)

Clearly, to assign values to the isoperimetric constant
is the same as assigning values to the stepsize. However,
there is no clear-cut way of determining a priori convenient
values for the isoperimetric constant. Therefore, the imple-
mentation of the conjugate gradient algorithm becomes simpler
if one avoids evaluating‘'a in terms of K through (62) and
assigns values to a directly.

5.4. Descent Property. When the variations defined by

(51)-(60) are employed, the first variation of the augmented

functional (28) becomes
§o=-a(Q+Yy2), (63)

where Q is given by (61) and
l A T\ A T\ \T«
z=‘ (B-yB) Bdt+ (C-yC) C+[(E-YE)E], - (64)
0

For the first iteration of the conjugate gradient phase,

one sets

y=0, (65)

i
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with the implication that

§J = =aQ . (66)

Since Q >0, Eq. (66) shows that SJ< 0. Hence, for a suffi-
ciently small, it is guaranteed that the augmented functional
J decreases.

For subsequent iterations, one sets y #0. More specifi-

cally, the directional coefficient must be such that

\ \Or ((‘7)

and its proper value is discussed in Section 6. At any rate,

Eq. (63) shows that 8J < 0 providing

Q+Y2>0. (68)

Hence, for a sufficiently small, it is guaranteed that the
augmented functional J decreases as long as Ineq. (68) is
satisfied. If Ineq. (68) is violated, the descent property
on J no longer holds, and the conjugate gradient phase must
be restarted by resetting the directional coefficient y at the
level (65).

5.5. Linear, Two-Point Boundary-Value Problem. For a

given value of the directional coefficient y, the technique
used to solve the LTP-BVP (51)=(60), associated with the con-

jugate gradient phase, is analogous to that described for the

v € AT A B 8
B

e AT e ding
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restoration phase (see Section 4.4); hence, it is not re-
peated, for the sake of brevity.

5.6. General Solution. Next, assume that two particu-

lar values are given to the directional coefficient y, for

instance,
Ye=0 and Yan=1. (69)
Denote by
Rolt), B o(R): Cuv AplB)s Dt O o1y (70)
and
Ay (£) By (£) Cunrdpa (£), 0pp (), OppiMpn (71)

the particular solutions of the LTP-BVP (51)-(60) correspond-
ing to (69-1) and (69-2), respectively. Simple manipulations,
omitted for the sake of brevity, show that the general solu-
tion of (51)-(60), valid for any value of the directional

coefficient y, can be written as

i

A(t) =A,(t) +Y[A,,(t) =A ()], (72-1)

]

B(t) B*(t) +Y[B**(t) -B*(t)]l (72-2)

(72-3)

C=C,+Y(Cpy~Cy)o

B i e e——
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and

M) =, (6) + YA, () = A, ()], (73-1)
p(t) =pae(t) +¥Ylpael(t) —p,(t)], (73-2)
0=0,+Y(0ue=0,), (73-3)
W=l H Y (g = uy,) . (73-4)

As a conclusion, the general solution of (51)-(60) requires
that two sets of n+p+ 1 sweeps be executed, one leading to
the particular solution (70) and one leading to the particu-
lar solution (71).

5.7. Stepsize and Directional Coefficient. With the

functions A(t), B(t), C known, the following two-parameter

family of varied functions can be formed:

%(t) = x(t) + a{A*(t) +Y[A,,(t) - A*(t)]} ; (74-1)
B(E) =u(t) +ofB, (£) +¥[By, (£) =B, (8D}, (74-2)
RoxralC, ¥+ Y(Chu=Csll « (74-3)

On the other hand, the multipliers A(t),p(t), o,u form the
one-parameter family (73). Upon using (73) and (74), we see

that the augmented functional (8) takes the form

A
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J=J(a,y) . (75)

Therefore, the optimum values of a and y satisfy the relations

~

J, (a,Y) =0, :Ty(a,y)=0. (76)

Since the simultaneous determination of a and y might be
be expensive computationally, we proceed in a different way.
First, we determine an approximate value of the directional
coefficient y, based on the consideration of the linear-
quadratic model (Section 6). Once Yy is known, the two-

parameter family (75) reduces to the one-parameter family

Then, the optimum stepsize a satisfies the relation

J (a) =0, (78)
Q

whose numerical solution can be obtained using quadratic in-

terpolation or cubic interpolation (Ref. 9).

¢




L

I I B B o B B o

29 AAR-145

6. Conjugate Gradient Phase: Linear-Quadratic Case

In the previous section, we analyzed the conjugate
gradient phase in general, regardless of the analytical form
of the functional (1) and the constraints (2)-(6). In this
section, we consider the linear-quadratic case, that is, the
case where the functional (1) is gquadratic and the constraints
(2)-(6) are linear.

