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3 FOREWORD

This workbook was originally prepared by the Syracuse Research Cor-
poration (SRC) for use in a training course sponsored by the U.S. Air Force
Air Training Command under Contract F41689-75-C-0141. It is reprinted here in
its entirety with corrections for the current course being presented under
Contract F41689~-77-C-0006. The notes presented in this workbook represent a
substantial portion of the material for a three-week training course covering

coherent and wideband imaging analysis.

The notes presented in this document were prepared by A. Moceyunas
and Dr. R. Wallenberg, both of SRC. This document is identified as SRC TR
75-148.
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SECTION 1

COHERENT PROCESSING METHODS

1.1 COHERENT SIGNAL THEORY
l.la Review of the Complex Representation of a Radar Signal

A radar signal in its simplest "real world" form may be regarded as a
quantity whose time variation is sinusoidal with carrier frequency w. This form
of time variation is sometimes described as time harmonic. In space the signal
is an electromagnetic field, and within the radar hardware it may be regarded as
a voltage or current. When the radar signal is of this form, mathematical anal-
yses may be simplified by using complex quantities. The basis for this is
Euler's identity

eja = cosd + j sina (1-1)

where j = i-l. This gives a relationship between real sinusoidal functions and

the complex exponential function.

In its simplest form, a sinusoidal quantity, such as a voltage, might
be represented as
v(t) = V_cos(ut + a) (1-2)

where Vo and 0 can be a function of time. We can also write (1-2) in complex
exponential form as
v(t) = Re(v, oI WE+ P (1-3)

The notation Re( ) stands for "the real pasrt of," that is, the part not asso-
ciated with j when in the form of the right hand side of (1-1). Equation (1-3)

can also be written in the form
v(t) = Re(v e3®%) (1-4)

where
R 3 (1-5)

is the complex signal.
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The complex signal V is defined by its magnitude, Vo’ and phase, a, or

by its real (in-phase) and imaginary (out-of-phase) parts, V = a' + ja". Equa-
tion (1-4) states that the instantaneous voltage, v(t), may be found by multiply-

jwt

ing the complex signal V by e and taking the real part of the result.

It is convenient to analyze radar signals in terms of their complex
signal representation given by (1-5) (magnitude and phase) and omit their sinu-
soidal time dependence. (When an instantaneous time representation is desired,
we can use (1-4).) In this way, we avoid having to repetitively write sinwt to
show the harmonic time dependence of a signal. The time dependence is assumed

in the complex signal representation.

Complex notation is convenient and easy to use in analyzing linear
processes. A necessary condition for processes to be linear is that the prin-
ciple of superposition holds. To analyze the combined effect of a number of
excitations, we can start with the effect of each individual excitation as if
the other excitations were not present and then combine the results. In addi-
tion, for linear systems, the response is directly proportional to the forcing

function, that is, the magnitude of the scale factor is preserved.

The computation of power is an example of a nonlinear computation
which does not obey the rules of linear processes. Instantaneous power is nor-
mally defined as p(t) = v(t) i(t), where i(t) is the instantenous current asso-
ciated with a voltage v(t). For our purposes, assume that the voltage v(t) ap-
pears across a 1 ohm resistor so that p(t) = [v(t)]z. Then, assuming v(t) is
of the form (1-2),

p(t) = vo2 cos” (e + a)

- % v°2[1 + cos (2wt + a))] (1-7)

The time average of the power is given by

ey [
s 2 Vo

(1-8)

where the bar denotes time average.
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For the following, we shall need the concept of complex conjugate
quantities, denoted by *, and defined as follows. If A =a' + ja" = |a] eJa.
the conjugate of A is A* = a' -ja" = IAI e-ja. It follows from this that AA* =

a2,
We now construct an expression for the instantaneous power using the
complex signal representation by noting that

VW = |v|2 = vo2 (1~9)

It is evident that the equivalent of (1-7) is

plE) = % Re(WV* + (ved®t)?) (1-10)

from which it follows that the time average power is

p=5 v (1-11)

It is important to note here that one cannot obtain the correct expression for
instantaneous power by forming the real part of (Vejwt)z.

1.1b Radar Cross Section Definitions

In most radar applications, the same antenna is used for transmission
and reception. One is interested here in detecting a target, which may be
characterized by its "scattering cross section". The scattering cross section,
0, is defined as the effective area intercepting that amount of power which,
when scattered isotropically, produces an echo equal to that observed from the
target. If the power flux density incident at the scatterer is Si’ then the
power intercepted by the target is osi. If this power is reradiated isotropi-
cally, the flux density Sr at a receiving point a large distance, R, away is
oSi/Asz. This leads to the equation for the radar cross section

S

o = 4TR% = (1-12)
R i
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Another descriptive definition of 0, which should be obvious from (1-12), is
that the radar cross section is the power scattered into a unit solid angle
divided by the incident power per unit area.

The electric and magnetic fields, E and ﬁ, transmitted by an antenna
and scattered by a target are vector quantities demoted by arrows; that is, they
are fields which have a prescribed polarization. For plane waves, the electric
and magnetic fields are orthogonal to each other and are both orthogonal to the
direction of propagation. In addition, their magnitudes are related by the im-
pedance of free space; that is, |E| = n|ﬁ|, where n = 377 ohms. The power flux
density, or Poynting vector, associated with a plane wave electromagnetic field
is given by S = |E|2/n = nlﬁlz. The definition of the radar cross section can
then be written from (1-12) as

e 4ﬂR2 Ei 4 o 4nR2 Ei 4 1-13
R -ﬁi R -ﬁi ( )

where particular polarizations must be specified for ﬁ and E, i.e., 0 is a func-

tion of the transmit and receive polarizations.

