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ABSTRACT -

“ Consider solutions (H (x c) ,G(x,c ) ) of the von C~rm~n equations for

t the swirling flow between two rotating coaxial disks -

1.1)

aM

1.3) ~~“ +HG ’ — H ’G — O .

Na also assume that 1H (x .c) J C B/~ while JG(k ,t )  ‘C 3. This work considers

the shapes and asymptotic behavior as £ + 0+. We consider th. kind of limit
-
~~~~ 

,~~~~.
_S S_~~ ( 5 , S._ ~S 4

~~~CtLCnS that are permissible. Th. only possible lmaits (interior) for

1S(z, I) are constants • If that limit constant is not nero, then K (a ,c)

viii also tend to a constant .

M CMOS) Subject Classifications : 34313. 34E15. 35Q10
Esy Words : Ordinary differential equations , Notating fluids, Similari ty

solutions , Asymptotic behavior
Work Unit Number 1 (Applied Analysis)
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SIGNIFICANCE AND EXPLANATION

Under appropriat, conditions th. steady-stat. flow of fluid between two
planes rotati ng about a common axis perpend icular to thea may be
described by two functions H (x , c ) ,  G ( x , c )  which satisfy the coupled system
of ordinary differential equations

sh iv + ~~~ ... + ~~~~• • o
IC’ + HG - H’G • 0

The quantity C ~ 0 is related to the kinematic viscosity and A is
usoally called the Reynolds number.

Thsse equations have received quite a bit of attention. First of all,
pscpi. who are truly interested in the phenomena modeled by these equations ,
e.g. fluid dynamicists , are interested in thi, problem. However , as these
equations have been studied by a variety of mathematical methods, they have
taken on an independent interest. The major methods employed have been
(I.) Matched Asymptotic ~ cpan sions and (ii) Numerical Computation s. In both
ap~. ach.s tichnical prob lems hav, appeared . There may be ‘turning points,’
i.e. points at which H(x ,s) — 0. Such points req uire special and delicate
analysis within the theory of (i) . As numerical problems , these equations

~~e ‘stiff’ — precisely becaus e £ is small. The occurrence of ‘turning
points’ only makes computation more difficult.

NOr these reasons , these equations have became ‘test ’ problmms for methods
of ‘matching in the presen ce of turning points ’ and ‘stiff O.D .E • solvers.’
Uswsver, when one has ‘test problems,’ one needs to know the answers •
~~~crtunat ly hare the answers are largely unknown.

In this report we study the asymptotic behavior as . £ becomes small.
A wealth of qualit ative inforhatton is obtained which will enable one to
further the various ‘test ’ progra ms.

1’
The responsibility for the wording and views expressed in this descriptive
ei sry lies with NRC , and not with the au thor , of this report. 
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a

ASYMPLOTIC RLIIAV IOR I

Pains Otto Krei ss t1
~ and Seymour V. Part er~~~

1. Int roduction

Ia 1921 T. von ICarman (5) developed the similarity equations for incompressible

ami-symmetric fluid flows. In 1951 C. K. Batchelor (1) used the van Karnan approach

to study the fluid motion between two rotating pl anes , rotating abo~t a common arms

perpendicular to t h .  Despite the passage of tine and the work of many peopl e, thIs

problem is far from being completely understood .

Ibliowing Natche b r , K. Stewartson (20 1 made a further study of the problem and

disagreed with several of Batchslor ’ a basic conclusions. In the ensuing year. raany

pespl. have attac hed this problem . Numerical calculations have been carried out by

L 0 e  and Rogers (73 , C. H. Pearson (151 , D. Gr.enspan (33 • D. Schnltz and D. Greenspan

1193, L. 0. Wilson and N. I.. Schry.r (23], C. I,. Msllor , P. .T. CAapple and V. K. stokes

1133 , N. 0. Uguyan , .7. P. Ribault and P. rborent (14) , 8. P. Poberts and .7. S. Shipuan

(173 . Formal matched asymptotic expansion method s have been appl ied by A. N. Natts (223

~ he also did numerical calculations ) K. K. Tam (21), H. Rasou. ssn (163, 3. .7. ~nthowsky

aM W. L. Sisgean (123 Undeubtably many others have also worked an this probl en and we

nsa umaware of their efforts.

Aiqoxous mathematical results are a bit sparse. There are (to our heowle*~e) exactly

thee. pape rs conce rned with the existence question , S. P. Hastings (41 , A. A. Elcrat (21

aM J. I. NeLsad and S. V. Pa rtir 003 .  Th. first two obtained existen ce and uniciuensss

I

‘1111 also appear as Compute r Sciences Department Report *347.
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results for small values of the Reynolds nunbcr (H 
~-)  • The third concerns itself

!~IZ with the case of counter-ro tating planes . An existence theor em is obtained for

all £ ~ 0 and a complete asymptotic description (as c • 0’) is given for the solu-

tioiis obtained. Not a word is said about unicity . A later paper by NcL.od and Par ro r U i)

gives a wgativ. result (in the l imit as c • 0) of the existence of solutions which

are monoton. in the angu lar velocity. That result s contr adicts a conjecture of Batch.lor .

The interplay between all of these approach. has been extremel y pr ofitable and

interesting. The conjactu res and remark s of Batchelor and St.wartson, the ‘shapes

obtained in numerica l calculatio ns and th. general qua litative results of the formal

asymptotic expansions have all led to ‘target ’ questions. In their turn these target

questions have been studied analytically, numerical ly and by formal expansion methods.

For example, the results of (10) cast doubt on the calcu lat ions of C 3 3 and a refined

method was proposed in (193 . On. of the goals of (12) was to Obtain — via formal

~ pe .aion t.cbntques - th. solutions of (101 .

Let us em. describe the problem. Let the planes be placed at a • 0 and a • 1

and rotat. about the a—axis with constant angular velocities ~~~ ~l 
respectively.

Let ç~ 
q ,  ç denote the velocities in cylindrica l coordinates ( r * ,x) . Following

~~n Kkm~a ( 5  1 eM Batchebor ( 1 ]  vs make the ansata tha t is a function of a

l e .  i.e. there is a function N(x) such that.

ç . — N (x)

Then, as a consequence of the steady state Navi.r stokes equations we find that

aM. there is a function 0(x) such tha t

