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Preface

A major problem confronting some modern fighter-type aircraft

is the loss of control due to roll-p itch inertial coupling.

Some of the aircraft have flight control systems which , when

the aircraft is performing a roll , sense p itchup and ther e fore

command nose down stabilator to saturation . When this occurs

the aircraft loses control. The Air Force Flight Dynamics

Laboratory at W.P.A.F.B. is interested in the analysis of

a statically unstable fighter-type aircraft flying at high

angles of attack. Of particular interest is a comparison

between body axis rolls and velocity axis rolls and a possible

method of analyzing the problem of uncontrollability due to

the flight control system.

I wish to thank my thesis advisor , Dr. John D’Azzo of

the Department of Electrical Engineering of the Air Force

Ins titute of Technology , for his overa ll guidance throug hou t

my thesis. I also wish to thank Captain J. Gary Reid of the

Depar tment of Elec tr ica l Eng ineering of the Air Force Institute

of Technology for his help in the development of the nonlinear

equation solver. A special thanks is due to Captain James

Silverthorn of the Department of Aeronautics and Astronautics

of the Air Force Institute of Technology for his patience

and t ime ly ef for ts in help ing me to develop a working linearized

model of the aircraft .
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Abstract
S 

A linearized model of a fighter-type aircraft with significant

roll-pitch inertial coupling, including its full flight control

system,is required in order to conduct a comparative analysis

between body axis rolls and velocity (stability) axis rolls.

The stability of the aircraft is checked at various roll

rates for both body axis and velocity axis rolls. This is

done by examining the signs of the eigenvalues of the linearized

model-positive for unstable and negative for stable. It is

found that at various angles of attack the velocity axis rolls

prove to be at least as stable and , in most cases , more stable

than body axis rolls. The stability is also observable for

various combinations of flight control systems .

In developing a nonlinear coupled equation solver , a

single equation with known solutions is considered first.

This is done to show a simplified version of what the nonlinear

program is required to do. Next , a pair of nonlinear coupled

equations is analyzed. The development of the program for

the single equation case proves to be successful , but certain

prob lems arise when working with a pair of coupled equations .

This thesis provides a good foothold on a method of analysis

known as Bifurcation Analysis and Catastrophe Theory which

can be used to solve the nonlinear coupled aircraft equations .

This thesis presents some of the problem which could be encountered.
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INVESTIGATION OL~ ROLL 1~UR PORMA N C~1 R)R A U I G I I L Y  NJN~ INF .A R
STAT I CALLY UNSTA R L 1~ P IGH T E R - TYP V A l RCRAF T

I .  In t r o d u c t i o n

Bac k~ round

As the design of f i g h t e r - t y p e  a i r c r a f t  moves towar d  t h a t

of sma l l e r  and t h i n n e r  wing s , the  n o n l i n e a r  aspe c t s  p l ay  an

i nc reas ing  role In the  p er fo rmance  of the  a i r c r a f t  and t h u s

add to the  s t a b i l i t y  p rob lem .  The e q u a t i o n s  of m o t i o n  of

an a i r c r a f t  (Re f 1:11) are

1
-5 ~L — PI

~ 
- + QR~ T - l ) -  PQ •T~(~ ( 1 . 1 )

• QI ,~, + P R ( t - t ) + (P 2 -R ~
’)J (1.2)

EN — RI 2 - 

~
‘
~x : + I y~• I ~~) + QR .Y ,~ (1 . ’)

EF~ 
m ( t ~+WQ-V R) ( 1 . 4 )

EF~ • m(V+UR-WP) (1.S’~
S

EP~ — m (W+VP-IJQ)

it can he seen that for aircraft with larger W i ng s . g i v i n g  a

more even ly distributed mass ove r the wing and fuselage , the

moment s of I n e r t i a  
~
‘ x ’ ’V ’ and I )  are e~ s e n t ( a l l v  equu l to

each o t h e r  and the product  of I n e r t i a  ~~~~~ is  co n s i d er e d

i n s i g n i f i c a n t .  This dc-couple s  the ~ ix  equ at  ions i n t o  t h r e e

1ong i~ n d i n n l  and th ree  l a t e r a l - d i r e c t i o n a l  e q u a t i on s .

In some f i g h t e r s , the  wei ght  d i s t r i b u t i o n  is p r i m a r i l y

In the  fu sel age  s i n c e  the  w i n g s  ar e  c m a l l  and t h i n , t h u s ,
4 .

the d i f f e r e n c e s  in the  moments  of Inerti a In equat  t o n s

I

_____  -5.   S 
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1. 1 th ru  I . 3 arc sufficiently large and they cannot be

- - neg lec ted .  The~ c d i f fer e n c e s  produce w h a t  is known as

i n e r t i a l  c r o s s - c o u p l i n g .  If  a r o l l i n g  moment  i s  in t roduced

th is  resu l t s  in  some yawing moment , and the t e r m  P R ( I ~~
-l 2 )

may become l a rge  enoug h to cause  an unc o n t r o l l a b l e  p i t c h i n g

moment (Ref 1:183).

Anothe r  i m p o r t a n t  coup] ing t e rm is the product  of i n c r t i a ,

whi ch appears in e q u a t i o n s  1.1 t h r u  1.3. For some

fight e r - t y p e  a i r c r a f t  the  r~rodt1ct of i n e r t  i n  i s l a r g e

enoug h t o play a s i g n i f i c a n t  role in  t h e  a n a l y s i s  of the

a i r c r a f t ’ s equations of motion. This adds to the nonlinearity

and coupl ing  of the ~i i r c r a f t . Therefor e , the t ask  in  t h i s

th esis is to a n a l y z e  the e f f e c t  of the product  of i n e r t i a

an d all moment s o f ine r tia for a mode~-n f i g h t e r - t y p e  a i r c r a f t .

Due to a l l  the nonlinearities in the a i r c r a f t , it would

a lso  be of ma jo r  i n t e r e s t  to pe r fo rm a n o n l i n e a r  a n a l y s i s  of

the a i r c r a f t . The Fli ght Dynamics Labora to ry  has developed

a compu ter program (TIM EU) which gives the time history of

an aircraft for desired inputs. The time histories have

been usefu l in showing that the problem of instability does

exist when the aircraft is performing a roll maneuver at a

h igh an gle of attack ; however , the time histories do not

provide any information as to where the problem orig inates. 
S

A possible approach to this problem is known as Bifurcation

Analysis and Catastrop he Theory Methodology (BACTM ) (Ref 4).

This approach considers a set of nonlinear coupled equation s

2
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and determines thei r  solut ions  as a function of the control

parameters . tn the case of an aircraft , these control

parameters would be the pilot’ s input to the flaperon , rudder ,

and stabilator. Since the actual BACTM program is not

ava il ab le for use, the first step is to develop a comparable

pr ogram , using the basic ideas of BACTM.

Purpose

The purpose of this thesis is to analyze the problem of

roll divergence for a statically unstable fighter-type aircraft

at various angles of attack. Of particular interest is the

performance of the aircraft at high angles of attack. This

divergence is caused by the roll pitch coupling .

The prob lem is quite large and requires much work. This

thesis is only the first step to eventually understanding the

nonlinear phenomena and to then devise corrective control

action. This first step contains two approaches:

(1) To look at the aircraft ’s linearized equations of 
5

motion and determine the maximum sustainable roll rate , before

instability occurs , for a statically unstable fighter-type

aircraft at various angles of attack .

In this approach the equilibrium conditions are assumed ,

the equations are linearized , and the eigenvalues are

derived. When an eigenvalue crosses the imaginary axis into

the positive real side , instability occurs . This approach S

gives some very good information but is rather limited and

localized. Since the equations are linearized from the

start , there is no insight to the nonlinearities

.~
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of the aircraft. There is a definite need for a more systematic

global analysis of the aircraft.

(2) To investigate the nonlinear events which occur in

nonlinear equations by using the methodology of bifurcation

analysis and catastrophe theory.

This approach uses the nonlinear equation (s) to solve for the

equilibrium conditions and linearizes the equation (s) about

those conditions. From there , the eigenvalues are derived.

This is a global analysis which allows the whole bifurcation

surface to be obtained. It also gives a deeper understanding

of nonlinear events like jump phenomena and limit cycle

phenomena , which occurs in aircraft at high ang les of

attack.

This approach is a difficult undertaking so this thesis is

only concerned with using the methodology for a simple example.

Organization

The first part of this thesis presents the development

and use of the linearized aircraft model. An introduction

to bifurcation analysis and catastrophe follows ; then the

development of a computer program to incorporate this methodology .

The second part of this thesis starts with the analysis

for the reduced aircraft model , then the full linearized

S model including full flight control system. The nonlinear

analysis of the single nonlinear equation follows . Finally ,

an attempt at a pair of coupled nonlinear equations is looked

into.

4
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The t h i r d  p a r t  of t h i s  t h e s i s  gives the results of the

linear anal y s i s  : Fffect of a i l e r o n —  r u d d e r  m t  ei-connect

a f f e c t  of ang le of a t t a c k , comp arison to s p e c i f i c a t i ons ,

comparison of ieduccd model to f u l l  model , and m a x i m u m

sust a i n a b l e  r o l l  r a t e  for bo th  bod y a x is rol ls  and v e l o c i ty

ax is  r o l l s  at v a r i o u s  a n g l e s  of a t t a c k .  Th i s  is  fo l lowed

by the resu l t s  of the  non l i nea r  a n a l y s i s .

The f i n a l  p ar t  of t h i s  t h e s i s  g ive s  the  c o n c l u s i o n s  and

recommenda t ions  for  b o t h  the  l in e a r  a n a ly s  is and the  n o n l i n e a r

5 
a n a l y s i s .

Linear  Model

A se t o f stabi l i ty  d e r i v a t iv e s  and a fl i gh-t con t rol  svs -t cm

is selected from a wind  tunnel  model of a s t a t i c a l l y  u n s t a b l e

f i ght e r - t y p e  a i r c r a f t .  The A i r  Force P l i g ht D y n a m i c s  l , a b o r a t o i -v

has prepared t ime h i s t o r y  da t a  for t h i s  m o d e l .  At h i gh an g les

of a t t ack  the a i r c r a f t  becom es u n c o n t r o l l a b l e , thus  proving

the u s e f u lne s s  of the s t a b i l i t y  deriva t i v es an d F C S .  The

control  surfaces  used for  t h i s  model arc the  f l ap er on , r u d d e r ,

and s t a b i l a t o r .

