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SEQUENTIAL DETECTION WITH NARKOV INTERRUPTED OBSERVATIONS

by

M T . Hadidj and S.C. Schwartz
Department of Electrical Engineering and Computer Science

Princeton University
Princeton, NJ 08540

ABSTRACT

We consider the sequential detection of a Markov sequence

in a linear system with interrupted observations, i.e., systems

with a switching environment. Because of the excessive compu-

tational requirements for optimum procedures, three suboptimum

filters are discussed, all of which feed into a sequential like-

lihood—ratio detector. The results of a computer simulation are

also presented.
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I. Introduction

it is common to assume linear models for the state and ob-

servation when formulating dynamical system problems. The

resulting equations are simple to analyze and , provided suitable

criteria are chosen for optimization , yield attractive solutions

such as the well—known Kalman filter. Implicit, however, is

the assumption that the origin of observations is known, which

may not be true in practice. In this case the structure of

the optimal solution may change completely. Such a practical

aspect of the model and its consequences i’ prob lem ana lysis has

been addressed recently (as in (1)—(7J). Her., we present

results of a preliminary investigation in a related problem

area.

The particular problem analyzed in this report is characterized

by an observation sequence whose noise switches in a Markovian

manner. Such a problem arises in multi—target tracking. (7], and

was first treated by Ackerson and Fu who derived the Bayesian op-

timal estimator of the state, (51 . In this investigation, we focus

on the detection part of the problem and present a sequential

Bayesian optimal detector for the switching sequence, denoted by CV k)S

The distinction between the present problem and conventional

detection problems should be made clear: here the sequence C
~k
)

changes according to a Markovian distribution and hence the true

hypothesis switches from one stage to another. Therefore, tech-

niques derived for problems with linear models - such as in (8] -

are not applicable here, since they assume the complete observa-

tion sequence belongs to either H0 or H1. Furthermore, se-

quential detection procedures — see for example (9) — implicitly
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f T~. the abi assumption and defer decision on H
~~
or Hitil

time k+l, if the sequence of observation up to time k is not

informative enough.

The report begins with a statement of the problem in Sec.

II and then proceeds to derive the Bayesian optimal detector in

Sec. III. The algorithm obtained has the nice property of being

recursive: however it requires numerical integration of p.d.f.’s

and hence is not practical. Therefore, we also derive three dif—

ferent suboptimal schemes in Sec. IV and give the corresponding

detection algorithms. The results of a simulation are described

in Sec. V and are followed by some observations and a comparison

of the procedures in Sec. VI. In Sec. VII we make several con-

clusions and discuss possible extensions of this study.
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L I
II. Problem Itatement and Notation

W. are given a discrete-time linear system in which the

measurement noise has a Narkov dependent statistical property.

It is described by the following equations:

Xk Ok,k_l~
tk_l + Gk~l~

1k~l 
(1)

zk Hkxk + v k + y kwk (2)

where x and u. are vectors of dimension mU and rxl whilek
and Gk_l are matrices of the appropriate dimension. We

assume that the initial state x0 is normally distributed and the

sequence (Uk) is white Gaussian with zero mean. Thus:
I

, (3)

Uk 
N(.~ 0V (k)) . E(u~ u~ ) Vu (k)bjk

The state vector enters the measurement equation, (2), linearly

t and is corrupted by Vk or vk + Wk depending on whether is 0 or

1. respectively. The vectors zk.vk and Wk are all of dimension

mxl and is an mxn matrix. Again we assume (vk) and (Wk
) to be

white noise sequences with the following statistics:

• Uk~~~
N (5I0.Vv (k)) , (5)

Wk~~~
N (5I0,Vw(k)) , (6)

t 
• The sequence (V k) is a binary Markov chain defined on the state

space (0.1) and is statistically described by an initial proba—

bility vector (1_~01~0)
T and a transition probability matrix

L I

~_[~ 1-s] 
(7)

‘ 1•
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In the above it is assumed that the vector x0 and the sequences
(Uk), (Vk) and (Wk) as well as are all mutually independent.

I
Our problem is to decide — at each stage k — on the value of

~k 
minimizing the probability of error in detection. Formally,

• 
minimize Pr(

~k ~

A A (8)
where vk(zo....,zk

)

• ZkDXk satisfy Eqs . (2) and (1) with the
underlying statistics given by Eqs. (3)—
(7).

The derivation of the detector is described in the followingp
section.

:

1,

1.
‘

I
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III. The Bayesian O~tima1 Detector

The minimum probability of •rror problem of Sec. II, is

equivalent to a Bayesian decision problem in which we minimize

the Bayes risk for a special choice of th. cost matrix (see

• for •xamp]e (10)). Therefore , the problem under consideration

reduces to testing — at each time k - th. hypotheses:

H
1
: z~ H

k
X

k 
+

• (9)
H2: Zk - HKXk + + Wk

where evolves according to Eq. (1) and th. true hypothesis

switches from one stage to another according to the transition

probability matrix P of Eq. (7).

By using Eq. (12). Ch. 2 of (10), the Bayesian optimal rule

can be wri tten as’s

Lk(z
k) ~

f(z~~ ~~~~~~

~2 
prior probability H1 is true (10)

H1 
prior probability H2 is true

• 
Consequently, the problem is basically that of evaluating the

quantities appearing in Eq. (10). We begin with the densities

and apply Bayes ’ rule to get:

• f(zklyk) — f ( z k lz
k_ I ,y k ) f ( z k_ ]

l y k )

k 1 f(~k.i,~~ )
— f (zklz •

~k~ ~~~~

tFor conv.ni.nc. we use the notation ~

I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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— f (zkIz
~
’
~~’vk) x (f (zk ] Iy k,yk_l — 0)P(ykIy — 0)Pr(Yk_l — o)