~~~~e functions (N (x) ,G( x) )  satisfy the ordinary differential equat ions

1.1) e$1
~~+ HH ” + G G’ O

1.2) tO’ + HG - • 0
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~~~re C is the kinematic viscosity. Th, associated boundary conditions are

1.3) 3(0) • 11(1) • 0, (no penetra tion)

1.4) H’(O) • N ’(l) • 0. (no slip)

1.5) 0(0) 
~~o 

6(1) .

Newever, our results ar. independent of these boundary conditions. Kenc.
tbsp apply to the cases where one has ‘suction’ or ‘blowing’ on the planes.

In this work we are concerned with th. asymptotic behavior of solutions

as e~~~ 0+ under the basic hypothesis :

3.1) There is a constant I such that

1.85) I0t~€~hI 
~~~~~~~~

1.4b) I G(x , C ) I  ( 3

Thi. hypothesis has been used , implicitly or •xplicity , in many of the studies

cem ct.d with this problem. There are good reasons for this . For sxa.tpl.. if we set

1.7) • • h((,c) • N(x,s), g(~,c) ‘ C(x , c)

the . equations (1.1), (1.2) become

l.Sa)

1 .~~~ )  g + h (
~

) g - 
[~~)g — o

en -
~~ larger interval (0, ~~~I .  Many of the forma l asymptotic expansion studies (211,

081, (221 have used this ‘stretchi ng’ and the n ‘matched’ with th . numerical result s of

Wqar s and Lance (183 for the sent -infini te region , i.e. the von Karman problem.

~~~erica1 studies based on ‘shooting’ method s (131 • (173 have found it convenient

Th anks this change and then actually compu t. (h ( C , c) , g ( C . c) ) . In fact, Wil son and

Sthryss’ (23 1 who did not use a shooting method also found these variables convenient

for oalculation . Moreover, th, solutions found by McLeod and Patter (12 ) do, in fact .

satisfy these estimates.

S nay integrate equation (1.1) to obta in

1.3) 13” + NH’ + — ~~ (31 )2 —

—3—
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_________ -— - - - -
~~~~~

vhere p ( C )  is a constant. This const ant is of some indepe ndent interest. rot
es~~~1e. in the scat-infinite problem I... single disk or von Karma n probmom. one sets

1.10) P — ~~Liui (G ( *) ) 2 
~~0

and p is a known quantity . On the other hand , in ( 10) j~ was found tha t u ( c )  — — C .

Sad , of course, in the two disk problem . u ( s )  is unknown .

In section 2 we set £ — 1 and study solutions of ( 1 . 1) .  (1.2) on large intervals

(0,zj with I ~~ 1. Here we discover several points of interest for the single disk

problen . In section 3 we retu r n to th. finite interval and va luss of C ~ 1. Under

~~~ aaa ption 0.1 we are able to mik. th. change of var iables (1.7) and apply the

x*sults of section 2. Th. main results of this section are (I )  If u (s ) • p as

• 0+, then p > 0 (ii) one nay select a subsequence nk • 0 such that . ther s is

a constant g , and for every 4, 0 6

1.11) Mz(IG(x,e ) — q_ j s 0 c 8 a 1 - 6) • 0 as C • 0
* 

5k ‘k

Moreover,

1.12) p(c~~) ~~~~~

These results are consistent with the suggestions of both Batchebor (who emphasised the

s e  g~ * 0) and Stewartson (who emphasised the case g,, — 0).

Ia section 4 we consider the case u > 0. In this case we find that there is a

constant h,, such that
I(x .~ )

1.13) - h•~, 4 ( a ‘ 1 - 6) ~

Mock of our work described in this paper is based en the properties cf the function

1.24 )  31* 1) • (G. (x, C ) ) 2 
+ (N’ (x,C ) ) 2

~~s besic result, due to NcLiod ( 9 3 ,  (101 • is

~~~~~~~~~~~~ The function •(x,C) sat isfiss the differential equation

1.23) ~•‘ • ~~ — 2c ( (G’) 2 
+ (ii”’)~ 3 ,

—4-
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and, the function

*

r •‘(at .c)exp(~ f
*
0

is nond.crsasing . Sinc, it is also hobomorphic. it has at most on. zero. Thus the
behavior of •(x e) is described in one of the following three ways~
(5) • is monotone decreasing on its interval of definition.

(I) • is monotone increasi ng on its interval of definition.

lv) there is an interior point y such that •‘ c 0 for a y and 3’ 0 for

*) y.

I

I
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3. Ion. las ic Tst *ma tes

In this s.ction we are concerned with obtaini ng estimates on functions ( h W , g ( ~~~)

~~ich satisfy the differential equations

2.15) hiV 
• hh”’ + gig ’ • 0. 0 ~ 

( I

2.1k) g’+ h q ’ - h’ g • O .  0 (((*

mere

3.3) 0 ’ 1 ( 0 ’ — .

