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I
THE NON-LINEAR THEORY OF EFFICIENCY ENHANCEMENT

IN THE ELECTRON CYCLOTRON MASER

I. INTRODUCTION

Radiation sources based on the electron cyclotron maser mechanism are perhaps the most

efficient devices for generating high Continuous power in the millimeter and submillimeter

regimes. The first theoretical work~
3 on the cyclotron maser mechanism showed the relativis-

tic nature of the instability while experimental confirmation came shortly afterwards.4’5 Since

this early work, theoretical and experimental2t”27 research on the maser amplifier and oscillator

has indicated that these devices could have great practical values in areas ranging from RF heat.

ing of fusion plasmas to new radar systems. For applications such as plasma heating, high

efficiency is of prime importance.

The operation of the electron cyclotron maser oscillator can be viewed qualitatively as th.~
exchange of energy from a system of nonlinear oscillators (electrons) to the fields of a cavity.

We describe briefly the steady state operation of a maser cavity in which electrons are entering

and radiation is emitted at a uniform rate. The electrons enter the cavity, gyrating about an

applied longitudinal magnetic field. Since the electron cyclotron frequency is energy dependent,

because of relativistic effects, these electrons can be viewed as nonlinear (or nonisochronous)

oscillators. The electron cyclotron frequency decreases as the electron kinetic energy increases.

We choose the initial conditions to be such that the cyclotron frequency of the entering d ec.

L • trons is slightly lower than the fixed Doppler shifted frequency of the cavity field. As the mi -

tinily randomly phased electrons drift through the cavity some of them lose, while others will

f Manuscripi submimted February 26, 1979.

I
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SPRANGLE AND SMITH

gain, kinetic energy, depending on the initial value of their Larmor phase with respect to the
electric field. The electrons which gain energy undergo a decrease in rotational frequency,
causing them to move further from resonance with the cavity fields, Those electrons which
lose kinetic energy, on the other hand, get closer to resonance with the fields and lose energy
faster and for a longer time, Thus it is possible to have a net decrease in electron kinetic
energy for a time after the electrons enter the cavity . If the electrons were to remain within
the cavity they would eventually begin to gain back a portion of the net kinetic energy lost.

However, in designing a practical cavity, the transit time of the electrons is made equal to the
time it takes the average electron kinetic energy to reach $ minimum. In the steady state the Q
of the cavIty is chosen such that the radiated power just balances the rate of kinetic energy lost
by the electrons. For a comprehensive treatment of the nonlinear and linear theory of the
cyclotron maser amplifier see Ref. (17). A number of excellent review papers 25 30 are avail-
able which discuss the physical mechanism and applications of the maser in more detail.

Theoretical and experimental progress has been made in improving the maser oscillator
efficiency by contouring the walls and thus the fields of the cav ity. Experimental efficiencies of
—40% at wavelengths of —9 mm and continuous powers of —20 kW have been achievecj,~

2tt

It is the purpose of this paper to analyze the nonlinear particle dynamics in the cyclotron
maser and address the problem of efficiency enhancement. We show that by appropriately con-
touring the applied magnetic field or the cavity electric field as a function of axial position, the
beam electrons can be prebunched in phase, resulting in a smgnificant increase in efficiency over
the already high intrinsic vslue. Although we analyze a maser oscillator configuration, our

method of enhancing the efficiency is applicable to a maser amplifier with minor changes.

2

—• . a ~~~~ . ~~~~~~~~~~~~~~
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II. ANALYSIS

a. Maser Cavit y Model

We shall consider a steady stale maser cavity oscillator with the geometry shown in Fig. 1

