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ABSTRACT

The P6lya pr ’cess , in which the occurrence of one event

affec ts the time of occurrence of the next event , was s tud ied

as a poss ible descr i p t ion of the cl uster ing fo und in submarin e

echo structure .

T h e o r e t i c a l  d e r i v a t i o n s  of the properties of the P6lya

process ar c prese n ted , fol lowed by experimen tal results obtained

by a computer simulated model.

The P~ Iya process has been found to be approximated by an

ensemble of Poisson proce sses wit h random mean , wi th pronounced

cl uster ing appear ing  onl y in the ensemble. This representation

makes I t d i f f ic u l t to employ the proces s in the stud y of echo

structures. -

INTRODUCTION

It was initiall y thought that a clustering formation in echo struc-

ture from submarines mi gh t be described b y a Pol ya process , in which tht

occurrence of one event affects the time of occurrence of the next event -

(leading to a bunching of events more pronounced than clustering due to a

Poisson process).

The experimen ts performed , using  compu ter simu la ted P~ Iva processes,

show that the process is a non-ergodic one . Parameter estimation is thus L
very diffic ult unless an ensemble of sample functions Is considered . A

mode l for the Polya process was found in an ensemble of Poisson processes

wi th random mean.

I
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Most  s i g n  t f t c  an C was t lt~ d i  scove rv t h at  t h e  c l i i  st er I ug t ’ t Ice t o

t h e  pro ce ss  I s an ensemble r at hi’ r t h a n  samp le func t t on  p roper  t v • h u t  s

t h e  p roc es s  would  hi ’ d i f f i c u l t  t o  emp loy p r a c t i c a l ly  in  t h i s  p h v s i ~ . i l

~- i t  ~t :U Ion .

Fht ’ model  con s  i st i n~ o t an ensenitu l t ’ of Pot  s son proc ess~’ S 1 s app 1 —

ca b l e  as t h e  t in ic  and numb er  of event  s become large ( u s u al  iv N ~ 100

• ‘‘~ .- ~c s~ . Uei.’ - vt ’r , t h i ’ f t i-st se5mt ’nt of any one samp i t ’ fund ion , w h i c h

~ m a t  ~ ~-d by  p i -onounceti  fluc tita t tons in twean . could cont a t  ii use fu l

i i I ~’ i m a  t IOn and i s st iii under s t udv

t h ’~ re t  tea l di’ i - i  v at  t o i i s  of  t he v a r i o u s  c h a ra c t e r  st  i e s ol t h , ’

l’ t~ Iv  a p r o c  i’S a re  I i t - S t  d i  scus tied , f o l l o we d  1w expe r intent al t e s u  It s

oht at ned t h rough compu t ci ii t win ta t  Ion. Tb i s paper i s i n part an e’ I .iNoi —

i t  t on o t ¼ otio l l v  ‘ s ~ ~~ rk .

U R N  ~I Of lU1

Tlit ’ l~1l ~~ proc c 5$  i S 1110 St ci  ‘a vi V t n t  roduc i’d 1w cons i det- t ug i i

the di se i c  e s it  uat iou r ep resen t  ,‘d 1w an u rn  ns~di’ 1. r
Front an ui-n ba~- ing h black and w wit i t t ~ hal is , OUt ’ l’a 11 is drawn

at random . I t  I s ret urned to  t h e  u rn  wit Ii s balls of t he ~o lo r

ch oct -n . liii ’ prohab i  l i t  v of a p ar t  t cula r color be tu g  d i-awn t h u s

Inc least’s each t (me t h a t  color i s  chosen .

liii’ pr ohahi  l i t  v of d raw i n g  two su c ce ss  I ~e b l a t -h h a l l s  i s

I’ b + s
h + w  h + w + s

R.~ I t ’ re ulce  5 are  list ~‘d On ~a gi’ S S .

— -~~~~~ -~~~~~~~ . —- ~~~~~~~~~~~~~~ - .. - ~~~~~



and , in general , t h e  probabilit y of choosing , out of n drawings , n~

bl ack halls , and 
~a 

wh it e halls (where 11 n~ + n3) is

b t h ~ s~~... Ih -~~ 
j ’~— T  s) w (w  + s)...(w + n~ — 1 s)

~ w) (h + w + s) . . . (b + w + n - 1 s)

I f  e n ’  defines the s t a t e  of the system as the number of black

hal ls drawn and denotes a system having k black balls by Ek. t hen

th e prcb ab iLtt~’ of the’re being a transition from state E
k 

to E
k+

thuat  t h e’ (n + 1) t r Ia l  i s

b + k s  
_ _ _ _ _

b + w + n s  l + n ~~~

whert’

b
~ b + w

S
h + w

Let drawings be made such that each one occur s in time h where

h — t/n and let h - 0 while n ~ so that np - Xt and fl ’y •. aXt . The’

factor  a can be considered a “contag iousness” factor and is equal

t~ 0 for the Poisson process. In this limit

p + ~~~~~~1 n p + k n~~~~I~~ t + k a Xt ) t ( l+ k a ) hl + n ”y i-i l-s- n’y n l + a Xt l + a X t

— ~~~~~~~~~~~ ~~~



Letting k = n where n 0, 1, 2.. .and replacing h by At gives

~ (t ’ At 
X(l + anj 

At
n / — 

l + a X t

and b ( t) At expresses the conditional probability of an event (in lieu

of drawing a black ball) during the time interval At after n events have

occurred during time t .
2

Th us the trans it ion probabil ity in the Po’lya process depends upon

the actual state of the system, a situation described in the following

two pos tulates:

I. Direct transition from a state E is only permi tted to F
n

2. The probabili ty that during (t ,t + h) a transition occurs from

E to E
n + 

is [
~ At + o(h)j  and the probal~ility that more than one

transition occurs during this interval is o(h).