~~~eover • these functions satisfy the a-pr ior i estimate

2.3) Ih(UI a. Iq(C) I c I

Throughout this section the letters I. I will denote these constants .

Mo recall a basic estimate due to Landau ( 6  3 .

~~~~~ j~~ z Let f (~ ) • C 1(O .I3 and let n 0 be a given positive number . There ii a

.~~~tant C (fl.M ) depending only on q and N and not on the length I, such that:

for l 4 j ’ N - l

+

Moreover , if i~~~~~I then

Il~~’IL !. ~~ 
IIf ’ IL + 

~~ Qf It.
~~~~~~~,s See (6 1 .

~~~~~~~ In most instances this l~~~a is applied when ft is small, however we shall

also use (2.5) when ~ is large .

~~~~~~~~~~ Let h(U .g(C) satisfy (2.la) , (2.1k) and (2.3) . There are constants

3 • 1.2,... (d psnd ing only on I and not on h.g) such that

3.6) O (a%YhO. • ~~~~~~~~~~~~~~ 0 (((I

Froof , Let i~ • . From (2 .la) . (2.1k) and leans 2.1 we obtain

IIh”U. I(aC(n, 4) + nflht’II_j + I(aC (’~ .3) + nflg”t~~i.

IIi’Il. I(NC (ft .4)  • ~i1th~
’lI I + a(ac (n a) ‘

~~ n f l~~’IL
.

-1-
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Collecting terms •nd adding the inequalities we obtain

(1 — 2Iv1) ( II h~~II~ + IIg ’ILi c 2I2(C (i~,4) + C(n ,2)3

Thet is

+ tI~~~II_ ‘ 412 1C(n. 4) + C(vt ,2) )

Thos , (2.6) follows from (2 .4)  and repeated differentiations of the basic equations.

In the remainder of this section we use these estimates and leans $ to obtain

eves stronger estimates.

‘at

2.7) • (C) — (g’(~)j
2 + (h’(C) 3

2

~~~~ l~~~~ • (with c — 1) applies. Suppose $‘ (~) > 0 on a large’ subinterval

of (0.13. Since

0($(C)

thea •‘ (C) oust be ‘small’ on ‘relatively large’ sets . Our next result make s this

statoment precise. The details of the proof are lef t for an appendix .

1 2.3 : ~~~
2.6.) • Nax(1,U$II ,I1,’fl ,fI , ’f l  , • +

2.Mo) • 
~~~‘‘ ‘f l  .

Iat

2.9) 16I~~~~ L~~~E .

~~~ fg~ every lnt.r val (0,03 C (0,13 QL, lenoth L, i.e.,

2.10) P — a — L ,

sock that

2.11) •‘( C) ~~0, I l  (.,01 .

~~~~~~i!.~~. BubintervaZ (a’,B’j C (a,~3 ~~c~~~~t

- 

- 

335) P’ S’~~~~~~~~ L~”~

3.lTh) O~~~$’(() 4 ( )

—7—

-
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Moreover, on this interval .

C ~1/82.12c) I$’(C)I (X ~~ •

Proof: The estimates (2.12a) . (2.12b) follow isusediately from Theorem A of the Appendix

while (2.l2c) follows from (2.5) applied to 3’ with

n. — tiJ
Corollary 2.3:  On this same interval (o .A’1  we have

2.13) ~~~~~~ • (g’) 2 
< BL~~

’4 + (1 • X1) L~~”6 4 J~2L~~’~

Proofs Apply (2.3),  (2.l2b) and (2. 12c) to th. differential equation (1.16) (witP~ c • 1).

1~~~~ 2.4: Suppose (o ’,$’3 C (0,11 is a large interval, i.e.

2.14)
16X~

so which

2.15) jh”’ j  + jg ’j (
Y.3L

1”16

where L is so big that

2.16) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - a ’ ) .

Thea there is a constant 14 such that

2.17) jb (C)I ~~X4L~~
’32, Ig ’( C ) I  4 1 C4L 1”32 ,

2.1$) jb ’(() j (K
4L
3’
~~

Proofs Let ft — L1132. Applying (2.S) to the function h’ (C) we have

~rj j~ ~~~~~~~~~~~~~~~~~ 2L~~
”32jIb’ff ,

A X~L~U32 
+ 26 L~~

’32 ‘K 4L~~
’
~

2

with it, - L~’~~ we obtain

c~~~ + 2L~~/M II hU . 5~ K4L~~
’~~

A similar argunsnt gives the result for h g ’ ~~~

—6-
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Further applications of leans 2.1 give the following addi tional estimates.

L.a 2.Ss Suppose 10,01 C (0,13 is an interval on which

2. 19) 0 ‘ $ ( C)  ~ ~~
‘l/l6

and

2.20)

Then , there is a constant H such that

2.21a) I,’(C) I c M L l
~’32

2.21k) I,(C) I NL 1/64

2.21c) jh” (C) j ~~~~—1/64

2.2ld) Ig ’(C) I c_ ML 1
~~

64 ,

2.21e) Ih ’(C) I (~4L 1164 .

Theorem 2.1, Suppose I — ~~~. Then , either $( C )  5 0, ox

2.32) $ ‘ (l)  0. 0
~~.C’

Pxoofs Suppos. there is a point c’ 0 < —  at which (2.22) is violat ed. Then

0, C0 c C +. .

fat I. be so large that we may apply Leans 2.3 in the interval (C0 + L, C0 + 214.