The electron beam drifts in the -direction and gyrates about the applied axial magnetic field

~~~ The beam consists of a thin current sheet , uniform in the v direction, with the guiding

centers of the electrons initially uniformly distributed on the ~ — 0 plane. For a sufficiently

low -current beam, we may take thc cavity fields to be given by the unperturbed normal modes

of the cavity . For definiteness we assume that the beam drives a single TE0_, ,  mode. The

only non.vanishing field components for this mode are

— ~~E,,, COS(W~,~~ t + •,,.)sin(k.:)sin(k ,,,(a —

R,,(x . :, t)  —~~~~ E,,, sin(W R, t + •,,, .,~cos(k,:)sin(&-,,, (a —

B.(~ . :. ,) — ~~ ~~~~~~~~~ E,,, ,, s in (w ,,, ,, + • )sin(A ,:)cos(A ,, (a — x) ) ,  (la ,b.c)

where E,,, ,, and ö,.,,, is the mode amplitude and phase, A,, — rnw /2a , A:, — n w / L , w a,, —

c ‘~J~ + K,,~ and m,n — 1. 2, 3 For strong coupling, the electric field must he max-

imum at the beam location, i.e . m odd , and have a frequency close to the electron cyclotron

frequency -

b. Particle Dynam Ics

The particles enter the cavity at — 0, randomly phased, with the same axial velocity

v,,. — 13,,:e and the same transverse velocity v ,~ — $I, k c’. In order to obtain tractable nonlinear

orbit equations we make a number of simplifying assumptions , all of which are physically well

founded. We assume that the transverse wavelength of the cavity mode, 2 w/ k ,,, is large com-

pared to the electron Larmor radius as well as the excursions of the particle guiding centers in

3

~



SPRAN 6LI AND SMITH

the x-direction, hence IA ,,~ I << I, sin(k,,(a — x ) )  sin(A ,,a) and eos(& ,,(a — x))

.~-A ,,sin(A ,,a) for m odd. The particle velocities are considered to be mildly relativistic , ~~
•

( :/ ‘)~. t~/ c )~ and (v / t - )
~ <<. 1. Finally we assume that the cavity is long, ie., L >> 2a, and ‘ I

that the cavity field amplitude is small compared to the applied magnetic field, i.e.,

IE ,,,/ 8,, I << I

For a single TE cavity mode the orbit equations, in the absence of self-fields, take the

approximate form

4 (y x ) —
~~~~~~~~

-
~~~ (y .~ ) 1) , .~ — ~-‘~ E sin(ko)sin(A’:)cos(wt + 4i)
dt m,, 

(2a ,b,c)

where ~y — (1 — (.~~ + + :‘)/c ”) > l, 0.., — ~et$ ,,/ m,, c, The subscripts on L,,,. A,,,, A:,,

w ,,,, and ö~,, have been dropped. In obtaining Eqs. (2), some higher order terms have

been neglected, these terms are typically smaller than the dominant terms by the factor

t~ / e) ( ck / w) ( x k ) << 1.

From Eqs. (2a) and (2c) we find that the canonical momenta in the .~ direction as well as

the axial velocity of the particles in the cavity are approximately conserved, se.,  y’~ + fl,, i’ — 0

and — v ,,. - Making use of these two approximate constants , Eq. (2h) can be put into the

form
v + ft ,~(l — — fl~~ /c’~ — •v~/ c-2)~’ •

— — E sin(ka)sin(Kv,..~(t — (,))cos(wr + •) , (3)
I, ’

where i, is the entry time of the particle into the cavity and we have used the approximation ‘

y I + ($L + fl ,~y ’/ c ’ + ,~ /c ’)/2. The phase bunching process in the cyclotron maser

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J-~~~ ~~~- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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occurs on a time scale which is slow compared to the cavity wave period or electron cyclotron

