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STABLE MESA ANTENNA PATTERNS

I. INTRODUCTION

A. Wavenumber Power ~p~ctra

Power spectral analysis techniques are applicable to the

processing of spatial multi—channel antenna data , since computed
antenna patterns are actually wavenumber power spectra, P(k). The
wavenumber k is a function of e , the signal angle of incidence to
the antenna as follows:

k = (2v/A)SIN(e)

Because an antenna array is a collector of spatially sampled data ,
any power spectral technique which is designed for such discrete
data sets is applicable for computing antenna patterns.

B. High Resolution Power Spectral Techniques

During recent years several high resolution power spectral

techniques have been developed (or’rediscovered) for use with dis-

crete data sets. Some of the techniques are: the maximum entropy

method ( 1) ,  the autoregressive model (2)1 the moving average model (3)

the Yule-Walker technique (4), and the maximum liklihood method (5).

Of these techniques the maximum entropy , autoregressive, and Yule-Walker

techniques are all pole models, the moving average technique is an all

zero model , and maxiumum liklihood is only a criteria function applicable

to any model. Most of these methods are described in a tutoral review

article (6). These particular methods have also been investigated

and compared in two reports (7), (8) in which the best results were

achieved with the maximum entropy method .

More conventional high resolution Fourier methods have

also been recently developed (9), (10), (11), but have not been so

thoroughly investigated. Ps a consequence , in this paper several

methods are investigated for applying the maximum entropy spectral
Note : Manuscript submi t ted March 15, 1979.

- 
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analysis technique (MESA) to the processing of spatial, uniformly

sampled data.

C. Application of MESA

Several methods of applying MESA to spatial data are inves-
tigated. In particular apatial data, which is simulated for an 8
element linear antenna array, is processed with MESA and the Burg
technique (1). The Burg technique is a recursive method for eval-

uating the MESA filter weights, which substantially reduces the

number of calculations required of the more conventional inverse
matrix evaluation method.

MESA antenna patterns (wavenumber spectra) may be computed

upon the collection of the set of 8 spatial data samples at any

instant of time. Such “snapshot” patterns are inherently inconsistent
and unstable. However it is possible to compute stable MESA antenna
patterns using one of several stablization techniques. It remains

only to determine which technique provides sufficient stability for

an acceptable averaging period without destroying the desired high

resolution property which is characteristic of MESA. Averaging

techniques which are investigated employ a time average of one of

the follwoing sets of variables:

a.) filter weights

b.) prediction errors

c.) covariance matrix

d.) “snapshot” patterns

And as an alternative to averaging, stablization may also be achieved

with use of time adaptive filter weights. In particular a set of

adaptive filter weights, which are defined as proportional to the

prediction error (12), are utilized in conjunction with a proportion-

ality constant (convergence parameter) to comprise a stable, adaptive

MESA processing technique.

II. THE MAXIMUM ENTROPY METHOD

The MESA technique, as the name implies, originated (1) by

2
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maximizing the entropy of a signal mixed with noise. However, the

same filter weights may also be derived (13) by whitening the Weiner

prediction error filter as specified for discreet data samples (14).

The resulting maxitr~im entropy wavenuinber spectra P(k) is given as

follows:

________________________ (1)
N N 

-

1 + E y
~ 

exp(iknAx) 2
n= 1

where

N = number of filter weights (l~N~M)
M = number of data samples

= total noise power

AX = antenna element spacing
N

nth prediction error filter weight of a set of N weights.

The variables of eqn. (1), which are computed using a

set of equations known as the “Burg technique”, are listed as follows:

a.) Total Noise Power

= r~ Cr0 is the data set autocorrelation function)

~n+l 
= 1+ (y~~1)2] for (l~n~N) (2)

b.) Filter Weights

= 1.0

1
N+l 

= + y
~~~ -rt+2~ 

for (2~n~N) (3)
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P1-N N *  N p
-2 n~~l 

( B )  . FN+fl
N+l 

= for (l~N~M—l) (4)
M-N 1 N 2 N 2
nh [(Ba) +

c.) Forward Prediction Error

F~~1 = XK+l for (PK~M)

N+1 _ N+l .BN ~~~~FK — 1N+l K-N K for (N+l~K�M) (5)

d.) Backward Prediction Error B~

= XK for (l~ K~M- l)

N+l *BK = (y
~~~~

) ~~~~ + B~ for (l~K~M-N) (6)

where the Kth data sample = X
~ 

for (l~K~M)

III. MESA SNAPSHOTS

It is possible to compute an antenna pattern with MESA

using only one set of M data samples all recorded at the same instant

of time. For example, consider one set of 8 data samples collected

with 8 unformly spaced anter~nas. The Burg technique equations, eqns.