To relate radar cross section to practical radar system parameters, it

is useful to define the effective area of a matched receiving system as
A2
A(8, ) = 7=G(8, ¢) (1-14)

where A is the wavelength and G(0, ¢) is the gain of the antenna system. The
gain is defined as the ratio of the power radiated in a given direction per unit
solid angle to the average power radiated per unit solid angle. Thus, G(6, ¢)
expresses the increase in power radiated in a given direction by the antenna
over that from an isotropic radiator emitting the same total power. It is in-

dependent of the actual power level.

The effective receiving area, Ar, relates the power flux density at
= SrAr' If the total trans-

the antenna to the total power received, Pr’ as Pr
mitted power is Pt’ then the power flux density, Si, in the direction (6, ¢) is
Si = (Pt/4nR2)Gt. Upon making these substitutions in (1-12) and using (1-14),

we obtain




s

PR
. '

3.4
(4T)°R Pr

g = (1-15)

¢ G P\
where Gr and Gt refer to receive and transmit antenna gains. Equation (1-15)

gives an expression for calculating radar cross section if the transmitted power,
Pt’

mensionless, Pr and Pt are in the same units, R and A are in the same units,

and received power, Pr’ are known. In this expression, Gr and Gt are di-
and 0 is in square units of A or R.

l.1c Elementary Point Target Theory

Signal reflections from most practical tracking radar targets tend to
arise from localized regions on the targets in a manner which gives at least some
validity to characterizing such targets as collections of rigidly-connected
point scatterers. A particular idealization of a set of points in terms of
their locations and scattering amplitudes may hold only for a narrow region of
aspect angles, and different arrangements of points may be applicable for dif-
ferent regions of aspect angles. Targets at some aspects may not be as well
modeled by collections of points as others, and some targets may not be amen-

able to this idealization at any aspect.

Assume a target made up of a number of point scatterers for which in-
dividual oi's are specified. Also assume that each scatterer's reflections are
independent of the others; that is, there are no multiple bounces or reflections
from one point reaching another and then reflected back to the radar. Then, if
the group is at a large mean distance from the radar, all the scatterers may be
assigned a common mean range value, T, The relative phase of each scatterer
will depend on its distance, ri, from a reference plane at distance ro from the

radar and all the r, can be considered parallel (see Figure 1-1). For a scat-

i
terer placed at the reference plane a distance T, from the radar, the magnitude

of the received voltage will depend on the square root of the assigned radar cross

section value, O The phase of the voltage will be proportional to the distance

T
between the radar and the target, and will be denoted by ¢° + ¢i. Here ¢i is a

function of r, and ¢° a function of T, We may write

1=3
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Figure 1-1
v; -k, ﬁ: g kpkc{;-i_ e (1-16)

where kp is a constant with the dimensions of (ohms)l/2

relating Pr and 0 in the radar range equation (1-15). Therefore,

and kc is the constant

2
2 G0 P

4m3 g

It is also convenient to define a normalized voltage proportional to the square

k

i (1-17)

root of the radar cross section of the ith scatterer as

o0 i
K B =% (1-18)
Wl s vl
P c
The resultant total voltage from a sum of the returns is
3@+ ¢.) -i¢
e e e 1 y
VT ot e E Oi e g Vi e (1-19)
*
and the total cross section is Op = VTVT .

Each phase angle, ¢o + ¢i, can be determined by considering the time
an electromagnetic wave takes to travel the reference distance, T, plus re to
the ith point target and back again. Since the wave travels at the speed of
light, ¢, the total time in free space is

2(ro + ri)

B (1-20)
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Relative to the total period, TP

wave, this time delay represents a phase shift given by (see Figure 1-2)

, of the sine wave representing the transmitted

. 2(t° + ri)
¢° - ¢i - 2 = e e (2m) (1-21)
P P
l’-. S
" \
A \
’ \

) Figure 1-2

Here, Tp = 1/f where f is the transmitted carrier frequency ind the wavelength,
A, is defined by A = c¢/f. The total phase shift to the target and back can be
written as

¢, + 0y = @m(r, + r,)/ (A/2) (1-22)
In other words, the number of cycles of phase shift for the two-way travel is
equal to the number of half wavelengths between the radar and the point scat-
terer. Defining the wave number as k = 2m/)A, (1-19) may be written as

-j 2k(r° + ri) .j2kri

V= gme =§Vie (1~-23)

Equation (1-23) provides a useful starting point in the analysis of coherent
cross section data. The average range to the target and the conversion from ra-

dar cross section to voltage in the antenna system have been incorporated into

the complex voltage, Vi.
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1l.1d Practical Coherent Radar Data

" This section is intended to review only briefly certain aspects of
practical radar systei's which are used to obtain the type of data to which the
theoretical formulations of other sections apply. Other radar handbooks should

be consulted for additional circuit or hardware details.