period. Since Kvc,~ << ~ ft c, we see that the solution to Eq. (3) can be written in the form

y — r ( t ) S if l (wt  + 0 ( i) )  (4)
where r and 0 vary slowly in time, i.e., I I. 9 << cv. Subst ituting Eq. (4) into (3) and using

the approx imations flc,~y
2 + ,~)2 w2y2 and

fl~ (1 — — w2 r2/c2) — w2 — 2w(w — f o il — ($~ + w2 r2/c2)/ 2J) ,
we find that r and 0 satisfy the following equations:

r — — cc sin(Kvc,~t)cos(O —

9 — ac,/~(,) — cv + ‘~~~~ sin(Kvc,~t)sin(0 — 

~) , (5a,b)

where y(r) — 1 + 1/2(~~ + w2 r2/ c2) > 1 and a (E/ 2B 0 )sin(ka ) << 1. In deriving Eqs.

(5) we have neglected small terms in ~ ó, rè and ~2 , Note that the particle time of entry, ~,

can be arbitrarily set equal to zero without loss of generality.

Since 0,, cv, the term CUP / c can be identified as the magnitude of the transverse particle

velocity. The kinetic energy of a particle in the cavity is E — (‘
~‘ 

— 1)m,,c2 and is a function of

r only. The evolution of r, given by the simultaneous solutions of Eqs. (5) , gives the particle

energy as a function of time (axial position) in the cavity. The nonisochronous nature of the

maser process is evidenced by the fact that the electron cyclotron frequency (the first term on

the RHS of Eq. (Sb)) is energy dependent because of the relativistic term w2 r2/ c 2 . The energy

dependent cyclotron frequency is responsible for the phase bunching of the particle ensemble,

which is initially distributed randomly in 0.

c. Forward or Backward Wave Coupling

The standing wave associated with a cavity mode is the superposition of a forward and a

backward propagating wave. We may further simplify the description of the nonlinear particle

5
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dynamics contained in Eqs. (5) by noting that under certain conditions the beam particles will

predominantly couple to either the forward or backward wave. This will permit us to derive a

useful constant of the motion for analyzir..g the nonlinear dynamics of the particl es. To see this

we define the variable ~~ — 0 ± Kv ,,:t and note that for small cavity field levels , i .e., s — 0,

is appropiately given by

where ~~~ — w — f l~,/ y(~ , ) ~ Xv ,.. Interaction with the forward wave implies I~~ w _ I  >>

— I~w ,I 0 while for the backward wave resonance we would have I.~w +I >> I.~w I 0. If,

however, I.~w +l ~m J, both waves couple to the beam about equally and the overall interac-

tion is weak , resulting in low efficiency. it is, therefore , desirable and possible, by properly

choosing the system parameters , to have one of the wave interactions dominate over the other.

If this is done the nonlinear coupled equations in (5a,b) can be put into the form

— f l ,,/ y ( r) — w  ± A v ,,. ± sin~~ (6a ,b)

where without loss of generality, ~ has been set equal to 3n12 in Eqs. (6) and the upper

(lower) sign corresponds to forward (backward) wave resonance. These equations are identical

in form to those describing the particle orbits in a cavity field that is uniform in :. For

definiteness we will consider only the forward wave resonance case (upper sign)~ this implies

that w > O,,/ y .  With obvious changes in parameter definitions our results apply directly to the

backward wave resona~tce case . Dropping the subscript on ~ we get •

— f l , , /y ( r )  —
~~~ + sin ~~ . (7a,b) ‘