CONTINU OUS SITUATION

In time (0, t + h), n changes can take place by having n changes

occur in (O,t) and nome in (t, t + h), ~r having n - 1 changes occur in

(O ,t) and one change in (t , t + h). The probability of having more than

one change in (t , t + h) is 0(h). Letting P (t) denote the probability

that exactly n changes occur during a time interval of length t , and

P(t) the probability that no changes occur in this interval , the

following equations can be formed :

4 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~ ‘ .



S.-

P(t + h) = p (t) (1 - ~~h) + P (t) ~~~~h + o(h)

P (t + h) — P (t) ~ hn 
h 

n 
= - BnPn

(t) + a~~ P~_1 (t) +

therefore

p ’(t) = - Yn
(t) + 

~~~ 
p (t) (1)

P ’(t) = — ~~P (t) (2)

Equation (2) can be solved giving

CONST
p (t) = (1 + ax~5 1/a

Using the initial condition that no event takes p
lace at time t 0 ,

it follows that p (O) = 1 and

Ip (t) (1 + axtj/a 
(3)

The solution of Equation (1) for P1(t) is then

p1(t) = 
(1+ aXt)

1
~~ 

(4)

with the integration constant chosen so that P1(O) 
= 0. By induction

it can be shown that in general
3
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— - ~~--  --- -..--.-—-~~ -

P ( t ’) 
X
n n

(j~ + a) (1 + 2a). . • (I + n - I a)
Ii 

uu~ (1 + aXt  ) fl+1 /a

t he prohahi l i t  v dens it V P1 ( t ~ 
) of  bin’ ing  eunl ~’ oUt - e v en t  in t h i ’

¼ 0 , t ) tt ’ t t l t  t i m e - o f oc c ur renc e  t 1 is ( s i c A p p e n d i x  A)

-. - /
(1 + . l \t )~~~~~ 

‘~

Iii i s dens it v i s un i to i-ui and i nde ’pendt’nt of t ~ i t  depends on lv upon

he’ t o t a l  t irne he in~ eo ns i d( red . rhu s thu is event can occur at any

t indom t imt’ t w i t  ii in t w i t h  un i fo rm pt -ob~tb i l i t  v . in gent ’ i-a l

p It 1, t~~,...t ~ — 
X~(I + a) (1 + 2a)...(1 + n — I ~t)

n ( I  +

the’ proh.ihi Ii tv of h a v i n g  n events  occur anywhere in t h e ’ in te r—

v a t  (0 • t ) i s  t hen  (See Appendix B)

P ( t)  = dt 1 
~ 

~~~~~~~ p(t1, t~~.. . t~ ) dt

~
n

~~
n (1+ a) (1 + 2a) . . . (1 + n - 1 a)

n~ (1 + aXt)~~~
’
~

whi ch has been found earlier ~Equation (5fl as the solution to

Equation (I).

I.,

-a “
-a- -
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Cons i di’r now P 1~ 
(t 

~ • t 3 , . . . t ‘) , the p r o b a b i l i ty  t h a t  ii 1

ev e n t s  o c cu r -  i n  t itue t , t h e ’ 1:1St e’vent  o c c u r r i n g  at  t tic ’ c’nd of  l iefl+ I.

tnt ~‘rva  1, t n t  t ’$ i-at i ng vi thu rt’spt’c I t o  ~ , t ~ • Ove r t be t  r rangt ’ s

‘ .11 t e s i t l t in

.1 ,t
Ii ii iid t ,  I c i t — ...  p ( t 1 C , ,  , , . t ‘1 dt. 1i+~ 

• ui+- n— ~
U— -~

-\ ~_ l + a~~~1 -~- .-a ) . ..~~l + na) i-i

~ 1 + a \t  
1+~ +• :1 

( u-  l~

wit t ch is the io m t  prc ’bah i lit v de n s i tv  that the n~ 
h 

t ’V e f lt  w i l l  cc ~~ I LU

C l i i ’ I I I  C c ’ i-V:l 1 (C • t + d C )  ari~l t h e’ (ii + 1) 
thu i n  the  i nt  ~‘ i-va 1

(t  + . 1 + + d ’~ , de s p i t e  the’ p ar t  icular time s of occurrence c i

the pi~e’v toi lS even ts . integral ing w i t h  r e s p e c t  to t Oyer i t s  l a n g e

j~ ,-“~~ will g i v e  t h e  probahi l i t  v dens i ty  of . t h e  i n C  e rv a l  b e t w e e n

th Cli -C l t e ’ it and (ii + 1 ‘1 e v e n t s . Rt ’p lac in~ t by t + and t n t  e~~i a t  i
n -

~ 11+1 U — i .\ (1 + a)... (I + ti:i ) ~ n 
_______________

~( — dt —
- l~~ ~l + a\ t  + a \T ~~~~~~ 

a n 
(1 + 

:1

which is  indep endent  of n . r

The i-
th moment of t he di st r I but  ion of -r i s g i ~‘eut by

r r 
________________— I g(T )  dr — d~F - J 1+1 8

0 o (1 9- 8X T )

— 
- 

r !

\
t (1 — a’h(l — ~~~~~~~ (1— i-a ’l

-
~~~~~

--
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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with the restriction that 1/a > r. Thus the mean value of ¶ is

— I
X( l — a) a < I , (11)

and the variance is

1 
, a < - ~ (12)

X2 (l — a)
2 (1 — 2a) 2

CENERATING FUNCTION

If P (t) is the probability that it events occur in the time interval

(0 ,t) then the generating function is

P(x ,t) =

~~~~ 

x
n 
P~(t) (13)

By differentiating P(x,t) with respect to t and using differential

Equations (1) and (2) which define the Pchya process one obtains

(l+ aXt) + Xax(l — x) ~
P(x ,t) 

= X(x — 1) P(x ,t) (14)