A coherent radar is one which is phase and frequency stable for a long
enough period of time so that an accurate measurement of the phase between the
transmitted and received signal can be made. In an amplifier-chain type of
transmitter*, this is done using a low-level stable master local oscillator (MLO)
that is allowed to run continuously. The oscillator acts essentially as a timing
standard by which the return delay is measured to extract range information, ac-
curate to within a small fraction of a wavelength, modulo A/2. In a simple
pulsed radar system, the transmitted signal is an amplified (and possibly multi-
plied and modulated) version of the oscillator signal, and the phase of the re-
ceived signal is measured with respect to that of the continuously runnicg oscil-
lator. The oscillator must, therefore, maintain good phase stability in the
system over the short time interval between transmission and recepticn. Phase
variations in the oscillator system during the long time intervals between dif-
ferent pulse transmissions may have little effect on a set of short-duration
relative phase measurements that can then be used to estimate target Doppler fre-
quency shifts relative to the transmitted frequency. Thus, Doppler frequency
phase measurements may readily be made stable enough to give very fine frequency
resolution by integration of many pulses over long time intervals if the short
term stability criterion is met.

Coherent systems transmitting more complex waveforms, like linear FM
(Frequency Modulated) pulses, have these waveforms synchronized in a coherent
sense with respect to an MLO. The signal processing is more complex, but coher-
ent phase measurements can be made in a sense similar to that of simple pulsed

systems.

*
Oscillator type transmitters, such as those using magnetrons, may also be made
to operate coherently with proper synchronization techniques, but are of lesser
jnicerest here.

1-8
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Digital coherent data can be obtained in either of two different forms.

They can be obtained as an amplitude and phase, or in the form of two different

v . numbers termed I and Q. These numbers stand for the in-phase and quadrature phase
components, respectively. Whether the data are obtained as amplitude and phase
or as I and Q numbers, they have the carrier frequency removed. (The signifi-
cance of removing the carrier frequency is discussed below and in Section 1l.2b.)
We say that the amplitude is a video signal which has been "shifted to baseband."
The I and Q numbers can vary through positive and negative values and are called

bipolar video signals.

If A(t) is the amplitude of the signal and 6 is its phase, the I and Q
numbers are given by
I = A cosf, Q = A sinf (1-24)

Conversely, if the I and Q numbers are available, the amplitude and phase num-

A= iIz + Qz, 8 = tan T Q/I (1-25)

The amplitude of the signal may be related directly to the radar cross section i

bers are obtained from

of a target as given by (1-15) and (1-16). However, when data are coherently .
processed on a digital computer, the complex number form of the data (I and Q) i
is generally used td do arithmetic operations such as complex addition, multi-
plication, and division. If the data are recorded on tape in the form of ampli-
tude and phase numbers, the conversion using (1-24) must be performed before

further computer processing.

When recording radar returns for analysis on a digital computer, I and
Q signals may be practically recordéd if the dynamic range of the data is small.
Where the dynamic range is large, phase and logarithmic amplitude are usually
o used to minimize the number of required bits needed to form binary representions

of the signals.

Amplitude data can be recorded using an envelope detector. A common

example is a diode half;wave rectifier (a nonlinear device) followed by an RC

low-pass filter, as illustrated in Figure 1-3.

1-9
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Input Output
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Figure 1-3

As the name indicates, the output of the detector represents the envelope of the
incoming modulated carrier wave. The RC time constant is long enough to hold
the incoming amplitude over many carrier cycles, yet short enough compared to

the envelope functional variation to follow the envelope.

Phase data may be obtained using any one of a number of different
types of phase detectors. Examples are a multiplier detector using a Field Ef-
fect Transistor (FET), a balanced diode detector, a coincidence phase detector,
and a digital phase detector. All phase detectors are preceded by one or more

limiter stages if the input signal is expected to vary widely in amplitude.

A pair of synchronous detectors may be operated in‘quadrature to ob-
tain coherent data in "I and Q" form. The incoming radar signal is a real sig-
nal of the form sin(wt + 6). The detectors are operated as described in Fig-

ure 1-4.

’__—,@—’—Aizg[cose + cos(2wt + 9)]
A(t)sin(wt + 0) sinwt

‘ 90° shift coswt
e

--‘--—(—“2t [sind + sin(2wt + )]

Figure 1-4

The outputs of the multipliers contain harmonics at twice the input frequency.
These harmonics can be filtered out using a low pass filter. The output of

the top multiplier is the in-phase, I, component of the signal and the output

1-10




of the bottom multiplier is the out-of-phase, Q, component. Note that multi-
plication of the signal by both sinwt and coswt is necessary to obtain the
complete-complex signal. A further discussion of the means of obtaining coher- |
ent data may be found in Chapter 5 of Skolnik's "Radar Handbook” (McGraw-Hill,
1970).

1.2 TECHNIQUES FOR OBTAINING POINT SCATTERER DOPPLER RESPONSE
FUNCTIONS

1.2a Doppler Frequency Shift Relationships

The Doppler effect is defined as a change in the observed frequency
of a wave caused by motion of the source or of the observer. A familiar example
for sound waves is the increase (decrease) in pitch of a train whistle as the

train approaches (passes).

Consider an electromagnetic wave of the form A(t) sinmot transmitted

from a radar and scattered from a target. The up and back time delay is ZTD.