This we find an interval (a ,5) C (C0 + L,C0 + 2!.) such that

I$’(C) I IL l/B

Ib” (() I ~ ~~,—l/l6, Ig’(C) j ( IL 1”16 . s

It I. is sufficimntj y large we may also apply Leana 2.4 to discover that

2.23) I,(C) I 4 I L~~

1

~~
1’

y the na~ *re of $ (() • this last estimate holds en the entire interval (C0.C0 + LI .

6swe~er, since L is arbitrary we have

$~~~~~) — 0 ,  C0 C .

I~ isver, since • (~
) is a holcmorphic function. $ (C) 1 0.

-9..
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This result is sim*1~ r to a result of Nc~~.’od I l l ) .  Ho*vor, the proof

is quite different , as are the hypothesis.

Theorem 2.2:  Suppose I — +~~. Then Lin g ( ( )  ex i s t s , call it g .  The constant of

integration v is given by

1 3
U • ~ 9_ .

~qofs Choose a large number L and let

b (C) — -h(2L — C) ,  0 ( 4 2!.

9 ( C) . .g(2L~~~( ),  0 ’ C ’ 2!.

•(C) (h’) 2 + (~i ’)
2
. ° ~~. C 2!. .

Then, (i(
~
),
~

(C) )  satisfy (2. la) , (2.lb) *nd (2 .3 ) . Mor eover , •( ()  satisfies (with

ng~wopriat.ly placed ) (1.16) . Finally,

• —$ ‘( 2L - ~~) !~ 
0. 0 

~~, C ~ 31.

As in the proof of theorem 2.1 we apply lemma 2.3  on the int.rval 11.21.1. Applying

1 a  3.4 we find that

0 ~ ~(() ~~. NL~~~
16. 0 ,~ C

app lying lstma 3.5 we find that , as L 9

b ’(l) • O(L 1”64 ) ,  0 4 ( 4 1 .

)‘(() • O(L 1’32) .  0 j  C ~. L .

~~
$ % I ( ( )  • O(L~~’~’~). 0 ~~ C ~~. 

1. .

~~~t is

• h’ (() • 0(L 1/64 ) .  1. 1 ~ 21 ,

• O(L~~”~~ ) ,  1. ~~. C ~. 21 ,

b ’ ’ ’ ( C)  • O(I71
~

64) ,  1 4 ( ~ 21 .

Inserting these estimates into (1.9) gives

(2.34) ~~g2 (C )~~~~u as C ’

~~~s p~~~0. If U • O  then g_ •0.  If p~~~ 0, ~g(C)~ is bound.d awey fros sero fer

( sufficiently large . Let c — sign g ( C ) . C large . Then the theor em follows with

g_ • (v~~ )e .

— 10—

-
~~~ 

______— — A
- L. . - ~— -
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3. The Asymptotic ~ havior of G (x,c)

$sturntmg to the functions (H x,c).GIx,c)) which satisfy ( 1 . 1 ) ,  (1.3) on (0 ,13

we consider their behavior as C 0+ . Of course, we also assume H.l, i.e. (1.6a).

(1.6k) . Mo make th. change of variables ( 1 . 7)  and consider the ‘stretched’ functions

bI C , ’), g(C, C) on the interval 

r

10 ’ 7~.uI 1. We observ, tha t

(
~

) h(~ .r) — 
1i )  

H ( x , c )

- 1  3.1) r
— ~

~~~~~j~j s Let (H (z , C) ,G( x, e) )  be a solution of (1.1). (1.2) which satisfie s (1.6a) ,

(1.0k). Let $~ be the constant s of lemma 2.2. Let

Thea

3.3) j ii(c) I ~~C0

& ~~~~. Using (3.1) we see that

I J ~K) — 
(~~)h 

+ a[~)~h + ~~~~ - } [[~~~~
]

2

&~~~~~ 3.2s Let 4 , 0 c 4 c ~~ be given. Ther e .xists an c(6)~~~ 0 sed an N( 8)~~~~0

d~~ending on.ly on 6 and I such thatz for 0 ( c c( 8)  and 6 C , c C . C 1 — 6 w e have

3.).) jh”((,s)j ~~~~N( d)c
1”

~~~~~, g ’( C, c ) j  ‘ M(6)l 1’~~

3.3b) $b’~~.e) j 4 N( 6 ) C~~
”

~~~~~~~, I h ’ ” ( ( . s ) j  ( N (4 ) C 1’4’)3* .

- 
- 

~~~~~~~ . Let

•(C) tg ’(C,s) 3
2 

+ (b” (C,c)3 2

Then $11) satisfies (1.16) with a e 3 and l~~~a • applies. Let ~~~ K~ be as

is lees. 2.3. Let

- 

- I slO ) • l~/(32)~ K~ .

Then, if 0 ’e e(6)

3 4 )

—11—
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Let y( c)  be the unique point at which 3(1) asiumas its minimum .

Cas. is 7 ( c )  ~ ~~~~~~~~~~ In this case

$ ‘ tC) ~~~ 0. l — 6 ( / ~~C 4 l — ~~~ 6 ,

4 0. 6 ~~ C -~~ 6

Ths estimate (3.4 )  implies that (2.9) holds for the two intervals 
{~~~~~~~

i 8.

1 _~~ 6] Hence we may apply lemma 2.3 and lemma 2.4 to obtain subinterv als

outside 
~~ ~ ~~ 

and a constant M(6) so that (3.3.) holds . Since 6(1) assumes

its max imum on the boundary of any interval, (3.3a) holds on all of [-,~
r . 

1

.stiast.s (3.3b) now follow from lemua 2.2.

Case 2* 7(c) P [h’. l 

,
_~~ .

~~ 
For definiteness suppose ‘y(c) C Then we ar gue

6as above to obtain the estimate (3.3.) on a subinterval of [1 , .. — y ~
—- J . Then

since $‘ ) 0 for C ) y( c) we see that (3.3a) hold, on all of 
{5~

, l _ 6 ]  As

before , (3.3b) follows from lemma 2.2.

