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PREFACE

The Center for Information Systems Research (CISR) is a
research center of the M.I.T. Sloan School of Management.
It consists of a group of management information systems
specialists, including faculty members , full—time research
staff , and student research assistants. The Center ’s general
research thrust is to devise better means for designing ,
implementing , and maintaining application software,
information systems , and decision support systems.

~ithin the context of the research effort sponsored bythe Naval Electronics Systems Command under contract
N~ Oø39—78—G—øl6ø , CISR has proposed to conduct basic
research on a systematic approach to the early phases of
complex systems design. The main goal of this work is the
development of a well—defined methodology to fill the gap
between system requirements specification and detailed
system design.

The research being performed under this contract builds
directly upon results stemming from previous research
carried out under contract N00039 77 C 0255. The main
results of that work include a basic scheme for modelling a
set of design problem requirements , techniques for
decomposing the requirements set to form a design structure ,
and guidelines for using the methodology developed from
experience gained in testing it on a specific , realistic
design problem.

The present study aims to extend and enhance the
previous work , pr imarily through efforts in the, following
a r e a s :

1) additional testing of both the basic methodology ,
and proposed extensions, through application to other
realistic design problems ;

2) investigation of alternative methods for effectively
coupl ing this methodology together with the preceding
and following - activities in the systems analysis and
design cycle;

3) extensions of the earlier representational scheme to
allow modelling of additional design—relevant
information ;

4) development of appropriate graph decomposition
techniques and software support tools for testing out
the proposed extensions.
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This document, which relates primarily to category (4)
above, introduces a new algorithm for partitioning weighted
graphs. While this algorithm was developed to accomplish the
requirements graph decomposition task particular to the
Systematic Design Methodology, it is sufficiently general
and powerful to be of use in many other types of graph
analysis problems also. Examples of the use of this new
algorithm are included in this report.
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EXECUTIVE SUMMARY

Complex design problems are characterized by a multitude
of competing requirements. System designers frequently find
the scope of the problem beyond their conceptual abilities, and
attempt to cope with this difficulty by decomposing the original
design problem into smaller, more manageable sub—problems .
Functional requirements form a key interface between the users
of a system and its designers. In this research effort, ‘a
systematic approach has been proposed for the decomposition
of the overall set of functional requirements into sub-
problems to form a design structure that will exhibit the
key characteristics of good design: strong coupling within
sub—problems, and weak coupling between them.

The decomposition is carried out by modelling a system’s
requirements and their interdependencies as a weighted
graph: requirements are graph nodes, interdependencies are
links, and interdependency strengths are link weights. This
report introduces a new algorithm for partitioning weighted
graphs in a top-down hierarchical manner. While this algorithm
was developed to accomplish the requirements graph
decomposition tasks particular to the Systematic Design
Methodology , it is sufficiently general and powerful to be of
use in many other types of graph analysis problems as well.

As well as describing and giving examples of the
technique upon which the algorithm is based , this report also
includes a discussion of certain simplifications that may
be made to the algorithm in order to significantly improve
its efficiency, without hampering its effectiveness. Also,
a “master control” algorithm is presented for guiding the
execution of a complete graph decomposition using the
interchange partitioning technique.
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DECOMPOSITION OF WEIGHTED GRAPH S

USING THE INTERCHANGE PARTITIONING ALGORITHM .

I Background and Motivation .

The probl em of designing quality software systems has

existed almost as long as computers themselves. In recent

years, continued growth in the cost and complexity of

software has made the design problem even mor e acute (Boehm

73). The Systematic Design Methodology (SDM) , currently

under development at MIT, is an at tempt to bring a structured

methodology to bear on the problem of developing the

architecture for complex systems (Andreu 78; Huff & Madnick

78a,b).

At the heart of the SDM is a technigue for modelling the

r equ i r emen t s , and their In terdeperidencies , for a g iven design

problem . A graph r epresentation , wi th graph nodes

correspond i ng to syst em requi remen ts, and (weigh ted) arcs to

in terdependencies , forms the basis of this model . A central

analytical pr oblem within the SDM concerns the effective

decomposit ion of a g iven design problem graph representation .

By “decomposition ” is meant the creation of a set of mutually

exclusive and collectively exhaustive subgraph s from the

ori ginal graph , according to some guideline that makes sense

in the problem context.

This paper presents a new technique for performin g
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decomposition of weighted graphs that is particularly

appropriate to the 5DM requirements. The new approach , a

top—down hierarchical partitioning heuristi c , is both an

effective method in its own right , as well as an appr opriate

“companion ” technique to accompany other bottom—up clustering

heuristics already developed (see Huff 79).

1•

The remaindeL of this repor t i s  o r g a n i z e d  as follows .

Further introduction to the graph decomposition problem is

given in the remainder of this section. Section 2 presents

the fundamental interchange algorithm , and gives some

examples of its use. Section 3 discusses two important

extensions to the basic algorithm that greatly extend its

usefulness in the SDM context. In Section 4, certain

approximat ions to the calculations performed in the algorithm

are introduced so as to enhance the algorithm ’s efficiency,

wi thout significantly weaken ing its effectiveness. The final

section discusses the use of the interchange algorithm within

a controlling “master ” envi ronment  — in effect., imbedding the

basic algorithm in a control program in order to impl ement a

full—scaie top—down hierarchical partitioning procedure.

Examples of the use of the interchange partitioning

scheme are used throughout . Further analysis of the

interchang e algorithm , comparing its performance in terms of

efficiency and decomposition quality to other techniques , is

included in (Huff 79). 

-~~~ -‘- -~~ —- — 
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1.1 Graph Decomposition in the SDM Context.

There are two dis tinct issues involved in the graph

decomposition problem . First , there is the question of what

• the decomposition objective function ought to be. Second ,

there is the quest ion of how to go about actually effecting

the decomposition — i.e., how to iden t ify and select

subgraphs.

The notion of a “good ” graph decomposition is , of

course , contex t dependent. In the developement of the SDM ,

we have adopted a measur e tha t operationa].izes a key concept

of software design , namely, that a good software archi tecture

is one which both maximizes the internal strength of each

system module , and which also minimizes the coupl ing between

f . 
modules. Thus a graph decomposion in which each subgraph is

densely connected , and pairs of subgraphs are loosely

• interconnected , will have a rela tively high value of M , the

objective function. This objective function is discussed in

greater detail in Section 4.],.

As for actually effecting the decomposition of graphs ,

we have experimen ted with a variety of techniques. These

techniques may be classified into two major categories:

(1) clustering techniques (bottom—up) , and

(2) partitioning techniques (top—down)

Clustering techniques require the generation of a

similarity (or dissimilarity) matrix to express the closeness

(or distance) between all pairs of data points. In the case

of graph decomposition , the “data points ” are the nodes of

— ~~~—.- --  
. - —- , - -
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the graph. Once a (dis)similarity matr ix has been defined ,

various hierarchia l clustering heuristics may be appl ied to

successively lump together individu al nodes into subsets ,

subs9ts into larger subsets, etc., until the entire set is

generated . While hierarchical clustering techniques as such

have no inherent stopping rule , the goodness measure, M , may

b~ calculated after each subset merger , and the particular

decomposition exhibiting the highest M “remembered ” as the

best decomposition .

Since the focus of this repor t is partitioning

algorithm s, not clustering techniques, further details on the

latter will not be discussed here. For additional

information on the use of cluster ing methods in SOM graph

decomposition , see (Andreu 78) or (Huff 79).

Partitioning techniques take a variety of forms , but

have the common property of dealing directly with the graph

structure , rather than a similarity matrix defined out of the

graph structure. Typically, partitioning techniques seek to

successfully break up a graph into subgraphs until either

some stopping criterion is reached , or until each subgraph

contains a single node.

Partition ing techniques are especially useful in SDM

decomposition for two different reasons. First , since they

are fundamentally different from the various types of

clustering techniques also used for this function , they

provide an effective cross—check on the validity of the

results achieved by the other methods. Al so, they tend to

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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locate a best decomposition with a smaller number of steps

than cluster ing techniques , because optimal SDM

decompositions occur fairly near the top of the decomposition

“tree ” (i.e., fairly near to the single subgraph state — see

Figur e 5.2)

While the graph theory literature reports a variety of

aj’proaches to the partition ing pr obl em , none of these schemes

are directly appropriate for our class of problems. For

example , one common partitioning technique involves

identifying complete subgraphs , then using these subgraphs as

“leader ” subsets, and effecting a final partition by

assigning the remaining nodes to one of the leader subgraphs.

However , in the SDM contex t , design probl em representations

yield graph structures with few if any complete subgraphs of

non—trivial size. Also , when complete subgraphs do exist ,

they often overlap, and there is no obvious way of dealing

with this problem in the SDM context.

1.2 Shortcom ings of Previous SDM Partitioning Techniques.

In his work on the development of the phase—I SDM ,

Andreu (Andreu 78) identified and tested two different

partitioning techniques — one a “leader ” identification

technique similar to the complete subgraph method mentioned

above , the other an iterative technique for factor ing out

subgraphs. These two partitioning techniques exhibit certain

difficulties and s~’iortcoming s, both inherently and with

respect to the present SDM model .

- . _  - - ~~~
--_ - - - -

~ 
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The leader technique , while quite efficient , serves only

to identify certain “good” starting subgraphs. The number

and size of the subgraphs can be controlled only grossly.

Also , the technique generally results in numerous unassigned

nodes , and there is no obvious means of deciding ’what to do

with the leftover nodes: whether they ought to be assigned

to certain of the leader subgraph s, and if so, which one , or

whether certain of the unassigned nodes ought to be grouped

together to form another subgraph .

Andreu chose to’ assign each of the leftover nodes to a

subgraph such that the measur e M increased the most . This

resolution technique is not as straightforward as it sounds ,

however . For exampl e, suppose the leader technique gives

rise to five leader subgraphs plus ten unassigned nodes. In

order to determine the leader subgraph to which the first

unassigned node (say, node x) should be assigned , the

values 
~
Mi~ 

= M’ — 

~~~ 
must be calculated , where N’ is the

goodness measur e of the initial partition , and Mix is the

goodness measur e for unassigned node x placed in leader

subgraph i. Node x would then be assigned to that leader

subgraph correspond ing to the maximum 
~
Mj~ 

over all i.

However , the values M’ and Mix must be calculated with a *

number of nodes unassigned . A pr oblem arises as to how to

treat these unassigned nodes: they could be treated as

individual subgraphs, could be ignored , or possibly hand led

in yet another fashion. Each such treatment has drawbacks:

as the final node resolution problem is akin to solving a set

~~~~~ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  A
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of simultaneous equations , such stepwi se approaches are not

directly suitable.

In particular , a simpl e hill—climbing resolution

approach for assigning leftover nodes, such as that used by

Andreu , is especially questionable, bei ng so sensitive to the

order in which the unassigned nodes are dealt with , among

oi.~ er things. The ineffectiveness of a hill-climb ing

approach in decomposition by clustering is discussed further

in (Huff 79). The foregoing points illustrate some of the

difficulties associated with leader subgraph approaches in

general .

Andreu ’s iterative approach is novel and quite

interesting , but suffers from a drawback even mor e severe:

its computational r equirements grow very rapidly with the

size of the subgraph. The procedure effectively involves

iterative recomputation of a matrix of size n (where n = the

number of graph nodes) . Each recomputation requires n

calculations. After a number of iterations , the matrix tends

to stabilize in such a way that one or mor e subgraphs with

high internal strength may be identified and “factored out”

of the graph . The process is then repeated , as many times as

necessary, successively identifying and factor ing out

subgr a phs , until only a single unfactorable subgraph remains.