Some bas ic  assumpt ions  are made fo r  the  l i n e a r i z e d  model

of the a i r c r a f t  in order to s i m p l i fy the  a n a l y s i s :  G r a v i t y  i s

ignored which e l i m i n a t e s  t h e  s ine and cosine dependence of

the equa t i cns  of m o t i o n .  S ince  the  p e r t u r b a t i o n s  are  s m a l l ,

the second-order  terms are assumed equal  to zero.  The

ve loc i ty  of the a i r c r a f t  is assumed to he c o n s t a n t  s ince  the

pr imary in te res t  is in the s t e a d y- s t a t e  s o l u t i o n s .
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Method of Linear Analysis

To determine the s t a b i l i t y  or i n s t a b i l i t y  of the aircraft , it

is necessary to observe the e igenvalues  of the a i r c r a f t  model .

This can be done by developing the characteristic equation

from the l inear ized  model .  The c h a r a c t e r i s t i c  equat ion is

a polynomial equation whose factored roots are the e igenvalues

of the model. The roll rate (P) is left as a variable in the

characteristic equation so that the mi grat ion of eigenvalues

can be observed for increasing values of roll rate. The

flight contro l system is neglected in this part to see how

the aircraft performs without it. The characteristic equation

is limited to one set of trim conditions.

To determine stability or instability of the aircraft

for various trim conditions it is necessary to observe the

eigenvalues of the linearized model of the aircraft with its

flight contro l system. To do this , the lineari:ed mode l

is set up in state space form

[A]X (B]X (l. )

which becomes

x • [A ’B]X (1 .8 )

where X is an nxl state vector and [A 1B) is an nxn plant

coefficient matrix. The matrix A must be Invertib le. The

eigenvalues , which are the roots of the plant coefficient

matr ix , are obtained from [A 1B). AS long as all the eigen-

values have negative real parts the aircraft remains stable .

L__ 
_ _ _ _ _ _ _  
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but , once any of the roots become positive , the mode associated

with the eigenvalue becomes unstable.

Therefore , it is important to be able to distinguish the

eigenvalues in order to know which mode (s) can become unstable.

This distinction is accomp lished by obtaining the eigen-

values for the model without feedback and also by obta ining the

eigenvectors for each eigenvalue. The eigenvectors are

5 used to separate the longitudinal eigenvalues from the

lateral eigenvalues of the aircraft . The next step is to

obtain the eigenvalues and eigenvec tors of the model with

feedback. Separating the longitudinal ei genvalues from the

lateral eigenvalues and plotting the open-loop roots along

with the closed-loop roots on a graph , the modes for the model

with feedback are then identifiable. A typical plot is

shown in Appendix D.

To obtain the maximum sustained roll rate for a fighter-
S 

type aircraft , the model is set up with roll rate as an

input variable. Since it is important to observe both body

axis rolls and velocity axis rolls , the states P (roll rate)

and R(yaw rate) are considered as input variables to the

state equations . Other elements left as variable parameters

to the program are veloc ity , altitude , angle of attack , and S

physical parameters of the aircraft model. With this set-up ,

the ei genvalues for both body axis and velocity axis rolls

are obtained at various angles of attack and various roll rates.

U
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A compar ison of stability regions for body axis rolls and

velocity axis rolls is then possible. For a given angle of

attack the maximum roll rate can be determined before

instability occurred.

The model of the aircraft has two types of longitudinal

flight control systems , depending on whether the aircraft

angle of attack is less than or greater than 20.4 degrees.

It is of interest to the Air Force Flight Dynamics Laboratory

to check the roll stability of the aircraft at various angles

of attack using each of the two flight control system

configurations separately. This is easily accomplished since

the computer program for the linearized analysis (Appendix E)

is designed to be as versatile as possible.

Bifurcation Analysis and Catastrophe Theory

This section gives only a brief overview of bifurcation

analys is and catastrophe theory which is essential to the

understand ing of the nonlinear analysis in this thesis.

A more comp lete explanation of these theories is contained in

a report by Dr. Mehra , Mr. Xessel , and Dr. Carroll titled

“Global Stability and Control Anslysis of Aircraft at

High Ang les of Attack” , (Ref 4).

Consider an example of a single nonlinear equation ,

— + (C 1)X + C~ (1.9)

where x is the state and C1 and C, are the control parameters .
S 

A simplified explanation of bifurcation and catastrop he can be

4 S H!

- a~~~ 
_
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x
eq C1 3

0

1

0
0

:~~ 

UNS1R8LC

—4.00 0.00 400
C2

Fig .  1.1 X eq with b i fu rca t ion

in terms of this example nonlinear system. Figure 1.1

shows the solution of equation 1.9 for a fixed value of C1
and varying C2 from — 3 to 3. The points on the curve in

Figure 1.1 marked with the symbol * are points of bifurcation.

This is where the slope of the curve is infinite and occurs

at the values of C2 — -2 and 2. Between these two points

Xeq has 3 solutions -l unstable and 2 stable. If C2 
— -3 is

the starting point and is then gradually increased , Xeq
follows along branch 1 (a stable branch). Once C2 reaches

a value slightly larger than 2, the value of Xeq j ump s rapidly

to a value on branch 2. This jumping is known as a catastrophe .

Figure 1.2 shows the solution to equation 1.9 for a

different fixed value of C1 while varying C2 from - 3 to 3.

Here there are no bifurcation points and no catastrophes.

4 ... This solution has a nice , smooth shape and is a more desirable

solution than that of Figure 1.1.

9
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X~q C 1 - 1. ~~ - 0.

—4 .00 0.00 4.00 —4.00 0.0(1 4.00
C2 C2

Fig.  1 .2  X eq ~ ithout B i f u r c a t i o n  Fig 1.3 X eq Wi th  I n f l e c t i o n
Point

Figure 1.3 shows the solution to equation 1.9 for C1 0

while varying C., from - 3 to 3. Here there is a point where

the slope is infinite but the control parameter does not

reverse direction. This is known as an inflection point.

Figure 1.4 shows what is known as a cusp catastrophe which

is representative of a third-order equation. For other

orders of equations , there are other shapes and other types

of catastrophes (Ref 4: 4).

Method of Nonlinear Analysis

Starting with a nonlinear equation or set of simultaneous

nonlinear equations and a set of control parameters , a

computer program is needed that will solve all of the equations ,

0

10
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Fig. 1.4 Characteristic Representation of X Showing a Cusp
Catastrophe.

given any combination of control parameters whereby the control

parameters have specified upper and lower limits. A flow

chart which represents what is needed in the program is

shown in figure 1.5 (Ref 4). The first step is to set the

control  parameters  of the equation(s) and all the other

C parameters needed in the program. The next step is to solve

1].

5T
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the nonlinear equation(s) for a given pair of control

parameters . The next step is to check whether  the equation (s )

has reached a bifurcation point , then increase or decrease

the value of the control variables depending upon whether

or not a bifurcation point has been reached. Checking for

bifurcation points is accomplished by ~tting up the

Jacobian matrix of the system , evaluated at the equilibrium

values , and obtaining the systems elgenvalues. A bifurcation

point occurs when an eigenvalue or set of eigenvalues passes

through the imaginary axis. Continue all the steps above

until all combinations of the control parameters have been

considered. Finally , plot the solution to the equations(s)

vs the control parameters .

Validity of Analysis

In the linearized analysis it can be said with reasonable

assurance that the aircraft equations , stability derivatives ,

and flight control system are accurate and valid. The results

show stability regions for both body axis rolls and velocity

axis rolls at various angles of attack , and are very informative .

The strongest support for these results is the similar trends

found by the Air Force Flight Dynamics Laboratory , using

a time history program for the same model aircraft.

For the case of a single nonlinear equation analysis ,

the program that shows the existence of bifurcation points

and catastrophes gives results which have an accuracy of lO~~ .

- 

~~~

- The accuracy can easily be increased but is not necessary for

the demonstration problem. To justify the solutions , a

12
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Set control variables
and all

other parameters

Solve nonlinear
equil ibrium e~uation (s)f

I,
Check for

bifurcat ion point

Change control

variable

are no
calculations

inishe

yes

Plot equilibrium

state variable(s)

Fi g. 1.5 Flow Chart for Nonl inear Equation (s ) Solver.
(
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separate anal ysis of the nonline ar e q u a t E o n  i s  o b t a i n e d  by
us ing a Texas Instruments 59 hand ~ a l t u l a t o r .  This method

proves to be t ime consuming hut it allow s for a comparison

of results. To f u r t he r  s t r e n g t hen  confidence In  t h e  develop ed

program , the general shape of the solution t o  the equation

is simili ar to that of an equation ana1v~ed in (Ref. 4).

14
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I I .  L inear  A n a l y s i s

Reduced Lineari zed Model

To be sure that the aircraft model used is statically

unstable , it is necessary to analyticall y check the stabilit y

of the mode l without a flight control s stem .

The equations of motion of an aircraft are

- m (U+WQ-VR) (2.1)

- m~V+U R - WP ) (2 .2)

ZF~ - m (W+VP -UQ) ( 2 . 3 )

- PI x~
RJ xz +Q R ( I :~~I v )

~~PQJ xz ( 2 . 4 )

S

Z~M — QIy+PR(Ix - 5 I _ )+(P2 _R 2)J xz 2.5)

ZIxN - Rl :~~
PJ xz Q ( I ~~- 1x~~~~~ x z (2 .~~)

where equations 2.1 , 2.2 ., and 2.3 are the force equations

and equations 2.4 , 2.5 , and 2.6 are the moment equations .

Velocity (11) and roll rate (P) are assumed to he constant

wh ich eliminates equations 2.1 and 2.4. It is assumed that

the xy plane of the aircraft is the plane of symmetry and 
S

the X-axis is selected as the symmetric axis. This allows

the product of inertia to be set to zero. ~‘taking

— the f o l l o w i n g  assump ti on s

is
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where 
~~~~~

‘ 
V0, W , Q0 , and R0 are steady-state values , equations

2.2 and 2.3 are combined with t he i r  respec t ive  aerod ynamic

equat ions (Ref 1). Equat ions 2. 4 and 2.5 are then substituted into

equations 2.2 and 2.3.

