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\'Qonlidoz solutions (H(x,c),G(x,c)) of the von Karman equations for

the swirling flow between two rotating coaxial disks ,

1.1) i ALY I
and
1.2) €' + HG' -~ H'G =0 .

W also assume that |H(x,c)] < B/c while [G(x,e)| < B. This work considers

the shapes and asymptotic behavior as € + O4. We consider the kind of limit
EP 5 lor o L or i be s [ ‘
fanctions that are permissible. The only po‘slbh limits (interior) for
~EP* S
G(x,¢) are constants. If that limit constant is not zero, then 7":!(:.:)

will also tend to a constant. +
¥ | '(c'. ¢ €/ o
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SIGNIFICANCE AND EXPLANATION

Under appropriate conditions the steady-state flow of fluid between two
planes rotating about a common axis porpcndiculai to them may be
described by two functions H(x,c), G(x,c) which satisfy the coupled system
of ordinary differential equations

‘.".mlil ¢GG' -0

eG" + HG' - H'G =0 .

The quantity ¢ > 0 is related to the kinematic viscosity and %- R is
usually called the Reynolds number.

These equations have received quite a bit of attention. First of all,
people who are truly interested in the phenomena modeled by these equations,
e.g. fluid dynamicists, are interested in this problem. However, as these
equations have been studied by a variety of mathematical methods, they have
taken on an independent interest. The major methods employed have been
(1) Matched Asymptotic Expansions and (ii) Numerical Computations. In both
agproaches technical problems have appeared. There may be "turning points,”
i.e. points at which H(x,c) = 0. Such points require special and delicate
analysis within the theory of (i). As numerical problems, these equations
are “stiff" - precisely because ¢ is small. The occurrence of "turning
points” only makes computation more difficult.

For these reasons, these equations have become "test" problems for methods
of "matching in the presence of turning points®” and "stiff O.D.E. solvers."
m. when one has "test problems,” one needs to know the answers.
Oafortunately here the answers are largely unknown.

In this report we study the asymptotic behavior as. ¢ becomes small.
A wealth of qualitative information is obtained which will enable one to
further the various "test® programs.

The responsibility for the wording and views expressed in this descriptive
susmary lies with MRC, and not with the authors of this report.
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ON THE SWIRLING FLOW BETWEEN ROTATING COAXIAL DISKS,

°
ASYMPTOTIC BEHAVIOR I.

Beinz Otto Kreiss w and Seymour V. Putoru,

1. Introduction

R

In 1921 T. von Karman (S) developed the similarity equations for incompressible
axi-symmetric fluid flows. In 1951 G. K. Batchelor (1) used the von Karman approzch
to study the fluid motion between two rotating planes, rotating about a common axis
perpendicular to them. Despite the passage of time and the work of many people, this
problem is far from being completely understood.

Following Batchelor, K. Stewartson [20] made a further study of the problem and
disagreed with several of Batchelor's basic conclusions. In the ensuing years nany
people have attacked this problem. MNumerical calculations have been carried out by
Lamce and Rogers (7], C. E. Pearson [15], D. Greenspan [3], D. Schultz and D. Greenspan
(19), L. O. wilson and N. L. Schryer [23], G. L. Mellor, P. J. Chapple and V. K. Stokes
(13), ¥. D. Wguyen, J. P. Ribault and P. Florent [14), S. M. Poberts and J. S. Shipman
f17]. Formal matched asymptotic expansion methods have been applied by A. M. Watts (22]
ho also did numerical calculations) K. K. Tam ([21], H. Rasmussen ([16], B. J. “ztkowsky
and W. L. Siegnan [12]). Undoubtably many others have also worked on this problex ana we
are unavare of their efforts.

Rigorous mathematical results are a bit sparse. There are (to our knowledye) exactly
three papers concerned with the existence question, S. P. Hastings (4], A. R. Elcrat [2)

and J. B. Mcleod and S. V. Parter 10]. The first two obtained existence and unicueness i

v
will also appear as Computer Sciences Department Report #347.
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gesults for small values of the Reynolds number (R = %) . The third concerns itself
only with the case of counter-rotating planes. An cxistence theorem is obtained for
all ¢ > 0 and a complete asymptotic description (as ¢ = 0+) is given for the solu~
tions obtained. Not a word is said about unicity. A later paper by McLeod and Parter [il)
gives a negative result (in the limit as ¢ + 0) of the existence of solutions which
are monotone in the angular velocity. That results contradicts a conjecture of Batchelor.

The interplay between all of these approachs has been extremely profitable and
interesting. The conjectures and remarks of Batchelor and Stewartson, the "shapes”
obtained in numerical calculations and the general Gualitative results of the formal
ssymptotic expansions have all led to “target” questions. In their turn these target
Questions have been studied analytically, numerically and by formal expansion methods.
Por example, the results of [10] cast doubt on the calculations of [ 3] and a refined
mathod was proposed in [19]. One of the goals of [12) was to obtain - via formal
efpansion techniques - the soluuon: of [l0].