~~~~~~~~~~ Let 8, 0 < 6 ~ ~
. be given. Let ( ~ c( 6)  and let ( H ( x , c) , G(x ,c) )  be

a solution of (1.1) . (1.2) satisfying (1.6a), (l.6b). Then, for 6 x ‘ 1 — 6 we have

3.5) ~~G2 (x, c) — ~s(a)j c H ( 6 ) ( c 1’128 
+ ~~1’64 •

Proof s H. make the change of var iables (1.7) . using (3.1) and (3.3a) , (3.3b) we obtain (3.5 ) .

Mote s Whil. the analysis given in this paper is priMarily concerned with ‘limit’

hohavior and families (i.e. sequences) of solutions (H(x ,c),C(x ,t)) which satisfy

I i  v (1.6.) , (l.6b) the estimate (3.5) provide, a ‘check which nay be applied to any

ealculated pair (N (x , c) , G (x , c ) ) . We simply must carry out some messy compu tation .

That is, (i) find a B for (1.6a) , (l.6b), (ii) carefully follow the steps of section 2

and compute N(6)~ (iii) check (3.5) . -t
Theorem 3.t: Let 5

5 
+ 0+ and let (H (x.t~) •G(Xit n

)) be a corresp onding sequence of

solutions of (1.1), (1.2) which satisfies H.l. i.e. (1.6a), (l.6b). Suppose

3.6) U( s ) • as t • 0+

—12—
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(Notes In view of lemma 3.1 one can always extract a subsequence so that (3.6) holds.)

Then

3.7a)

aM~ for evory 6,0 c a c i ~

3.7b) Max(~ G2 (x.c ) — 2~~; 6 ‘ x ‘ 1 — 4) • 0 as C .  0+

Moreover, if ~~— O  then

3.1) Nax (IG(x .c5) I :  4 < x < l — 6 ) ~~~0 as

It j  ~ 0 them there is a subsequence n~ ~ — and a square root, $ay A, of 2

such that

3.9) Nax(JG(x ,c~~ ) — A l ,  6 ~ x c 1 — 6} • 0 as • 0+

Is fact, if

3.10.) ha(s5) — ii + M ( 6) t c~
’12

~ + Bchh’~~ +4M(6)a1””) a~~~j~~j

then

3.lCb) ~~~~~~~~~~~~~~~~~ 6~~~x~~~l — 6

~~~s G(x,s5) i. of one sign and

3.11) Ic x,c~
) — ~~~ sign G(x,55

) I ‘ .

Proof: The estimates (3.7k ) follows immediately from (3.5). The inequality (3.7a)

fellows from (3 .7k) . Then (3.B) is apparent . When ) 0 aM (3.10 .) hoLds we have

frea (3.5) and the triangle inequality

I~~02(
~*15n) - 

~~~~

• ~~~m, (3.10k) follows at once . We then have

IG(z.c~) ?~~l 
. G(x ,55

) + ,g1 !.°
aM (3.11) follows at once. Thus , choosing ‘signs’ at a fixed point. say *0 —

we obtain (3.9) .

— 13—

~~~~~ i~• •-:~ ~~~~~~~~~~~~~~~~~~~~~~ : ~~~~~~~~~~~~~~~~~~



r~ ~~~~~ 
- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

4. The Asymptotic Behavior of H (x ,c) a ) 0

Let 4. 0 4 e be given. Let i(6) be the valu e determ ined in section 3

and suppose 0 a c (6 ) . Let (H (x, ),G (x,c)) be a solution of (1.1), ( 1.2) on (0,1)

which also satisfies H.1, i.e., (1.6.), (1.6b). We also supp ose tha t there is a

constant ; ) 0 such tha t

4.1.) u(s) ) aa/2 ) 0 ,

4.1k) ~~G2 (x.c) )
~~/4~~~ 0, ~~ 6 ( x ’ l — ~~~ 6

The main result is

Iheorem 4.1* There are positive values c — c(6, ) ,  K — K( 8) , a — a(j) where depends

andy on 0, ~ and B, X depends only on 6 and B, while a(~ ) depends only on p

and B, such that, for 6 ’x i - 6

4.2.) I~~G~(x,c) — u (a ) I C K( 6)eXp (—aC 1’384 )

4.2k) J E&) H(x. c)J ~ c
2 X (6) exp(—a c~~’~

384}, r — 1.2,3

4.3.) lj~ G (x,s)  I •

~~
. 
~~~~~~~~~~~~~~~~~~~~

rimally. there are constants a, b such tha t

4.).) I(x,c) — aj ~~
. 
~~~~~~~~~~~~~~ 

~~~~ ,

4.3k) G(x,t ) — b~ ~ t 1’2K (6)exp(—ac 1”3 }

4•3.)

Of course this th.orw ira ediately implies certain limit theorems for subsequences

of aglutions.

The proof is relatively straightyforward and follows the general pattern Ncleod ‘5

week in ( 8 ) .  Unfortunately there are many details to check cut. We outline our

.~ wosch.

We make the change of variables (1.7) and consider the functions h(1 .a ) .  g(C. e)

em an ‘interior ’ inte rval (s ,$) which satisfies

4.4a) 1/v~~j e c i c  (1 4)/5c,

4.4k) I — s — I ( s )  •s~~’~~

—14-
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step 2: We find an equivalent integral equation.

