
- •1

a

SRC TR 7 5—148 Copy 
— 

of 15
October 1976

~~~ i~ ’j~ 
L_ \~J~

_-

COHERENT AND WIDEBAND I MAG I NG

ANALYSIS WORKBOOK

Contract F4 1689—75—C—O 14f ~Contract F4 1689—77—C—0006

L
1

C...) Prepared for

~
, U.S. Air Force -

1 Air Training Counnand D CRandolph Air Force Base , Texas

I’ $ c..~ rw~-~JUN 6 1979

1
~~~~

juTic
~
N qTATFME?’rr A 

—

I Approved for public 1e15o3 1 .3

L ~~j gthj~~~tiOfl Unlimited A
File No. D0140

Y R A C U S E  R E S E A R C H  C O R P O R AT I ON S M E R R I L L  LANE . SY R A C U S E . N E W  Y O R K  132 10

I

— 

—...---—- - - .
~~~~~~~

--

——~~~~~
---

— ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~
__ 

~~~~~~~ 
-
~~~

——.
~

--— 
~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~



rr ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.

1!

FOREWORD

This workbook was originally prepared by the Syracuse Research Cor-

poration (SRC) for use in a training course sponsored by the U.S. Air Force

I ~ Air Training Command under Contract F41689—75—C—0141. It is reprinted here in

its entirety with corrections for the current course being presented under

r Contract F41689—77—C—0006. The notes presented in this workbook represent a

substantial portion of the material for a three—week training course covering

coherent and wideband imaging analysis.

The notes presented in this document were prepared by A. Moceyunas

and Dr. R. Wallenberg, both of SRC. This document is identif led as SRC TR

75—148.
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SECTION 1

COHERENT PROCESSING METHODS

1.1 COHERENT SIGNAL THEORY

l.la Review of the Complex Representation of a Radar Signal

A radar signal in its simplest “real world” form may be regarded as a
quantity whose time variation is sinusoidal with carrier frequency w. This form

of time variation is sometimes described as time harmonic. In space the signal

is an electromagnetic f ield, and within the radar hardware it may be regarded as

a voltage or current. When the radar signal is of this form, mathematical anal—

yses may be simplified by using complex quantities. The basis for this is

L. Euler ’s identity
ejU — cosa + j a m a  (1—1)

where j This gives a relationship between real sinusoidal functions and

the complex exponential function.

In its simplest form, a sinusoidal quantity, such as a voltage, might

be represen ted as
v( t)  — V

0
cos(wt + a) (1—2)

where V and a can be a function of time. We can also write (1—2) in complex

exponential form as

v( t)  = Re (V0 e
j
~~

t + a) ) (1—3)

The notation Re( ) stands for “the real per t of ,” that is, the part not asso-
ciated with j when in the form of the right hand side of (1—1). Equation (1—3)

can alsO be written in the form

v( t)  — Re (V ei(~t) (1—4)

where .

V = V0 
jc r (1—5)

is the complex signal.

I
1—1
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1. The complex signal V is defined by its magnitude, V

0
, and phase , a, or

- by its real (in—phase) and imaginary (out—of—phase) parts, V = a ’ + ja”. Equa-

tion (1—4) states that the instantaneous voltage, v( t) ,  may be found by multiply—

jug the complex signal V by e
j
~
)t 

and taking the real part of the result.

It is convenient to analyze radar signals in terms of their complex

signal representation given by (1—5) (magnitude and phase) and omit their sinu-

soidal time dependence. (When an instantaneous time representation is desired,

we can use (1—4).) In this way, we avoid having to repetitively write sin~t to

- show the harmonic time dependence of a signal. The time dependence is assumed

in the complex signal representation.

Complex notation is convenient and easy to use in analyzing linear

processes. A necessary condition for processes to be linear is that the prin-

ciple of superposition holds. To analyze the combined effect of a number of

excitations, we can start with the effect of each individual excitation as if

the other excitations were not present and then combine the results. In addi-

tion, f o r  linear systems, the response is direc tly proportional to the forcing
function, that is, the magnitude of the scale factor is preserved.

j The computation of power is an example of a nonlinear computation

which does not obey the rules of linear processes. Instantaneous power is nor—

mally defined as p(t) = v(t) i(t), where i(t) is the instantenous current asso-

ciated with a voltage v(t). For our purposes, assume that the voltage v(t) ap—

• pears across a 1 ohm resistor so that p(t) [v(t)]
2
. Then, assuming v(t) is

- of the form (1—2),

- p(t) V0
2 cos 2(wt + a)

4 V~~[1 + cos (2(wt + a))] (1—7)

The time average of the power is given by

(1—8)

• where the bar denotes time average.

.1
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For the following, we shall need the concept of complex conjugate

quantities, denoted by *, and defined as follows. If A — a’ + ja” — I A I cia,

the conjugate of A is A* — a’ —j a” — IA I ~..ja ~~ follows from this that AA* —

1A 1 2 .

We now construct an expression for the instantaneous power using the

I }
~ 

complex signal representation by noting that

- -  
VV* — Ivi 2 

— V
0
2 (1—9)

It is evident that the equivalent of (1—7) is

p(t) = 4 Re(VV* + (Vei~ t)2) (1—10)

from which it follows that the time average power is

- 

= 
4 JV J

2 (1—il)

It is important to note here that one cannot obtain the correct expression for

instantaneous power by forming the real part of (Vei~ t)2.

- l.lb Radar Cross Section Definitions

In most radar applications, the same antenna is used for transmission

[j and reception. One is interested here in detecting a target, which may be

characterized by its “scattering cross section”. The scattering cross section,

H a, is defined as the effective area intercepting that amount of power which,
when scattered isotropically produces an echo equal to that observed from the

target. If the power flux density incident at the scatterer is S1, then the

• power intercepted by the target is GS~ . If this power is reradiated isotropi—

cally , the flux density S~ at a receiving point a large distance, R, away is
aS~/4irR

2. This leads to the equation for the radar cross section

- .  S
a — 4irR2 ~~ (1—12)

R-~ i

1—3
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Another descriptive definition of a, which should be obvious from (1—12), La

r that the radar cross section is the power scattered into a unit solid angle
divided by the incident power per unit area.

The electric and magnetic fields , and transmitted by an antenna
and scattered by a target are vector quantities denoted by arrows ; that is, they
are f ields which have a prescribed polarization. For plane waves, the electric
and magnetic fields are orthogonal to each other and are both orthogonal to the

- direction of propagation . In addition, their magnitudes are related by the im—
1. pedance of f ree space; that is, Iii nI~I, where r~ ~ 377 ohms . The power flux

density , or Poynting vector , associated with a plane wave electromagnetic field
is given by S ~ I~I2/n — nI~ I2. The definition of the radar cross section can
then be written from (1—12) as

, 2 -‘s 2 , 2 ~s 2
- . a — 

..irR E ..WR H (1 13)
R-’~ 1

i R-~~
• + +
• - where particular polarizations must be specified for H and E, i.e., a is a func-

tion of the transmit and receive polarizations. -

To relate radar cross section to practical radar sys tem parameters , it
is useful to define the effective area of a matched receiving system as

- 
Ar

(8 •) 
= ~ G(O , •) (1—14)

where A is the wavelength and G(8, •) is the gain of the antenna system. The

gain is def ined as the ratio of the power radiated in a given direction per unit
solid angle to the average power radiated per unit solid angle. Thus, G(e, •)
expresses the increase in power radiated in a given direction by the antenna

over that from an isotropic radiator emitting the same total power. It is in-

dependent of the actual power level.

The effective receiving area, Ar 
relates the power flux density at

the antenna to the total power received, 
~r’ 

as 1’r 
— 5r’

6
r 

If the total trans—

mitted power is I’~’ then the power flux density, S~ , in the direction (0, •) is

— (P
~
/4,rR2)G

~
. Upon making these substitutions in (1—12) and using (1—14),

we obtain

1-4 
-

_________________ ~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~ ir - 

- - ••- —‘

~

- -•

~~~

--• - • •— •—----—--

a .  3 4(4ir ) R P
a r 

(1—15)
G G P A2
r t t

where C
r and Ct refer to receive and transmit antenna gains. Equation (1—15)

gives an expression for calculating radar cross section if the transmitted power,

and received power , P , are known . In this expression, Gr and G~ are di—
mensionless, 1’r and P~ are in the same units, R and A are in the same units,

- and a is in square units of A or R.

l.lc Elementary Point Target Theory

Signal reflections from most practical tracking radar targets tend to

arise from localized regions on the targets in a manner which gives at least some

validity to characterizing such targets as collections of rigidly—connected
• - point scatterers. A particular idealization of a set of points in terms of

their locations and scattering amplitudes may hold only for a narrow region of
• - aspect angles, and different arrangements of points may be applicable for dif—

• ferent regions of aspect angles. Targets at some aspects may not be as well

modeled by collections of points as others, and some targets may not be amen-

able to this idealization at any aspect.

• - Assume a target made up of a number of point scatterers for which in-

dividual a
t
’s are specified. Also assume that each scatterer’s reflections are

• 1. independent of the others; that is, there are no multiple bounces or reflections
from one point reaching another and then reflected back to the radar. Then, if

the group is at a large mean distance from the radar , all the scatterers may be
assigned a common mean range value, r .  The relative phase of each scatterer

will depend on its distance, r~. from a reference plane at distance r from the
• radar and all the ri 

can be considered parallel (see Figure 1—1). For a scat-

terer placed at the reference plane a distance r0 from the radar, the magnitude

of the received voltage will depend on the square root of the assigned radar cross

section value, ai. The phase of the vDltage will be proportional to the distance

between the radar and the target, and will be denoted by 4~, + Here ia a
function of r1 and a function of r .  We may write

1—5
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+ 
(1-16)

where k is a constant with the dimensions of (ohms)l~
’2 and k is the constantp c

relating 
~r 

and a in the radar range equation (1—15). Therefore,

• 
- •  G G P A 2
• 2 r t tk = -  

~ 4 
(1—17).. C ( 4 )  R

- It is also convenient to define a normalized voltage proportional to the square

• 
~~~~ root of the radar cross section of the ith scatterer as

V1 
= _ _ _ _ _ _  = 

~~~ 
;
i+O (1-18)

The resultant total voltage from a sum of the returns is

11 V
T 

_~~~;1~ = 

~~~~~~~~ 

+ ~~ = 

~ ~ 
~~~ (1-19)

and the total cross section is GT 
= VTVT

Each phase angle, 
~~ 

+ 4~, can be determined by considering the time
an electromagnetic wave takes to travel the reference distance, r0 

plus r1, to

the ith point target and back again. Since the wave travels at the speed of

light, c, the total time in free space is

t •  2(r + r i)
~~~~= 

c (1—20)
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Relative to the total period , T~ of the sine wave representing the transmitted

wave, this time delay represents a phase shift given by (see Figure 1—2)

2(r + r 1)
• 

- 
+ — i— 2ir cT 

(2ir ) (1—21)

.~~~ ~~ 2(r~, t~ ) 
~odu1o

- Figure 1—2
Here, T~ = 1/f where f is the transmitted carrier frequency m d  t’~e wavele ngth,

A , is defined by A — c/ f.  The total phase shift to the target and back can be

written as
4 + = (2w) (r + ri)/ ( A/2 ) (1—22)

In other words , the number of cycles of phase shift for the two-way travel is
equal to the number of half wavelengths between the radar and the point scat—
terer. Def ining the wave number as k = 27r/A , (1—19) may be written as

.-j 2k (r + r ) _j 2kr:: VT 
— E f ~~~e 0 i 

= ~ e (1—23)

Equation (1—23) provides a useful starting point in the analysis of coherent
cross section data. The average range to the target and the conversion from ra—

dar cross section to voltage in the antenna system have been incorporated into

the complex voltage, V1.

1—7
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1.ld Practical Coherent Radar Data

• This section is intended to review only briefly certain aspects of

practical radar syste~ .~~ which are used to obtain the type of data to which the

theoretical formulations of other sections apply. Other radar handbooks should

be consulted for additional circuit or hardware details.

A coherent radar is one which is phase and frequency stable for a long

enough period of time so that an accurate measurement of the phase between the

transmitted and received signal can be made. In an amplifier—chain type of

transmitter*, this is done using a low•-ievel stable master local oscillator (MLO)

that is allowed to run continuously. The oscillator acts essentially as a timing

standard by which the return delay is measured to extract range information, ac-

curate to within a small fraction of a wavelength, modulo A/2. In a simple

pulsed radar system, the transmitted signal is an amplified (and possibly multi-
plied and modulated) version of the oscillator signal, and the phase of the re-

ceived signal is measured with respect to that of the continuously running oscil—

lator. The oscillator must, therefore, maintain good phase stability in the

system over the short time interval between transmission and receptic~n. Phase

variations in the oscillator system during the long time intervals between dif-

ferent pulse transmissions may have little effect on a set of short—duration

relative phase measurements that can then be used to estimate target Doppler fre-

quency shifts relative to the transmitted frequency. Thus, Doppler frequency

phase measurements may readily be made stable enough to give very fine frequency
resolution by integration of many pulses over long time intervals if the sh rt

term stability criterion is met.

Coherent systems transmitting more complex waveforms, like linear FM

(Frequency Modulated) pulses, have these waveforms synchronized in a coherent

sense with respect to an MLO. The signal processing is more complex, but coher-

ent phase measurements can be made in a sense similar to that of simple pulsed

systems .

*Oscillator type transmitters, such as those using magnetrons, may also be made
to operate coherently with proper synchronization techniques, but are of lesser
~~~ereat here.

1—8
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Digital coherent data can be obtained in either of two different forms.
• - They can be obtained as an amplitude and phase, or in the form of two di f ferent

- numbers termed I and Q. These numbers stand for the in—phase and quadrature phase

• components, respectively. Whether the data are obtained as amplitude and phase

or as I and Q numbers, they have the carrier frequency removed. (The signif i—

- • cance of removing the carrier frequency is discussed below and in Section 1.2b.)

• We say that the amplitude is a video signal which has been “shifted to baseband.”

The I and Q numbers can vary through positive and negative values and are called

bipolar video signals.

If A(t) is the amplitude of the signal and e is its phase, the I and Q
numbers are given by

I = A cosO, Q = A sin8 (1—24)

Conversely, if the I and Q numbers are available, the amplitude and phase num-
bers are obtained from

A = j~
2 
+ Q2, 0 = tan~~ Q/I (1—25)

The amplitude of the signal may be related directly to the radar cross section
• of a target as given by (1—15) and (1—16). However, when data are coherently

processed on a digital computer, the complex number form of the data (I and Q)
• is generally used to do arithmetic operations such as complex addition, multi-

plication, and division. If the data are recorded an tape in the form of ampli-

tude and phase numbers, the conversion using (1—24) must be performed before
further computer processing.

When recording radar returns for analysis on a digital computer , I and
Q signals may be practically recorded if the dynamic range of the data is small.
Where the dynamic range is large phase and logarithmic amplitude are usually
used to minimize the number of required bits needed to form binary representions

of the signals.

Amplitude data can be recorded using an envelope detector. A common

example is a diode half—wave rectifier (a nonlinear device) followed by an RC

• low—pass filter, as illustrated in Figure 1—3.

1—9 - 
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Input Output

Figure 1—3

As the name indicates, the output of the detector represents the envelope of the

incoming modulated carrier wave. The RC time constant is long enough to hold

the incoming amplitude over many carrier cycles, yet short enough compared to
the envelope functional variation to follow the envelope.

Phase data may be obtained using any one of a number of different

types of phase detectors. Examples are a multiplier detector using a Field Ef-

fect Transistor (PET) , a balanced diode detector , a coincidence phase detector,
and a digital phase detector. All phase detectors are preceded by one or more

limiter stages if the input signal is expected to vary widely in amplitude.

A pair of synchronous detectors may be operated in quadrature to ob-
tain coherent data in “I and Q” form. The incoming radar signal is a real sig-

nal of the form sin(wt + 0). The detectors are operated as described in Fig-

ure 1—4.

A(~)[ 0  + cos(2wt + 0)]

A(t)sin(wt + 0 sin~ t_ 
90° shift coswt

+ sin(2wt + 0)]

Figure 1—4

The outputs of the multipliers contain harmonics at twice the input frequency.

These harmonics can be filtered out using a low pass filter. The output of

the top multiplier is the in—phase, I, component of the signal and the output

1—10 
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of the bottom multiplier is the out—of—phase, Q, component. Note that multi—

I plication of the signal by both sm ut and cosut is necessary to obtain the

complete complex signal. A further discussion of the means of obtaining coher—

• ant data may be found in Chapter 5 of Skolnik’s ‘Radar Handbook” (McGraw—Hill ,

1970).

1.2 TECHNIQUES FOR OBTAINING POINT SCATTERER DOPPLER RESPONSE
FUNCTION S

1.2a Doppler Frequency Shift Relationships

. • The Doppler effect is defined as a change in the observed frequency

of a wave caused by motion of the source or of the observer. A familiar example

• for sound waves is the increase (decrease) in pitch of a train whistle as the

train approaches (passes).

• - Consider an electromagnetic wave of the form A(t) sinw0t transmitted

• from a radar and scattered from a target. The up and back time delay is 2T~.

• - If the target is moving at radial velocity v parallel to the radar line—of—

- sight (RLOS), the distance R(t) to the target is given by

R(t) = R0 
+ Vt (1—26)

Then , R ( t — T )
= 

c 
D R/c + v~t 

— TD
)/c (1—27)

where R(t — T
D

) is R( t) evaluated at t — T
D
. Equation (1—27) may be solved for

as
R + v t

TD
= °

~~~~ 
(1—28)

so that (1—26), evaluated at t — TD, becomes

R + v t
R(t - TD) - R0 + Vt - v + , 

(1—29)

The received signal is A(t — 2T
D
) sin(ujt — 2TD)]. 

The r—rgument of the sine term

can be w~1tten as [ujt — 2R(t — T
D)/c)] which, upon substitution from (1—28) and

grouping of terms , yields

- 1—11
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2R

• 
u ( t — 2TD) — — c +~v] 

(1—30)

Because w — 2irf , the apparent frequency is

1. 
~a = ~o 

~ (1—31)

The shift in frequency or Doppler shift , 
~d’ for a target with radial velocity

v i s  then
2vf

c — V  0f f — f  — — 2vd o o c + v  c + v

= ky/u (1—32)

where the approximation v << c has been made, and k = — u/c.

• e .

It is important to remember that v is the radial component of velocity,

I that is, the component of velocity parallel to the direction of propagation. If

a target has a velocity v’ in an arbitrary direction, v is given by v — v’ cosy
where y in the angle between the velocity and direction of propagation (RLOS).

As a passing note, the preceding description of the Doppler effect is
not the most exact. 

- 
The general theory of relativity predicts a direction—m d.—

• dendent effect between a moving source and receiver according to which the ob—
served frequency will be lower than the source frequency regardless of the
apparent motion of the target. For transverse relative motion, the one—way trans—

• verse Doppler effect is 
~d -. f

0f 
1 — v ’2/c2 where f0 is the true source frequency.

It is useful to relate the Doppler frequency shift, 
~d’ to the phase of

• a point scatterer as given by (1—22) or (1—23). The time derivative of the phase

is given by

d41 d
— —

~~~~~ 
(2kri) — 2kr~ — (2ir ) 2

~
Fm /A — 2’

~ d — W
d (1—33)

where v — r .

1—12 -
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l.2b Fourier Transform Techniques for Resolving Points

Consider a target consisting of a number of point scatterers. Each

point scatterer is moving at some velocity, vi — r
~
, with respect to the radar.

Different points may have different velocities . The points may be resolved as

separated targets in at least three ways with a radar system. If the radar beam

is narrow enough, the points may lie in different beam positions, so that scan—
- ning the target region may resolve the points in angle. If the radar pulse is

• short enough, the points may be distinguished on the basis of their different
- range positions. A third method, which is the one in which we are presently

most interested , resolves the points on the basis of their radial velocity dif-

ferences.

- • In this third case , the radar beamwidth and pulsewidth both may be

• - broad enough to encompass all the targets , but the radar data must be coherent .

- The coherent signals may then be passed through a bank of Doppler filters ar—

• - ranged in a contiguous band of frequencies to be searched , each filter having a

- - 
narrow enough bandwidth to obtain a desired resolution of equivalent radial ye—

L. locity. Detection of significant signal levels at the filter outputs would allow

a determination of the number of resolved reflecting points and their radial ye—

locities. With digital coherent data , Fourier transform techniques may be used
- to form the equivalent of a Doppler filter bank. A review of classical Fourier
- transform theory as related to resolving Doppler frequency shifts follows.

The Fourier transform relates an arbitrary time function , f ( t ) , to its

- 
radian frequency components, u , by use of the transform pair:

• f(t) = —

~~~~~ 5 g(w) eiWt du (1—34)

g(w) = 5 f(t) e_j~t dt (1—35)

The function f ( t) may be real or complex. In general, g(u) is complex and a

plot of Ig(w)I versus u shows the relative frequency distribution of f(t). Equa-

tion (1—35) is usually called the direct transform and (1—34) the inverse
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transform. The function f (t) is in the “time domain”, g(w) is in the “frequency

domain” and defines the spectrum of f ( t ) .  Note that f ( t)  is a continuous func-

tion of time, although the radar signal may only be sampled at finite increments
— in time. For now, let us assume the data are continuous. The discrete sampling

problem will be treated in the next subsection.

Let us now compute the Fourier transform or spectrum of the signal

from a point scatterer moving with radial velocity v. It will be informative

I ~ to obtain the response considering: (1) the complex signal at baseband (car-

rier frequency removed), and (2) a real radar signal before it is shifted to

-- baseband. The following identities are useful in computing these transforms:

4. 
eiax +cos ax = 

2 
e 

— (1—36)

ej ax —j ax
sin ax — — e (1—37)

• 
~~~~ 14

fe
_iax dx = T e

_jaT/2 sin a T/2 
(1-38)

Using the forms of Section l.lc and l.2a, the complex time signal from

a moving point target may be written as

L (t) ~j~
- ;i2k(R0 + Vt) (1 39)

Substitution in (1—35) and integrating over a period of time, T, results in the
spectrum

g1(u) — i•

~

•. 
~i [2kR0 + (w + wd)T/2] T 

sin (w 
wd)T/2 (1—40)

• where Ud — 2’
~~d — 2kv. The magnitude of g1(w) is sketched in Figure 1—5. It

• consists of a sinx/x I function whose peak is at Wd 2
~~ d~
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fg~ tu)f

•

~~~ 

- - (u + ud)T/2

- 1: z~! 
0 47r 6ir

T T T T T T ~ Wd

~~~~~~~~~~~~~~~~~~~~~~ 
1 2. ~~ . 3 +T T T T T T ~
Figure 1—5

• j  The classical sinx/x function peaks at x = 0 with a value of 1. Its first side—

lobe has a value of 0. 2122 (or is down 20 1og10(0.2122) — —13.45 dB from the

peak) . It is seen that the most importan t part of the frequency distribution

lies in the range 0 
~ I (u + ud) I < , which defines the null—to—null width of

the “main lobe” response as = 
~~~~~ . This width increases as the duration, T ,

of the integration span is made shorter.

The real signal from a point scatterer before it is shifted to base—

band , using (1—3), is

v2(t) = f~~Re(e_i2k~~o 
+ vt) 

eiuot) (1—41)

= 
f~~ cos ( (u0 

— ud)t 
— 2kR ]

where u is the radian carrier frequency . Substituting (1—41) in (1—35) and

integrating over a period of time, T, results in -

g2 (w) e j [ 2
~~ o + (u - u~ + wd)T/2]

? (T/2) 
sin[w : +~~~~T/2] 

(1-42)

+ j[2kR - (u + - wd)Tt2]1~~ (T/2) 
sin (: 

+~~ : ~The magnitude of this frequency spectrum, 1g2(w) i, is sketched in Figure 1—6 .

It consists of two Isin x/x I functions whose peaks are a t w  — + (u u ).o 4
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0
(W u d)

Figure 1—6

If the real radar signal from a point scatterer is sampled at a high enough rate,

• a double sided transform will be obtained as sketched in Figure 1—6. The samp—

ling rate will be very high because of the presence of the carrier frequency, w •

• Removing the carrier (shifting to baseband) will reduce the sampling require—

• merit, but the two sides of the spectrum function can then overlap in an ambi-

guous manner, as might be sensed in shifting the two (sin x/x) functions in
- 

Figure 1—6 towards the origin. Having a number of points with positive and

negative Doppler shifts will make the baseband frequency response function to—
- tally confusing. The problem can be resolved by adding a basebanded version of

the signal shifted 90° to form the complex I and Q pair, as discussed in Sec—

• ; • - tion l.ld. Then transforming the sum of I and Q will give the one—sided spec—
trum sketched in Figure 1—5 for a single point, and the sampling rate require—

ment will only be dependent on the frequency spread of a set of points. Use of

I direct amplitude and phase measurements to form the complex pair will have simi-

lar effects.

- • It should be noted in passing that in general, if a function is real,
its Fourier transform has the property that

— g*(w). Hence, a plot of the magnitude

of the spectrum has mirror symmetry about I g (w) I

• w = 0, that is, ~g(—w)J Ig(u)I as is shown

in Figure 1—7.

1. Equations (1—40) and (1—42) and Fig—

tires 1—5 and 1—6 illustrate that point scatterers Figure 1—7

I

1 
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may be resolved and located on the basis of their radial velocities. That is,

- the radian frequency, u4, at which the peak of the sin x/x function occurs is
1. determined by the target velocity. If more than one point scatterer is present

- each will have a frequency spectrum given by a sin x/x function. Equal ampli—

tude scatterers may be separated if widths of mainlobes are sufficient, and re—

solution values are usually based on mainlobe separations of equal amplitude

• 
• 

scatterers. However, in order to resolve scattering points with different

amplitudes, their radial velocities must be separated enough so that the main
peak of a low amplitude point is not overwhelmed by the sidelobes of a high

amplitude point. Weighting functions are used to alleviate this sidelobe prob—

1cm, as described in the following discussion.

• 

.. l.2c Resolution Relationships with Weighting Function for Sidelobe
Reduction

- In resolving scatterers when more than one is present, it is helpful

L to include a weighting function which modifies the Fourier transform of the

point target so that the spectrum of each target has lower sidelobes than that

• 
of the sin x/x function. In this way, the velocity of each target may be more

• clearly defined. This concept is commonly used in antenna array design (as

well as in other forms of signal processing) to achieve low sidelobes. Common

weighting functions for antenna purposes are Chebyshev arid Taylor weights. In

I coherent signal processing a commonly used weighting function is the Hamming

• 
L~ weight defined as

• 
- 

WH(t 
— T/2) = 0.54 + 0.46 cos[2n(t — T/2)/T]

• = 0.54 — 0.46 cos(2u t/T) (1—43)

- 

The Fourier transform of the complex signal from a point scatterer is now

T -j2k[R + vt]
g~ (u) — $ WH(t — T/2) e e_jWt dt (1—44)

0

j f This is most easily evaluated by expanding cos(27rt/T) in terms of the exponen-

tial function given by (1—36) and then performing the integration using (1—38).

-

• The result is

1 1—17
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I -j[2kR0 + (u + 
wd)T/2] I sin[(w + wd)T/2]

10 . 5 4
L [(w + w

4
)T/2]

.4- w~ )T/2 — ii] sin[lr + (a) + w
d

)T/2 (1—45)

+ 0.23 I(w + w4)T/2 — 
~ 

+ 0.23 [if + (u + w4)T/2 ]

r Thus, the spectrum of a Rai~ning weighted point target is composed of three sin
x/x functions centered at W — 

~
“
~d’ ~‘~d 

— 27r/T, 
~~~ 

+ 2if/T. The resultant spect—

rum is compared with a sin x/x spectrum in Figure 1—8.

0 ...
~

H
Li

I I ’ I

f Rectangular
- I ~ Weighting -

—20 dB

- -  I I ,  .• 
~1 ‘ ‘

I -  
.
, 

. ~.I I I

-• 
[ I 

~~~~~

H Hamming
—40 dB - Weighting 

-

-60 dB ~

WT/ 2

- Figure 1—8
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The mainlobe of the HRTImdng weighted signal has a null—to—null width

twice as wide as the sin x/x response. This broadening can be considered the

price paid in order to obtain the —42.8 dB peak sidelobe. The first null of

the sin x/x response and the Hamming response coincide. All other peaks and

1 nulls of the Hamming response do not coincide with those of the sin x/x re-

sponses.

In summary, using a weighting function such as a H~tn”fng weight re—

I duces the sidelobes of a moving point scatterer response. They, therefore,
-
~~ less significantly interfere with the lower responses of a smaller target moving

at a different velocity. However, the weighted function resolution is not as

j  good for equal amplitude scatterers due to the broadening of the main response.

The Hamming weighted mainlobe width at the 3 dB (half—power) points is approxi-

mately 1.5 times that of the sin x/x response.

• l.2d Effects of Using Sampled Data

- - The digital output from the circuitry of a narrowband radar is usually

a time function which is sampled at fixed intervals in time, ~t, and recorded
for subsequent analysis. The result of sampling a signal v(t) is illustrated

in Figure 1—9. The sampled signal is denoted v5(t).

Iv~(t)l

Figure 1—9

Ij 
The sampling process can be conveniently explained if the concept of

an impulse function is used. An impulse function, 6(t), can sample a signal in-

stantaneously (in zero time). It is the limit of a pulse of length , a, and

height 1/a. As the length, a, is shrunk to 0, the height, 1/a, is allowed to

increase to infinity so that its area remains unity. This is illustrated in

• 1—19 
-

— 
—----— ___________ ___ - - • — . _____________

• 
- - T-~~~~~~ - — —  .— ~~~~~•—

hIIII_... ~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~ - ~- 
• 

~~~~~~~ .—•— ~~~•—~•-.~~~ -



- • ,_ 
— —— - ~

__ 
~~~~~~~~~~ 

- - -  
~~~~~~~~~~~~~~~~~~~

- ‘--: .~~________________________________________________________________

_______ 

6(t>

• Figure 1—10

Figure 1—10. The impulse function, therefore, is defined to have infinite amp 11—
tude, zero duration, and finite area. A shifted unit impulse that occurs at

t — T can be represented by the function 6(t — T). The total area under the

curve is unity, 80 that

S6t - T)d t - 1 (1-46)

The integral has the same value for any limits which bound t — T. If f(t) is a

continuous function of t, then the product f(t) 6(t — T) will be zero everywhere

except at t = T, where there will be an impulse function having strength equal
to f(T). This is illustrated in Figure 1—11.

f(T)6(t - T)

Li f (T~
J
~~~~~
J

~~~~ ~f ( t)

Figure 1—11

In view of (1—46) we have

f(t) 6(t — T) dt f(T) (1—47)

Again, the integral has the same value for any limits of time which bound t = T.
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L ( ~~ .. We might also define the Fourier transform of an impulse function.

From (1—35) we have

g6
(w) _55(t  

- T) e
_j(

~
t dt = le_JWT (1-48)

The spectrum of an impulse is therefore a constant. The relative frequency dis—

• - tribution of 6(t — T) is flat and the energy contained in an impulse function

is uniformly distributed over all frequencies. This should be compared to the

spectrum of a finite pulse length , which contains an infinite number of fre-

quency components but whose amplitude distribution is of the sin x/x form.