Andreu tested the iterative approach on a few fairly small

• graphs, with promising results. But he also indicated that

the calculation barrier rapidly becomes large as n is

increased , since both the amount of calculation at each 

._~~~ ,, . ____ - - - -— 
~~~~~~~~~~~~~~
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iteration (proportional to n2) Increases rapidly, and the

number of iterations required to completely factor the graph

also increases rapidly (by an unspecified amount) . Andreu

himsel f found the iterative approach to be too inefficient to

be used for probl ems of non—trivial size.

Yet another drawback to both leader subgraph and

iterative approaches is that they give the user very little

in the way of control over the size of the resulting

subgraphs. It would be useful , for exampl e, to be able to

specify a pr ior i certain minimum or maximum sizes on

subgraphs. For instance , a system designer might prefer a

decomposition with approximately balanced subgraph sizes and

slightly lower objective function value . Providing him with

control on subgraph size would allow him to make such a

tradeoff intelligently. The leader technique could

conceivably be modified to include such control , although

there is no obvious way to so mod ify the iterative technique .

Finally, it is important to note that both the leader

and iterative techniques were developed to partition binary

(unweighted) graphs . Since the basic graph model has now

been extended to include , among other thing s, weights on the

graph links (Huff & Madnick 78b), neither algorithm is

immediately applicabl e to the new model . Modifications for

these techniques to extend their applicability to the current

• SDM model may be possible to develop , although such

extensions have not yet been stud ied .

— - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ --  —~- --
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In the remainder of this paper we present and illustrate

* a new partition ing algorithm . This algorithm , termed the

“interchange ” algorithm (as it functions be interchang ing

pairs of nodes between subgraphs) , avoids the problems

discussed above. It is quite efficient (we show it is

polynomial time bounded); it generally reaches an optimal

decomposition after a relatively small number of iterations ;

it produces complete partitions (thus avoids the resolution

problem of the leader subgraph method); it is designed to be

appl ied to weighted graphs (hence can be used with the

extended SDM model); and it included bounds—setting control

on subgraph size. The algorithm has been impl emented in

PL/]., and tested on a variety of graph decomposition cases.

• Results of some of these tests are also reported .

z

V

I 
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2 The Basic Interchange Algorithm .

The graph partition ing algor i thm presented here has the

fol lowing features:

(I) It is a hierarchical partitioning approach . That
is , it seeks to partition the given graph into two
subgraphs in an appropriate fashion , then to
partition one of the subgraphs , etc. This approach
is the inver se of that followed by the hierarchical
clustering techniques mentioned earlier , in that the
clustering techniques progressively group subgraphs
(subsets) together , forming fewer and larger
clusters , whereas the hierarchical parti tioning
technique successively subdivides the subgraphs,
forming more and smaller clusters.

(2) The basic mechanism underlying the technique is to
begin with an arbitrary initial factoring of the
curren t subgraph (the subgraph to be partiti oned )
into two equal—sized , smaller subgraph s, then to
per form pairwise interchanges of nodes between the
two halves according to a simpl e criterion until no
more impr ovement can be made in a certain objective
function. The resulting two partitions then
repl ace the original subgraph in the global
factor ing of the given graph .

(3) The algorithm is quite efficient . To factor a graph
of 2n nodes Into two subgraphs of n nodes each
r equires a number of operations pr oportional to
(n + n) . Thus it is of the class of n—squared
procedures , the most efficient class of general
graph—manipul ation procedures. (Some graph
procedures belong to even more efficient classes,
e.g., order n , but they are generally oriented to
very specific problems or are significantly
constrained in terms of their generality.)

(4) The techni que allows the user to specify upper and
lower bounds on the sizes of the subgraphs to resul t
from the partitioning of a g iven graph . In the
software design contex t , this feature may be quite
useful — for exampl e, in cases where the designer
has a prior i information about the appr opriate size
range 1~i~ a given design subproblem . *

In this section we describe the basic interchang e

algorithm , which forms the heart of the interchang e

~~~~~~~~~ 
—
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partitioning scheme. In the following sections , we describe

both extensions to , and simplifications of the algorithm , a

control structure for impl ementing the algorithm for

application in the SDM, and some examples of its use.

2.1 The Basic Interchange Technique.

The basic interchang e technique used in this algorithm

is partly based on early work by Kernighan and others

(Kernighan and tin 70). It functions as follows. Given an

arbitrary initial partitioning of a weighted graph with an

even number of nodes into two equal sized subgraphs , pairs of

nodes, one node taken from each of the two subgraphs , are

repeatedly interchanged so as to impr ove the partitioning

with respect to a given quality criterion (to be discussed

shortly) , until a certain stopping condition is reached . A

test is required to determine whether or not there is

anything to be gained by repeating the procedure another t ime

(Kernighan and Lin 70). Extensions of the procedure to the

case of arbitrary—sized initial graphs and non—equal sized

subgraphs will be discussed shortly.

Central to the interchange techni que is the issue of

what the quality criterion (the criterion used to determine

which pairs of nodes, out of all possible pairs , should be

interchanged) ought to be. In Kernighan ’s development ,

interest focused on minimum—cut partitions. That is ,

Kernighan sought a partition ing such that the sum of the

weights on the severed links was a minimum . Actually, quite

—
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efficient heuristi c procedures for the minimum —cut problem

have been availabl e for some time , one of the earliest having

been presented by Ford and Ful kerson in the context of their

proof of the famous “max—flow mm —cut” theorem (Ford &

Ful kerson 60). However , these approaches gave no control

over subgraph size , one of Kernighan ’s (and our) objectives.

In the present case, the quality criterion clearly

should be related to our concept of the global goodness of a

graph decomposition — i.e., to the goodness measur e, M.

Accordingly, we adopt , as a measure of the “gain ” real ized

through Interchanging two nodes in a given bi—partit ion , the

impact that the interchange would have on M. This concept of

interchange gain will be employed to guide the development of

the basic Interchange algorithm .

The discussion to follow is best motivated by means of a

simpl e example. Suppose we wish to determine a partitioning

of the six—node graph given in Figure 2.1 , into two

partitions of three nodes each. Further , suppose we begin

with some arbitrary initial partition , say, the one

illustrated in Figure 2.2.

Inspection of Figur e 2.2 indicates that the Interchange

— ) I; ~~ —> 2) (i.e., node I switched into subgraph I ,

node 6 Into subgraph 2) would produce an optimal partitioning

of this graph . The Interchang e procedure functions as

fol lows. First , the quantity ~M(x ,y) is calculated for each

node pair (x,y), where x belongs to one of the two subgraphs

and y to the other. M4(x,y) is the net Impact on the

~~~~- _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _
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Figure •2- . 1

A simple weighted graph

(

~~EE~~~
3II’ subgraph 2 6

1 2

Subgraph 1
(to minimize diagrar~ complexity , weights on graph
links will only be shown when a graph is first  intro-
duced) .

Figure 2 .2

(Arbitrary) initial partitioning of graph
of Figure 2.1
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goodness measure N of the entire decomposition that would

occur as a resul t of interchang ing nodes x and y. Next , the

specific node pair (x*,y*) for which ~M(x ,y) is a maximum is

located , and the values x~~, y*, and t~M(x*,y*) are recorded .

Nodes x~ and y* and “marked ” to be no longer eligible for

interchange considerations (thereby reducing by (2n—l) the , 
-

number of node pairs that must be considered for interchange

at the next iteration — assum ing the original graph contained

2n nodes) . This procedure is repeated again for the reduced

graph , and repetition continues until no mor e unmarked node

pairs remain. Thus if the original graph contains 2n nodes,

arbitrairly partitioned into two subgraphs of n nodes each ,

there will be n repetitions of the above procedure. The end

resul t will be a list of n triples , the kth tripl e being of

the form

(x*, y*, ~M(x*,y*))

where x~ and y* are the nodes to be interchanged at step k,

and AM(x *,y*) is the gain in global partition goodness that

would occur as a resul t of making the (x*,y*) interchange.

I t should be noted tha t  the g a i n  ~M (x* ,y *) at step k is

really a marginal entity, as it is calculated under the

assumption that the previous k—I interchanges in the list

were In fact impl emented . Al so, any partition gain value

could be positive or negative , although the sum of all n

val ues must always equal zero , since summing all n values

corresponds to the total gain achieved from interchang ing all

node pa i r s , which is loç,ically equivalent to making no

~~~ 
_ _  _ _ _  

_ _ _
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interchanges at all.

At this point the following question arises : which of

the pairwise interchanges in the l i s t ought to ac t u a l l y  be

effected? One approach would be to only implement the kth

i n t e rchange  i f  both (I ) the  pr evious k—I interchanges have

been impl emented , and (2) the first k interchanges all have

nc~-i—negative gains ~M(x*,y*). However , this strategy would

fail in the case where the first few i n t e rchanges  produced a

(small) negative gain , i.e., worsened the goodness measur e

for the decomposition , but later interchanges pr oduced larger

positive gains , so that the combined impact turned out to be

positive. This situation is shown graphically in Figure 2.3.

Experience with the interchang e algorithm has shown that such

situations are not uncommon .

In this figure , the cumulative impact is negative

dur ing the first four interchanges , but becomes positive with

the fifth interchange , and reaches a maximum after eight

interchanges. This exampl e makes it clear that the first k

interchanges should be impl emented such that the kth partial

sum of gains is a_maximum . More precisely, if the kth tripl e

is denoted as

(x k ‘~
‘k ‘ ~

Mk (x k ‘~
‘k ~

then we seek to identify the index k* such that

= max 
i: 

~~~~~~ 

~M2 (i &~ i~.)J

L~_ _ _ _ _ _ _ _ _ _ _  _ _ _  _ _ _  _ _ _ _
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maximum
Gain cumulative
value impact

I I

I I
I I

I I
I II I Interchanges

- I  I I i ~

I 

____ 

~~~~~~~1 gains for
____ this interchange

cumulative
gain

Figure 2.3

Depiction of interchange sequence in which
early interchanges have a negative effect ,
but a net positive effect eventually accrues.
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Once the index corresponding to the largest partial sum ,
• k* , has been determined , the final action of the algorithm is

to impl ement the interchanges. That is , the node p a i r s

((i1 ~~ , (i~ ,~2 . . , (Ik* ‘J k* 
) }

are interchang ed to produce the terminal partition.

2.2 An Example.

To make the foregoing arguments clearer , consider the

execution trace of the algorithm when appl ied to the graph

shown in Figure 2.1 , with the following arbitrarily selected

i n i t i a l  p a r t i t i o n :

partition 1: 1 2 6

• parti tion 2: 3 4 5

• This initial partition is that illustrated in Figure 2.2.

During the first cycle of the algorithm there are three

el igibl e nodes in each subgraph (all nodes are eligible for

interchange ; none have yet been marked as ineligible) . Thus

we want to calculate 3*3 or 9 possibl e gain values , and

select the largest. Table 2.1 gives the results of this

calculation.