The Laplace transform of the equations are

(a1 s + a0) 8( s )  + (b 2 5
2 
+ b 1 s + b )ct(s) — 0 (2.8)

(c 2 s
2 

+ c1 s + c0) 8( s )  -‘ (d 1 s + d )ct(s) — 0 (2.9)

where the a ’s, b’s, c’s, and d’s are constants which are

listed in Appendix A. The characteristic equation produced

from this model is

+ A~S
3 

+ (A 2P0
2 

+ A 3) S2 + (A 4 P 2 
+ A 5 )S

+ (A6P
4 

+ A 7P
2 

+ A
8

) — 0 ( 2 . 1 0 )

S where A1, A2,... A8 are constants which are listed in

Appendix A. The equation is purposely set up as a function

of steady-s tate roll rate (P0) in order to study the effect

that roll rate has on the aircraft. The full development

of equation 2.10 is in Appendix A. 
S

The characteristic equation is factored to obtain four

roots-two dutch roll roots and two short period roots.

These roots are plotted on a root locus as a function of

rol l rate. This plot not only shows the static sta bility

of the aircraft but also shows the effect that roll rate has

S on the aircraft without a flight control system flying at

_ _ _ _ _ _ _ _  - S - S S 5-~~55 -5 5 S 5~~~~S 5~~55 ~~~~~~ 5
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zero angle of attack. This method of root locus analysis

was developed by Professor John Blakelock (Ref 1). This

method is a helpful tool but contains too many assumptions

for this part icular aircraft  mo de l and is l imited to s t raight

and level flights only. A more versatile approach is needed.

Full Linearized Model

The linear force equations and angular moment equations of

motion are equations 2.1 thru 2 .6 .  Again the velocity

(U) is assumed constant. Since the perturbations are small ,

the second-order terms are assumed equal to zero.

In order for the aircraft model to be analyzed at

various angles of attack and various roll rates-both in body

axis and in velocity axis coordinates - the trimmed (steady-

state) values of some of the aircraft states are left as

variables. These variables include velocity (U), angle of

attack (ct), yaw rate (R), and roll rate(P). The trimmed

values of pitch rate (Q) , and y-axis velocity (V), are set to
zero.

Combining equations 2.1 thru 2.6 with their aerodynam ic

force and moment equations, including the assumptions made ,

the following linearized aircraft equations are obtained

(Ref 5):

mU 08 + mU0r 
- mU 0P0a - mU 0P0p - ~s E C y 8

B

+ C~~( 7~—)p 
+ Cy (~~_) r + C~~~~~f 

+ Cy ô r~
5 r ] (2.11)

17
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mlJ 0c* + mU0P0~3 -mU 0q - ~S[C : a + Ci
-. a

+ Cz q 
(~~~~)q + C~~~~ S ) ( 2 . 1 2 )

qI~ + [P 0 (I
~~

-I ) - 2 R 0J
~ 2 ]r + [R 0 (I~~-I~~) + 2 P 0J~~ ]p —

~
scEcm~

ct + Cmq
(
~~

_) q + Cm ( 2~ —) a  + Cm~~~ s ] (2 .13)

+ [R 0 (I -I  
~~~~~~~~~~~~~ 

q - 
~sbE C t ~

+ 

~ ~~~~~~~~~ 
p +  ~ (-2.~~) r +  

~ f~~ ~ r ( _ . l
p o r o

f

rl z - p + 

~~~~~~~~~~~ 
+ R OJX .)  q — ~sb [C~ 8

8

+ C~ (
~~—) p + C ( r + C~ c f + C~ ~~~ 

( 2 .15)
p 0 r ° f r

where U0, P0, etc. are steady-stat e values and p, r , etc. are small

perturbations . Appendix B contains a more complete derivation

5 of equations 2.10 thru 2.15. The values of the stability derivatives

are a function of angle of attack. These values are l i s ted  in the

computer program EIGEN in Appendix B and are g iven only for

- 0 , 10 , 20 , and 25 degrees. For the purpose of this thesis ,

[

~~~~~~~~~~~~va1u~~~~fan ~1~~~~~at ck a suff1c1ent 

_
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Since the aircraft mode l is statically unstab le , it is

necessary to augment the aircraft with a fli ght control system.

The model also contains many nonlinear terms which cannot

be ignored; therefore , both a longitudinal and a lateral

f l i ght control  system are included . Figures 2.1 and 2.2 show

a simplified block diagram of the longitudinal and lateral

flight control systems used in this thesis. The fli ght contro l

systems were supplied by the Air Force Fli ght Dynam ics

Laboratory .

The diagram of the longitudinal FCS contains two different

fli ght cont rol systems , the use of which depends on whether

the angle of attack is greater than or less than 20.4 degrees.

The lateral FCS contains a component known as an aileron-

rudder interconnect CARl). This component adds to the non-

linearity of the model.

The equations for these fli ght control systems are

developed in terms of physical variables -Xl thru X5 are

the variables in the longitudinal FCS and l thru 4 are

the variables in the lateral FCS. The flaperon , rudder , and

stabilator disp lacements are also included as physical

variables. The development and listing of these equations

are in Appendix C.

The next step is to combine the aircraft equations with

the long itudinal and lateral FCS and to arrange them in the

foll owing state variable form:

S-5

1 
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[A)[~] — [A][~] (2.16)

where the 17 states are

[x T~ — [S, ct ,q ,p , r ,Xl ,X2 ,X3 ,X4 ,X5 , S5, 6 f , Zl ,Z2 , Z3 , Z4 , 5~ .]

(2.17)

The matricies are partitioned as follows:

A1] A12 A13 
4. 4 

[A] A21 A22 A23 (2.18)
S . 4 .

~ 

A31 A 32 A 33 l7xl7

[A12] [A13] — [A23] = [A32] = 0

a11 0 0 0 0

0 a22 0 0 0

[A 11] 
0 a33 0 0 (2.19)

0 0 0 a44 a45

0 0 0 a54 a5~— — 5x5

20
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0 0 0 0 0

0 0 a73 0 0

0 a82 0 0 0

[A21 ) —  0 0 0 0 0 ( 2 . 2 0 )

0 0 0 0 0

0 0 0 0 0 6x5

~56 0 0 0 0 0~~
0 a77 0 0 0 0

[A22 ]— 0 0 a88 0 0 0 (2.21)

a96 a97 a98 a99 0 0

a106 0 0 a109 a1010 0

0 0 0 0 0 a1111 6x6

0 0 0 0~~

0 0 0 0 0

0 0 0 0 a145
[A31]— 0 0 0 0 0 

( 2 . 2 2 )

a161 
0 0 0 a165 ‘1

0 0 0 0 0 6x5

~l2 12 0 0 0 0 0

0 a1313 0 0 0 0 -

.

0 a1413 ~1414 0 0 0

rp, i~ 
(2.23)

‘ 33~ 0 0 a1514 a1515 0 0

0 0 0 a1615 a1616 0

0 0 0 0 0 a1717 6x6

21
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B11 B1, 813

S 
[B) —

B31 8 3 2  833
— I 

— 17x1

[8,3] [8 3 2 )  — 0

b 11 b 1, 0 b 14

h ,, b ,3 0 0

[Bii ] — 
0 b 3, b 3~ b 34 h 35 ( 2 .  2 5 )

b 41 0 b 43 b 44 h 45
b 51 0 b s. b 54
— — SxS

0 0 0 0 0 0

0 0 0 0 0 h ,11

[B
i~~~

) - 0 0 0 0 0 h 311

0 0 0 0 0 0

0 0 0 0 0 0
— — 5x6

b 11, 0 0 0 h 11~ 0

0 0 0 0 0 0

~~l3~ 0 0 0 0 0 0

b 41, 0 0 0 h 41~ 0

t
~S l i  0 0 0

5x~

— - S  S 

-
~
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0 b~~, 0 0 0

0 0 0 0 0
I ’

0 0 b 0 0
[ 3 ]  83 (2.28)

- 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
— 6x5

— —

b 66 0 0 0 0 0

0 b -., ., 0 0 0 0

[B ,2)  — 
0 0 b 88 0 0 0 (2 29 )

b 96 b 9 _  b 98 b 99 0 0

0 0 0 b 109 0 0

0 0 0 0 b 1110 h 1111 6x6

o 0 0 b 124 U

0 b 13, 0 b 134 0

[831] — 0 0 0 0 0 ( 2 . 3 0 )

0 0 0 0 0

0 b 162 0 b 164 b 165
0 0 0 0 0 6x5

0 0 0 0 0 
—

[B33] — 
0 b 1313 0 0 0 0 (‘ 31)
0 0 b 1414 0 0 0

0 0 b 1514 b 1515 0 0

0 0 0 b 1615 b 1616 0

0 0 0 0 b 1..16 b 1.~1.. 6x6
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The elements for niatricies A and B are from the airplane

equations and flig ht control system and are listed in the

computer program EIGEN in Appendix F.

The computer program EIGEN is set up to solve for the

eigenvalues of the following system

~~~ — [A 1B) ! (2.32)

which are obtained from equation 2.16.

The first step in the use of the program is to input the

desired trim conditions of the aircraft . The inputs include

velocity , altitude , moments of i ne r t i a , product  of i ne r t i a ,

angle of attack , roll rate , yaw rate , surface area , chord ,

wing span , air pressure , static pressure and mass of the

aircraft . The units of these inputs are listed in Appendix F.

Once this is done , the program solve s for the ei genvalues

and/or eigenvectors of matrix [A 1B). The first set of runs

is set up to solve for the eigenvalues and ei gertvectors

of the system , both w ith and without a fli ght contro l system ,

for a given angle of attack and :ero roll rate. This permits

the determination of where the e..genvalues originate.

Without feedback, the eigenvalues of the fli ght control
5 

system are easy to identify since the FCS is set up in I

physical variable form. This leaves five ei genvalue s

unidentified. At this point the eigenvectors are used to

S 
ident ify the remaining five aircraft eigenvalues : Two

_ _ _ _ _ _ _ _ _ _  
~ 55-5- 55 •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5
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longitudinal eigenvalues (short period roots) and three

lateral eigen’sralues (two dutch roll roots and one rolling

mode root).

After Identifying the seventeen eigenva]ues of the aircraft

with feedback as either longitudinal or lateral , the next

step is to map the longitudinal eigenvalues , with and without

feedback , on a graph. The same is done with the lateral

eigenvalues. An example is shown in Appendix D. This mapping

makes it easy to identify each of the eigenvalues of the

aircraft with feedback. A comparison with military specifications

is made for the short per iod , dutch roll , and rolling mode

roots in order to prove that the model used is a valid example

of a fighter-type aircraft (Ref 6).