Let us now describe the problem. Let the planes be placed at x =0 and x =1
sad rotate about the x-axis with constant angular velocities no, nl respectively.
1at Q@ L qx denote the velocities in cylindrical coordinates (r,0,x). Following
wvon Kirman (5] and Batchelor {1) we make the ansatz that qQ, is a function of x
alone, i.e. there is a function H(x) such that

L “Hix) .

Then, as a consequence of the steady state Navier stokes equations we find that
% ” -;- R’ (x)

and, there is a function G(x) such that
Q" -;-G(x) .

Theee functions (H(x),G(x)) satisfy the ordinary differential equations

1.1) enl’ ¢ muv ¢ GG' = 0

1.2) €G" + HG' - H'G = O




where ¢ is the Rinematic viscosity. The associated boundary conditions are

1.3) H(0) = H(1) = 0, (no penetration)
1.4) H'(0) = H'(1) = 0, (no slip)
1.5) G(0) = 200. G(l) = mx .

However, our results are independent of these boundary conditions. Hence
they apply to the cases where one has “"suction" or “blowing™ on the planes.

In this work we are concerned with the asymptotic behavior of solutions
(l(x.c.) .G(x.tn)) as ¢ - 0+ under the basic hypothesis:
B.1) There is a constant B such that
1.6a) laexie )| < o/ .
1.6d) |G(x,¢n)| <B.

This hypothesis has been used, implicitly or explicity, in many of the studies

connected with this problem. There are good reasons for this. For example, if we set

R C=% BEO = L HKO, glEe) = Glxe) |
thea equations (1.1), (1.2) become
4 3
a 4 ¢ SRk
1.8a) [ﬁ h*h[“ h*G“G o,
1.8) a)’s o nfa)s - [a)s -0

oa the larger interval (O, 7‘:). Nany of the formal asymptotic expansion studies [21],
Q6L (22] have used this "stretching® and then "matched® with the numerical results of
Sogers and lance (18] for the semi-infinite region, i.e. the von Karman problem.
Bmerical studies based on "shooting® methods [13], [17] have found it convenient
to make this change and then actually compute (h(£,c),g(f,c)). In fact, Wilson and
Schryer (23] who did not use a shooting method also found these variables convenient
for oalculation. Moreover, the solutions found by McLeod and Parter [12] do, in fact.
satisfy these estimates.

One may integrate equation (1.1) to obtain

1.9) ettt o W ¢ -;-c’ -1 m? = ute)




where u(c) is a constant. This constant is of some indcpendent interest. For

exasple, in the semi-infinite problem i.e. single disk or von Karman problom, one sets

1.10) vedumcon?o,
X-de

and ¥ {8 a known quantity. On the other hand, in [10]) it was found that wu(c) ~ -c.
And, of course, in the two disk problem, u(c) is unknown.

In section 2 we set ¢ = 1 and study solutions of (1.1), (1.2) on large intervals
(0,E] with B >> 1. Here we discover several points of interest for the single disk
problem. In section 3 we return to the finite interval and values of ¢ < 1. Under
the assumption H.l we are able to make the change of variables (1.7) and apply the

results of section 2. The main results of this section are (i) If u(cn) - ; as

“* 0+, then ; > 0, (ii) one may select a subsequence n 0 such that, there is

& constant g_ and for every c.o<c<llo

1.11) Max{|G(x,c ) -g |1 0<8<x<1-8)+0 as ¢ 0.
% T By o ™

Moreover,

1.12) N‘.k) * 7} 9: .

These results are consistent with the suggestions of both Batchelor (who emphasized the
case g_" 0) and Stewartson (wvho emphasized the case g_ = 0).

In section 4 we consider the case u > 0. In this case we find that there is a

'(‘ol )

eoastant h_ such that
o W
T—-_ h.

1.9) u{
™

Much of our work described in this paper is based on the properties of the function

:63_x_<_1-c}+o.

120) *xee) = [6' (x,e))? & (et (x,e0)? .
The basic result, due to Mcleod [9], [10), is
Lewma ¢: The function ¢(x.c) satisfies the differential equation

1.18) " + Kot = 2c(6M 3+ ),

-4-




and, tho function

x
o (odexpld [ e erae)
(3 ‘o

is nondecreasing. Since it is also holomorphic, it has at most one zero.

Thus' the
behavior of ¢(x,c) is descrided in one of the following three ways:
(@) ¢ is monotone docreasing on its interval of definition,
(8) ¢ is monotone increasing on its interval of definition,
tyv) there is an interior point y such that ¢' <0 for x < Yy and @' > 0 for

x> Y.

e
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2. Some Rasic Fstimates

In this section we are concerned with obtaining estimates on functions (h(£),.g({)?

which satisfy the differential equations

2.1a) MY e mnttt e ggt a0, O0<E<E
2.10) g"+hg' ~h'g=0, O0<E<E
where

2.2) 0<lscEs<w.