From this tabl e we see that the largest gain is achieved

when nodes 5 and I are interchanged . Thus the tripl e

(5,l ,.66) is placed on the list , and nodes 5 and I are marked

as being ineligibl e for further consideration for

Interchanges . Logically, the interchange shown In

Figure 2.4(a) has been made. The above pr ocedure is then

- ‘ ~~~~~~~~~~ 

~~~~—-- ——~~~~~~~~~~ -—-- -~~ -‘ ~~~~~~~~~~~~~~~~~~~~~ -________  - - .-~~~~~~~~~-- -~~~~~~~~~~~~~~~~
_ - - ,

~~- - - - -
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Original Goodness Measure M = -0 . 3 6 7

Subgraph #2 nodes

1. 2 6

3 —0.23  — 0.25 0.011
Subgraph

#1
nodes 4 —0.30 —0.19 —0 .02

~~~~~~ n d 5 a ~~~ interthanged 

~~~~~~~1:~~~
t
~~~~ es ,

If nodes 1 and 5 are interchanged , the resulting
goodness measure will be M’ = —0.367 + 0.65 = 0.283.

Table 2.1

Gain matrix for deciding on initial interchange
of graph shown in Figure 2.2.

_____________ — _______
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repeated , with a reduced graph containing four nodes, two in

each subgraph .

For the nex t cycle , since we have decided after the

f i r s t cycle to in te rchange  nodes 5 and 1, the starting

partition is that shown in Figure 2.4(b).

The objective function for this initial partition is

M’ = 0.29. Only nodes 2,3,4, and 6 are eligibl e for

interchange. Calculations show that the largest gain value

is —0.64, corresponding to the interchange of nodes 4 and 2.

Since the largest gain is negative , the best possibl e

interchange still makes the partition worse with respect to

N. This observation is in line with intuition , since the

s t a r t i n g  par t i t i o n  a t cycle 2 (shown in Figure 2.4(b)) is

clearly the overall optimal partition for the network; any

interchange at this point will only serve to reduce N.

To complete the second cycle, we add the tri ple

(4,2,—0.64) to the list , and mark nodes 4 and 2 as ineligible

for further interchanges-. The list now contains two entries:

(5,1 ,0.66)

(4 ,2 ,— 0 . 6 4 )

Af t e r  the  second cycle , we have l og i ca l ly  In te rchanged  nodes

(5, 1) and (4 ,2 ) ,  so the third cycle is begun with the

starting partition shown in Figur e 2.5.

The initial measur e for this starting parti tion is

M ’ — — 0.35 .  Since there  is only one pa i r  of nodes e lig i b l e

for In te rchang i ng — node pa i r  (3 ,6 )  — a single calculation

shows the r e s u l t i n g  I mpact on M to be -0.02.

_ _ _
_ _ _  

• -~~ ~~~~~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ubgraph 2
6

j

Subqraph 1

— a — —

interchanges made after cycle 1

Fjq ure 2 .4 ( a )

Effect of f irst  pair of node interchanges on
graph of Figure 2 .2 .

6

1 2

Subgraph 2Subgraph 1

Q 

signifies
ineligible
node

Figure 2 .4 (b )

Resulting situation after interchanges implemented .
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Table 2 .2  shows the sequence of maximum gain values and

node pa i r s  to be interchanged that resul ted at each step.

The task at t h i s  poin t  is to locate the larges t  p a r t i a l  sum

In Tabl e 2 . 2 ,  then impl ement al l  the  node in te rchanges  in the

list up to and includ ing the interchange correspond ing to

that partial sum . As was pointed out earlier , this strategy

insures  tha t  the trap of ignoring interchange sequences that

only become beneficial after a number of initial interchanges

have been made is avoided.

In the case of this exampl e, the largest partial sum

occurs at step I — i.e., after a single interchange has been

made. Thus the best final partition is that shown in

Figur e 2.6.

The question now arises as to whether a single such

pass through the interchang e procedure is sufficient. Put

differently, what would happen if the final partition that

was generated at the end of the first pass (that shown in

Figur e 2.6, for the foregoing example) , was used as the

starting partition for a second pass?

The second question may be answered empirically in this

case by actually per forming a second pass. When this is

done , the execution trace shown in Table 2.3 results.

Table 2.3 indicates that the largest partial sum occurs after

the final step, and is 0.00. This corresponds to completely

interchanging all the node pairs. Since the resulting

partition Is logically equivalent to the starting one , the

best alternative in this case is to make no Interchanges at

t _ _ _  

A
- - -~~~~~~~~~~ - • - S •.• ~~~ 5-- —

- 
5—- , •-‘. -~ ;•__,~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~

— — ,._. .~~~~~~~~~~~~~ . —— ~
---—-- — - —---- . —  - — -•-•~~~~~~~~ . ~~~~~~~~~~~~~ 

_~~~a ~~~~~~~~~~~ - — _J - t~~~~~ .~? 5



-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --  ________ - -
~~~~~

—
. 21 —

Cycle Node pair Maximum Gain Partial sum

0 —— — ——— 0.00
1 (5 ,1) 0.66 0.66
2 (4 ,2) — 0.64 0.02
3 (3 ,6) —0.02  0.00

Table 2.2

- 
Execution trace for interchange example (first pass)

cycle Node pair Maximum Gain Partial Sum

0 — —— — —— 0.00
1 (4 ,2) —0.64  —0.64
2 (3 ,6) — 0.01 —0.65
3 (5,1) 0.65 0.00

Table 2.3

Execution trace for interchange example (second
pass, starting with best identified partition 

•from the f irst  pass) .

~~~~~~~_ _ _  . ~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• Subgraph 2

4 6

1 2

5
3 Subgraph 1

- signifies-
Figure 2.5 ineligible

node

Result after second interchange completed .-

4 6

1 2

-I

3 5 L
Subgraph 1 Subgraph 2

Figure 2.6

Best obtained partition during first pass.
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al l .

This phenomenon occurs because the i n i t i a l  p a r t i t i o n  is

in fact a very good one; hence , the first few interchanges

in the sequence of optimal interchanges substantially worsens

the partitioning , while interchanges toward the end of the

list begin to impr ove the partitioning again , eventually

enuing up with the orig inal partition. The largest partial

sum of the maximum gains is zero. The sequence of maximum

gains is typified schematically in Figure 2.7.

In general this condition (“maximum partial sum=0” )

may be adopted as a stoppi ng rule for the algorithm , as it

serves to define the situation in which no further partition

impr ovements can be made. it should be noted , however , tha t

the particular resulting partition is dependent , to some

extent , on the arbitrarily selected initial partition. There

is no gua ran t ee  t h a t  a l l  possibl e s t a r t i n g  partitions will be

mapped I n t o  the  same final partition by the basic interchange

algorithm . It turns out in prac t ice , however , tha t the

a l g o r i t h m  is q u i t e  insensitive to starting partition. The

approach t aken  here  Is to execute  the interchange algorithm

on v a r i o u s  d i f f e r e n t  s t a r t i n g  p a r t i t i o n s  ( th r e e  different

p a r t i t i o n s  are  used in the exampl e given in the  A p p e n d i x ) .

Then , if different final partitions resul t , the best (largest

N) such p a r t i t i o n  is selected .

Note also t h a t , w h i i e  in the foregoing example a single

cycle produced both a local and a global optimum

decomposition , In genera l  t h i s  would not n e c e s s a r i ly  occur .

- 

~~~
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G~ in
values

actual gain for
- this interchange

max~muxn cuznu1a tive

Figure 2.7

Depiction of interchange sequence wherein no
improvement can be made in the starting partition.
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Other ex ampl e decomposit ions wi l l  be in t roduced shor t ly  in
whi ch two or mor e “productive ” passes through the interchange

sequence are required before the stopping condition Is

reached .

2.3 A Second Example.

Consider the weighted graph shown in Figure 2.8(a). It

is intuitively clear that the best overall decomposition of

this graph contains three subgraphs, with nodes 1,2,3,4 in

subgraph 1, nodes 5,6,7 in subgraph 2, and nodes 8,9,10 in

subgraph 3. However , the basic interchange technique is (so

far) only capable of partitioning a given graph into two

equal—sized subgraphs.

If we select an arbitrar y i n i ti a l  p a r t i t i o n , for

exampl e ,

subgraph 1: 1 2 3 9 10

subgraph 2: 4 5 6 7 8

and apply the interchang e procedure , the execut ion trace

shown In Table 2.4 results. The net effect is that the best

bi—partition (partition into two equal—sized subgraphs) for

this graph is that shown in Figur e 2.9.

This partition , of course , is not a p a r t i c u l a r l y  good

one , for the reason discussed above. It is the best that can

be done under the constraint of two equal—si zed subgraphs.

In the next section a technique will be introduced that will

allow us to relax this constraint , thereby greatly extend ing

_ _-

~~~ 
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a -

Subgraph 1

0.5
-~~~-.~ , — .

/
/ t

f ~~~~~ 0.7 J o .
2 0.6/ 1

0.5 0 .4 %t
. 