The left-hand side represents the derivative of P(x,t) in the direction

((I + aXt), Xax(l - x)). Thus, along the curve described by

~~~_ Xax (]~ -~~ç) 15
dt 

— 
l + a X t

8
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-- ~~~~~—- - -~~-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

P(x ,t) will satisfy

dP 6P~~~~~~~dt X(x - 1) P - P  16
dx bx ôt dx >~ax(1 - x) ax

Solving Equations (15) and (16) simultaneously with P(l,t) = I will give

P(x,t) (1 + aX(l - x ) t )
_ h / a  (17)

The mean and variance of n are:

8P(x~ t) = XtE(n) = ôx x = 1

Var(n) = 
62 P(x , t)  

= ~ 
+ 

5P(x 1 t) 
=

( 8P(x , t)
“—. ox x = 1 )  (18)

= a?~~t~~+ Xt (19) H

Thus, the mean number of events, for an ensemble average, in the

time interval t is X, which also is the mean for the Poisson process

having Intensity X. However , the variance is larger than that of the

Poisson process.

9
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CORRI ’ i A Ut ON OF IN UERVALS

An t n t  c i  i ’ s t  lu g  c o i i e l i i s l o t t  i s  t h a t  t l ie  e o i i e l a t  t on  ~ee1 t i c  t en t  et

we I I nt~ ’ I i t t  ci  va I I s a • 11 :i

l i t  ‘ ~e i i  c h a t  I ott  ~ e - I I Ic l e n t  o f  and ¶ I
I nt- i

t O v i , T T ~ 1- ’ ( T  i — i~~~i ) l-~,i ~I n-f- i i i f  1
0~~~ - - - - ---- - - — - — - - —  
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- —- -—— —

~~~~~~~~~
-
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1 1 + 1  I i i -i

i t  I , t t i i  I t S  ~‘I  el i t ’I IS  I v  i ’e , ’ i t  I eund !- ‘~j t i : t  I i o t i s  ( I I ‘~ , i t i , I  ( I ‘ ‘I I

- 

~p I I I I ‘I • iii I $ I ‘t • ‘~~ ~ 
I i ’ ‘t~ t’il :1 Il

I 11+1

1 ‘
~ — I I I p1,1 T ) 11r ~li

~ 
iii I i t t  1 ti -f t f l 4 t

0 0

the i’i eI’ah t h i t  v t lett~ I I  V (niuc t t on  
~ ~ 

-r 
• T

n-+ 
‘) of I lie I i~ c ’ I I t t  • ‘ i va  I s

and s found f t - t urn h~’ p ,t uh:ihu t i l t  v dens I t v finue I I on ps, t • T • C • i ‘1
11 4 1  I I ii iii I

hu:;t t lit ’st ’ I i t t  (‘ i-va  is fo i l  ow I lie pa rt  ten ta r  t 1iue~ I and C

— 

~t 
i 

~~~ ç
t 

i t~ . . . ç
t 

~l t
1 1  

c i t
0 I

it 
p ( C  

~ 
, t ~ .. . . •~~ ii ~ T

n4 ~ 
) cit • ‘ •

‘

“ — - I

wite i r t ~ • ~ • .  . . t • ) I s t li t ’ n it  I t t ’ i-rn tiens It y of 1- ihti at Ion (

1 0

-
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Suhst I t u t  tug In each ter n i  greate r t i t an  t tin’ variable

C ’ — t  — — t
I+~ .i+a I .1

C
l 

— t  _ 1. - C
J+a I+a i . 1

~ lvi’s (se t ’ App endix  II)

t (t — — t )
It~ j _ ~ t

p ( t
1
, ¶~~, t 1 , T

9-
) - (j-1 )~ (ii - j - 2)~

p(t 1 , t~ ,. . . ~~~~~ . L + 
n+) (~‘ l\

InC egi’at lug t
~ 

front 0 t o  (C  — ) and then t from t o  v i i ’ his

p ( T  ‘r ) — 
X ( 1  + a)

1 11+1 (1 + :i’c ( T  
i
+T

n+i~~~~ 
Id

Tb Is r ’su It is lust t hue dens ity  of two event s lit t lie tn t  t’ i-va I

4- Equat ion (7) and exe mp l i f t  es Ciii ’ I ndepeudc ’nc c’ of t t i t t i - ( see

App endix A).

integrat ing Equation (21) t hen g ives

E ( r , ‘r~9-
) — ~-r ~ ~ ~ 2a~

11
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C o m b i n i ng  t c ’riii s g I V i ’S C l i i ’ t o  t i c  La t ion

1 1 1 1 1—
~~- ‘ ) i ) _ l _  ) V ’V ‘1 — a ‘1 — 2a • \‘1 — a -

— a , i f  a ‘-- --

I ~ 

-

G ENERA i i  NC l’O i \ ’A PRO CE SSE S

I ~ ~~-n ~-~ at  ~
- a l’c~ I t a  p r o e t -s s  i t  i s acivan t ageous  t o  u t  i l i , • t ’ a tttt ’t h o d

~~t t-~ - t i  by  Co t to  I Iv . - 
it it e v e n t s  tu ,tv ~- ~‘c c c i i  red i i i  t h e  I line ’ i i t t  ci

0) , • ~~~~~~ t lie t oni! i t  i on a l  prolu~ib i i i I V I t ’ i  t l t t ’ (Ii  + I ~ I i i  
c ’v e i i (

oc~ i i i  i i ng  i n  i n t t ’ t v a (  (C , t -+ c i t  ) i~ i
i i + t li-f l

i~ ~t , t • . • t )
11+1 ~ ~~~

- 11+1ii (1 t 1 ,t~ ,. . t )  — l)
~~

(t i • t~ ,. , . t )

~( 1 + na) (I ~~ ~l~~t )
h1+l

~~~~

(1 + aXt
9-

)~~~~~~~

File ’ cond i t  t o n a l  p i-ohahu j u t  v den s I t y  of  t i t e ~ çn + 1’I t n t  c t\ ’ a 1

X( 1 + na) (1 + a \t 
~~ 

/a
it ( T ~~t t~ . . • t ) — 

I
1 

(1 + a\ i  + i \ T Y I + 1 1 /a

wi t i c i t  • when t n t  eg I -at  i’d he t weoti  0 and 1’ , ( l ie r ange  of ¶ 
• becomes

1 4 a X t n - i t/ a
II (I’~ C 1 , t~ ,. . . t )  — 1 — 

~ + aXt
U

+aX~~

12
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1’Iue (n + 1) tlt interva l ‘r
~~ 

can be romp ut i’d if -

( I t  t , t g • . t)) Is rep laced by one of a sequen ce of random numb ers (R)

u n i f o r m ly  ( I lSt r thn t e’d ovc ’ r the ’ interval 0 < R < 1.