We may write a sampled signal, v8
(t) , as the product of the continuous

signal and a sum of impulses occurring at times riM apart. That is,

v ( t) — ~ v(t) 6( t — nAt) = ~ v(nAt) 6(t — nAt) (1—49)
n=0 n=0

which was illusrated in Figure 1—9.

- In order to obtain the spectrum of the sampled signal , v5(t), we will
use an identity which can be proven using the complex form of a Fourier series.

The identity states that

~ jW kt

~ 6(t — nAt) — ~ ej2~
l
~
t
~
’At = e (1—50)

- - n — ~ k=—oo

- - 

where
W = 2ff/At (1—51)

I . .
is the sampling frequency. Therefore,

j W kt
v ( t) = ~ v(t) e (1—52)

The Fourier transform of v (t) is then

11
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-j(w-ka))t
- V (

~
) = ~ I v( t)  e dt

k=~~c oJ
a

= ~~ g~w 
— ka)) (1—53)

k=—~

- 

Sampling thus produces an infinite number of spectra, each a replica in shape
of the original signal spectrum. The spectra are separated by a)0 , the sampling

frequency. A plot of the spectrum of sampled data is called a periodogram be—

cause of the repeating nature of the spectrum.

The sampled real signal representation of two unequal amplitude moving

point scatterers shifted to baseband might have a spectrum as sketched in Fig—

ure 1—12 for k 0, ± 1. In the plot both scatterers have a positive Doppler

frequency shift.

~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~RJ ~ ~~~~~~~~

• ~• ~ W = 0 wI a)
s max max ~~ -

•
~~~~~ _ - 2 , 27r

T T

1. Figure 1—12

The central spectrum (k 0) can be processed without undue concern

provided that the input signal is band limited with negligible spectral compo—

nents beyond w where is the highest significant frequency component in

~~~
‘ the original time signal. If the signal is not sampled fast enough, W~ and all

its harmonics start closing in on one another. The spectral components in Fig—

L tire l—lZ eventually overlap and merge. The components g(w ± W~) centered about
+ w merge with the unshifted g(w) term centered at the origin. It is then
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impossible to separate out g(w) and , hence, v(t) from v (t). The limiting fre—

quency at which g(w) and g(w — w
5

) merge is, from Figure 1—12, given by

w — w = w so that for unambiguous reconstruction of a real time signala max max

w > 2 w  (1—54)

It is because of this merging of the spectra that the sampling frequency, a)5,
Is sometimes called the folding or aliasing frequency .

The positive half of the central spectrum of Figure 1—12 resolves the
- - Doppler shift of each scatterer unambiguously because both points have well sep—

arated positive Doppler frequency shifts. If one scatterer had a negative Dop—

pler frequency shif t, the mirror image property of the spectrum of a real signal
would make it more difficult to identify the point scat terers unambiguously . In

this case the problems in resolving the targets stem from the form of the total

signal even before it is sampled .

The periodogram of the sampled complex signal from the same two point

targets is shown in Figure 1—13

2w

• 

~~~~~~~~~~~~~J~~~~~~~~~~~~~~~~~~~~~~ 2w 3w

max S

• Figure 1—13

In this case , each sample in time gives one complex number which is equivalent

to two samples of the highest frequency component of the time signal,so that for
unambiguous reconstruction of a complex time signal a)5 >

In a narrowband radar , each pulse transmitted and scattered from a
target is converted to a complex number (I and Q or amplitude and phase). The

same concept holds true for a wideband (short pulse) radar. In this case, the
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target is divided up into range cells with one or more possible point targets
in each range cell. Each returned pulse is represented by one complex number

• per range cell. The rate (w /2n) at which data are obtained (sampled) is equal

to the pulse repetition frequency (PRY). An undersampled signal, such that
w < w , results in overlap of the spectra and is said to be “PRY limited”.

In summary , if complex time functions are sampled at equal spacings ,

At seconds apart, the unambiguous Fourier spectral response interval will be

equal to ~~~~~~~~ Hz or radians/seconds. If the functions are real and therefore

have two—sided spectral responses, there is an equivalent folding effect which

limits the unambiguous frequency interval to one—half the complex function values.
If the spectra extend significantly beyond these ambiguity intervals, unresolvably
ambiguous results can occur. A time function must be sampled at twice the rate

given by the maximum frequency component (in Hz) of the true spectral response

function for the continuous function to be exactly reconstructed from the sampled

da ta (Shannon ’s theorem). If this maximum frequency component Is 
~msx’ the re-

quired sampling increment is At = when the function is complex, since two

function samples are given at each time sampling point. For real functions, the

sampling time increment is half the complex function value. This is equivalent

to saying that at least two samples per sinusoidal period are needed to recon—
- .  struct a real sinusoid in an unambiguous or “unaliased” manner.

- .  1.2e THE FAST FOURIER TRANSFORM

Much of the work in coherent signal processing involves taking the

Fourier transform of data which has been stored in discrete form on magnetic

tape or in a digital computer. Therefore, it is especially usef ul to have a
quick, efficient method for finding the spectrum of a signal stored as discrete
data. The technique for doing this is called the Fast Fourier transform (FFT).

Various versions of the FFT are available In subroutine form for most general—

purpose digital computers. The mechanics of these algorithms will not be dis-

cussed here. However, there are certain limitations in these algorithms which

might be better understood from a brief review of the numerical integrations

that are represented.
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The continuous integral of the Fourier transform given by (1—35) can be

approximated by various numerical integration algorithms and spectral components

may be calculated for all values of frequency. For equispaced data samples, a

• 
special form of numerical integration, sometimes called a discrete Fourier trans—
form (DFT) leads to the FFT under certain restrictions. The DFT Is presented in

the following discussion.

In the case of sampled data, taken over a time interval, T, the conti—
- • nuous Fourier transform pair given by (1—34) and (1—35) can be rewritten in a

series summation form by first making several substitutions. Select N data sam—

pies at t imes tm — mAt where At = T/N and let f~ — nAf where M — lIT. Then

using w — 2irf , (1—35) can be approximated by the summation which may be called

a DFT
N—l

g(n) — At ~ 1(m) e_j2~~~h1
~~
/N (1—55)

m 0
n = 0 , ±l, ...,± N/2
n 0 1 , ..., N — 1

Equation (1—55) gives output frequencies evaluated at evenly spaced frequency

increments of hf. This special form then allows an inverse discrete transform

to reconstruct the f(m) set from the g(n) set according to

j2ir(nm)INf (m) — Al L g(n) e (1—56)
n

f o r m 0, 1, ..., N—l

• where the suimnation Is either from n — 0 to N — 1 or from n —N/2 to N/2, if N

is even. There are only N distinct values of g(n) computable by (1—55). If

g(n) are calculated for n outside either range of values defined by (1—55), they
will be repeated values of those within the series. We may think of (1—55) in

two different ways. First, as a formula yielding N numbers which are samples of

a frequency spectrum. Second , as a formula yielding a periodic sequence of num—

bers with period N.

I - 
In general, the evaluation of (1—53) or (1—56) require. N2 multiplica—

tions and additions. The FFT is a method by which these multiplications and

additions may be drastically reduced . Specifically, if the time function
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• consists of N 2n samples then about 2nN — 2N log N arithmetic operations will
-

• be required to evaluate (1—55) or (1—56). For example, an N — 210 point trans—
form can be computed with the FFT 100 times faster than with a direct approach.

- 
- The output frequencies of the FFT algorithm are evenly spaced and cannot be

picked at random, independently of the input data time sampling. This i~ the

• price paid for the rap id computation time.

With this background, consider the Fast Fourier transform of a point

I scatterer moving at a constant velocity v. The Fourier transform of its complex

• signal is given by (1—40) and its continuous spectrum is plotted in Figure 1—5.

• Assume the complex signal is sampled rapidly enough so that there is no overlap

of the spectra. If the complex signal is sampled at N points over a time period,

T, the time beween samples is At = T/N and the output frequencies will be in

• 
~ 

j• ateps of

I Aw = 2’rrAf = 2n/T (1—57)

- 

- 

This is the same as the main lobe peak—to—null width of the l ain x/x I spectrum

of Figure 1—5. We conclude that N samples of data from a moving point target
- - will result in, at best, only two frequency samples within the mainlobe of the

sin x/x spectrum of the scatterer. If an output frequency of the FFT is at the

peak of the mainlobe, the other output frequency will be in a null of the main-

L lobe. Thus the mainlobe of the sin x/x function will be poorly defined. This

- 
is illustrated in Figure 1—14.

- 

Two Samples in Samples in Nulls and
Mainlobe at Peak

Figure 1—14

If we sample at a faster rate over the time, T, so tha t N is larger
and At is smaller , we increase the highest output frequency given by

1max — NIT — 1/At (1—58)
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but the number of samples in the mainlobe remain the same, independent of the num-

ber of actual samples of data used . A way around this problem is to add zeros to
the string of input data so that the size of the N point transform is increased

along with the apparent time span, T’, of the data. The highest output frequency

• remains the same at — 1/At, but more frequencies are Li the output at a

closer spacing hf = lIT’. The adding of zeros interpolates the output frequency

points more closely. It does not mean we are Fourier transforming a longer time

span of data. The output sin x/x distribution still has a mainlobe peak to null

width o f
Aw = 21r/T (1—59)

If as many zeros are added as there are real data points, T’ — 2T so that output
frequencies are in steps of Aw = 2irAf = ~T/ T. This improves the definition of

the sin x/x mainlobe as shown in Figure 1—15. Now as many as four frequency

Increased Samples from FFT Interpolations

Figure 1—15

L samples can occur within the null—to— null mainlobe width. In practical pro—

• ceasing, adequate definition is usually obtained if the string of numbers put
into the FYT contains at least one third zeros. An alternative explanation of

- 
the adding of zeros to an FFT is presented in Section 1.3b.

In summary, there are trade—of fs to be made when using an FYT which

- - depend on the size of transform that is practical, the closeness of the sampling
of the data, the highest frequency component of interest, and the desired detail

- 
in the spectral function. If the number of input data samples is not a power of
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two, then zeros must be added to the set to extend the series to the nearest

• power of two if all the input data are to be included in the transformation. If

more output sample points in the frequency function are needed to better define

the function, such as to better locate the peak of a mainlobe , then an inter-
polation can be effected by adding even more zeros to the original input data
set. The number of output samples across an unambiguous spectral window will

increase directly with the size of the total input data series with zeros added.

The price~ for the interpolations will be increased computer operations.

Having too short an unambiguous frequency response interval because
the time sampling increment is too long can be one problem in the Ffl processing

which might not be solvable once a radar PRY is fixed. An opposite problem,

more readily solvable, could be having too fine a time sampling interval, in
which case transforming all of the data in a series will give output samples

over many frequencies at which the actual target spectrum does not practically

exist. One solution would simply be to omit data samples until the sampling in-

crement matches the desired frequency spectrum. if the signals are weak, the

signal—to—noise ratio could be improved by averaging the groups of samples (some—
• times called “presumining”) instead of j ust omitting samples and then transforming

the averaged data. The unambiguous FPT frequency interval is then determined by
the time interval between the averaged groups.

L 1.3 CROSS RANGE FOR SIMPLY ROTATING POINTS

• - l.3a Angle Parameter Signal Representation for a Rotating
Target Approximated by Points

The point target idealization is convenient in studying various pro-

cessing methods producing one— or two-dimensional images of a target. The

background for obtaining one—dimensional images based on point target Doppler

responses for simplified motion conditions is the main concern in this section.

Two—dimensional imaging is deferred to Section 1.4, although the Doppler re—
sponse results of this section apply also to certain two—dimensional cases.

Doppler frequency variations under more complex motion conditions are discussed

in Section 3.

1—28

1
__________ •—•• -• -  •• • -- • — - • - - — - —

- _ •— 4 -  • • - - - -

-

•••  - • -• — -~ -



______

• If there are Doppler differences between the scatterers, signal re—

turns may be processed to resolve points in Doppler as discussed in Section 1.2.

• •. 
Knowledge of rotation rate and the assumption of approximately linear motion of
points during a processing interval may allow the Doppler scale to be normalized
to a cross—range dimension to give directly a measure of the target extent in a
dimension orthogonal to the radar incidence direction. Images obtained under the

assumption of linear motion of points during a processing interval will be called
• “first—order” images.

Let a target be a collection of rigidly connected points rotating about
a fixed axis at a constant velocity, ~~.

• 
- Each point , identif led by the index i , has

an amplitude, v (t), a radial distance

from the center of rotation, Li, and an
initial angular position, 

~~~ 
of the 

~,

radial arm relative to the y—axis. Radar

incidence direction defined by unit vec—

- .  tor is parallel to the y—axis with far— x

1. field plane wave conditions prevailing.

- 
The variables are illustrated in Fig— v~

”

ure 1—16. The rotation axis is parallel

to the z—axis , which is perpendicular to

the x—y plane. The points can extend in Figure 1—16

the z direction, maintaining the radial distance, L~.

-
• To simplify the analysis, a single point will be considered, as shown

- 

in the sketches of Figure 1—17 in which the parameters, 0oi and ~~ can be con—

sidered unknown before signals are received.

a) SINGL E POINT INITIAL CONDITION b) SINGLE POINT ROTATED

Figure 1—17

1—29

I- -- —-•- ----- — . _ • •  •—-— 
• - —-•---—--• • -

~~~~~_•_ .: ~_~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~m~
—- — - —  - - — -— -~~~

— —-- ‘ _— — _- ~ ~~~~~~ ~~~~~ A



• 
- -

- - 
The point rotates through an angle, 0, at velocity ~ such that 0 = £2t. The posi—

tion of this point in the slant—range direction parallel to the RLOS, referenced
to the center of the x—y system defining the center of rotation, is

• 1’ Li cos (6
01 
+ ~1t) (1—60)

and the cross—range position is

• xi = L~ sin(001 + ~
t) (1—61)

Consider a simple transmitted pulse, A(y), modulating a carrier with

wave number k = 271/A. The response from the target is a delayed pulse, A(y —

with its phase described by 2ky
1
. A simple pulse shape (like a Gaussian)

for A(y — y
1) locates the point in slant range by its peak position at y — 

~~

The complex signal from the ith point target rotating with angular

velocity ~ is now given by

= 
~(re 

J2ky~ 
/
~~~e

i2k L~cos(0 
~ 

+ Qt) 
(1—62)

(A real form of this signal with a carrier, w , w~u1d be

jwt
Vr(t) = Re (Vi e ° ) (1—63)

-
• although this form will not be used in the analysis.) For short signal proces—

sing times such that the angle, 0, through which the point target rotates is

- .  small, we can expand y
~ 

as

= L~[cos0 
~ 
cos ~ t — sinG sin ~2t]

= y  cos~ )t—x sin~~tio io

• z y~ 
— x1 (~ t) (1—64)

where the initial positions are given by x~ and y~~, and the approximations

cosO 1 and sinG 0 have been made. - With these approximations , y~0 becomes

a constant and the second term is linear in ~t.
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The complex signal from a collection of point targets, all rotating at

angular rate (~, is now given by

- 
.. J 2k(y~ — x (at))

V(t) ~ A1
(y — y~ )e 0 io (1—65)

If the pulse envelope, A(y — 

~~ is considered to vary a negligible amount

during a processing interval , hO
T~ 

the signal may be Fourier transformed along

constant slant—range contours . Then , if only the points in one slant range re—
• solution cell are considered , A~ (y — y1) z and the index i may span only

the points in that cell. With these single cell assumptions, substituting (1—65)

- .  

in (1—34) gives

g C )  = 

~: 1•
~ 

~~ ~2ky10 
— (t~ + 2kx

10’2) 
T/2] sin (w + 2kx~~ ~2) T/2 1 (1—66)r • (w + 2kx

1
) T/2 ]

I. One term of (1—66) is the same as (1—40) for a linearly moving point , with
cross range and Doppler frequency related by Wd 

= 2
~~io~~ 

This is not sur—

prising because v in (1—39) is the time rate of change of the target along

the direction of propagation (RLOS) which is given by

v ‘
~ 

= xi ~ (1—67)

We can also relate the cross range coordinate , x, to the rotation
L rate , ~, as follows. For a point target as shown in Figure 1—18, we have ~2L =

- v’ or ~x = v, and from (1—32) , v = f (A /2 )  where w = 2irf . Thus,d d d

x = = 
~~~~~~~ 

(1—68) 
‘1

This equation provides a means of scaling L
,
,
/’j’~~~

V

between the cross range position, x , and /

the Doppler frequency shif t, 
~d’ of a tar— 

x

get rotating at a rate , ~2.
Figure 1—18

• We could j ust as well have Fourier transformed with respect to angle

rather than with respect to t ime. We can think of the variable t in (1—34) and
(1—35) as representing the angle 0. We can then directly transform the signal

1,
1—31
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~• from a point target by writing 0 instead of t and choosing w = 2kx. The inte—

grand of (1—35) will peak at that value of x corresponding to the position of
• the point target . We may write

—.

= V( 0) —j 2kx G dO (1—69)

-~~~ —A 0 / 2T
We now see that the relative aspect angle change during the integration span ,

not the integration t ime, is the parameter of interest. It does not matter how

the aspect change is accomplished . Although much of the present section dis-

- - cussed a scatterer composed of rigidly connected point targets rotating at an

angular rate ~, any conditions which provide a relative aspect change between
• the rigidly connected points will suffice for (1—69) to hold .

This section has discussed the ideal condition where the RLOS is ortho-

gonal to the axis of rotation of the point targets. The more general case where

this is not necessarily true will be discussed in Sections 3 and 4.

1 l.3b First—Order Cross Range Rasolution and Ambiguity
Relationships in Angular Units

Let us examine more closely the details of the Fourier transform with

respect to angle, 0, and cross—range coordinate, x. The equivalent of (1—55)

and (1—56) become

g(n) = AG 
N~ 1 

f ( m) e
_j2hT(TUU)/N 

(1-70)

m=O

for n 0, ± 1, ..., ± N/2

or n 0, 1, ..., N — 1

- - and
f ( m) = Ax ~ g(n) eJ2~~~~Ol’N (1—72)

m —0, 1, ..., N — 1

n — either series in (1—70)
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Let us now consider the implications of (1—70) and (1—71) where instead of tm
we have 0 = mAO - The tranform uses a total of N points where N = N + Nm s T o
Here , NT is the number of actual data points associated with the integration

span AOT and N0 is the number of zeros added to the array to be transformed.

In this case, AG AOT/NT and X — nAx . Thus, the exponent in (1—69) be-
comes 2knAx mAG5. Equating this to 2irnm/N, we find the output samples from

the PFT will be spaced in cross range unitS according to

Ax — (X/2 ) / (N AO ) ( 1—72)

We can write NAG — AO
T 

+ N A G 5 so that, by adding zeros to the FFT , we can make

Ax smaller than the peak to null cross range width of the sin x/x function. The

highest output frequency or x coordinate (cross range dimension) is at f =

1/At which corresponds to a cross range dimension of Xcr = NAx5 or

X = ( 1/2)/AG (1—73)

Equation (1—73) defines the unambiguous cross range window . It is the largest

cross range target dimension which can be spanned unambiguously when input sam-

ples are AG radians apart.

- - We can obtain the unambiguous cross range window by another means.

L The difference in phase of the exponent of (1—69) between adjacent data samples

is 2kxAO . The integral will become ambiguous when x varies far enough to

force this phase difference through 27r radians. The value of x for which this

is true yields the unambiguous cross range window given by (1—73).

We can also easily work with the data as samples in time from a tar-

get rotating at angular rate , ~~~. The data are sampled in intervals At apart

over a time period T. The output from the transform can be mapped from the Dop-

pler frequency domain to the cross range domain simp ly by scaling the abscissa

of the FFT, which has samples spaced Af = l/T apart, by the factor (A/2)/ ~ ac-

cording to (1—68) .

Weighting can be used again to reduce the cross range sidelobes . The

Hamming weight of (1—43) becomes

1—33
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WH(O) 
— 0.54 + 0.46 cos(271O/AG

T
) (1—74)

which gives an ideal 3—dB cross range pulse width of approximately

R = 1.3 (A/2 )/ AG T (1—75)

The ambiguity relationships can be summarized as follows. The time T

• over which data must be collected to obtain a given cross range resolution may

• be found by noting that for an integration time, T, the ensuing Doppler resolu—

tion (for Hamming weighted data) is about l.3/T Hz, which is equivalent to

cross range resolution R 1.3 A/(2~T), so that to achieve a given value of
II

Rcr ’

T = 
0.651 (1—76)

I -

where R and A are in the same units, ~ is in rad/s , and T is in s.
• cr

To avoid aliasing due to an insufficient radar pulse repetition fre—

quency (PRY) , the PRY must be higher than 2~2/A times the largest target dimen-
sion (normal to the RLOS). Taking the PRF as 1/At (At being the sampling

- 

increment) yields a minimum PRI (At) of

At — 
(1/2) 

= 
1 (1—77

.. 

— 

~
7Xcr Doppler spread

where “Doppler spread” is the overall Doppler frequency bandwidth of all re—

- - 
flecting points on a target in units of Hz , and At is in s.

• 1.3c The Synthetic Aperture Principle and Its Relation
to Cross Range Resolution

A slightly different approach can be taken in viewing the effect of
processing data from rotating targets: the synthetic aperture approximation in

which a rotating target illuminated by a fixed radar is replaced by an equivalent
• condition of the radar moving about the fixed target. In this approach, the

data are assumed to be recorded at various radar positions and the signal is

processed after a sequence of positions is completed as if an antenna aperture

1—34 
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had been created. The synthetic aperture relationships are summarized in Fig—

ure 1—19, based on common antenna formulas taking into account two—way trans—

missions. As may be noted from the sketch and the approximations, the same re-
lationships may be derived from the antenna aperture viewpoint as were

previously derived from Doppler frequency resolution relationships (or from
aspect angle change relationships). Note that the factor of 1.3 has not been

included in the Figure 1—19 result for cross range resolution because amplitude

weighting was not considered.

ROTATION OF APPROXIMATE APERTURE W IDTH CD) FOR
TARGET ABOUT SMALL TOTAL SCAN ANGLE (

~~
8
~

) AND
POINT IS LARGE RADIUS (R0)
EQUIVALENT TO

-- MOVING RADAR D~~R0 
~~~~~ T

ALONG ARC
CENTERED ON
TARGET

FAR FIELD BEAMW IDTH 
~ 8 r ) WITH

• RECTANGULAR APERTURE CD)

° ~1 D R0 ~~~• POSITIONS I
I I l  /C / CROSS RANGE CX) RESOLUTION AT

\ / ~ /
L 

~~ 

R~, ~ ~ o~~
9r 

~

— -.\-.~ 
U_ —~e~ SLANT RANGE CY LOCATIONSGIVEN BY
I PROCESSING LARGE BANDWIDTH SIGNALS
IRAOAR

JINCIDENCE
• 

~ I SYNTHETIC BEAM ACROSS TARGET

— ________

• TARGET
CENTER

I~ Figure 1—19

• 

- 

The synthetic aperture sense of high resolution processing has been

used more widely in describing ground mapping techniques in which the radar is
carried on an aircraft actually movinl past ground area targets. Such ground

mapping has been performed for several years and was the precedent of imaging

of rotating space objects. (Two—dimensiona l synthetic aperture relationships

are further discussed in Section 4.)
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l.3d Doppler—Time—Intensity (DTI) Plots

j Let the coherent data from a rotating target be Fourier transf ormed
with suitable weighting for sidelobe reduction. Then a series of such spectral

I 
functions might be derived for changing integration center times and plotted in

a three—dimensional sense with: (1) Doppler frequency (2) center time ~ inte—

I gration, and (3) spectral intensity as the three axes. This may be called a

Doppler—Time—Intensity (DTI) plot. (A DTI may be comparable to the common Range—

Time—Intensity (RTI) plots from pulsed radar sytems, either in a three—dimen—

sional projection sense or by using some version of a light or dark area true

intensity modulation scheme.)

• .- 
If the rotational motion is well—defined, the Doppler frequency axis

- may be scaled to become a cross range axis, x, from the conversion formulas of

the previous discussions, and the time axis might be related to a target rota—

• tion angle, 0. The peaks of point responses may then trace out sinusoidal paths

- as idealized in Figure 1—20 for a simple rotating target. In Figure 1—20, the

- 
contour of a particular point is a sine

wave with a maximum excursion, L~, and an
initial position , 0 . ONE CYCLE -a-

The total

0

ntegration span AOT

F 
need only be large enough to give suf—

t L~ ficient cross range resolution (3 dB I
cross range resolution for a Hamming ._.
weight = 1.3 A/(2 AOT) as derived pre-

viously). The sampling rate determines
- ROTATION ANGLE , 9 —a.

j the unambiguous cross range window given

by (1—73). As pointed out in Section l.2d, Figure 1—20

the rate at which the data are sampled in real time is equal to the radar pulse

repetition frequency (PRY) . DTI plots are most useful in processing a narrow—

band signal which completely envelops the collection of point scatterers which

compose the target.
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Results of processing data from two model targets rotating about a
- 

fixed axis on a ground—based model measurements range will be presented to ii—
* - lustrate DTI plots with realistic signal reflections. The results were obtained

in a study at SURC sponsored by the Rome Air Development Center. During this

1. study, coherent processing of narrowband amplitude and phase data was accom-

plished with measurements obtained from General Dynamics of Fort Worth, Texas.

The simplest target was a right circihar cylinder about 10.5 in long

by 6.3 in diameter. Plots of the recorded amplitude and phase data from this

cylinder are presented in Figure 1—21. These data were converted to complex

- -  
- pairs, Hamming weighted and Fourier transformed.

P0I.ARlZAT)ON~~HH

FREQUENCY • 5 9756Hz
LENGTH .10 51 In

DIAMET ER • 6.30 In 360 - I I

• CYLINDER RROAOSI DE 300 I ~ ~~~~~~ j iI~ 
:k L’t 

~F 
0- END PLATE FLASH 240 I~t I I - ~ 

-

— 0 ~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
• f i

~ ~

_ _ _ _ _ _  

~~~~~~ 

1~~~~~~~~~~

-480 -440 —t OO —80 -20 20 60 tOO 140 leO ASPECT (d.9r~~s)

j  

ASPECT (4.9.1.11

Figure 1—21

Results of the cylinder data processing are given in Figures 1—22, 1—23, and
• 1—24. The parameters of the processing were:

Integration Span 24°

Integration Increment 30

- - Ideal Point Resolution
with Hamming Weight 3 in

Figures 1—22 and 1—23 are in the form of true intensity modulation displays,

while Figure 1—24 is a display in a three—dimensional projection format. The

plot in Figure 1—22 was obtained by normalizing the intensities to the maximum

of all the Fourier transforms. This maximum occurred in the integration which

included the specular aspect to the round , flat end—plate. The plot in Figure

1—23 was obtained by normalizing each sweep to the maximum value in that sweep.
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Figure 1—22 emphasizes the specular aspects, while Figure 1—23 emphasizes the

low—level scattering from the cylinder edges. Figure 1—24 shows both linear

and logarithmic plots of amplitude data in a three—dimensional presentation.

The linear plot emphasizes specular aspects while the logarithmic plot shows
• edge scattering amplitudes. At non—specular aspects, three distinct returns

can be noted. These returns are from the three illuminated edges of the cylin—

• der. The cross range extents of the returns may be used to directly estimate

dimensions, such as length and diameter.

Similar processing was performed on a second model which was a cone—

cylinder—frustum combination. A plot of the recorded amplitude data is shown

in Figure 1—25. The integration span in the Doppler processing was 24° and the

sampling increment was 1°, which gave an unambiguous cross—range window of
56.576 in. An intensity modulation display of a resulting DTI is shown in Fig-

ure 1—26, with the amplitudes of each sweep normalized to the highest amplitude
in that sweep. The displayed dynamic range of each sweep was 7.5 dB, which eli-

minated certain excessive background effects. The plot is overlaid with a series

of sinusoids based on the location of various discontinuity points. The angles

over which the different points persisted in scattering amplitude may be sensed

with the aid of the sinusoid plots. The extreme corners of the frustum (points

1 and 7) are seen to persist over large ranges of aspect angle. The tip of the

cone gives rise to significant scattering near grazing incidence over about 40°

L of aspect change.

In Figure 1—27, both linear and logarithmic plots of Fourier trans—

formed amplitude data are given in a three—dimensional presentation for the cone—

cylinder—frustum model. Again, the linear plot emphasizes the specular aspects
while the logarithmic plot allows edge scattering amplitudes to be more promi-

nent. In the linear plot, the conic flashes tend to have the shape of a conic.

Data taken near specular flashes (such as a conic) can be used to form an ap-

proximate radius profile of the body by employing a special transform discussed
further in Section 1.5.
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These sample displays of cross—range versus aspect angle with amplitude

plotted in an intensity form or in a three—dimensional projection form illustrate

the information an SOI analyst can obtain by both using phase and amplitude in-

- - formation in processing coherent radar data. From Figure 1—26, one can obtain
the diameter of the frustum and length of the cylinder as well as the overall

- 
length of the body , since the tip scattering has been identified. From the

angular separation between sp~ecular flashes, one can determine the angle of the
conic section and its unambiguous placement with respect to the ëylinder. An

SOt analyst, using amplitude data only, might have difficulty determining the
cone and frustum components and their placement with respect to the cylinder.

The specular response effects and the sorting of component sections may be

clearer, in the explanations of Section 1.5, which considers special versions of
the DTI plots centered on specular aspects.

1.4 RADAR IMAGING THEORY FOR OBTAINING POINT TARGET MODELS
WITH VARIOUS BANDWIDTH AND COHERENCE CONDITIONS

- 
l.4a Range—Time—Intensity Plots and Two—Dimensional

Images Using Wideband Data

• - With a monostatic tracking radar system, a transmitted signal may have

L a wide enough bandwidth to resolve reflection centers in slant range . Data may

then be recorded and plotted in the form of range versus time (or aspect angle)

I with the amplitude of returned pulses used in a intensity modulation display of

the signal. Such a plot is usually called a Range—Time—Intensity (RTI) plot .

An RTI plot can be viewed in the same fashion as the DTI plot of Figure 1—20

with cross range replaced by slant range. Again, for simple rotation conditions
- a point scatterer will trace out a sinuso-fd with a maximum amplitude, ~~ and

~~. an initial position dependent on ~~~~ (If the point traces out sinusoids in an

• - RTI plot, they are cosinusoids in a DTI plot.) A typical RTI plot for a model

- 
range target is shown in Figure 1, page 6 of the report reproduced in Appendix

- 
A. The peaks of pulses occur where discontinuites in the target are present .

A first—order , two—dimensional image may be readily formed when both

amplitude and phase data are ava ilable at all the wideband signal slant range
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• sampling points. The slant range points are properly aligned and the signals
are Fourier transformed along each slant range position in the manner described
for DTI plots. Then these DTI plots are displayed in their corresponding slant

range order. Thus, in unnormalized form, this image is an intensity modulation

display of Doppler frequency shift versus slant range . If the Doppler scale is

normalized to the cross range dimension, as discussed in the previous sections ,
the resultant radar image may approach a version of a rough optical image. This

- - is termed “first—order” image processing. Further details of the first—order

image formulation are given in Appendix A. 
-

In simplest form, the plane of the first—order image is parallel to

the radar line—of—sight and perpendicular to the axis of rotation. Determina—

tion of image scale factors and image plane orientations for more complex motion
- 

and tracking conditions are discussed in Section 4.

- 
l.4b Distortion Effects in First Order Images

• - If an ideal point scatterer can appear anywhere within a first—order

image frame, its response function will be narrowest in width and highest in
4. amplitude when it is placed at the center of rotation. During an integration

span, only the point at the center does not move, so that it will have a slant

range lobewidth equal to that of the transmitted pulse and a Doppler frequency

(or cross range) lobewidth equal to that of a linearly moving target point. A
?!

L 
point placed at any other position will move, and the motion will result in

some spreading of the response function and a reduction in peak amplitude rela—

tive to that of a point at the center.

In the Doppler response function analysis with narrowband data, the

slant range pulsewidth is assumed very wide, such that the amplitude of any

point reflection stays approximately constant during an integration span . Under -

J these circumstances a Fourier transform of the signals gives an ideal response

function if the point is assumed to move approximately linearly. Consider the
- slant range of any one point , which could be stated as

r y0 cosO + x0 sinG (1—78)

1—46 

•_ ~~_~~a_ _ ~~~~~~~_~~~~~~ •4•



‘ ~~

where x0 is the mean cross range position and y
0 
is the mean slant range posi-

t 
tion of the point during the changing aspect variatior~ (0 = 0° at the mean posi—

tion). The linear variation implies that sin 0 0 and cos 0 1. One can see

from (1—78), that r is not linear in this sense unless x — y0 
= 0. A second—

order approximation to (1—78) would be to let cos 0 1 — 0
2/2. One may then

see that the second—order Doppler frequency response function will deviate ac—

cording to the mean slant range position , y0, of a point. The distortion might

be sensed qualitatively as a “Doppler walk” effect, which can be viewed in terms
of the cross range motion of a point relative to the fixed point Doppler resolu—

tion function. A measure of cross range resolution was stated previously as

Rcr = l.3A/2
~
0
T. 

where 
~
0T 

is the total integration span. If a point scatterer

• - appears to move more than a fraction of the Rcr value, that response point might

be said to have significant Doppler walk. (Doppler frequency and cross range

are assumed to be interchangeable quantities through the cross range scale con—

version factors for rigidly connected Y

points). An example of Doppler walk is Doppler
illustrated in Figure 1—28 , in which a ~1 walk

point along the y—axis (for slant range) i 
~~~‘ 

\
~
‘ 

\

at some distance from the center has an

equivalent Doppler pulse motion greater

than that of the point at the center of

rotation and would therefore be expected 
~
0
T

to have an image response function that

spreads relative to that of the f ixed

- - 
point. 