+ f(zk h $y k.vk...l — l)p (y k I y k_ l — l)Pr (y k...l —

— 0)Pr(Vk.l — 0) + P(VkIY k_l — l)Pr(
~k_l 

—

— f(zklz
k_I

,yk) X f(z
k_]

ly k,~
,
k_l — 0)

f(z
k_
~ Iy k,yk_l 1) 

~k~~ k—l — 1) Pr(yk l  — i)

~ 

+ 
f(Z~

(_:l
1Y k,Yk_l — 

o) P(YkIVk_l — 
0) Pr(Yk_l — 

0) 
.(ll)

— 1) Pr(yk..l — i.)
1+

‘
~k~~k— l — 0) Prhik l  

o)

I
Noting that f(z

k_
~k,k,yk_l) — f(zk~~Iy k_l) by the Markov property

and defining x.~_ 1 z~~~~) ~ f ( z k_ l I . Y
k l  

l)/ f (z~
C_ I

t v k..l 0) ,  we

- 
S obtain upon substitution from (11) into (10):

k-lf(z z ,y 1)

• 
f(zklz

k_]
,yk 

o)

+ 
k— i P (1. ] )  PrCyk., — 1)1 

+ P(o 1) 
PtCY k_ i i)

1 L~_ 1 (z ~~~~ 0) Pr[yk l  0)1
1 p (~ o) P r C Y k 1  — 0)

• 
•
1 + ~~_l (z

k_l
)4~~kf ~~~~~~~~~~ ~ 

+ 

~~ 
(12)

Eq. (12) suggests that we can carry Out our detection scheme in a

• sequential manner by using ~~1(z~
C
~~) and PrCV k_1 — iJ .  for i — 0.1.

obtained at stage (k-i), and by computing the density of con-

• ditioned on the observations 2k 1  under each hypothesis. Another

• implication of Eq. (12) is that it reduces to Scharf’s and Noite’s

result , (8], when we set p — [
~ ~

] as they assumed . The likelihood

ratio test can now be expressed explicitly, by substituting from

S 
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Eq. (12) into Eq. (10) thus yielding:

—

f (zkIz ’~~~,vk~
l) [l+L~_l (Z

k_1~~ gJ~~ :::~:~:]~ 1 + 

~~ ::~:~:~I ii ~ 
Pr (y —1) 

~ 
Pr (y  “1)

• f ( z  z — ,y 0) I Lk~ l z p~oJ~1 Pr[V 1. . 0 1  P( 1 oS Pr( y1 ~—°~
)k —

~2 Prf
yk 0)

~ 
Pr[~~~~l) ( 10— a)

1
S

A~ Ajqo~jthm for the Sequential Detector

We now proceed to evaluate the quantities appearing in Eq.

( 10—a) , s tart ing with the R .H.S. Using the law of total proba—
I

bility and the Markov property, 
~~~~~ 

may be expressed as follows

+ p(yklV k 1 l)PrCyk_l=1) . (13)

Next we consider the L.H.S. of Eq. (10—a). Both ~~~1
(~
’
~~~) and

are assumed to be computed at stage (k—i). The density

can be evaluated using the law of total probability

which gives:

f(zkfz
k_l

,vk
) S dxkf(xkIz

k_]
,vk)f(zkIxk,z

k_I
,i~
,
k
)

• = 

~~ ~~k 
C
k ~~~~~~~~~~~~~~~~~ 

. ( 14)
Rn

Here we made use of Eq. (2) and the term V(k ) is either Vv (k) or

• 
V
~
(k) + V

~
(k) depending on whether — 0 or 1, respectively. If

we then use the Markov property, Eq. (1), and apply the law of

total probability. f(xklz
k_]

.%,k
) can be expressed as:

•

S

~~~~~~~~~~~~~~ _ .~— . - _ ,~—-—--- _— - - _ _ _ --~---~ -.- ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Ic 1 k— i P(v k Iv k lum0)Pr(yk 
_015k—13

• f(xkIz 
— 

‘~k~ 
— f(x k I z  ‘~k—1 °~ 1 

—

E 
~~~‘k ’~” 1— i ) P rf y1 1_ i t z~c~~~— 1% £

k—i P(Vkk’k ll)Pr(Yk lu u l I z ”
~~~

)
+ f(x z •~ ‘ “i) ’— —

E P (v
k

I~~~~k_ 1
”

~~~~
)} ’1 ( v

k_ l
i l z  

— 
)

• i 0  (15)
where

p 
f(xklz

k_l
,vk_l

_i ) - !
~~~k_1

f
~~k k 9vk_1 1)1f

~~k_1
.vk_11’hi)

R

. (16)f ( z
k l I z  —

• 
Clearly, the quantities appearing in Eqs. (15) and (16) are either

Gaussian p.d f.’s or are available from stage (k—i), and thus

f(x
klz

k_]
,~qk) can be calculated recursively . It remains to compute

• p(~klz
k) which shall be needed for the next stage (k+1). Applying

Bayes’ rule we get,
k- I k—i

k f (zkIz •Yk)P(Vkk )
p (v k t z  ~ — 1 (17)

• E numerator

and the law of total probability then gives us:

• p(VkIz
”
~~

)”p (?klV k,1’.O)PrCVk_1=Ol z
k_l

)+p (vk1y k,l ”l)pr (Vk_l’utlIz
k_]

3

(18)

The equations just derived constitute the basis for an

• algorithm that detects 
~~ 

sequentially. Formally, it is given by:

I_ I

•

— - . •‘ _________ S .  • -- — — -
— — -a ~~~~ — — S S~~ __~~ — 

_______ — - —
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Algorithm 0

j~~~J,, Start with

— f(x0
) —

f(z01z
’.y0) — f(z0h’0) — N(z0IH~IL0,H0

V0H~ + V
~
(0) + y0V (0))

I

f(z0~y0”l)L0(z f(z0hP0”O)

0
• Pr[~y0=1) — p0 — Pr( y 0” i I z )

step 2 Assume we are at stage k. Then use Eqs. ( 16) , (15) and

(14) to calculate f (x k l z
k_ ] ,v k_ l ) , f (x k t z

k_ l ,y k
) and

f(zkIz
k
~~,yk), respectively. Also compute 