(1—6) are initially evaluated for N=l and M=8, and then evaluated

repeatedly for increasing unit incremental values of N up to the

desired value of N provided that (l�N~7).

4
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However the final value of N must be such that (NS~N) where NS is

the number of signals present in the given data set X
~
.

Consider a MESA snapshot pattern evaluated for N=4,M=8
where the Burg technique equations are evaluated repeatedly for
(l~N�4). A MESA snapshot pattern of one signal incident at +10
degrees (0 degrees is broadside to the antenna) and a signal—to-
noise ratio of 15 dB is shown in Fig. la. The 8 data points contain
Guassian , white noise, simulated using a set of 8 random numbers

computed for a generator “seed” value of 1 (IR l). Another MESA
snapshot shown in Fig. lb, is computed using a different set of 8

random numbers for which IR=2.

The single signal is located accurately at +10 degrees

(within ~~.5 degrees) in both MESA snapshots of Fig. 1. The side

peaks, which are randomly located, occur at different positions

in the two snapshots. The total number of peaks, which represent

the poles of eqn. (1), is always less or equal to the value of N,
the number of filter weights. Since the two independent data sets
used~in the computed antenna patterns of Fig. 1 are considered to be

recorded at two different instances of time, MESA snapshots are

clearly time variant when computed with short (M=8) data sets. It

is evident that some stablizing technique is needed in the application

of MESA to short data sets, so that computed MESA antenna patterns

are invariant and repeatable in time for stationary data.

• IV. MESA INSTABILITIES

Besides the side peak location instability depicted by

Fig. 1, another instability associated with MESA is the inaccurate

representation of signal peaks. Signal peaks may not be accurately

located at very low signal-to—noise ratios or when other signals

• are present at adjacent angles. Nearby signals cause distortion

in both signal location and in relative signal peak height. It

has been noted (15) that isolated MESA signal peaks are not linearly

related to the signal-to-noise ratios, but the actual relationship

5
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has not been demonstrated. Both the power level and relative phase

of adjacent signals affect the accuracy of the MESA po~er spectra.

Such signal instabilities have been noted previously (14).

The noise field associated with a multi-channel antenna

array may also be a source of signal distortion. Split signal peaks

are a common problem with MESA snapshots (16). An example of how

such problems arise is depicted in Figs. 2 and 3. The MESA snapshot

of Fig. 2 is computed using only 8 complex noise data points (no

signal present) and a 5 point filter (N=5). The MESA snapshot of

Fig. 2 has two large noise peaks near 0 and 10 degrees. When a
signal having a 10 dB signal-to-noise ratio is introduced into the

same noise field (IR 5), at an angle of +5 degrees, the signal is

ambiguously represented in the MESA snapshot of Fig. 3 by a aplit

peak (two adjacent peaks). The split peak which is observed in

Fig. 3 near the signal angle of +5 degrees is apparently due to

interference of the two noise peaks which are present at angles
near the signal. Since the complex noise peaks are randomly located ,

split peaks caused by such noise interference may be eliminated
• with some form of averaging within the MESA algorithm. The same

set of complex noise data (IR=5) is used in the evaluation of several
• averaging techniques.

V. AVERAGING TECHNIQUES

A. Averaged Filter Weights

It is not necessary to average a complete set of filter

weights. , where (l~n~N), since all filter weights for

(2~n~N) are a function of the last filter weight as given by

eqn. (3). The last filter weight, which is given by eqn. (4) is

computed and averaged over L data sets. LN+l 1 N+1
= L k=l 

‘rN+l (kAt)

In all, a total of (L•M) data points are utilized in computing such
an averaged MESA antenna pattern.