.~~~
( •‘çltlr. Rcr

Even if the point motion is 
Rot:t~Ofl 

•

linear enough to satisfy a Doppler resolu— Figure 1—28

tion criterion, there can be enough motion to spread the response function in a

slant range sense, which could then be called “slant range walk”, or simply

“range walk”. Slant range walk is illustrated in Figure 1—29, where a point

some distance from the rotation center is shown with its pulse responses

spreading out in slant range as the point moves. As a result of this motion,
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the moving point slant range resolution

will be wider than the R• illustrated

f or the fixed point. A less obvious ef— 
~~~ . Range

fect is that there will also be a cross walk

range spreading as a result of this I
range walk. This first order process— - 

•~~~

ing for any one image line in cross I ~
sr

range is based on the data that appear

at a particular slant range position. In

the Figure 1—29 example , the correct point Figure 1—29

location after processing would be along the y = 0 line. For this line, the
sampling of the range—walked pulse would be at different points on the slant

range pulse amplitude function for different aspects, as might be sensed in the

sketch . The result is that the point signals to be transformed would be weighted
by the pulse shape , in addition to whatever weighting is used for sidelobe re-
duction. Thus, the amplitude data are not rectangular over the integration span

even if sidelobe reduction weighting is not used; consequently, the integrated
response function would be spread in Doppler frequency as well as slant range.

The final result is that, even for linear motion, a range walk effect can spread
the response function in both directions x and y, relative to the response func—

~. 
tion of a point a t x = O , y = O .

The combination of range and Doppler walk can be coupled in the re-

sulting response function, ai~d target reflection points in the general direction
outward from the center of rotation will appear less focused than those near the

center. A general expression for the distortion effect would be dependent on

the target mean position (x0, y0), the integration span 
~~
0
T~’ 

and the trans—
mitted slant range pulse shape, and is not readily formulated with simplifica—

•.  
tions. Such expressions were approximately derived f,r the model range measure—

ments image processing in the Addendum to Appendix A (see the second appendix

of the Addendum) .

In general , the rule for minimizing distortion or preserving first—
order resolution can be simply stated : the integration span should be limited
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so that slant range or cross range walk of extremely positioned points is lim—
- 

- r ited to less than the fixed point resolution values Rcr and Rsr • Allowing

greater motion of points does not necessarily make an image invalid , but anal-

ysts must keep the distortion effect in mind when studying the responses .

For very wide integration angles, not only can a distortion occur be—
• cause of range and Doppler walk, but the realistic scattering amplitude of a

localized region may change with rotation angle. The result is that the response

function peak position might not occur at the mean location of the scattering

center for the integration span. This mean location of a point, usually assumed

in a first—order image ana1ysi~, is valid for a constant amplitude localized
scattering, even if range and Doppler walk does occur.

l.4c Wide Angle Signal Integration Formulations (Higher
Order Coherent Imaging)

The nonlinear motion of rotating points may be taken into account so

that the first order distortion effects in two—dimensional images can be removed

under simple rotation conditions. The resulting integrals are not simple Fourier

transforms, however, and the efficient FFT algorithm cannot be simply applied.
The terms “wide angle integration”, “higher order coherent imaging” , or “extended

coherent processing” have been applied to this type of imaging.

Such an integration process may be visualized graphically in terms of

first order images with limited data. Suppose we take the ra4ar returns from

a wideband system at one aspect angle G
l~ 

and store the signal numbers in an x—y

grid with constant values of the signal along x lines, as illustrated for ampli—

tude in Figure l—30a . This would be equivalent to forming one first—order image

frame with only one input data sweep, one sweep giving no cross range resolution

• after integration. A scattering point off the center of the x—y grid produces

the pulse response. Now let the target rotate to a second aspect position and

let a second set of data be obtained In the second grid, as illustrated in Fig-

ure l—30b. One might readily see that if the second grid were rotated relative

to the f irst grid through an angle (8
2 

— 0
1

) and then superposed , the position
of the point in’ the second grid would coincide with that in the first grid.
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Figure l—30a Figure l—30b Figure 1—30c

The signal amplitudes might then be superposed, and the pulse peak bands, as ii—

! lustrated in Figure l—30c, would cross over at the location of the point. The

point was arbitrarily located so one should see that this type of cross over

-- would occur at the location of any other points. The rotation angle between

• .. frames is (0
2 

— 8i),  which means only the relative rotation angle is important.

The noncoherent integration of wideband signals in this manner produces poor re-

sponse functions, which spread o~jt with( high amplitudes and are difficult to

interpret if scattering point amplitudes differ sig~4ficantly.

I. To coherently integrate the signals at the cross over point of the

bands, the phases of the signals within the bands at the cross over point should
be equal, maximizing the resulting function at that point. This is readily pos—

sible when we remember that the phase shift of any one point return at one a~pect

angle is dependent on 2ky. Consequently, if the phase 2ky is subtracted (with

the proper sign) from all the signals in each grid position, the phase directly
- . 

I 
- 

under the peak of the pulse from a point will be set to zero for each aspect
- angle. Therefore, the summed signals in the superposition (Figure l—30c) will

necessarily add with the same phase angle. There will then be a build—up of a
1 . true peak response in two dimensions at the true peak location, as several sweeps

are superimposed . Point responses will then have resolution functions indepen—

- dent of their location relative to the center of rotation. Because of the sam—

- 
pled nature of the data , one can see that this type of integration requires

— 

- 
1—50

— — ——- ~~~~~~~~ 
-
~~ 

________ _____



=‘=~~
;_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • _______ ~~
-
~~~ iTT ~~~

‘1 .. interpolation of practical signals to make the rotated points coincide from one

• • frame to next, unlike the first—order processing which required no interpolation

for equispaced data samples.

For this type of rotating point matched signal integration, the lim—

- 
* iting response function from a point scatterer may be written in continuous in—

- tegral form as

( T J2k(y~ — y)
• - F(x , y) = 

J 
A(y — yi)e dO (1—79)

For a complex signal from a sum of point targets all rigidly connected of the

f orm

~~ 0) ~V( 0 , = ~~?~5e~ = ~~ A(y — yi)e (1—80)

the integral becomes after using (1—64)

F ~0 / 2
• 

— 
~ T 

~~~~~~~~~~~~ j4(0) —21k(ycos0 — xsinG).,.
• • -  i~~ 24., ~~~ 

— e 00 (.L~~iL)

40/2T

From the previous definitions in the first—order processing description, we have

.. y~ — = (y1 cos8 — xj0 sinO) — (‘ cosO — x sin8)

I = ~y cosO — ~x ~in0 (1—82)

where ~y and t~x are now the differences in position in the composite frame from
the location of the particular scattering center associated with index i. Using

- polar coordinates as defined in Figure 1—31, with the point scatterer at the

center, the response integral becomes

P 

2

F(r , a) = 

f 
A(r Cos(0 — 

~~ 
ei2kr cos(a 

— 0
~~d@ (1— 83)

- _ __

2

H 
-- 
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since y — y = r[cosctcos0 + sino sinG]. A
I y t~x rsin0

- classical result of this integral occurs ~\y rcosa

when the pulse function is unity, signi— ~y 
- 

-

-• fying a CW signal (may be approximated r a
by a long pulse with small bandwidth). 

r
- 

Integration is over a full cycle; i.e.,

~
0T 

= 2-n . Then the integral is •~~~,

+ 
‘
~‘Point

- F(r , a) — 

I:e

i21

~ 

cos(ct — °~ d0 I location

= 2rrJ (2kr) (1—84)

Figure 1—31

For (1—84) to apply, a point scatterer must persist with a constant
• amplitude for the full cycle of rotation. This will not be achieved for prac-

tical targets made of extended surfaces where point—scattering effects are due

- to discontinuities in surfaces, since amplitudes of such points will vaLy awl

disappear in shadow regions as the target rotates. However, the result is use-

ful to establish lImiting values of point resolution. The function has a

- -  
first zero at an argument of 2.405, so that the representative pulse width be-

tween nulls Is about O.8(A/2) and between 3—dB points the total width is about
S

0.36(X/2).
• I

f Wide angle imaging with wideband data theoretically allows an interest—

• - 
ing possibility of resolving ambiguity effects due to sampled data. The ph~t at

- 
the top of Figure 1—32 represents first—order Image amplitudes of a single point

scatterer at the center of rotation. The cross range display is extended beyond

the unambiguous cross range interval of the data, so the first ambiguities of
- 

,- the center point response can be seen in this plot. The ambiguous responses are

identical to the unambiguous response, as expected from first order imaging

theory. Therefore, whether the point is truly located at the center, or is at -

either of the ambiguous positions, cannot be determined from this one image.

The bottom plot in Figure 1—32 shows the results of using a wide angle integral

like (1—79) and spanning a greater angle (60° compared to 10°). The wide angle
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- - ambiguous responses appear spread out in circular arcs with considerably lower
amplitudes relatIve to the unambiguous response. Thus, there is lIttle doubt

about the correc t location of the point In the second image. A similar effect

would oc~~zr If the point were located at other positions. Arcs are formed about

the true point locations with radii nX , where X is the unambiguous intervalcr cr
and n is a series of positive integers. In practical data, this effect is not

as prominent because localized scattering tends not to persist over full inte-
gration spans, and the ambiguous responses become more like the unambiguous

responses as the effectIve Integration angle decreases. Sometimes an examination

of just the values of the peak amplitudes In the wide angle integration may be

useful In resolving the ambiguities, even though the ambiguous pulse spreading

Is not readily detectable. The problems become more difficult or impossible to

solve as the target size extends across more than about two unambiguous intervals

if the target has practical scatterers at several locations.

It is of interest to note the character of the unambiguous response

In the bottom plot of Figure 1—32. The wide angle mainlobe takes on a distinctly

dIfferent shape off the peak than obtained in the small angle Integration images.

1.4d Narrowband Wide Angle Imaging

There is obvious appeal in the idea of obtaining two—dimensional Images

from narrowband sIgnals, particularly because of the possibility of avoiding

costs and problems of wideband systems. However, even in the most ideal circum-

stances, narrowband images tend to be of very limited quality in practical tar—

get cases, as will be discussed. 
-

Based on an integral of the form (1—81), narrowband (no true range re-

solution) ideal—point response functions along a mean slant range direction are

plotted in Figure 1—33a for three different integration spans, and a mean cross

range plot Is shown in Figure l—33b for one Integration span. A sample of a

two—dimensional Ideal point response function Is shown in Figure l—33c In inten-

sity modulation form. A Hamming weighting function was included In these inte-

grations. The terms slant range and cross range lose some of their meaning in
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the wide angle Integration case , compared to the more correct application in the

case of first order imaging using wide band data. In these wide angle problems ,

the terms refer the mean target position during the integration span.

The slant range cuts in the response functions of Figure l—33a drop—

off very slowly compared to the cross range response of Figure l—33b . The slow

drop—off might be viewed as a high sidelobe effect, even though a first null is

not shown in the Figure l—33a plot. In this sense, even higher sidelobe levels
appear at other cut lines away from the mean slant range diretion, as might be

sensed from the Figure l—33c plot. Different weighting functions, other than
the Hamming weight, can be used to redistribute the response function amplitudes

- - but an adequate weighting function has not been found that makes narrowband

imaging of general practical use. Real target response functions will be used

to illustrate some of the difficulties.

A set of two—dimensional narrowband Images was obtained using General

Dynamics data on the small cone—cylinder frustum discussed in Section l.3d. The

images were formed by evaluating the matched filter integral of (1—81) to obtain

sets of JF(x, y)~ values which were then plotted in intensity modulation form.
A Hamming weight was incorporated to suppress cross—range sidelobes.

Examples of the cone—cylinder frustum Images are shown in Figure 1—34.

Dimensions of the target were shown in Figure 1—25. The parameters of the pro-

cessing were, A = 1.975 in., — 69°, AO
S 

— 1°. Images are presented for

six different average aspect angles. The Figure 1—34 images have a 7.5 dB

dynamic range, which was found to yield good clarity without too much back—
ground. Care was taken to avoid Integrating through specular aspects, since

it was expected that this would cause the glint edge responses to be suppressed .

The images are in agreement with the DTI plot of Figures 1—26 and 1—27. The ex-

treme edges of the frustum show the largest amplitude scattering and persist in

most views. The tip scattering is evident In views where the average direction

of incidence is near grazing on the tip. In some views, extreme range sidelobes
appear. It was usually determined that these were sidelobes by observing their

change when a different weight was used. The appearance of some scattering
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centers away from corners or edges was due to interference between range sidelobes

created by nearby scatterers. The small size of the target permitted a finely

sampled grid so that there were no sampling problems In the image plane. In addi-

tion, the scattering from edges, including th~ tip, persisted for long enough
periods so that their response built up In the image plane. The scatterers were

all approximately of the same magnitude so a dynamic range of only 7.5 dB gave

clear images. However, in these narrowband images the target response points
could no t generally be unambiguously defined in the sense of the wideband images
shown in Appendix A. It was concluded that the two—dimensional image processing

of the narrowband signals would not significantly improve analysis results re-

lative to the one—dimensional processing discussed in Section l.3d. However,

because some special cases may occur where this type of processing could be

useful, the method should not be entirely discounted.

The main difficulties in wide angle narrowband imaging are: (1)

localized scattering effects do not persist long enough in the constant amp1~—

tude point scatterer sense to allow sufficient resolution in the mean slant

range direction, (2) the response function sidelobes are very high, which lim—

Its the dynamic range of scatterers that can be observed , (3) the condition of
having a simple relative rotation of the target, with the axis of rotation per—

pendicular to the rotation axis, may not be present in realistic tracking geo-

metries. In addition, for slow rotation rates, there Is the translational
motion compensation problem, as discussed in Sectin 1.6.

l.4e Noncoherent Narrowband and Wideband Imaging
(Ambiguous Imaging)

An ambiguous version of the Images described above can be created if
amplitude versus aspect—angle data are available from rotating points and there

is more than one point In the collection of point scatterers representing the
target model. This can be demonstrated by considering the total narrowband re-

flection, VT, as the complex summation
j 2ky

VT 
= ~~~ = ~1V1e ~ (1—85)
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The magnitude squared of this summa t ion can be obtained by multiplying the func—

tion by its complex conjugate, or

2 J 2kY~ —j2k y1
IVTI = ~~V1 

e ~1V1e (1—86)

2 r
— L1 (V

i
) + ~~~~~~~~~~~~~~~~~~

where Yi,j = y
~ 

— Yj 
and is on all combinations of I and j except I J .

In the last part of this development , the first term on the right is a mean

value which is the summation of all the amplitudes squared and is equivalent to

summing all the radar cross—section values of the points. The second summation

is over all possible combinations of scatterers taken two at a time, resulting

in a cosine function for each pair of scatterers with amplitude proportional to

J the product of the two amplitudes and an argument dependent on the instantanous

phase, 2kYi J ~ 
between the pair of scatterers. The absolute value, IV T I

2 , ~~~~

proportional to the total RCS of the collection of points which will vary in a

complex manner with rotation angle. The summations in the first part of the

(1—86) derIvation can be rewritten in the form

2 ~
2
~~

’k +j2kyi
- - 

I (VT) I ~kVke ~1V~e (1—87)

in which the index of one series in the product has been changed to k but still

represents the same set of values as the I index .

First consider the narrow angle processing response, which would be

r obtained for a DTI type of display. If each term in the sum over i Is Fourier

1.. transformed, the spectrum of the result would contain responses in frequency
or , equivalently, cross range. Let us rewrite (1—87) as

• - 1. 2 
j2k(y

1 
—

VTI — ~k
V

k L~v1 e (1—38)

The spectrum of each term can be considered as repeating for each kth term in

the multiplying series. Each repeating spectrum of the I series is weighted in

amplitude by the V
k 

term, and at the same time, the phase of the kth scatterer

is subtracted from the phases in all the I terms . This has the effect of put—

ting the point associated with the kth term at the point of zero Doppler
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frequency or cross range. Since the Fourier transform of a sum of terms Is
equal to the sum of th.~ Fourier transforms of the individual terms, the complete

spectrum is then a complex superposition of all the spectra, as shown for the

-- three point targets in Figure 1—35. The resulting summation gives a zero Dop—

pier or cross range peak proportional to total radar cross section , and a sym—

-. 
metrical distribution of other points about the zero point as expected for a

real function transform.

From the three—point scatterer illustration of Figure 1—35, one might

see the significant difference between coherent (amplitude and phase) and non—

coherent (amplitude only) data in terms of coherent responses. The noncoherent

response function for N points can be seen as the sum of N coherent response

-. functions which combine in such a way that th~�y cannot be unambiguously sorted

if there are more than two points.

r ~~
- This concept can be extended to a wide—angle, narrowband, two—dimen—

sional image. In an x—y grid, the coherent Image of three points might appear

- 
as shown in Figure l—36a , where a point response has been Idealized in a simple

approximation.

— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

l)~ l~Z(

- 
2 

~
( 

— 1 3 ~~ 
—

I 3

2~~ 2~~

L Figure l—36a Figure J~—36b

- If the same RCS data versus aspect angle Is treated as an amplitude function with—
- out phase terms , bii~it processed in the same manner as the coherent data , that is

using (1—81), the resulting image will contain ambiguous responses. To see this,

we note that each sum over I in (1—88) has the same form as (1—79) but with the

center of rotation (point of zero phase in the body) shifted to 
~~~ 

Thus , the
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two—dimensional, ambiguous images will also be repeated a number of times equal

J to the number of individual scatterers. This total set will be superimposed

in the reference x—y plane with each independent scatterer taking its turn as

I 
the center of an Individual , unambiguous image and weight ing its own image set

by its own amplitude. The resultant center of the composite Image builds up

to the highest amplitude since all of the points are coincident there as a r e—

1- sult of this superposition . The resulting ambiguous image based on the unamb-

iguous image of Figure l—36a is shown Figure l—36b .

Except for some very special cases that arise, the narrowband two—di-

I mensional noncoherent Imaging is not proposed as especially usef ul, par ticularly
in light of the difficulties with coherent signals described In Section l.4d.

I 
However , the concept should give a pictorial sense of the ambiguities that
arise in the radar data when phase information is ignored .

- • I I For the sake of eoiupieteness, one might alGo consider the possIb~l~ ty

of rioncoherent wideband imaging. If bandwidth is added to the transmitted sig-

nal, giving a pulse shape, A(y) , of unit amplitude, then the summation in the
narrowband case just discussed for the total signal could be changed to

T j 2kyiVT
(y) = 

~~~~ 
A(y — y

1
) V~e (1—89)

1i~ The short pulse provides resolution of point scatterers in slant range. We can

Fourier transform slant range cells of aspect data, using a short integration

span as If forming a coherent image but using amplitude only data. The result

will be a two—dimensional display showing the presence of more than one point

in a slant—range resolution cell. For short spans, if more than one point

exists in a resolution cell, then an amplitude modulation results. The narrow—

band results of (1—85) to (1—88) apply, but only to the points unresolved in

- 
an effective slant—range resolution cell. A slant range cell could then con-

tain responses as were shown in Figure 1—35.

• i _ 
-
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1.5 EXTENDED SURFACE RESPONSES

- - 
1.5a Representation of Continuous Surface Effects by

Line Arrays of Points

When radar data are from aspect angles near the normal to a smooth

- - surface of a target , a DTI plot or two—dimensional image tends to paint out a

high amplitude specular response which extends the length of the surface in

cross range. At these aspects , the current on the illuminated surface can be

approximated by two times the value of the tangential incident magnetic field

(physical optics) . We can think of the smoothly varying current as a series of

discrete but contiguous currents, as if they were from a line array of point
• - targets. As the aspect angle of the surface changes, each of the point targets

- - gives rise to a response in Doppler or cross range, and if the data are wideband

the slant range to each point changes. For data near the normal , the Doppler

- 
response functions of each point overlap

and the effect is to paint out the over— S~rface

all extent of the surface as shown in Fig— ~ 
Extent

ure 1—37. The resolution of the surface
• ~~ - •—

~ “ ‘ ‘ ‘r  ~~~~‘~‘“in slant—range is given approximately by 
~~~ / ‘J \)~ ~\f \)

[ 
the pulse width. Illustrations of two— . / L’ _ 1” A / \ J ’\ ‘~‘

dimensional wideband Imaging of smooth sur— - 

05S nge

- faces are shown in Section 4.3a. Figure 1—37

- 
I 

i.5b Integral Technique for Obtaining Radius Profile Estimates
from Cross Range Responses at Specular Flash Aspects

Coherent processing of narrowband radar data has somet imes been based

on an integral technique for estimating the radius of curvature of an axially

symmetric target . The method is valid at specular aspects near the perpendicu-

lar to the symmetry axis and requires physical optics approximations to hold.

Under these conditions, a Fourier transform of the amplitude and phase at specu—

lar aspects may give an estimate of radius profile. The processing is similar

to that of a DTI plot except for minor modifications.
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Under the limiting conditions stated, the physical optics formula for

radar scattering approaches a Fourier transform integral form with a complex

I radius profile function as the main argument of the integral. From the inverse

relationship, an approximate formula for the radius of curvature R(z) can be ob—

( tam ed as given in (1—90) where (z) is the position along the symmetry line:

I 

- 

R(z) 
~~ if A(0) ej2~cOZ d0J

2 
(1—90)

The target response in (1—90) is given by

- A(O) fa(e) eJ~~
0) 

(1—91)

where a is the radar cross section and ~(6) its phase.

For simply shaped smooth bodies obeying physical optics, the formula

theoretically predicts body dimensions and unambiguously displays location and

separation of major body features. For complicated bodies which are not rota—

tionally symmetric and do not obey physical optics, the length and radius esti-

mates obtained from the transform will be in error. The technique is sensitive

to small changes in the RCS measurement such as calibration errors.

Plots of radius profile estimates

are shown in Figures 1—38 and 1—39 for a

small right circular cylinder and a cone— UN W EI GHT E D W E I G H T E D  RESPONS E

— -• TRUE PROFILE

F 
cylinder frustum. The data processed were \ /  ~,-41~
from the General Dynamics narrowband model 

~ I

- range discussed in Section l.3d, where DTI

1. plots for these models are shown. The
CROSS RANGE (I.)

- - 
profile estimates were made with and with—

out a Hamming weight multiplying A(O). The Figure 1—38
radius profiles which result from using un—

t J weighted data show considerable oscillation, whereas the use of a Hamming weight
- - on the RCS data smooths the radius profile.

With or without weighting, the profiles are not exact because of the

limiting approximations required to form the integral. The short conic secjian

weighted response In the bottom of Figure 1—39 is Jov because tffè añ~Ie

1—64

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~ 
_ _



_=.=-,_— -.
~~~~~~~ 

— -
~~~~~~~

----—- —-- -

~~

-

~~

-.,

~~~~~~~~~~

.-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

--—-- --- -- -

~1

- - integration span was reduced by the CYLINDER RESPONSE 
WE IG H TED

weighting, and the mainlobe of the RCS

pattern of that section - was not fully I

Included in the integration. Inclusion ——~~~~~ — -—
~~~~~~~~~~

• of mainlobes can be considered a condi— UNWE IGHTED

tion on the integration span. This in—

verse transform relationship has sometipies 

~~~~~ 
~I 

—

been called the “Blasberg approximation” .

CONIC SECTIO N R ESPONSES 
-

Figure 1—39
1.6 TRANSLATIONAL MOTION COMPENSATION

1.6a Range Smoothing

In the preceding discussions and those that follow, the Important as-

sumption is generally made that translational motion effects on the radar data

have been removed in such a way that the data have become like those that would

have been received from a target rotating about an axis passing through one tar-

get point fixed in slant range. This compensation is often made in space object

tracking signals by using slant range from a metric data recording. The metric

data are assumed to be a noisy representation of the distance to the target cen—

ter of mass and are smoothed over significantly long averaging times relative to

signal integration times. Compensation values are calculated from time delays

corresponding to the smoothed range data. If the smoothed range to the target is

R at some given time, and R was determined from an assumed propagation velocity

• - c, then the corresponding time delay is tr 
— 2R/c (tr may be given directly in

some recordings) . Then a phase compensation value may simply be given by r
2irf t , where f is carrier frequency and 

~r may be subtracted from all the

phase samples recorded for a set of data from one pulse transmission. Wideband

amplitude—range sweeps may be aligned to follow the smooth range curve (If the

real time tracking is not smooth enough) by calculating the residuals between

smoothed and unsmoothed data and realigning the sweeps accordingly in a new

data array.
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• Metric range data usually are measures of range tracking gate positions,

- 

the gates being positioned by attempts to follow either some reflection point on
- 

the target or some version of a centroid of the radar returns. Since an actual

reflection center cannot generally be expected to exist at a mass center, nor can
• reflection effects across a target necessarily average out to make a mean posi—

- tion of the radar returns coincide with the mass center, metric range data can
only approximate the path length to the mass center.

Smoothing of the range data may be accomplished by using restrictive
- -- parameter models, like a six—parameter Kepler orbit for a spherical earth, or
• other free—flight models with higher order perturbation effects taken into ac-

count. Range and angle data may be used together in available orbit or trajec-

tory parameter estimation routines, giving heavier weights to the range data for

best results. Increasing accuracy in the center of mass motion model will not

necessarily remove the translational motion effects more accurately. There is

the fundamental limitation, mentioned previously, that the original data are not

necessarily based on an exact tracking of the center of mass. Thus smoothing

may sometimes be accomplished well enough with simpler models, like fitting of
- - a polynomial to the range data alone.

- 
The range values that are used in the final compensation calculations

should represent the true propagation path time delay, which does not necessarily

correspond to the straight—line path between radar and target. Also, attention
- 

must be given to the number of significant digits used in range or time delay

recordings and in the smoothing routines. It should be ensured that the smoothed

range data will have a least significant digit equal to a small fraction of a

half—wavelength, or finer.

Refractive bending in the troposphere will give errors in the true

slant range if a straight—line distance is desired for true target position in-

formation, but for the one or two—dimensional image processing the refraction

errored range, or true propagation path length, is the required value. For the

troposphere, the time delay based on pulse position delays is applicable to

calculate phase time delays. However, some difficulty may be encountered if
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there is significant ionospheric refraction. The pulse delay (which is depen-

dent on the group v3locity) is different from the phase delay (which is depen-

dent on the phase velocity) because of interactions within the ionospheric plas-

ma. The difference between group time delay and phase time delay is dependent

on an integrated electron density factor, which may be obtained from knowledge

of the ionospheric profile along the propagation path. This is difficult to

J 
obtain accurately from models or sounding data. Alternately, if measurements

of the differences in group time delay are made between two significantly dif—

ferent center frequencies reflected from the same target, then estimates of this

Integrated electron density factor may be made which can be used to calculate

the phase and group delay differences at other frequencies. However calculated ,

an exact phase compensation for ionospheric delays requires data not directly

obtainable from single frequency radar measurements. The ionospheric compensa-

tion may not always be necessary, but ignoring the effects may lead to Doppler

frequency biases in the processed data or, in worst cases, to distortions caus-

ing loss of resolution in Doppler frequency.

In linear F—M pulse compression systems there is a range—Doppler ambi-

guity in pulse envelope positions which may require special handling, depending

on the degree of the ambiguity. The pulse envelope returns in wideband systems

should be aligned on the basis of the ambiguous total range—Doppler time delay

positions, i.e., on the slant range which has not been compensated for the ve-

locity error in the time delay. The phase compensation should be based on a

velocity compensated time delay, i.e., the true time delay path length to the

• target.

l.6b Doppler Smoothing

• Another means of phase compensation may be obtained with narrowband

data if the sampling rate, as determined by the pulse repetition frequency (PRF),

is high enough so that a gross Doppler frequency variation of the target may be

estimated directly. Signals could be Fourier transformed without any phase com-

pensation over time spans short enough to allow linear approximations for the

gross translational motion, implying that the Doppler resolution cell would be

wider than the relative Doppler spread between scattering points. The gross
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velocity would be expected to change from one integration span to the next, and

even move through the Doppler ambiguity intervals dependent on the PRF. However,

if the variation is slow enough and the PRF is constant, the ambiguity may be

readily resolvable through an obvious unfolding of the response functions in a

series of DTI plots. If the PRF changes, then a range rate from the metric
slant range curve may be useful in resolving the ambiguities. Also, a logic of
correct positioning of smoothly changing responses may be invoked across PRP

changes.

With the ambiguity resolved , the gross Doppler frequency data as a
function of time may be smoothed in the manners suggested for slant range data,
and an integration of the smoothed Doppler frequency function may be used for a
phase compensation (the lack of an integration constant would not be signifi-

cant). This integration could be easily accomplished if a polynomial model is

used in the data smoother. The compensation from the Doppler data would give

a true phase time delay correction rather than a group time delay.

l.6c Error Effects from Range or Doppler Smoothing

- - Minor errors In the estimate of a smoothed translational motion com-

pensation from gross slant range or Doppler frequency data may result in little

more than a slow bias drift in the overall image function across a series of in-

tegration spans during a track. - A DTI display for narrowband data may have the
responses drifting to one side or the other of an ambiguity window, with similar

drifting effects of an RTI display of wideband data. Two—dimensional images may

appear to drift in both directions.

- More serious errors in the compensation would occur if the residual

between the smoothed phase time delay estimate and the true value has signif I—

cant quadratic or higher order coefficients. Then resolution will become poor

in the Doppler response functions, which can be -considered to be defocused. If

other means of obtaining a better estimate are not possible, then an additional

quadratic compensation term might be added to the first estimated function.

The coefficient of the quadratic can be varied in a series of response calcula-

tions with the same data until the responses appear focused. If there are point
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scatterers, this focused condition occurs at the coeff icient value for which
the point responses are highest in amplitude as well as narrowest. A similar

tuning may be effected if just the carrier frequency term is slightly varied

across some range of frequency deviation values. Corrections using more than

one polynomial term would require searches in more than one dimension and could

become quite time consuming.

With wideband data, a linear error term in the compensation residual

function can cause defocusing in a two—dimensional image. However, this type

of variation should be fairly obvious in an RTI plot, which can then be used to
make additional corrections (for linear or higher order terms).

l.6d Point Scatterer Compensation

In wideband data, the most direct means of removing transl~tional mo-

tion is to track an isolated point scatterer as a function of time in ~ me ver-

sion of an RTI display and align all sweeps on the peak of this po. ~ponse.

The phase measured under the peak of the pulse from this point in an ~ . ~ep

can be subtracted from all the phases in that sweep. Thus, the refeL- n c ~.~ point
• will be forced to have a zero phase angle, independent of target rotation angle,

and that point will be the effective center of rotation in any imaging results.

- - For a rotating set of points, the point with zero phase angle may be defined as

• the center of rotation from the previous analyses.

The point reference technique is not considered as general as the data

smoothing technique because a truly isolated reference point cannot be guaranteed

to be always present on various types of targets. If an isolated reference point

is present at some aspect angles, such a point may not be seen at other aspect

angles. If different points do seem to appear isolated at different aspects,

then the different points may be made to become the centers of rotation in turn,

and sets of images might be suitably adjusted through a visual correlation.
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SECTION 2

1 REVIEW OF MATHEMATICS

2.1 VECTOR COMPONENTS

A vector may be def ined as a quantity that can be represented by a

j  directed line segment. In this discussion, vector quantities will be denoted

by a letter symbol capped with a mark, such as U. In the Cartesian coordinates
I -3.

of Figure 2—1, the vector U is specified by components X ,  ‘
~~~