Nereover, these functions satisfy the a-priori estimate
2.3) Iner ]| <» lo@]| <».
Throughout this section the letters E, B will denote these constants.
We recall a basic estimate due to Landau [6].
lesma 2.1: Lat £(§) ¢ C'[0,E] and let n > O be a given positive number. There is a
esnstant C(n,N) depending onlyon n and N and not on the length E, such that:

for 1 <j<N-1

J ), = comer - &), -

Moreover, if n:%l then

2.9 el <2 Nesll, + 2 e, -

Pxoof: See [6]).
Samark: In most instances this lemma is applied when N is small, however we shall

aleo use (2.5) vhen n is large.
Igpma 2.2: Let h(E),g(f) satisfy (2.1a), (2.1b) and (2.3). There are constants l,.

$=1,2,... (depending only on B and not on h,g) such that

N - Bl <nye omeens

1 let n e - T « From (2.1a), (2.1b) and lemma 2.1 we obtain
(48)
NI, < sictn.a + nlntVllL) + Biscen,a « allg®llL)

Nell. < »toctn,a) + nllni¥]|_1 + Biactn.2) « nllg*ll_).




Collecting tcrms and adding the inequalities we obtain

a - 2l s lle*ll) < 28%1ctn.a) + ctnu2)) .
That is

Il + lle®ll, < a8%ctn. @) + ctn,2)) .

Thus, (2.6) follows from (2.4) and repeated differentiations of the basic equations.

In the remainder of this section we use these estimates and lerma ¢ to obtain
even stronger estimates.

Let

. 2 - 2
2.7) ¢(E) = [g'(E)1° + (W= (E)]1° .
Thea lemaa ¢ (with ¢ = 1) applies. Suppose ¢'(f) > 0 on a “large” subinterval
of ([0,B]. Since
2 2

°5,.(£) :’1*32 .

thea ¢4°(f) must be "small® on “"relatively large” sets. Our next result makes this

statement precise. The details of the proof are left for an appendix.

lesma 2.3 Let

2.80) Ky = max(L [loll_. Mol Mlovll ) o xy=x3 ¢ L,
ke = lerell, -

lat

2.9) “‘: <L<x.

fhen for every interval (o,8] € [0,E] of length L, {.e.,

3.10) . ~Qew]L,
such that
2.11) @ 20, Ee (a,8],
there is a subinterval (a‘,8') T (a,B] such that
2.12a) 8 ~a' > 1,12
26x]
and
174

2.12) 0@ < ) .




N — Z R |

Moroover, on this interval,
1 1/8
2.12¢) IO'(()I < (lt1 + 1) [E] .

Proof: The estimates (2.12a), (2.12b) follow immediately from Theorem A of the Appendix

vhile (2.12c) follows from (2.5) applied to ¢*' with
1/8
1
=
Corollary 2.3: On this same interval [a',8'] we have

1/8

-1/4 /8 < ‘32‘. A

1ee 2 2 -1
2.13) (*'*'*) + (¢g")" < BL + (1 + xx)!-

Proof: Apply (2.3), (2.12b) and (2.12c) to the differential equation (1.16) (witk ¢ = 1).

lamma 2.4: Suppose (a',8') C [0,E] is a large interval, i.e.

2.14) g8' ~a' > 1 3 ke
163

ea which

2.19) e 8 Y

where L is so big that

2.16) WM M 12 L Loy
J2K°
Thea there is a constant K‘ such that
217 o] < x 7V, ] < x a2,
2.18) @) < x‘:.‘V“ g
1/32 h
Pxoof: let na=L « Applying (2.5) to the function h'(f) we have
1732 -
Il <322 20nee i, 22732 el
1. .-1/32 -1/32 -1/32
SIRE + 8L <KL .

Then, with n = l.v“ we obtain

1 1/64y. . - -
el <3 eUnell, ¢ 22784, < x4

A similar argument gives the result for |lg'||_ .




Purther applications of lesma 2.1 give the following additional estimates.

lesma 2.5: Suppose [a,8) € (0,E) i3 an interval on which

2.19) 0 < ¢(p) < kw26
and

2.20) -0},
Then, there is a constant M such that

2.21a) [o* (&) ] < L2332
2.21b) le=c) | < m1/64
2.21¢) Iheee ey | < w264
2.214) lo=(e)| < m™V/64
2.21e) In*(e)| < w64

Theorem 2.1: Suppose E = 4=, Then, either ¢(f) = 0, or

2.22) ¢'(E) <0, 0<Eco .