An average MESA antenna pattern utilizing an averaged
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last filter weight is shown in Fig. 4 for one siganl incident at
+5 degrees and a SNR of 10 dB. Peak splitting is eliminated in
the example of Fig. 4 with an average of only two filter weights

(L=2) and utilizing a total of only 16 data points. The 16 data
points include the same complex noise data set used in the example
of Fig. 2 (IR=5). The signal is very prominent in the averaged
MESA pattern of Fig. 4, although the signal peak is slightly displaced
at an angle of +4.5 degrees denoting an inaccuracy of 0.5 degrees.
Further averaging beyond Ll0 provides little or no improvement.
The averaged MESA antenna pattern for L=].0, which is shown in Fig. 5,
has nearly white noise. The noise peaks are very subdued and are
almost eliminated, consequently very little improvement is possible.
But the signal peak, which is considerably sharpened, remains at
+4.5 degrees with an inaccuracy of 0.5 degrees.

Resolution capability is demonstrated by the averaged
MESA antenna pattern of Fig. 6, where two signals with a SNR of

13 dB each signal , each element, are just  resolved . Best resolution,
which is depicted in Fig. 6, is achieved for N=7 and L=20. The two
signals as detected in Fig. 6 are located closer together at angles

of 0.5 and 4.5 degrees. The technique of averaging filter weights

is a simple and fast stablization technique which results in good
resolution and detection capability for a relatively small number of
repetitive calculations utilizing 160 (L M) data points.

• B. Averaged Prediction Errors

An averaged MESA antenna pattern may also be computed

by averaging the forward and backward prediction errors as defined
by eqns. (5) and (6). Prediction errors for filter sizes 1 — N
are all calculated in the Burg technique, however best results

are achieved by averaging only the set of prediction errors for
the specified filter size N as follows:

L N
= — E F (kAt) for (N~n�H)n L k 1  n k

- 11

- - • - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ — -~~~ ~~~~~~~~~~ ~~~~~~~~~~ -- ~~~~ •
~ •~~~ - ~~~~~~~~~~~~~ — ~~~~ ~~~~~~~~ 

•



- 
—-‘---- T -. 

_ i
_
~~~

_ —.-
~—

a
I( a

a
a

~~~~

I

I

I V
•1•4
UE ~~• •~1 
UI

II •
‘U 2

I

In 

~~~~~~~~~~~~~~~~ 

Co

I ‘4-I P4 H
~: ~:

-~ O.~~Lfl (i H

lO N1~~~ l0d~~~IZW~~

12

- —-.-- -
a

L - .~ -• - - - - ~~~~~ 
---—--- 

—

~ 

- ~~~ - - - - - _______________ • ~~~~~~~ ~ ~ - -



______________ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— -  —‘U’

<

k !:
\ci

‘.4 1
I.’

~ —~~~~~~~~~~TI~I Z —
~H I _‘%~,

\ lit
E 

) 
I !

I Q) ’.-I ~n

G) 4-4 O~~II

0~S râ*. 04 .4 •1 -

10 N! 010.1

13

— -.—— - —-—--- --‘-~~~~~.--— - -~--•.~~- - . - -•~ ~~~~ -I-- -

- - - -  - - - - -- -- — —-,- - -  
- - . —

~~~~~
-- - - — - -,- - - —

— — - --- --— — —-- -~~ ~— — -—~—-- -.-- ---- ~~~L iit ~~
-
~ 

—— -
~~



r - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - -- -~~~~-~~ -

,

I aI a
( a

z

- 2

I;}
(

>~~4i 1
I•

‘0(
~~~W

CO.4.) f~ j

r~4w Q r ,

•—‘ .‘-I f~ III
O ’N

0~61- $4 .4 S~~
_-_;