‘ Z , along the
or thogonal X, Y, and Z axes.

p 
The magnitude of a vector is a 9-z j  4 z

scalar quantity and will be represented
Z 

~— ~ by the same symbol as the vector, but u

• without the cap (lv i = U). The magni— ‘.-

-

• 

of in Figure 2—1 can be expressed

= u = + 
~u
2 

+ Z 2 (2—1) 
~~~~~~~~ ~

~1
’ 1

5. The unit direction vector will n~ 
____

_
~
•- _._ \ /

specify only the direction of a vector ‘

and not its length (assuming it is not

unity). It may be considered a normal— Figure 2—1

ized version of the original vector. Unit direction vectors may be used to
-4

specify the directions of coordinate axes, such as the orthogonal vectors X ,

~n’ ~n’ 
in Figure 2—1. The vector may then be described by

-3- + + 4-
U = X X  i- Y Y + Z Z  (2-2)

n u  n u  n u
• - .  9-• The unit vector direction of U may be expressed as

9- X Y Z
+ U -‘ u -~ u 9- UU = — — X  — +Y  — -i- Z — (2-3)n U n U  n U  n U

where U was given in (2— 1) .

2—1
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- A vector may be specified in another form by the magnitude plus two
angles , such as the azimuthal angle, ct, and elevation angle , B, in Figure 2—1.

With these coordinates, the vector components in (2—2) become

X = Ucos8 cos~
Y = UcosB sina (2—4)

• Z =UsinB
U

S.

• 2.2 COORDINATE ROTATIONS

— e

Vectors may be specified in one coordinate system which, itself, Is
rotated relative to another coordinate system, and the relationships between
the two systems in terms of vector components may be required. A completely

arbitrary relative orientation of coordinate systems may be specified through

three rotation angles, sometimes called Eulerian angles. These rotations will

be illustrated one step at a time. First, 
-

let the X—Y—Z system of Figure 2—1 be ro— Z = Z1
tated through an angle ~ about the Z—axis

so tha t X and Y have new positions at X
1 

y

- and Y1, as shown in Figure 2-2. Then It

may be seen that the projections of a V 
1

vector onto the new axes, such as may be •

< 

— 
‘I

specif ied by a new set for i~, x1i~ ~~~~~~~

Z , can be used to determine the cor— X / lu
lu
responding x~ ~u’ 

z components by com— X
1

L. bining the component projections of X
lu 

Figure 2—2

and Y
1
. The equations that result for these relationships are the following,

!. where the subscript u is omitted to simplify the notations,

X X1 cos4 
— Y

1 sin~
• Y X

1 sin4 + cos~ (2 5)

z = z l

2-2
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The set of equations in (2—6) may be expressed in matrix notation as

~ —sin4 0 X
1

- • 
= J sin4 cos4 0 (2—6)

~ L° o 1 
-

The second rotation will be through an z z
2 

~~ 
I 1

angle 0 about the axis to give a sec—

ond new set of axes, X , Y , Z , as il—2 2 2
lustrated in Figure 2—3. The relation—

ships between set 1 and set 2 can then /

be derived in a manner similar to that =0 1 2
for the first rotation to give x

1 x2
Figure 2—3

X1 cosO 0 sine [x2
= 0 1 0 (2—7)

Z
1 

—sinO 0 cosO Lz2
The final rotation will be through an angle IP about the Z2 axis as shown in

Figure 2—4. The resulting third new

coordinate system is related to the sec— =

ond new system through

• x2 ~ /x 3
- Figure 2—4

X2 
—sin1~? 01 X

3
= sinij’ cos~ 0 Y

3 
(2—8)

z2 [0 o 1] z3

The relationship between the original X—Y—Z system and the final X3
—

Y
3
—Z
3 
system is obtained by substituting (2—8) into the right hand side of

(2—7)  and (2—7) into (2—6) to give

• 1.
•. 2—3
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__~~o:~ ._.~ ~~~~~~



~~~~~~~~~~r~
-’- 

~~~~~~~~~~
----- — --- —-

~ 
- ----- ----- -

~~

ö5

X cos$ —sin4 0 cosO 0 sinO cosll, -sin~ 0

Y = sIn$ cos4 0 0 1 0 sin~ cos~’ 0 Y3

- 

Z 0 0 1 —sinO 0 cosO 0 0 1 Z
3

• me (2—9a)

- - and completing the matrix multiplications

X (cos4 cos0cosl~ —sin~sini~) (—cos~cos0sIn~ —sIn~cos~) (cos4sin0) X
3

• 
Y = (sin4cos0cosi~ +cosc~sIn~) (—sin4 cosBsinij~ +cos~cos~) (sin4sin0) Y3

Z (—sin0cos*) (sinOsin~j,) (cos8) Z

(2—9b)

• • Thus, a rotation transformation matrix has been derived which relates two

arbitrarily oriented coordinate sets. In more compact forms,

- X a11 a12 a13 X
3

- - [U] = Y = a21 a22 a23 — [A] [U
3
] (2—10)

Z a31 a32 a33 Z3

+
- where the column matrix [U] represents the vector U in the original coordinate

L. system and [U
3
] represents V in the final system after three rotations-. The

components of the square matrix A, a11, a12 , etc., are specified by the corre—
sponding terms in (2—9b).

An important property of a rotation transformation matrix such as

[Al is that the final system may be obtained from the first system through a

transpose of the transformation matrix, i.e., the inverse of A is equal to the

transpose of A. Thus,

[U
3

] [A] T[u] (2—11)

or
1.

2—4 -
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X
3 

a11 a21 a31 X

= a12 a22 a32 Y (2—12)

Z3 a13 a23 a33 Z

This rule applies to a transformation matrix for any one rotation, such as the
matrices of (2—6), (2—7), and (2—8), as well as to matrices representing second

t T 
and third rotations.

~ -y

2.3 MULTIPLE VECTOR ALGEBRA

2.3a Addition and Subtraction

I I
- Multiple vectors may be summed in any order or combination:

1. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2-13)

The summations imply that the corresponding components are added. Using the
55 

notation of Figure 2—1,
q .

+ 9 + + + +

A + B + C X (A +B + C ) + Y ( A  +B + C ) + Z (A  +B + C )n x x x f l y  y y n Z Z Z

+ 

(2-14)

A mean vector , Vm~ 
can be ob tained by averaging components , which may be re—

F presented in terms of a vector series V
1 as

• + 
N

V —  ~ —
~~~ (2—15)

t _ .  1=1

A sometimes useful relation is the mean direction between unit vec—
• 

I 
- 

— 

tors, such as a set V~1. In this case, the resultant average vector must be
• normalized to give another unit vector, ~~~ , which will represent the mean

direction, such as in

- t

2-5
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V 1-. + 
(2—16)

Vm
V —inn

m

2.3b Dot Products
.5

A scalar or dot product of two vectors is specified by the notation
~~~~~~~
A B  and represents the operation

• 
9 -*- 9 -9-

A 8 = B A  = A B + A B + A B = ABcosO (2—17)x x  Y Y  z z
• -- According to (2—17), the dot product is equal to the sum of the products of com-

ponents and is equal to the product of the two magnitudes and the cosine of the

- 
angle, 0, between the two vectors.

As an example of one application, the angle between the radar line—

of—sight as specified by unit vector R, and a body symmetry axis, as specified
by unit vector illustrated in Figure 2—5,

- may be obtained through a dot product as

0 arccos (~~~~~~~~~) 
(2—18)

\~~~
O
y

f

In other applications, the dot
- 

product may be useful to obtain the pro— Figure 2—5[ jection of one vector onto another. For

example, the relative slant range, ~R, +

between a pair of target points separated R

by vector distance may be obtained as _ (Point 2

Lcos0 = (2—19) 
~~~ 
S 

—

~~

where Is a unit vector, as sketched in L cosO

Point 1Figure 2—6.

2—6 

Figure 2—6

( i 
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If one of the two vectors in a dot produc t is the sum of vectors ,
then component dot products may be summed, for example

+ + + + 9 -  + 9 -

- - 
A’ (B + C) = A~B + A C  (2—20 )

2.3c Cross Products

55 A cross product results in another vector and Is specified through
-- the notation
S. + + +A x B M (2—21)

where
‘S

-- 
= ABsinO (2—22)

+
The direction of M is orthogonal to A

- an. B, and 0 is the angle between A and

I ~ , as sketched in Figure 2—7 . Changing

the order of the multiplication changes 
____________ -

the sign of the resultant. 
/

/

A x B - B x A  (2-23)
r /

/

j  In terms of its components, the cross

- 
product may be specified by the deter—

- minant formed from the axis unit direction Figure 2—7
+ 4- +vectors X , Y , Z and the components according to

- 
n n n

- + + +-- x Y Zn n n

x = A
~ 

A~ A (2—24)

B B Bx y z

or

- ~~x~~~~.i ~~( A B  - B A ) + ~~~ ( A B  - A B ) + ~~~ ( A B  — A B )  (2—25)
fl y z  y z  n z x  X z  n x y  y x

r

i 
2-7
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A plane surface orientation may be defined by two lines in the plane ,
+ +which may be specified by vector directions A and B, as was illustrated in Fig-

ure 2—7. Then, the normal unit vector, 
~~

, to the plane will be a more compact
definition of the plane orientation and may be obtained from a normalized cross

product

9- +
- A x E

4- +
- -  IA x BI

Other rules sometimes useful for multiple vectors are

.9. 9 + + -3. 9. 9-

A x ( B + C ) A x B + A x C  (2—27)

-9. -3. -9- -3- -4- -9- 9- + -4- -9-A•(B x C) = (A x B) •C = C~ (A x B) = B(C x A) (2—28)

+ + + + 9- -)- + 9-  +A x (B x C) = (A C)B — (A B)C (2—29)

- 

- 

(X x V) (V x V) = (X V) (L V) — (~ •V) (V V) (2—30)

2.3d Time Derivatives of Vectors -

If the components of a vector are time varying, then the derivative

of the vector may be obtained from the derivatives of the components. If

~~~- -9- + -* +
U = X X  + Y Y  + Z Z

f l u  n u  f l u

then
- - . + dX dY dZ+ dU + u + u u -

U = ~~~~~~~~~~= X — ~~~~~~~+ Y — ~~~~~ + Z — ~~
— 

(2-31)

The derivative of a dot product may be obtained by

+ 9-
d -‘- -‘- -9- dB -)- dA
~~~~~

- (A-B) = A ~~
-
~~

- + B (2—32)

The derivative of a cross product can be obtained as

+ +
d -~ + 9- dB dA -

x B  (2-33)

2—8

~~~~~~~~~~~~~~~~~~ •i~~~~~~~~ - - ••  
.



_________ - —~~~~~~~~~~~~

t~
.

If a vector is changing with time, the derivative of Its unit direc—

tion vector can be used to determine a rotation vector. For instance, if radar
+ d~line—of—sight unit direction vector R is changing, then will be a vector

orthogonal to R with a magnitude equal to

the instantaneous rotation rate. This +• t~R
may be seen from the sketch in Figure 2—8,

where a differential change moves from 
~~ . ~ 

-

R1 
to R

2 
through an angle ~~~~~. Since the

magnitude of RL~4, the approximate

derivative is z R ~, and since R = i , Figure 2—8

I~ I ~~ 
, or in the limit, = . The direction of is orthogonal to

R since ~~ (R •R) = 0 = 2R~~~- , from the rule (2—32), which cannot be true unless

d~ 
+ -±

- - 
~~~~~

- is orthogonal to R. An instantaneous rotation vector, 
~R’ 

for the changing

-3-

R may then be obtained using a cross product

+ d~= R x -~-~- (2— 34)
e _  + +

where 
~R 

is parallel to the instantaneous axis of rotation of R and has a magni-

tude equal to the rate of rotation.

2.4 MATRIX OPERATIONS

Matrix formulations were involved in the previous sections on vector

computations, which indicated some of the associations and interchanges of the

two types of notations. A few el’ ’ientary matrix rules will be briefly explained .

An N—dimensional vector may be specified by a column matrix, such as

a

a2
A = a3 (2—35)

2—9
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The transpose of this matrix is a row matrix

A =[a1 a2 
a
3 

. . . ]

The equivalent of a vector dot product of two column matrixes, A and B, is the

operation

J BTA = ATB = a1b1 + a
2b2 

+ a
3
b
3 
. . . (2—36)

or 
B
TA~~~~~ajbj

The sum of the square of a series may thus be stated in matrix notation as

= A
TA (2—37)

From (2—37), the multiplication of a column matrix that is M units

long by a row matrix M units long results in a single matrix that consists of

one unit. The rule for multiplying multidimensional pairs of matrices is that

the rows of the first matrix are multiplied by the columns of the second mat-

rix to form a third matrix. Thus, for a matrix multiplication to be valid,

there must be as many elements In the rows of the first matrix as there are

elements in the columns of the second matrix. If the first matrix has M rows

and the second matrix as N columns, then the final matrix will have M rows

2 and N columns, regardless of the number of columns in the first matrix or rows

in the second matrix. As an example, let

[a11 a12 a13 A1
A = 

[a21 a22 a23 
= 

A2

(2—38)
b11 b12 b13

-
• 

* B = b21 b22 b23 = [B
1 

B
2 B

3
]

b31 b32 b33

1 •

2-10
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where A
1 
represents the row [a11 a12 a13] and B1 represcnts the column [b 11

b~1 
b311 , etc. Then, multiplying rows of A times columns of B gives the fol—

lowing

t !‘ A~B1 A1B2 A1
B
3

-C 
AB = (2—39)

. - A
2B1 A2

B
2 

A2B3

- 
where A1B1 

= a11b11 + a12b21 + a13b31 in the dot product sense of (2—36) and

other terms of AB are formed from corresponding summations. In the previous de-

rivation of vector rotation relationships, (2—9a) shows a multiplication of

three 3 x 3 matrices in the form ABC. The products may be taken in any combina-

tion, but the order must be maintained according to

I ABC = (AB][C] = A[B C] (2—40)

- - Each combination in (2—40) results in a 3 x 3 matrix, so the resultant ABC is

a 3 x 3 matrix as shown in (2—9b).

A transpose of a general matrix implies that rows and columns are in—
- terchanged, as in

- -iT
a11 a12 a

131 
a
11 a21

• a21 a22 a
23j 

= ::: ::: (2—41)

A square matrix, A, may have an inverse designated , A ’, such that

the product

= [I] (2—42)

• where I is a diagonal matrix with unity elements along the diagonal and zeroes

everywhere else. An example of a 3 x 3 unit matrix (or identity matrix) Is

rl 0 o~[I] = ~O 1 0 1 (2—43)

~ Lo 0 lJ

2—11
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A square matrix times a unit matrIx is equal to the square matrix

[A] [I] — [I] [A] — [A] (2—44)

In general, a square matrix is called diagonal if all of its elements

except those along the diagonal are zero , and the diagonal elements are not

I 
necessarily equal in this definition.

I A three--variable set of independent linear algebraic equations may be

stated as

c1 X11 + c2 X21 + c
3 X31 b1 

(2—45 )

- 
where the index will run from i = 1 to 3, and if c1, c2, c3 are unknown con—

— 
stants based on measured or known values of X1~

, X
2~, 

X31, 
and b1, then the

unknown values could be solved from three equations represented in (2—45).

The matrix form of (2—45) would be

X11 X21 X31 
C
1

t x12 x22 x32 c
2 

(2—46)

-- 

X13 X23 X33 
c
3 

b .

which could be represented by a compact form

—-
• L [X] (C] = [b] (2—47)

- where the terms in (2—47) should be readily identifiable with those in (2—46).

I There is no process for the equivalent of algebraic division with matrices;

however , the inverse may be used in a somewhat similar fashion, although the

operation is still a multiplication. Thus, the solution for [C] is obtained

by using the matrix inverse of [XJ, observing the rules of multiplying in the

proper order, and noting that [xf 1
[x j  = [X] [X]~~~ — [I]. Therefore,

- - [X1
1 

[Xi [C] = [X]
1 

(bI (2—47)

- - or 
[C] = [x ] ~~ (bi

2—12
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- There are several methods f or Inverting a matrix to obtain [X] 1 
which are des—

cribed in a variety of matrix algebra textbooks. Most computer libraries have

- matrix inversion algorithms which can be used by the more practical analyst

without concern for the detail.s of operation. The greater concern is whether

the matrix inverse exists (i.e., is not singular), and this depends on the
nature of the data set used to form the matrix. In practical computations,

although a matrix may theoretically have an inverse, the quantities may be of

such a form that computer round—off limitations may make the matrix inverse

meaningless. Standard computer algorithms usually have tests for such singu—

larity conditions.

In the very special case of rotation matrices, such as those of (2—9a)

• and (2—9b), the inverse was equal to the transpose, and these are called ortho—

gonal matrices, i.e., if = AT then M
T 

— [I].

Other matrix operations which may be usef ul, where A and B are mat—
rices of the proper orders , are

A + B = B + A  (2—48)

If m Is a constant or scalar quantity,

• a11 a121 Ima1i ma,21
. m I I  I (2—49)

a21 a
22j Lma21 ma

22j

- : m[A + B] = mA + mB (2—50)

—1 1 —l[mA] = — [A] (2—51)

- 

[A] [B + C] = Az + AC (2—52)

- 
a11 a12 

da11 da12

= a21 a
22] 

= d d (2-53)

2—13 
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i 
[AB] + CA] I~I (2 54)

If A = B , then , in general ,

• I 
# 2A~~~ (2—55)

I since the order of multiplications, is not preserved.

I [AB ]~~ = B 1 
A
1 

(2—56)

[AB I
T 

= B
T 
A
T 

(2—57)

I

*

: L
-; 

——

I ;~
~ 

I,. -

I
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SECTION 3
- -r

RANGE AND RANGE RATE RELATIONSHIPS FOR COMPLEX MOTION

3.1 REVIEW OF FREE RIGID BODY DYNAMICS

If no torques act on a rigid—body target, its angular momentum will

remain constant according to the principle of conservation of angular momentum.

Angular motion about the center of mass will be constrained to certain modes
dependent on the target’s moments of inertia and the conditions when torques

stopped acting.

Assuming an x—y—z coordinate system with an origin at the mass center,

-~~ the moment of inertia about the x—axis through the center of mass may be de—

f ined by the volume integral

-
~~ I = 5 r2 p dx dy dz (3—1)

where r2 = y2 + z
2 and p is the mass density function. For I , (3—1) may be

modified with r
2 

= z2 + x2, and 
~~~ 

r2 = x2 + y2 . A cross moment or product of

inertia between the x and y axes may be defined as

= f (xy) p dx dy dz (3—2)

For I~ and the product in parenthesis is correspondingly changed. The

total angular momentum, i~~, of the body may be obtained in terms of rotational

velocity components, 
~~~~

‘ 
~~~~

‘ ~~~~‘ 
about the three axes and the moments and pro—

I. ducts of inertia as defined in (3—1) and (3—2) according to

[EE] = :E :1;E:] [:~
where Hx~ Hy 

and H are the angular momentum components. The moment of inertia

matrix is square as can be seen in (3—3), and is symmetrical as may be inferred

from (3—2), for example I = Ixy yx

3—1
V

1~
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It can be shown that in any rigid body a set of axis orientations can

be found in which the products of inertia are zero, i.e., the inertia matrix may

be diagonalized, and the moments of inertia about these axes are called the prin—
cipal moments. If x—y—z are principal axes (3—3) becomes -

H 0 ol w lx xx j x~
H = 0 I 0 !  w I  (3—4)yy

H 0 0 I I  w Iz zzj zj

The simplest mode of target rotation is a simple rotation about one of

the principal axes, implying a single rotation rate. A torque free target can-

not simply rotate about an axis other than one of the principal moment axes.

Objects that have more complex modes of rotational motion in an initial state

but lose energy through various means tend to approach a state of simple rota-

tion about the axis having the greatest moment of inertia.

The principal moment axes of a body with an axially symmetrical mass

distribution, like a solid cylinder , include the axis of symmetry. The other
two principal axes are then orthogonal to the symmetry axis but their locations

are ambiguous and the moments of inertia about these two axes are equal. The

sphere is a special case for which all three principal axis locations are ambi—

guous and the three principal moments of inertia are equal.

L
Let the principal moment of inertia about an axial symmetry axis be

labeled and the principal moment about an axis orthogonal to the symmetry

axis be ‘T~ 
An example of such as object which may be of interest is a solid

circular cylinder of rad ius r, length L and total mass M for which the princi—

pal moments and their ratio may be shown to be

= M r2/2 (3—5)

- - 

(cylinder)
= M(3 r2 + L2)/l2

I
S/IT 6 r / ( 3 r + L )

3—2
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- - A second object of interest might be a singly truncated, right circular, solid

cone, with base radius r and altitude or length along the symmetry axis equal to

L, for which

I5 3 M r 2/lO

• (cone) 3 M(L2 + 4 r2)/80 (3—6)

2 2 2IS/IT = 8 r /(L + 4 r

Relative rotation rates of axially symmetrical bodies are dependent on the ratios

of the moments of inertia, as will be shown.

A freely rotating symmetrical body has a general mode of motion which

can be described as a “spin” of the body at a rate about the symmetry axis

and a rotation or “precession” -of the symmetry axis about the total angular

momentum vector with a precession rate w while a constant precession angle, 0,

is maintained by the spin axis with respect to the total angular momentum vec-

tor. Thus, the spin axis sweeps out a cone about the momentum vector. The re-

lationship between these three variables and the moments of inertia will be

derived in the following analysis.

Assume that two principal moments of the body are equal to 1T which
may be unequal to the third principal moment 

~~~~ 
as sketched in Figure 3—1,

where the symmetry or “spin” axis direction is defined by ~ , and the axis

might be called the “tumble” axis. If this body Is in -a steady state of motion ,
+ +

then its total angular momentum, H, does not change; i.e., dH/dt 0. At some

instant in time, let the body be simply rotating about its symmetry axis with

a rate at an arbitrary angle, 0, wIth respect to a z—axis , as sketched in

Figure 3—2.

l axis z~~~~0

S ~~~~~- 
_______  .. I~ axis

Figure 3—1 Figure 3—2

3—3
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Then this body will have angular momen-

tum with components along the z— and Z

y—axis as sketched in Figure 3—3 , where +

+ 
~~~~ = ‘s’~s• Hs~ I = I

~
w
5 
cose hj

sz 
— —

+ 0
JH5 1 — sinO 

~~

•

~~~

-

~~~~~/

The Figure 3—3 conditions are steady—state — 
7 y

since i~ , the total angular momentum, is Hgy
not changing. Figure 3—3

As a different condition, let

the symmetry axis, ~~~, rotate about the z—

axis at a constant rate, w , while main— 
/

taining a constant angle, e , and letting P~~~\\.~~pS1T10 ,,,
,.

~
be zero. Then has components along

the I and I axes as shown in Figure 3—4.

-- The angular momentum due to can be de— 
~~~~~~cosOtermined for one instant in time, as shown - p

in Figur . 3—5, by using the components 
I

along the body principal axes as formed Figure 3—4
in Figure 3—4. The magnitudes of the

resulting compnents are

+ z
~H = Iwc o s 0

- -  
S p  (3—8) - 

+
I H — I = I w s i n 0  HT p  p

which then give components along the y—
I i  •~ +

axis , which are opposite in sign, and 
+ ,‘

which have magnitudes Tp’

~~~~ 
I
T
W
p
SinO cos0 

(3-9) 
HT~~~~~~~~
:/

~~~~~
P

i~spy I IsWp~~~
O cosO -

Tpy Spy

Figure 3—5

3—4
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+ 

Now the total angular momentum, ~~ due to is the sum of H
s~ 

and
and is not , in the general case , parallel to the z—axls , as illustrated in

1 Figure 3—5. Stated in another way, the two components in (3—9) are not equal

in the general case. Consequently , i must change with time if a constant rate

of w is maintained, which requires a torque. However, if the spin about S is

reintroduced, then the angular momentum, i
~sy~ 

from Figure 3—3 might be added to

I cancel out the y—axis components due to w .  Thus the resultant total angular

momentum would appear only along the z—axis which would not require a change in

total angular momentum with time. This cancellation of y—axis components can
- - 

be obtained if
+ + +
H +H +H = 0  (3—10)Tpy Spy Sy

From Figures 3—3 and 3—5 and corresponding quantities in (3—7) and (3—9), (3—10)

leads to

-- ‘T~p 
sinO cosO + I5w~ sinO cosO + sin0 = 0 (3—11)

L Combining terms yields

- - 
I
T
W
p ~~~ 

= ‘S~~p 
cosO + w~ ) (3—12)

or
- -  r1 -

S I T
— = cosO 

~
-j-— — 1 (3—13)
L s

Equation (3—13) gives the general conditions required for free rotation of an

axially symmetrical body (or any body with two, equal, principal moments). As

can be seen, the relationships between the two angular rates and the precession

angle are dependent on the ratio of moments of inertia, for which cylinder and
cone examples have been given in (3—5) and (3—6).

The spin rate, 
~~

, in (3—13) is not the instantaneous total rotation

rate about the symmetry axis. The total instantaneous rotation vector is deter-

mined, by the sum of and The component of this total rotation vector

along the symmetry axis can be seen to have a magnitude

‘
~ST = ~s + o~ cosO (3—14)

1 
-

I
____ -
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~~~~
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In terms of this total spin rate, by substituting (3—14) in the right hand side

of (3—12), the equations become

cosO = I
S
WST (3—15)

or

U) I
—

~~~~~ 

= -j-
~ 
cosO (3—16)

One can see from (3—15) that, for smaller 0 angles, the ratio of total spin rate
to precession rate will tend to be high if the moment of inertia about the tum-

ble axis is much greater than that about the spin axis, as might be expected for

an elongated object. For objects with squatter shapes, the spin rate may ap-

proach the precession rate. If IT/IS = 1 , is zero from (3—13) or =

cos0 from (3—16), which means that the body is simply rotating with a total

rotation rate w , as would be the case with a sphere.

If all three principal moments of inertia are unequal, then the pos-

sible modes of motion are considerably more complex, and parameters cannot be

as simply related as in the symmetrical body case. Derivations of relationships
*

may be found in various mechanics texts and will not be attempted here. How-

ever, the Poinsot construction, described in these texts, may be very usef ul in

envisioning this general complex motion and is briefly discussed here.

1 - i  r
The Poinsot construction can be used to describe the relative positions

of a body ’s principal axes by the use of an “inertia ellipsoid” that has its

J 
three semi—axes parallel to the principal moment of inertia axes of an actual

body. The ellipsoid semi—axes are given lengths proportional inversely with the

square root of the corresponding principal moments of inertia. For example, an
- - 

elongated, symmetrical object would be represented by an elongated ellipsoid,

or prolate spheroid, with the semi—major axis parallel to the body symmetry
axis. As indicated in the sketch of Figure 3—6, the Poinsot construction consists

*Such as Goldstein, Classical Mechanics (Addison—Wesley, 1950) and Arnold and
Maunder , Gyrodynamics and Its Engineering Applications (Academic Press, 1961).
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Figure 3—6

• of positioning the center of the inertia elliposid at a fixed position above an

“invariant plane” and allowing the inertia ellipsoid to roll on the invariant

plane without slipping. The point of contact on the invariant plane traces out

a path on the plane called the “herpolhode1t , and the trace of the contact point

on the elliposid is the “polhode”. In the general case, the polhode will close
- -  

‘—~n itself, but the herpoihode does not necessarily close on itself. One should

- see from this construction that a symmetrical body with a large tumble axis mom-

ent of inertia will produce many revolutions of the body about the spin axis

- - 
for one complete cycle of the spin axis attitude, or one precession cycle, in

... 
agreement with the previously—derived relationships. However, if this elon—

gated body is made slightly unsymmetrical, so that the inertia ellipsoid does

not have a circular cross section in cuts orthogonal to the original symmetry

axis, then the rolling of the ellipsoid is “bumpy” and the spin axis will have

a varying precession angle, 0, which may be termed a “nutation” of the spin

axis. What has been called the precession angle, 0, in the previous discussion

may more properly be called a “nutation angle”, which is stated to be constant
In the special case of bodies with two equal moments of inertia, but more gen-

erally would be time varying. As the inertia ellipsoid takes on various ratios

of semi—axes and positions of its center relative to the invariant plane, one
can see that the concept of a simple.- nutation effect of a spin axis can become

3—7
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meaningless, since different spin, precesion, and nutation rates may couple to
form complex rotational motion patterns. However, the possible modes of motion

are constrained by the ratios of moments of inertia, and the Poinsot construc-

tion describes exactly the relative positions of body axes once initial condi-

tions are established.

3.2 RANGE AND RANGE RATE OF SIMPLE ROTATING POINTS

If it is assumed that reflections from a target tend to arise in lo-

calized regions, a radar target might be represented by a first—order model
which is a collection of rigidly connected points, each point centered on a

scattering region. The reflected pulses from a wideband radar transmission may

be displayed in some form of an intensity modulated raster or Range—Time—In-

tensity (RTI) plot, and the relative slant range positions of various points

relative to each other may be traced as they vary with time. If narrowband

data are coherently processed long enough to produce resolution of points in

the Doppler dimension, then a similar display of Doppler response functions for

different integration intervals may be obtained. Such a Doppler—Time—Intensity

(DTI) display may allow the reflection center paths in the Doppler dimension to
be traced, and these paths would be related to, but differ from, slant range

traces. (DTI and RTI plots are illustrated and discussed in Section 1.)

An understanding of the forms these range and Doppler traces should

take for various point locations and motion conditions may be obtained by exam-

ining the theoretical range and Doppler functions for ideal points, which will

be derived in the following analysis. The range rate function will generally

be used to represent the Doppler function to simplify notations, Doppler fre-

quency then being obtainable from range rate by a simple conversion constant

(as discussed in Section 1).

The analysis will proceed with the derivation of the relative range,

AR, and range rate, AR, between a pair of idealized points on a target. The

same results could be used to represent the function of a single point scatterer

relative to the center of mass if one of the two points is placed at the mass

- 
3—8

—I- — ~~ -~-- — _____4___ ~~~~~~ — 

~~~~~~~~



—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-. -

center. In the single—point case, the assumption is made that all translational

motion effects of the center—of—mass have been removed by some form of compen—

sation. The resulting signals are equivalent to those from a rotating target

with a stationary center. Tracking one of two points and aligning the returns

on the tracked point would have a similar effect.