Proof: Suppose there is a point €or 0 £ &y <= at which (2.22) is viclated. Then
') >0,

(o <E <t ,
lat L be s0 large that we may apply Lemma 2.3 in the interval [Eo +L, to + 2r).

Thus we find an interval (a,8] C lto + L.Eo 4 2L) such that

o] < V8

o] <6, g ] < w7V2E
If L is sufficiently large we may also apply Lemma 2.4 to discover that

2.29) o] < o126

By the nature of ¢(f), this last estimate holds on the entire interval (€ge€y *+ L1
Bowever, since L is arbitrary we have
.(t) - o! (o < ‘ .

Wowever, since ¢(f) is a holomorphic function, ¢(&) = O.




Remark: This result is similar to a result of Ncleod (11). MHowover, the proof
is quite different, as are the hypothcsis,
Theorem 2.2: Suppose E = +=, Then Lim g(f) exists, call it g¢_. The constant of

(L

integration y is given by

1 2
Lk A

1 Prgof: Choose a large number L and let

| BL) = -h(2L - §), 0<t <3 |
9l = g2t - O, 0<g<2
' ¢~ e @3 ocren.

} Then, (h({),g(L)) satisfy (2.1a), (2.1b) and (2.3). Moreover, ¢(f) satisfies (with -

appropriately placed) (1.16). Finally,

() =L - >0, 0T N,
As in the proof of theorem 2.1 we apply lemma 2.3 on the interval (L,2L). Applying
lemma 2.4 ve find that

o:;(:)_c_nn'v“. o<fs<L.

Applying lemma 2.5 we f£ind that, as L » ‘e

oV,

n(E) = of o< <L,
@ =0, octsr,
v =oM%y, ocpen.
That is
n =oM%, Legen,
i =ow??), Legem,
heg =0 M), Legem. P
Inserting these estimates into (1.9) gives
(2.2¢) Lo +v an goe.

T™hus p>20. If p=0 then g =~0. If p >0, |g(f)] s bounded away from zero for

g sufficiontly large. Let o = sgn g(f), £ large. Then the theorem followa with

Ve " 2ne .
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3. The Asymptotic Behavior of Gi(x,c)

Returning to the functions ¢H(x,€),G(x,t)) which satisfy (1.1), (1.2) on (0,})
we consider their behavior as € = 0+. Of course, we also assume H.l, i.e. (1.6a),
(1.6b). We make the chango of variables (1.7) and consider the “stretched" functions

h(f,¢c), g(f,c) on the intexrval (O, 7:- ). We observe that
n

(&) weor .

3
r 3 r
[f'i] g(.c) = @? [:—;] Gx,c) .

lesma 3.1: Let (MH(x,c),G(x,c)) be a solution of (1.1), (1.2) which satisfies (1.6a),

1 -
[;‘5 ML) = (o) 2

(1.6b). 1let ‘j be the constants of lemma 2.2. Let

12,12,

€ "2 2% 2

2, .
Then

3.2) ] < ¢,

Proof: Using (3.1) we see that

o - [ ofe e 3ot -3 R

lamma 3.2t Let 4, 0< &< begiven. There exists an c(8) > 0 and an N(3) > 0
depending only on & and B such that: for O <c <¢(8) and 8 < /& £ <1 - & we have

1/64

3.32) @] < n)e’®,  griE.0] < no) et

1/128' I /128

3.3b) In g0 ] < nid)e
Ieoof: Llet

R (Ee) ]| < M(8)e

$E) = o' (€1 + thmcg,en? .
hea ¢({) satisfies (1.16) with ¢ = 1 and lerma ¢ applies. Let ¥or Ky be as
in lemma 2.3. 1let

{ cld) = c’/uz)’x: ;
Then, if 0 < ¢ < c(8)

3.4 ux:g_;%-x.;-}-i.-n.

«ll-

i 3 T S




r e o e s T . Ty '*v'v:-v'-v Y N ST ‘m1
- | | |

Let vy(c) be the unique point at which ¢(f) assumes its minimum.

Case 1: Y(c) ¢ [76.:-. lj.t--i] In this case
e@20 1-8:hgc1-34,

$° (8 <o, s</ecs.

N[

The estimate (3.4) implies that (2.9) holds for the two intervals [W“- §, 76?] 5

1=
[}7—‘ ] Hence we may apply lemma 2.3 and lemma 2.4 to obtain subintervals
K3
Jt'

outside [
its maximum on the boundary of any interval, (3.3a) holds on all of [7:. -———] The

l_’ﬁ__i] and a constant M(8) so that (3.3a) holds. Since ¢(f) assumes

estimates (3.3b) now follow from lemma 2.2.

Case 2: Y(c) ¢ [76{, -17-‘-6- ] For definiteness suppose vYy(c) < % « Then we argue

-=38
as above to obtain the estimate (3.3a) on a subinterval of [7— -—T—]. Then
since ¢' >0 for £ > y(c) we see that (3.3a) holds on all of [_‘/E' I—.TGJ. As
before, (3.3b) follows from lemma 2.2.