At this point , a question arises as to whether the f l ight

control system can be reduced , thus simplifying the analysis.

Due to the nonlinearities in the aircraft it is necessary

to retain both the complete longitudinal and lateral-

directional FCS. One possibility is the removal of the

aileron-rudder interconnect (ARI).  Without the ARI one of

the physical states (P4) in the lateral FCS can be eliminated. S

An analysis of the short period , dutch roll , and rolling

mode roots of the aircraft with its FCS is performed both

with and without the ARI . This is done at 0 , 10, 20, and 25

degrees ang le of attack. The results are given in table 4.1

with the conclusions given in Chapter V.

The next step is to study the effect that angle of

attack has on the aircraft . This is done by obtaining the

______ — - 
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the she rt p eri od , dut  ch ye 1 , and to I I i i ts :  ~~sie t - eo I of t he

aircraf t w ith l~~S at v a r i o u s  ang l es  of  a t t a c k .  The c o m p u t e r

pr ogra ;n U ~UN i t h e n  set up to sol ~~~ for t h e  e i ~:cnva 1 uc~

of t h e  a I rcra II , w i t h  1~~S • wh i i e pe r i o t - m i n~: r o l l s .  The p r o g r a m

~ s set up o so l v e  fo r  t h e  e I en v a  no- . w h i l e  t h e  r ol l r a t  o • p

ed from 0 t o rad/sec . The ~ i vs t si op i s  1 o

compare  I he in 1 mode I w I t h t he ye du~- od m ode I . !o r c omp a V 011,

the full model i s ana lv: ed w ith i n p u t  of  ore  a n g ie of

a t tack , ~cro p r o d u ct  of in ert i a . and - e r o  feedback . Sinc e

the reduced mode l  h a s  on lv sh o r t  p e r i od and du t ch Vs ~ ii r o o t s  .

t he se  are  t h e  on i  v mod es wIt i cli can be compared .

A st 81) i 1 t anal vs 1 s of bod~- ax  is i-o il vs • \-e I oc .i t v

S ax is io it s can t o w  he c o n d u c te d .  To pt’ v f o r m  body 8\ i s  iou

the ~ aw r a t  c , r , i s set  to  :- e 1-0 wh i 1 e t I~ o rO 11 1.8 t 0 , p , i ‘~

i n c r e m e n t e d  f r o m  0 t o  -

~ r a d/ s ec  . Th i s  a l l  ows I he a i rc r a f t

to r o l l  ah o nt  i t ’ s own X — a x i s .  I t  i s  no t  n e c e s s a r y  t o

a n a1v~ e vol  I s  bc von~I ‘ r~ d/~ ec s i n c e  t h e  A. U.  UI  i ~h t  D y n a m i c s

L ah o r a t  o i -v is not i n t e r e s t e d  i n  an an a  l v s  i s beyond t h a t

point • To ~e r i o r m  v o l  oc ii v ax is ro ll s , t h e  i-o I I r a t  e • r . I s

i n c r e m e n t e d  f r o m  0 t o  r a d / s e c  . w h i l e  t h e  y a w  v 8 t e , 1 , i s

set as a fun c  t ion  of r o l l  r a t e  an d  ant :  le of at t ack

I r tan 
~ (.~~

. 33)

The comb I nat i on  of r~ and r a Ii ows the a i rc raft to ro ll al’otit

it ’s ve loc i t y vector .
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The program flICEN is then used to scan the ci genvalucs

for roll rates over the range of C to 7 rad/ sec  about the

body axis and the velocity axis , and to record the areas of

stability and instability. This is done at various ang les

of attack. Of primary interest is the case of hi gh angles of attack-

20 and 25 degrees. Plots are made with body axis rolls ,

velocity axis rolls , and lines of instability for various

angles of attack.

The final point of interest with the linear analysis is

whether it is necessary to have two longitudinal flight control

systems , depending on whether the angle of attack is less than

or greater than 20.4 degrees. A plot showing lines of

S 
i n s t ab i l i t y  at angles of a t tack of 0 , 10 , 20 , and 25 degrees

C is avai lable  wi th the dual longitudinal flight control

systems . A new set of plots (see Chapter IV) is then run at

these same ang les of attack , but only one of the longitudinal

flight control systems is incorporated. This is repeated

for the other flight control system .

29
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I I I .  Nonl inear  Analysis

Single Nonl inear  Equat ion

In order to use the ideas of bifurcation analysis and

catastrophe theory a computer program is needed to perform

the steps shown in the flow chart  of Fi gure 1.5. To

s impl i fy  the programming,  a s ingle  non l inea r  equation is

analyzed first. The nonlinear equation selected (Ref 4:15)

is

f — — + C1X + C2 (3.1)

where X is the var iable  and C 1 and C 2 are control  parameters .

The f i r s t  step is to set the control  parameters  to some

des ired in i t ia l  condi t ion .  For the purpose of this thesis ,

the control  parameters  are varied from -3  to 3; there fore ,

the initial values for both control parameters are set to -3.

The next step is to solve for the equilibrium value of

X (X~q)i~ given the values of both control parameters.

An AFIT subroutine NSO1A is selected to solve for Xeq • This

subroutine is avai lable  in the ASD Computer Center library

at Wright-Patterson AFB.

In order to check for  a b i fu r ca t i on  poin t  the der iva t ive

of equation 3.1 is needed , given the equilibrium value of xeq : 
S

~
Xeq 

3X;q 
+ C1 (3 .Z )

where g is the linearized system of F. If g is less than

30 
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zero , the equilibrium value of X is s table .  If g is greater

S f  than zero , the equilibrium value of X is unstable. If

g equals zero , a b i furcat ion point is encountered.

The digital computer program is set up with two loops-

an inner loop whIch. increments the control parameter C 2
and an outer ioop which increments the control parameter C1.
In the inner loop, if g is not equal to zero , C 1 is set to

C 2+~ C 2 ,  where t~C 2 is a small increment of C 2 . If g is

equal to zero, the sign of ~C2 is changed and then C
2 
is

set to C 2+ ~C2. Everytime a bifurcation point is encountered ,

the sign of ~C 2 is changed. For example , if C 2 s tarts  at

-3 and is increased by a small amount a f te r  each equilibrium

value of X is obtained , C2 
is increased until a bifurcation

point is encountered. At this point C 2 would start decreasing

until another bifurcation point is met; then C2 would start

increasing again. This process continues until C2 eventually

reaches it’s maximum value.

When C 2 completely covers the range of -3 to 3, the outer

loop of the digital program is engaged. This loop resets

C2 to -3 and increments C1. Here the process in the inner

loop starts again. Another way of explaining the computer

program is that Xeq is obtained as a function of C 2 with C1
set to a constant . This is the inner loop . All the outer

loop does is increase the value of C 1 and returns to the

inner loop . Once the range of 3 to 3 for C 1 is covered ,

the process of solving for X eq ~s completed.
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Fig. 3.1 Shifting of Xeq at B i fu rca t ion  Point .

The outputs of the computer pro gram include a l i s t ing  of

X for values of C and C , the residuals of X , and theeq 1. 2 eq
sum of the square s of the res iduals of Xeq~

Since the subroutine NSO 1A so lves for only one equilibr ium

value of X at a time , it is necessary to make sure that the

solution of equat ion 3.1 isn ’t repeated when ~C 2 changes sign .

To avoid this , the next guess of Xeq is changed to a va lue

closer to the next nearest value of Xeq~ 
An illustration

of this  is shown in Figure (3 .1) where ~ represents  a

b ifurcation point and 0 represents a solution of equation

3.1 already known. Once C2 is incremented , the subroutine

NSO1A uses the present value of Xeq as the guess to compute

the next value of Xeq~ 
At C,- 2 a bifurcation point is reached

and therefor e C 2 is decremented. In order to prevent Xeq

from retracing branch (1) , i t is necessary to adjust the

—
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next guess of Xeq to po int (+) which is closer to branch (2).

This allows the program to solve for Xeq on branch ( 2 ) .

The computer program which performs all of the above steps

is called NONLIN and is listed in Appendix E.

The final phase of the program is to plot a series of

two-d imensional arrays showing Xeq vs C2 with C1 set to a

desired value . These plots and the listing of Xeq are

compared to known solutions of equation 3.1.

Coupled Nonlinear Equations

The next step in the development of the nonlinear analysis

technique is to modify NONLIN to solve for two nonlinear

coupled equations . The equations used are

dX
— X

1 
+ C~X2 

+ C., (3.3)