Far—field approximations will be used in which the lines—of—sight

from the radar to different points on the target are assumed parallel. The

radar incidence direction, therefore, will be defined by a single unit vector,
4.
R. For such far—field conditions, the relative range and range rate between a

- - pair of points will not depend on the location of the points relative to the
4.

center of mass, but will depend only on the vector distance, D, between the

points as defined in a body—fixed coordinate system. The range and range rate

functions for a multiplicity of scattering points may be obtained simply by

adding new single—pair functions of the same form as that for the first pair

but with new values of for each new point relative to the reference point of

the first pair.

The simplest form of free body rotation will be considered first.

This is a simple rotation about one of the principal axes, as discussed in Sec-

tion 3.1. Let two points on the body be located within a body—fixed coordinate

system with axes 
~~~~

‘ ~b’ Z1~ as sketched in Figure 3—7. Then the components of

~: 
may be designated by D

~~
, D

~~
i and D

~~
.

If is specified by angles a and 8 and
length D, then

D~~~~~Dsin8

— D cos8 cosa (3—17)

D — Dcos8 sinctYb 7 ~
Let the body rotate about the axis D D

~~
relative to an inertially fixed coordi— ; ‘;

~
—_

~_~~~
b

nate system having axes X, Y, Z, and let /
the rotation rate be ~~, giving a rotation

Figure 3—7
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angle y = ~2t, as sketched in Figure 3—8.

The coordinates of in the X—Y—Z systems, 
—

Dx, ~~ Dz~ 
are given by

Dx 
= D

~~ 
cosy - Dyb siny 4.

• D~ = siny + Dyb cosy (3—18) 
R

t !~ 
Dz Dzb

Now let the radar incidence direction vec— /

tor, be parallel to the X—Z plane and 
=

.. make an angle K with respect to the z axis, Xb
as sketched in Figure 3—8 and redrawn in

Figure 3—9. 
Figure 3—8

9.
Then the components of R are

+z
R -siflK

X ~j~ K
R~~= O  (3—19)

R = —cO RK +x —x

The projection of vector onto as cosK j f ’!,~’\
sketched in Figure 3—10, can represent L!_ _ ’~
the slant range difference between the

L. two points and may be obtained from the -

Figure 3—9
- dot product of two vectors as

4. 9.
A R = D R

AR = -sinK (Dm cosy - D
~~ 

siny) - 
-

• - : cos ’~ Dzb (3—20)

Substituting (3—17) into (3—20) gives

- AR —sinK(Dcos8cosacosy — Dcos8sinctsiny) — r — —— D

or 
DcosKsin8 

~ L -

AR = —DsinKcoa8(cosctcosy — sinasiny) —

Figure 3—10
I- DcosKsin8 (3—21)

I
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4
and since cos(cx + y) = cosacosy — sinasiny, and y =

T AR = —(D sinK cos8cos (1~t + a) + D cosKsin8) (3—22)

If K 900, then (3—22) becomes

AR = —D cos8cos(~2t + a) (3—23)

which is a simple cosinusoidal function. This might be expected for a rota—

tion axis orthogonal to the incidence direction and a point extended ortho—

gonally a distance Dcos8 from the rotation axis. For the more general case re—

presented by (3—22), the mean of the cosine term is shifted by a constant, B

cosKSinB, i~ ki # 90°, and the magnitude of its variation is reduced in propor-

tion to sinK. For K 00 or 1800 , AR would be constant, as should also be ob—

vious from a simple inspection of the geometry.

Relative Doppler frequency, then, is proportional to the time deriva-

tive of AR, Ak , which is obtained from (3—22) as

AR = ~ZDsinK cos~sin(~2t + a) (3—24)

The sine variation of AR in (3—24) may be seen as 90° out of phase with respect

to the cosine variation in AR, and there is no constant bia~ value in AR. The

effec t of the change of angle K is to reduce Ak to zero as becomes parallel

to the rotation axis.

The preceding formulation is not entirely general if the orientation

of axes X, Y, Z, which may be considered inertially fixed, are to be specified
with respect to a more universal system. Let X1

, Y1, and be the celestial
form of coordinates in which the common right ascension (RA) and declination

• (DEC) angles are used to define vector directions. Then, the X—Y—Z system of

Figure 3—8 may be arbitrarily oriented with respect to the X1
—Y
1
—Z1 

system, and

three angles would be required to specify this orientation, as discussed in

Section 2.2 for a general coordinate rotation. Also in the more general case,

would not be constrained to the X—Z plane, but would be located within the

X1—Y1—Z1 system according to various tracking conditions. If the rotations

leading to the transformation matrix [A] of (2—9b) and (2—10) are also used

3-11
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to locate the X—Y— Z system through the angles c~, 0 , and ~~, substituting the X1
,

Y1, Z1 components in the left hand column matrix of (2—9b) and the X, Y, Z com-

ponents in the right hand column matrix gives

Dxi Dx
D~1 — [A] D~ (3—25)

Dzi Dz

If the components of in the celestial system are given by R~~, R~1~ Rzi~ 
then

AR = R . = Rxi Dxi + Ry~ D~1 + Rzi D21 (3—26)

and + +
Ak=~~~

.
~~~ 

~~~~~~~~~~~ 
(3—27)

where is specified by (3—25) and a time—varying line—of—sight direction has —

been introduced, which must be calculated from the tracking data. Since trans—

formation matrix [A] relates one inertially—fixed system relative to another

inertia].ly—fixed system, [A] is time invariant . Therefore,
.
Dxi Dx

- 3t = DYI = [A] f\. (3—28)

and the right hand derivatives may be obtained from (3—17) and (3—18) as

r = —~ B cos8 sin(a + Qt)

D~ — ~2 B cos$ cos(ct + Qt) (3-29)

1• i
~z

—

If the rotations in Section 2.2 are carefully followed , it may be seen that the

angle 4 in [A] will, be equal to the RA of the rotation axis and 0 will be the
1
, complement of the declination of that axis (DEC 900 

— 0).

Thus, if an arbitrarily located pair of point scatterers is tracked
and relative ranges or range rates, or both, are estimated from radar measure—
menta, it should be seen that there are seven parameters which will determine
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the functions of AR and AR. Those parameters are 0, P, i~, a, 8, D, and Q. How—
ever, since the X—Y—Z axes were allowed to be arbitrarily oriented through the

t . angles 0, 4~, ~~, then the angle a may be set to zero and the generalization is

not impaired, so that there are truly only six independent parameters which will
• ~~. determine AR and Ak. Various combinations of other parameters, such as rectangu—

lar components or other combinations of angles may be used to form an indepen—

dent set to specify AR and AR, but whatever the form, six parameters will still

be required . Conversely, aix independent parameters may potentially be deter-

mined from AR and AR functions. Whether these parameters will be practically

determinable will depend on the accuracy and the degree of independence in the
AR or Aft measurement.

+
If the line—of—sight (R) does not change, then the resulting AR sine

function as given by (3—24) will be obtained , from which the rate ~ should be
estimable if approximately a cycle of rotation is observed. Also, the peak of

the variation in the sine wave will give ~ Dcos8sinK, so A1 
= Dcos6sinK may be

obtained, but this only puts certain constraints on the vector and does not

allow a solution of the full set of six parameters, or even of the true distance,

• - B, which may be of most interest. Similarly, from a AR function for a fixed

as given by (3—22) the rate may be determined. The peak—to—peak variation of

the cosine function would give A2 
= D cos$sinK, and the bias value would give

A
3 

= B sin8cosK. However, the isolated parameters could not be estimated from

AR alone without a priori information on some of the parameters. If the combina-

tion of AR and Alt measurements are available, there still would not be suffi-

cient information in the A1, A2, and A
3 
quantities to solve for B, 8, and K,

since A
1 

— A
2
. This indicates that for a solution of the motion and true point

distance parameters to be obtainable from AR and AR measurements, there must be
a significant change in the line—of—sight direction during the measurements.

3.3 RANGE AND RANGE RATE OF SPINNING AND PRECESSING POINTS

Allowing a target to both precess and spin introduces more harmonic

variations in the AR and AR functions than a simple rotation, as should be ex—
pected from the additional frequency of rotation discussed in Section 3.1 The

0~~
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9.
derivations in this case will begin with the B vector between points specified
in the body coordinate system 

~~~~
‘ 
~b’ Zb sketched in Figure 3—7 and components

of as specified in (3—17). Then let

I [. this system rotate with a rate toe, abc.ut

an axis parallel to the Z.D axis and
make an angle w~t with respect to a sec— f ( jj). Z~
ond system labeled X~-Y~—Z~ as sketched

•0  +
in Figure 3—11. The components of B in

the second system are similar In form 
—

to (3—18) and, after substitution of

components in the form of (3—17) and /

s. combining terms, become
X ,~
’w t ’S

D cos8cos(cA
~
t + a)

D~5 B cos8sin(w5t + a) (3—30)

• Dzs B sin8 Figure 3—11

Let the spin axis be rotated about an axis

parallel to Y
5
, making an angle OP withL. respect to a third coordinate system

labeled X~—Y~,—Z~, as sketched in Fig-

ure 3—12. The components of in the 
S

• X~—Y~—Z system will have components eS Z \  P -

in the ~~~~~~~ system equal to the fol— S 
~

lowing In matrix form
1 - -  ‘ S

cos0~ 0 sin0~ D~~

= 0 1 0 Dys

D2p —sinO~ 0 cosO~ Dzs 
~~, 
,x~~ - — ‘

~s

I (3 31) e •
‘

Let the x~~Y~—Z~ system rotate about an Xs
- axis parallel to the Z~, axis at the pre-

cession rate wi,, so that an angle (wet + ~~ Figure 3 ’12

L
3—14
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is made with respect to an inertially fixed

X—Y—Z system as sketched in Figure 3—13. A

bias angle, 
~~~~ 

has been added , which makes z —

~~
. the starting angle arbitrary at t — 0. Com—

ponents of from —Y — reflect into x—~—z

[:x] 
- [;::::;~~:::~ [E!]

(3—32)
Substituting (3—30) into (3—31), (3—31) into

( ~~~
‘ (3—32), and performing the matrix multipli— Figure 3—13

a.’ cations gives the set

Dx = ED cos8cosO~ cos (w~t + ~~
) cos(w5t + a)

— B cos8sin(w~t + 4~
) sin(W5t + a)

+ D sin8cos(w~t + 
~~~ 

sinoPi

[B cos8cosO~sin(w~t + c~,) cos(W5t + a) (3—33) 
- -

+ B cos8cos(w~t + ~~ sin(w5t + a)

+ B sin8sInO~ sin (w.~t + 4~ )]

Dz = — D coaBsinO~ cos (wst + a) + B sin8cosO~

- 
If the radar line—of—sight is oriented parallel to the x—z plane as

1’ shown previously in Figures 3—8 and 3—9, then components given in (3—19) apply

here, and the range difference function for the new case is obtained as

. 
- 

AR = D — —(sinK Dx 
+ cosK Dz)

• 

~.. where D
x and Dz have been stated in (3—33). On making the substitution
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S

AR — _{D cos8sinIc[cos~~os(w~t + ~~ cos(wst + a) — sin(w1,t + ~~ sin(w
5t + a)]

+ D sin$sinKainO~ cos(w~t +

— B cos8cosKsinO1, cos(w5t + a)

+ D coBKsinBcosO
p) 

(3 35)

The terms containing products of w~, and functions have been combined in the
brackets of the first term of (3—35). The other three terms are a constant

-. plus two simple cosine functions of the two frequencies. The product functions

.. can be transformed through the identity

co~~ cosB cosC - sinB si C —

[cos(B + C) (cos A + 1) + cos(B —C) (cos A —1)] (3—36)

such tL at the product frequency factor in (3—35) can be expressed as

[cOsO~ cOS(Wpt + 4~p) cos(W5
t + a) —sin(w~t + ~~ 

sin(~5t + a)] =

~~
. [cos(w~,t + + w~t + cØ(cosO~ + 1) + cos(w~t + 

— w~t 
— cØ (cosO~, 

—

(3—37)

Thus, it may be seen that if the line—of—sight vector (~) does not vary in time,
~‘ the AR function is the sum of a constant plus four simple cosine waves with fre— 

-

quencies w~, (w~ + LI)
5
), and (w~ 

— ws).

The range rate function from the derivative of (3—35) becomes

— D COS 8 sinK(W~ + w5)(l + cosO~) sin[(w~ ÷ w5) t + a + 4~~)

— D C098 sinK(W~ — w
5
)(l — cosO~) sin[(w~ — ws) t 

— a +

+ D sin8sinKsinO~ sin(W~t + 4L~,) -•

— D cos8cosKsinO~ sin(ws
t + a) (3—38)

The AR and Alt functions for a fixed line—of—sight position can then be
seen as dependent on eight variables: B, 8, K, Or,, ws, w1,, a, and Unlike

the case for simple rotation, the AR and Alt functions for the spinning and
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1 +
precessing case do have the potential of allowing a solution for D for a fixed
9,

R. However, simple rotation is a special case of the more complex motion, so
1 +

as a simple rotation mode is approached, solutions for D and the other para-

meters of the complex motion formulation must also approach instability (where

I instability implies that small errors in measurements can cause large errors in

parameter estimates).

I +
One general method for solving for the parameters for the steady R

case, if a complete measurement function could be specified, would be to take
a Fourier transform of the function. For example, the Alt function of (3—38)

can be summarized as

1 Ak = A~ w~ sin(w~t + 1P~,) (3—39)

A Fourier transform could be used to locate the w .~ from the resulting four peak

responses in frequency. The complex functions at the times of the peaks should

-
~ give the A1 

and values. Since the amplitude terms of the four frequencies

contain the four unknown variables B, 8, K , O~, (if ~~ 
and LI are determined) ,

then estimates of the four amplitudes may be used to obtain estimates of those

four parameters. However, care must be taken in considering possible ambigui—

ties in these solutions.

-
‘-5 The constant case, even when it does give solutions for some of the

parameters, cannot unambiguously provIde an estimate of the precession vector

direction, ~~, which is also the total angular momentum vector direction. The

angle K locates I relative to within a conical constraint. If the 
~s’ 

Wp
rates are fast enough relative to the I rates, then different values of I, de—
noted by it,~,, will give different K values, c~,. If is the unit vector direc—

- tion of w~, then
- 

COSK
1 

= (3—40)

L The direction can be considered to have three unknown components in r-ectangu—

- 
lar coordinates, but these are combinable since the sum of their squares must be

unity. Consequently, there are two completely unknown components in ~~~ (which
- 

may be stated in RA and DEC angles), and two different ~ and Ki sets are needed
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~ 1.
to solve for these components, with double ambiguity. A third set will re—

- 

~ ~

- -

~ 

solve the ambiguity.

In the more general case, approximation of as a constant as used
- 

in the preceding derivations will not hold and more general forms of solutions
• would be required. The formulations for AR and AR should then follow the forms

— 
~~

- of (3—26) and (3—27), which are repeated here as

AR = I . (3—41)
and + +

A l t =~R . - ~~ 
~~~~~~~~~~~~~~ 

(3—42)

but with components now given by (3—33) and -
~~~~~ given by the derivatives of

- - 

- 
(3—33). The Euler transformation matrix [A] may be used to locate the X—Y—Z sys—

tern relative to the inertial X1—Y1—Z1 system, in which case 4~, should be set to
zero since the equivalent angle is absorbed in the Euler rotation angles. There

then would be six variables (w
e, 

w~, a, e~, D, and 8) plus the three Euler
angles (0, 4> , and ~) for a ~otal of nine independent parameters needed to specify
AR and AR, assuming I and have been estimated in the known X1—Y1—Z1 framework.

.~. 3.4 SLIPPING POINTS

The analysis in Sections 3.2 and 3.3 assumed that localized radar scat—

I 
tering persisted as if the centers of reflection were rigidly fixed to the tar-
get. Scattering related to smooth rings and curved surfaces may be treated as

y if localized to a particular specular point over small variations in aspect

angles, but over larger angles this point location may appear to move in a slip—

- - ping sense to different positions depending on the incidence direction. Con—

sider a simple ring as sketched in Figure 3—14. Let 
‘

~~~ be the unit direction

- _  
vector of the symmetry axis of the ring, which is normal to the plane of the

- 

ring. The main reflections from this ring will occur at the points where the

incidence direction R is perpendicular to the tangent to the ring. Only one of
- 

these points will be treated here, as designated in Figure 3—14. In th.~ edge—
- on view, and I are in the projection plane, and the angle between the two

vectors Is The vector distance from the ring center to the reflection point
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9’ +
is P, which is given components 

~A 
parallel

+ + 9’ Secondto R and P orthogonal to P. In the con—B Specula

P
A w

~
11 b5t rnore

~~~
p0Ttant. 

component

ponent can be stated in terms of R as Top

——Ia sin 4>r 
= —i~ a — cI 

View

~~~~ 1

where a is the radius and sin2 4>r 
= 

~- — 
s

cos2 4> . The positive sign is taken’ for . -

the radical after defining 4>r between 0° VIew I
and 180°. The total vector is

= 1’A + 1’B Figure 3—14

• - One should see that if I maintained a constant angle 4>r with respect to ~~~, but

was otherwise allowed to move (i.e., roll about 
~

) ,  the reflection point where
I is perpendicular to the tangent to the ring will slip about the ring and ap—

t 
pear at different ring positions. The reflection point locations given by as

-- stated in (3—43) and (3—44) include the slipping effect.

Now consider the case of a doubly trunacted cone with radii a1 and a2
at the truncations and vector positions of slipping reflection points given by

and P2, as sketched in Figure 3—15. Major reflections are expected to occur

• from the ring edges In the sense of Figure 3—14 at nonspecular aspects to the

body surfaces. The scattering amplitudes may vary with aspect angle, but the

specular point reflections from the edges are expected to occur in the ring

sense. Then let a vector distance I define the length of the body along the

symmetry axis. Two reflection points can be expected to occur at the ends of

and P
2, 

and the distance, i , between these points may be summed as

D “2 + I +

Using (3—43) and (3—44),

I
3—19

1
- - - 

~~~~~~ _ _ _



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — ~~~~~~~~~~~~~~~~ - 
- 

---—.-~~~~~~ — - -  
- 

— —
5 -

D = —(— I a
2 sin4> 

+ 

~B2~ 
+

I I + (—I a
l ~~

‘
~
4>r + ~B1~ 

(3—46)

where 
_____________ - - 

/
I sin4> 

~~
‘ -

- 

(I 1)
2

The slant range difference between points + +
1 and 2 is then given by AR = I ~, and S _______

since PB1 and are by definition ortho— 4. 1
/ ~~~I gona], to R, the result is

____________ 
/ 

.?\

AR~~~~~
.I (a2 — a i)1i — (1 . 1) 2 + 

L ~~~ 
4>r

- H - R  (3—47) _ _ _

Relationships for I can be de—-. Figure 3—15
rived from previous fixed—point analyses.

a. .4- +
Following the sketch in Figure 3—7, H may be derived from the D relationships by

-_ making 8 = 90° , which would be equivalent to placing two fixed points along the
symmetry axis. The substitution of 8= 90° in (3—33) for the spinning and pre—

- cessing points allows components for H to be derived as

= H cos(w~t + 4>~,
) sin0~,

= H sin0~, sin(w~t + 4>~) (3—48)

H = H cos0
t T ’  Z P

thenl= }I7H.

- 
If a fixed line—of—sight I is specified according to (3—19) from Fig—

- ures 3—8 and 3—9, as bef ore, then

- 
I . I = —H (sinK cos(w~t + 4>~) sin0~ + cosKcosO~] (3—49)

and

I - 1= I - I/H (3-50)
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For a simple right circular cylinder a1 
= a2, and AR reduces to

- AR = —R(sinK cos(~~t + 4>~,) sin0~ + cosKcos0~) (3—51)

and the range rate is
I . H

AR H w~ sinKsin(w~t + 4>~
) sinO~ (3—52)

For simple cylinder edges, the variations in AR and AR are then simple sine or
cosine functions with frequency, u~,. For a1 ~ a2, the added term

(a
1 

— a
2) ~

l — cI - 1)2 complicates the patterns, so that a more complex varia—

tion must occur.

A doubly curved reflecting element could represent a slipping point

which can move with two degrees of freedom to any point on that element instead

of just being constrained to a ring. A sphere would be the simplest form of

such a surface. The specular reflection point for any orientation of I can be
+

specified by the vecto~ distance from the center of curvature to the specular

point sketched in Figure 3—16. Since this specular reflection is centered on

the point where I is perpendicular to the plane tangent to the surface, it occurs

at the point of intersection of a line parallel to I passing through the center
of curvature. Therefore,

1. = —a~ 1 (3 53)

- ~~
- where a is the radius of curvature. Next, consider a body formed from a cone

1. with a truncation forming a ring edge of radius a.1, and having a spherical shape

- on the other end, instead of another sharp truncation. Let the vector distance

- 
between the sphere center of curvature and the back plane of the ring, parallel

to the symmetry axis, be specified by I, as
sketched in Figure 3—17. Then the distance

between the ring edge at point 1, and

the sP:cular p:int 
:t 

P:int s may be given

1)si — — + IL + 
~l

- or from (3—44) and (3—53),
- - Figure 3—16

.. 3—21
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1 + + -I- + + 
~~2B51 

= -aR + H — a1R ~
], — (R - S) + 

~Bl

p 

i 
+ 

(3 ’55) 1 
+where S and H are defined as before. Then p

1 + + I l
I AR = R B gives 

_____________ - -  
___________

AR —a + I - I —a~~~ — ~~~~ 

2 
1 

i! 

JH (3—56) -\

For a fixed I, the variation in AR will + /- 1  P
then have a simple variation according to S

4. + +cosu t from the R H term, but the term Rr s

I 
under the radical in (3—56) will make the

variation more complex, with similar ef—

fects in AR.

Figure 3—17 I -

As a third case, consider the
- geometry of Figure 3—17, but with a truly

— fixed point on the edge of the ring where

the reflection from this point does not

— 
slip but occurs at the same point on the

ring as in the analysis of points in See— Fixed point at 1

tions 3.2 and 3.4. Figure 3—18 illustrates

this new case. Then let the vector distance 1

from the center of the spherical section

to the fixed point be given by the vector ÷
~~- Df. In this case, the full set of terms

used in (3—33) may be applied, with defini—

1. tions of D
f 
according to the original B

specification in Figure 3—7. The total

distance, 
~T’ 

between the sphere specular

point at s and the fixed point at 1 could
- 

be given by Figure 3—18

DT 
= 

~
‘S 

+ Df = a I  + Df (3—5 7 )
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- - such that the relative range can be given by

AR = I . = a + Df 
• 1 (3—58)

Now all of the analysis used in Section 3.3 for the spinning and precessing

cases applies if the constant term a is simply added to the AR term in (3—35).
- - The AR term in (3—38) would not be affected by this addition since a8 

is a con—

stant. The difference is that the variations in the functions will not depend

on the total distance vector between reflection points, but will depend on the

- distance of the fixed point on the flat surface edge and the center of curvature

at the opposite end. For small radii of curvature, a , it may be seen that the

approximation can be made that the spherical specular is equivalent to a fixed

point near the center and an analysis may proceed as if from a pair of fixed

points.

- 3.5 RELATING RANGE AND RANGE RATE FUNCTIONS TO TARGET PARAMETERS

r 

3.5a Noniteractive Methods

Since the AR or AR functions derived in Sections 3.2, 3.3, and 3.4 are
- dependent on certain target parameters, measurements of AR and AR are potentially

usable in estimating those parameters, as has been discussed to some extent. De—

termination of periodicities from inspection of AR and AR functions may obviously

- .  
be used to determine certain rotation rates. This would be easiest in the case

of a target simply rotating at a high rate relative to the I rate. In the case

of spinning and precessing bodies, the mixture of periodicities may be more dif-

ficult to determine unless the spin rate is much higher than the precession rate

(or vice versa). However, Fourier analysis of the AR or AR function may give

the periodicities when R rates are slow, as was discussed in Section 3.3.

Overall target dimensions may be inferred from the maximum excursions

in AR or AR if estimates of rotation periods are apparent. A maximum excursion

in AR ran give a length measurement directly. For simple rotation , particularly

if there are a number of reflection points at different extremes of the target,
- an estimate of target extent, Le~ 

may be obtained from a maximum range rate dif—

ference , AR , according to

3—23 
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1’ Alt

where i~&i is an estimated rotation rate from pattern periodicity. Unless a priori

information about the rotation axis can be established, these estimates from AR

and AR must be considered as lower limits of true overall dimensions. For ex-

ample, the maximum amplitude for Alt in (3—24) is

AR — ~D sinK cos8max
80 Alt

L — — D sinK cos8 (3—60)

Thus, the true length, D, cannot be estimated except within the factor sinK cos8.

A special case of interest might be a cone—sphere, rapidly spinning

and slowly precessing, with a number of discontinuities on the back edge, as
sketched in Figure 3=19. The maximum range rate between extreme scattering

points on the edge might approximately give an apparent diameter

B = D sinK (3—61)

based on the Section 3.2 results, letting 8 = 0. Slow precession may then have

the effect of a varying K. If the translational velocity direction might ap—

proximately represent the direction of the precession axis at some time during

a flight, to allow a mean value of K , Km~ 
then an estimate might be made accord—

ing to
AR

D max (3—62)
e ~8in Km

and the average value of De~~ if observed over a precession cycle, might give
an acceptably accurate base diameter.

3.5b Nonlinear Least Squares

The general anticipation in analysis of measurements of quantities

like AR and AR is that the data will allow a unique determination of the target

3—24 -
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parameters governing the functions. Even

-r if unique solutions are not possible, the

ambiguous solutions may be limited to a

small number. Since practical data mea—

surements may be generally considered
errored , more independent data sets than
required for the number of parameters to
be estimated are desirable so that there - +

may be some smoothing of the errors. A
a. common data smoothing technique with re— ~~~~~~

‘ \
- - dundant data is the method of least squares,

which will be described in a general form Figure 3—19

- - in the following discussion.

Quantities like AR and Alt are functions of a number of variables that

are independent of time. For example, ARi = f.(X.K
) could be used to describe the

- 
AR function at some instant in time designated by the index i, and f j(X

k
) indi-

cates that f
1 
is a function of a number of parameters X~, with an identifying

- . index k, varying from 1 to Variables X.K might represent X1 
— W~~, X2 —

etc., from the equations of Sections 3.3 and 3.4. The number of time samples in

a measurement set could be IMaX so the index i would run from 1 to IMAX in the

data measurements series.

- 
Let a measurement of be represented by f~~. This measurement may

be in error relative to the true value, f~. The residual error may then be de-

signated, ~~ and given by

— 

~~mi 
— f~~) (3—63)

- In the least squares data fitting method, a sum of square errors is formed ac—

I cording to
Th~x tHAN

Q — 
~ 

(E~)~ — 
~~ ~~mi 

— f ) 2 (3—64)
( i—l i—I

I
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- 
The objective, then, is to find those Sets of values which make Q a minimum.

The minimization conditions will be governed by the set of equations represented

by
af

__ .~~v ,~ax — L~ ‘1 mi 
— Lu ax —

- -  n n

in which the index n varies from n = 1 to I~-{AX to give KMAX equations from which -

the parameters may be solved. If f
1 
were a linear function of X,~, the prob—

- 1cm would be a simple linear least squares problem. Then the KMAX equations re-

- 
presented by (3—65) would give the classical least squares normal equations,

- - 
which are- linear, and a unique set of Xk would be determined by one matrix in—

- version.