Lesna 3.3: Let &, 0 <8 <% be given. Let ¢ < ¢(8) and let (H(x,c),G(x,c)) be
& solution of (1.1), (1.2) satisfying (1.6a), (1.6b). Then, for 8§ < x <1 - § we have
3.5) 136 w.e) - uter| < meor(¥/128 4 pct/84 A

K(C)c ]

Proof: We make the change of variables (1.7), using (3.1) and (3.3a), (3.3b) we obtain (3.5).
Wote: While the analysis given in this paper is primarily concerned with "limit"

behavior and families (i.e. sequences) of solutions (H(x,c),G(x,c)) which satisfy

Rl + (1.6a), (1.6b) the estimate (3.5) provides a "check” which may be applied to any
oalculated pair (H(x,c),G(x,c)). We simply must carry out some messy computation.

That is, (i) find a B for (1.6a), (1.6b); (ii) carefully follow the steps of section 2 4
and compute M(8); (iii) check (3.5).

Theorem 3.1: Let n + 0+ and let (ll(x,cn) .G(x.tn)) be a corresponding sequence of

solutions of (1.1), (1.2) which satisfies H.1l, i.e. (1.6a), (1.6b). Suppose

3.6) uie,) +u as €, > 0.




(Note: In view of lcmma 3.1 onc can always extract a subsequence so that (3.6) holds.)

Then

3.7a) V20

and; for every 6,0<6<%6

3.7p) lux(lcz(x.cn) -2l §<x<1-81+0 as €, >0+ .
Moreover, if u = O then

3.8) m(lc(x.cn)lt §<x<1-8+0 as € 0+ .

If ¥ > 0 then there is a subsequence e u and a square root, say A, of 1}

such that
3.9) lhx(lc(x.cnk) Al §<x<1-8)+0 as ¢ +O+.
In fact, if
3.10a) l““u’ - i] + "m“:/na + Bc;/“ + %H(G)ti’“) L0 5_;13;
then
3.10b) -;-Gz(x.cn) ?_1% U §<x<l1-8.
™us G(x,¢c u’ is of one sign and
3.11) letx.c) - /2_\.:3911 Gix,c )| < °_ .
n ol 2=

Proof: The estimates (3.7b) follows immediately from (3.5). The inequality (3.7a)
follows from (3.7b). Then (3.8) is apparent. When } > O and (3.10a) holds we have
from (3.5) and the triangle inequality
13 6%y - il cocqhu .
Then, (3.10b) follows at once. We then have
Ic(x,cn) - /‘jl . |G(8-tn) + A-i-l <o

and (3.11) follows at once. Thus, choosing “signs" at a fixed point, say x5 = ';‘o
we obtain (3.9).
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Asymptotic Rehavior of H(x,c) : u > 0
Let §, 0 < ¢ < rlo- be given. Llet ¢€(8) Dbe the valuc determined in section 3
and suppose 0 < ¢ < ¢(8). Let (H(x,c),G(x,c)) be a solution of (1.1), (1.2) on (0,1)
vhich also satisfies H.1l, i.e., (1.6a), (1.6b). We also suppose that there is a
constant U > 0 such that
4.1a) ule) 2u/2>0,
2

[ X1 [

4.1d) G%(x,c) > u/4 > 0, 55_,:1_%‘_

(S]] o

The main result is
Theorem 4.1: There are positive values c= t(c.;). K=K(8), 0= G(;) where ¢ depends
oaly on 8.-; and B, K depends only on § and B, while a(y) depends only on ¥

and B, such that, for § <x <1 - 8§

4.2a2) l% Gz(g.‘) - “(t)l :‘(6)“9{_0‘-1/!84) :
2 1r
4.2d) “%] u(x.t)l <c . K(G)cxp(-ac-vu‘}. r=1,23,
a.20) I3 61| < €/ Zkb)expl-oe /38 |
Pinally, there are constants a, b such that
4.3a) Ii—!(x.c) -al < ;1/3‘“,.”(_“-1/3“} .
4.3b) |Gtx,e) - b| < c-uzx(c)oxp(-cc-v’“) %
4.3¢) Ibl * Y2u(c) .

Of course this theorem immediately implies certain limit theorems for subsequences
of sQlutions.

The proof is relatively straight;forward and follows the general pattern McLeod's
work in [8). Unfortunately there are many details to check out. We outline our
approach.