b

- 
-•
~~~~ -~~~~~~~ -
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where ~s — cv— K Vi,. - This system of equations is equivalent to that obtained from the well

known Duffing equation on a slow time scaie.~ The nonlinear orbits defined by Eqs. (7) can be

shown to have the following constant of motion

, wi( (r .~
) — - - (w — 1) , , / y (r ) ) ’  — —- sun ~ (8)

tl , , w

Typical curves in (r .0 space are shown in Fig. (2) for various values of C. In general , particles

may lie on open or closed (trapped) orbits.

Particles starting on a particular constant-of-motion curve remain on this curve. The rate

at which the particles move along the (‘-curves is governed by the solutions of the orbit equa-

tions in (7). We assume no interi’ction among the particles themselves ( i t ’ ., we neglect space-

charge effects ). Thus we may represent the beam by an ensemble of a small number of parti-

des . typically 32. Numerically solving Eqs. (7) , for such an initial ensemble of particles , the

distribution of particles for various times (or axial positions within the cavity) is shown in Fig.

(3). The particles enter the cavity uniformly distributed in ~ over an interval of 2w radians, all

with the same initial value of transverse velocity, s.e’., r — ,~,,  see Fig. (3a). As time progresses .

t he particles move along their respective (‘-curves. In the linear regime (Fig. 3b) a significant

amount of spreading in r along with a small degree of bunching in ~ has developed. As the

particles begin to bunch in phase angle ~ (Fig. Jc) most of them are contained within the

energy loss regime —ir/2 < ~ < w/2 and considerable spreading in r has occurred. The parti-

cles are distributed over a wide range of C-curves , with Iwo ensuing consequences. First , as

the particles lose energy they move out of the energy toss region, — n/ 2 < ~ < ir/2. Secondly

not all the particles reich their minimum energy at the same time. Figure (3d) shows the patti-

d c  ensemble in the saturated state where the particles are deeply trapped and the average

N

7
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transverse kinet ic energy is at a minimum. If permitted, the part icle ensemble would continu—

to rotate and regain the lost kinetic energy .

The efficiency of energy extraction from the particles is defined as

— N; ’ ± (y(~~(l))—y(r,,))/ (y(r,,)— I) (9)

where

— 

~ (r , ( t ) )  — y ( r ,, )  + w2 c 2(~ 2 ( l)  —

(c.f. below Eqs. (5) ) ,  i~, — r,(t’—O) and r, ( i)  is the Larmor radius of the ith particle which

entered the cavity with phase angie 0 < ~ , < 2w , and N, is the number of partic les in the

ensemble. In order to have a standard comparison between various sets of parameters we shall

henceforth consider the transverse efficiency, defined by ,~(,) —

Thus, ~i(t) is the efficiency associated with the transverse beam kinetic energy and is indepen-

dent of v,,.. The transverse energy efficiency is given in Fig. (4) as a function of time for the

parameter s of Fig. (3). The net energy extracted reaches a maximum at t — — 165/ci; the

length of the actual cavity would be L —v,,. :~. Figure (5) shows the peak transverse efficiency as

a function of i, for v~ /c — 0.3 and various values of the frequency mismatch parameter

— f l ,,/ y ( r,,) .  From these curves we see that the maximum transverse efficiency is

approximately 40%. This maximum intrinsic efficiency of approximately 40% is characteristic

for the range of v~~/c of interest in the maser. We note that in our treatment the steady state

value of a is taken to be compatible with the Qof the cavity.

III. ENHANCEMENT OF MASER EFFICIENCY

A qualitati ..‘e appreciation of the nonlinear particle dynamics can be gained from an exam-

ination of the C-curves and phase space trajectories, depicted in Figs. 2 and 3. We note that

8

.
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since the part icles are not all on the same C-curves they reach their minimum energies at

different times. Furthermore the minimum energy varies w dely over the ensemble of parti-

cles. We are thus led to the conclusion that the efficiency can be dramatically increased by first

prebunching the particles in phase space. The resulting “macro-particle” can then be placed on

a set of C-curves for which virtually 100% of the transverse kinetic energy is extracted.

To see in detail how this can be accomplished we must examine the basic orbit equations

in (7). We consider the linear regime of these equations by expanding rand ~ in powers of the

normalized electric field a. For a sufficiently small we can write r r t0t + €r ’~ and

~(0) 
+ a~

t
~

) where r t0
~, r ID ~(O) ~U) are independent of e. The solution of (7) in the

linear regime is r 101 = r0, = — 1~wt and

r~ —i-— (sin(~0 — 
~wt )  — sin ~~2~ w

C 110 w2 r~ os2 rj
= 

2~~wr o 
— 

~~~ 
—~y— (cos(~0 ~~~t) — cos ~

) + lInt ‘—
~ -— sin 

~o (l0a,b)

where Icr t1t I << r~°t , and Ic~~
1) I << ~(0) The standard deviations of r and ~ are measures of

the spreads of the particle ensemble in phase space and are defined respectively as

a-, — (<r 2 > — <r > 2) ”2 and a- = (<~
2 > — <~~ >2 ) t / 2  where <(...) > — (2wY ’

d4~0(. . .) . In the linear regime we find

— a(1 — cos

2 2 ~ 1/2
~~ C U P 0

— —i-- — 2a 
~~~~~~~~~ 

fl a t + I — -i-— —
~~~-— sin ~~W I , (lla,b)

where a — a c/ ( 2 r 0i ~cv) will be denoted as the “bunching parameter. ” The mean values of r and

~ are <r > — r0 and <~ > — it — 
~ cvi. These linearized equations are valid if a << 1. From —

Eqs. (11) we note that a-, is bounded wh ile o~ decreases secularly in time. Therefore, if

a << I, the particle distribution will bunch into a macro-particle with phase space dimensions

of
9
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(ir2/3 — 2a (wr0/ c) 2fl01) 112 , (12a,b)

Note that the expression for ~~ is invalid for times such that (1of > it2 (6a (wr o/ c) 2 Y’ - The

point to be made by Eqs. (12) is that ~ r is bounded and ~~ initially decreases with time if a is

sufficiently small. The formation and dimensions of the macro-particle in phase space is

schematically depicted in Fig. 6. As shown in Fig. 6, all the particles lie on open trajectories

and the formation of the macro-particle takes place over many cyclotron periods, with only a

small degree of spreading in r.