- - Unfortunately, the 
~~~~ 

as representing functions like AR and AR de-

rived in the previous sections, are nonlinear and the resulting normal equations

- from (3—65) are nonlinear. Excepting very special cases, solutions for re—

- 
quire iterative techniques. Further complications are that with nonlinear func—

tions, f~ , the, square error function (3—64), itself, may have more than one

stationary point, i.e., there may be a number of sets of for which (3—65) is
- 

satisfied.

A very simple approach to solving for Xk would be to calculate Q for
-; all values of that could be expected and pick the set that gives the overall

1. minimum in Q. For one or two unknown parameters, this approach may be reason—

able, but as the number of unknowns becomes greater, the search matrix of values

becomes too large for practical computer calculations to be accomplished in rea—

- 

- .  
sonable times. —

A very common approach in iterative schemes is to use a Taylor series

expansion of the f
1 function about some initial estimate of the Xk 

parameters

and truncate the Taylor series at the linear terms. Thus, (3—64) and (3—65) can

be treated as steps in which a set of AX.K 
is estimated , added to the initial

guess values, and these new values are used as starting values for a new Taylor

expansion to calculate the next set. The value of Q will tend to be reduced

with each new Xk set, and the iterations may be stopped on the basis of a number

3—26 
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- 1
of criteria, such as AX.K 

values reaching certain minima or the Q value, itself,

I not changing significantly with new steps.

The first—order Taylor series expansion of f1 
may be stated as

i
i 

~~10 

~ 

Ax1 + AX~ ... + 

~
j ... + (3—66)

in which f~ and imply an evaluation of the corres ponding f unctions with

initial values of or such that new values of Xk will be given by

(3—67)

In the following discussions, the subscript will be dropped from the partial de—
af .

rivatives to simplify the notation, i.e., will represent

Substituting (3—66) in (3—64) gives

I_ _ IMAX KMAX 3f‘a Q (f~~ — f 1 
— ) -

~j~~ 
AX~)~ (3—68)

- - 1=1 k=l ~k

The AX
k 
are the unknown set of parameters to be solved in any one step. From

- -  (3—66),

_____ 

af~
3Ax = (3—69)

Substituting (3—69) in (3—65) gives

I 9f of a f \

~~
— =—2

~Ii ~~mi 
— f 10) ox 1k AXi ~i ‘5~ ~jj~ 

= 0 (3—70)
a n nj

I The linearized equations then are of the form

Of Of Of Of Of Of Of
- AX1 I -

~~~~~~~ 
+ Ax~ ~~ -i-. ~~~~~~~~ + ... ~~~~~ ~~~~ --X f

~~ 
-

(3—71)
- where, again, the index on n runs from 1 to KNAX, to give KMAX equations.
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A more compact formulation of the problem is obtained if a partial de—

- rivative matrix is defined as

- 
Of
1 

Of
1 

Of
1

B = 5j~ .... (3—72)

I l l
- - 0

~~~ AX 3
~ IMAX 

_______

I - - 

ax1 ax2 ~~~~~~~~ OX
KMAx

where, as stated, the evaluations are at an initial set of X,~, X~ ,. Then, it

L may be seen that, for all values of a in (3—71), the full set of equations may

— be stated as

DT 
B [AX

k
] DT Er

- 
- 

where [AX.
K
] is a column matrix of the unknown parameter steps and E

r is a column 
-

matrix defined by the terms (f
i0 ~~~ — E

l.1. 
-

Li ~~lO — f
1111•)

Er ~~20 — 

~m2~ 
(3—74)

~IMAxo ~mIMAX

The solution for AX.K set is obtained from the inverse of the D
TD matrix as

[AX Ih) 
= ID

TD] 1. DT E

Because of the nonlinearity of the model, func tion f 1. may allow more

than one minimum in the Q function. Whether that minimum will correspond to the

correct set arrived at after a num6er of iterations will depend on the loca-

tion of the starting values. Furthermore, the nonlinearity conditions may be

such that a step of AX.
K may actually increase Q in some iteration steps, so that

3—28
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a.

a’. 
tests must be made to ensure that Q is minimized. Various auxiliary techniques

may be used to control the AX
~K 
values in such a way to ensure minimization.

“ Different starting values may be used in different sets of iterations so that

more than one stationary point in Q may be found, with the hope that the one
with the lowest Q value (i.e., the global minimum) will give the correct answer.
However, there is no assurance in all types of problems that the global minimum

will give the correct solution if all the parameters are allowed to take on any

range of values. It may then be necessary to set a priori limits on what the

practical range of parameters should be and restrict the iterations to a search

within those limits.

3.5c Error Analysis
f -

Once a solution of X
k 
values has been achieved through an iterative

scheme as described in Section 3.4, tuere may be interest in obtaining error

bounds on the parameter estimates. If the errors are small, statistical inf e—

rences may be made, based on the same Taylor expansion linearization expressed

-- in (3—66). If the final Xk 
values are aasumed satisfactorily close to the true

values, they may be treated as true values for the following approximations.

From (3—66), deviations of from the true mean value, f1.0
, may be expressed

as of
— f f0

) = 1k -
~ç Ax.~ (3—76)

t or for the full set of E
1. 
expressed as a column matrix, [E

1
], with elements

P r from i to IMAX, and column matrix [AXk],
- 

[E
1.

] = D [AXk]

-. Let the errors in E
~i 

be represented by a Gaussian error moment matrix given by
- E~g~ ~En 1

~ 
Then statistical theory shows that, if E

~j 
are random variables

linearly related to random variables AX.K through 
the transformation matrix, D,

as given in (3—77), the variance—covariance or error moment matrix of 
~~~

‘~~m ~En~’ 
is related to the error moment matrix of AX,~, [a~~ ~~~~ through

[c~~ OEn ] — D(a~~ a~~ ]DT (3—78)

- 
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The moment matrix of [AX.K
] can then be obtained from (3—78) as

(a~~ a~~J = [DTD]~~ D
T 

~~ m 
aEn ] L (DTD]~~ (3—79)

In the special case where the errors in the measurements of a variable

-. like AR are assigned a common variance, a ~, and covariance terms are zero, thenAR

~~~ 
aEn i = aA~ 

[I], where I is the identity matrix. Equation (3—79) becomes

~~~ 
= a~~ [DTD]~~ (3—80)

Since calculating [DTD]~~ is par t of the iteration process for parameter esti—

— mation, once a conversion point is reached, one more calculation of this matrix

- - is readily accomplished to obtain an error estimate. The diagonal terms in

[a~~ a~~] would then give estimates of variances of solved parameters such as

- .  ~~
2 , a 2 for spin rate or precession rate wi,, and then the standard devia—
S P

tions, , a~ , the commonly used form of error specif ication, woqid be obtain—
able. S P

• 3.5d More General Forms of Least Squares

The error function Q in (3—64) was stated without weighting the error
- .  terms. A more general formulation would be a weighted least squares according

to 

Q = 1~ w . (H i) 2 (3-81)

I. where W
1. 
would be determined by some measure of how much more accurate one mea—

- surement of E
i 
is relative to another. A common weighting scheme would be to

1 2
4 make Wi — 2 where cY

E~ 
is a variance value associated with H1.. Then a

weighting function matrix, W, would be given by a diagonal form which is
- . 1

2 0

W [a~~ OEn I = 0 1 (3—82)
0Ei

— —

1 3—30
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It can be shown that (3—73) becomes

BT W B EAXk
] D~ W ~r 

(3—83)

and (3—67) becomes

(AX1~] ED
T W D~~

1 DT W H (3—84)

If all of the variances are equal, (3—84-) can be reverted to the original form

r in (3—75).

t
The weighted form would be of less significance in practical problems

if only one variable like AR or AR represented the measurement set. However, if

both types of data could be measured simultaneously, the least squares problem

should simultaneously include both sets. For example, assume that two f
~ 

func—

tions, labeled 
~Ai 

and FBi’ represent two different types of data 
like AR and AR.

Then, the square error functions should read

IMAX
Q = 

~ 

WAj ~~ mi 
— 

~~~ 
+ WBj ~~Bmi 

— 

~Bi~ 
(3—85)

and the WAI relative to WB1 would become important. Even more generally, the

- 
number of measurements of each variable may not be equal or simultaneous, so

- 
that the index could run differently on each variable, as in

IMAX NMAX
Q = 

~ 
WAi ~~~m1 

— 

~ai~

2 + I WE ~~~B~UI 
— 

~Bn~ 
(3—86)

i=l nail

The fundamental form of solution suggested by (3—84) would not change, however ,
because the appropriate matrices would be constructed according to a sequential

ordering of the data sets represented by the measurements, f~~ and 
~Bm 

For

example, D would be represented as

3—31
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Of
~~ 

0
~A1 . - • 

Of~~ 
—

Ox1 ax2
Of A2

0
~AIMAX 0

~AIMAX
D = 

ax1 Ox... AX (3—87)

OX
1

9
~B2

Ox1 L
L

BMAX . . . -

ax~

The ordering of W would follow as

a
E

~ 
0 . . .  -

a
2 (3—88)

L AIMAX 1
2

1
2

r -

• and Er would follow in a similar fashion, with the — f~~) terms of (3—74)

followed by (f — f ) terms in a continuation of the column matrix.
- Bno Bmn

‘a

T 3—32

t
~ I

-~~~~~~~ - --—j~~~~-
- ~~~~~~~~~ — - ~~~~~~~~~~~~~~~ ~~~~~~~~



r ‘~~~~ - - -_T ~~~~~L -TT~~~~~- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

________  
~~~~~ ~~~~~~~~~~~~~ -- ... -

I P
3.5e Special Functionalizations

The input data to the parameter estimation may be the actual samples of

AR and AR, with model functions of unknown parameters as suggested in Sections

3.2., 3.3, and 3.4. However, various derivative forms may be found which would- . not necessarily require solutions of all of the parameters. For example~ in the

case of a simply rotating point, or pair of points, if the rotation rate is very

rapid, then a varying amplitude cosine wave would be seen, theoretically as was

suggested by (3—22), which was of the form

AR = 
_ (ARA cos (1~t + c*) + ARB) (3-89~

- 

where
- - AR

A 
= D cos~sinK

- ‘  AR
B 

= D sin8cosK

. - If the line-of—sight, R, is slowly changing

-
‘ 

it may be possible to estimate the peak—to—peak 2AR
- variation which would give ARA as suggested in .~~

- Figure 3—20. This type of measurement may be (
~ i\ ~

~~
. possible even if the AR function is fragmentary

or otherwise not specifiable well enough to 1 • _ I_ 
~
- 

~~
- — — -

obtain a complete set of instantAneous point “,‘ 5-i
values. Then different ARAI would be esti— ~-t

mated at different time points indexed by i,
- 

Figure 3—20
with variations in R appearing in different

- values of (~~. If the rotation axis direction is unknown, there would be two un-

known variables needed to specify that direction. The extent of the scatterer

orthogonal to the rotation axis, Dcos8, could be treated as a single unknown

variable, DA Dcos8. A least squares error function might be of the form

• Q = 1 (AR~~~ — ARAI
) 2 (3—90)

- where

D sinK

1 1

1
- I

_____________________ -
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and since
= cOsK1 (3—91)

ARAi — D
A )

l 1 - (
~~ 

~)
2 

(3—92)

— 
where is the rotation axis d~rection. The parameter estimation is reduced to

three variables, but is still nonlinear and would generally require nonlinear

iterative methods. A similar formulation could be made for the AR function in

(3—24), except that Da might be modified to include the rotation rate in D~ =

~Dcos~ , and Dcos~ could be estimated if a rotation rate is estimated from the

pattern periodicity.

In a similar fashion, advantage may be taken of other special condi-

tions of target feature appearances which may be modeled in terms of at least

partial parameters of the target motion or configuration. Data fitting may pos-

sibly be made with either linear or nonlinear functionalizations using the

least squares methods.

3.5d Common Ambiguity In Single Tracks

In many cases of a track of an orbital or suborbital target, the line—
4’

of—sight vectors, R, are nearly parallel to a common plane. This condition

creates a pair of ambiguous solutions related to the plane geometry and the tar-

get rotational motion parameters. If the vectors were coplanar, similar mea—

surements would be obtainable if the free body rotation axis or momentum vector

direction were placed at either of two symmetrical positions on opposite sides

of the common plane. Various of the parameters may have different values for

the two ambiguous solutions, but the symmetrical positioning of axes relative

to the plane can be considered the primary condition. In the nonlinear iter-

ative schemes for obtaining solutions, once the iterations have reached a mini-

mization of the error function (Q) with one set of parameters, a set of starting
values for the second solution usually can be readily derived. A curvature in

4’
the R plane may make one solution have a significantly larger error in the resi—

+
dual sets, but a slight R curvative could not be relied on to resolve the ambi-

guity. If multiple tracks of an orbital object can be obtained , thus giving

I
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a 
different ~ planes, this ambiguity could be resolved. For a suborbital object,

[ if two radars track the same object simultaneously , then two planes would be
generated to resolve this ambiguity. Otherwise, the two solutions may remain
equally valid, unless some special a priori conditions can be invoked.

- 
The greatest problems with iterative schemes often are in terms of am—

- 
biguities other than coplanar ~, particularly those due to the periodic nature

• of the model functions. It is usually very important to have highly accurate

starting values of rotation rates for convergence to a correct parameter mini—
a —

:- mum.

p
I
, ~

a.
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.. 3.6 CONVERTING AR TO CROSS RANGE

9.
The AR function gives a projected target extent along the R axis

as a direct measurement. If rotational motion parameters are known, a AR

function may be converted to a cross range function which may similarly give
a .  .4.

• a measure of target extent, but along an axis orthogonal to the R vector.

In the analyses of Section 1, the targets are assumed to simply rotate about
+an axis orthogonal to R, and it is shown that multiplying the values of AR

- 

~
= 

~~ 
A/2) by l/~ (

~ 
= rotation rate) converts a AR scale to a cross range

.. scale. In more general cases, an effective rotation rate, ~2 , must be used
+which will differ from ~2 if R is not orthogonal to the rotation axis, as is

shown in the following discussion.

Even if there is spin and precession (or if more cotnpl~x modes
exist),  a resultant single angular rotation rate and direction may be deter—
mined at one instance in time, although this resultant rotation vector may

change at other times. Therefore, at any one instant, a target may be viewed
- as simply rotating, and the results of the analysis in Section 3.2 may be
- useful in determining an effective rotation rate for a cross range scale - -

conversion for that instant. If we assume = 0 in the equations of Section
4.

4 3.2, then D will represent general point extensions orthogonal to the rota—

- 
tion axis. In this case, (3—24) becomes

Alt = c2DsinK sin(~
’2t + a) (3.93)

By examining the geometry leading to (3—24), it may be seen that Dsin(~t + a)
is the projection of D onto an axis orthogonal to both R and ~ and represents
a cross range of the point scatterer. From (3—93),

Cross Range = D sin (c2t + ~~ = 
c~sinK

The factor l/(~sinK) may then be seen in (3—94) as the value required to con-

vert a range rate scale to cross range for I K I  ~ 0. An effective rotation

rate may then be given by
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The requirement to obtain the effective rate is that the instantaneous total
- 

rotation vector of the body be known. In practical data processing, this

rotation vector must not change significantly during the integration span

needed to resolve scatterers in Doppler frequency. The cross range re—.. solution and ambiguity formulas of Section 1 m ay be applied if 
~e 

is used

instead of ~2 and if the rotation angles are correspondingly modified.

L In Section 1.3b, and A05 may be replaced by effective values
A0 = AO sinK and AO = A0 sinj .- . Te T se a

+
In the case of a rotating R and a rotating body, the same forms for

effective rates and projection lines may be used if the rotation vector in the

4 
calculations is that of the resultant relative rotation between the body and

- 
~~~. These modifications are discussed in more detail in Section 4.4 in ref—

- erence to two—dimensional images.

- - 
For an axially symmetrical, precessing and spinning target, a

1. somewhat different interpretation of effective rotation rate may be al-

ternately given. In this case, there are only slipping reflection points

j on the target. Spinning motion about the axis of symmetry will not affect

the AR function, which is dependent only on the precession rate. Therefore,

the equivalent motion is that of a target simply rotating at the precession

• rate about an axis parallel to the angular momentum vector, but with the

- synisetry axis tilted away from the rotation axis by the precession angle.

In this interpretation, the effective rotation rate will not change during

- . the precession cycle if is fixed, unlike the case of using the vector
resulting from both spin and precession components. (However, it must be

remembered that if there are fixed points in addition to slipping points ,
- 

then the f ixed points will not scale properly in terms of true cross range
extents.) The differences in the two interpretations f or symmetrical objects

include not only a different rate but also a different direction of the line

3—37

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r —— 
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ 
-

~~ 

- -

~ 

- 
——5- 

~~~T
_ 

- 

5--,

onto which the scatterer extents are projected to give the cross range
- measurements. This line is still orthogonal to ~, but, since it also must
• be orthogonal to the rotation vector, different rotation vector directions

will give different projection line orientations.

L

a.
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SECTION 4

COHERENT WIDEBAND IMAGE RELATIONSHIPS

4.1 OVERVIEW

• Two—dimensional radar Imaging concepts are introduced in Section 1,

where it is generally assumed that the target is simply rotating about an axis

orthogonal to the radar line—of—sight. In this section, the concept of the
first—order wideband image is reviewed and discussed further. The emphasis is

on image projection plane orientations and cross range conversion factors when

the radar line—of—sight is not orthogonal to rotation axes and target rotation

is not simple. A further discussion of extended surface responses is given,

and the concept of multiple ray effects is also introduced.
a.

4.2 REVIEW OF TWO-DIMENSIONAL IMAGING

Two—dimensional images of radar targets may be formed in a number of

different ways. If a radar antenna aperture is wide enough in two dimensions,

a narrow beam might scan a three—dimensional scene in two angles (in a search-

light mode) and the intensity of signals at each beam position could be recorded

on a raster or grid on an oscilloscope and photographed. The image from such

beam scanning with a radar would be similar to an optical image of a view from

the same direction as the illuminating source. A common flash camera photograph

would give this type of optical image. The image projection plane is then

orthogonal to the illuminating source.

If the radar aperture gives resolution in one angular dimension only,

and if slant range resolution is sufficiently fine, a scene could be scanned in
one angle, and signals could be displayed in angle and slant range. The effec-

tive projection plane would be parallel to the illuminating source direction.

The common plan position indicator (PPI) display of signals from a rotating ra-

dar scanning a target area has an effective projection plane of this type. An

optical analogy would be a photograph of an object with the flash or other light

sourc’2 directed orthogonally to the camera viewing direction. Since the camera

4-1
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still resolves the scene in two angular dimensions, while the radar uses slant

range resolution to replace one of the angles, the analogy is not exact, but

- - the projection effects could be quite similar.

The radar systems of primary concern in these discussions are those

which have apertures too small to allow a direct form of angular resolution for

the target of interest. A radar system may be considered to have one other di— -

mension, besides the two angles and slant range, in which resolution may be ob-

tained, and that is Doppler frequency. Thus, the display of signal intensity

in a two—dimensional frame of slant range and Doppler frequency might be con-

sidered an image of basic radar information independently of antenna aperture

effects.

If different reflectors move independently of each other, this range—
Doppler image will indicate only the slant range and Doppler of the reflectors.

However , if the reflectors are related, additional interpretations might be made.

As has been discussed in Section 1, the Doppler frequency dimension
may be converted to a target cross range dimension under certain conditions that

include having scattering elements of the target rigidly connected and having

relative rotation of the target as the source of Doppler spreading of the signals.

This relative rotation may be effected by either the radar antenna moving rela—

tive to the target, or by actual target motion relative to the radar, or both.

It is assumed that relative translational motion effects are removed from the

signals and the only residual motion effects are those due to rotation.

- - Rotating the target about a fixed axis relative to a fixed radar gives

• equivalent signals to those obtained if the radar moved in a circle with a cen-

ter fixed in a nonrotating target. (This concept is illustrated in Figure 1—19.)

Thus, the data collected in a sequence along an arc of the circle may be stored
• as if they were received from an array of several antenna elements and can be

used to form a much wider equivalent aperture than the single antenna used to

collect the data. A very narrow beam may be formed and scanned in a phased
array sense, with a display of signals in angle and slant range possible in the
form of the PPI display. The resulting image projection plane is then parallel

4—2 
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to the illumination direction and orthogonal to the rotation axis. The projec—

tion plane is also parallel to the plane of the line—of—sight vectors (i). This

viewpoint of rotating target signal processing leads to the term “synthetic

aperture” imaging which has been used to describe the type of high resolution

- - 
radar maps of terrain made by radars in moving aircraft. Synthetic aperture

terrain mapping has been performed for many years and was the precedent for im—

aging of rotating space objects. In most terrain mapping operations, the air-

craft antenna moves along a straight line and thus there is an aspect change of

the antenna relative to the fixed ground features.

In space object analyses, it has generally been found more convenient

-- 

to specify requirements for cross range resolution at the target in terms of re-

lative rotation angle rather than in terms of synthetic aperture beamwidth re— I -

solution, although equivalent forms may be derived. As was shown in Section 1,
5- 

cross range resolution is theoretically inversely dependent on relative aspect

• change, AeT~ 
regardless of how that aspect change occurs in time. In practice,

- - there may be concern about time spans because of possible instabilities in a ra— —

dar system or in the propagation media between radar and target. The aspect

- - angle variation with time would also be important if equispaceci data samples

- - 
are required for algorithms like the FFT.

- 
In the simple case of relative rotation of the target about an axis

orthogonal to the line—of—sight, an analyst can determine over what integration

- time, T, the radar signals should be integrated through resolution formulas,

such as Rcr x/2/AeT 
(as discussed in Section 1) where AOT 

= ~~ and ~ is the ro—

tation rate. Since Fourier transforming will usually be of equispaced time
-

~ data, the Doppler frequency scale is readily calibrated from the time between

samples. Doppler frequency may then be converted to cross range through the

multiplication factor A/2/~ , and the processed signals can be displayed in in—

tensity modulation form within properly scaled slant range and cross range frames. - -

If is not orthogonal to the effective rotation axis, then Q may be modified as

which will be discussed further in Section 4.3. Knowing the correct 
~e’ 

the

same procedure would be followed to estimate integration time and scale factors

as with ~2 in the simpler case.

4-3
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For a nonorthogonal and changing R and for more complex motion condi-

tions, aside from the scale factor estimate, a difficult problem may be the de—

termination of the orientation of image projection planes relative to each other

within a body—fixed coordinate frame. Estimation of these parameters will be

considered quantitatively in Section 4.4. However, another , more qualitative,
view of the problem, which may be helpful in visualizing the projection plane
orientations, will be discussed in Section 4.3.

A discussion of range—Doppler or synthetic aperture imaging of model

range targets is given in Appendix A, which is a report explaining the use of

this type of processing in analyzing the sources of scattering on a target, with

examples from measurements. This report considers only the case of the target

rotating about an axis orthogonal to the radar line—of—sight. Explanations of

the digital signal processing are given in the main text, together with illus-

trations of input data and output results (see Appendix A, Figures 1 and 2).

The processing of space object data for images can be made very similar to that

used for the model range target data. The significant addition to the proces-

sing is the removal of translational motion effects. This compensation consists

of an approximate alignment of the wideband amplitude envelopes and the phase

shifts so that the resulting data appear as if derived from a target rotating

about a fixed point. In model range data, this alignment was automatically pre-

sent since the target rotated about a fixed axis. (Translational motion com-

pensation is discussed in more detail in Section 1.6.)

In an addendum to Appendix A, illustrations of images from measurements

of three simply shaped targets are given: (1) a cube, (2) a thick cylinder, and

(3) a thin rod. These clearly illustrate the presence of localized scattering

centers on targets and show how the range—Doppler Image can be viewed as an or—

thogonal projection of reflection effects which locate target outline positions.

Any one image frame does not give a complete sense of the target shape, but im—

ages from different mean aspect directions, including specular aspects, will
tend to give a more complete outline. The addendum also shows how the posi-

tion and amplitude of edge effect scattering can be predicted from asymptotic

high frequency scattering theory in cases where the edges are sharp and well

4—4
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defined. As stated before, however, the model range relative rotation geometry

represents only special cases of the general conditions which may be encountered

in practical space object tracking.

4.3 UNIT SPHERE CONCEPT OF IMAGE PLANE ORIENTATION

In first—order synthetic aperture imaging, the objective is to obtain

a two—dimensional projection of scattering effects. The requirement is that

-- there be a relative aspect change between radar and target. The further require—

ment is that the radar line—of—sight, R, remain parallel to a common reference
+

plane relative to a body—fixed coordinate system. The angular changes in R

positions will determine the actual image ,projection plane, i.e., scattering

effects will project orthogonally onto that plane.

In practical space object tracking problems, will not generally re—

main parallel to a common target reference plane. However, there may be only

slight deviations from coplanarity over shorter sections of a track, and the ap—
~ 4—

proximate image plane orientation may be allowed to change as the track proceeds.

The problems of the analyst in creating a set of images may be stated to include:

(1) a determination of the aspect changes of relative to the target , (2) a
•- determination of whether the coplanarity condition is sufficiently satisfied

— during different parts of a track to allow imaging with the necessary cross

range resolution, and (3) a determination of the relative orientations of the

image projection planes for different parts of a track.

The concept of a unit sphere plot of may aid in the visualization of

the problems, particularly the projection plane
orientation. A target rotating about an axis -

orthogonal to the vector may be used to re—

- - 

pr;sent a single target track. In thl:c:s:,

arc as suggested in the sketch of Figure 4—1.
+

The R vectors are all coplanar. A radar im— \ -

\great circle ,’
age may be considered in terms of an integra—

tion of signals from points along an arc 
Figure 4—1
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segment of the circle. Whatever the position of this arc, the image projection
+ +

plane normal remains constant because of the R coplanarity. The mean R direc—

tion for an arc segment integration would determine the slant range axis of an

image frame, and the cross range axis would be orthogonal to slant range. For

* - different mean positions, the projection of the target may appear to rotate re—

lative to ~, but the basic shape of the projected outline would not change.
Therefore, it would be valid to take a set of images from different R positions,
rotate them about an axis parallel to the plane normals so that the projected

outlines coincide and then superpose the set. Different parts of the target

could be illuminated for different directions, so that the composite could

allow a more complete outline sense than any one image frame.

Now let the vector make an angle K with respect to the rotation axis.

The unit sphere trace of R is now not a great circle arc and the R vectors are

not coplanar, but form a cone with half—angle K , as shown in Figure 4—2. Then

the radar signals may be integrated over

small segments of the arc , and the image ~ 
K

projection plane for that arc may be con— ~~ ~~ 

5-”

)”

5- sidered as the plane tangent to the R cone 
-

at the line of the mean for the integ— I
• ration span. Under these conditions, one _

;

can see that the image projection plane( /
L normal must change as different arc segments

of signals are integrated, i.e., as the Figure 4—2
target rotates. Because of this change, the

orthographic projections of the target outline must change, and it is not valid

to simply superpose sets of images from different parts of the rotation cycle

of the target when J K I  ,‘ 90 0 . The more realistic tracking case would be to

allow to change with time. As a simpler example, let ~ slowly rotate about

an axis orthogonal to the body rotation vector ~, so that K varies linearly with

time from K 900 to K 00 . Then the trace of on the unit sphere would be
a spiraling path as suggested in Figure 4—3. The image projection plane normals

from such a track would vary over a very wide range of directions. Images for

regions of small I K ~ values would be superposable. Images from other aspects

4—6 
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would have to be studied without the benefit

of superposition. Different features may be

revealed for different aspects, so a full

,, set of images could be useful even if super— 
—

position is not possible.

(Theoretically , signals from all

I - aspects may be integrated coherently, but 
-

-‘ 
- -. in the general form this image is three—

dimensional. Space object tracking data Figure 4—3

-~~ have not been amenable to this type of processing.)

+
In the case of stabilized, near—earth satellite targets, an R trace

+
- 

! generally follows an approximate great circle arc, although the rates of R change

along that arc. The image projection planes may deviate slightly from coplana—

rity and superpositions would have certain distortions or smearings because the

target outline projections could not be made to coincide, but image interpreta—
I tions generally might not be difficult.

A more complex case would be that of a 
,
,
.

.___
...~~~~

- slow body rotation comparable to the R I

rates. Then the ~ path may take on a some-

what irregular path as suggested by Fig—

ure 4—4, and projection planes could vary

- 1~ in a variety of directions. Figure 4—4

Similarly, with spinning and precessing bodies, if the spin rate is

fast relative to the precession rate and R rate, there might be a complex ver-

sion of the spiraling effect suggested in Figure 4—3. The vector would ro-

tate rapidly about the spin axis, but an effective K variation would be slower

and K would have an oscillation with the precessional motion of the spin axis.
I -  + +Comparable spin, precession, and R rates could make the R trace on the unit

sphere very complex and image effects -very difficult to interpret.
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4.4 CALCULATIONS OF PROJECTION PLANE ORIENTATIONS AND SCALE FACTORS

4.4a Simple Rotation

To determine image plane orientations and scale factors, rotational

motion parameter estimates must be available. The parameters may be calculated

by various estimation techniques like the specular timing method that is well

known for symmetrical targets in noncoherent SQl work, or from the range and

range rate data fitting methods suggested in Section 3. Otherwise, the body

parameters may be specified from a priori assumptions such as those that might

be made for certain attitude stabilized objects.

If a target has been determined to be simply rotating, it will be as—

sunied that a rotation vector, 
~T’ will be specified in an inertial frame, such

as the celestial or inertial geocentric coordinate (ICC) system. Then for a

selected signal integration time span, T, the radar line—of—sight unit direc—

tion vector, i~, will also be specified in the same inertial framework. Vector

may be converted from the usual azimuth and elevation angle data obtained

during a track. A mean direction, R , may be specified by taking the value of
at the mean time of the integration span, or by averaging the first and last

R positions acros~-.. the span. An approximate R rate, Rm~ 
may be estimated by

taking first differences of about the mean time, for example by taking the

initial, ~~ and f inal, Rf~ values to obtain
-,• +

- 
- ‘

~~ 
R~~-R ,~

R T (4—1)

An appro~cimate rotation vector, ~R’ 
for 

~ 
Ca: 

be obtained from

(4-2)

(as was discussed in Section 2.3d).

Now the parameter which will determine the instantaneous range rates

and, therefore, the instantaneous Doppler shifts of scattering centers is the

resultant relative rotation vector component orthogonal to the instantaneous

value of ~~~. The latter will be approximated by The resultant relative

4—8
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rotation vector, 
~TR’ between the target and the radar line—of—sight is equal to

the difference between the two compone~it velocities, or
L .

~TR~~~~ T~~~~ R

If — ~~ there is no relative aspect change and imaging is not possible. The

component of orthogonal to will be the rotation vector, 
~e’ 

which is signi—

ficant to the imaging process. As illus—

trated in Figure 45, 
~e 

may be obtained

f rom l \

a ~e 
= R x 

~~~ 
x ~~

) (4 4) 
—

717
in

and / +

I~e~ 1
~ TR

1
~~~

’ (4 5) /~ TR 
X R

— . ‘ Figure 4—5

The magnitude of gives the effective rotation rate, 
~e’ 

needed to

convert Doppler frequency to cross range and to determine the needed integration

time for a specified cross range resolution. The direction of 
~e 

defines the

normal to the Image projection plane.

One can see readily that, if is parallel to 
~~~ ~~ 

will be zero

and imaging will not be possible. For a slowly varying R, this condition would

be equivalent to the “swinging bridge” aspect in more conventional SOI work.