Step 1: We make the change of variables (1.7) and consider the functions h(£.c), g(£.c)

on an "interior® interval (a,8) which satisfies

.4 W sacp el = O/,
4.4p) $-awic) = ¢ 2304




Step 2: We find an cquivalent intcgral equation.
Step 3: We prove local uniqueness for solutions of the integral equation.
Step 4: We prove that the desired solution of the integral equation can be obtained
via Picard iteration. !
Step S: We see that the limit of the Picard iterates satisfies the appropriate estimates.
8Step 6: We return to the original variables x, H(x,e¢),G(x.c).

We can imagine step 1 has been done.

Step 2: The integral equation. Let
4.%) by = hia,c), 9o = Gla,e) .

w0 = g(€.e) - gy uy(E) = h(E.e) - Ry

4.5) vy (E) = g* (€,c), u () = h' (g0
ug(E) = h"(E,e), ug(6) = h'' (g, .
let
4.6a) U= tuyu,00 000007
(0 0 3% o o7
il W R g
© 0 -hy g, O O
S ERie. 0 v 0.3 8 )"
¢ 6 ¢ o o 1
S T "By
4.6e) b =b(0) = (0.0.\.\1\1‘ - uzus.o.o. - uu, - uzus)‘ .

the equations (2.1a), (2.1b) now take the form
au
4.7) at « AU + b(U) .
A direct calculation shows that the eigenvalues of A are the roots of

4.9) a’u: 220 . ho)’l “0.

Homs
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——
—

Sssontially this same eigenvaluc problem ariscs in [8) and we can casily check the

following formulae for the cigenvalues ak. k=1,2,34,5,6. Let

21/3 2,172
.l.-%hoo—%((h + 169 ho) >0,

0y " =3 Mo - (i s a6V e V2 <o,
v _% ((h 4 1‘92 /2 _ 2)1/2
T™Hhen, the eigenvalues of A are
4.%) ll - lz
4.9bd) l’-ol'bh. l‘-i)-pl‘h.
4.9%) Ag=pytin, Agwi mp, - ir.

It is easy to see that px>0 and p:<0 provided that g°¢0. NHowever,
(4.1d) gives
4.10a) 22952072 .
And, for all Cqe W have
4.100) Il
Thus a simple compactness argument shows that there is a constant p > 0 such that
4.10c) o’s_~o<o<o:pl.

Jat us diagonalize the matrix A. We construct the matrix of eigenvectors. Let

9
- 4—
4.11a) a(l) % "o
and let
"1 o -u,: aid,) LI uﬂ‘)
o 1 1 b Y b b
o o lal ﬂ‘) l‘l(l‘) lsl(ls) l.l(l.)
4.11b) T=]0 O l’ l‘ ls l. .
2 2 2 2
¢ A A A
3 3 b | 3
i o ° l, l‘ l‘ l‘ J
'l“




Using the fact that

4.11¢c) -“k, -

one can easily verify that the columns of T are eigenvectors of A and

4.114) i - diagonal(0,0,35. 2, A.A) = A .
Noreover
1 0 x x x x| J
0 1 x x x x
0 0 x x x x
4.12) "y IO e St
0 0 x x x x
0 0 x x x x|

where “x" marks an element we do not need to compute.

calculation is carried out.)
lat

4.13a)

Then (4.7) takes the form

4.13d)

vhere

4.13¢)

gew, verly.

av

== AV + 4(V) ,

13

2
% i xkukuso) ;

lk + ho qo

aw) = T i .

aiiihidy

3<k<6

(See [8] where an analogous

Thus, we have essentially found our integral equation.

lasma 4.1: Let V(f) be any solution of (4.13b).

Then

3
4a) v (E) =v (a) + [ 4, (V(r))de, 3=1,2,
3 v U5

Ag(E-8)  AyE-B) B A (t=f)
4.24b) vy (E) = v (Ble +e [ e
e
: l’(t-c) l,(t-c) (3 -Xj(t-ci
4c) v (E) = v, (a)e ‘e | o
3 3 -4
Proof: Integrate (4.13b).
«l?=
=" e

‘,W(ﬁ))‘to =34,

‘jw(t),dt. j - S,G .




Step )t local uniquencss. H
It is essential that we distinguish between the componcnts V, () of V(f). Let
4.1%) ivier )l = -“II",(Ull 3 =1,2,3,4,5,6.)
b}
4.1%b) WVIED) = max(lv (@) ]: 3 = 3,4,5.6.) :
3 |
4ase) NVIE)) = max{ |v, () | Iv 0 |} . i’
lasma 4.2: There are positive constants 3 :2,.8, such that; if V, Y are each
é-vectors,
law - amfl<anmw - v « nv) + ;
4.16) ol |
NNV - 1) + NV = Y)[N(Y) + N(V)) . !

these constants 3,088, are uniformly bounded.
Proof: The coefficients of T are bounded functions of 99'hg* A compactness argument
shows thay are uniformly bounded. The form of T shows that: for k = 3,4,5,6 and