~-10 NI 010.1 3AIW~~

14

~~~~~~~~~~~~~~~~~ I~~~~~~~~~j_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—- - - - -  - - 
_ _ _ _  

—~ — .—— ~~~~~~~~~ “- -~~~~~ —— - —- _~-J —— — —— . - - —



-. - - — -~ -__________ 

• L f ~ 1
BN = Z IB N (kAt ) I for (l~ n~M-N)

k=lL~~ Jk

Both prediction error averaging and filter weight averaging are

comparatively simple and fast averaging techniques, but the two

averaged antenna patterns are quite dissimilar.

An averaged MESA antenna pattern computed by averaging

the prediction errors is shown in Fig. 7 where the split peak

(obtained for L=l, Fig. 3) is eliminated by averaging with only

one additional data set (L 2). The result of further averaging

is shown for L=lO in Fig. 8. The filter size (N=5) and the

complex data set for IR=5 are the same as used in all previous

examples of averaged MESA patterns. It is evident by observation

of Figs. 7 and 8 that averaging of prediction errors does not

whiten the noise and does not enhance the SNR, but peak splitting

is eliminated. In Fig. 8 the signal peak is located at +4 degrees

for an error of one degree. Further averaging beyond L=lO does

not improve the antenna pattern for one signal and an 8 element
• array.

Predictia~ errors are averaged in Fig. 9 for b~o signals incident

at 0 and +6 degrees. The two signals are well resolved and the
SNR is improved for L=30. One signal is accurately located at

0 degrees , while the second signal which is located at +4.5 degrees
is in error by 1.5 degrees. The SNR is significantly improved,

more so than for the single signal of Figs. 7 and 8.

C. Averaged Covariance Matrix

While not so obvious, the equations of the Burg technique

do contain elements of the covariance matrix. These

elements may be averaged and incorporated into the Burg technique

4 equations without altering the utilization or the characteristics

of the Burg technique. The only independent filter weight

which is defined by eqn. (4) of the Burg technique, is a function
of the forward and backward prediction errors, F

~+i 
and B~
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Products of the prediction errors may be considered as functions
of the covariance matrix elements by considering the original
def inition as follows:

Forward prediction error

F~~1 = 
n~l 

~~ 
(7)

Backward prediction error

N N N *B1 = 

n~1 ~~~ ~~~~~~ (8)

where = 1.0

N+lThe last filter weight TN+l of eqn. (4) may be expressed as the

ratio of two functions, TOP and BOTM, as follows:

= -2 TOP/BOTM

where

M-N N N *TOP = E FN+I (B1) (9)
1=1

BOTM = :~ [F
~+1

2 
+ (B~)2] (10)

Insertion of the prediction error def initions eqns.
(7)  and (8) into eqns . (9) and (10) and re-ordering the summations
yields the desired functional form as follows:

TOP = :~ [M ~ l M XN+I_m+ l n=l 
((

N ) * x 1+~_ 1)*]
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N N N
TOP = E E ~N y r (N-M-n+2)

m = 1n 1  m n

where M
(N—m-n+2 ) = 

1=1 
X I+N m+ 1 x;+n..i (11)

M - N I N  N N N *  *
BOTM = E 

- ~ 1m XI+N_m+ l E (~~ ) XN+I_ fl+ l
I=liml n=l

+ 
m~1 

N)* XN+m_ 1 n!1 
(N *  x1+~_ 1)*]

N N N N *  N N N *  N
BOTM = E Tm (i~) r(n-m) + Z Z 

~~~ ~~fl 
r (m-n)

m=l n=1 m=l n 1

where

M-N *
r (n -m) = XN+I_m+ l XN+I n+l 

( 12)

M-N 
*

r(m—n) = 

1=1 
Xi+m_ i X1~~~1 

(13)

It is apparent that the autocorrelation coefficients defined by

eqns . ( 11), (12) and (13) may be averaged as follows:

— 
M-N

r (N-m—ñ+2) = E E X(k~t) X (kt~t) (14)
1=1 k=l N+I—m+l I+n-l
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M-N 1 L 

*r (rn—n) = E E X (kt~t) X(k~t) (15)
1=1 k=l N+I-m+l N+I—n+l

— 
M-N 1 L 

*r (m—n) = E X (kt~t) X (ktt) (16)
1=1 k=l I+m—1 I+n—l

The autocorrelation coefficients (eqns. (11), (12) and (13)) are

elements of the covariance matrix for the data set X1, X2, - . - XM .
The averaged covariance matrix elements given by eqns (14), (15) and

(16) may be utilized to compute the last filter weight and an

averaged MESA antenna pattern.