dX
~~~~~~~~~ 

— + C2X1 
4- C 1 (3.4)

The part of NONLIN which checks for bifurcation points is the

only part which needs modification . Once the equilibrium

values of X 1 and X 2 are obtained from NSO1A , the eigenvalues

of the Jacob ian matrix are derived. Since the inverse

Jacob ian matrix is ava i lable from NSO1A , it is easy to solve

for the eigenvalues of the system . Whenever any of the

eigenvalues are zero , a bifurcation point is reached and

the sign of the increment of the inner loop control parameter

(C.,) is changed. It is not possible to know whether X1, X 2, or

33
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i-e~tc Iiel a hi furcat I on p o i n t  . Tb is prohi em isn ’t

- 5 C Of l S . 1  d e ied  i m p O l t a n t  S 111CC t h e  s t a t e  w h i c h  doe~;ii ‘ t hit a

bifurcation po in t  will onl y backtrack on t h e  same solut ion.

Once the  e n t i re  range of c 2 is cov ered , all t h e  values of

X and X have  been den vod . The tw o  - d i  incus i ona 1leq 2eq
p lo t s  are set tip to g i v e  t h e  solutions of vs C , and

X2eq vs C . for a selected v a l u e  of o f t h e r e  
~ 1cq

and are the equi 1 i b n i u r n  solut ions of t h e  e q u a t i on s .

0
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IV. Results

Linear Analysis

The results of the reduced linearized model for the aircraft

alone are shown on a graph (Fig 4.1). At zero roll rate the short

period roots are real (-0.57 and +0.34). And the dutch roll

roots are comp 1 ex conjugates (-0.08 + jl.06). As the roll rate is

increased the short period roots move away from the imag inary

axis until P = 0.6 rad/sec. At this point the short period

roots move back toward the imaginary axis. At P = 1.23 rad/sec.

the aircraft model becomes stable because both short period

roots are now negative . At P = 1.25 rad/sec. the short period

roots change from two real roots to a pair of complex conjugate

roots. As P continues increasing, the short period roots

move away from bo th the real and imaginary axis. The dutch S

roll roots remain complex and move away from the real axis

but toward the imaginary axis. The plot of Figure 4.1 contains

the roots for values of roll rate from 0 to 12 rad/~ ec.

The results of the aircraft wi th the FCS , showing the effect
5 

of variations in angle of attack (AOA), are in Table (4-1). This

table shows the results for the mode l both with and without the

aileron rudder interconnect (ARI). The short period roots combine

with a pair of longitudinal FCS roots to form two pairs of

complex conjugate roots. Their damping ratios and natural

frequencies remain about the same for 0, 10 , and 20 degrees

AOA. At 25 degrees AOA , the short period roots break away

ç- . from the longitudinal FCS and form a single pair of complex

conjugate roots and two real roots. The rolling mode root

35
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combines with a long i tudinal  FCS root to form a pair of

complex conjugate roots. At 10, 20, and 25 degrees AOA the

two cornplex roots break into one real FCS root and one

real rolling mode root.

The results for the aircraft model with the ARI are

basically the same as for the aircraft without the ARI as

shown in Table (4.1). The differences show up in the roots

of the lateral FCS. Without the ARI , one of the ei genvalues

from the lateral FCS is unstable for a straight and level

f l i ght. With the ARI connected , the lateral FCS becomes

stable. From this point on , the results presented in this

report include the aircraft model with the aileron-rudder

interconnect .

For a category A f l i ght phase wi th evel one f ly ing

quality , the minimum short period dampling ratio (p

is 0.35, the minimum dutch roll damp ing ratio (p DR~ 
is

0.19, and the minimum dutch roll natural frequency 
~~DR ~

is 1.0 rad/sec. (Ref 6). These are the specifications for

a fighter type aircraft under highly maneuverable flight

conditions . For all  ang les of a t t ack  the short period damp ing

ratios meet the specif icat ions . The dutch roll damp ing ratios

also meet the specifications . The dutch roll na tura l  frequencies

fall short of the specifications at 0 and 25 degrees AOA

but are wi th in  specif icat ions at 10 and 25 degrees AOA .
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The results of the reduced linearized model are then

compared with the results of the f u l l  l inear ized  model .

It is found that both models produce a pair  of complex

conjugate dutch roll roots C-0 , 084 + j 1.06 for the reduced

model and -1.32 + j 1.06 for the full model) and a pair
of real short period roots ( - 0 . 5 6 7  and 0.334 for the reduced

model and -0 .664  and 0. 176 for the fu l l  model) .

To show the results for body axis rolls vs velocity

axis rolls the regions of ins tab i l i ty  are needed. Figure

4 . 2  shows how these lines re la te  to each other for various

angles of attack. The area to the r ight  of the lines

is where the rol l ing mode root is uns tab le .  This is for the

range of 0 to 7 rad/sec. roll rate.
• Figure 4 .3 shows the results of bod y axis rol ls  vs velocity

axis rolls  at 0 , 10 , 20 , and 25 degrees AOA . This is wi th

the dual longitudinal FCS . At 0 degrees AOA , a bod y axis

roll is the same as a velocity axis roll. This is apparent

from equation 3.1. Figure 4 .4  shows the same results using

the longitudinal FCS for angles of attack less than 20.4 degrees.

Figure 4 .5 shows the same results  using the long i tudinal

FCS for angles of attack greater than 20.4 degrees .

The results contained in Figures 4.3 and 4.4 are compiled

in Table 4.2. At 0 degrees AOA the aircraft is unstable at

1.8 rad/sec. roll rate for the dual FCS. At 10 degrees 101

the aircraft is unstable at 2.0 rad/sec roll rate for a body

axis roll and at 2.14 rad/sec roll rate for a velocity axis

~ roll. At 20 degrees b A , the aircraft is unstable at 2.4

rad/sec ro ll rate for a body axis roll and at 3.29 rad/sec

roll rate for a velocity axis roll. At 25 degrees 101, the
-

~~~ 39 
___

-- - - -~~~~~ 
-- -5——-- —

- -S.



_____  

- -  -— 
- S — --—-5..-

p.

LIIICS OF
IIISTROILI T Y

FOR V RR1O U3 RLPHR’3 : -

ROfia RM OLE OF RTTRCR

0
0

S

0.
5~~

0
0

0 DES . R0~ 10 DCG. ~OA

0

(-, C~
;.

20 DEG.. R O R

C
C
eq

t~ DED.. ~~0R

0
C

S. 1

91.00 2.0 0 4.00 6.00 8.00 10.00
F( RPO/SEC )

Fi g. 4.2 Lines of Instability for Variations in 101.

4 i’)

•~~ ‘ • ~~~~-5~ —_-_ .
~~~~

--_
~~~

-;-.- _
~~~ 

•
~~~~~ ~~

-5
~~~~~

• •

~
-5

~
”• - _~~1~~~- 

-

— —~~ *-~~~~
.‘ 

~ — —~~~~~~~ “~~~~~~~- - 
-

~~~



BODY VS VELO CITY ~X18
— LINES OP INSTROL LITY

I * — LINES FOR VELOCITY RXLB ROLL
ROR :RKGLE OF RT TRC~ACTUAL FCS

0 OfO. AOA z 10 DEG. A0A~
C C
C C

(_) (_)
IJJ LU
(0 (1)

~~~~~~~~~ 
_ _ _ _ _

91.oo 4.00 6.00 91.oo 400 800
P (RAO/SEC) P (RAO/SEC )

20 OEG. AOA , 25 DEG. PORt

0 0
C C

L L

I 
— /

_S

,91oo 4.00 8 0 0  91.00 4.00 8.00
P (RRO/SEC) P (RAO/SEC)

Fi g. 4 . 3  Body Axis vs Veloci ty  Axis Rol ls  wi th  Dua l Long.  FCS.

I

41

-
: - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
i~—~--- ~~~~~~ ‘ - - -  .—



- -—
- - - - - - - - -

~~
---S . - S - S

.-— -
~~~~~~~~~~~~~~ 

S

BODY VS VELOC I TY AXIS
— LINES OF INS TABIL ITY

I -* — LINES FOR VELOCITY AXES ROLL
POR:RWGL~ Or RTTRC~LOW AOA— FCO

O GEG. POPs 10 DEG. POPs

O 0
C C

(_) U
LU LU
U) (0

_  

* 
_ _ _ _ _ _

91.oo 4.00 8.00 91.oo 4.00 8.00
P (RAO/SEC) P (RAO/SEC )

20 OfG. POPs 26 O~G. PORt

O 0
0 0

U U
LU LU
(0 (1)

I I
91.00 4 0 0  8 0 0  91.oo 4 0 0  8.00

P (RRO/SEC ) P (RAO/SEC )

Fi g. 4.4 Body Ax is vs Velocity Axis Rolls with Low AOA Long. FCS.

-‘ 4.

k--.— e~~—--- --5—
—~ - ~~~~~~~~~~~~~~~~~~ 

- — - -  -!



—— - - 5 5  5 -  
5

BODY VS VELOCITY AX I S
- LINES OF INST A B I L I TY

I * — LINES FOR VELO CITY AXES ROLL
A OR :RWGLE Of ATT A C h

HIOH ROR—FC8

0 0(0. RORi 10 0(0. POP :

0 0
0 0

— U U
LU LU
U) U)

Cb Oo 4.00 6.00 9i.oo 4.00 6.00
P (RAO/SEC) P (RAO/SEC )

20 0(0. POPs 25 0(0. ROR z

0 0
o

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

, 
_ _ _ _ _ _ _ _ _ _

4.00 8.00 91.oo 4.00 6.00
P (RRO/SEC) P (RAO/SEC )

Fig. 4.5 Body Axis vs Velocity AxIs Rolls with Hi gh AOl Lon g . FCS.

43

- -- - - 
_______________



- 55---- —-5—---- - 

\I~ROLL RATE WHERE AIRCRAFT GOES UNSTABLE (RAD /SEC.)

Dual Longitudinal HIGH AOA LOW AOA
FCS 1ongitudinal FCS ‘ongitudinal_FCS

\ Body Velocity Body Velocit) Body Telocity

cz (DEGS)\kxis roll Axis rol Axis rol Axis rol Axisrol Axisrol

0 1.8 1.8 1.4 1.4 1.8 1.8

10 2.0 2.14 1.8 1.86 2.0 2.14

20 2.4 3.29 1.8 2.14 2.4 3.29

25 2.2 >7.0 2.2 >7.0 2.2 > 7.0

Table 4 . 2  Occurance of Instabi l i ty  for Aircraf t  wi th  Various
FCS’ s.

aircraft is unstable at 2.2 rad/sec roll rate for a body

axis roll and remains stable to 7.9 rad/sec roll rate for

a velocity axis roll. In all cases the aircraft remains

stable for larger velocity axis rolls than for body ax is

rolls.  As the AOA increases , the aircraft remains stable

for larger values of roll rate for velocity axis rolls.

At 25 degrees AOA the aircraft is stable up to 8.6 rad/sec.

roll rate  for a velocity axis rol l .  These same trends were

found by the Air Force Fl ight  Dynamics Laboratory in their

t ime history evaluations of the same model.

A comparison of the three f l i ght control sys t em configurations

show that the high AOA longitudinal FCS gives poorer results

for body axis and velocity axis rolls  at 0 , 10 , and 20 degrees

AOA when compared with the dual longitudinal FCS . The results

- — . also show that the low AOA longitudinal FCS produces instabilities
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~•



S 
-

at smaller roll rates than the dual longitudinal FCS when

at 25 degrees AOA . These results are shown in Table 4.2.

Nonlinear Analysis

The results of the single nonlinear equation are shown in

Figure 4.6 whIch is produced by use of the computer

program NONLIN . Bifurcation points are encountered for

C1 < 0 and cusp catastrophes occur . These results are

shown to be correct when compared with the results obtained with

a Texas Instruments 59 hand calculator. The characteristic

shape of the curve of X vs C is similiar to that shown in a

report by Dr. Mehra, Mr. ICessel , and Dr. Carroll (Ref 4:17).