=12

‘j‘k - '3“3):"3"’4"’5"6) + ij ('3"'4"5“’6’
whare L,k is linear and homogeneous while ij is quadratic and homogeneous. Thus,
(4.1€) follows from the form of b(U).

fasme 4.3: Let N(§) be the constant of lemma 3.2. Let K, be a uniform bound on

1
It’ll.. Let
4.1%) K190,
4am) 000 =49,
aad assume that
4.2%) i<l |
Assume that
TR (a, + 2, ¢ 208108 < 5 -

et 'x“'" '3(0). "“). "(B). vs(a). v‘(o) be specified so that

m(lvl(o)l.lvz(a)l.lvata)l.lv‘(c)l.lvs(o)l.lv‘(n)l) <8,

1 - & s i A e N i i
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Thea, there is at most onc solution V(E) of the integral equation (4.14a), (4.14b),
(4.14c) with thesc boundary values and satisfying
4.19) livier|| <o .

Proof: Suppose Y({),W(E) are two such solutions. Let

4.20a) D = max(flacy(€)) - am@Enlls a<e<spl,
4.20D) E=max(flve) -werll; o<g<s).
From lemma 4.2 and (4.19) we have

4.21a) D<(a +a,+ 22,88 .

From the integral equation we see that

4.21b) B < L(e)D < Llc)(a, + a, + 2a,)Ed .

Tus, either E= 0 or

12Lle)(a) +a, + 22,)8

2
vhich contradicts (4.18).
Step 4: The Iteration.

lat v, (a), vy(a), vy(B), v (B), Vg(@), vc(a) be determined from h(f,c), g(£,c)
via the transformations (4.5b), (4.13a). We seek to recover the appropriate V(E) via
Plcard iterations. That is, let VO(§) = 0. Assuming that VF(E) has been computed

we determine V'ﬂ(t) from the equations

3
42200 v =v (o) + [ a, Fwnae, 31,2,
3 bafl e

e A (e-8)

1 Aj‘(E-B) £ -aju-a)
4.22d) v’ (€) -vj(B)e

+e e a,(v‘(énae. §=3,4,

- L N

lj (€-a) 1, (§-a) € -lj (t-a)

(R IR ARG vy(ale ‘e | e a0 (eae, 3 =56 .
a

lesms 4.4: Let V'(f) be computed as above. Assume that

4.232) dta, +ay + 4000 <y,
and
4.2%) CILLLARE

=19~

SEAVER BSOS A




then
4.240) o - v«

2

o, (E-8) 0, (£~a)

4.240) n @ - v < [ ser 3.

2
4.24c) nevt e < 20,

o, (€~ ‘) o (§-a)

6.249) NV (0 < 20fe } : ] A

Noreover, the functions V"’ (§) converge uniformlv to a function V() which satisfies
the integral equation (4.14a), (4.14b), (4.l14c) and

4.25a) M(V(E)) < 20 ,

0,(6-8)  p,(g-a)
4.250) wvee)) < 20fe ? e

Pxopf: We observe that (3.2) together with the choice of L(c) implies that the
®olution V(f) determined by (hi(f,c),g(f,c)) satisfies

4.26) liver|l <o .

therefore, a-fortiori, the boundary conditions satisfy the same estimate. Thus, (4.24a),
(6.24b) are satisfied for r = 1. We proceed by induction. Assume that (4.24a),

(4.24d) are satisfied for r = Yisvensl Then, (4.24c), (4.244) are also satisfied

o

for r = 1.2.....:0. Applying lemma 4.2 we have

o 202 0 (E-8) o, (E-a)
llaw Oc6r) - acv'® @nll < (a, +.2+4.)[ : e
2 0
«m
o/4 el Aeloay oztt-c)]

2
Substitution into (4.22a) gives
T, +l T 7/4
W - vOow] Byl
20

Bowever, using (4.23d) we have (4.24a) with r = %o + 1. Substitution of (4.27) into
(4.22b) gives

N
’




r 41 . 774 ,(6-8) B o, (E-t)
|v,° ® - v,°ml <= st .-

29 ¢

o/4 syl 8 PG
4
290 ¢

+ dt, J=34. -

Since £ < t < B over the interval of integration, we have

r, +1 Py (E-o)]
e

|v jo +

7/4 o, (E-B)
E_(i,'e_- [‘ * r) j - 3" -

2

r
«© - vj°(€)| <

A similar computation applies for j = 5,6. Thus, using (4.23b) we obtain (4.24b)
for ¢ = Ty Thus, the lemma is proven.
Proof of Theorem 4.1: Let & be replaced by %6. That is, replace ¢€(8) by c(% §)

and replace M(8) by n(% é) and consider [a,B] which satisfy
138 1
4.28a) 2fiq<ai(1-36)/la.
tet ¢(8) be the largest € so that (4.17¢c), (4.18), (4.23a), (4.23b) are satisfied, and

4.280) RYLISN N

=2
Then if o<¢1:(6). every point § e [7‘:-,-(1/;.—‘) can be placed at the center of
aa interval [a,B] which satisfies (4.28a) and (4.4b).