6.1. General Solution. Under the assumption of linear

constraints, it can be verified that the particular solutions

(70) and (71) satisfy the relations

A,, (t)-A, (£)=A(t), ;3**(t)—B*(t)=l§(t), Crp=Ce=8, (79}
Aea(B)=2,(R)=0, puu(t)=p, (t)=0, 0,,~0,=0, U,.~u,=0. (80)
As a consequence, Egs. (72)-(73) reduce to

A(t) =A,(t) +YA(L), B(t)=B,(t) +YB(t), C=C,+yC, (81)

Alt)=2,(t), p(t)=p,(t), 0=04 =y o (82)

This means that the general solution of the LTP-BVP (51)-(60)
can be obtained by executing only one set of n+p+ 1 sweeps,
namely, the set of sweeps leading to the solution (70). By

the way, this is the solution corresponding to (69-1), namely,

the solution associated with the ordinary gradient phase of Ref. 5.
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6.2. Local Orthogonality Conditions. Under the assump-

tion of linear constraints, the two-parameter family (74)

simplifies to

%(t) =x(t) +alA, (£) + YA(E)], (83-1)
@(t) =u(t) +alB,(t) +yB(t) ], (83-2)
F=m+a(c, +vC). (83~3)

On the other hand, the multipliers A(t), p(t), o, u are given
by Egs. (82). Upon using (82) and (83), we see that the

augmented functional (8) still takes the form (75). Hence,

the optimum values of o and y still satisfy the relations (76).
After laborious manipulations, omitted for the sake of

brevity, Egs. (76) lead to the following local orthogonality

conditions:

1

So 8TBat + i + (E',I,'E)o= 0, (84-1)

1 .
‘0 BTBat + C1¢ + (E'fﬁ:)o= 0, (84-2)

with the implication that

1 -~ -~ ~
\ ByB,dt + C4Cu+ (E4E,) o = 0. (84-3)
0

. 3 g st
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Here, the adjective local is employed to mean that Egs. (84)

involve vectors B(t), C, E(0) which are solutionsof (51)-(60)
computed for the present iteration and the previous iteration;
they also involve vectors B, (t), C,, E,(0) which are solutions
of (51)-(60) for y =0 computed for the present iteration and
the next iteration.

6.3. Local Conjugacy Condition., Let w(t) and M(t)

denote the vectors

x(t) A(t)
w(t) =] u(t) - M(t) = | B(t) 5 (85)
m C
Let fww' Iww’ hww denote the Hessian matrices of the functions

f,g,h with respect to the vector w. With this notation, and
under the assumption of linear constraints and quadratic
functional, Egs. (76) lead to the following local conjugacy
condition:

x T * T X T #

So M fwdet+ (M hwwM)0 + (M gwwM)l =0. (86)
Here, the adjective local is employed to mean that Eq. (86)
involves vectors M(t), that is, vectors A(t), B(t), C,which
are solutions of (51)-(60) computed for the present iteration

and the previous iteration.

-
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6.4. Stepsize and Directional Coefficient.

observing that

M(t) =M, (t) +YM(t),

and after accounting for Egs. (84) and (86),

that the optimal values of y and o are given by

AAR-145

After

(87)

it can be shown

Y=0/Q , a=0Q/R, (88)
where
Lo T T
Q= SOB*B;dt+c*c*+(E*E*)0 ) (89-1)
A Lo, AT A AT
Q= ‘ B,B,dt + C,C, + (E,E,) (89-2)
0
R= lMTf Mdt + (MTh M) +(MTq M) (89-3)
0 ww ww ‘0 Fww 11"

Clearly, the optimal directional coefficient y is the

ratio of the error in the optimality conditions Q for the

present conjugate gradient iteration to the error in the

optimality conditions Q for the previous conjugate gradient

iteration. These quantities are known, since they involve

vectors B, (t), C,, E,(0) which are solutions of (51)-(60) for

Yy = 0 computed for the present iteration and the previous

iteration
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With y known, the vector M(t) is computed with (87) and
the scalar quantity R is computed with (89-3). Then, the
optimal stepsize a is evaluated with (88-2). Clearly, the
optimal stepsize o is the ratio of the error in the optimal-
ity conditions Q to the scalar quantity R, which constitutes
a measure of the curvature of the functional (1). Both Q
and R are computed employing quantities pertaining to the
present conjugate gradient iteration.

6.5. Descent Property. Under the assumption of linear

constraints, Eq. (64) simplifies to

1 A N ~
z = S ByBat + CiC+ (ER) . (90)

0

Because of the local orthogonality condition (84-1) written

for the previous iteration, Egq. (90) yields

z=0. (91)
As a consequence, Eq. (63) reduces to

8§J = -aQ, (92)

where the error in the optimality conditionsQ is given by Eq.
(89-1). Equation (92) holds for any conjugate gradient iter-

ation and shows that, since Q >0, we have 83 < 0. Hence, for

o sufficiently small, it is guaranteed that the augmented

prenes

SR
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functional J decreases. 1In conclusion, for the linear-
quadratic case, the restart procedure mentioned in Section
5.4 never occurs. This means that the directional coeffi-
cient Yy is set at the level (65) only for the first conjugate
gradient iteration.

6.6. General Orthogonality and Conjugacy Conditions.

Now, assume that the algorithm described by Eqs. (51)-(60)
and (83) is employed, starting with some feasible nominal
functions. Further, assume that the directional coefficient
Yy is set at the level (65) for the first conjugate gradient
iteration and at the level (86-1) for any subsequent conjugate
gradient iteration. Under thes2 assumptions and for the
linear~-quadratic case, one can generalize the local orthogo-
nality conditions (84) and the local conjugacy condition

(86) as follows:

1
T ‘rj“ .‘.]‘ o = -

SO B*det-*L*(p*‘(L*Lp)o- 0, (93-1)
: BB _dt+CC _+ (EVE._).=0 (93-2)
0o * xp A AD W oap QT

and

N B s (MTh._ M ) +(MTq M ), =0 (93-3)
0 WwW P ww p’0 Iww p’1 "V

ik bl S iy L _..‘-u._-n&m
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where the subscript p denotes any conjugate<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>