If the target is moving at radial velocity v parallel to the radar line-of-
sight (RLOS), the distance R(t) to the target is given by

R(t) = R+ vt (1~26)
ey (e ~ T
D e RO/c + vt - TD)/c (1-27)
where R(t - TD) is R(t) evaluated at t - TD. Equation (1-27) may be solved for
T  as
o Ro + vt
=¥y g

so that (1-26), evaluated at t - TD’ becomes

Ro + vt
R(t - TD) i W Sl B (1~-29)

The received signal is A(t - 2TD) sinﬁnét = 2T;))- The svgument of the sine term
can be wiltten as [me - 2R(t - TD)IQ] which, upon substitution from (1-28) and
grouping of terms, yields




T AR

e

C =¥ 2RO
wo(t - 2TD) =w, t - (1-30)

c+v c+v

Because wo = 2ﬂfo, the apparent frequency is

cC -V
fa fo c+v (1-31)

The shift in frequency or Doppler shift, fd’ for a target with radial velocity

v is then
2vf

c-v o -
P Pt Bl S o e c+v 2v/A

= kv/m (1-32)

where the approximation v << ¢ has been made, and k = 2% = w/c.

It is important to remember that v is the radial component of velocity,
that is, the component of velocity parallel to the direction of propagation. If
a target has a velocity v' in an arbitrary direction, v is given by v = v' cosy

where Y in the angle between the velocity and direction of propagation (RLOS).

As a passing note, the preceding description of the Doppler effect is
not the most exact. The general theory of relativity predicts a direction-inde-
dendent effect between a mo#ing source and receiver according to which the ob-
served frequency will be lower than the source frequency regardless of the
apparent motion of the target. For transverse relative motion, the one-way trans-

verse Doppler effect is fd ~ fo 1- v'2/c2 where fo is the true source frequency.

It is useful to relate the Doppler frequency shift, fd’ to the phase of
a point scatterer as given by (1-22) or (1-23). The time derivative of the phase
¢1 is given by

;4 .
3¢ = ac (%kry) = 2kr, = (2m) v, /A= 21f, = w (1-33)

d d
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1.2b Fourier Transform Techniques for Resolving Points

Consider a target consisting of a number of point scatterers. Each

point scatterer is moving at some velocity, v, = ;i’ with respect to the radar.

Different points may have different velocitie:. The points may be resolved as
separated targets in at least three ways with a radar system. If the radar beam
is narrow enough, the points may lie in different beam positions, so that scan-
ning the target region may resolve the points in angle. If the radar pulse is
short enough, the points may be distinguished on the basis of their different
range positions. A third method, which is the one in which we are presently
most interested, resolves the points on the basis of their radial velocity dif-

ferences.

In this third case, the radar beamwidth and pulsewidth both may be
broad enough to encompass all the targets, but the radar data must be coherent.
The coherent signals may then be passed through a bank of Doppler filters ar-
ranged in a contiguous band of frequencies to be searched, each filter having a
narrow enough bandwidth to obtain a desired resolution of equivalent radial ve-
locity. Detection of significant signal levels at the filter outputs would allow
a determination of the number of resolved reflecting points and their radial ve-
locities. With digital coherent data, Fourier transform techniques may be used
to form the equivalent of a Doppler filter bank. A review of classical Fourier

transform theory as related to resolving Doppler frequency shifts follows.

The Fourier transform relates an arbitrary time function, f(t), to its

radian frequency components, w, by use of the transform pair:

£(t) = % J‘g(w) ot gy (1-34)
g() = f £(t) e 9t g¢ (1-35)

The function f(t) may be real or complex. In general, g(w) is complex and a
plot of |g(w)| versus () shows the relative frequency distribution of f(t). Equa-
tion (1-35) is usually called the direct transform and (1-34) the inverse




transform. The function f(t) is in the "time domain", g(w) is in the "frequency
domain" and defines the spectrum of f(t). Note that f(t) is a continuous func-
tion of ﬁime, although the radar signal may only be sampled at finite increments
in time. For now, let us assume the data are continuous. The discrete sampling
problem will be treated in the next subsection.

Let us now compute the Fourier transform or spectrum of the signal
from a point scatterer moving with radial velocity v. It will be informative
to obtain the response considering: (1) the complex signal at baseband (car-
rier frequency removed), and (2) a real radar signal before it is shifted to

baseband. The following identities are useful in computing these transforms:

edax  —Jax

cos ax = ——————— (1-36)
jax -jax
sin ax = _e__;:’_e__ (1-37)
T @
fe’j"‘ dx = T ¢~JaT/2 ﬂ:—;—/%/—z- (1-38)
o

Using the forms of Section 1l.lc and 1l.2a, the complex time signal from

a moving point target may be written as

vy (6) =T SJ2kR, + vt) (1-39)

Substitution in (1-35) and integrating over a period of time, T, results in the

spectrum

sin(w + wd)T/2
(0 + w,)T/2

5, = fo IR, + @40 1/2], (1-40)

where wy = wad = 2kv. The magnitude of gl(m) is sketched in Figure 1-5. It

consists of a |sinx/x| function whose peak is at wy = 2mf,.

1-14
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Figure 1-5

The classical sinx/x function peaks at x = 0 with a value of 1. Its first side-
lobe has a value of 0.2122 (or is down 20 1og10(0.2122) = ~13.45 dB from the
peak). It is seen that the most important part of the frequency distribution
lies in the range 0 < |(w + w cl)l < -2—1,11. , which defines the null-to-null width of
the "main lobe" response as Aw = —%u This width increases as the duration, T,
of the integration span is made shorter.