The results due to averaging of the covariance matrix

are observed in Fig. 10 where the split peak shown in Fig. 3 is
eliminated with only one additional data set (L=2). Also the noise

is considerably whiter which greatly improves the SNR. Further
averaging provides little additional improvement as noted by Fig. 11,

where for L=lO the noise appears slightly whiter and the SNR is
slightly enhanced over the results shown in Fig. 10.

Two signals located at 0 and +6 degrees are well resolved
in Fig. 12 with covariance matrix averaging , for L=l0 and an input

SNR of 13 dB each signal. The background noise is substantially

reduced although it is not as white as the noise that appears in

Fig. 11. Averaging of the covariance matrix elements is, as demon-

strated , an excellent averaging and stablization technique.

D. Averaged MESA Snapshots

Individual MESA antenna patterns, which are referred to

as “snapshots” (e.g. Fig. la, lb), may be averaged in order to

obtain a stable antenna pattern. This method has been utilized (14)

successfully using optimal filter sizes. However, if the optimal

filter size cannot be determined , a fixed filter size may be selected

21
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for computing all the individual MESA snapshot antenna patterns.

The best resolution is always achieved using the largest possible

filter size (N=M-l). However, the larger filter sizes are also
the most unstable. Consequently, while an average of many MESA

snapshots improves stability , the resultant stable pattern may not
be a very accurate antenna pattern.

Averaging results for two filter sizes (N=5 and N=7)

are demonstrated in the three following examples. A simple average

of two MESA snapshots (L=2) is shown in Fig. 13 for one signal
incident at 5 degrees with a SNR of 10 dB. The split peak that

occurs for L=1 (Fig. 3) is still present in the average of two

snapshots. However, there is improvement in the SNR. There are

of course twice the number of peaks (10) as expected for two MESA

snapshots having five fi]ter weights (N=5) each. The consequence

of further averaging is demonstrated in Fig. 14 where 30 antenna

patterns (computed for a signal incident at 5 degrees with a SNR

of 10 dB) are averaged. There is further improvement in the signal

peak definition and accuracy; the signal is located at +4 degrees ,
for an error of one degree. The SNR is improved substantially.

In Fig. 15 the resultant average of MESA antenna patterns for two

signals incident at 0 and +6 degrees is disappointing as the two

signal peaks are not very well defined. Instead there are four

strong peaks, two of which are in error. There is of course

improvement in the SNR , but the resolution characteristics are very
poor. In the example of Fig. 15, averaged MESA snapshots all have

the maximum number (7) of filter weights. Better results have

been achieved (14) using an optimal filter size, however the

optimal filter size can only be computed if the incident signal

angles are known.

VI. ADAPTIVE FILTER WEIGHTS

While the MESA technique is inherently adaptive, other
adaptive methods which have been demonstrated (17, 18) have simple
procedures for updating the filter weights. One such procedure (12)

25
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increases the filter weights in proportion to the correlation of

the prediction error with the data set. For example, a filter
weight W ( k )  computed at time kt~t may be updated at a later time
(k+1)~ t to give W(k+11 as follows:

M 
*W(k+l) = W ( k )  + 3.i Z e (k ) X  (k) ( 17)

n=l ~ n

where the correlation is taken over all computed prediction errors

en (k). The prediction errors are defined as follows:

en (k) = X~~(k ) - ~~~(k ) (18)

for data samples Xn (k) and predicted values 
Q~(k). The proportionality

constant is denoted by the convergence parameter p.

In order to incoporate this procedure into the MESA

technique, a first set of filter weights is computed in the usual

manner as defined by eqns. (3) and (4). Subsequent filter weights
may then be computed according to egn. (17) as follows:

N N M-N N *
r (k+ 1) = r (k ) + p E e (k ) X (k) (19)

n=]. ~

where the prediction error is actually the sum of the forward and
backward prediction errors over all possible (WI-N) errors as follows :

e~~(k) — F~ +N (k ) + B~~(k) ( 20)

However , wi th use of the Burq technique , only the last fil ter weight
, need be computed with egn. ( 19) ,  since all other fil ter  weights 

---~~~~~
_ ---

-- ~~~~~~~~~~~~~~~~~~~ ~~~ 

_ _ _ .J_ _
~ A ~~~~~~~~~~~~~ 
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(n< N)  are dependent upon according to eqn . ( 3 ) .
As the prediction error is whitened, the additive adaptive

component is reduced, since the correlation of a whiter prediction
error with the data set is smaller. Consequently , the adaptive

filter weights may converge to become a whitening filter.