When the two coupled equations are tried , a bifurcation

point is never encountered. While incrementing the control

parameter C2, an eigenvalue does cross the imaginary axis

which is an indication that X 1, X2, or both X 1 and X2
has reached a bifurcat ion point . The data shows that there is no

indication of a bifurcation point . There also is no indication

of an inflection point . 
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V. Conclusions and Recommendations

Linear Analysis Conclusions

Since the la tera l  FCS is statically unstable without the

aileron rudder interconnect (ARI) it is obvious that the

ARt is a necessary part of the model’s FCS and cannot be

excluded.

A comparison of the mode l’s roots with specifications

shows that the aircraft model used in this analysis is

representative of a fighter-type aircraft .

When the reduced model is compared to the full mode l ,

it is observed that the short period roots and dutch roll

roots are closely related but different . The dutch roll

roots are different , primarily because the aerodynamics of the

M-momen t equation and the Z-force equation are neglected in

the reduced model. The short period roots are different ,

primari ly because the aerodynamics of the N-moment equation

are neglected.

In the comparison of body axis rolls vs velocity axis

rol ls, the aircraft remains stable for larger roll rates

when it rolls about its velocity vector. The comparison of

the three sets of longitudinal flight contro l systems show

the necessity for the dual longitudinal FCS. This is not

to say that there doesn ’t exist a single FCS which gives

better roll rate performance. The results show that the

combination of the two longitudinal flight control systems

( performs better over the range of 0 to 25 degrees AOl than

when just one of the long itudinal fli ght control systems is used.
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Linear Analysis Recommendations

The linear analysis in this thesis has produced an

acceptable linear model of a statically unstable fighter-

type aircraft. This thesis has also shown that the aircraft

becomes unstab le when performing rolls. The elimination

of the prcblem has not been looked into.

One possible procedure would be to set up a computer

program that takes the state space model of the aircraft

and produces t ime responses for any state to a desired

input . This has been done in a computer program called TOTAL

wh ich is available in the Air Force Institute of Technology

program library . The dimension statements in TOTAL presently

limit the model to no more than ten states. Since this model

has seventeen states , a change of the dimension statements

programming is needed.

Once this is done , a study of the influence that various

feedback components have on the states of the model can be

performed. This would possibly help find the cause of the

loss of control. The final step would be to eliminate the

loss of control without depreciating the performance of the

aircraft.

Nonlinear Analysis Conclusions

The analysis of the single nonlinear equation has provided

a good initial step in the development of a computer program

for applying bifurcation analysis and catastrophe theory to

a contro l problem . The coupled equations used proved to be

unsatisfac tory for this analysis. .-\ more indepth study

is required at this point .
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Nonlinear Analysis Recommendations

This study has laid the ground work for using b i furac t ion

analysis and catastrophe theory to analyze nonlinear equations .

It is possible that this same approach could be used to analyze

the nonlinear aircraft equations of motion. What is needed

is a computer program that uses the same principles outl ined

in Figure 1.5 and is capable of solving the aircraft

equations . From here , a study of the influence that various
S feedback components have on the solutions to the aircraft

S equations could be performed.  Finally , determine where the loss

o~ contro l is coming from while performing rolls and then

S eliminate the problem without depreciating the overall performance

~~ of the aircraft .

- 0

49

- —-- 55 - - -
S.- 

__ _
• y

_

—;
- - ~~~~~~ 

.- ---- - --- - - — -‘ - . - -



Bibliography

1. Blakelock , John H., Automatic Control of Aircraft andMissiles. New York : Wiley and Sons, 1965.
2. D’A:zo, John J. and Constantine H. Houpis , LinearControl System Analysis and Design: Conventjo~jT andgodern. New York: McGraw-Hj].1 Boök Company , 1965.
3. Golubitsky , Martin, “An Introduct ion to CatastropheTheory and its Applications ,” Society for Industrialand Applied Mathematics Review~~~U: 352-3~ 7 (ApriiTi9 8).
4. Mehra , Ramart K., W. C. Kessei , and J. V. Carroll ,Global Stability and Control Analysis of Aircraft atIligh Ang1es-of-~ tta,~~~ Arlington , Virginia: TechnöTogvProjects  Division ,~~Wfj ce of Naval Research , June l9~’7.
S. Roskam , Jan , Fli ght Dyn amics of Ri gid and Elastic Airplanes,Kansa s : Roskam Aviation and Engineer ing Corpor a t ion ,  1972.
6. Woodcock , R. J., T. P. Neal , T. M. Harris , F. E. Pritchard ,C. R . Chalk , Mi l i t a ry  Speci f ica t ion  - Fly ing  Qua t i t i e s  Sof P i loted  Airplanes, Wr igh t -Pa t t e r son  A~ B, OFl io:Ai~r Force Fli ght Dynamics Laboratory , August  1969.

Mehra, R. K. and Carroll , J. V. “Application of BifurcationAnalysis and Catastrophe Theory Methodology (BACTM) toA i r c r a ft  S tabi l i ty  Probl ems at Hi gh A n g l e s - o f - A t t a c k , ”Proceedings of 1978 IEEE Dec is ion and Control  Conference:ISo-192 (January 1979).

8. Gibson , John E. Nonlinear Automatic Control. New York:McGraw- Hi l l  Book Company , 1963.
9. Woodcock, Alexander and Davis , Monte. Catastrophe Theory.New York: E. P. Dutton , 1978.

I’

U ~~~~ -
______ __________________________________ - __ . p~- --.55 _____ — -—- — - - --S—----- -- -— __

~ 
-55•a___g_•_•___•__ 5 -  5 -



- ——.——- - 5 5 - — 5 5 5 5- 5 5 -—,.-
~ --- - - . — - -5- -

~~~~
-5- .5--- - 5 — - - - -- —-~~~ --— -- ---- -—- .

APPENDIX A

Development of Reduced Linearized Equation

The equations of linear motion and the equations of

angular motion are:

= m (CJ+WQ -VR) (A- i )

= ,n(’ct+UR~WP) (A-2)

EAF Z = m (*+VP-UQ) (A-3)

Z~ L = PI
~ 

- R 
~~~ 

+ QR(I
~ 

- ly) 
- PQ 

~xz (A-4)

E~M = ~~~ + PR(I~ 
- 

~~~ 
+ (P 2 - R 2 )J

XZ 
(1- 5)

EAN = RI
~ 

- P 
~~~ 

+ PQ(I~ - 

~~~ 
+ QR 

~~~ 
(A-6)

As suming constant velocity (U) el iminates the X - fo rce

equation (A-l). Assuming constant roll rate (P0) eliminates

the ~L moment equation (1-4). This assumption was made

because the transient value of roll rate was not—needed

for the stability analysis. Assuming V0 
= Q0 

= R0 
= 0,

then Equations A-2 , A-3 , A-5 , and A-6 became

Z~F~ = m(~ + U0r 
- wP0

) (A-7)

= m(~i + vP0 - U0q) (A-8)

Et~M = 4i~ + P0r ( I
~ 

- I
~
) + (P0

2 
- r2) J~~ (A-9)

Et~N = r 1~ + P0q( I~ - ‘x~ 
+ qr (1-10)

where U0 and P0 are equil ibr ium values and v , r , w , and q are

small perturbations from the equi l ibr ium values.
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Assuming that the a i r c r a f t  has the XY p lane as the p lane of

symmetry and select ing the X -ax i s  as the symmetry axis , th en

= 0. Assuming 2L~M = E~N = 

~~FX = = 0, eqUations

A -7 thru 1-10 became

= ~~~ + P r (I - 

~~~ 
= 0 (A-il)

= + P~q(I~ - = 0 (A-l2)

= + r - P a  0 (A-13)

EE~F = + P~~ - q = 0 (1-14) 
S

where B v/U and a w/U .

The aerodynamic moments , including all the stability

derivatives for the m and n moment equations , are (Ref 1:21).

~
Cmu

lJ - 

~~~~~~~~~ 
C~~ & - Cma

a - 

~~~~~~~~~ 
cn~ ê (A-is)

XZ 
- 

~
3_ c~ 3 - 

~
3_ 

•

Cnr~ 
- C~~ B (A-16)

Equating equation A-li and A-iS and letting 4 = ~~yields :

q - 

~~ 
- k C

m& 
& - C,na

cz + X
Sqc~~ 

P0r = 0 (1-17)

Equating equation A-l2 and 1-16 and letting ~ = 
~P and P0 =

yields :

I ( I - I )

s~~ ~~ 

- 

~~~ 
Cnr

r .~ 
Cn B + = 

~3_- C~~P0 (A-l8)
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Solving equations 1-13 and 1-14 for  r and q y ie lds :

r = P cz-~ ( 1-19)

q P $+ct (1-20)

and differentiating, results in

= P &-8’ (1-21)

4 p~~ +~~ ( 1-22)

Substituting equations A-19 thru 1-22 into equations 1-17

and A -l8 yields :

~~~ 

(P~~ +~
’) - k~ 

Cmq
(P oB+;) - 

~k Cm&cL - C a

(I -I )
+ ~qc

Z P0 (P 0a-~~) = 0 (A-23)

r

I • •• b (I -‘
~~~~ 

.