SteP 3* We prove local uniquen ess for solutions of the integral equation.

Step 4: We prove tha t the desired solution of the integral equation can be obtained

via Picard iteration.

$%ep Si We see that the limit of the Picard iterates satisfies the appropriate estimates.
• 

~~~~~ 
We return to the original variab les x, N(x ,s) ,G(x. c) .

H. can imagine step 1 has been dome .

~~..a’ The integral equatio n. Let

4.6.) b0 — h(.,s), g0 — G(u,s) .

• g(C ,c) — g
~
, u2 (1) — h (C,c) — h0

4.~~) u3(1) 
— g ’(C.c) , u4 (t ) — h ’(C ,c)  ,

u~ (C) • h’(C,c) , v6(C) — h’’’(C,c) .-
- I  

let H
4.6.) U . ~~~~~~~~~~~~~~~~ .

— 0 0  1 0 0 0

: : :~ ;~ : :4.~~) 
0 0  0 0 1 0 • 

H

0 0  0 0 0 1 —

0 0 0 0 -h
0

- 4.6.) b • b(U) (0,0,u
1
u
4 

— u3u3
,O0, — u1u3 — u3u6)T

__ equations (2.la), (2.1k) now take the fore

4.7) ~~~“ A U + b ( U )  .

A direct calculation shows that the sigenvalues of A are the roots of

4 $)  + + a0) 2) • 0 .

:1
~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 

——
~~~~~~~~
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Iss ntla11y this same eigenv.luo problem arises in 1-8 ) and we can easily chc~~ the

following formulae for the eigenvalu .s 1~ , It • 1,2,3 ,4 ,5,6.  Let

P3 —
~~ 

k
0 j~)7 ((h + l6~~) l’3 + h~ )1”2 ) 0

03 • —~~ b
0 

- j~~ 
((h + l6q )~~~ + h~ )1”2 0 ,

T • 
~~~~ 

(th  • l6g~ )~~
’
~ - h~)~

”2

Thea, the eigenvalues of A are

4.9.) l
~ 

12 0 .

4.1k) 13 • 01 + it . A4~~~~3 — ø 1 — i t ,

1.6.) 15 .p 3 + i,, 16 •~~5 p3 i~~.

It is easy to s.. that ~ 0 and p
2 ‘ 0 provided that q0 

# 0. However,

(4.1k) gives

L 4.10.)

Ml, for all a5
, we have

- “ 4.1Gb) 1h01 C S .

~~~s a sleple cc~~sactness argument shows that there is a constant p ~ 0 such that

4.16.) 02~~~
_ 0 4 0 ( 0

~~~ Di *

let us diagenalise th. matrix A. We construct the matrix of eigenvectors. Let

4.1la) a(k)

aM let

1 0 mU3) 5(14) sOt1
) m(1~)

0 1 1 1 1 1

o 0 135(13
) 145(14

) 1~a(A~) 7a
9
m(1

5
)

4.11k) T —  0 0  ).~

0 0

0 0

—1$—

L 
- - 
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Using the fac t that

g
4.lle) 

~~~~ 1 —— 3 ( k ’ 6
k 0

san can easily verify that th. columns of T are eiqenvectors of A and

• 4.114) ?~~AT — diagonal(0,0,13,14,15.16
) ! A

IIor.over
• 1 0 * x x

0 1 X X X X

0 0 x x X X

4.12) ~—l , 
0 0 x z x x

0 0 z X X X

• o 0 z x x

where ‘Xe marks an clement we do not need to compute. (See ( 81  where an analogous

cslculation is carried out.)

lot

4.13a) U — W ,  V - T ~~U .

Then (4.7) takes the farm

4.12k) ~~~— A V + d(V) ,

where

4.13.) d(V) — i~~b(TV)

we have essentially found our integral equation.

~~~j J: Let V(C) be any solution of (4 .13b) . Then

• 4.14a) v~(C) — .~ (s) + J d~(V(t))dt. ~ • 1,3 ,

I (C—I) I (C—I) C —I (t—5)
4.14k) vj(t) — v~(I)e ~ + e J s 44 (V(t))dt, ) 3.4 ,

$
1 (0-.) 1 (0—.) 0 —1 (t—s)

4.14c) v~(I) • v~(e)e ~ + e J e ~ d~ (V(t))dt . ~ — 5,6

Proofs Integrate (4.13k) .

I
—17—
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~~ _1’ Local ~ntq ucness.

It is essential that wc distinguish between the components v
3

(C) of V( t ) . Let

4.lSa) II ” ( C) II • au(1v
3
(C)I: 3 • 1,2 , 3 ,4 . 5 , 6 .)

3
4.15k) W(V~~) )  • m.x(1v 3 ( U I ,  3 e 3 ,4 ,5 .6.)

3

4.16.) IS(V (I))

~~~~m 4 .3 :  There are positiv, constants a1 a3 a3 such that: if V. V are each

S—vectors

I 114(V) — d ( f )  ~ ‘ a N(V — y) . N(V)
4.16) ‘1 1

I, a211(Y)N(V - Y) + .
3N(V - Y ) ( N ( Y )  + N(V) 3

These constants 5
~ ‘~~ ,a~ are unifoz~ ly bounded .

~~~~s The coefficients of ‘r are bounded functions of g01h0. A compactness argument

~~~~~ they are uniformly bounded. The form of T shows that: for It • 3 ,4 ,5 ,6 and

3 — 1 . 3

— v
3
1

3k
(v l.v4 ,vS, vS

) +

~~~re 131I is linear and homogeneous while is quadratic and homogeneous. Tiuss,

(4.1$) follows fro, the form of b(U) .