~~~~~ 
using

Eq. ( 13) .

p step 3 Calculate Lk (zk ) as well as decide on Vk using the test

(10—a).

eteD 4 Determine p(yklzk) from Eqs. (18) and (17) and store for
- 1 the next stage together with the already computed values

of f(xkI zk_l ,yk), f(zkl Z ~~~~~ ~~~ 
and L~ z~~.

~~~~~~ S e t k k+i and go to step 2.

The above algorithm is, in principle, straightforward ; how-

ever , its implementation is not so simple. This stems from the

• fact that Eqs. (15) and (14) call for the computation of p.d.f.’s

f(xktz
~~

1 ,yk l ”1i), i — 0,1 and carrying out numerical integration.

Such a computation is prohibitive, especially for systems of di—

• mension greater than 1, as pointed out by Jaffer and Gupta in the

context of a similar problem, (3].

S

- - —
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One approach to alleviate this problem is to use a decomposition

as Ackerson and Fu did in (5]. There, they expressed f(xklz
k) as

a weighted sum of Gaussian p.d.f.’s; each density corresponding to

a particular realization of the switching sequence

• 
rk — 

~~~~~~~~~~~~~~~~ 
with Vj = 0 or 1. They then used a bank

of 2k4l Kaiman filters to obtain the means and variances associated

with each sequence and also derived expressions for the weights,

• 
p
~
’
kIz ). Though a similar decomposition can be used for

such an approach is not practical because the num-

ber of terms involved grows exponentially.

A closer inspection of the detection relations shows that

the source of difficulty lies in f(xklz
k
~~,vk) being non—Gaussian.

In contrast, if it were Gaussian, then Eq. (14) would imply that

• 
f(zkIz

k_]
,yk
) is also Gaussian and we need only compute the means

and variances. In other words, we could then use a Kalman filter

to provide us with the needed parameters. This simplification

associated with Gaussian p.d.f.’s has been exploited before and

we shall utilize it in the sub—optimal procedures to be discussed

shortly.

• 
Specifically, we shall first write f(xkIz

k_l
,yk
) as

f(xktz
k_l

,yk
) I d k_lf(xklxk_l)f(xk..lIz

k_l
,yk) , and (19)

then proceed in 2 steps:

(i) The functional form of f(xk_l Iz
k_
~ ,yk) is approximated by

(ii) The values for M,V are NOT chosen as the actual mean and

variance, E(x lIz
k_],yk) and Var (xk l Iz~~~

,yk), but rather

as the estimate for Xk_l given the measurement

S
•1 •

~

- 
- 
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~”k 1~ 
and the corresponding variance and ,

hence, will depend on the estimation method us.d.

We shall investigate 3 filt.ring procedures, in the next section.
namely:

(A) Decision—directed filtering,

(B) Linear least—mean—squared error filtering,

(C) Mean—squared error nonlinear filtering.

For each scheme, the filter equations will be derived, and the

corresponding algorithm for sequential detection will be described .

We then present the results of a Monte Carlo simulation performed

using the three detectors in Sec. V.
S

p

p

I 



p ----‘--- 
~~~~~~~~~~~ — — - 

r~~~~ — ---,~~ w~- T w -
~~ —r.’-- - ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

S —13—

IV. Derivation of the Filtering Ecuations and the Corresponding
Detection Procedures

• A. Decision—Directed Filtering

This filtering scheme assumes that the decision we make about

at the k~fl, stage, ~k’ 
is correct. In other words, we make the

p assumption that

~ ~“O ’ ” j’’ ’~
’k—1~

?

• 4 A
—

and hence the p.d.f. f(xk.lIz
k_l

,yk) can be approximated as follows

• f(xk.l Iz
k_l

,,v,k) ‘
~~ 
f(xk_i Izk~~.rk_l.yk)

— f(xk l Iz
k_]

,rk_l)

~ f(i) (xk l I~
’
~~
’,V k) . (20)

k i A
Since f(xk_l Iz .rk_l) is the p.d.f. corresponding to a particular

realization of rk_l. it is in fact a Gaussian density of the form

Consequently, the familiar Kalman fil-

ter may be used to obtain the mean and variance as shown b.low:
S 

X
J~~~~ - k,k_l~

C k-i’k-i 
+ x

~~~
k ) ( zk - 

k,k_1*k~i1k~1
(21)

V(U (k) — (I — K (l) (k )H ~ JV U) (kI k_ l)  (22 )

where

KU) ~~ • ~~~ (Ictk_1)H~ (Hkv~~~Oclk_l)H~ + V (k) + YkVw (k)J (23)

— k,k_1V (k_l)k,k_l~~k_1~
T
u
(k_l)0k_l , V~~~(O) — V0

(24)

. 

---~~~~~~~~~~~~~~~ -~~ - - -
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The resulting algorithm for the sequential detection of 
~k 

can

now be stated as follows:
V

Algorithm 1

steD 1 Start with

f (x 0l z ~~~,~~0 ) — f(x0) — N(x0Iiz0,V0
)

f ( z 0 t z ~~ ,v 0 ) — f ( z 0 1-y 0 ) — N(z
0IH0IA 0.

H0V0H~ 
+ Vv (O) +

• $ 
o f(z0~y0”l)L0(z ) — f(z0h’0”O1

Prfv 0—i) — p0 — Pr(~ 0 —
p

j~~~j  Assume we are at stage k. Then use Eqs . (20), (19) and
(14) to compute f )(xk l Iz

k_]
,yk),f (xklz

~~
1
,Vk) and

* f~~~ (zkIz
k_l

,yk), respectively. Also, determine

from Eq. (13). (By the Gaussian assumption, the condi-

tional densities above are Gaussian and hence are corn-
p

pletely Ipecified by their means and variances.)

steD 3 Compute ~~~ (z
k) as well as decide on Vk using the test

(10—a).