1 4 aX t  l i f t / a

= L ( +0)
- 1 * aXt +, i \ T  J

It It+t

to show C hat t hi s p roe’ ~eiu i-c’ is  val i d • con  si dt ’t a random va r iab le

w I th  a t i n t  f o r m  di  5 Cr  ibut ion between 0 and I • It is nvci’SSa rv C i t

~ i nil a t i-an s i tu i mat i on f unc t ion C whi t cit t tans forms x tn t o ano the r

r~ ndorn var ia b le ‘ wi th  t u e  t-equi i- ed p r o b a bi l  l i v  densit y p
~
( T) ot  Cl i i ’

‘ tex t  m t  c’ it’ a l

II t he i c ’ ta t  j o lt T — G(x) is de f t  n ’ d , t hen the C rans I o imat t ‘n

r ela t t on s  ar t ’

F ( )  - x - — > G(x) =

H

The ri ’ 1 at j o t ,  hi’ t wt’en p and p 1. 1 s found in t lie following matun e i

F -Q H
P(x % 

~
) — l’x (

~~ 
dx

0 ’

- 

~ T : ~~~ 
p (x(~))~ ~~ d - P T

(1.) d 1.

I-i 

i i  

0

L - ~~~~- 
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(lie i-c’ to  i - c

— p (x ( r ) ) j  fti

, (‘I ) ! d F ( T )
1 1 di

p (T) (I~ — F(T ) — x

l i n t  s , Cl ue  funct io n C h a t  t ans [o n u s  th e  t -andom variahi ‘ x w i t  It

t I l l  (01111 cht ’ l t S t t V  i n t o  :i i-aitdoni vari:ihle 1. wi th  dens i ty  p (’r ) is t ue
IV t I S i ’ of t il t ’ d is t r i bu t ton function of  that 1

Ft om Eqita t ion +0) a set of i-e cu I- I-cut e q u a t i o n s  I s formed wit hi

i t  h T t’an h~’ ~t’fler.it • ‘d .

1 1

R

- 1, 1 1- 4
I + aXt

— 
j~~ ( - 1 — a \t

n+t a\ ~
_ a n - ( ~~

‘‘
~

R an+ 1
ut+ 1

w i t h i  t t + 1
ii l i — I  Ii

i ’htt ’ Vol t’a proce ’ss is lien Clii’ sot  01 t h ese success  lvi’ C Inn’

t i l t  .‘l t i lS .
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EXPER IME NTAL RESULTS

Vo l va proc-es Sc ’s we i-c gene i-at ed throug h a e~ ont pu t e’ r s liitu Ia C i  on us

E qu at  ions ( I t )  and ( 1 2 ) .  The’ l i t - st 500 i ’ve ’nt s 01 c’,ic it process w e l j

I \ , t l i i  I iti d - St ’t e  i~~1 I chI ’ i  i -a c  Ci ’ i t  s t  1 cs ot  C i t e ’ ~~i 0 t  i ’S 5 Wi ’ i t ’ st  uch I t ’d I ii u o u g lt

C l ue ’ i i s~ ’ o I g i- a  p its , and C hi’ re s ii  I t s  01  t’a i i  a t i  c t t l5 01 ( l i t ’ ~~ t a m e Ci IS

I intl -\

I i i  l I e ’ t’ i t  was shown Chat  C h i t ’ iutt ’ . i l t  t’,i 1 tie 01 an i i t t  t’ i v ~i I ¶ bi’ - ‘  c~-~ 
I