If a rotating line of the target, ~uch as a symmetry axis, is specified
by another vector, ~, then it may be desirable to determine the projection of
that line in the image plane. The image slant range axis direction is given by

The cross range axis direction, icr’ 
can be specified by

~cr = 

~m 
x (4—6)

where the unit rotation vector, 
~eu’ 

can be given by 
~e ~~e 

to define the image

plane normal. Then the components of D on Rcr and Rm will locate the line in
the image plane according to

1~

t
1 ‘-- 
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which 1: sketched in Figure 4-6. ,/
,___ _t_

+ sr
By treating all points on a tar— R

mL~ . I -
+ ~~~D ~~-. get outline through a specification of D -_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-‘ 
- - - vectors, an outline of the target can be

projected onto the radar image plane for

- 
any arbitrary orientation of the image Figure 4—6

projection plane. This type of projection can be very useful when a configura—

tion estimate is made based on a limited set of measurements and it is desirable

to check the results more closely by coordinating outline estimates with a large

number of image responses. Not only might an initial outline estimate be

checked, but also various other target features might be related more readily

than could be done without a reference outline.

4.4b Stable Body Cases

Space objects are sometimes stabilized in attitude within a specified

coordinate system. If stabilized in an inertial system, then the Section 4.4a

estimate of and the projection parameters can be obtained simply by setting

L ~T 
= 0 in all of the formulas. The R rotations alone control the image plane

orientations and scale factors.

For an earth—oriented body, a coordinate system can be arranged rela—

tive to an orbital plane position and a line towards the earth’s center. As an

example, if is the normal vector to the orbital plane as might be obtained

from ephemeris data or directly from the radar tracking data, and E is the unit

vector direction from the satellite to the earth’s center, orthogonal to , and

similarly obtained, then the third axis could be given by (
~~ x ~). The radar

line—of—sight vector components along these three axes can be calculated and the

image parameters estimated in exactly the same manner as the inertially stable

case. The difference will be that the earth-oriented case will have a reference
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axis rotation, once per satellite orbital revolution. If the target is a satel-

lite which maintains its attitude stability from pass to pass, then image pro-
jections planes can be related from pass to pass to obtain a more complete view

of the target. In the earth—stabilized cases, only bottomside illuminations

are possible if stability is maintained, so shadowed topside regions of a tar-

get may remain undetermined. If the satellite has some distinguishing features

in its outline, a test might be made on the true attitude stability by checking

outline projections in frames from pass to pass. For example, if a number of

overhead passes are observed, the projection geometry should be constant and,

therefore, the same image responses should be seen. A variation in these image

projections would indicate target changes between passes.

4.4c Slow Rotation Cases

Slowly rotating space objects generally give the most difficulty in

obtaining rotational motion parameter estimates. A general approach when the

estimates are unavailable is to create images as if the target were inertially

stable. If the body rates are slow enough, the image orientations may be ap—

- - 
proximately those of a stable body, particularly in the regions of track where

line—of—sight rates are fastest. For faster body rotation rates, the interac—
— 

tions of 
~T 

and 
~R 

can produce a complex set of Image effects in the sense that

both the cross range scale factor can be in error, which gives a projection dis—

tortion and the image plane orientation can vary in an unestimable manner. An

example of a simulation of such effects is given in Figure 4—7. The example

consists of projected outlines of a cube, as if imaged at the time of the over—

head point and at several points of decreasing elevation angle during the orbi-

tal track. The effective body rotation period was about 10 minutes. The bottom

row of projections in Figure 4—7 represents image effects if the body rotation

parameters were known and therefore give true orthographic projections of a cube

outline. The top row of projections is distorted relative to the bottom row

because the assumed cross range scale factors based on inertially stable atti-

tude conditions were incorrect. Without additional information, the analyst may

only very roughly sense the target configuration and specify some dimensions in

the slant range direction as minimum dimensions. Dimensions along the cross
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range dimension would be considerably more doubtful because of the unknown scale

factor.

4.4d Spin and Precession

The concept of using an instantaneous rotation vector estimate to estab-

lish imaging parameters as defined for simple rotation in Section 4.4a is also

theoretically applicable for more complex motions. In the review of spinning and

precessing bodies in Section 3.1, spin rate, 
~~~~~

, and precession rate, wi,, comp—
onents of rotational velocity were defined in terms of the precession angli e and

ratios of moments of inertia according to

(3—13). The instantaneous total rotational T

velocity, ~ , would then be the sum of
+ 

T p
and w , as sketched in Figure 4—8, and falls ,‘ /

+ + 
~~ /

between the two vectors at an angle y from w5. ~~~ / -

Then 
T 
precesses about the total angular momen—

tum vector, which is parallel to 
~~~~

, in synchro—

nism with the spin axis precession. If << W
8
,

then y is nearly equal to zero and imaging might 0
Figure 4—8

be carried out as if the spin direction changed a

negligible amount during a spin cycle. The problem might be treated as in the

simple rotation case, but with the K angle changing slowly , as was discussed in
Section 4.2 for the unit sphere concept. With more comparable rates, and w5,
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the projection relationships become even more complex. However, if the motion

parameters are specif ied, then at least theoretically the image projection plane
scale factors and relative projection plane orientations are calculable. A pos—

sibi.e problem might be that the change in direction may be too fast for the

- - coplanarity condition to hold long enough for an aspect change which allows a

meaningful cross range resolution value.

4.4e Axially Symmetrical Targets

If a target is truly axially symmetrical, then image processing may be

carried out in at least two different ways. One approach would be that derived

for more arbitrarily shaped targets as discussed in the preceding sections based

on the calculation of an effective rotation vector, ne. Then the images could

be interpreted in terms of various projection plane attitudes relative to the

target. Slipping point effects may be noticeably different than fixed point ef—

fects, but the general effect of varying outline projections would be present for
more arbitrary relative motions.

However, since the scattering effects are independent of roll angle and
dependent only on the angle, 4,, between the line of sight, ~~, and the symmetry

axis direction, ~~, a second approach could give images with a somewhat different

interpretation. In this approach, the angle 4, could be calculated as a function

of time and the signals could be integrated as a function 4, as if the target sym-

metry axis were simply rotating, or tumbling, about a fixed axis orthogonal to R.
This could be done independently of how the body rates and rates changed, as

long as segments of data with smoothly varying 4, functions of time could be found.

If equispaced angle samples were required , there would also be the problem of
nonlinearly varying 4,, so that an FFT type of transform algorithm may not be

valid. However, if a set of images over a wide range of 4, values could be formed,

then a fairly complete outline of the symmetrical target may be obtained from a

superposition of image frames. As in all these problems, the success of such a

superposition could depend on a well—defined set of rotational motion parameters

on which the 4, calculations could be based.
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4.5 EXTENDED SURFACE AND INDIRECT RAY SCATTERING

4.5a Surface Speculars

The concept of localized reflection centers has been found generally

valid in approximating most scattering effects from targets that are large rela-

tive to wavelength. Reflection effects in a set of radar images within limited

aspect angle variations do regularly appear as if arising from the same limited

number of points although the apparent point locations and numbers may change

over large aspect variations. These types of effects may be termed direct ray

point scattering.

Extended surfaces that are flat or singly curved, such as flat plates

or cylinders, tend to have dominant scattering localized at surface discontinui—

ties at most aspect angles. However, at specular aspects large areas of an il—

luminated surface reflect signals with significant amplitude rather than just the

discontinuity regions. At flat plate specular aspects, elements of the entire

illuminated surface reflect equally. Cylinder surface scattering is dominated by

elements in about the first half wavelength of depth along the incidence direc-

tion. Thus, surface specular effects may still be viewed in terms of direct re-

flections from target points but with the points uniformly distributed across

an effective surface area. For two—dimensional images, the flat or singly curved

surface specular effects become equivalent to line arrays of scatterers along

- - line projections of the target surface. Figure 4—9 illustrates nonspecular and —

specular scattering from model range measurements of the same cylinder model dis—

cussed in the addendum of Appendix A. Also shown are the results of using the

well known physical optics model for cylinders. The specular responses can be

seen to spread across the entire length, approximately centered on the leading

line of the cylinder outline. A second example of specular response is shown

in Figure 4—10 for a small rocket—like model, about 17 inches long, based on mea-
surement data from the same General Dynamics (GD) radar system used for the cy-

linder model. The flashes for the cylinder and cone appear in separate image

frames, since the specular flashes appear at significantly different angles.

The response function for the cone appears concentrated toward the large radius
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regions because elemental surface scattering amplitude is proportional to the

radius of curvature for singly curved surfaces. A final example of specular re—

sponses is shown in Figure 4—11, which was from GD measurements of a stepped cy—

- 

linder model, about 25 inches long. The specular flash responses in Figure 4—11

1 clearly separate the two cylinder sections and
the smaller diameter cylinder shows a lower

intensity than the large diameter section, as
might be expected In Figures 4— 9 through 

~ 
i~~ J~j

4— 11, the incidence direction is indicated by 8~~~~~ IW1
R~ The slant range extent of the specular

responses is mainly dependent on the trans—

mitted pulsewidth and not the diametrical 
Split cylinder

- .  speculars
target extent.

Figure 4—11
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A thin long rod element, like an antenna, might not be detectable from

just the nonspecular end point responses because the amplitudes are too low in

J. terms of available radar dynamic range, relative to reflections from other parts
of the target to which the element is attached. Then the high amplitude specular

flash effect may be the only means of detecting such an element, and if a wide
range of aspects to the target is observed, finely spaced images may be usef ulj in a search for such elements.

4.5b Indirect Rays

In the direct ray point scattering concept, ray paths follow from the

I radar to a target reflection point and then back along the same path to the ra—

dar. Direct rays are suggested in the sketch in Figure 4—12 to explain the edge

responses of the cylinder model of Figure 4—9.

Other types of scattering are sometimes 
+

encountered which can be described in terms of - 
~~

rays striking one element or discontinuity on the

target, then being diffracted in directions that V

lead to other points on, or within, the target
- - before finally returning to the radar. The re-

turn paths may retrace the arrival paths or may
Figure 4—12

be entirely different. Extraordinary examples

of multiple path ray responses are illustrated in the Addendum of Appendix A

from the long thin rod model. One of these ray paths is retraced in Figure 4—13,

wherein the near end is reached first, the ray ray

is guided along the rod length to the far end, p1th •~~ m

and then reradiated back to the radar from the ‘1
far end. Another ray path can be formed by

some of the energy diffracted at the far end
to be red irected back up the rod and reradiated D
to the radar from the initial near—end point. 

—

In theory, there are an infinite number of

paths in various combinations of multiple
Figure 4—13
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- bounces between the rod end points, but the reradiated energy decreases with

i the number of bounces, so only a limited number can be observed with a practical

I system, as is noted in the Appendix A results.

1 Multiple ray respones tend to appear with image amplitude pulse shapes
like those of direct ray responses. However, they generally appear outside the

outline bounds of the actual target along the slant range direction as can be

I seen in the thin rod results in Appendix A. They must appear within the cross

range bounds of the target.

If the multiple ray paths are known, the multiple ray response point

locations in an image frame can be readily estimated. The slant range position

of such a point is equal to the mean path length traversed in the round trip,

T and the cross range position corresponds to the time derivative of the mean path

length (divided by the rotation rate, ~~, for the usual calibration factor). As

an example, consider the rod ray sketched in Figure 4—13. The total length, R1
,

• of the ray path relative to point 1 is

RT = D + R 2 (4—8)

and the mean path length, 1
~T2’ is

RT2 = = + _ 

- 

(4—9)

I ~~

- The length D is a constant as the rod rotates, so the derivative of ‘
~T2 is simply

- 
RT2 

= 

~4 (4—10)

since R2/S~ would give the cross range location of a point at the end 2 of the

- rod , the ray cross range location must be midway between 1 and 2 according to

1 (4—10) . Therefore, from (4—9) and (4—10), the ray response location can be

stated as a point midway along the rod in cross range but extended in slant

range from the midpoint by a distance equal to half the rod length, as illus—
- - 

trated in Figure 4—14. The measurement results in Appendix A agree with this

analysis.

Another example of an interesting multiple ray effect was found in the

images of the small rocket model of Figure 4—10 at near nose—on aspects. A
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1
sample image is shown in Figure 4—15, where a 

-

response point may be noted near the bottom of - 

“~~D/2
the right hand side of the target, but away from ~~~~, ~~

the actual target outline. The path correspond— ~~~~~~~~~~~~~~~~~~~~ 

,

‘~~ 

R /2
ing to this ray is also illustrated in the figure. 1 — _

~~ ~~~- — —

The ray is believed to have been diffracted f irst R.r2 
D/2

by the cone cylinder—join, then guided along the
cylinder surface to the back cylinder edge and — ® ray
reflected from the small cone nozzle surface in location

a specular sense, and finally returning to the 
Figure 4—14

radar along the same path as it entered. The response

point is located in cross range at the same position as the front diffraction

edge of the cone—cylinder join because the path length in the round trip to the

back edge does not vary with aspect change beyond that point. The slant range

position is determined by the path length to the rear conic. The multiple ray

response disappeared in other image frames of this target at aspects where the
- 

front diffraction edge was shadowed. The shadowed nozzle conic section is

believed to be a very signif icant reflector because, in the simple cylinder

J ‘~m -

7/ ’