Lt.~LA Compute x~f~ 
and V~~~(k) from Eqs. (21—24), and store

for later use in the next stage.

j~~~~~ Set k— k+l and go to step 2.

We note that an important difference between the above algorithm

and Algorithm 0 is in step 4, where the detector output at stage

Ic determines the estimator structure at the same stage.
S

B. Linear Least—Mean-Squared Error Filterina

Here we use lea*t mean squares theory , together wi th a linear

S

- s
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constraint, to compute the mean and variance appearing in the

Gaussian approximation of f(xk_1lz
~~

3 .yk). Thus:

f(xk_lIz
k_l ,yk) ui ~~~~~~~~~~~~~~ . v~

2
~ (k 1))

~ f
(2)(xk l lz

k_l
,Vk

) ) ,  (25)

where ~~~~ satisfies the relation

• ~~~~ — Fl (k)x~~~t k_l 
+ F2(k)zk 

(26)

and F1,F2 are chosen to minimize ~~~~ 
(xk

_ x ) TQ(xk
_x
~~~)1z

k).

We will show that F1 and F2 are exactly those matrices appearing

in the Kalman filter with the appropriate modification. To do so,

we rewrite the system equations as follows:

• 
X

k 
- øk.k?l

xk_1 + Gk_luk..1 (1)

(2-a)

where 1~~ — Vk + 
~k
Wk and the underlying statistics are given by:p

x0 N (’l$a 0,V0
) (3)

Uk N(.~ 0,V (k ) )  , E(u~u~) — V (k)bjk

Pr(Yk 0).N(.l0.VV (k)~
PrC yk

_1).N(st0,VV (k)+VW (k)).E(~ j~~
).V

~
(k)6jk

( 5—a )

• Clearly, the above system is in the framework of the well—known

Kalman fil ter (11), and therefore has the following solution

X
kIJI 

— *k,k_lX k_ltk_l + K
~
2
~ 
(k) — Mk~k,k_1

)tk_1lk_1 J
(27)

~ (2) o~ — (I — K~
2
~ (k ) H,~JV~

2
~ (I l k—i ) (28)

S 
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-

where

• K~
2
~ (k) — v(2) (kIk—1)II (H1V~

2
~ (kIk~1)H~ + V~

(k) +

(29)

~~~~~~ (I l k—i ) — k,k—l”~
2
~ 
(k)~~ ,11 + G1..iVu

(k_1)G
~~i • V~~ (0) — V0

(30)

Observe that the structure of the linear LMSE estimator for x1 is

independent of the higher—order statistics for (Y k) .  These statis-

tics , however, enter our detection procedure through the expression
I

of the likelihood ratio, as given by Eq. ( 10—a) .

We may now describe the sequential scheme for the detection

of — using the Gaussian approximation and linear LMSE filter —
* by the following algorithm:

A1gp~jthm 2

• 
* ~~~~~~ 

Start with

—1f(x0 z ,v,~
) f(x0) — N(x

0 M 0
,V
0
)

• 
f ( z 0~ z~~~,y 0 ) — f(z01y 0) — N(z0lH0M0,

H0V0H~ + V
~
(0) +

- 
- 

0 f(z y0 1)
L0(z ) f(z0Jy 0”O)

5 
~~~~~~~ Assume we are at stage I. Then use Eqs. (25), (19) and

(14) to compute f(2)(xk l lz
k_l

,Yk),f
(2)(xklz

k_i
,Yk

) and

respectively . Also determine p(v1)
5 from Eq. (13). As before, only the means and variances

need be evaluated for the Gaussian p.d.f . ’s.

~~~~~ Compute L,,~
2
~~(z1) as well as decide on y1 using the test

S (10—a).

.ttt~...i Obtain ~~~~ and V~
2
~ (I) from Eqs. (27)— (30) and store

for later use in the next stage.
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~~~~~~~ Setk— k+l and go to step 2.

$ In contrast to the D—D scheme, the estimator structure ie

independent of the decision we make about v1 and, at the same time,
depends only on the first— order statistics of y1. As a consequence

of the first fact, we expect the mean squared estimation error to

be less for the linear LMSE scheme than for the D—D scheme. Further,

the second fact suggests that, by incorporating the higher—order

statistics of 
~k 

into our estimator we may be able to obtain even

a better estimate. This is the case for the scheme to follow.

C. Mean—Squared Error Nonlinear Filtering (Approximate Non—Gaussian
Filtering) —

One may visualize the preceding scheme as one in which the

parameters required in the Gaussian approximation of

are obtained as the solution of the following problem:

mm EC (x1
_x~~~)

TQ(x1
_x~~~))

Xj~~~~~

subject to x~f.?~ is a linear function in Zk

Zk = +

• prior of X
k 

= N( . l~~11...1x~~~ 11..i 
V~~ (k~k l) )

prior of TL~ = Pr(y1=OIz
).N(.IO,V~(k ) )

$
+ Pr(y111 ~~~~~~ N (. I 0 ,V

~ 
(k) + Vw

are independent , given 5k—1 — (z0,....z1_1).

It is logical, therefore, that one way to obtain a better

estimate for ,c.~ is to relax the restriction that x1~1 be in the

_ _ _  
‘- :1

- -—— --- . - - - _  

~~~~~~

--
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class of linear functions in ,Y’. Hence by letting th. estimate

of xk range over all possible functions of 5
k we get an improved

estimator which we shall denote by x~j’~ and the corr.sponding
variance will be denoted by V~~ (I). The name Approximate Non-