’
1 1

t’y ’n t ~ is A ( ~~~~ 1 
ai td  t in’ ~‘ari aitce 

~~~~ — )
~ ( 1  — 2a

i t ’s  t i l t s  o I a i t  e x t  c’ltS l vi ’ ntuml ue i ’ o t t i - i a I s  sh ow c leai’ Iv  t h a t  C i t e ’ proc  i’s s i s

non — i ’ r~ od I e~ • IS E t l e ~ ens endi 1i’ mi nis do no C a grec’ w I iii lie sanip I i ’ nit a i t s  -

I’lie i o l l  on -lug t alt 1i Wil t k - i t  shows Cl ue ’ nii’:ins , i t ’ t o ss  sc ’t’ c’r :i 1 s a m p l e ’ l i t t l e ’ C I ‘‘Its

and t lie’ me,lit 01 C lie Si ’ sanup It ’ means w i l l  c I a i - i t v  Clii s non — e ’ t-god jet ~
- 

- : -

As is olw i O ti s I t-ont tht i ’ ~1~i C a  • t he C l t t ’e~re C t e a l  and expet - intent a I t , i i t e s

C t ’itd t o  v- i u t  gi-i’a t lv t i ’ turn e’ae- i t  t ’t hit’ r as Clii ’ C :ic ’ C or :1 re:iciie s S , t i  e I I c ’c C

l i t  - t e ’c’ o rt i a t l c  e w i t  hi the  I at ’ t t h a t  Cli i ’ t a  i-i : I i tC t ’ i iic’ i e - I  S t’s W I t i t  a - h i t ’

v a t - i - i l l c ’ t ’ i s  no 1 onge r a va h id  nie’asu u - c’ i t  a ~~ • S .ind ( lie mt ’alt ho se s i t s

v i l id i t t -  I t a ~ 1 , as t heoret  i~- aI  it~ eac h w i l l  go to  t n t  l i t i t t -  .it thtes~’

rt ’spt ’e- t  l v i ’ v~t liii ’s c it a -
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MEAN iNTERVALS : Sample Versus Ensemble

1’AhILE I A

— 

Samp le Mean of The oretical
a 

__________ 
Means Sample’ Means Mean

.5 1. 11 1 .12 2.8t-
1 .8Q
2 . i) 1
7 .82

_____ __________ 
1 . 5i)

.1 2. 0  .5 1  .51 .71
• 7t-u
• t~ 2
- ii

11

.5 1 .11 1 ,$S

2. 18
10. 78
1 .82
1.15

.~~~ 2 .0 .27 .8~ .8.1
3.08

4q

.5 .87 2. - t2
2.87
2. 1t

1.18

5 2 .0 .4’~ 2 . 3 1  1 .00
.37

8.7  (~‘
1.17
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In alto t lieu expt ’r inieitt t he t a c t  or a was given t a  liii ’s 1:1 F~~,’ u C han .

and 1 .0 so t h a t  t ’ it he i t h e  nui’alt e’ t’ t-ai lane e n~~tI let heo i’c’ C i~-a liv go t o

iii f i t t  t v . the re st ilt s a it ’ shown in i’alu le Ill . h i t ’ t a  l i i i ’s do l’i’coitie ’ 1 au - e~’’.

hs ’i,’ e ’ t e ’ ~ , C hey i~’ I 11 Ili ’Vc ’ I app to : ic l t  i nt l  i t i t  t t i t le ’ 1 0 Clii ’ I i n  i ~‘c ’I I I i i l 5 01

t u e  i \ ~~i ’I imi’nt

F t o rn  F i gu It ’S 7 i t  can be ’ Si ’ en t h a  t tht ~’ sanup lt~ me’ an s app io:icit :1

i t t  t a m .’ ~‘i  v qtu i c klt- - nsua lit- i~i thuiit t hit ’ f lu - st 100 i’vent  s.

liii C 5 1 lIc e t h e ’ Sc’ means :1 re’ u t  suc’li :1 l ar g e ’ spu ’e’ad :iboii t hi’ t ht . ’o i i ’ t c

- C i t e  pau ~intt ’ t e ’ i-s a au th \ cait no t be eli’ t e i-mi it i ’tl I i  om a s in g  1 i’ p l 0 C 1 ’ I:S ,

Mc’ans & \‘ it- i :unC i’S 0 1 l i i i ’ 1 Itt i’ iva  1 W i t  hi
I - at gi’ V a lues  t o t -  F a c t o r  a

FAIILE 111

Siump he S:imp it ’ Eitse ’iti b le Ensc ’mb It ’ l’iue ’c’ t ,‘ t i ~
• :i l iii i’O I,’ t t ,

:1 T’It’ait Va I i  . m e  e 
—_ Mean \ :lr j ~miic i Mt’:mn a i t  ;%il~

- “ -~ / 30 i-i . lt~ l’~8. 1-4 10.0’  i0t~, t’l I’,.ii III I t  n 1
8.1
c~~55 100 .-.

- tI’,• Si
8.2 1 ~t’t , -~0

— _ _ _  -- --- - -— ____ ____ __ --

.0 -~ / 10 2 -
. 2 ’  - hO . 0~ 21 . 5 ’  l~ lIt liii li v I I t i l t  V

t’ . 12 i1~ i i
l$~

21. 81 - . ‘
‘

• ..‘

7 . 2 7 22

Ah’ }tROX1MAVE ?-hOl)FL FVR h~MA’ A h’ROCFSS

1’hti ’ prob ah i i i  t ~
- ett ’ it s i t  t fitult’ t Ion Con ~~~~~, ( i t t ’ mean I -a t  e’ of  in  t ens i t  ~

-

as C tiid it app roacht ~~ , Of t hue I’O 1 V: % Pr0¼ i’S 5 1 $ totiti d i-t v t i’aits to  i III lug (hi’

proba l-t i 1 i C y  dens i ty  p (t).
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p ( t )  - .~~:#

Ii 
ij + ) .~~ ki + i t - i  

~~~Ii 
(1 + a\t) 

+1

l s i n g  C h i t ’ suh st  t Cu t  i o u  C — -
~~ and the  J a c ob i an , 

~~(p~~(~~
) 

~J-~ J p (n)

I •‘ s t t l  C s  t :1

Ii ~fl ii i-i 
-\ 

~
-
~)(-~) (1 + a ) . , ,  (1 + n,t )
P

/ ii ( ..\ ) i+~ / (1 + 
11+1 / (1 + ha )

l’pon entp iov i ng  C h i t ’ idenC it V

U l~t~ -4 — • ( . )
-‘(.

~ + I ) . ..  (~ i i )