~~~ ...L.!.’ Let 11(6) be the constant of lemma 3 • 2 • Let be a uniform bound on

h~aI .  Let

4.17..) ~~K(4)c 1
~ l93 

•

4.17k) 100 S • ,

and asm e that

4.37 )

‘ - - z that

4.1$) + a2 + 2a3)L( 5)j  ~~
. .

let ‘l~~~’ 
V
3

(~~ ) .  V3 (I) . ~4 ($) .  v~ (a) . ~~~(s) be specified so that

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( i
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~~~a, ther e is at most ceo solution V( t )  of the integ ral equation (4.14a) , (4.l4b) ,
14.14c) with these boundary values and satisfying

4.19) Ilv (C) (f a
Proofs Suppose Y (( ) , W( C) are two such solutions. Let

4.30.) U S aX (lld(y c~)~ — d(W(~)) ~~ 
o ~

• 4.3Gb) 1 — maz(~ Y(( )  — W(~ ) f~; ~ ~ ~ ~. B)

Prom leuma 4.2 and (4.19) we save

4.21a) D~~~(a1 + a 3 +3a3)d.

Pros the integral equation we see that

4.21k) 1’L (c)D ’ L (c) (a + a  + 2 a )d .— — 1 2 3

~~~s, either 1— 0  or

1 L(a) (a1 + a 2 + 3 a3
)g

which contradicts (4.18) .

~~~~ js The Iteration.

lot v (a) , ?3 (Q) . v ($ ) ,  v4(5), v~(a), v (o) be determined from h(C,e), g(
~,a)

via the transformations (4.5k) , (4.13a) . ~~ ~~~~ to recover the appropriate V(() via
Picard iterations. That is, let V°(C) — 0. Assuming that V1(() has been computed
we astersioe ,~~l (C) from the equations

4.32.) vr3 (C) — V
J

(S) + I~ d~ CVr (~)) d~, 3 • 1,2 ,
S

i ~ (0—11 1 (0—8) 0 —~ Ct—B;
4.22k) vr (C)”v

i
(B)e 3 + .~~ f e ~ 4

3
(VZ (t))dt, 3 — 3 , 4 ,

$

r+1 1~ (t—a ) 
- 
1~ (t—a ) C —1

3
(t—a )

4.33.) v~ (~) — V
j

(O)5 + e J e d3
(Vr (~))d~. 3 — 5,6

• S

~~~~~.j~j : Let (0) be ccmputed as above. Assume that

4 33.) 4(a1 +a 3 +4a3)5
V4 C l ,

4.32k) 2Lft)S3~
4 

~~ ,

4j  -19-
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the.

4.24a) II (V~ (C) - V~~~~
1

(~~~~ ) 
~~ 2

• r 0,10-I) 03(0 0)14.34k) Il (VT (C ) — V~~ ( () )  ~ ~~~~~~~~ 
[a . e j

2

4.24c) $(.4r (0 ) )  ‘ 35

r D,(1 8) 03
(0 5)4.344) auVl! (C))  ~ 2e~ e + e

Noseover , the functions V~
’1 (C) converg, uniformly to a ‘unction V (C )  which satisfies

~ iat.gral equation (4.14.) ,, (4.14k) . (4.14c ) and

4.2$.) K(V (0)) ~ 26

r P~
(C $) 03 h0 0)4.25k) U(V~~) )  C 2e~e • e

~~~~~~~~ We observe that (3.2 ) together with the choice of L( c) i~pLi.s that the
imtion V(0) determ ined by (h ( 0,c) ,g((,c) ) satisfies

4.31) 11v o II ~. e
therefore, a—fortior i, the boundary conditions sat isfy the same estima te. Thus , (4.24a) ,
(4.24k) are satisfied for r — 1. We proceed by induction. Assume that (4.24a),
(4.34k) are satisfied for r — l,2 ,...,r0. Then, (4.24c) . (4 .24d) are also satisfied
foe a • l,2,... r

0. Applying 1~~~ a 4.2 vs have

r r0—l 202 r 
~~~~~~ 

03(C~~Il acv 0(o;, - dIV ( C )) f f  
~ r ~~ 

Ca l + a2 + 4a31 
~• +

2 0
4.27)

•
7/4 Dl (0 8) o~ CC-.)!.

~~~
— e  + e

~~~stitut.ton into (4.22a ) gives

r~+l r 
~~~~~~(v (C) — ~~ 

0
(1)) ~ , 3 — 1,2

2
r0

$oiiov.r , using (4.23k) we have (4.24a) with a — a0 + 1. Substitution of (4.27) into
(4.22k) gives

— 20—
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r0+1 
•

7/4 9l (0 8) B •1( C—t )
lv~ (C) — v

3 
CC)! < — e  S dt

3 0 0

•‘~~ 
03(0 0) B

f e dt, 3—3.4 .

3 0 C

Since C ( t ( B over the interval of integration, we have

r0+l r0 L (c)0 714 rt’1(0-B) P~ ( C a ) ~1v
3 

(C) — v
3 

(0) 1 ~ r Le + 1~ 3 • 3,4
2 0

A siailar computation applies for 3 — 5,6. Thus, using (4.23b) we obtain (4 .24b)

for r — r~. Thus, the 1~~ .a is proven.