Gaussian filter, which we give to this estimator, originates from

the fact that we make the incorrect assumption of a Gaussian prior

for x1 which, therefore, results in approximate values for

• 
E(X11Z

1) and Var (x~)z
1), (As before, these parameters are then

used in the approximation: f(x1Iz~
’,y141) — N(x1tM (k).V(k)).) The

derivation of the filter uses a result due to Masreliez (12] and

we give both this result and the derivation in the Appendix. The

resulting estimator for the state is then described by the following

equations:

1 

$ 
— k,k_1~

ck_itk..1 + V ( k ~k•~1)Hg(z1) (31)

V~
3
~~(k) - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (32)

where

v(3)~~~~—1 — k,k_1V a_ u
k k l  

+ G1.1V~
(k_i)G

~~1,V~
3
~~
(o) — V0

(33)

g(z1
) — (1—q )Vj

1(z1—H~~111x~~~111) + qV~~~(z 1—H1O1 1_ 1x~~~ 11_1 )

(34)

G (z
k
)
~
’ (l—q)V~~+qV~~

- } S — (l—q)q((V~~—V~~) (zk
_H 

k 1 l~ ] k.l~ ~~~~~~~~~~~~~~~~~~~~

(v;1_v;’)) (35)

-i

,

: 
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In the above we used the substitution:

q ~ Pr(y1 — liz1)

V1 = H1V~
3
~ (k I k-l)H~ + V (k)

= ~~v~
3’ kIk-l I~ + V

~
(k) + V (k)

Observe that the equations specify an estimator which is nonlinear.

$ This is a consequence of the observation noise being a Gaussian

mixture rather than a pure Gaussian p.d.f. Also, notice that the

filter structure now incorporates the higher-order statistics of

$ (v1) through q, and hence we expect it to perform better than the

previous schemes. Based on the above filter, we get the following

approximation for f (x
~~1lz~~

1,y1
)

C f(x Iz1
~~

,vk) ~~ 
N(.

~
x,
J2~.,kl , 

(k—i))

~ f(3) (x1_1I z 1~~ ,y1) , (36)

and the detection algorithm becomes:

Algorithm 3

steP 1 Start with

f(x0Iz~~,y0) = f(x0) =

f f(z 0l z ~~ ,y 0 ) f (z 0~y 0) = N(zo Hd.to,HoVoH~ 
+ Vv (O) + yo

V
~
(0))

f(z lv 1)

0 Z — f (z 01y 0—O)

$ Pr(y0—l) — p0 = PrCy0 llz°)

C

~~~~~~~~~ :_~~~ _ 
— 

—i_
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~~~~~ 
Assume we are at stage 1. Then use Eqs . (36), (19) and

(14) to compute f (3)(x1_iIz~~~,y1) , f (3)(x1lz
k_1

,y1) and
(3) 1—1f (z1~z ,y1

) ,  respectively. Also, determine

from Eq. (13).

i.tc.~~1 
Compute ~~~ (z

k) as well as decide on v1 using the test
1 (10—a).

i.ti~....j Obtain q from Eqs . (18) and (17), and notice that the

later reduces to
$ 11 — q ~ Pr(y1”O~z )

1— 
Pr(y1—lI Z

1
~~ —1(residue)T(V~~—V~~) (residue )

Pr(y1 01z — )

where the residue at k~h stage — Zk 
— Hk~k,k_l

xk_i t k_l.

$ Next compute ~~~~~~ and V~~~ (k) from Eqs. (31) — (35),

and store for later use in the next stage.

~~~~~ Setk— k+l and go to step 2.

$

Algorithm 3 as well as the previous two algorithms are much

easier to implement in comparison with the optimal detector des—

S cribed by Algorithm 0. To evaluate their performance, a computer

simulation was performed; the results of which are presented in

the following section.

S

S 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
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V. Simulation and Results

S
A simulation study of the three suboptimal detection pro-

cedures was performed. The system model used is described by:

p

where all the vectors are one—dimensional and have the following
p

• statistics :

x0

Uk and Vk are N(.lO.,1,) -
•

N(.LO..V
~
)

• v1 ~ (0,1) with transition probability matrix
• li-a a

P ~~I i-a

S Here V
~ 
and a are parameters which we varied in order to get

different density functions for the measurement noise.

In order to simulate the derived algorithms, there were

three major tasks to carry out. The first was concerned with

generating the measurement sequence 
~~~~ 

which reduced to that

of obtaining the random variables involved. The Gaussian random

S variables were generated using the RANORM subroutine of the IBM-360

Subroutine Library, while the Markov chain, (y~I , was generated
by making use of a random number generator together with the trens-

S ition probability matrix (as described in (13]).

The next task was that of implementing the detection schemes.

S
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Here, a Xalman Filter was used with appropriate modifications for

each of the three filtering procedures .

The last issue to be resolved was that of evaluating the

mean squared error in estimation and the probability of error in

• detection. These two quantities were obtained using Monte Carlo

methods which provided, at the same time, information on the proba—

bility distribution of estimation error at different time instants.

• Specifically we used the following formulas:

ek — the mean of estimation error at time I

. 1 , (i)
N - xklk

where N denotes the number of runs used in the Monte Carlo simu-

lation and the superscript (i) denotes the i~~ sample va lue of

the appropriate random variable.

• (e1—~1
)2 the variance of estimation error at time I

2= Ec ((X
k
_X

kI ~ — E(xk
_x

kl k~~ ~

P 4 E t(x~~~ 
— ~ (i)) — I ~ ~~~~ 

A (f)~~ 2 (38—a)
i—i i_i I

= ~~~~ E (x~
1
~ — — C ~ E ( x ~~~ — ~

(i))~2 (38—b)

• where the last equation follows by simple arithmetic manipulations

and is introduced to simplify implementation. We finally have:

5 error probability — Pr(~1 ,
1

— k ~E3.
lv ,~

i) 
— , — 0 or 1 (39)

_ _ _ _ _  
--. -- -

~~~~~

~-
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Remark: We used a value of N — 3000 as it proved to give suffi—

• ciently smooth curves without requiring excessive computer time.