The real signal from a point scatterer before it is shifted to base-

band, using (1-3), is
v, (t) =0 Re(&IZE®o + V) I05E, (1-41)
&
= {E'COS[(MO - wd)t - ZkRO]
where W, is the radian carrier frequency. Substituting (1-41) in (1-35) and
integrating over a period of time, T, results in

sin[w - w, + wd)TIZ]

-3[2kR 4+ (w - w + md)T/Z]\Ff (T/2) (1-42)

By . w=w, +w)T/2

sinfw + w, = md)'l‘/2]
(w + w, = wd)'rlz

. ej[ZkRO - (w+ W = wd)T/.Z]F,— (1/2)

The magnitude of this frequency spectrum, |gz(w) |, is sketched in Figure 1-6.

It consists of two |sin x/x| functions whose peaks are at 'w = + (mo - wd).

1-15




Figure 1-6

If the real radar signal from a point scatterer is sampled at a high enough rate,
a double sided transform will be obtained as sketched in Figure 1-6. The samp-
ling rate will be very high because of the presence of the carrier frequency, W,

Removing the carrier (shifting to baseband) will reduce the sampling require-

ment, but the two sides of the spectrum function can then overlap in an ambi-
guous manner, as might be sensed in shifting the two (sin x/x) functions in
Figure 1-6 towards the origin. Having a number of points with positive and
negative Doppler shifts will make the baseband frequency response function to-
tally confusing. The problem can be resolved by adding a basebanded version of
the signal shifted 90° to form the complex I and Q pair, as discussed in Sec-
tion 1.1d. Then transforming the sum of I and Q will give the one-sided spec-
trum sketched in Figure 1-5 for a single point, and the sampling rate require-
ment will only be dependent on the frequency spread of a set of points. Use of
direct amplitude and phase measurements to form the complex pair will have simi-

lar effects.

It should be noted in passing that in general, if a function is real,
its Fourier transform has the property that

g(-w) = g*(w). Hence, a plot of the magnitude

of the spectrum has mirror symmetry about |8(w)|
w = 0, that is, |g(-w)| = |g(w)| as is shown
in Figure 1-7.
Equations (1-40) and (1-42) and Fig-
Figure 1-7

ures 1-5 and 1-6 illustrate that point scatterers
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may be resolved and located on the basis of their radial velocities. That is,

the radian frequency, Wys at which the peak of the sin x/x function occurs is
determined by the target velocity. If more than one point scatterer is present
each will have a frequency spectrum given by a sin x/x function. Equal ampli-
tude scatterers may be separated if widths of mainlobes are sufficient, and re-
solution values are usually based on mainlobe separations of equal amplitude
scatterers. However, in order to resolve scattering points with different
amplitudes, their radial velocities must be separated enough so that the main
peak of a low amplitude point is not overwhelmed by the sidelobes of a high
amplitude point. Weighting functions are used to alleviate this sidelobe prob-

lem, as described in the following discussion.

1.2c Resolution Relationships with Weighting Function for Sidelobe
Reduction

In resolving scatterers when more than one is present, it is helpful
to include a weighting function which modifies the Fourier transform of the
point target so that the spectrum of each target has lower sidelobes than that
of the sin x/x function. In this way, the velocity of each target may be more
clearly defined. This concept is commonly used in antenna array design (as
well as in other forms of signal processing) to achieve low sidelobes. Common
weighting functions for antenna purposes are Chebyshev and Taylor weights. 1In
coherent signal processing a commonly used weighting function is the Hamming
weight defined as

Wh(t - T/2) = 0.54 + 0.46 cos[2m(t - T/2)/T]
= 0.54 - 0.46 cos(2m t/T) (1-43)

The Fourier transform of the complex signal from a point scatterer is now

: -32Kk[R, + vel
gy(w) = 5wﬂ(: - T/2) e e

o

Wt qe (1-44)

This is most easily evaluated by expanding cos(27t/T) in terms of the exponen-
tial function given by (1-36) and then performing the integration using (1-38).

The result is
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-J[2kR_ + (w + wd)'rlzl sin[(w + md)'rlzl
gy@) =Te " 0.54

[(w + md)T/2]

sin[mT + (W + md)TIZ (1-45)
[m+ (w+ w)T/2]

sin[(w + wd)'rlz - 7]
[(w+ wd)'rlz - ]

+ 0.23 + 0.23

Thus, the spectrum of a Hamming weighted point target is composed of three sin
x/x functions centered at w = -wd, -w, = 2w/T, ~w, + 27/T. The resultant spect-

d d
rum is compared with a sin x/x spectrum in Figure 1-8.
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Figure 1-8
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The mainlobe of the Hamming weighted signal has a null-to-null width
twice as wide as the sin x/x response. This broadening can be considered the
price paid in order to obtain the ~42.8 dB peak sidelobe. The first null of
the sin x/x response and the Hamming response coincide. All other peaks and
nulls of the Hamming response do not coincide with those of the sin x/x re-

sponses.

In summary, using a weighting function such as a Hamming weight re-
duces the sidelobes of a moving point scatterer response. They, therefore,
less significantly interfere with the lower responses of a smaller target moving
at a different velocity. However, the weighted function resolution is not as
good for equal amplitude scatterers due to the broadening of the main response.

The Hamming weighted mainlobe width at the 3 dB (half-power) points is approxi-

mately 1.5 times that of the sin x/x response.

1.2d Effects of Using Sampled Data

The digital output from the circuitry of a narrowband radar is usually
a time function which is sampled at fixed intervals in time, At, and recorded
for subsequent analysis. The result of sampling a signal v(t) is illustrated
in Figure 1-9. The sampled signal is denoted vs(t).