~~ 
(P 0c t -B ) - .

~~~~~

— Cnr
(P oc&~

$) - C~~ B + ~~~~ P0
(P
0B+a)

- ~~ C~~P0 (1-24)

Regrouping and taking the Laplace transform of equations 1-23

and 1-24 yields :
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(I -I + I )P

S~c 
- 211 Cmq

Po]B(S)

+ 

[S~c 
~2 - 

~~~~~ 
(Cmq 

+ Cm~
)5 + ~~~X 

I
Z

)P
O 

- Cma I a(s) = 0

(1- 25)

___ 2 b (I  - I ) P 2
Z s - -

~~~~~~-- C s - 
X 0 

+ c B ( s)
Sqb ~

Uo ~r Sqb fl~

+ ~ z + I - ‘X~~~ O 
~ + C P ct(s)= 0 (A-26)

S~b o rt r
O

Equations A-25 and A-26 have the form

(a1s 
+ a0) B ( s )  + (b 2s

2 
+ b1s + b0)a(s) = 0 (A-27)

(c 2 s2 
+ c1s 

+ c0) B ( s) + (d 1s + d0)ct(s) = 0 (A-28)

and t}~ characteristic equation is fourth-order and is a function

of P0 . The s tabi l i ty  derivatives and aircraft dynamic terms

are listed in the compu ter pro gram EIGE N (Append ix E ) .  When

these values are substituted into equations A-25 and A-26 ,

the characteristic equation becomes

s4 + .382498s3 + (l.6961P 0
2 

+ .ll241)s2

+ (.403345P 0
2 
+ .017979)s

+(.7l8984P 4 
- .056358P0

2 
+ .010219) = 0 (A-29)
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APPENDIX B

Development of Full Aircraft Linear Equations

The equations of linear motion and the equations of

angu lar mo tion are :

EA F m(CJ+WQ-VR) (B-i)

ZAF~ m (cT+UR~WP) 
(B-fl

EA F = m (~!+VP-UQ) (B-3)

EAL — ~~~ 
- 
~J + QR( 1 - I

~ ) 
- PQJ (B-4)

S , 5-,

— QI~ + P R ( I
~ 

- + (P
~~

R ) J
~~ 

(B-5)

- ~~~ - 
~~~~~~~~ 

+ + QRJ ,C~ (B-6)

Let U = U 0, u~~~0

V - V 0 + v  , V~~ - 0

W W  +~~~~ , W U c ~0 0 0 0

P - P 0 + p  , P - P

Q = Q 0 + q  , Q0 - 0

R - R 0 + r  , ~~~~~~~

The second-order terms have been ignored since the

perturbations are small. The velocity (U) is assumed constant

which eliminates the X-force equation B-i. After using

Taylor ser ies  expansions of the nonlinear terms and substituting

B - 7 , equa t ions  B -2  t h ru  B -6 become
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m~ U 0 t~+ U0 r - P0U 0 ct - U0 ’t0p) (B-8)

EAF~ - m (U0& 
+ P0UØ B - IJ 0q) ( b - 9 )

pl x rJ X .~ 
+ qR

0
(I - I~~) - q P0J

~~ 
( B - b )

= + rP0( I  - U + pR0(I~ 
- t~~) + (2P 0p 

- ZRor)Jx:

(B-il)

— ~~ 
- 

~~~~~~~~~~~ 

+ qP0(I~~- I~ ) + q R0J,~ (B-l2)

where a-Aa w/U0, B~ v/U 0, and W0 U0a0.

Ignoring gravity and combining equations B-8 thru B-12

with their aerodynamic force and moment equations yields

(Ref 5:4.113)

mU0~ 
+ mU0r - mU0P0a-mU0ct0p - ~~S [C~ B

+C~~ (~~
_) P+Cyr

(
~2Tj;~
) r + Cy~~~ f 

+ Cv3~~ r
] (B-13)

mU 0~ + mU0P08-mU0q 
- ~ s[C Z a~ C ,

+C, (.
~~—) q 

+ C S~~] ~B-i4)
0

qI~ + [P (I -I )-2R J ]r + [Ro (Ix~
I
~..
)+2P oJx:]P

qsc[C~ a + Cm (~~~~
) q + Cm ~~ ~ 

+ Cm ~s
1 (B-is)

a q 0 a o
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+ [R0(1 - I~ ) ~P0
J~,]q - ~sb [C~~8

+ C~~ (~~—) p + C Q (~~ —) r + C~, ~~ 
+ C Q S r 

~~~ (B 16)

r I~ 
- + 

~~ O~~
’Y ’X~ 

+ R0J~ jq  - ~sb[ C~~s

p + Cnr
(
~~;

) r + C~~~~ f + Cn
~r

ôr l (B 17)

The stability derivatives and aircraft dynamic terms are listed

in the computer program EIGEN in Appendix E.
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APPENDIX C

Development of Longitudinal and L a t e r a l  FCS

Differential equations were formed from each of the transfer

functions in the longitudinal and lateral FCS. The physical

S variables Xi th ru X5 , 21 thru 14, Sf , tSr , and 6s are shown in

figures 2.1 and 2.2.

Longitudinal FCS for a < 20.4 Degrees

i) x 1 — (‘°-~~~~3))a (C-i)

yields the differential equation

- - 

— 573c&-lOX1 (C-2)

2) X 2 — 

~~~~ 
q (C-3)

yields 
-

- 57.34  — -X , (C-4)

i 1511 (~~-q)
3 3 2 . 2 ( S + i 5 )  3 2 . 2 ( S + i 5 )  -

yields
lSU • -1511 q

X 3 - 3 2 .2  a — 3 2 . 2  ( C -6 )

4) X4 
— 

~~~~~ 
[0.161(X1+O.7 (F3)X ,

)+(0.2X ,-0 .SX 3fl (C-7)

yie lds  —

_ _ _ _ _ _ _ _ _ _  

_--U



--

- .161(3)ki-3[.1ol(F3)(.7)+ .2]~~ +3( s)t +~~~~iol (ls)x

~l5[.161(F3)(.7)+ ’JX -l5( 5)x l5x (C-8)

5) X 5 - F4 X 1 + 2.5(F3) X4 + ~ (2.S)(F3)X4 (C-9)

yields

- F4i 1-- 2 . 5 ( F 3 ) ~.t4 + 

~~ 
12.S (F3)x4 (C-b )

6) tS~ - 

~~
-
~~

) X
5 ( C - i l )

yie ld s

— 20 ( KS)X 5-20tS (C-12)

Longitudinal FCS for a > 20.4 Degrees

The differential equations for X1, X2, X3, and are
the same .

7) X4 = (3~~~~) (.2X2 - .5X 3 ) (C- 13)

yields

~
.6k 2 + i .5~ 3+~ 4 = 3X,-7 .5X 3-l5x 4 (C-14)

8) X
5 

— F4X1 
+ 2 . S ( F 3 ) [X 4 + .5X 1+ . 5 ( . 7 ) ( p 3 ) X ]

+ 2 .5(F3)(~)[x4
+ .5x 1

+.5)(7)(F3)x ] (C-is)

-
- yields

S 
S ,. S[-2 .5(.S) (F3)-F4]X
1
-2 .5 (.5) ( . 7) (F3YX2 -2.5 (F3)x 4+x 5 -

2.5(F3)(5)(.5)xl+2.5(.5)(.7)(5)F3)
2x + i s(F3)(5)X

(C-16)
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La te ra l FCS

9) tS - f 5 7 . 3 ( . l 2 ) ( ~~~~~) ~ (C-17)

yields

.c 7 . 3 ( 2 . 4 ) K 1 : p -20~
c
f (C-18)

10) z 1 = 
(57.3~~~ 1~j-y)pa 

= (s7.~~~~~~j)E1~0a+~~i 1 (C-19)

yields

— 10 10
+ .ç-.,----~-P ci - l o : 1 (C- 20)

11) z2 = (1.SS) (57.3 r- 1 ) 
. (C - .~1)

yields

(C-22)

I3S+15\~12 , Z 3 kS I5~~/ ’2  ( (  
~~~~~~~

yields —

+ = is 
~~ 

- 152
3 (C-  ~ 4 )

13) Z 4 = F 8[Z
3 

+ GA IN1 
3~~ 2 A~ 

+ .12(57.3)

F8 (GAIN1) ( . 6 ) U
~~(~ 

+i- )
= F8Z , + _________________—- --——-- +

3 2 . 2

1.2 
[.0375- .6~~(F )] (P~~ +~~ p) ((‘-25)
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y i cli ds

-l0(F8)(GAIN1)(.6)(U0) ~ -F8(GAIN1)(.6)(tJ0)~ -F8~ 3
32.2 32.2

= i.2(57.3) [.0375- .65(P7)]P0a+l .2(57.3)[.0375- .65 (F7)1ct0P

+lO(1?8)(GAJN1)(.6)(U )
______ _______ + l 0 ( F 8 ) 2

3 
- 1024 (C-2 6)

14) tS~ 
= (

~
-
~

-
~

) Z 4 ( C - 2 7 )

yields

= 2 0 ( K R ) Z
4 

- 2
~~r 

(C-28)
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APPENDIX D

CLO SEO—L O~)P RHO
OPt N~-LOO~’ KOOT 8.

~U 1~LPH P~ 2~ DEO-S . a
___________________  tJW ) .‘~

LØTEfUR L NODE .
DUTCH RO OL +

ROL LING NODE K0013:

0
U)

S 0

I~~EPL— ~ X I S 3 g
I I I~~~ * —

—0,28 — 0 .24  —0.20 —0 . 16 —0 . 12  -

0
~0

£ -0

(

LONGITUCINRI. IIODE.
SHORT PER I OD +

LONG. FCS RO0T5: 1.1W) -
C,)

I!;’

0
0

A ~ 1

m
~REfi L—RX IS I

A I

—1 60 — 1, 2 0  — 0 , E ~0 —~ .40 0 0 0  0

II ’ 0
U a

A — OPEN LOOP ROOTS. ~ — CLOSED LOO P ROOTS.

Fi g. 0.1 Closed Loop and Open Loop Roots for Aircraft
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APPENDIX E

El - YFROOT -- Solves roots for equation 2.8.

E2 - E I G EN - -  Solves e igenvalues  of full linearized model.

E 3 - RSVP - - Plotting program .