0.5 .4 ~‘ ,% Subgraph 2
.8

3 ’ ’s4
0.4

~~~~~~~~~— 
~
-

10.8 09

6 /
/

Figure 2.8 j
Graph for second example , showing initial partition .
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Cycle Node Pair - Ma~ irnum Gain Partial Sum

0 ——— ——— 0.00
1 (9 ,4) 0.0040 0.0040
2 (10 ,8) 0.07 67 0.0807
3 (1,5) — 0.2686 —0.1879
4 (2 ,6) —0 .0359 —0 .2238
5 (3,7) 0.2238 0.0000

Thble 2.4

Interchange execution trace for second example. 

-

- 
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- 10

8

2

4 - -

-I.

3

5 7

Subgraph 1

6 Subgraph 2

Figure 2.9

Best final partition for second example. - -
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the util ity of the basic interchange algorithm .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~iiI
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3 Algorithm Extensions — Partition Size Bound ing and

Unequal—sized Subgraphs.

Up to this point a target graph containing 2n nodes has

been assumed , wi th the objective being to subdivide such a

graph in to two subgraphs containing n nodes each. These are

quA -te c o n s t r a i n i n g  assumpt ions;  there  is no reason in

general that it would necessarily be appr opriate to divide a

given graph exactly in hal f , nor tha t t h i s  even be possible

(i.e., it might contain an odd number of nodes). Therefore

these assumptions will now be relaxed . At the same time a

very useful feature will be added to the basic algorithm ,

through the introduc tion of a simpl e extension.

3.1 Dummy Nodes.

Consider now the task of partition ing a given graph of n

nodes (not “2n” as before) into two subgraphs , each of which

con t a in s  at least n1 nodes, and at most n2 nodes, with

n1 + n2 = n. It is clear that n1 ~ n2 .  Note t h a t  n need not

be an even number .

To accomplish this task using the basic interchang e

algor i t hm , the o r i g i n a l  graph  G is augmen ted throu gh the

in t roduc t ion  of a c e r t a i n  number of dum~y riodes. The

original graph together with the dummy nodes will be termed

the augmented graph , Ga • The dummy nodes have no links to

other nodes - that is , they are represented by a row and

column of zeroes in the graph adjacency matrix.

_ _ _ _ _ _ _ _  

- 
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In order to make the dummy node technique effective , a
small adjustment must be made to the calculation of the

decomposition goodness , N. Specifically, M must be def ined

so as to be unaffected by the introduction and distribution

of the dummy nodes. This is qui te easy to accomplish. The

individual S~ and C~~ terms making up M all have the

following general form:

f1(link weight sum)*(average link weight)/f2(node count),

where f1 and f2 are slightly different functional forms for

the strength and coupl ing terms (see Section 4.1). Now,

since the dummy nodes are disconnected from the rest of the

network , their inclusion in the graph only impacts the

denomina tor  te rms , i.e., node counts. By adding the minor

adjus tment to the N calculation that disconnected nodes not

be included in the node count term , the  presence of dummy

nodes can be made transparent to the value of N. This

modification to the definition of M has no other effect , as

it is assumed that there are no “real” disconnected nodes in

the original graph .

The interchange algorithm is then appl ied to the graph

• Ga in the usual way. Dummy nodes and regular nodes both

participate in the Interchange. The dummy nodes are simpl y

dropped from the final partition , to yie ld  to y ie ld  a

decomposit iop of the o r i g i n a l  graph into subgraphs that are

not necessarily of equal size. 
-

-~~~
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3.2 Choice of Dummy Nodes.

The question arises as to how many dummy nodes should be

added to the original graph . A simpl e empirical argument

will demonstrate the reasoning behind the answer .

Consider a starting graph G of 5 nodes , and assume one

dummy node Is added to give an augmented graph Ga of six

nodes. The basic interchange algorithm is then appl ied , and

the resulting final partition will have three nodes in each

subgraph. One of the two subgraph s will contain the single

dummy node and two “real ” nodes, while the other subgraph

wil l  con ta i n  t h ree  “real” nodes. In this case, then , the

orig inal graph is of size n = 5, and the size bounds on the

resulting subgraphs are n1 = 2 and n2 = 3.

Now suppose three dummy nodes are added to the same

starting graph G. Then the final subgraph s will each contain

four nodes. Since the dummy nodes may end up split in any —

combination between the two subgraphs, it is clear that the

size bounds on the subgraphs are now n1 = 1 and n2 = 4.

It would make no sense in this case to consider add ing

mor e than 3 dummy nodes (i.e., 5 or more) , since a “trivial” 
F

partition — a partition in which one of the subgraphs

contained only dummy nodes - might otherwise result.

Repetition of the above argument for other sizes of G

leads to Table 3.1. This table illustrates the number of

d ummy nodes nd that must be added to a graph of n nodes in

order to insure that each of the two subgraphs will have at

least n1, and at most n2, “real” nodes.

_ _ _ _ _ _ _ _ _ _ _  
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From Table 3.1 i t  is c lear  t h a t  In general  nd,  the

number of dummy nodes, must be chosen such that

nd = n - 2* n1 .

Wi th this choice of n~~ the  number of nodes in  the  augmented

graph Ga is always even (as required by the basic interchange

algorithm) , since

= n + 
~d 

= n + ( n — 2*n1 ) = 2*(n  — n 1 ) .

For example , i f  it was desired to partition a graph of

43 nodes into two subgraphs such that -each contained at least

10 nodes, and therefore at most 33 nodes , this would impl y

that n1 = 10 and n = 43. Therefore  it would be necessary to

add

= n — 2* n 1 = 43 — 2 * ( l O )  = 23

dummy nodes befor e applying the interchange algorithm to the

augmented graph .

3.3 An Exampl e Using the Dummy Node Technique.

To i l l u s t r a t e  both the operation of the interchange

algorithm while dummy nodes are present , as well as the

effectiveness of the dummy node technique itself , consider

the graph of Figur e 2.8 from the previous section. This is

the same graph used In the earlier example of Section 2.3.

Recall that the basic interchange algorithm without dummy

nodes produced the  decomposit ion of this graph shown In

Figur e 2.9 — a c l ea r ly  suboptimal decomposit ion t h a t  resul t ed

p r i m a r i l y  because of the  exact halving property of the basic

a l g o r i t h m .

_ _ _ _ _ _ _ _  _ _ _ _ _  
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n = number of “ real” nodes in G

5 6 7 8

1 3 4 5 6

2 1 2 3 4

lower 3 —— 0 1 2
bound
on 4 -- -- -- 0 ~~
partit-
ion 5 -- -- - - --

size

Table entries are
- ~d values.

- T able 3.1 
-

I

Number of dummy nodes to be added to a graph of
n nodes to insure a minimum subgraph size of n1 nodes.

- -
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The basic algorithm is now appl i ed to the current

graph , with the minimum subgraph size taken to be n
1 = 3. An

augmented graph G
a 

must be defined , where  G
a consis ts  of the

original graph G plus 
-

= n — 2*n1 = 10 — 2*3 4

dummy nodes. Schematically, then , the graph to be

partitioned is that shown in Figure 3.i.

An initial partition is selected , say,

subgraph 1: 1 2 3 9 10 Il 12

subgraph 2: 4 5 6 7 8 13 14

The decomposition goodness measure for this partition turns

out to be N’ —0.29. The final partition is determined to

be:

subgraph 1: 1 2 3 4 8 9 10

subgraph 2: 5 6 7 i i 12 13 14

After the dummy nodes are discarded , the  decomposi t ion

illustrated in Figur e 3.2 results. Table 3.2 gives the

execut ion trace for this part ition.

With the addition of the four dummy nodes, the

interchang e algorithm pr oduced a partition with the smallest

subgraph containing at least (in this case , exactly) three

nodes, the selected value of . Also , the final -

partition ing (Figure .3.2) is clearly better than that

obtained earlier without dummy nodes (Figure 2.9). It is

better in the sense that it represents a “natural”

- - - - -
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- 6
Initial Graph, G s

• Dummy
nodes

Figure 3.1

Graph for example ~f Section 3.3 showing dummy
nodes and initial partition.
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10

8

92 

7 

.

~~~~~~~~

Subgraph 1

6

Subgraph 2

- Eigure 3.2

Final decomposition of example graph of Section 3.3
after one pass of the interchange algorithm (dummy
nodes not shown) .
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Cycle Node~pair Maximum gain Partial sum

0 — —— ——— 0.000
1 (12 ,8) 0.0876 0.0876
2 (11,4) 0.2284 0.3158
3 (10,13) —0.2639 0.0519
4 (9 ,14) 0.0286 0.0804
5 (1, 5) —0.2686 —0.1881
6 (2 ,6) — 0.0359 —0.2239
7 (3 , 7) 0.2239 0.0000

Table 3.2

Interchange trace for example of Section 3.3

S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . , - — - - -. - .- - —  5-- - - ---—- 5- -
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subdivision of the original graph . If the Interchange

algorithm was to be applied again , to subgraph 2 in Figure 3.2,

it is reasonable to expect that the resulting partition would

produce the optimal global partition of the original graph.

(This is in fact what happens , as shown in Section 5.) This

resul t should be contrasted with that shown in Figure 2.9,

wherein it is clear that since the first partitioning is a

poor one , further partitioning s of the resulting subgraphs

can never lead to the global optimum decomposition. As

illustrated by this example, the dummy node technique

contributes a very important and useful extension to the

interchange algorithm .

3.4 Choosing the Number of Dummy Nodes.

Two alternative considerations arise in choosing n~ , the

number of dummy nodes: whether or not it is desired to set

the minimum subgraph size at some level greater than one

node.

If the user of the interchange a l g o r i t h m  has in mind  a

specific minimum subgraph size n1, then 
~d 

is de te rmined  from

the relationship nd = n — 2*n1 , as discussed in Section 3.1.

On the other hand , it may often happen -that the investigator

does not want to disallow any small subgraphs. Since the

smallest possible subgraph consists of exactly one node , in

such a case it would be necessary to set n1 = 1. From t h i s , - 
-

nd would be determined to be n - 2 , so the total number of

nodes In the augmented graph would be

-5— 

-

~~— — —a-— : - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~



. 5- -- -5- ~- ---- -~- , - -  - - ——~~~~~~~~~~~~~~~~~ ----------. ---- - - .

— 40 —

= n + (n—2) = 2*n — 2.

In the previous exampl e, Section 3.3, if n1 had been

t aken  to be I , it would have been necessary to add 8 d ummy

nodes , to produce an augmented graph of 18 nodes. In this

case , the Inter change a l g o r i t h m  would have produced the same

p a r t i t io n i ng obtained earlier , as is seen from the trace

given In Table 3.3. - -

I

- 
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Initial Partitioi~ is:
Partition *1: 1 2 3 9 10 11 12 15 16
Partition #2: 4 5 6 7 8 13 14 17 18 - —

Interchange Trace Table:

Cycle Node pair Maximum gain Partial sum

0 — — —  — — —  0.0000
1 (16,8) 0.0876 0.0875
2 (15, 4) 0.22 84 0.3158
3 (11,13) 0.00 0.3158
4 (12, 14) 0.00 0.3158
5 (10,17) —0.2639 0.0519
6 (9 ,18) 0.02 86 0.0804
7 (1,5) —0.2686 —0.1881
8 (2,6) —0.0359 —0.2239
9 (3,7) 0.2283 - 0.0000

Final partition is:*

Partition #1: 1 2 3 4 8 9 10 13 14
Partition #2: 5 6 7 11 12 15 16 17 18

* A second round of interchange calculations
using this as the startirg partition results
in a maximum partial sum = 0.00.

Table 3.3

Initial and final partitions, and interchange
trace, for example graph of Section 3.3 with

n1 = 1.
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4 A Simplified Interchang e Algorithm .

One of the reasons originally put forth for the

development of this algorithm was the need for an efficient

hierarchical par tition ing techn ique. It was pointed out

earlier , for Instance , that the iterative partitioning

technique studied by Andreu was interesting but Impractical ,

due to i t s  i n e f fic i e n t  opera t iona l  p roper t ies .  In i t s

present form , the new algorithm is much more efficient than

the iterative approach. However , certain minor

simplifications in the calculations of the interchange 
-

technique may be made in order to make it considerably faster

Still.

The ma in  bo t t l eneck  in the present form of the algorithm

centers on the gain calculation . If there are 2n eligibl e

nodes , n2 calculations are required to locate the largest

gain value during the first cycle. In the nex t cycle, (n—i )2

calculations will be required , etc. The total number of gain

calculations will be, for a network originally containing 2n

nodes,

T =

This is a fairly large number of calculations steps for any

non—trivial values of n. For example, if 2n = 200 nodes,

then n = 100 , and

T = 100*100 + 99 *99 + ... + 2*2 + 1*1 = 338, 350.

Some efficiencies are necessary if the interchange algorithm

5-——— -.- 1—-__ -s_er — - •.
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Is to be useful in problem s of significant size.

Now, operation of the interchang e technique could be

made significantly faster by simpl i fying the interchange

calculation itsel f — the elementary node pair interchange and

correspond ing measur e calculation — since this step is

executed so many times. In this section we develop such a

simplification throug h incorporation of an approximate

measur e gain criterion , and give an example of its use. In

practice the simplified algorithm , based on the appr oximate

gain criterion has been found to behave essentially as well

as the original algorithm , in terms of its capability for

producing good partitions.

4.1 The Approximate Measure Gain Criterion.

The key simplification that can be made to impr ove the

algorithm ’s efficiency involves an appr oximation to the

measur e gain calculation , AM(i ,j).

Calculation of t~M(i ,j) basically consists of the

calculation of the goodness measure for a particular

bi—partit ion of a give~i graph , namely, the bi—partition

obtained by interchang ing the nodes x and y with respect to

some initial bi—partition. Now, the definition of M for any

graph that has been decomposed into k subgraph s is given as

14 — - 
~~~~~~~~ ~~~~~~~~

— — j~ i+1

_ _ _ _ _ _  _ _  
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When the number of subgraphs k is equal to 2, this becomes

M = S 1 + 5 2 — C 12
The definition s of strength and coupl ing for a weighted

graph (see Huff 79) are:

(1) strength S1 of subgraph I:

L .  - (n. - 1)
S = 2. 2. 

-i n~ (n~~— 1) i

2

where = the number of links within i;

n1 = the nuntber of nodes within I;

= the average weight on links within i.

(2)  coupl i ng Cj~ between subgraphs i and j:

L.
— 

ij 
~~~~ii 

* 

fl jfl j 
ij

where 1~~ = the number of links between i and j;

r1 ,r5 = the number of nodes in i , j ;
= the aver age weight on links between I and j.