~~~~~~~~ Multiple
ray response

Figure 4—15

4—18 

~~~~~~~~~~~~ —- ~~~~
-
~~~~~~~- ---~~~~~~~~~~~~~~~~~~~~— - — -5 - - - - r

—-

~ 

—-~~~~~~~~
-——— —— ~~ -— — -—- -~~--~~~ —-- — —--- - —~~— -

~~ ---.-~~~~
-—— . á 1 5 -~~~i_.5-~~~ - -~~~~~~~~~~~~~



~~
T 5 -  — ~~

— --—---
~
-- — ---— -

~~
- 

~~~~~~~~~
-—- - - 

~~~~~~~~~~~
— -- --

~

-

~~~~~~~~

- 
model images, this type of multiple ray effect, sthich could theoretically appear
through diffraction from the shadowed cylinder edge alone, was not detectable.

- - Multiple ray phenomena can more of ten be expected in practical space
— U object tracking from targets with some hollowness or cavity—like formations in—

- - 
to which rays may enter and bounce about before reradiating outward. Such ray

F, ~ paths can follow internal specular surfaces, as well as diffracting edges , and
- 

the specular effects can give more signif icant reflection amplitudes than edge
effects. The engine sections of rocket bodies covered by a cylindrical or coni—

cal fairing might form such cavities. Also, a conical rocket nozzle itself can

have multiple ray effects in which specular flashes can be obtained from an in—
- - side wall that is shadowed from direct rays.

- In general, multiple ray effects tend to be identifiable in radar im-
ages of unknown targets if they are observed at different aspect angles. The

- - 

multiple ray responses do not rotate with the target in a rigidly connected point
5 - .  sense as do the direct ray responses. A common effect is that the ray appears

as if it were a point on the end of a string in a pendulum sense, as may be

noted in the example in the Figure 4—15.
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RADAR TARGET SCATTERING DIAGNOSIS WITH WIDEBAND

MEASUREMENTS AND COHERENT PROCESSING

OVERVIEW OF SCATTERING ANALYSIS

- - Practical purposes of analyzing the radar reflection characteristics

of an object include the derivation of parameters for use in designing radar

- - detection and discrimination systems and conversely, the design of objects

which may become targets of such systems. Two general methods of

analysis of a target configuration are (1) theoretical simulations of re-

flections using dig ital computers for detailed analysis , (2) direct measure-

ments of full scale or small scale models w ith radar systems having the

required parameters. Concentration on one of these approaches may

become necessary because of the other ’ s limits of applicability. Con-

s~derat ions iuclude : costs of computer implomentation , costs of model

construction, requirements of accuracy, and necessary variations in

parameters. Both methods have mutu ally exclusive practical limitations

which tend to make them complementary when a large variety of problems

- - is included , but for a particular problem, one of the approaches may indeed

be better. The following is a brief comparison of methods . The intention

is to g ive a context for use of wideband coherent measurements in synthetic

aperture imaging applications to this problem.

Dig ital computer analysis of complex target configurations can re- F

quire boundary matching techniques which become impractical because

they demand a too large computer storage and a too long computer running

time . This condition occurs as body dimensions increase from the order

of a wavelength . The computer method does potentially have a flexibility

advantage in convenience of chang ing body parameters , target orientations ,

and radar operating conditions . Measurement methods require  constructing

new configurations with target parameter changes and some degree of

change in radar systems w ith each set of radar operation changes . In

1 
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measurement systems, complex target attitude variations are not easily

achieved directly. However , measurements do not introduce the concern

- for effects of approximat ion assumptions such as spacing and number of

matching points on a body . Practical measurement systems do not allow

- an unlimited target size , but acceptable target extents are generally greater

in a measurement system than would be presently feasible in dig ital corn-

putations if point matching solutions are needed. W ith static measurement

systems there is a concern for target support and background infl~ience on

data , in addition to antenna field effects and other electrical and mechanical
-
. system errors .

- Dig ital s imulations can compete in the case of larger shapes if the

-. - target configuration has major scattering effects aris ing from localized

- - reg ions (e. g . ,  edges and specular reflection surfaces)  for which there are

generalized scattering coefficients (e. g . ,  geometric diffraction theory,

- - 
physical optics theory). Such asymptotic formulations which are available

- 

tend to be limited in the kinds of localized configurations they describe,

and in the degree of applicability for a g iven configuration. Their ma in
- 

application has been to first  order , direct ray reflections . Their use

in secondary, multiple ray tracing tends to become complex and more

p questionable as the numbers of localized scattering effects  increases.

I-. However , in many problems the f irst  order theories have been applied

w ith powerful effect.

W ith high resolution measurement systems there can be an
- opportunity to analyze the larger targets with the localized scatterer

approach , but without all of the assumptions of f i r s t  order theory. The

application of first  order theory to localized reg ions for which such

theories are available can be checked with measurements results and

localized effects for which theories are not available can be empirically

studied. The isolation of effects may considerably reduce complexity,

with results which may be applied to systems in which the target  con-

fi guration is unresolved with a s imple addition of component reflections .

2
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J W ideband , coherent measurements can allow such target resolution

in two dimensions.  The bandw idth is used to allow an isolation of effects in

slant range w ithin areas that are fract ions of an overall bod y dimension.

If in addition to amplitude , phase is recorded from a rotating target , further

pr ocessing of the w ideband signals can be carried out to synthesize the

-L effects of a wide antenna aperture in which a high degree of equivalent angular

resolution in one dimension can be added to the slant range resolution to

allow isolation of target reg ions in a two dimensional projection. One version

- 

of such processing is the first  order synthetic aperture (backscattering) image.

This is approximately a projection of localized scattering amplitudes onto

a plane which contains the radar l ine-of-s ight and which is also perpendicular
- to the plane containing the axis of body rotation and the l ine-of-s ight. It
- represents a display of mean doppler versus mean slant range of scattering

- points on the target  during short intervals of target rotation. In the case of

axially symmetrical configurations, rotation about an axis perpendicular to

- the symmetry axis would tend to be sufficient for complete diagnosis of a

target  model. For an unsymmetrical shape , rotation about different axes

- 

to establish three dimensional locations of scattering effects might be

possible. The processing for two dimensional images has been thoroughly

studied in the problem of ter ra in  mapp ing w ith signals from a moving
- .  aircraf t , in which the effect is a rotation of the radar system about the
- - target , the converse of the static measurements radar method. The more
- - recent development of very wideband radar systems which have slant

range resolution of the order of a few inches has allowed the technique to

be useful in the analysis of the smaller , discrete targets such as missiles

and satellites.

To summarize the application of wideband , coherent measurements,

the results become especially meaningful when target  dimens ions are of at

least a few wavelengths, the results are applicable directly when wideband

radar systems are involved , and the result s can also be useful in narrowband

system problems. Isolation of scat ter ing effects on an extended target to

localized reg ions will allow direct locations of major sources of scattering

3 
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in a target design , including isolation of secondary effect such as multiple

reflection rays .

L The following discussions will describe a method of utilizing digitally

recorded data from a backscattering model measurements range in gen-

~ 0R 
erating synthetic aperture images in which target scattering effects can be

localized. A set of results for three different target models is given in an

F ¶ *  addendum as an example of studies which might be made with this type of

processing.
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FIRST ORDER SYNTHETIC APERTURE PROCESSING

First order processing here implies assumptions that include
scattering occurring from ideal , isotropic points on a target and signal
processing matched only to a phase variation model corresponding to
linear motion of a point during an integration interval. Theoretical re —
lationships are derived in the addendum study, with examples which

£ illustrate the applicability of the assumptions. This section will be limited
to a discussion of some practical details of measurements and a few sample
displays of data.

Figure 1 illustrates a model measurements arrangement and two
samples of amplitude data displays . The target of this example is a small
rocket model on a sing le axis rotator . A very short pulse of approximately

- Gaussian shape is transmitted. High speed sampling techniques are used
to create from several transmitted pulses a digital record of a data sweep

• - covering a fixed slant range gate. In- phase (I) and quadrature (Q) coherent

- - 
detection of signals allows a measure of both amplitude and phase of the
target . Data sweeps equispaced in target ang le are recorded as the target
rotates. A sample plot of the amplitude part of the data from several
sweeps is show n in Figure 1 in a 3-D type of dis play. A calibration target
is included in each sweep to permit calibration of target signals in terms

- of radar cross section. A sample intens ity modulation plot of amplitude is
• also shown in Figure 1 which gives a sense of variation in slant range of

reflection centers as the target rotates through slightly more than a half
cycle. (The signal at broadside during this recording was quite high ,

saturating the receiver and also display ing the range sidelobes of the
transmitted pulse.)

Figure 2 illustrates the method of processing the dig ital data to 
- 

-

obtain two d imens iona l target images (amplitude of intensity modulation is
really a third variable , or dimens ion) of the synthetic aperture form. A

5
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certain reg ion of recorded data is selected from the slant range gate and

data for a number of aspect angles are entered into a computer storage

- - grid which has dimensions of slant range and target azimuth angle. At

constant slant range lines, data are amplitude weighted to reduce response

sidelobes and Fourier transformed (aspect angle as the variable). The

-. 
output result is then in the form of a grid which has the ori gina l slant

range scale , but the azimuth angle dimens ion becomes a cross range scale .

For the sample dis plays of Figure 2 , a set of data centered slightly off the

nose-on condition was selected for imaging The number of input angle

positions was 19, and the number of slant range samples was 64. A “Fast

Fourier Transform ” algorithm was used w ith 45 zeroes added to the 19

- - input points so that the transform output included an effective interpolation

y ielding 64 points. The intensit y modulation was achieved with a six level

quantization and five pr inted dots of vary ing diameter and a blank. (There

is some distortion in this synthetic aperture image example because display

scales were not equal , a matter of convenience in using a computer printer

format. ) Scattering is clearly isolated into four main target reg ions .

The data of Figures 1 and 2 were from measurements on a General

Dynamics system at Fort Worth , Texas. Data have also been processed

from a system at Syracuse, New York , operated by General Electric.

The following is a compendium of independent studies apply ing the

synthetic aperture technique to measurements of a small cube , a thick

cylinder , and a thin rod. The addenda are presented without reference

to the preceding explanation. These studies include checks of measure-

ment results with f irs t  order theoretical formulations and include approx -

irnate formulations of magnitude of error due to the f irs t  order assumptions

of the processing.
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APPLICATION OF SYNTHETIC APERTURE TECHNIQUES
IN RADAR TARGET SCATTERING ANALYSIS

OF A SMALL CUBE , THICK CYLINDER , AND THIN ROD*

ABSTRACT

Scattering center effects in radar images of three simple target

shapes were studied by using wideband radar data from rotating target

models. Digital recordings of amplitude and phase data versus slant range

at uniformly changing aspect angles were processed with a general purpose
digital computer to produce synthetic aperture radar images giving two-

dimensional resolution. Ray effects associated with surface dis continuities

were isolated from a 3 inch (7 . 62 cm) aluminum cub e, a 7 inch (1 7. 78 cm)

diameter by 21 inch (53 . 34 cm) length aluminum cylinder , and a 0. 1 inch

(0. 254 cm) diameter by 24 inch (60. 96 cm) length steel rod . The measure-

ments were made on a General Dynamics system having ~ 9. 0 GHz center

fr equency and about a 3. 5 inch (8. 9 cm) resolution in slant range. There

• was good agreement in comparisons of resolved signal amplitudes asso-

- .  
ciated with edge discontinuities to estimates from first-order wedge diffrac-

tion theories for the cube and cylinder. Thick cylinder model data clearly

= indicated the presence of a ray type echo appearing by way of a shadowed

region in addition to the expected direct rays associated with illuminated
- . edges. In the steel rod images at least six isolated rays associated with
- - direct and multiple paths could be detected , but all amplitudes were con -
- - siderably lower than those of the ideal conductor thin wire theory used in

comparison. The results illustrate the power of an added dimension of
resolution through coherent signal processing of short pulse data in empiric

scattering analysis and the practicality of applying digital techniques when

target dimensions are limited.

*This work was sponsored by Rome Air Development Center , Air Force
Systems Command, Griffiss Air Force Base , New York .
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INTRODUCTION

Synthetic aperture techniques are mo st familiar in the application

of terrain mapping from moving aircraft , but applications have also been

-- 

suggested for isolated target s tnder other radar configurations [ i j. This

paper presents results of app lication of such techniques in digital processing

of amplitude and phase data recorded from rotating targets illuminated by a
- - stationary X-band radar having a wide bandwidth transmitted signal. The

objective was to isolate scattering effects with resolution in a cross range
-- as well as slant range dimension and compare results to those obtained

from well known monochromatic formulations based on f i rs t  order , high

• - frequency diffraction theories. The three targets included a 3. 0 inch (7. 62

cm) cube , a thick cylinder , 7 inche s (17 . 78 cm) in diameter by 21 (53. 34 cm)

- - 
inches long, and a long thin rod , 0. 1 inch (0. 254 cm) in diameter by 24

- 

inches (60. 96 cm) long. The first two models were of aluminum material;

the rod was of steel.

The outputs of the processing included intensity modulation displays ,
- which will be called “radar images” , and also quantitative listings of

- - amplitude data. The latter were used to derive radar cross section va lues

- for peak response point s by reference to calibration target signals , and

- 
these values were compared to equivalent theoretical estimates based on

- 
various f i rs t  order formulations [2] — [8], as summarized in Appendix A.

(__.
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T MEASUR EMENTS RADAR SYSTEM

The radar measurements were made at a General Dynamics facility

in Fort Worth , T exa s on a system which could transmit a pulse of width

— 
between 3 and 4 inches (7. 6 to 10. 2 cm) in equivalent slant range (3 dB

power points) at a 9. 0 GHz (3. 3 cm wavelength) center frequency. Sampling

point intervals were at a minimum of 0.51 inch (1 .3  cm) in slant range. At

each range point an integrated video amplitude value and a pair of in-phase

and quadrature amplitudes -were recorded in a series of over 450 points

r representing a range sweep. The targets were moved on a single axis

rotator with a styrofoam column target support. Sets of range samples

were recorded at equispaced intervals of rotation angle. Separate parabolic

antenna s gave a slight bistatic angle , but the data were treated as from a

- - 
monostatic system.

Processed data from two sets of linear polarizations are presented

here for each target. One set is designated HH for received and transmitted

polarizations (F-field) parallel to the local horizontal; i.e. , the target

azimuth plane. The other is for orthogonal polarizations to HH and is

j - - designated VV. A calibrated dipole reference target gave a basis for radar

• cross section estimations in both polarization sets. Accuracy of radar

ii  cross section estimation presented in the following di scussions is of the

- 
order of one dB , with errors introduced due to measurement methods and

1 motion model assumptions in the di gital signa l processing.

s i;, 1
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FIRST ORDER SYNTHETIC APERTUR E PROCESSING

The mechanics of the data processing included gating a set of complex

- .  

numbers at equispaced range sample points from a magnetic tape recording

for a series of equispaced target angle position s and storing these in a
- 

computer array.  The data samples were Fourier t ransformed across the

angle dimension at constant slant range points after suitable amplitude
- wei ghting for sidelobe suppression.

- Linear approximations of motion of point s on a target were assumed

in setting the cross range scales and determining resolution parameters. A

- - 
brief  derivation of these relationships can be obtained if a point target is

considered rotating in an X-Y plane about an orthogonal axis cente=red in the

X-Y system. Let radar incidence direction be parallel to the Y axi s and
- 

let rot~ation of a line of length D from the center of rotation to the isotropicall y
-.  scattering point make an angle 0 with the X axis. - At some instant of the
- - rotation, let the angle 0 be 00 and deviations from O

~ 
be equal to ~~0, or

- 0 = A 0 + O  (1)

~ If the center of rotation is a displacement phase reference point , the slant

range distance from this point can be given by

r = D sin 0 (2)

and the phase ang le of the point for a single frequency can be given by

= —Zkr (3)

- 

where k = 2w/A is the wave number , A the carrier  wavelength. The first

order linear approximation for r can then be given by

r = D sin 0 ~ D(sinO0 + ~~0 cosO ) (4)

13 
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which can also be expres sed as

r Y + ~ O X  (5)
0 0

• where Y = D sin 00 and X = DcosO0 are  the coordinates of the

scattering point at the center angle 0
~
. The signal from the point scatterer

can then be described by the unit amplitude phasor

~ _j Z kr  
E i2’

~ 
(Y 0 + X0 ~ 0) (6)

- . 
The location of Y0 in this first  order approximation is assumed already

available throu gh the slant range resolution, and Fourier transforming with

respect to ~ 0 can give the cross range location X0. In the results presented

here, the Hamming type of amplitude weighting was applied before trans-
- - forming which was of the form

w(~~0) = 0. 54 + 0. 46 cos (2ir~~0/A0 ) (7)

where 
~

0m is the total angle span centered on 00. Thi s weighting gives the

-; 
- 

- t ransform of (6) a cross range equivalent pulse width at 3 dB power point s

- 
equal to

~
AR = (1 . 3/A0 m) (A/2) (8)

- “Fast Fourier ” algorithms were used in the computer analyses with power-
of-two transform lengths. The sampling of data resulted in a cross range
unambiguou s dimension given by

R = (X/ 2 )/ ~~0 (9)
acr s

where is the increment between angle samples.

All of the data presented here wer e obtained by processing a set of

19 angle sample points. In Fourier transforming the data, the output in

cross range was increased to 64 units by adding zeroes to the 19 sampled

I 

- point input arrays. The slant range dimension included 64 input samples

- 14
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from the recorded data to give a final output image array of 64 by 64 points.

1. The amplitudes in the 64 by 64 ar ray were presented in frame format

- - by a computer printer with six printer characters , including a blank , re-

- . presenting six quantization levels. The upper five levels were stamped over

with round dot s of varying diameter in proportion to the signal level to give

an intensity modulation effect . The output amplitudes were also available

numerically and proper peaks were selected with aid of the intensity modula-

tion images to estimate radar cross section values for significant scattering-- centers.

Magnitude of response of a moving point in the synthetic aperture image

- - based on the above signal processing model will decrease with distance from

the rotation center because the phase of the point is nonlinear and the pulse

- - 
envelope moves in slant range during an integration interval. Appendix B

-
~~ gives approximate estimates of these integration losses as functions of

distances moved through cross range and slant range r esolut ion cells,

derivations based on an ideal Gaussian pulse shape. These indicate that the

integration loss errors in cross section vaLues presented in the following
- discuss ions are with in about 0. 6 dB or less. Resolution values are also

.. affected , and Appendix B derivations indicate that the above ideal cross

range r esolution is inc reased by about 8% or less for the limiting reg ions on

the three target models. The values of amplitude and resolution are stated

in the following without corrections for integration loss.
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1 1.
= SMALL CUBE

The cube model was measured as it rotated about an axis perpendicular

- .  to two faces. Thu s rada r incidence was perpendicular to at least three

- 
illuminated edges at all aspect angles. Radar images for two different
aspec ts from the n~~asu red data are presented in Figures 1 and 2 for HH and

VV polarizations. The cross range processing included 19 ang le samples in
2 . 0 degree increments giving a total angle span of 38 degrees about each

• .  center position . For these values the above linear theory formula gives a

- 

- - cross range resolution of about 1. 3 inches (3. 3 cm). The theory gives a
~~. cross range increment for Figures 1 and 2 of about 0.29 inch (7.37 cm).

- The slant range increment is 0. 51 inch - Outline projections of the cube

have been added in the f igures  to correlate peak signal areas with cube edges

and these sketches are distorted according to these scale increments.
(R etention of the unequal scale distortions was a matter of convenience in

ut ilizing the available comp~ter printer arrangement without fu r ther inter-
‘I polations.) The blanking threshold for the Figure 1 and 2 displays is equal

to 1/6 (or -15. 5 dB) of the maximum output from the processor. Since each
- image has image intensity levels set relative to the maximum signal of a

given frame, relative comparisons of peak intensities have meaning within
- a fra me but between frames are not significant .

Rada r illumination direction (and therefore slant range) is from the
top of each image downwards and the resu lt s are somewhat analogou s to an

optical image if illumination were similarly f rom the top side of a f rame

toward the target and viewing was downward on the cube to observe the light

reflections. For a hi ghly polished ctb e, the optical image would tend to produce

highlight s at the corners , and w ith coarse optical resolution the resulting
optical image might approach the radar image. This analogy is far from

exact. A significant difference is that the rada r signal is mainly from the

illuminated edges perpendicular to the incidence directions and both top and

bottom parts of the target contrib~ie to the signal. The bottom is not blocked ,

as would occur optically. However , there is at least a tendency towards thi s

16
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- . optical analogy, which makes it useful in inapecticn of the rada r images.

- - Figures 1 and 2 clearly show that the dominant scattering effect can

be described in terms of rays reflected from the illuminated cube ed ges

- perpendicular to the incidence direction. Distinctly different results are

obtained with different linear polarization conditions. HH polarization tends

- - 
to give more equa l re turns from the three edges while in VV polarization the

leading edge is the main scatterer.  Mult iple rays would appear in these

images at displaced slant range point s if the same point received and

reradiated the ray, and also at displaced cross range point s if different

points were involved in reception and reradiation. Such secondary ray effects
- are not clearly evident in the cube images. They would not be detectable if

they were small in signal level because of either threshold or resolution

- - limitations. The assumption in the following analyses is that intense reg ions

in the images were mainly direct ray reflections.

Results in Figures 1 and 2 agree with theoretical simulations of the

data as presented in Figures 3 and 4 which were based on f i rs t  order wed ge

scattering theory as described in Appendix A. Short pulse scattering was

simulated by assuming a band limited Gaussian type of pulse shape with
- .  main pulse width parameters approximately equal to those of the measurement
- - radar , but without a match to range sidelobe effects. Thirty-one frequencies

- - were used to simulate this theoretical pulse response in frequency. The

formular of Appendix A was applied at the required set of pulse frequencies

and aspect angles and weighted by the pulse response. These were then

Fourier transformed to a time domain function after adding enough zeroes

to give an interpolated time ou tput of 64 points. The cross range processing

of the samples was carried out as described for the measurements data.

t There are only slightly different relative intensity levels in comparing

mea sured data images with the theoretical.

Assuming that the intense areas in the image s indeed represent

isolated r eturns f rom the associated cube edges , peak amplitudes were

selected and converted to radar cross section values in units of dBsm

(dB relative to one square meter). Table I gives a listing of observed cross

section values for the three cube edges as defined by the sketch in Figure 5.
17
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Radar Images of a Cube from Measurements Data ,
- 28. 60 Aspect, HH and VV Polarizations
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Figure 2. Radar Images of a Cube from Measurements Data ,
44. 6° Aspect , HH and VV Polarizations
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~. 1. Table I. Radar Cross Section Values in dBsm Versus Aspect Angle in
Degrees for Cube Edges from Diffraction Theory and from
Image Processing of Measurements

I
~

- i _  — -5- — —
VV POLARIZATIO N

~~

— Aspect Ed e A Ed ;e B Edre C - -
- 

- 
e Theory Measur ed Theory Mea sured Theory Measured

- - - 
28.6  -22 . 1  -21. 0 -29. 5 -34.4  -50. 3 - 5 0 . 0

44.6 -23 .4  - 2 2 . 6  -40. 6 -41. 0

- 60. 6 -22.  3 -21. 2 -49. 8 -32.  3 -32.1

- . - -_ _ _ _ _  _ _ _ _ _ _ _  

HH POLARIZATION

28.6 -26 .9  - 2 7 . 6  - 2 4 . 6  - 2 6 . 7  -28.8  -29. 1

44.6 -29.2 -28.0 -27.5 -28.4 -27.6 -29.2

60.6 -27.1 -28.1 -28.8 -28.7 -24.8 ~24.8]

t ii
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I
Figure 6 gives a plot of the measured data and average value curves from the

- - theoretical function in Appendix A. Since a wide angle was involved in the.. coherent processing, the estimates must be considered as those approaching

I an averaged set rather than a fixed angle result . The measurement estimates

ia 
were generally within a 1 dB deviation limit of the theoretical averages.
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Figure 6. Plots of Radar Cross Section Estimates of Cube Edges from
Image Processing and Theoretical Curves
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THICK CYLINDER

The thick cylinder model was closed at both ends with flat plates

mounted to form a sharp circular edge. R otation was about an axis perpendic-

ular to the cy linder axis. Figures 7 and 8 give the radar image results from

the experimental measurements for two aspects , one near end-on, the second

closer to broadside. These were obtained by processing 19 angle samples
in 1.0 degree increments with slant range sampling at 0.51 inch (1 . 3 cm).

Theoretical cross range resolution is then about 2 . 6 (6. 5 cm) inches and the

cross range increment is about 0.59 inch (1 .5 cm). Sketches of the

cylinder projection were added with only a slight skew since the display

scales were of a less distorting ratio than in the cube figures.  The results

in Figures 7 and 8 show the expected three scattering centers associated with
the three illuminated edge regions where the tangents to the edges were
perpendicular to the incidence direction. The further (in slant range) edge

responses are less intense in the VV cases than the HR cases.

- - A fourth echo source (first suggested by the General Dynamics

invest igators of amplitude only) was clearly present in the VV data processed

- from higher transmitter power levels. This is not present in the Figures 7

and 8 images because of the thresholding effect and lower transmitted power
used in obtaining those data. Figure 9 gives images at two aspects in VV

polarization from data obtained with a 20 dB higher transmitter power than

in the measurements for the previou s figures. The higher level signal

caused receiver saturation distortion in Figure 9 for the leading edge reg ions ,
but at the far end an unsaturated pair of signal regions can be noted which

- include a return from the illuminated edge region and an apparent echo effect

in the shadowed region. The latter is not predicted by f irs t  orde r theories ,

- - and was not detectable in HH polarization data. Near the end-on aspects ,

the fourth echo is stronger than that from the nearby illuminated ed ge , but

- 
near broadside it becomes relatively weakcr.  Because the intense region

of the fourth scattering center is displaced in slant range from the actual

j cylinder edge in these images , a possible ray effect is indicated which would

1 26
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Figure 7. Radar Images of a Cylinder from Measurements Data ,
39.6° Aspect , HH and VV Polarizations , -20 dB Trans-
mitter Attenuation
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I

include a reception point in cross range at the shadow boundary just above

I the peak in intensity, and a possible path along part of the shadowed edge and

back through the opposite shadow boundary region. Further investigation of

I this phenomenon was not pursued here other than to obtain estimates of

signal amplitudes which will be presented later.

I A well known f i rs t  order geometric diffraction theory formula,

described in Appendix A , was used to simulate radar images of the illuminated

edges in a manner comparable to the cube data simulation above with results

for one aspect given in Figure 10, which is for a condition similar to that for

I Figure 8. Figure 8 compares well with Figure 10 with only slight differ ences

in relative intensities, a r esult typical of those at other aspect angles for

which simulations were made.

Image s from measurements data we re calculated for several aspects
in addition to those shown here, and radar cross section estimates were made

for scattering center peaks with numerical results listed in Table II. (Ed ges

are defined in the sketch of Figure 11. )  As in the cube case , but for a smaller

angle span, these are an ang le averaged form of amplitude estimate. Plots

of these data points are given in Figure 12 together with curves based on the

single frequency, geometric theory of diffraction formula without angle

I averaging. The measured point s agree with the theoretical curves within

1 to 2 dB but there are deviations, particularly in the VV data for the two

illuminated edges further in slant range. The fourth or shadow region amplitudes

are also plotted in Figure 12 and listed in Table II, and these estimates
decrease slowly with angle away from end-on aspect.

I

I
I

i

I
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33

a- 

- 5 — —
________ — A



F.. _________________ — - 
‘~~~~~~~~~~~— r u -  - -

~ ______

L.

Table II. Radar Cross Section Values in dBsm Versus Aspect Angle in
Degrees for Rays from Edges of a 7 by 21 Cylinder Using Radar- .  Image Processing of Measurements Data -

VV POLARIZATION

Aspect Radar Cross S ction of Edg~ s- 

- 0 A B C D Reg ion

-5 iS. 5 -49.4 -20.1 -26.0 -40.4

- 24.5 -52.6 -24.0 -39.6 -43.3

29.6 -50.4 -25.6 -42.0 -44.0

39.6 -40. 3 -27.4 --45.7 -45.9

44. 6 -40.2 -28.0 -48.0

1. 54.4 -42. 5 -29.9 -45. 9

59.6 -39.6 -29.6 -44.9

63.6 -38.5 -29.4 
_____ --_____ 

-45.2

. HR POLARIZATION

- -  
15. 5 -30.0 -22 .6 -21.7

24.6 -30.8 -28.4 -25.9

t L 29.6 -30.8 -29.8 -25.9

39. 6 -31. 6 - 31. 7 - 31. 7

43. 7 -30. 0 -33. 3 -31. 6

54.6 -30. 3

59. 5 - -29 . 8 -31. 0

63.6 -29.1 - 31.7 -34.4
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THIN STEEL ROD

The thin steel rod was about 1 7 wavelengths long, and multiple ray

- 
effects were expected , involving diffraction at the ends of the rod , and waves

travelling along the rod length. Available first-order theories were not

expected to give the correct magnitude of signal amplitudes since these

theories did not include losses due to surface impedance effects which are

expected to be significant in the case of a steel material. However , compar-

isons to these theories were made in terms of locations of ray responses in

the radar images. Amplitude differences were used to estimate losses. Thin

- wire ray effects with short radar pulses were earlier studied by Borison

and Hong [6] in short pulse data including only amplitude , which required

- - 
taking into account a number of rays of approximately equal slant range in a

single reflected pulse combination. In the results presented here , coherent

processing allowed an almost complete separation of the rays unresolved in
- - 

slant range when the aspect angles included in an integration were sufficientl y

away from end-on. A good cross range separation was not obtainable in the
- - aspect region of the CW end-fire lobe which peaked at about 10° from end-on.

• - The rotation axi s was perpendicular to the rod axis, making HH the

principal polarization, and only results from that polarization will be pre-

- - 
sented. Radar images of the steel rod are shown in Figures 13, 14 and 15 ,

for three different center aspect angles. Two images are shown in each

fi gure: one for a linear output in six quantization levels similar to the previ-

ous images , the second with greater emphasis on lower amplitudes obtained

by taking the square root before quantizing the amplitudes. The second brou ght

out noise effects which predominate near the center of the cross range scale.

The cross range processing included 19 angle samples in 1.0 degree increments ,

giving a theoretical 2.6 inch (6. 5 cm) resolution and 0. 59 inch (1. 5 cm) cross

range increment. Slant range was sampled more sparsely to give a longer

slant range coverage and the slant range increment for Figures 13 , 14 and 15

is 1. 02 inches (2. 59 cm) . The ro4 sketched in the image changes apparent

length with center aspect angle because of the rather wide di fference in slant

range and cross range scales . Figure 16 give s sketches and nomenclature
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Figure 13. Radar Images of a Thin Steel Rod from Measurements Data ,
29. 40  Aspect , HH Polarization, Linear and Square Root
Outputs
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Figure 1 5. Radar Images of a Thin Steel Rod from Measurements Data ,
68. 4° Aspect , HR Polari zation , Linear and Square RootI Outputs
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I
describing ray paths along the wire which could be correlated with peak

signal areas in the previous three Figures.

The response of the far end direct ray (A) is dominant in all of th~’

- . images. The near end direct ray (F) is clearly evident in the near broadside

aspect images.

A ray pair (B) produced echoes which appear clearl y in Figure 13

nea r the cente r of rod in cro ss range , but displaced from the center by half

a rod length in slant range. The centering of the cross range position is

- - explained as follows: a ray entering at one end of the rod encounters a pha se

change due to motion of that end which is equal in magnitude of displacement

but opposite in sign to motion of the end from which reradiation occurs, giving

a net phase shift equal to that of the center of the rod. The single tr ip along

the rod catses the half rod length slant range displacement from the center.

As broad side aspect is approached in the series of images , this ray pair

becomes lost in the noise effects. Thin wire diffraction theory for ideal

conductors indicates that the ray entering the fa r end and rerad iating from

the near end should predominate over the ray entering the near end at most

aspect ang les away from broadside , so the center image responses might be

assumed as isolating one ray.

A one round tri p ray (C) associated w ith the near end gave a response

identified by an image signal peak at the cross range of the near end but

di splaced in slant range by one rod length. A similar round trip ray (E)

via the far end is detectable in the image . Onl y one double round trip ray (D)

is detectable which is that associated with the near end. Other multiple t ravel

rays gave responses too weak for detection in the available data and were

lost in the noise.

R ada r cross section values were estimated for  the six detected ray

scattering centers in a manner similar to that for the cube and cylinder.

Values for a number of center aspects, including those of the previous figures ,

are listed in Table III.

Theoretical simulations were  made using Ufirntsev s formula , described

in Ar— ’ndix A , for an ideal conductivity thin wire .  Since this formula was

ba sed on a direct summation of rays diffr- - cted from the ends of a wire  as if

40 
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Table III. Radar Cross Section Values in dBsm Versus Aspect Angle in
Degrees for Rays from a Thin Steel Rod Using Rada r Image
Processing of Measurements Data of HH Polarization

Aspect 
__________  

Rada r Cross  Sect ion of Rays  
_______

0 A B C D E F

21.4 -43.0 -42.5 -46. 4 -6 6.7 -63.9 -72.4
29.4 -44.8 -48.2 -51.0 -72.0 -66. 5 —71 .4
39.4 -4 6.4 -59.0 -56. 9 -75.2 -71.0 -70. 3
48.5 -47 .4 -63.4 - 61.1 -- -69.2  -67.6

1. 58.4 -48.5 -- -62. 7 -- -70.5 -61.2

68. 4 -47. 6 -- -64. 6 -- -70. 2 -54. 7

! r

I ~It
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semi-Lnfinite , the rays are clearly evident in the terms of the equation.

R adar images of the rod were simulated as in the cube and cylinder cases

• but using Ufimtsev ’s theory for the CW response input. Result s are shown

in Figure 17 for two aspect angles which can be compared to the upper frames

in Figures 14 and 15. The clear difference between this theory and the

measurements is that the single length ray (B) is dominant in the theoretical

images while the far end direct ray (C) dominates the steel rod data.

Of curiou s interest was a corrnarison of results from the earlier ,

well known Van Vieck , et al. • paper in which an integral equation solution

(Method B) was extended to a long wire case (equation 34b in refexence [8] ).

In the Van Vieck formulat ion , all of the ray effects are not as obviou s in the

terms of the equation. Simulated images in Figure 18 are based on the Van

Vleck fo rmula and are quite comparable to the Ufimtsev result in Fi gure 17

with the exception of an obviously spw iou s ray appearing ahead of the rod.

Ray amplitudes of the Van Vleck theory were estimated from the simulated

images for three angles , and listed in Table IV for comparison to Ufimtsev

theory. The higher magnitude ray amplitudes (A) (B) are quite similar but ,

others deviate.

• In examining the spuriou s echo in the Van Vleck result , another image

• simulation was made with a longer slant range coverage by sampling at

wider slant range increments. The result in the bottom frame in Figure 19

clearly shows a number of additional spuriou s rays ahead of the rod in

addi tion to the one seen in Figure 18. The bottom frame in Figure 19 was

obtained by modifying the linear image output with a 0. 2 exponent . Checks

were made which insured that these spuriou s rays were not caused by the

sampled data ambiguity effect in the slant range simulation.

Figure 20 gives a plot of the radar cross section values obtained from

the radar imaging of the steel rod and also a set of curves based on the

individual ray terms in Uf imtsev ’ s formula. (The theoretical curves were from

unaveraged CW values , but they comi* red closely with theoretical averaged

amplitudes such as those in Table IV. ) There may be some surprise in

the rather large apparent attenuation effect between the direct ray theoretical

amplitudes and those of the measured data , although the multiple ray amplitude
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• Table IV. Thin Wire Ray Radar Cross Section Values in dBsm Versus

Aspect Angle in Degrees from Radar Image Processing Using
Two First-order Theories

• VAN VLECK THEORY
I

ASPECT RA DA R CROSS SECTIO N OF RAYS
• 

•

0 A B C F E SPU RIOUS

-- 29 .4  -33.1 -3 1.2 -45. -4 8.9 -54.4 -43.4

4 8 , 5  -39 .8 -38.9 -53.0 -62 .0  -60 .6  -51 .0

• 68.4 -40.4 -42 .8 -58 .2  -49 .3  -62 .4  -55 .0

j T 
_ _ _ _ _ _ _  _ _ _ _ _ _  

UFIMTSEV THEORY

29 .4  -34.9 -31.5 -41.5 -68.6 -48.5

48 .5 -39 .5  -38.0 -49 .1 -62.7  -53 .6

68.4 -39 .6  -41.4 -53.5  -50 .6  -55 .7
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• FIgure 17. Radar Images of Ideal Conductor Thin Rod from Ufimteev
• Theory, 29. 40 and 48. 50 Aspects , Linear Outputs
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- FIgure 18. Radar Images of Ideal Conductor Thin Rod from Van Vieck
Theory, 29. 40 and 48. 50  Aspects , Linear Outputs
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Figure 20 . Plots of Radar Cross Section Values of Steel Rod Rays from
Image Processing of Measurements Data and Curves from

t Ufimtsev ’s Ideal Thin Wire Theory
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attenuations are as expected. The near end direct ray appears somewhat
I less attenuated than the far end direct ray. For signals outside the center

cross range position, the lower threshold effect for these rod data appears bo
• begin about -70 dBsm, and accuracy of estimates below thi s value is more

questionable. However , the deviation of the near end direct ray (F) curve
from the trend of the Ufirntsev curve may be a truer estimate since the actual

~ rod diameter of 0. 08 wavelengths is rather thick compared to the more usual
thin wire values and the direct ray scattering from the flat end may be of a

11 different mechanism than predicted by the Ufimtsev theory.
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CONCLUSIONS

Coherent processing of wideband radar digital data in producing
• 

• synthetic aperture displays is quite usefu l in isolating “scattering center s”

- on simple target configurations and in studying the amplitude versu s aspect
I angle characteristics of the isolated scattering regions. The resulting

• 
• 

data represent averages over the aspect angle scan used in the processing,

but scattering from simple body discontinuities does tend to vary slowly with
angle , and the averaging effect might not be a serious handicap, as is evident

in the results for the three simple shapes presented here.

I
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APPENDIX A

• ~
- ‘I.

DIFFRACTION THEOR Y FORMULAS
USED IN SIMULATIONS

Based on first order single diffraction wedge theory [2J - [ S j  the

1. following functions were used to describe CW monostatic radar reflection

- 

amplitudes or the cube and cylinder . Fir st for a section of semi-finite
wedge of height , H , with incidence per pendicular to the edge near es t the radar

• • 

= 
H f -l 

+ 2/ 3~~ (10)

~i1i 1% + cos (Zir/3 + 48/3) — )
where 0 is an ang le betw een direction of incidence and the perpendicular to

- a side. Upper si gn is for linear polarization received and transmitted
parallel to the edge (VV) lower sign for the orthogonal case (HH). The
absolute magnitude squared will give the commonly used radar cross section
term. For a total cube simulation three such terms were used with proper
a spect angle considerat ions and phase terms determined by relat ive distances
along the incidence direction.

• A similar equation was used for the cylinder edge of r adius , R , incidence
t. assumed perpendi cular to the edge tangent

i j . j-
~~ f R -l 

— + 2/3~ ( 11)
V 3k sin 0 1 + cos (Zir/ 3 + 40/3)] — )

wher e k = 2 f f / A , A = wavelength. The above formula is for the nearest
- 

cylinder edge of three illuminated edges , and e is the angle between incidence
direction and the cylinder axis. Returns from the other two edges were

- derived from the ‘above with the proper adjustment to 0, and relative phase

• 
. angles were obtained from the geometric slant range disp lacement s of the

edges at variou s values of 0. The total CW echo was then a complex sumII of the three terms. Polarlzations VV and HH are g iven by upper and lower

50
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5 1.
signs , respectively.

Based on a semi-infinite thin wire diffraction theory, Ufimtsev [ i ]  -

[8] gave a formula for a length, L, r~~ius, a, and angle of incidence from

end-on, 0, of the form

= ~~2 n/k) 
Zi s(e) 

2 
(12)

sinO sin20 
~yka ain0 )] J

• 

~

where

s(0) = - [~~
4(9/2) in 2

• - yka sin 0/2

~ + e~
2
~
(
~~

058coa4(9/2) In —

- 

cos (0/2)

-e’~~~
1
~~°~

0
~cos

4(0/Z) in [yka cos(O]~~~~ 
2

+ e 
(
~~~08O) sin4(e /z ln[yka t (9fz)

] 

2

I 

÷~~~ 
[
~~~)z + (~~ )2 eikL2 c08O)

- ~~~~~ e 3+cosB)
] 

cose In 
~yka

[1
51
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D = 1 -~~
2 e12

~~~
‘V

- 
s~ Zn ( t ZnkL

D

ivv - 2 1n (yka)

1~ ( j ZkL 
- E(ZkL) E

y k a

i i r _ l n (y q ~
I

— 

in ( iZkL 
~ - E 

2kLq~ 
(-i2 q~ k2a2

yk a  k a

2(ka)
= 2 (1~~ cos O )

x

dt

C- -

in =

~

a
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APPE~NDIX B

ERRORS DUE TO LINEARITY ASSUMPTIO NS

The radar cross section estima tes presented in the main te~~ were

• based on comparisons of peak image amplitudes of a rotating target to the
- peak amplitude of a fixed calibra tion target. A scattering center assigned

a constant CW cross section w ith aspect ang le will have an image response

- peak amplitude which decreases with distance from the center of rotation

• in a manner dependent on its position in a rotation cycle. This represents

an inte gration loss due to signal processing not exactly matched to the

rota ting point target model. If the cross section estimates are used as

representative of isolated phenomena dependent only on the local configtir-

ation of the scatterer , then the integration loss intoruces an error in the

estimation. If the product of integration angle and distance from rotat ion

- center is small then this error might be neglected , depending on accuracy

desired and relations to other measurement errors-

• 
- 

To obtain fir st order estimates of the err ors due to integr at ion loss ,

- 
calculations were made assuming an ideal Gaussian pulse amplitude mod-

I ulat ion, w ith the Hamming function in the ang le dimension weighting , to

simulate the model measurements and the linear processing. Second order

functions were approx imately fitted to the numer ical results and these are

valid in lim ited reg ions.

• In the simulations , if a point moved only in slant range through

r - a distance , Ysr s dur ing the integration through ang le AO
mI then the loss

1 in peak amplitude was found to be approximately

2 • Y
~ 

sr sr < 2  13
sr 

~
R r 

‘ 

~~~sr
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where Lsr is in units of dB , AR sr is the 3 dB total width of the Gaussian

pulse , and therefore the ratio Ysr /~~R sr is the distance the point moved in

unit s of slant range resolution. For the same condition, a degradation in

cross range resolut ion fr om the ideal va lue , 
~ R cr~ g iven by (8) of the main

j text was approximately desc r ibed by a new resolution formula:

r Iy 
_ _

~ L~
°°
~ 

I~t~~~r j ~ R 
~~~~~ 

< 2 . 5 (14)

The above case might be representative of conditions when the line con-
necting a point is perpendicular to the radar incidence direction. When

- - 
the connecting line is parallel to the incidence direction, the slant range

• motion is small but nonlinearity effects in the motion cause an effective
mot ion through doppler resolution cells which also causes an error .
Simulations were made for the latter condition assuming no slant range
motion but a quadrat ic approximat ion for the cosine phase func t ion of the

• 
~~

- rotating point . A theoret ical loss fac tor was appr ox imated by

1. L 0. 17 

(~~~~r )  

2 
Ai r 

< 2 .5  (15)

where Lcr is in units of dB, Xcr is the distance a point moved in cross

range during integration, ~ R is from (8) of the main text, and Xcr/~~Rcr
is therefore the cross range motion in units of ideal cross range resolution.

The cross range resolut ion is also degr aded from the ideal AR cr case and

this can be seen in the approxima te new formu la

= [1+ 0 032 ()
~~ 

2] AR r ‘ 1~~~r 
< 2  ~ (‘s)
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• where 
~~~~~~~~ 

is the distance the point moved in cross range resolution
• units.

I I  For motion less tha n the distance of a fixed point resolution cell ,

- . 

- 

the above 1o~s factors indicate an error of less than 0. 5 dB and the de-

gradation in cross range resolution is represented by a less than 5~%

I -~~ increase. If these errors are intolerable for g iven problem conditions ,

then the approximate corrections might be app lied as s tated by the above

- approximations or by more accurate formulas, or a more accurate motion

model ca n be used in the signal processing method. Introduction of the

latter will increase complexity and costs of computation.

~

•4’

I-

~

L

0~~ 
—

55

I I  
__ 

_ _  ~~• • _ • _ _
~~:• I:~JL~ :~~~ ~~~~~_~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~

_—-



__________  - ~~~~~~~~~ 
- 

— - 
-

it
REFERENCES

• [ij W.M. Brown, and R. J. Fredr icks , “Range-Doppler Imaging with
• 

~ I :  Motion through Resolution Cells ”, IEEE Trans. on Aerospace and
Electronic Systems , Vol. AES-5, pp. 98-102, January 1969.

[ zj  J. B. Keller , “Diffraction by an Aperture”, Journal of Applied Physics,
vol. 28, pp. 426-444, April 1957.

• [3j 3. W. Crispin, Jr., R. F. Goodrich, and K. M. Siegel, Methods of
Radar Cross Section Analysis , Academic Pr ess , 1968 , pp. 64-76.

- 

[4] M. E. Bechtel , and R.  A. Ross , “Radar Scattering Analy sis ” , Cornell
- 

I Aeronautical Laboratory Rep~~~, ER/RIS- lO , August 1966.

- [5 j  C. E. R yan , Jr., and L. Peters, Jr. , “Evaluation of Edge Diffracted
- Fields Including Equivalent Current s for the Caustic Regions ”, IEEE

I Trans. Antennas and Propagation, vol. AP-17 , pp.292-299, May 1969.

[6] S. Hong, S. L. Borison , D. P.. Ford , “Short Pulse Scattering by a

~ I’ 
Long Wire , ” IEEE Trans. Antennas and Propagation, vol. AP- 16,
pp. 338-342 , May 1968.

I [7] P. Ya. Ufimtsev , “Diffraction of Plane Electromagnetic Waves by a
• L Thin Cylindrical Conductor ” , Radio Engrg. Electron Physics (English

Translation), vol. 7, pp. 241-299, 196 2.

- [8] 3. H. Van Vieck, F. Block , M. Hamermesh , “Theory of Rada r Reflection
• • from Wires or Thin Metallic Strips ” , Journal of Applied Physics ,

Vol. 18, pp. 274-294 , March 1947.

- 
_ _ _  

_

56 

_ _ _ _  —_____________

— __• •a* — ~~~~~ __.~~~_I 
~~~~~~~~~~~~~~~~~~~~~~ r A



fl _~~I~~
_
~ 

- 
~~~

- - - -- •
~

—
~~~

- •- --- 
- - -~ •-- - -5— -•_ -~--- --———-•--.~~~~~•,•--—•-- •—- •---.-~-—•—-———-,—• - -

Add itional Notes

~

1~

~ 
I;

- Li

1 ?
.~ -

L z J _ i~_ 
• •• 

-• —  --- - - - ‘~T’ ~~~~~~~~~~~~~~~~~
--

~~
- - • - - P--

- -~-----~~~~:~~~~~~~ —•_~~~~~~~~~~ — •— ~-- ~~ — ~~~~~~~ ~~ ~~~~~
— L-

~~~~ -. ~~~~~~~~~~~~~~~ —~---— —•.---



- T ~~~~~~- - ~-~-.---- ~~~~~~~~~~~~~~~~~~~~ - •~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~ • - - - ~~~~~~~~~~~~~~

I UNCLASSIFIED
SECURITY CLA SSIFICAT ION OF TN,$ PAG E (Plia, 0.s. E..t.r.d)

I - 
REPORT DOCUMENTATION PAGE REP Ec P EFING I Om4

I REPORT NUMSER 2. GOVT ACC ESSION NO 3- RECIPIE.NTS CATA L.OG NUMUER

I - 4. TITLE (aid SubIS*I.) S TYPE OF REPORT 6 PERIOD COVERED

• Coherent and Wideban d Imaging Analysis L... ~ braining ~o~~~ iotes~~7I ______________ ,~~ ~~~~~~~~~~~~~~~~~ se.. n rsy
• (~

) ) SRO-TR—75—148 L..
TN Pta) . NTRACT OR S*ANY NLJMSIRIa)

I ~~~ ~~ /~ aiienberg ( 
(
~f~ ~ 689 77_c~~Ø,~6~ 7

•. P5RYOPMINO ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMINT~ PROJECT . TASK
- ARCA IWORK UNIT NUMUERS

I Syracuse Research Corporation
Merrill Lane
~~yr~wt1~~e , NY 13210 ____________________________

• I I . CONTROLLING OFFICE N AME AND ADDRESS ,/~ JI•.

I Air Training Co mm and , USAF 
(jj 

0ct~~a.v +976
Randolph Air Force Base , TX 78148

______________________________________________________ 
246

1 14. MONITORING AGENCY I4AME S AOORESS(u d*lf.rail l,ai, CcpIsollIng 051,.) IS. SECURITY CL ASS. (of (hi. 1.porl)

IL 
UNCLASSIFIED

I - / is.. OECLAS SI F ICAT ION/O OW NGRAOI NG

• *5. DISTRIBuTION STATEMENT (of hi. R.pori) 
-

I?. OISTRIUUTIOI4 STATEMENT (of (A. .5.1,4,1 .nf~rod hi Block 20. ii di tI.,.nS lroa, R.p .rf)

0*

IS. SUPPLEMENTA RY NOTES

~~- None

~ L
IS KEY WORDS (CoolMu. on r•v•,a• aid. if n.c...ay aid id.n Ufy by block .,,aib.t)

apertures model range data radar Images
broadban d motion range (distance)

- coherent radar narrowband rotation
~~~~~~ images parameter measurement signal processing

‘-I
2 . TRACT (CooUnu. on ,....,. . aid. if n.c...a .v aid Sd.niifr by block numb.,)

- This workbook contains part of the material for a training course in
coherent narrowband and wideband radar signal analysis for size and shape
estimation. Topics covered: signal processing methods%~rotational motion

• simulation and parameter estimation, radar Image relation~~Ips, and model
range data examples. 

\

OO~~~~I 

\
\

\

- 
DD ~~~~~~ 1473 EDITION OF 1 NOV 65 IS OUSOLEI E UNCLASSIFIED

SECURITY CL *551 ‘IC ATIOW O~ TW IS  PAGE (~~~ r Oat. Pn(.,.d)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~ ~s - - --

— -- ~~~~~~~~~~~ ~~~~~~~~~~ —~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~



Ii UNCLASSIFIW _
•• 

$~C U Y  CLAI PSCATION OP Tens P*isg~~ u r.e 
—

1 1

ip ~~~~~~~~~~

~ 11

0* -

Ii
I

.

UNCLASSIFIED
*cVmTV C~ AUIFICATION OP ?WI1 PAU(~~ ai Ons I~asuS

~

•

~

•-

~

— • •. 

_ _ _ _ _

_____________________________________ — 
__________ 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