The result of updating MESA filter weights is illus trated
in Fig. 16 where an “adapted” MESA antenna pattern is hown for one

signal incident at +5 degrees, SNR=lO dB, and L=2. The “adapted”

pattern for L=2 is of course quite similar to the computed MESA

snapshot (L=l) shown in Fig. 3, since the filter weights have been

modified only once. The split peak is still present for L=2 in

Fig. 16, but with further adaption the split peak is eliminated as

shown in Fig. 17 for L=l0. However , the SNR is not improved , although

three noise peaks have been reduced. As observed in Fog. 17 the

noise has remained peaked even after ten adaptions. Obviously the

adaption method does not tend to whiten the noise, and consequently

the results are most disappointing.

In another application of the adaptive method , two
signals incident at 0 and +6 degrees are resolved in ten adaptions

(L=l0) as shown in Fig. 18, where the SNR is 13 dB for each signal.

One signal is located accurately at +6 degrees while the other

signa] is located at +1.5 degrees with an error of 1.5 degrees.

The SNR is improved with respect to the original (L=1) MESA

snapshot of Fig. 3. However, the noise is not whitened in the

adaptive process as had been anticipated.

The results from using adaptive filter weights with

MESA are very disappointing, and in addition the value of a con-
vergence parameter must be specified. In the three preceding

examples of the adaptive technique the value of the convergence

parameter p is quite critica. If p is too small, there is little - -

improvement in the computed antenna pattern, and if u is too large,
there may be considerable distortion of the signal peak .

30
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VII. RESOLUTION

Of the five stablization methods examined , only two

appear to preserve and enhance the desirable MESA characteristic

of whitening the noise . The resolution capability of both whitening,
stablization methods is demonstrated in one example of two signals

separated by four degrees, at -2 and +2 degrees, with equal SNR

values of 20 dB each antenna element.

A stablized antenna pattern computed by averaging the
covariance matrix is shown in Fig. 19 , where the two signals are
not resolved, but only one signal peak is detected at +0.5 degrees.
However both signals are identified in Fig. 20, where the antenna

pattern is computed by averaging the filter weights using a short

average of L=5. The same short average is used in computing both

antenna patterns in Figs . 19 and 20 since further averaging , which
does appear to improve signal detection, only serves to reduce the

resolution capability. However, some averaging is necessary in order

to obtain a stable, reliable antenna pattern. The noise is whiter

in Fig. 19, but the resolution is best in Fig. 20. While the two
characteristics appear to be somewhat incompatible , it is necessary
that good resolution be achieved with stable, reliable antenna

patterns.
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VIII. CONCLUSIONS

Split signal peaks, which are a common occurence in
MESA snapshot patterns, are shown to be a consequence of noise

interference. Such noise interference is virtually eliminated

with use of the proposed stablization methods.

Of the five stablization techniques examined , two have

excellent characteristics , one other is only somewhat satisfactory ,
and two were very disappointing. An average of filter weights

and an average of the covariance matrix are both very useful

stablization methods. Both methods serve to whiten the noise

and greatly improve the SNR. In addition, split signal peaks

were not observed with use of either averaged filter weights

or averaged covariance matrix elements. Further testing of
these two averaging methods is clearly justified. Hopefully ,

resolution and SNR properties of these two excellent averaging

and stablization techniques will be specifically determined in

future research efforts.

It is doubtful that any of the other three examined

stablization methods are worthy of further consideration.
Neither the averaged prediction errors nor the adaptive filter
weights served to whiten the noise, and the averaged MESA patterns

proved to be most unstable.

In the one example of two signals separated four

•1 degrees the MESA antenna pattern computed by averaging filter

weights provided the best signal resolution. However, many such
- 
- 

examples need to be accumulated in order to determine the resolution

characteristics of the recommended MESA stablization methods.
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