The simulation study proceeded in two main directions. The

first was to compare the performance of the three detection schemes

S for a specific system and under identical noise statistics. For

this purpose two performance criteria were used; the mean-squared-

error in estimation and the probability of error in detection.

~ P The second direction was to evaluate the performance of each scheme

individually for various measurement noise distributions; in other

words evaluating its sensitivity.

• ResuLt s

Fig. 1(a) shows the mean—squared—error (MSE) in estimation

for the Decision—Directed (DD), the Linear Least—Mean Squared

• Error (LLMSE) and the Approximate Non-Gaussian (ANG) filters,

plotted against time . The variance of the noise sequence (w1
)

was chosen equal to the constant value 10 and the MC had the

S transition probability matrix, P =[
~~ 

g
~]. which corresponds

to a switching sequence (v k) of i.i.d. r.v.
’s. We observe that

the (ANG ) filter performs uniformly better than the (LLMSE)

filter and the latter is, in turn, uniformly better than the
(DD) filter. More specifically, at k—21 the three filters have,

respectively, a MSE of 1.32, 1.47 and 1.57. In Fig. 1(b), we

5 plotted the performance of the three detectors, as measured by

the probability of error. Here we observe their performance to

be surprisingly similar to one another, despite their differences

in state estimation. Thus, the value of the error probability

at k2 1, is approximately 35% for all three schemes.

S I
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Figs. 2(a,b) show the performance in estimation and detection

for the three schemes with a di fferent choice of the transition

p probability matrix ; P =[

~ ~
]. Obviously our switching sequence

in this case is no longer i.i.d. but rather , a high ly dependent

one. Nevertheless, we obtain a performance similar to the pre—

vious case with a MSE value of 1.35 for the (ANG ) filter at

k=21 and a probability of error of 44% at the same instant. Thus,

the dependencies in C v1) seem to bring about an increase in the

• MSE as well as in the probability of error. It also resulted

in oscillatory transients that lasted for 10 time steps in the

MSE curve and for 16 time steps in the probability of error curve.

p We next examined the effect of V , on the performance by

changing ~~ to 1.0 and keeping P at[~1 g:~]i.i.d. case). The

results obtained are depicted in Figs. 3(a b). We notice that

p the relative performance of the three schemes is similar to the

4 case of V
~
=1fl.O, and that the effect of reducing V~ was to reduce

the MSE to .73 for the (ANG ) filter and to increase the probability

S of error (to 45% in all three detectors). Furthermore, therç is no

appreciable difference in the MSE for both the (ANG ) and the (LLMSE)

filters, while the (DD) filter has a NSE which is higher by only

• .03.

We now turn to the sensitivity analysis for each scheme w.r.t.

the parameters a and VwU The results are shown in Figs. 4,5 arid

~ S 6 which give both the MSE and the probability of error for the

(DD) , the (LLMSE) and the (ANG) procedures, respectively. As—

suming a symmetric transition probability matrix, P =[
i.~~ ].~~]‘

- S we increased a from 0.5 to 0.9 and then to .99. The effect was

as follows:

- S

- -- -_ _ _ _ _  - — — ------—- .- - -—----- -
-— - - p 
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a) for the (DD ) scheme, the NSE increased with the increase in

• a. Moreover, oscillatory transients were observed for a— .9

( 

and these oscillations persisted for a— .99. The probability

of error also increased as a increased with sustained oscilla—

• tions for a— .99.

b) for the (LLMSE) scheme, we have a similar dependency on a as

in the previous scheme. However, the MSE for a— ,99 oscillates

* 
about an average value which is approximately the MSE for

a=.9, (this bias was larger for the (DD) scheme), and these

oscillations have smaller amplitude. Further, the probability

- s of error did increase as a increased, with that of a— .99

dominating the probability of error for a=.9 (this is different

from the (DD) case).

c) for the (ANG) scheme, the general features are similar to the

previous two schemes, but with the following distinctions:

the MSE for a=.99 oscillates about an average value which is

f 
~ less than the MSE at a— . 9, and both the oscillations in the

MSE and the probabili ty of error have amplitudes that are

larger than those of the (LLMSE) detection scheme.

Finally, we investigated the effect of V , by reducing its

value from 10.0 to 1.0, while keeping a fixed at 0.5. The re—

sulting MSE’ s and probabili ty of error ’s are shown in Figs. 4—6,
in which we observe a common property ; as V decreased the MSE

also decreased and the probabili ty of error in detecting y1. in-
creased. We will give an explanation for this behavior as well

as other observations in the next section.
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VI. Discussion of Results and Comments

We shall attempt to explain some of the observations made
p

in the previous section, starting with the relative performance

of the three procedures. The results showed the (ANG) estimator

outperformed the (LLMSE) estimator and the latter had less MSE

than the (DD) scheme. This comes as no surprise, especially in

view of our introduction to the (ANG) filter in Section IV. It

was mentioned that the (ANG ) filter is optimal in the MSE sense,

• k-iprovided the p.d.f. f(xklz ) is Gaussian , an assumption that

seems to hold as indicated by Figs. 7(a,b). On the other hand,

the (DD) estimator assumes each decision we make about to be
S

correct and determines the Kalman filter gain accordingly. Since

any detector has a nonzero probability of error and in the case

of the (DD) scheme there is an interaction between the estimator
S

and the detector, then we expect incorrect decisions to propagate,

resulting in a degradation of the filter performance.

The second observation is that, despite the discrepancy be-
•

tween the MSE of the three schemes, the probability of error is,

nevertheless, practically the same. This suggests that the use

of a MSE criterion for the estimator may not give the best overall
S

detector and appears to be consistent with previously reported

results (14).