-

I 
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4.1.1 Si mpl i fy ing  S . .
1

First consider the Si term. This may be written

Si n~~(n~ —]. ) * L~ w~ - * Wj

Now, a pairwise node interchange does not affect the value of

n .~ , so n~ is a constant as far as the calculation of AM(x ,y)

is concerned . Also , since is an average , it may be

assumed that its value is not substantially affected by

interchang ing nodes x and y. This is the case since most of

the link weights that go into the calculation of would

remain unchanged . Therefore the entire second term in the

expression may be treated as a constant term. Since in the

calculation of t~M(x ,y) , this constant value will subtract

out , it may be dropped henceforth.

Also , it may be noted that is defined as W1/L~~ where

W . is the sum of the weights on the links in subgraph i , and

is the link count in subgraph i. Hence the effective

expression for Si becomes

S — * W .i n~~(n~ — 1) 2.

-—--5 -—- —~~~~~~~~~~~~~ 5- - 5-5-
—

~~~~~~~~
-__
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4.1.2 Simpl i fying C~.j

If W1j is defined as the sum of the weights on links

connecting subgraphs I and j ,  then = W1~/L~~. Thus the

expression for C~~ simplifies to

Cjj n~n~ ~ij

4.1.3 Further Simplification of 1~M(x ,y).

If we l et S1,S2, and C12 be the values of strength and

coupl i ng for some s t a r t i n g  b i — p a r t i t i o n e d  graph , and let S~ ,

S~~, and C~ 2 be the equiva len t  va lues  after nodes x and y have

been in terchanged . Then

~ M ( x ,y) = (S~ + — C~2) 
— (S1 -4- S2 

— C12

Since equal-sized subgraphs a re  being considered , we may let

n = n1 = n2 ,  and the expr essicn  for t~M ( x ,y) becomes

M4 (x,y )  
~~

‘ 
n~n-l ~Wj + W~ - W1 

- w2] - 
_

~~~~~~ [wj2 - w12]

If we now approximate n(n—i) by n2 , we may factor out a

1/n2 term and get

~M (x ,y) ‘
~~
‘ ~~~ [2(W~ + - - W2 ) - (W~ 2 - w12)]

Now , the In te rchange  a l g o r i t h m  is e v e n t u a l l y  going to

make an ordinal comparison among all the AM(x ,y) values for

5 - - -  -~~ 
5- --

~~ ~~~~~
- -— --

~~~
— 

~~~~~~~~~ 
5- 
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all (x,y) combinations. Thus the constant  1/n 2 , which w i l l

be present as an external multiplier in each term , may be

dropped from the ~M(x ,y) expression . This Is so since It

will be present in all such terms , and consequently serves

only to scale all the val ues, having no net -Impact on their

ordinal relationship.

Therefore the effective value for AM(x ,y) reduces to

AM(x,y) 2(W~ + W~ — — W2) — (W~2 — W12
) ..... (1)

In order to go - fur ther with the reduction of the expression

for ~M(x ,y) , it is necessary to introduce some new

terminology. We define: 
-

(1) = the sum of the weights on the external links
connected to node x — that is , those links that
connect node x to some node in the other subgraph ;

(2) I = the sum of the weights on the internal links
c~nnected to node x — that is , those links that
connect node x to other nodes within the same
subgraph ;

(3) 0 = the sum of the weights on the “other ” links
the same subgraph as node x — i.e., those

links not connected to node x; _ -

(4) 0~ = the sum of the weights on the “other ” links
in~erconnecting the two subgraphs - i.e., those
links not connected to either node x nor node y;

(5) ~~ = the weight on the link connecting node x to
noL y (if no such link exists , w is assumed to be
zero)

Now, th e W terms In the ear li er express ion for ~ M(x ,y)

may be t r a n s l a t e d  Into terms involving E,1,O, and w. In

particular , It is fairly easy to see that

5-— _______- _______
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W I + 0 ..... (2)1 x x
W2 = Ty + O~, ..... (3)

= E — w + 0 ..... (4)1 y xy x
W’ — E — w + 0 ..... (5)2 x xy y

W = E + E — w + 0 ..... (6)12 x y xy xy
= I + I + w + 0 (7)12 x y xy xy

The only slightly confusing part in the above equations

involves the role of w .  When x and y are  interchanged , a l l

associated external links become internal , and vice versa ,

wi th the except ion of the link connecting x and y (if any).

Now, if equations (2) through (7) are substituted into

relation Cl) , the latter reduces to

~M(x,y) 2 [E~ 
- + (E~ - I~) 

- 2w
~~]

- - E,~) + (I~ 
- E~) +

_ 3 [(E
~~

_ I
~
)+ (Ey

_ I
y
)_ 2 w ,~] 

..... (8)

It is no surpr ise that the “0” terms in (2) through (7)

cancel out of (8), since by definition these terms represent

a part of the graph structure that Is unaf fec ted  by the

interchange of nodes x and y.

Fi n a l l y ,  we d e f i n e

D = E  - I  , and
x x x
D = E  — I
y y y

Also , for the same reason as discussed earlier (immateriality

of scale factors) we drop the factor 3 In relation (8). This

* 

yields the final resul t ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .r .- S s * ~( - - 
- ‘.~~WU~~~~t~’*~~~~,1 - - - .-~—.
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Ml(x,y) D + — ~~~~ .....
Expression (9) is the simplified measure gain

expression . To be strictly correct , the right-hand- side of

expression (9) is pL2portlonai to an approximation of the

exact measure g a i n  ~M(x ,y) . As was argued , p r o p o r t i o n a l i t y

constants  are immaterial for purposes of the interchange

algorithm ’s proper functioning ; also , the appr oximations

i nvolved in the foregoing reduction are relatively minor , so

that we would expect the simplified algorithm to still do a

good job in partit ioning graphs in a manner appropriate to

our needs — i.e., in a manner that will usually locate a very

good , or opt imal , partition as measured by the true value of

M.

4 .2  A V e r i f i c a t i o n  Exercise.

To b r i e f l y illustrate the validity of relation (9) in

the previous section , consider the graph shown in Figur e 4.1 ,

with the associated subgraphs I and 2. TwO nodes x and y,

one in  each subgra ph , ar e shown ; also , the weights on

certain links are specified , for illustrative purposes to

follow.

In Figur e 4.2, the same graph is shown , after nodes

x and y have been interchanged between the two subgraphs. In

t e rms of the foregoing definitions , the following may be seen

t o hold:

— w1 + w2 + 01
W
2 

= w
5 

+ w
6 

+ 02

5-- ~~~~~
5-—

~~~~~~~~~~~~~~~~~~~~~~~~
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— 
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w
y -

W 4

w
x w W6

W I

2

Subgraph 1 Subgraph 2
Figure 4.1

Initial graph for verification exercise

W

W 6

7 w x

y 3

1
w

Subgraph .3.
Subgraph 2

Figure 4.2

Graph of Figure 4.1 after nodes x and y have been
interchanged.
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W12 — w 3 + w 4 + w 7 + o 12

Wj — w 7 + 0 1
W~~— w 3 + o 2

Wi2 = w 1 + w 2 + w 4 + w 5 + w 6 + 0l2

where 01 and 02 represent the sum of the weights on the

“other ” links In subgraphs I and 2 respectively (those links

not attached to nodes x and y, respectively) ; similarly, 012

represents the sum of the weights on the other links that run

between the two subgraphs.

If the expressions given above are substituted into

relat ion (I) for M4(x,y), the resul t is

&4(x,y) 2 [w7+o1+w3+o2 
- (w1+w2+o1) 

- (w5+w6+o2)J

- [w1+w2+w4+w5+w6+o12 - (W 3+w 4+w 7
+O j 2 )]

= 2 [w3+w7 - (w1+w2+w5+w6)] 
- [wi+w2+w5+w6 - (w 3+w7)]

— 3 [w3+w7 
- (w1+w2+w5+w6)]

On the other hand , if relat ion (9) is used instead of

re la t i on ( 1) ,  the resul t is

t

~~~~~~~~~~ -— — — - - -  - -~~~~~~~~~~ _ _  _ _ _ _
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hM (x,y) D~~
+ D y

_ 2 W
~~ 

-

= (E
~ 

- + (E1, 
- I~ ) - 2w~ ,

= (w3+w4
-w1-w2

) + (W 4+w7-W 5-w6
) - 2w4

— + w7 
- (w1+w2+w5+w6) ,

which , except for the irrelevant factor 3, is the same as

that - obtained from relation (1). Thus the foregoing

simplification analysis is verified in this example.

4.3 Summary of the Simplified Interchange Algorithm .

To review the approximate gain techn ique: in order to

determine the relative gain that would resul t from

interchang ing the node pair (x,y) , where node x currently

resides in subgraph I and node y in subgraph 2, the

quantities D
~ 

and D~ are calculated . In general , Dk is

calculated by summing the weights on the links that extend

from node k to nodes in the other subset , then subtracting

the sum of the weights on the links that extend from node k

to other nodes within the same subset . Once and have

been determined , the approximate gain term G(x ,y) is

calculated from the formula

G(x ,y) = Dx + D~ - W~y

The quantity G(x ,y) Is the appr oximation to the quantity

~~ A M(x ,y) used earlier in the basic interchang e algorithm .

By Inspection of the algorithms ’ code, the estimated

__________ 
_ _ _ _ _  
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r a t i o  of calculation times for G(x,y) to t~M(x ,y) Is on the

order of I to 100 — i.e., the calculation time for G(x ,y) is

approximately 1 percent of the calculation time for t~M (x ,y)

This large difference Is the source of the efficiency

improvement that results from using the approximate gain

criterion .

Once G(x,y) has been calculated for every eligibl e node

pair , the procedure continues as before (see Section 2.3) to

locate the largest gain value , logically interchange the

corresponding nodes, mark those nodes as ineligible for

further consideration , then repeat with one - fewer node in

each subset. The final calculation of the maximum partial

sum of gain values, which determines the terminal partition ,

is also carried out exactly as before.

4.4 Further Efficiency Improvements.

The calculation of G(x ,y) is almost fully uncoupl ed with

respect to the two nodes x and y. That i-s, with the -

exception of the Wxy te rm , G( x ,y) involves D
~ 

and ~~~ which

can be calculated i n d i v i d u a l l y  for nodes in subgraphs I and

2, respectively. This gives us a means of impr oving the

speed of the Interchange algorithm still further. The basic

idea is as follows. First , all the D
~ 

and D~ terms are

sor t ed into descend i ng order . Then G (x,y) is calculated for

each pa i r  (x,y) such that x and y are within some arbitrar y

count d from the top of the D
~ 

and D~ lists , respectively.

The largest such value of G(x,y) is then selected , thereby

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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identifying the next pair of nodes to be interchanged . This

technique avoids a global search over all (x,y) pairs at the

cost of possibly missing the largest gain value . However ,

the likl ihood of missing the overall largest value of G(x ,y)

may be made as small as desired by setting the value of

high enough. The extra wor k involved in this approach

consists of sorting two lists of n elements each , while the

saved calculations involve a proportion (n - ~)/n of the n

potential calculations. The extra impr ovement in algorithm

efficiency mount s rapidly with n. Judging by a few cases

examined in detail , & need not be very large to insure

locating the lragest G(x ,y) val ue — e .g . ,  ~ — 10 percent

seems to be more than s u f f i c i e n t  in the cases examined .