~~ (~~~) 1 -~ l-i ,- a \

The mean F,( 8) s

‘
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~~~ a \
— 

~~~~~ ( (
‘1 —j’ ci~ — C, ~~

‘)

Al C bought t l t e~ di s i  t hi t .‘it o f  S i s spread ~mbou t t lt t’ va I i t t ’ :15

i t - i dent’ t ’d by Ft g il l  e s h 2h I -.h , Clii ’ mean vii lilt’ l s

A graph ot t itt ’ p i c ’h’.mh ’ u I t  t t- di st u-i but e t i  of B for t’ai- i otis va l IIi ’S

Ci f .1 i $ g i te n  h1’ low .
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Figure’ 1 — The probabilit y di st u - ih ut ion p~~(B ) f o r  va r ious
va lues of :i

As the fac tot -  a :ipproachtes 0 . Chi t ’ d i s C t-ihut ~Oli appr oaches  t lue ’

singular va lue  of \ , chiaracteni st Ic of the’ P oi ssout  p ro ces s , For l~m i ~~e ’i

va I LIt ’S of a , C lue ’ tnt i’fl S it ii ’S a rt ’ spread about the’ nleaut I lit ens it v

T h e’ mean interva l length 1 — ~‘,in he found by ~‘a ie’ u l a t  ing

p 1(T)  u s i n g
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b ‘ C  ~i (lu ~’ t~it au t a t  e ,t ;ti t hi- ~~~~~ t t i C  t t’ t’ ,u 1 1 e’ngC ii .m g rec ’ W i t  it t~~l i i  i t t

oiis t di ’ i .111 e t~s.~ilt ’ I c ’ ~ C }\t is SOil 
~ roce 5 St ’S , W i t  hi I nt e’n s i t  1t ~

d i  C t  ih ut ~‘ t i , ic  t O  i’d tug Co r’ ~~ ~~ and t h u s  hayIng .1 nte.m in C e’ i ts it v of  \ .

lii L u t e ’ iv i  1 1 engC Its ~ i’t’ ci i s t  i- i bu t  eel by p I, i ’h and t h e  mean i n  t e u t - ~il

~~ \~ t~~ ~~~
li l t ’ lne ,itt inC i’ i-va 1 1 engt hi fo t a Poisson pi-oces s wi t  hi m t  e’ns i tt - \

t, t 1 1 be 1 / \ . bit t , ~i It boug h Ch ic ’ mean tnt ens i t t -  of the’ i’ttsernh Ii’ of  Silt’ ii

‘l ,‘~~ i ’ s S e s  is  al so  \ . C l u e  mc’:mn i n C  e r v u l  lengC ht 0 1 t h e  c’nsc ’mhic ’ w i l l  he

wit te ht is g reate r  t h t ~mn ~. this resu l ts  from Clii ’ spread of

~~ 
~~
‘ a round \ and the f:mc t th iat thit ’ i uwi’rse o f a mean can  be suta lii’ u

- t t ic ’ rn~’ an o I C hit -’ inverse. A s m i e  c’X amp i e~ o I th u I s i s
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Wi le’ re as

1 1 ‘-:: 1
(~~) 1T L. 7 = .112

i=5

C i t e ’ re ’ fore

fltius . Chit ’ Po’lva process cati he’ in terpreted as an ensemble of

i’olsson processes w i t h  intensit y distributed by P B
(B) and i n t e r v a l

length ht- p_ (~~~ - No On e’ samp le function will reflect the character—

i s t i c s  of the Po’iva process , but  such an ensemble  d e f i n e s  it w i t h

good approxima t to ut .

As mentioned in the Introduction the P~ lva process Was initially

— s t u d i e d  to poss ib l y  explain the sonar echo stru cture of submarines. It

was initially thoug ht that th is s t ruc tu re  could he desc r ibed  b\ such

a proc ess rather than by a Poisson process due to the pronounced

cl ustering. This clustering effect was assumed to be inher ent in the

proc ess through the presence of the “con t agiou sness” fac tor ~~~ which ,

upon t he occurrence of an even t , would influence the t ime interval to

the next event , From the preceding resu l ts .  it can be shown that this

c lustering is an ensemble rather than a sample function ef fec t ,

The clustering behavior can be seen by comparing t he Po’lva process .

an e’nsemble of Poisson processes with mean interval length 
— a)

and a Poisson process having the same mean. One would expect to find

a grea ter number of short t ime intervals in the P~ lya process if i t

exhibi ts clustering. Thus, for some T.
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d~ — 

/ ~ 
> X( I - a)~ ~ 

X( i  -a) T dT (-~O~
o (1 + ~~~~~ 

- ‘ o

j i lt  e’ t~~! ,l t  11) 5  ~ i\ ’es

-i in (I -f a\T )  > \( l  — a) I (4 1)

I ‘t ug  th~’ Idelit i t ’,’

bt x > l

.eud t l i e ’ r e s t  r i e t  ion C h a t  a K 1 as the ’ mean is i n v o l v e d  , i t  can be shown

t i u J t  E q u at i o n  (-~1) is C rut’ for

T < 
~~~ - a)

l h t i nlt ’ ,in s t ha t  there will he a gr eater number of P~ 1 a  intervals w i th

v i etc less titan thue me’an titan Poisson i n t e r v a l s , if both processes

It ,i v e -  t ile Sdfl te ’ mean in tc ’ryal valu e 
~~~ — a~~

S o l v i n g  the equation H

\(l + a \~~)
(1+1

~~~~ - a) ~,
_X ( 1_ a )

~ (-4~~~ )

-- — ~~~--— -~~ -~~~ ~~~~‘-  ~ — - - ~~~-——~~~,~~~~~~~~ 
‘- -~~



shows that the distributions intersect at ¶ = • A sketch of
X(3 - a)