E4 - NONLI N - -  Solves equation 3.1.
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5
~

A _
~~

4 t $ _ 4 e 5 .
~..

p~~ j I4 ,d 
~~

•‘

~~~~~~~~~ ~~~~~
- C~~LL NSO1I ( ‘  ,X , ~~, A J’’~t, • OS’~~P ,DM’(, A 77 , M~ X ~J 4 , 0, WI

01 (14 ,J1I X ( I)
C&t LL P’’4r (x,~~,~~~’,Ct, r?,N)
1
~~

(C 1.
~~

E . O . C )  ‘~O T i
r6~..L C I~!(X ,Ct,J L14,YM~ X ,XMI’1 ,~~1, O0,lX ,OIF~ ,~ ,Ii, J t , x A  ~ )

t ’  ~iIi.JI):C’

IC (C7.~~T .7- ’~~~X ) :;~ ~~‘ 
• C)

~~ ~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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J1=J 1+1
CO TO ~

:~ c i = c i - # o
( ‘2 =— ’ .
C O UF-I T ( I1) J1
T F ( C 1 . G T . C 1H A X )  ~~ ~~ r 5
Ji = 1
11=11+1
X ( 1) : I N I T ( I l )
X (2) INIT (Ii)
GO T~) ~

; 5 5 ~ STOP
~~“ CALL F LC T T ( P.1,S, i~A ,1~~,rC,OD,EE, ? ,~~~,HH ,7-Oj r1T , ! ,J )

j~~ FOFP’~~T ( j Hj )
ENO

SU9~ PUTINE CA LF 1J1~~t~i ,X ,F)
COM MCNfC~ L~~Ur4/Ct , 7- ’
CD’E ?~SIO:4 X (1) ,~~(1)

F(2)=C2+ (X(2)*Y (2’)#7-l)- X (2) S

-

- 
PETUI ”l
EP iC)

U
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StJf l r;C I!1i’IE p~~ T ( Y , C ,C c 5 ~,C1,C2 ,N’,
Ot~ ENSIO’4 X (t),~~(1)
1NTECE~ 

y,j
FSO= C
00 1. Y j ,N
c 5 r )= F5o+r (y )  ‘F(~~~)

C O N T I N U E
..

P~ 1P4T’ ,~~ 
•
~

P’? iPJ T ,~~FO~ C1= ”,7- l,” c C2:’~,~~?
P?1F.’ ~‘00 , C V~~X ( Y )  , ~~( Y )  ,Y~ I,N)
P~~IN’ 2I~),cSr

‘~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~Fr,F~M .’T(/~,X , “7’.1 C ~ JM OF S r) U A~~ES Y’, E 1 7 . t )
RETUI N
CN fl

~L’ CU1I~’~ 
P IV (X,71, ’ELT ?, A Y ,Y~’ L’J ,Pi, ~~~~~~~~~~~~~~~~ ~,y A ~~)

C)I”~~P’S1C~. Y (?) ,X~~A ’((l) ,~~~M ’  (i) , 1(~~0, 1.0(1 ,~~X (1)
CX (~~’= (—2l’’) 

.‘.~~
Y 4~~K C l ) ‘~~( t 1 )  + ~~~~~~~~~~

~~~~~~~ P c ( Y ( 1 . ) )
irCy ’ 

~~.LC.
YP T ’

~.’D. ~~~~~~~~~~~~~~~~~~~ 
-

y f 1 )=xcfl.1 r r F_ ..)~ rF 5
55

X ( 2 ) : Y ( 1 )  S
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SJ ~~R (U11i~E ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,14i4 ,731’NT ,I, J)
CIP~EPSION ~1(~ J,~~OC )) ,S (30,1 Q fl ) ,~~~Ct) C - ),E3 (1O~~),CC (1C~~)
PTMENSIC :4 OO ( 133 ) , E! (1O0),FF (I3’),~~~~(1-0C ) ,HH (1JG) ,CCt?NT (33)

7~4 T E G E ~ V t,V2 ,13,V L .
XLF~~ 2.~
YLEN:2 .~~
V I COUN T (1.)
V2=CC-UMT (3)
V3 = C C U P ’T ( 9 )
V’s=C C’U~ T(i3)
PG 30 0 J 1 ,V I
AA ( J )  1 1( 1 , J)
P~~( J )  5 ( t ,  J

•
~ ‘ CONT1 N~’Ero ~~~ J=1 ,V2

CC (J) ~ 1(5 , J )
0 0 ( J )  ~~ (~~ , J)

wi. ’ CONT~ NLIE

~O 320 j = i , V 2
E E ( J ) C 1( 9 , J )
FF (J) =$ (~~, J)CO~~T )NL’E
C’) 33C J:1,V~,

GO (J) =~ 1 (13 , J)
‘4 H (J )  =5 (13 ,J)

1”~ CONT iNUE
CALL 2LOT (2.,—?.,—~~)
CA LL PLQT (0.,2.,—fl
CA LL OLOT (_ .c,

_ .7; ,~~~)
(‘ALL PLOTC’) ,,o.7~~, ’)
CALL PLOTL,.2~’ ,0.,—2 ) S

CALL 0LOT (3., i.~~~ ,— ’)
CALL PLOT (— ~~,2~~,

,
~.,—’)

C A L L  FL O~~(.! ‘ ,•.  ~‘ , — ‘ )

C A L L  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ X ’!+ ’1~~X +- 2,3.,l.)
C~.LL SV~’3IL (?.127,,’.~~t-’,.0’,1YH— 3t~~LI ’ Ot ’ 3’4 ~ ‘iF T , t’.,t~~

)
‘.)LL S~

M’3L (1.i?’ ~~~~~~~~~ 
‘.,.C8,11.D., —1 )

C ALL !A,IL (.J~~2 ,~~.,. 1I~o?,1wY ,3.,t)
CA LL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CA LL Cy~~ ,)i_ 3. ~ ‘ , . , ~~~~~~~ 1HX.C. .  1.1
C S ~~ LL SY”OL (3 ~~~~~ ,‘ • ~~ , • ~~ 2, ~~~~ r .,1

rA L L  Sr ..r ( F F ,5( t.r~4 ,5l1 ,1)
C.~LL £CAL~~C E , YLr~~,~l7 ,1)
CA LL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

S C A L L  ~xI ’~c D . , o . , 1u ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CALL L T ~~~C F  , E ,  ~~~~~ 0 , 0 )
C’~LL FL0T (~~.,-..i ,—’)

— 
C A L L  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~(

~ 
CA LL S~:A~.~~C AA ,V1~~’4, ?t ,I)

SO
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C’L’.. Ax : 5 (3 . ,  C)., l?”7-’—— (C t:_ 3 . ) , — i  7 ,  X L ~~~ ,0 . ,‘~ i ( ’i 1 ~1) ~i~~( Vi +7)
CALL aA XIS (0 .,0.,1-~ ,l,VLEN,90.,AA (/t # j) ,AA(/ 1+ ?))
CAL L SY 0L (1.~~,1.2~~,.~~~,I1 ,J.,—fl
CA LL SV ~~3’)L C •~~~ • 5,. C)5 ,1 t~~0 . ,  —1 )
CALL Sy OL( 1.2, ,. ,. ,s~ U’-~ST~~~~~,o . , L )
CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~CALL L I N E ( ~~ ,AA ,V i, 1,0,0)
CALL P107(3.,0.,_ ?)

CALL SCA LE( iC ,~~L~~1,t’ , 1)
CALL S C A L E ( C C ,YL~~1,V 2 ,~~

)
CA LL A Y I S ( 3 .  ,fl . , l 2 H7 2_ _ ( C l r ~~1.), _ t ? , Y L E N , 0 . , O~~(V 2+ 1) ,O i ( V 2 4 2 )  I
CALL AXIS(0.,0.,~ -) ,1 ,~ L 1 , ~~0.,’ ( V2 #t ), 7- (V2#7)
CA LL 5VM9’).. (1.Oj:- , ~~~~~~~~~~~~~~~~~~~~~~
CALL SYM ”OL C ~~~~~~~~~~~~~~~ •0~~,l1,0., I)
CALL SVP1 i L( 1•37 : , . ’- ,.08 ,~~HUNST~~~L . , 0 . , B)
CA LL ARC (1.2..~, ~~~~~~~~~~~~~~~~~~~~~~~~~~
CA LL LINE(C)C 1 ,CC,,I 2 ,1, C) ,0)
CALL P L O T ( C )  • ,—i .!, — •

~
)

C A L L  ~ C4LE ( H~~,X Lr \I,~I c 4, 1)
CA LL SCA L~~(~~r,Y L E ’ 11~V ,,1)
CA LL AxI.~ (0 ,,0.,11 2__ (C1:3.),_ L1 ,X L E H,3.,HW (J..+1),~l~~(V, 42))

S CALL ~XI3M.,0.,1-4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CALL LINE (~ 4’.~ ,G~~ , ~~~‘

, , 1., c •
C A L L  FLOT E
RETUF N
P4 C)
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APPENDIX F

Explanations of Program

YFROOT

This program is set up to solve the polynomia l  equation

which was derived in the reduced linearized model analysis.

It uses the IMSL subroutine ZPOLR which solves for the roots of

a polynomial equation. The accuracy of ZPOLR was checked by
S 

setting P = 0 and solving for the roots of the polynomial

using the computer program TOTAL . YFROOT had an accuracy of

at least l0~~ which was considered sufficient. :P0LR ~;:~s

set up to solve for the roots repetitively while incrementing

S the roll  ra te .  The inputs are specif ied in the program YFROOT

in Appendix E. No programming problems were encountered.

S EIGEN

This program is , for the most part , self explanatory. It

is limited to angles of a t tack of 0 , 10 , 20 , and 25 degrees

and to two altitudes: 0 and 35 ,000 ft. Different altitudes

can be used if the correct valt.es of ROW , PC , and ALT are fed

into the program . EIGEN uses the following IMSL subroutines:

LrNv1F , which inverts a matrix ; VM1JLFF, which multi plies two
S 

matr ices together; and E1GRF , which solves for the eigenvalues

and eigenvectors of a matrix. Several test cases were run with
S simple 2 x 2 matrices for which the results were knowii . This

was done to verify that these subroutines did work. There

were no programming problems except for making sure that the

work areas for  the subroutines were dimensioned properly.
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RSVP

This program is set up to plot four graphs , each with two

arrays, on the ASD Calcomp Plotter. The inputs are equations

which cannot be changed. Al]. the plotting programs presented

the biggest programming problems. Dimensioning is most important ;

the array must allow for all the data points plus two extra

spaces needed for the Calcomp Plotter routines . The largest

problem arose when trying to scale one axis for more than

one curve. To get around it, there must be one array which

contains all the curves needed on one plot. This one array

is used for scaling. Then, before calling the routine LINE

to plot these curves , the adjusted minimum and adjusted delta,

that was obtained from scaling the larger array, must be set

as the adjusted minimum and adjusted delta for each of the

curves to be plotted.

It is very important to know where the pen of the plotter

is at all times. The “ASD Computer Center Calcomp Plotter

Guide” is a useful aid for developing plotting programs.

NONLIN

This program is set up to solve for two identical decoupled

H nonlinear equations. This was done because the subroutine

NSO1A will solve for a minimum of two equations. The inputs

are stated in the program . Again , dimensioning is very important.

Arrays which are dimensioned in the main program should be

dimensioned the same in subroutine(s) that they are used in.

H 0
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Those arrays or variables which are declared real , integer ,

complex , etc. must be declared the same in the subroutine(s)

that they are used in. In the subroutine PLOIT, the routine

AROHD is an auxiliary routine of the ASD Calcomp Plot

routines. AROHD is available on a library called CCAUX and

must be attached in the control cards.
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