\v(t)\ |Vs(t)|

CAST

Figure 1-9
The sampling process can be conveniently explained if the concept of
an impulse function is used. An impulse function, 8(t), can sample a signal in-
stantaneously (in zero time). It is the limit of a pulse of length, a, and
height 1/a. As the length, a, is shrunk to 0, the height, 1/a, is allowed to

increase to infinity so that its area remains unity. This is illustrated in
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Figure 1-10

Figure 1~10. The impulse function, therefore, is defined to have infinite ampli-
tude, zero duration, and finite area. A shifted unit impulse that occurs at
t = T can be represented by the function §(t - T). The total area under the

curve is unity, so that
0

Ja(t -T)dt = 1 (1-46)

~00

The integral has the same value for any limits which bound t = T. If f(t) is a
continuous function of t, then the product f£(t) §(t - T) will be zero everywhere
except at t = T, where there will be an impulse function having strength equal
to £(T). This is illustrated in Figure 1-11.

£(T)S(t - T)

6 {0 St *f(t)

T t T t

Figure 1-11

In view of (1-46) we have

©o

f £(t) 8(t ~ T) dt = £(T) (1-47)

=00

Again, the integral has the same value for any limits of time which bound t = T.
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We might also define the Fourier transform of an impulse function.
From (1-35) we have

®
g5 () = —S;(t - 1) e Ut g = 1730 (1-48)
=
The spectrum of an impulse is therefore a constant. The relative frequency dis-
tribution of §(t - T) is flat and the energy contained in an impulse function
is uniformly distributed over all frequencies. This should be compared to the
spectrum of a finite pulse length, which contains an infinite number of fre-

quency components but whose amplitude distribution is of the sin x/x form.

We may write a sampled signal, vs(t), as the product of the continuous

signal and a sum of impulses occurring at times nAt apart. That is,

v (t) = Y} v(t) 8(t - nAt) = ) v(nAt) 8(t - nAt) (1-49)
n=0 n=0

which was illusrated in Figure 1-9.

In order to obtain the spectrum of the sampled signal, vs(t), we will
use an identity which can be proven using the complex form of a Fourier series.
The identity states that

o jwskt

] Str-ndey e b SEEERLF o

n=-co k==—o0 k=

(1-50)

where
ws = 2m/At (1-51)

is the sampling frequency. Therefore,

o jw kt
vs(t) = J v(t) e

k.-oo

The Fourier transform of vs(t) is then
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» - - k)t
V(= ] v(t) e dt
S
k=-x
= ] g~ k) (1-53)
k=~c0

Sampling thus produces an infinite number of spectra, each a replica in shape
of the original signal spectrum. The spectra are separated by ms, the sampling
frequency. A plot of the spectrum of sampled data is called a periodogram be-

cause of the repeating nature of the spectrum.

The sampled real signal representation of two unequal amplitude moving
point scatterers shifted to baseband might have a spectrum as sketched in Fig-
ure 1-12 for k = 0, + 1. In the plot both scatterers have a positive Doppler
frequency shift.
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Figure 1-~12

The central spectrum (k = 0) can be processed without undue concern
provided that the input signal is band limited with negligible spectral compo-
nents beyond wmax where wmax is the highest significant frequency component in
the original time signal. If the signal is not sampled fast enough, wy and all
its harmonics start closing in on one another. The spectral components in Fig-
ure 1-12 eventually overlap and merge. The components g(w t_ws) centered about

I'ws merge with the unshifted g(w) term centered at the origin. It is then
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impossible to separate out g(w) and, hence, v(t) from vs(t). The limiting fre-
quency at which g(w) and g(w - ws) merge is, from Figure 1-12, given by
= ™ ) so that for unambiguous reconstruction of a real time signal

w >2w ' (1-54)

It is because of this merging of the spectra that the sampling frequency, wes
is sometimes called the folding or aliasing frequency.

The positive half of the central spectrum of Figure 1-12 resolves the
Doppler shift of each scatterer unambiguously because both points have well sep-
arated positive Doppler frequency shifts. If one scatterer had a negative Dop-
pler frequency shift, the mirror image property of the spectrum of a real signal
would make it more difficult to identify the point scatterers unambiguously. In
this case the problems in resolving the targets stem from the form of the total

signal even before it is sampled.

The periodogram of the sampled complex signal from the same two point
targets is shown in Figure 1-13

w =-gl
<5 At

i, S . "

0 \
-w A} o w - -
s (w -w) .
max s
Figure 1-13

In this case, each sample in time gives one complex number which is equivalent
to two samples of the highest frequency component of the time signal,so that for

unambiguous reconstruction of a complex time signal ws = Woax®

In a narrowband radar, each pulse transmitted and scattered from a
target is converted to a complex number (I and Q or amplitude and phase). The

same concept holds true for a wideband (short pulse) radar. In this case, the
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target is divided up into range cells with one or more possible point targets
in each range cell. Each returned pulse is represented by one complex number
per range cell. The rate (ws/2n) at which data are obtained (sampled) is equal
to the pulse repetition frequency (PRF). An undersampled signal, such that

W, < W results in overlap of the spectra and is said to be "PRF limited".