the distribution functions would appear as

~ (1-o~ 
~~~~~~~~

‘::~~~~~~~ I —
-

Fi gure 2 - Probability Distribution Function of r for Polya
and Poisson Processes Having the Same Mean Interval ,

wi th the Po’lya dis tribution being larger until at least T = X~l a)’

In B rian Conolly ’s experimen t s, this clustering effect can readil y

be seen. He tabulated the frequency dis t ribu t ion for 250 ,000 intervals ,

in 500 processes , grouped into intervals of one time unit difference . dv

comparison with a Poisson process having the same mean as the ensembl e

mean of the Po’lya process , it was observed that there were more intervals

in a shor t range for the P~ lya process , hence , the clustering effect .

An individual samp le function would not have given these results as

each behaves approxima tel y as a Poisson process wi th random intensity .

Fi gures 8-11 , using various values of a and X , show the prog ression

of sample func tions of the process in term s of the difference T , the

ti me interval between the n
tl
~ and (n + 1)

th even t , There appears to be a

clustering of values which , in view of the above results , repre sen t s

no t the bunching ini t ially expec ted from the Po’lya process , but rather

the clustering inherent in Poisson processes with random mean.
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An i t t  I ~‘rest I iug I tu v ttu - i ant in a l l  o f  t ite gene’ u-at i’d p roce ’ sse s I s t lie

p1 Oel t l t  t of and t i l t ’ mean 1 lu te ’ Interv al ~~ as ii and C become large’.

As sum t tug t hat n anti t app u-oachi ‘~‘ C Ogi’ C i t1 ’ i-

I — C
it 1 -+ an it

t i n — —— = I t i n t
it “~~l - 4 a~ t U

, t e ‘ • I •

t -f ~llt t
1 ti it \ I— i i  In ‘v-
’,
- (,, _/ 

— C ‘ •
‘
~

tt ,t -. .‘-~ 
— + antx

I’ht is h~is be’ ’ut Vt ’ i- i fi i’d e ’xpeu Inu’uC a l iv and re ’slu It s :lppe ’ar in I al’l

h u e ’ c l i i i  ,i~ C e ’i  us i, i~- c-a lt be see ’n h- tv obsc ’rv lug Figure’s 12 — I i  -

It w as i u i i 1:111 V C bought C C hat (i i  I s f i xed  ‘,‘a l u t e ’ pe ’ u h roe’ e’ ss e on Id

ii set h for pa ratt le’ t e ’ i’ i’ s C I mat b i t  , but Ch i c ’ t u-an s i t  Ion i-t robab f l i t  v ~annot

l’~’ found I o i Clue ’ samp le fume C lout hi’ i i t g coits lch i’re ’d .

lit is  t i ’su lC , liowe ’ve ’t , clot ’s f u r t i t c ’t’ suppol’ t the ht~’pett hte ’s is  t huat t In’

s~1mp he f e tu i c  C lo u t  is ,i Po I ssoei p t o c t ’sS w it Ii t-andoni mean. I’hte ’ pi’odutc I

— (

I -u c i t  l i lt C e ’ t 1  s t  I c  i t t  C i t e ’ Pots sout process , wht ere’ 

~
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Coit ve’ rge ’nc’e’ it !  thit ’ Produ ct of -
~ and to a Coutst an t  -

~~

TABLE 2

-~~ It I
-

.1 X ui

,~ — 
() 

• ‘~~) ‘t

2.0 ‘~08
- ‘t “ .‘ ( ) l 2 .0

‘ 
• 

‘
~ I . ’-~7 2 . (1

• 
‘-
~~‘ 1 ‘t

• - 4 2 .0  • ‘- t b  -
— 

• -e . 5 2 . 00 2 .0
• 4 — — (1 .’ 2 . 0

1 2. 0 • ‘ ( i ,’ , S

. 1 •‘ •
() _ i’~~~I _

‘

- C .‘-t l.~~(e 2 .0
- 

‘ 2 .0 1 .‘ 0

CORgELA ’h’ION COEFF I Cl EN 1’

i t was  ,ehe,-twn p1ev 1 on si v C bit t C i t e ’  e ’ t - t i t ~e’ I a C Ion eec ’ f f 1  ci  eu C be ’ C we ’ e ’ il

( We’ b i t t e’ i ’ , ’ t t i s  ¶ aitd i wouhd h-ti ’ equal to Chit ’ fac t  or :1 • i f a ‘- .
11+ 1

1 1 , 000 Pi~ 1 ~‘a iltOt ’ e ’SSi ’ s were’ ge’ne’rat i’d , vi Cii t hte co t - re l t t t  ton C c ’e ’ I f t c  t en

li e C wei’n C lie 1st and I It t ii 111Cc ’ u- ’,-a I s be ing c -a l cut hut e’d. The’ i c ’ i~e u lt s :iie ’

I n  t a b l e ’ C~
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Corre lation Coc’f f  Ic lent for Processes
w i t h  V a r i o u s  V a l u e s  of t h e ’ F a c to r  a

EARLE

a X &‘itrre ’l at j oe l  ( i t e i f  I I e ’uit of  ¶ ¶

I, 3, I~

~1 ~+/ 10 .0 Ibti
.2 e/ 30  • 1~)7

1 ~t /  0 ,

4/ tO , 2n
• IS

408

• 7 -‘4/  3C) •

.8 -~, C() • St-t
q - 4 / I t )  • t 8 t ~

1 .0 - e / 3 0

Thte ’ uume’rical e ’ s t  Imat ion does t tot : lp h io ,ee -hi Ch i c ’ f a e t o i  .1 ,

he [ow t i l t ’ t~e’s t r Ic t Ion a ‘— . , a It bough su ch a I a u ge ’ ute i mb e ’ t it f satnp Ii~

po tnt s wer e’ used ,

CONCLLIS iONS

A l t  htough t variou s me’t hods we’re’ emp loyed in t i l t a C C i’mpt t o  I hi  uiun i 11,1 C c ’

C hit ’ problem of pararne t e’ r e’st Inta t ion • thie noui—ergoii j ett y of ( hue pi O c e ’ 55

,e ’td C hte d IS C ’ re’pancy he ’ iwce’n Cli i’O ry and expi’r Intent in Cl ue’ t ’va I uu8 t I on of

t i e ’ c o r r e  [at ion coe’ff Ic lent make’ tit Is ext u-emt ’lv di f f 1 c u t  t

Each process he’comes st able’ as ii and C hu’corne’ la rge ’ and ~~t ii h-t e ’

i ‘it e’rpret e’d as a Pot ss on process w i thu i-andom mean. The’ Pe~l a p re tc- t’ss

can thus be Se ’ e’ii as an ensemble’ of Poisson pt-oct ’sse ’ s w i t h u  t’ l u is t e ’ r i utg

occ u i ring only as an ense ’mhle ehar ac teri st Ic. 

- _________ 
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Due to its fluctuating nature , the first segment of each sample

fun ct ion mi gh t contain information on clus tering tendencies in the

sample function . It is being studied .
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aX( t - t 1) ~~~~

+ 1 + aXt~ ,

EquaC ion (A 7) f o l lows front Equat ion (Ati) because ’ of  the’ ide ’nt i tv in

Equat ton  (A-+ ) -

Using t his result in Ch i t ’ pr e ceding prob ahi Iit v expression [Equat iou

1 ,,~, 
(1 +p(t ~)5t 

(1 + . l \ t 1)~~~~
t + ~t~~t 1 (1 + aXt ) 1

~~~~
1

x 
‘ _

( 1 + a \ t )
1+1

~~~

wht i cli i s  uni for m and independent of t ~ . Extending Cit i s  to the genera I

C. IS t ’ where n eve ’t its occur at ti mes t~ , t 2 . . . t g i v e s

I’
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APPENDIX B

INTEGRALS OVER A HYPERPYRAMID

by Theo Kooij

INTRODUCTION

Cer tain calculations of probability density functions of Poisson

and Pt~Iya processes lead to the fol lowing type of integrals

= d’r~ d’r2 

~2 
d r 3 . . .J  dr

n 
f(T

~~~~~~
_ T

n
)

where

~ “i < • • ~ < 
n 

< T .