Next we explain the effect of changing a. At a— .5, the

switchin g sequence (y1) is i.i.d. and hence the prior probability

for is independent of the measurements (z0,....z1_1), for

each k. This eliminates one source of error, namely the estima-
1tion of p(y1~i 

— ) .  Another consequence of independence is that

the state and the measurement noise — v1 + become con-
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ditionally independent, a requirement needed for Masreiiez’s

I 

~ 
theorem to hold (see the derivation in the Appendix and Ref.

(12). Due to these two factors, we expect less MSE for a=0.5

than for a=0.9 or .99. Though this seems to hold for the (DD)

p and the (ANG ) filters, the (LLMSE) filter departs from this con—

clusion. For a=0.5, we also found the probability of error to

be the lowest for all three schemes. This can be explained in

terms of the higher accuracy in and the more accurate values

for p (y~)z ).

Finally, we observed that by decreasing V , the MSE decreased

p while the probability of error increased. This is expected since

in general is a function of (Z 0 9 s • U ~~
Z
k

) v  arid hence reducing

— the uncertainty in the measurement noise, reduces the uncertainty

• in X
k I k  

and therefore its variance. On the other hand, we have

Zk = Hkxk + Vk + 
~k~
’k 

and as the variance of w decreases so does

the effective S/N for the detection of 
~
k• Consequently, the

• probability of error increases.

p

- :

S j 
—- .- -~~ I 
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~
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VII. Summary and Conclusions

The problem of sequential detection in a switching environ—

p ment has been investigated. Using the Markov property of the

switching sequence , t
~
’k~’ 

and applying Bayes’ rule we derived a

recursive structure for the Bayesian optimal detector. The de—

• tector obtained gives a rule for deciding on the true hypothesis

in a situation where the underlying hypothesis switches from one

stage to another, according to a state transition probability matrix.

p Since the actual implementation of the optimal detector re-

quires numerical integration of p.d.f.’s, there is an obvious need

for a more practical procedure. We undertook this task by approxi—

• mating the prior p.d.f. for the state with a Gaussian density whose

mean and variance are computed recursively. The three suboptimal

schemes that we proposed, name1y~ the decision-directed procedure,

S the linear LMSE procedure and the approximate non-Gaussian procedure,

were shown to be much simpler and easier to implement than the op-

timal counterpart. Moreover, the simulation study showed the dcci—

• sion—directed approach to be the least satisfactory while the ap-

proximate non—Gaussian was the most accurate.

An immediate application of our results is in “target tracking

S in a multi—target envionment.” Thus, if a sensor is tracking two

targets with the same state equations but different observation

models, then our results provide a procedure for sequentially dis—

• tinguishing the returns of one target from the other. These assump-

tions can easily be extended to more complicated situations. For

instance, if the two targets have different state equations, thus
S making the model more general, we can readily modify our results

by using the appropriate p.d .f.’s. Further, when there are more
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than two targets, the derivation can be further modified by letting

• ~k 
assume values in the set (0,1,...,K—1), with K the number of

targets under consideration. In this case, the detection problem

becomes a multiple hypothesis problem with slightly more compli—

cated equations. Finally, since in practice we may be interested

- - in optimizing both the decision and state estimate, we may do so

by assigning costs to each aspect of the problem when initially

formulating it. Such an approach was first proposed by Middleton

- and Esposito, (15), and is expected to yield a detector—estimator f

structure which is a compromise between the optimal estimator of

Ackerson and Fu and our optimal detector.

is F

I
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We now consider the assumpt ions and conclusions of the

above theorem and see how they apply to our problem:p
1 — Masreliez’s theorem gives an expression for the conditional

mean estimate, E(xklz
k), which is at the same time the solution

to the minimum mean—squared error problem:

mm E( (xk
_
~k)

TQ (Xk-xk ) I  Zk ) • ~ ~~ p.d.

X
k

• subject to

~~ 
(xkl ~

k_I 
= N (X

k I ~Ck 14k~
f~ (n I z ’) — is an arbitrary p.d.f.

Xk and are conditionally independent, and

fz(zkI~~~~~
) is twice differentiable.

- 
5 This can be easily seen by expanding the quadratic term in the

A
cost function and differentiating w.r.t. Xk.

2 — By making the assumption, as we already did in our problem,

that f (xk l~ z
k 1 ) N (xk_ 1I 3ck_ 1t k_ 1,~

? (k—i)), it follows that

f (x k I z ~~’) — N(xkt~ k,k_l~k...l,k...1.
V (kIk_i)). Therefore, the re—

quirement of the theorem that the prior of Xk be Gaussian is

satisifed.

3 — If we can show that xk and are conditionally independent,

p and bearing in mind that Zk is actually a Gaussian mixture and

hence is twice differentiable, then the remaining requirements

of the theorem hold and we can apply it to our problem.

p Let us now check this last step.

_ _ _  ~~

-

~~~~
- ..--

~~~~~~
- 

_ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Appendix

• Derivation of the Approximate Non-Gaussian Filter

In the following, we shall state a theorem due to Masreliez

(12) ,  which is the basis for the derivation of the approximate

non-Gaussian filter. We will then compare the conditions of the

theorem with the assumptions for our problem and obtain the re-

sulting filter equations.

Masreliez Theorem

Let
Zk = Hkxk +

P where

~~ 
(X

kI z~~
1
i = N (xkI xk,Mk)

f~ (~~I z ~~’) is arbitrary p.d.f.,

Xk and are conditionally independent,

and
f(zkI z~~

1) 
~ !~

dxk~~
(zk~~~

xkI z~~
1) 

~~ 
(x~1 ~~~

p R
is twice differentiable.

Then,
A A kxk~~~ECXkIz )

-
. 