Proof of Theorem 4.1: Let 6 be replaced by 8. That is, replace c(4) by c(~ 4)

and replace 11(8) by M(} 6) and consider (o ,83 which satisfy

4.2$a)

Let (6) be th. largest a so that (4.l7c) , (4.18) , (4.23a) , (4.23b) are satisfied, and

4.2~~) ~3/4 ~

~~~a -if 0 c a (6) , every point C e [~
, 
~ ~ ) can be placed at the center of

interval (a,BJ which satisfies (4.28a) and (4.4k) .

0. this interval we construct the function V(0) of 1~~~a 4.4. However, the

local uniqueness result of loema 4.3 assures us that this V(C) is precisely the

fu ction V(C) obtained from (h(C.a),g(~ ,c)) via the transformations (4.5a) , (4.5k) ,

(4.l3a). lot be a bound on ~~~~ as b0, g0 ra nge over the values allowed by

• (4.10.) , (4.10k) . Then, due to the form of T,

4.39) lu~(C) I < 4z2eexp(— ~ ~—l/384~ 3 — 3,4,5,6.

~~~~~ P is the constant of (4.10.). Let

4.30a) 1(8) — 4L~15M(~j 6) c 4K
30

4.3Gb)

Then (4.2k) , (4.2c) follow from (4.29) and (3.1) . The estimates (4.2a) , (4.3*) .

(4.3k) , (4.3c) follow from these.

—21— 
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The nc*t theorem is an irme diate consequence of theorem 4.1.

Theorem 4.2 :  !.et 1 H(x . c ) ,C (x, c ) ) be a sequence of s~,lutions of (1.1). (1.2) which

sat iafy 11.1. Suppos e these are constants II . q_ with g~ • 2u such that

4.31) ~ ( a )  •

and , for every 8, 0 ~ 6 ‘ we have

4.32) max (I G (x , c )  - gjs 6 < ~ < 1 - 6) • 0 as • 0+

Then there is a subsequence • 0+ and a constant h0 so that

4.33) msx (I~~— M (x,c ) — h0J ,  6 c x 1 — 8) • 0 as a~~ • 0+

Noroover, if c • ~~ and there is a function h(x such that

4.34*) wax( k~
.__ H(x, c )  — h (x)f ; 6 c ~ ‘ 1 — 6) • 0 as • 0 ,

4.34k) h(s) 3 conat

~~~~~

- - _____________ 
~~~~~~~~~~~~~~~~~~~~~
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Appendix

In this appendix we prove the following very plausible result: if •(C) is a

oeooth function defined on a very large interval and if • 4 ( 0)  is both positive and

monotone , then there are relatively large intervals On which • ‘(t )  is small. Unf or-

tunately the complete proof is technically complicated .

Theorom A: Let 4 ( 0)  satisfy

A.1) 0~~ 4(0), 0 ’ C C L ,

A.2) 4’ (0) ~ 0. 0 0 I.

Let

A.3) Xo — s~~,H ,IL , 1t,.IL, !!,NII _}

and suppose that

£ 4 )  161C < L .

Then, there isasubinterval (u ’,~ ’J C (0 LI ~~~~~~~~~

A.5) $‘.— o ’~ 2
1 

L~
”2 ,

— 

~~~~ 
1

A.6) 0 .~. + ’(C ) ~

We requir, a basic estimate based en the mean value theorem.

3 a A .ls Let f I C2(0,L).  Suppose

£.7) ll~~ IL ~ S

• 1.8) 

~ 
(C~) J  ‘ A >  0 .

£.9) b— . i n (~~~,0 0, L _ C 0) .

1.10) I~F~1)I ~.j • ~~ b~~ ~ ~

23

fr — S 
-
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Iproof of Th~.’orem 1~s ~.ut k) • 6 ‘ -~~— . We construct .~ suquunc. of points

~~~~~~ 
( 

~~~ 
( ( L  with the following propertie s

~~~~~ ~ 8.

— 
~ 

8~, • ‘(x)  ‘ for ~ x

— 6, • ‘(x ) 6, for x~ x x2 ‘
1 , 6

• ~~23+1~ 
— 8, • (x) > 2 ’ for *33 ~23+1
— 6, •‘(x)  8, for 

~2j+i 
i~~~~ I~~2j+2

We accomplish this we proce.d as follows . If $ ‘( O ) 4 then • 0, if not

is the first point at which — 6 . Let be the first point larger tha n

such that 
~~~~ 

— 8 and so on. If 
~~ 

L then the theorem is true . Assume

4 1.. Sy L~~~a 1 the number of intervals s finite . Let N be the last index .

Thea z11~~~L. If N even, then $ (s) >~~ for x
*~~~

x C L .  Thu.

~~ • ~~~ 
-~~~~ (L - 

~~~ 
•

Thet is

If N is odd , then $ 1(~~) c 6 fox N0 x C L .  Thus , we can assume IL — 

~N ’
Therefore

X8 - x0~~~-~~ L .

lot S be the number of interval (*23 *33+1
) — on which • ‘(*) — . Vs fir øt

seek a bound on S. By Lemma A l

. 1*3341 

~~~~~~~ ~~~~

• 1

L ~~~~
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—~~~~~~~~

- - - -

Thus

— 0 3 * 23
and

5.11)

Similarly, th. total length L’ of these intervals satisfies

6L ’ 1 C Z J  ,bd t < K 03

1 .12) L’ -4 2~~~8 I

The n*~~er of intervals (x33_ 1 ,x
33

) — on which $‘(x) c 8 — is (R t 1) and their

~~tal length L satisfies

1.13) L’ )~~~- L ’ ’~~~~.

Thus

— 
— 4(5 + 1) 4(44 : ~~

mbich proves the theorem.
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