In summary, if complex time functions are sampled at equal spacings,

At seconds apart, the unambiguous Fourier spectral response interval will be

equal to —%E-Hz or %% radians/seconds. If the functions are real and therefore

have two-sided spectral responses, there is an equivalent folding effect which
limits the unambiguous frequency interval to one-half the complex function values.
If the spectra extend significantly beyond these ambiguity intervals, unresolvably
ambiguous results can occur. A time function must be sampled at twice the rate
given by the maximum frequency component (in Hz) of the true spectral response
function for the continuous function to be exactly reconstructed from the sampled

data (Shannon's theorem). If this maximum frequency component is fmax’ the re-

ol o o e i i

quired sampling increment is At = 1/fmax when the function is complex, since two

i e

function samples are given at each time sampling point. For real functions, the
sampling time increment is half the complex function value. This is equivalent
to saying that at least two samples per sinusoidal period are needed to recon-

— struct a real sinusoid in an unambiguous or "unaliased" manner.

. 1.2e THE FAST FOURIER TRANSFORM

Much of the work in coherent signal processing involves taking the i i
Fourier transform of data which has been stored in discrete form on magnetic ‘
tape or in a digital computer. Therefore, it is especially useful to have a
quick, efficient method for finding the spectrum of a signal stored as discrete
- data. The technique for doing this is called the Fast Fourier transform (FFT). 4
Various versions of the FFT are available in subroutine form for most general- !
purpose digital computers. The mechanics of these algorithms will not be dis-
cussed here. However, there are certain limitations in these algorithms which .
might be better understood from a brief review of the numerical integrationms

that are represented.
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The continuous integral of the Fourier transform given by (1-35) can be
approximated by various numerical integration algorithms and spectral components
may be célculated for all values of frequency. For equispaced data samples, a
special form of numerical integration, sometimes called a discrete Fourier trans-

form (DFT) leads to the FFT under certain restrictions. The DFT is presented in

the following discussion.

In the case of sampled data, taken over a time interval, T, the conti-
nuous Fourier transform pair given by (1-34) and (1-35) can be rewritten in a
series summation form by first making several substitutions. Select N data sam-
ples at times t = mAt where At = T/N and let fn = nAf where Af = 1/T. Then
using w, = ann, (1-35) can be approximated by the summation which may be called

a DFT

N-1
gn) = At | £(m) e I2T(mm)/N (1-55)

n=0
n=0, +1, ..., + N/2

n=01, ..., N-1
Equation (1-55) gives output frequencies evaluated at evenly spaced frequency

increments of Af. This special form then allows an inverse discrete transform

or

to reconstruct the f(m) set from the g(n) set according to

£(m) = AE E g(n) I2T(nm)/N (1-56)
form=0,1, «co, N-1

where the summation is either fromn = 0 to N -~ 1 or from n = -N/2 to N/2, if N
is even. There are only N distinct values of g(n) computable by (1-55). If
g(n) are calculated for n outside either range of values defined by (1-55), they
will be repeated values of those within the series. We may think of (1-55) in
two different ways. First, as a formula yielding N numbers which are samples of
a frequency spectrum. Second, as a formula yielding a periodic sequence of num-

bers with period N.

In general, the evaluation of (1-55) or (1-56) reduirea Nz multiplica-
tions and additions. The FFT is a method by which these multiplications and
additions may be drastically reduced. Specifically, if the time function
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consists of N = 2" samples then about 2nN = 2N log2 N arithmetic operations will
be required to evaluate (1-55) or (1-56). For example, an N = 210 point trans-
form can be computed with the FFT 100 times faster than with a direct approach.
The output frequencies of the FFT algorithm are evenly spaced and cannot be
picked at random, independently of the input data time sampling. This is the

price paid for the rapid computation time.

With this background, consider the Fast Fourier transform of a point
scatterer moving at a constant velocity v. The Fourier transform of its complex
signal is given by (1~40) and its continuous spectrum is plotted in Figure 1-5.
Assume the complex signal is sampled rapidly enough so that there is no overlap
of the spectra. If the complex signal is sampled at N points over a time period,
T, the time beween samples is At = T/N and the output frequencies will be in
steps of

Aw = 2mAf = 2m/T (1-57)
This is the same as the main lobe peak-to-null width of the |sin x/x| spectrum
of Figure 1-5. We conclude that N samples of data from a moving point target
will result in, at best, only two frequency samples within the mainlobe of the
sin x/x spectrum of the scatterer. If an output frequency of the FFT is at the
peak of the mainlobe, the other output frequency will be in a null of the main-
lobe. Thus the mainlobe of the sin x/x function will be poorly defined. This
is illustrated in Figure 1-14.

Two Samples in Samples in Nulls and
Mainlobe at Peak

/*\/“\/%r-\\&/“\/‘x

Figure 1-14

If we sample at a faster rate over the time, T, so that N is larger

and At is smaller, we increase the highest output frequency given by

foax = N/T = 1/8¢t (1-58)
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f : but the number of samples in the mainlobe remain the same, independent of the num-
; 1 ber of actual samples of data used. A way around this problem is to add zeros to
‘ . the string of input data so that the size of the N point transform is increased
along with the apparent time span, T', of the data. The highest output frequency
iL remains the same at fmax = 1/At, but more frequencies are in the output at a
closer spacing Af = 1/T'. The adding of zeros interpolates the output frequency
points more closely. It does not mean we are Fourier transforming a longer time
5 span of data. The output sin x/x distribution still has a mainlobe peak to null _
width of |
) B = 2r/T (1-59)
- If as many zeros are added as there are real data points, T' = 2T so that output ;
frequencies are in steps of Aw = 2mAf = m/T. This improves the definition of

§ the sin x/x mainlobe as shown in Figure 1-15. Now as many as four frequency

Increased Samples from FFT Interpolations

; o e T |

Figure 1-15

oy

- S A % 3 T
T
.