= + M,~H~g (zk )

where k—i—6f (z.fz )/~z~Z (A-i)

~ 
Z~~ Z-

and
A A T

~k ~ 
Ef (Xk-Xk) (xk

_x
k) 2

k
)

T
— M~ - M

k
HkG(zk

)H
kM~ 

,

where

(A-2 ) 

~~~~~~~~~ 
-— 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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By definition ~~ Vk + yk~
nIk• Hence:

f(Hkxk,?%~Iz~~~
) = f (H

~
xk.vk + ~~

wkI z )

= f(vk + 
~k~

1
~kI 2 )  2 ,’~k 

+ Ykwk)

The last term on the R.H.S. should equal f(H x~~z~~l) for con-

ditional independence . We can write it as:

f(Hkxklz
k_h

,vk + YkWk)

f(Hkxk,z SV k 
+

f(z ,Vk +

k i  ki
= 
f(Hkxk,z ,vk,yk=O)+fWkxk,z - .Vk~~k~Yk)~~~

f(z
k_l

,vk,~t
k=0)+f (z

k_l
,vk+wk,Vk=l)

5 
= 

f (vk)Pr[yk=0)f(Hkxk,z
u
Iyk=0)+f(vk+wk)prfyk=1)f(Hkxk,z

k_h
I~
,
k=1)

f (vk)Pr(~k
=O) ~ (z

k
~~1 

~k
—°
~~~ 

(vk+wk)Pr(.lk=l)f (z~~~~~k
=l)

— 

f(vk)f(Hkxk,z )+[f(vk~~k
)_f(v

k)]Pr(yk=1)f(Hkxk.z
k
~~Iyk=1)

f(vk)f (z 
— )+[f(vk+wk

)_f (vk)]Pr(~
.
k=lJf(z~~

[ f(vk4wk) Pr[yk=1). f(Hkxk,z
Jc ]

Iyk
lIcl)

f V
k E Pr (yk)f(Hkxk,z~~ t ’

~
’k’

— k-i~L— f
~~~

xk ~ r k-if(v 4w ) Pr(’q =lIf(z I’i =1)

• r f ! Pr (yk)f(z 
—

L
It is evident from the last equation that and are NOT con-

ditionally independent, in general. However, if either
f(vk+wk)/f(vk) is equal to one or the ratio of the joint p.d.f.’s

S

* ——~~~~ - - - - - - -- - -

L _, . -~-- -- - -.~~~
_ ‘-~~~~~~ ~~~~~~~I , ~ - - - - - - - -.-~- - - - ~~~~~~~ ---i—- - -—
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in H
~
Xk and 5

k—1 appearing in the numerator and denominator

are equal, then we have conditional indep.ndence. Therefore ,

in applying the theorem to our problem we make an error which

depends on how closely the above conditions are satisfied.

The Approxjmate Non-Gaussian Filter for

An inspection of Eqs. (A-i) and (A—2) shows that the filter

is determined once the p.d.f. f(zklz ’) and its derivatives are

evaluated. So we begin with

- H
~K
xk 

+

where

f(xklz k~~
) = N(,

~kI~ k k_l~k_ltk_l 
, V(kl k—l)),

and

f (
~~Iz~~

1) — f(vk + vkwkk
k_l)

— (1_p).N(;,~I0
,V
~
(k)) + PSN (~~IO ,V (k)+V (k))

where we substituted p for PrC yk=lIz~~~
3. It follows, therefore,

that

— (l_p )
~
N(zkIH.~

Øk k_1~k....1~k_l 
, H

k
V(kl k_1)H + V

~
(k))

+ psN (zktfll
~
Øk k_l~k...l;k 1 , HkV(kI

k_l)fl
~ 
+ V (k) + V (k))

—ì C ~M) ’~
’V 3 ( ) I ( 

_~)T~J~l ( )
_ _ _ _ _ _ _ _ _ _  2 k

in I in
(2w )2 1V 11 (2w )2 1v 2 1 (A—3)

flar. we used the substitutions
A

IL — Hk k,k lxkl I k-I

V1 - HkV(k 1k4 )H +

V2 - HkV(kIk_1)h4~ 
+ V~ Oi) + Vw (k)
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By differentiating Eq. (A—3 ) w.r.t. 2k we get, after some

algebraic manipulations:
k-l

- 
- 

~f(z z )/~z— 

f(zktz
k_l) 

k

-~ 1 • 
— (1—q)V~~ (2k—Il) + qV~~ (z~—~) (A—4 )

t where
I 2 2

~ 
e41 k~~~V

1 —

P q —  2 (A—5)

1 + 
~~ I”21 

e4(fl2k~~1I~ç1 — IIzk-MII~~ lJ

p Next we differentiate g(z~) w.r.t. *..~ in order to get G(zk)
ag (z)~~G(zk)~~~~~T

. 5  
—i 1

- (1-q)V1 + qV2

— (1—q)q C (v;
1_ç’) (zk~

1.L) (zk
_sa)T v;

1—v~
’i (A—6)

While p = Pr(yk=1lz
1
~~
’) is the prior probability of 

~k 
given

q is in fact the posterior probability of 
~k 

given This is

seen as follows:

P Pr(V _112
k_]
)f(2 2k—l~~ —i)

Pr(V uilzk3_k Pr(yk_OIz
k_l

)f(zklz
k_ 

•~k
0)4.PrCyk~~

Iz )f(zkIz ,yk=1)

~~~ 5k—i ~ —1
~~~~~ . ‘k ’p i—p f (z k l z k_l ,y k_ O)

k—I

~~~~~~~~~ 
‘2k~~ ‘~

‘k
i—p f 

~ k’ 
zk4,ykulo )

• i-I 2 2

j~~ .j
~ ’~

j  e4hII 2k It 1v 1_II Zk IhI vj l J
— 2

— ~ 
+ r!~ 1~~1’~ 

~~ 
(IIzk MhI~ç

1_flzk_sltI~,~i1

- ~~~~~~~~~~~~
- -
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We conclude th. above analys is by noting that the filter equations

just derived reduce to the familiar Ka].man filter equations for

the special cases, p 0  and p 1, as one would expect.

I,

I-

- p

I

I

p
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