Additional studies may suggest ways Ji~ which to e s t ima te  ~5 on

the basis of ~~~ D
~
, and D~ values.

4.5 Comparison of the Basic and Simplified Interchange

Algorithms.

Consider once again the 10—node graph introduced in

Figure 2.8(a). This graph is augmented with the addition of

four dummy nodes, and both the basic and simplified

interchange algorithms are applied to it , using the starting

partition given below :

subgraph I: 1 3 5 7 9 11 13

subgraph 2: 2 4 6 8 10 12 14

- - _e— - —~~~~~ -.-- -- - - -  - _ - - _ - - —
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The traces for the first pass of each algorithm are shown in

Table 4.1(a) and Table 4.1(b) -respectively.

Ba s i c a l l y ,  both vers ions  of the  a l g o r i t h m  produced

the same final partition at the end of the first pass,

fol lowing essentially the same locus of interchanges. When a

second pass was taken through each version of the algorithm ,

the results were again identical and the loci of interchanges

were also nearly identical . Of course , in all cases the

actual numerical values of gain were rather different between

the two versions , since the gain calculation differences are

the essence of the difference between the two algorithms.

Also , the order in which dummy nodes were hand led varied

- somewhat due to minor  impl emen ta t ion di f fe r ences.  - This has

no impact on the interchanges of “real” nodes, which is the

important issue. The main invariant factor is the ordinal

relationship among the gain values in both cases. Inspection

of Tables 4.1 (a) and (b) shows that this i nvariance of

ordina llty is indeed maintained for this example.

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Cycle Node pair Maximum Gain Partial Sum

0 ——— —— — 0.000
1 (9,6) 0.338 0.338

2 (13,2) 0.085 0.423

3 (11,4) 0.139 0.562 (optimal)
4 ( 1,12) —0.214 0 .348
5 (3,14) —0.014 0.334

6 (7,8)  — 0.240 0.094
7 (5 ,10) — 0.094 0.000

Final Partition Is:
* Partition #1: 1 2 3 4 5 6 7

Partition #2: 8 9 10 11 12 13 14

Table 4.1(a)

Interchange trace for example of Section 4.5, without
simplifications.

Cycle Node Pair Maximum Gain Partial Sum

0 ——— ——— 0.00

1 (9,6) 2.60 2.60

2 (11,2) 0.30 2.90
3 - (13,4) 0.80 3.70 (optimal)
4 (1,12) —1.30 2.40

5 (3,14) —0.10 2.30
6 (7,8) —1.70 0.60
7 (5,10) —0.60 0.00

Final Partition Is:
Partition tl: 1 2 3 4 5 6 7
Partition #2: 8 9 10 -11 12 13 14

Table 4.1(b)

Interchange trace for example of Section 4.5, with
simplifications. 
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5 Hierarchical Partitioning Using the Interchange Technique.

The original objective in developing this partitionin g

algorithm was to devise a means of decomposing a graph into

subgraphs so as to locate the best overall decomposition as

determined by the value of M. At this point we have -

demonstrated an efficient algorithm that is capable of

dividing a given graph into two subgraphs , with the opt ion of

controlling the  size of the  subgraphs.  Al l  t ha t  is  r equired

to meet the  o r i g i n a l  objec t ive  is some sort of “master ”

algorithm , within which the interchang e algorithm may be

imbedded , which will perform the following tasks:

— keep t r a c k  of the original graph and the list of
subgraphs -

- decide which subgraph on the list should be
partitioned next (using the interchange routine)

— generate initial partitions to accompany each call to
the  in te rchange  r o u t i n e ;

— monitor the results of the interchange execution for
the occurrence of the stopping condition (maximum -

partial sum of gains = 0 ) f or any given star t ing
subgraph and starting partition .

5.1 The Subgraph Selection Rule.

The only really non—tr ivial issue as far as the master

algorithm is concerned involves the natur e of the decision

rule to be used to select the nex t subgraph for partition ing .

Consider for illustrative purposes the initial 10—node graph

given earlier (see Figur e 2.8(a)). As was shown in the

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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previous section , the best general bi—partitioning of this

graph is that illustrated in Figure 5.1 below.

Now we wish to determine which of the two subgraphs

indicated in the figure to select for the next round of

partitioning . In this simpl e case the answer is intuitively

clear : subgraph I should be partitioned next , as it has the

clearest division into two subgraphs.

The “nex t subgraph” decision rul e may be made

operational in the following way. First , the strength S of

each subgraph i in the current decomposition must be

calculated . There may be anywhere from I to (n—I) such

subgraphs. Then the subgraph with the smallest strength

measure is selected as the next subgraph to be partititoned .

The logic behind this choice is simple: the lower the

subgraph strength , the higher its propensity for being

subdivided . Also , this rule is a rever se image of the rule

for deciding which subset pair to merge next when clustering

techniques are used in handling the decomposition problem

(see Huff 79)

In the case of Figure 5.1 , the strengths of the two

subsets are 0.078 and 0.233 respectively. Thus the lowest

strength rule would select subgraph I as the next subgraph to

partition , which is certainly the correct choice in this

case, as discussed earlier.

I 
_ _  
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10

2 
8 9

Subgraph 1

1 
- strength=0.078

3

5

7Subgraph 2
strength o.233

6

Figure 5.1

Partitions of the graph from Section 2.3 after one
pass of the interchange algorithm, showing subgraph

strengths.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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5.2 A Stopping Rule for the Master Algorithm .

What stopping rule might be used to eventually halt the

hierarchical partition ing procedure being impl emented by the

master algorithm? One obvious rule would be to continue

partition ing until all current subgraph s are too small to be

subdivided further — i.e., until n~ < 2*n1 , where n~ is the

dimension of subgraph i and is the lower bound on subgraph

size. Note that if n1 =1 , the master algorithm would have to

continue partitioning until all subgraphs consist of exactly

one node.

It may be possibl e to devise a simpl e stopping rule that

would halt the master algorithm well before this point is

reached , however . Exper i ence with partitioning a variety of

graphs with the interchange method suggests that , generally

speaking , the maximum value of M is attained after a fairly

small number of “splits ” have been made. In the above

example, for example , only two splits were required to reach

the optimum , whereas a total of nine splits were implemented

before completely decomposing the original graph . Hence some

simpl e rule such as stopping after k successive steps have

yielded a lower value of M than the preced ing step may prove

useful and effective. A study of such stopping rules will be

conducted in the future. 

- -  =
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5.3 The Master Algorithm .

One possibl e impl ementation of a master algorithm for

controlling the interchange partitioning method is given

below.

(1) Get data on graph structure , link weights; also get
value of n1(subgraph lower bound) .

(2) Assign the entire graph as the current partition
(CP);

CP <—— entire graph .

(3) Calculate the measure M for CP;
M <— - M; CP <-- CP.opt opt

(4) Calculate the strength S for each subgraph i in CP.
Locate the subgraph with the lowest value; assume
this is subgraph 9.

(i.e., S~ .~ S~ V i).

(5)  Cal l  t h e  Simplified Interchange Algorithm to
partition subgraph £ .

(6) Update CP: CP <—- (old CP with subgraph L repl aced
by its sub—partitio ns as determined in step (5)).

(7) Calculate M for CP.

(8 )  If  M > M then do:
oPt M

CPopt <_ _  
~~~~opt

(9) If there are further subgraphs that can be
partitioned , then go to step (4); otherwise STOP.

5.4 An Example Using the Master Algorithm .

To complete this paper an exampl e decomposition “from

start to finish” is presented . Once again the ten—node

exampl e graph discussed in previous examples (see

Figur e 2.8(a)) will be used . Appendix A contains a complete

trace of the execution path of the master algorithm in —

partitioning this graph . Figure 5.2 contains a schematic

~~~~~~~~~~--—-- - — ---- --5—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Partitions At Each Stage Value of M