We can tailor the bunching parameter such as to achieve minimum ~~~~ when the macro-

particle enters the energy loss region cos ~ > 0. When the macro-particle enters this region

the bunching parameter can be increased such as to deform the trajectories of the macro-

particle onto a bundle of closed C-curves for which virtually all the transverse kinetic energy

can be extracted. The change in a should occur over an axial distance roughly equal to vo1/~ w,

in order to ensure that the macro particle remains in the energy loss region. The bunching

parameter can be changed as a function of axial position in the cavity by (i) varying K as a

function of z (for example by axially contouring the cavity wall radius) and/or (ii) varying the

external magnetic field, B0, as a function of z. From the definition of the bunching parameter,

a — ec/ (2 s- 0Aw) ,  we see that these methods can lead to a large fractional change in a with only

modest changes in either K or B0. As an illustration of contouring a by method (ii) we choose

the magnetic field variation depicted in Fig. 7. The initial parameters are a — 0.004, ~~ — 0.3

and au/id — 0.08. The intial value of the bunching parameter is a — 0.077 (see Fig. 7). The

• particles reach their maximum degree of bunching at &z 225, just before entering the energy

loss region, see Fig. 8. At this point the frequency mismatch is decreased gradually to the

value taw/ & — 0.02 at i.it — 260. This is accomplished by increasing the external magnetic field

10
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by about 6%. The bunching parameter has the final value a — 0.31 at the end of the transition

region and the macro particle is now on a trapped orbit. The maximum transverse kinetic

energy loss occurs at ~ r — 400 resulting in a transverse efficiency of i~~ — 75%. The transverse

efficiency as a function of time is shown in Fig. 9. As shown in Fig. 5, without contouring the

applied magnetic field the transverse efficiency is 36% for these parameters with constant

— 0.02.

IV. CONCLUSION

We have shown that dramatic increases in the efficiency of the maser oscillator can be

achieved by appropriately tailoring either the applied axial magnetic or the cavity field (cavity

wall radius). It should be noted that this approach can be directly applied, With appropriate

modifications, to a maser amplifier device. We have illustrated in detail an example for which

the applied magnetic field is tailored. The requisite field variations are quite modest and tech-

nologically straightforward. No attempt has been made to obtain an optimum field profile, as it

is our purpose to present the general principle of efficiency enhancement and show that

dramatic increases can be readily achieved. As a standard of comparison we have considered

only the transverse efficiency, i~~, which is independent of v0~. In principle, the energy associ-

ated with the longitudinal motion may be largely recovered by using depressed collectors , so

that the overall system efficiency may be made to approach ipx .
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Fig. 5 — Saturation efficiences as a function of the porma lized cavity fle ld. a , for various values

of ~~w/~~ These results are for uniform 80 and K.
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Fig. 6 — Schematic of phase space evolution illustratin g the formation of a macro-particle
when the bunching parameter , a, is much less thin unity.
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Fig. 7 — Contoured magnetic field profile as a t’unction of time (axial position in the cavity) in the
forward wave interaction approximation. The fInal parameters correspond to the uniform field sys-
tem of the previous examp le (Fig. 2-4).
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Fig. S — Phase space evolution for the field profile shown in Pig. 7: a) initial
distribution of particles; b) formation of macro-particle just before entering
contoured applied magnetic field region; c) the macro-p article after it leaves the
cont oured appl ied magnetic field region. d) particle distribution at saturation.
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Fig. S (Continued ) — Phase space evolution for the field profile shown in Fig.
7- a) initial distribution of particles: b) formation of macro-particle just before

• entering contoured applied magnetic field region; c) the macro-particle after it
leaves the contoured applied magnetic field region; d) particle distribution at as-
turation. 4
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Fig. 9 — Transverse efficiency as a function of time (axial pos.tion in the cavity )
for the system shown in FigS. (7) and (8).
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