Om this interval we construct the function V(§) of lemma 4.4. However, the
local uniqueness result of lemma 4.3 assures us that this V(E) is precisely the
function V(f) obtained from (h(f,c),g(f,c)) via the transformations (4.Sa), (4.Sb),
(6.13a). Let K, be a bound on lIz)l as hys 9, Tange over the values allowed by

(6.10a), (4.10b). Then, due to the form of T,

4.29) In,ml < 4&29.xp(- -:- e'ln“}. 3 = 3.,4,5,6.
vhere p is the constant of (4.10c). Let
1
4.30a) K(§) = 4K K M(5 &) < 4K,0 ,
4.30b) o= % .

Then (4.2b), (4.2c) follow from (4.29) and (3.1). The estimates (4.2a), (4.3a),

(4.3b), (4.3c) follow from these.

-21-




The next thecorem is an immediate conscquence of theorem 4.1,
Theorem 4.2: Let ‘H(x.:n) .G(x.cn)) be a sequence of sclutions of (1.1), (1.2) which
satiafy H.l. Suppose these are constants U, g_ with 9: = 2u such that
4.31) wie) +u,

and, for every 6.0<6<% we have

4.32) ux(lc(x.cn) = q.lx §<x<1-48}+0 as €, 0+ .

Then there is a subsequence cnk <+ 0+ and a constant ho so that

|
4.33) nx([ﬁ Hix,c_ ) ~h |: § <x<1-8)+0 as € = 0+ .
Px . e - "x

™

Moreover, if ¢ -+ .+ and there is a function h(x) such that

1

4.34a) max{| Hix,e ) ~h(x)|; §<x<1-8}+0 as ¢ =0,
/t% " "x

then

4.34b) h(x) = const .

-22-
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4
E
Appendix
In this appendix we prove the following very plausible result: if ¢(€) is a 3
smooth function defined on a very large interval and if - ¢(€) 4is both positive and
monotone, then there are rclatively large intervals on which ¢°'(f) is small. Unfor-
tunately the complete proof is technically complicated.
Theorem A: Let ¢(£) satisfy
A.l) 0 < ¢(E), 0<g<L, |
A.2) ¢'(€) >0, O0O<E<L.
Lat
and suppose that
a.4) m:: L.
Then, there is a subinterval [a',8'] C (0,L] such that
A.S) 8. - a' 3_-—21— e
16K_+ 1
0
and
1 1/4
We require a basic estimate based on the mean value theorem.
lesma A.1: Let fe¢ c’[o.x.l. Suppose
2
A7) l‘—z fl <mM,
ag -
and
as ‘
A.9) I;,E €)|2a>0. A J
Let
A 5
A.9) b= un{ﬁ, §gr L = ;o) .
Then
af A . &

«23-




1)1/7¢ L
Proof of Theorom At Let (E] -§> L+ We construct a suquence of points

0= xo < xl € ++s € < L. with the following properties

.. (xo) - 8,

¢ x) -::;61, ¢'(x) >§. for X SX <X

*ix) =3, #'(x) <& for x <x<x,,
0‘(:21*1) - -;- s, ¢'(x) > %. for Xy S X < Xyyyy ¢
) = 4 $'(x) <8, for Xpge1 S X S Xpgeg

To accomplish this we proceed as follows. If ¢°'(0) > § then X = 0, 4if not %

4» the first point at which 0(:0) « 8§, Let X) be the first point larger than X

o z_% L then the theorem is true. Assume

'0 < -:- L. By Lemma 1 the number of intervals is finite. Let N be the last index.

such that Q(xl)-%a and so on. If «x

Thea Xy S L. If N even, then 0'(:):-:- for x, < x < L. Thus

Ko 240e) 23 (@ -x) .
That is

3o 2
Wox) 2820

If N is odd, then ¢'(x) < & for X, £ X < L. Thus, we can assume “-‘ﬁ'i%-
Therefore

X3l

Let R Dbe the number of interval - on which ¢'(x) > % -« We first

(xaj.xu+1)
Sseek a bound on R. By Lemma A.l

8
"‘asu y "zsl 2 x;

-24=-

ol



Thus
x
2341
n%f—<{f ¢'de < K
14 ="
23
and
A1) R < axlse? .

Similarly, the total length L' of these intervals satisfies

x
2j+1
il varcx
I %y
and
a.12) L ew/E < T

The number of intervals (*23-1"23’ - on which ¢'(x)< 8 - 1is (R 2 1) and their

total length L" satisfies

a.13) il
Thus
2
L L8
maxix,, - x . .) _ > 7
4 8- TR RS ‘“‘% + 83

which proves the theorem.
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