(1,2,3,4,5,6,7,8,9,10) 0.0505

(1,2,3,4,8,9,10) (5,6,7) 0.292

/~~~(1,2 ,3 , 4) (8 ,9 ,10) (5 ,6 , 7) 0.484*

/ \ l
(1,2,3,4) (8,9) (10) (5,6,7) —0.101

A l l
(1,2,3,4) (8) (9) (10) (5,6,7) —1.189

* 

~~~~~~~~~ I I I I
(1,2,3) (4) (8) (9) (10) (5,6,7) —2.178

H A u t h
(1,3) (2) (4) (8) (9) (10) (5,6,7) —3.300

I I I I I
(1) (3) (2) (4) (8) (9) (10) (5,6,7) —4.800

I I I I I I I A
(1) (3) (2) (4) (8) (9) (10) (5) (6,7) —5.900

I I I I I I I I
(1) (3) (2) - (4 )  ( 8)  ( 9 )  ( 10) (5)  (6 )  (7)  — 7 . 4 0

* 
*optjmum measure

- Figure 5.2

Decomposition “tree” showing complete decoxnposition
of graph from Section 2.3.
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r epresentation of the partitioning process, and indicates the

val ue of the goodness measur e of the intermediate

decomposition at each step. - 

*

As is clear from this diagram , the overall optimum value

of M occurs after pass 2, for the decomposition

((1 ,2,3,4) ,(5,6,7) ,(8,9,i0) }

The optimum decomposition measure is 

M=0.484.~
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6 Summary.

A new algorithm for per forming top—down hierarchical

partitioning upon a weighted graph has been defined and

discussed . The algorithm functions by performing pairwise

node interchanges and calculating the correspond ing gain to

the partition goodness measure M that results. The node pair

exchanges that produce the maximum gain are retained , and

those nodes are marked as ineligibl e for further

interchanges , then the process repeated until no available

node pairs remain. The sequence of node pair interchanges

that leads to a maximum partial sum of the maximum gain

val ues is then impl emented . If the maximum partial sum is

zero , then no interchanges are effected and no further

improvement is possible.

The interchang e algorithm is “driven ” by the partition

goodness measur e M. In order to impr ove the efficiency of

the algorithm certain appr oximations to the calculation of M

were introduced . These appr oximations were verified by way

of exampl e, and were shown to lead to an equivalent set of

interchanges in one example problem . Experience with the

approximate gain technique has shown it to be essentially as

effective , in terms of identifying good decompositions , as is

the exact technique. The appr oximate technique is on the

order of 100 times faster than the exact technique.

A “master ” algorithm appr opriate for controlling and

driving the node interchange algorithm was also introduceèl.

-5—- — - - - ‘~~~~ - - —  -5 5- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A
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A complete trace of the decomposition of a 10—node graph ,

using this master algorithm and the approximate interchange

techni que is included in the appendix..

It is believed that the interchange algorithm is a

useful contribution to the body of general graph partitioning

techniques. In the present contex t (SDM) , it is especially

power ful , as it may be used as the core of a top—down

partitioning search for the optimal graph decomposition.

Since our experience with SDM has consistently shown that the

optimal decompositiion tend s to reside fairly near the top of

the decomposition tree (see Figure 5.2) , a top—down search

will generally reach the optimum fairly rapidly as compared

with bottom—up clustering approaches used in this work

previously. In later studies we intend to further

investigate the relative strengths , in terms of both costs

and effectiveness , of the top—down versus bottom—up

decomposition techniques.
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- APPENDIX —

,This appendix contains a computer-produced trace of the

execution path calculations performed by the master control

procedure and the imbedded interchange algorithm in the

course of decomposing the 10-node graph first introduced

in Section 2.3. The actual partitions effected by the

algorithm as detailed here are also shown in Figure 5.2.
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GRA Ph ADJ ACE?~CY MATEIX 

- 
*

1 2 3 4 5 6 7 8 9 10

1 0.3)
2 0 • 50 0 • 00 (cOMMENTS)
3 0.80 3 14() 0.0’)
Li f).~)!) 0 .6)  0.5’ 3.1’
5 0. 00 0.00 0 . O C C.4 ’) 0.30
6 0.00 0.30 0 .03  0.00 3.8’) 0.00
7 0. 00 0.00 0.00 3.0) 0 .43  0.90 0.00
8 0.00 0.0-) 0. - D C 0.70 0.00 0.00 0.00 0.00
9 0 .On 0. 13 0 .00  3.30 0.00 0. 00 0.30 0.60 0.00

10 0.00 0.0’) 0.00 0.00 0 .00  0. 00 0.00 0.5) 0.30 0.30

Start with entire
BEGIN PAPTITICNING . - 

gi ’c2~h
CLUSTERS ARE : ( 1 2 3 L4 5 6 7 8 9 10)
MEASURE = 0.351
* * * * * * * * * * * * * * * * *  * * * * *  * * * * * * * * * * * * * *  * * * * * * * * * * * *$* * * * *$* * * * *

SE’! STARTING PARTITICN 1 4~~ 8 d nodesINITIAL PAF-r ITION IS: (,z = 1) 
-

*1: 1 2 3 14 5 6 7 8 9 1
#2: 11~~ 11 12 13 14 15 lb 17 18

Starting partitions are
BEGIN IT~ RATI0N 1 

- 
chosen arbitrari ly

I N T E R C H A N G E T f l A C E :
CYCLE NODE 1 NOD E 2 MA X GAIN PAR SUM

1 9 10 — 0 . 10 0  — 0 . 1 0 0
2 8 11 — 0 . 6 0 0  — 0 . 7 0 0
3 14 12 —0.800 -1.500
‘4 2 13 —0.300 —1.$~005 3 14 0.100 —1 .700
6 1 15 1.330 — 0 . 4 0 0
7 5 16 —0.800 —1.200
8 6 17 —0.100 -1.300
9 7 18 1.300 0.000

PARTIALMAX= 0.000 PA RT IAL MFIX INDEX 9 Firs t starting partition
leads to no interchanges .

FINAL PARTLTICN :
#1: 1 2 3 4 5 -6 7 8 9
#2: 1’) 11 12 13 14 15 16 17 18

(

SET S’PART ING ~ART I-TION 2
INITIAL PARTITICN IS:
#1: 1 3 5 1 9 11 13 15 17
#2: 2 14 6 8 10 12 14 16 18

c BEGIN ITERATION 1

INTBPCHA NG! TRACE:
( CYCLE NODE 1 UOD~ 2 MAX GAIN PA1~ SUM1 - 9 6 2.600 2.600

—~ ~~~ - ~
5 - —  — - --- — - — -~~ ~~~ ~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~
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* — 7 0 —
2 11 2 0.30’) 2.900
3 13 14 0.800 3.700
4 15 12 0.000 3.700
5 17 114 0.000 3.700
6 1 16 - —1.300 2.400
7 3 18 —0.100 2.300
8 7 8 —1.700 0.600
9 5 10 —0.600 0.000

PARTI AL MAX 3.700 PAR TIALMA X INDEX= 3

FINAL PARTITION:
*1: 1 2 3 4 5 6 7 15 17
#2: 8 9 10 11 12 13 14 16 18

BEGIN ITERATION 2

INTERC HA NG E TRACE:
CYCLE NODE 1 NODE 2 MAX GAIN PAR SUM

1 15 11 0.000 0.000
2 17 12 0.000 0.000
3 ‘4 13 —0 .800 —0 .800
14 2 114 —0.300 —1.100
5 3 16 0.1 00 —1.000
6 1 18 1.300 0.300
7 5 10 —1 .630 —1 .300
8 6 9 —0. 1100 —1.700
9 7 8 1.700 0.000

PARTIALMAX 0.300 PARTIAL MA X INtEX= 6

FIN AL PARTITION:
• *1: 5 6 7 11 12 13 14 16 1~

*2: 1 2 3 ‘4 8 9 10 15 17

BEGIN ITERATION 3

INTERCHANG E TRACE:
CYCLE NODE 1 NOD E 2 ~AX GA IN PAP. SUM

1 11 15 0.000 0.000
2 12 17 0.000 0.000
3 13 10 —0.800 —0.800
4 14 9 —0.300 —1.100
5 16 8 

- 
0 .400 —0 .700

6 18 ‘4 0.0)0 —0.700
7 7 2 —1.600 —2.300
8 6 3 0.200 —2.100
9 5 1 2.100 0.000

PA R T IA L M A X C.000 PA RT I ALMAX INDE X = 1

FINAL PARTITION:
( #1: 5 6 7 11 12 13 14 16 18 Second starting p ar tition

*2: 1 2 3 14 8 9 10 15 17 locates good fina l par -
titian

SET STAI~TING PARTITIC N 3
INITIAL PARTI TION IS:
*1: 5 6 7 8 9 10 11 12 13
#2: 1 2 3 14 114 15 16 17 18

- -
~~~~~

, - - — ——
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BEGIN ITERATION 1 -

INTERCHAN ( E TRACE:
CYCLE NODE 1 NOD E 2 MAX GAIN PAR SUM

1 11 4 0 .000 0.000
2 12 14 0.000 0.CflO
3 13 15 0.000 0.OC’)

* 4 10 16 —0.800 —0.800
5 9 17 —0.330 —1.100
6 8 18 0.4-30 —0.70C
7 7 2 —1.630 —2 .300
8 6 3 0.200 —2.100
9 5 1 2.100 0.000

PARTIALMA X= 0.000 PARTI ALMAX INDEX 1

FINAL PARTI TION:
*1: 5 6 7 8 9 10 11 12 13 Swne result ae for second
*2: 1 2 3 4 114 15 16 17 18 etarti.ng pa rt ttwn.

RESULTING PARTITIONS NOT EQUIVALENT;
BEST PA RTITIO N IS:
#1: 5 6 7 “Best” i8 determined
* 2: 1 2 3 4 8 9 10 using objective fu n,tion M 

-

END OF PASS 1 Decomposition after I pas s.
CLUSTERS AR E : ( 5 6 7) ( 1 2 3 4 8 9 10)

• MEASUR E = 0 .2 9 2

LOCATE SU B G R A ? H  W I T H  LOW ~~ST ~ Tfl~~’I GTH :
SU I 3 G R A P H  N O. S T P E N G T U  Subgraph 2 ~-s best can-

1 0 .2332  d*z4ate for next pass.
2 0 .0777

FOR NEX T PAP.TITIO4ING ROUND , SELECT SUEGEAPH: 2

SET START ING PARTITION 1
INITIAL PAPTITECN IS:
Il- 1 2 3 4 5 6 Note tha t i.nterna 1
*2; 7 8 9 10 11 12 nwnber identifiers are

aeetgned to the nodes of
BEGIN ITERATIC~1 1 the eubgraph being

partttwned.

INTERCHA NG E TRACE:
CYCLE - N OD E 1 NOD Z 2 M A X  GA IN PAR SUM

1 6 7 —0 . 100 —0.10 0
2 5 8 —0.600 — 0 . 7 0 0
3 9 —0.400 — 1. 10-3
4 2 10 — 0.300 —1.400
5 3 11 0.100 —1.300
6 1 12 1.300 0.000

P A R T I A L M A X  0. 000 P A R T I A L M A X  INCE X = 6

FINAL PARTIT ION:
* 1: 1 2 3 1$ 5 6
*2: 7 8 9 1’) 11 12

SET START ING P AR T ITI CN 2
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• INITIAL PARTITION IS: I

II: 1 3 5 1 9 11
$2: 2 (4 6 8 10 12

BEGIN ITERATION 1

I N T E R C H A N G E T R A C E :
CYCLE a0DE 1 NOD E 2 E~A X G A I N  PAR SUM

1 5 2 1.100 1.100
2 7 14 1.200 2.300
3 9 8 0.000 2.300
‘4 11 10 0.000 2 .300
5 1 12 —1. 300 1.000
6 3 6 — 1.000 0.000

P A R T I A L N A X  2 .300 PARTI A L M A X  INC E X = 2

FINAL PARTITION:
# 1: 1 2 3 14 9 11
*2: 5 6 7 8 10 12

BE GIN ITE RATION 2

INTERCUANGE TRACE:
CYCLE NODE 1 NOD E 2 M A X G A I N  PAP. SUN

1 9 8 0.000 0.000
2 11 10 0.000 0.000
3 4 12 —0.430 —0. 1100
4 2 7 —1.100 —1.500
5 3 6 —0.200 —1.700
6 1 5 1.700 0.000 

- 

-

PA i~T I AL M A X 3.000 PARTI AL MAX INDEX= 1

FINAL PARTITION:
*1: 1 2 3 ‘4 9 11
*2: 5 6 7 8 10 12 -

SET START IN G P A R T I T I O N  3
INITIAL PARTI TION IS:
#1: 4 5 6 7 8 9
*2: 1 2 3 10 1 1 -  12

BEGIN ITERATIO N 1

INTE R CHA NG E T R A C E :
C. CYCLE NODE 1 NOD E 2 MAX GAIN PAR SUN

1 £4 10 0.400 0.400
2 8 11 0.000 0.1400

( 3 9 12 0.000 0.400
14 5 1 —1.700 —1.300
5 6 3 0.200 —1.130(. 6 7 2 1.100 0.030

PARTI A LM AX= 3.400 PAR TIAL MA X INDEX= 1
C -  —

FIN AL PARTITICN :
11: 5 6 7 8 9 10

(. *2: 1 2 3 4 11 12

I’- - 

-
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BEGIN I T E R A T I ON  2 I

(
I N T L ’RCHA NG E T RA C E :
CYCLE NODE 1 NOD E 2 M A X  G A I N  P AR 5119

1 8 11 0.000 0.000
2 9 12 0.000 0.000
3 10 4 —0.400 —0.400
4 7 2 —1 .100 —1 .500
5 6 3 —0.200 —1.700
6 5 1 1.700 0.000

P A R T I A L M A X =  ) .003 P ARTI A L M A X  I N D E X  1

F I N A L  P A R T I T I C N :
*1: 5 6 7 8 9 10
#2: 1 2 3 4 11 12

R E S U L T IN G P A R T I T I O N S  NOT E Q U I V A L E N T ;
BEST PA RTITIO N IS:
$1: 1 2 3 (4
*2: 5 6 7 Result after second

pass (turns out to be
END 0? PASS 2 optimal result - F ig 5. 2)
C L J S T E R S  A P E :  ( 5 6 7) C 1 2 3 4) ( 8 9 10)
M E A S U R E  =

LOCATF SUBGPA?U WITh LOWEST STR ENGTH : These are the ”real ” node
SUBGItAPI! NO. STRENG TH nienbere (no t tnterna l

1 0.2332 i4entz.f ters) .
2 0.18~63 0.1555 -

FOR N E X T  P A R T I T I O N I N G  R O U N D , SELECT S U B G R A P H : 3

SET STA RTI N G P A R T I T I O N  1
INITI AL PARTITION IS: 