; L samples can occur within the null-to-null mainlobe width. In practical pro-
cessing, adequate definition is usually obtained if the string of numbers put
into the FFT contains at least one third zeros. An alternative explanation of
the adding of zeros to an FFT is presented in Section 1.3b.

In summary, there are trade-offs to be made when using an FFT which
depend on the size of transform that is practical, the closeness of the sampling
of the data, the highest frequency component of interest, and the desired detail

in the spectral function. If the number of input data samples is not a power of
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two, then zeros must be added to the set to extend the series to the nearest
power of two if all the input data are to be included in the transformation. If
more output sample points in the frequency function are needed to better define
the function, such as to better locate the peak of a mainlobe, then an inter-
polation can be effected by adding even more zeros to the original input data
set. The number of output samples across an unambiguousbspectral window will
increase directly with the size of the total input data series with zeros added.

The price.for the interpolations will be increased computer operations.

Having too short an unambiguous frequency response interval because i
the time sampling increment is too long can be one problem in the FFT processing
which ;ight not be solvable once a radar PRF is fixed. An opposite problem,
more readily solvable, could be having too fine a time sampling interval, in
which case transforming all of the data in a series will give output samples
over many frequencies at which the actual target spectrum does not practically
exist. One solution would simply be to omit data samples until the sampling in-

crement matches the desired frequency spectrum. If the signals are weak, the

signal-to-noise ratio could be improved by averaging the groups of samples (some-
times called "presumming'") instead of just omitting samples and then transforming
the averaged data. The unambiguous FFT frequency interval is then determined by

the time interval between the averaged groups.

1.3 CROSS RANGE FOR SIMPLY ROTATING POINTS

1.3a Angle Parameter Signal Representation for a Rotating
Target Approximated by Points

The point target idealization is convenient in studying various pro-
cessing methods producing one- or two-dimensional images of a target. The
background for obtaining one-dimensional images based on point target Doppler
responses for simplified motion conditions is the main concern in this section.

Two-dimensional imaging is deferred to Section 1.4, although the Doppler re-

sponse results of this section apply also to certain two-dimensional cases.
Doppler frequency variations under more complex motion conditions are discussed

in Section 3.
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If there are Doppler differences between the scatterers, signal re-
turns may be processed to resolve points in Doppler as discussed in Section 1.2.
Knowledge of rotation rate and the assumption of approximately linear motion of
points during a processing interval may allow the Doppler scale to be normalized
to a cross-range dimension to give directly a measure of the target extent in a
dimension orthogonal to the radar incidence direction. Images obtained under the
assumption of linear motion of points during a processing interval will be called

"first-order" images.

Let a target be a collection of rigidly connected points rotating about
a fixed axis at a constant velocity, Q.

Each point, identified by the index i, has

an amplitude, vi(t), a radial distance : y
from the center of rotation, L,, and an l \\\\\\\
initial angular position, 901, of the = v, \ Rorarion
radial arm relative to the y-axis. Radar ¥
incidence direction defined by unit vec- v L

e e L
tor r is parallel to the y-axis with far- 1 x
field plane wave conditions prevailing. ’,,//’ \\\
The variables are illustrated in Fig- v:’ \\

ure 1-16. The rotation axis is parallel

to the z-axis, which is perpendicular to
the x-y plane. The points can extend in Figure 1-16
the z direction, maintaining the radial distance, Li'

To simplify the analysis, a single point will be considered, as shown
in the sketches of Figure 1~17 in which the parameters, eoi and Li’ can be con-

sidered unknown before signals are received.

o) SINGLE POINT INITIAL CONDITION b) SINGLE POINT ROTATED
Figure 1-17
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The point rotates through an angle, 0, at velocity Q such that 6 = Qt. The posi-

tion of this point in the slant-range direction parallel to the RLOS, referenced

to the center of the x-y system defining the center of rotation, is
¥ Li cos(eoi + Qt) (1-60)
and the cross-range position is

x; =L, sin(6 , + Qt) (1-61)

Consider a simple transmitted pulse, A(y), modulating a carrier with
wave number k = 2m/A. The response from the target is a delayed pulse, A(y -
yi), with its phase described by 2kyi. A simple pulse shape (like a Gaussian)
for A(y - yi) locates the point in slant range by its peak position at y = Yy

The complex signal from the ith point target rotating with angular
velocity  is now given by

R RSN

(A real form of this signal with a carrier, wo, would be

j2k L,cos(6 ., + Qt)
% oi (1-62)

jwot
Vr(t) = Re(V1 e ) (1-63)
although this form will not be used in the analysis.) For short signal proces~
sing times such that the angle, 6, through which the point target rotates is

small, we can expand y; as

> " Li[coseoi cos Qt - sineoi sin Qt]

= ¥4, €O Qt - X0 sin Qt

Vi = Egpit) Y

where the initial positions are given by x, and Yio? and the approximations

io
cosf = 1 and sinf® ~ 6 have been made. ' With these approximations, Yae becomes

a constant and the second term is linear in ft.
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The complex signal from a collection of point targets, all rotating at

angular rate 2, is now given by

32k(y, ) -