The compound inequali ty for the is the result of the occurrence of

sequential events , or of discrete arrival times , in Poisson type H

processes . C learly , event number n must occur before event n + I,

and so on.

It appears that a number of manipulations with the boundaries and

the order of integration can be done , sometimes leading to forms of

I tha t can be integrated more easily or more elegantly . Some of

t hese manipulations and their corresponding conside rations will be

deal t with here , often in heurestical ways rather than in strict

mathema tical terms.
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THE HYPERPYRAMID

To focus our thoughts , let us first consider the cases I~ and 13

for two and three dimensions. Instead of using ‘r1, ‘t2 , T3~ let us

use the more familiar variables x, y, and z • The integral for two diuten—

sions is then

= dx 
~~~ 

dy f(x ,y)

Since y > x , the area of integration in the X—Y plane is the triangle

above the line y = x , bounded by the horizontal line y = T. See

Figure 1.

— S

Figure ~ 
—r X

If we let the area become a volume element by adding a third

dimension, we obtain

= S~ 
dx 5

T 
dy 5 dz f(x ,y, z)

,c=o y=x z=y

• The projection of this integr ation volume on the X-Y plane is the

same as the shaded area in Figure 1, since the part containing x and y
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is the same . The volume must therefore lie in the vert ical  prism with

a cross section as the’ shaded area in Figure 1. However , the third

i n tegra t ion  int erval ranges over values of z larger than ‘s’ , so we have

to n s~ dc’r .enothier horizontal prism . Or we might imagine a plane’ at

- +~~‘ d egr ee’s with the horizontal x-? plane and with the vert ical Y— Z plane ,

and conside r only the volume above this plane. The boundaries thus

enclose ’ the pyramid of Figure 2.

X 
Fi gure 2 Figure’ 3

Note that the pyramid contains the main diagonal (T,T,T) as a rib , and

t i e ’s next to the axis corresponding to the last variable in the sequence

o < x < y < z • Cutting the remaining part of the prism once ma t-c wi th

a p lane through the Y-axis results in two more py ram ids , congru ent w i t h

the first one. See Figure 3. The volume of each pyramid is therefore

1/3 of the prism , or 1/3 . 1/2 of the total cube volume i~ .

Topologtcally it can be shown that , by adding another dimension ,

the three—dimensional top pyramid of Figure 2 can be divided into

48
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four congruent four-dimensional pyramids , all contain ing the main
4 I I

diagonal (T ,T ,T ,T) as a rib. The volume of each pyramid is thus ~~~~~

In general , the n-dimensional integration volume 0 < T 1 < T2 <...
< T < T is the hvperpvramid adjoining the T -ax is .  Its volume is

equal to

1-T ii

= j d-~ J di-2 di3 .., J di- To -
~
-
~~ ‘rn—i.

CHANGES IN THE ORD ER OF INTEG RATION

With the picture of the pyramid in mind , let us consider a change

in the order of integration over this volume. In the two-dimensional

case I~ , the integration over the shaded area of Figure 1 is first

performed over y(x < ‘i < T), and this result of the integration over

the vertical lines is thereafter integrated horizontally over

x ( O  < x < T). it follows that alternatively we can integrate f irst

horizon tally over x(y < x < T) ,  and then integrate the result of this

line in tegr al ver tically over v ( O  < t < T). Therefore ,

~T ~T ~T T
dx dy f(x ,y) = dy 

~ 

dx f (x ,y)

A similar procedure can be fol lowed in the three-dimensional case

~T —T ~T
13 

= dx dy dz f(x ,y, z)
0



r 

--_________________

The’ last two integrals , over y and z , constitute the in tegra nd f o r

th e integral over x , and are’, therefore , equal to the- contribution of the

function f(x ,v ,z) integrated over the triangular area that is obtained

l-.v inters ecting tite pyramid of Figure ’ 2 with the plane x constant. See

F s g~s t e  - ‘ t — ’r a p ro jec t  iou of this area on the Y —Z  plane .

T - - -—--~
Figu re’ -

~ X~ 
Figure 5

This integral over the triangular area can again be written in two

different ways

= dy 5 dz f(x ,v ,z) = dz dy t(x,t ,z)

Similarly , we can f irst integrate over triang le s ob tain ed by

intersecting the pyramid with planes parallel to the X-Y plane , followed

1w a final integration over z. An example of the projection of a t n -

angular area on the X-Y plane is given in Figure S . We find

.z ,z .z ,v
1xv 

= dx dy f (x ,y ,z) = ~ dy dx f(x ,v ,z)
- 0 X 0 0
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t i ’) 
dx J dy di f ( x , v ,:~)

~ ‘) 

~~~~~~~~~~~~~~ dx J d: 
~ dy f ( x ,v ,~~)

~c’ )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

5 d~ dx ~ dy f ( x ,~’ , - ’ )

~~~ fl 
j dz dy J dx f ( x , y , .- )

t~~ ” )  

J dv dx dz f ( x ,v~~-)

( u ~ J dv dx f ( x ,v ,z)

Ff gurt’ 7
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Th is integral can subseq uentl Y be tr ansform ed into d iffer ent form s

by app lying the metho d ind icat ed in this sectio n . 
-
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