- -

*1: 1 2

*2: 3 4

BEGIN ITERATION 1

I N T E R C H A N G E T R A C E :
CYCLF NO DJ 1 NOD E 2 I A X  GAIN PAR SUM

1 1 (4 —0 .100 —0.100
2 2 3 0.100 0.000

D~~~T IALMAX = 0.003 PA RT IALMAX INDEX 2

P I I A T .  PAr-TITICN;
•‘ : 1 2
•~ : 3 ~4

1’ ~~~k ” T ~~N G ~‘~RTITICN 2
y 1 : ’ T A !. ~~~* Ti rrc :i IS:

1 3
:

-
~ 
, ~~~~ ~* j ~~1 I

- 
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INTERCHANGE TRACE:
( CYCLE NODE 1 NOD E 2 M AX G A I N  PAR SUN

1 1 4 0. 100 0. 100
2 3 2 —0 .100 0.003

PARTIAL MAX= C.100 PAPTIALIIAX INDEX= 1

FINAL P A R T I T I O N :
*1: 3 4
*2: 1 2

BEGIN ITERATION 2

INTERCHA NG E TRACE:
CYCLE NODE 1 NOD E 2 MAX G A I N  PAR SUM

1 3 2 — 0 . 1 0 0  — 0 . 10 0
2 4 1 0.100 0.030

PARTIALNA X 0.OCO PARTIALNAX INDEX 2

FINAL PARTITION:
*1: 3 4
42: 1 2

SET STARTIN G P A R T IT I CN 3
INITIAL PARTITION IS:
#1: 2 3
*2: 1 4

BEGIN ITERATION 1

IN T eR CHA NG E T R A C E :
CYCLE NODE 1 NOD Z 2 ~1A X G A I N  PAR StJ i~

1 2 0.300 0.300
2 3 1 —0.300 0.000

P A RT I A L M A X D.30 0 PARTIALMA X INDEX= 1

FINAL PARTITION:
*1: 3 4
#2 : 1 2

BEGIN ITERATION 2

INTERCHA NG E T R A C E :
CYCLE NODE 1 NOD E 2 MAX G A I N  PAR SU-~1 3 2 —0 . 100  —0 . 100

2 ‘4 1 0.130 0.000

P ART IALNAX ).Or~) PARTIALMA X INDEX= 2

FINAL PARTITICN:
# 1: 3 ‘4
#2: 1 2

ALL PARTITIONS EQUIVALENT , 30

~ BEST PA RTITION IS:
#1: 1 2
#2: 3

- 
_ _ _ _  
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END OF PASS 3
CLUSTERS ARE: ( 5 6 7) C 1 2 3 4) C 8 9) ( 10)
MEASU RE —0.101

LOCATE SUBGRA?H WITH L0W~ ST STP.ENGTH
SUDGEAPH NO. STR1~NG TH1 0.2332

2 0.1966
3 0 . O C O O

FOR ?‘FXT PARTITIONING ROUND , SELECT SIJBGRAPH : 3
No calculations - sub-

- 
graph has only 2 nodes.

END OF PASS 14
CLUSTERS ARE: C 5 6 7 ) 1 2 2 4) ( 8) ( 10) C 9)
NEAS TJR~ = —1 .199

(

LOCATE SUBGRAPH WITH LOWE ST STRENG TH :
S U B G R A P E !  NO. STRENG TH Strengths are only

1 0 • 2332 calculated for sub graph s
2 0.1866 with at least 2 nodes.

FOR NEX T PAF~TITIO ’IING ROUND , SELECT SUBGRAPH : 2

SET STARTING PARTITIC N 1
I N I T I A L  PA I~T I T I CN  IS:
*1: 1 2 3
*2 : 4 5 6

BEGIN ITERATION 1

I N T~ RCHANG~ TR C E :
CYC L F N O D~ 1 NOD E 2 i I AX G A I N  PA~ SUM

1 1 ‘4 — 0 . 2 0 0  —0 .2~ 0
2 3 5 — 0 . 1 0 0  0e300
3 2 6 0.300 0.000 - -

PARTI A L M A X  0. 300 P A R I I A L M ~~X I N D E X =  3 
- 

- -

FINAL PARTITICN:
‘- #1 : 1 2 3

#2: 4 5 6

SET START iNG 7APm 1TtCN 2
INITIAL PARTI TI ON I S:
*1: 1 3 5
#2: 2 14 6

BEGIN ITERATION 1

INTERCHA NG E TI:ACE:
CYCLE NODE 1 NOD~ 2 MAX GAIN PAR SUM

1 5 2 0.300 0.300
2 1 4 —0 .200 0.100
3 3 6 —0.100 0.003

PARTIAL NAX= 0.300 PART I A L M A X  IN I EX 1

FINAL PARTITICN: - 

-

*1: 1 2 3  

-

__________________________ — — 5- — 5-5- 5-~ ——-•———- ‘—- -_ _
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#2: 4 5 6 I

(

BEGIN ITERATICN 2

( INTERCHANG E TRACE:
CYCLE NODE 1 NOD E 2 MAX GAIN PAP SUM

1 1 ‘4 —0.200 —0.200
4 2 3 5. —0.100 —0.300

3 2 6 0.300 0.000

P A R T I A L M A X =  3. 000 PART I ALNAX IN DEX 3

FINAL PARTITION:
*1: 1 2 3
12 : 4 5 6

SET START ING PARTITION 3
INITIAL PARTI TION IS:
*1: 2 3 4
*2 : 1 5 6

BEGIN ITERATION 1

INTE R CHA N G E T R A C E :
CYCLE NODE 1 NOD E 2 MAX GAIN PAR SUM

1 ‘4 1 0.200 0.200
2 2 - 

5 — 0 .3 0 0  — 0.100
3 3 6 0.100 0 .000

PARTIALMAX= 0.200 PARTI ALMA X INEEX 1

F I N A L  P A R T I T I O N :
*1: 1 2 3
#2: 4 5 6

BEGIN ITERATION 2

INTERCHANG E TRACE:
C Y CL E N O D E  1 NOD E 2 MAX GAIN PAR SLJIi

1 1 4 — 0 . 2 0 0  —0 .2 00
2 3 5 — 0 . 1 0 0  —0 .300
3 2 6 0.300 0.000

P A R T I A L M A X =  0 .000 PART I AL MA X I N D E X =  3

FINAL PARTITICN:
I~~, #1 : 1 2 3

*2 : 14 5 6

ALL PARTI’IONS 2QUIVALE NT, SO
BEST PA RTITION IS:
*1: 1 2 3
*2 : 4 -

END OF PASS 5
CLUST ER S A R E :  ( 5 6 7) C 1 2 3) ( 8)  C 10) ( 9)  ( 4)
M E A S U R E = —2.178

_ _ _ _ _  _ _ _ _ _ _  ___  -~~ ~~~~ ~~~
;-- -

~~~~~~~
- 

~~~~



~—--- --— -- --- —--- ---— —~- - - 
- - -

— 77 —

LOCATE SUBGRAPH WITH LOW EST ST~.ENGTH :S U B G R A P H  NO. STR ENG TH
1 0. 2332
2 0.1888

FOR NEX T PARTITIONING R O U N D , SELECT SUBGRAPH: 2

SET START IN G PARTITI O N 1
I N I T I A L  P ARTI II C’~ IS:
*1: 1 2
#2 : 3 4 F

BEGIN ITERATION 1

INTERCHA NG E TRACE:
CYCLE NODe. 1 NOD E 2 MAX GAIN PAR SUM

1 1 4 0.300 0.300
2 2 3 —0.300  0.000

P ARTIALNAX= 0.300 PARTIAL ZIAX INDEX 1

FINAL PARTITION :
#1: 2 4
*2 : 1 3

BEGIN ITERATION 2

INTERCHANG E TR ACE:
CYCLE N ODE 1 NOD E 2 MAX GAIN PAR SUM

1 2 3 — 0 . 3 0 0  —0 .300
2 4 1 0.300 0.000

P AR T I A L M A X= 0.0 -0~ P A P TI A L t I A X  I N DE X 2

F I N A L  P A R T I T I O N :
*1: 2 4
*2: 1 3

SET S T A R T ING P~ RTI~~I CN  2
INITIAL PARTI TION IS:
*1: 1 3
#2 : 2 4

BEGIN ITERATION 1

INTERCHANG E TRACE:
CYCLE N ODE 1 NOD E 2 MAX GAIN PAR SUN

1 1 ‘4 —0.300 —0.300
2 3 2 0.300 0.000

P A R T I A L M A X  0.000 PARTIALMA X INDEX 2

FINAL PARTITION:
11: 1 3
#2 : 2 ‘4 - -

SET START ING P A R T I T I O N  3
I N I T I A L  PA R TI TION IS:

j
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BEGIN ITERATION 1 I

INTERCHA NG E TRACE:
CYCLE NO DE 1 NOD E 2 MAX GAIN PAR SUM

1 2 1 0. 1400 0.400
2 3 4 — 0 . 4 0 0  0 .000

PARTIAL MAX= 3.40 0 P A R T I A L N A X I N D E X =  1

PI N AL P A R T I T I O N :
*1: 1 3
#2: 2 4

BEGIN ITERATION 2

INTE R CHA NG E T RACE:
CYCLE NODE 1 NODE 2 MAX G A I N  PAR SUN

1 1 ‘4 —0 .300  —0 .300
2 3 2 0.300 0.000

P A R T I A L N A X= 0.0’) ’) P A R T I A L M A X INDEX = 2

FINAL PARTITICN:
*1: 1 3 -

#2: 2 4

ALL PARTIT IONS EQUIVALE NT, SO
BEST PA RTITION IS:
*1: 2
,*2: 1 3

,END OF PA SS 6
CLUSTERS A R E :  ( 5 6 7) ( 2) ( F~) ( 10) ( 9) ( 4) ( 1 3)
M E A S U R E  = -3.300
**~~* **t* * *,* ,  ~ _~~~~~.****~~*w* ** ***** *** ** * * *~~*****************
LOCATE S U R G R A P H  WITH LOWEST STR ENGTH :
SUBGR AP H NO. ST RE NGTH

1 0.2332
7 0.0000

FOR NEX T PARTITIONING ROUND , SELECT SUBG R AP H : 7

END OF PASS 7
CLUSTERS APE: ( 5 6 7) ( 2 )  ( P )  ( 10) ( 9 )  ( 4) ( 1) ( 3)
MEASURE = —4.800

LOCATE SUBGRAPH WITH LO W ST STR ENGTH :
SUBGRAPH NO. STRENGTH

1 0.23 32
F0R L4EXT PARTI TICNI~ G ROU N D , SELECT SUBGRAPH: 1

SET STARTING PARTITIO N 1
- INITIAL PARTITICH IS:

*1 : 1 2 -
*2 : 3 4

BEGIN ITERATION 1

== - 4~~~~~~ - ~ 
- - . - 
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INT E R C H A N ~~E T h A C E :

( CYCLE NODE 1 NODE 2 MAX GAIN PAR SlIM
1 1 3 0.100 0.100
2 2 ‘4 —0.100 0.000

P A R T I A L N A X =  C .100 P A R T I A L M A X  INbEX 1

FINAL PARTITION :
#1 : 2 3
*2: 1 ‘4

BEGIN ITE R ATION 2

I N T E R C H A N G E TRACE:
CYCLE NODE 1 NOD E 2 MAX GAIN PAR SUM

1 2 14 —0.100 —0.100
2 3 1 0.100 0.000

P A RT I AL NA X 0.000 P A R T I A L M X  IND EX 2

FINAL PARTITION: -

*1: 2 3
#2: 1 4

SET STA R T IN G PART ITI C N 2
INITIAL PARTI IICN IS:
*1: 1 3
#2: 2 4

BE GIN ITERATI ON 1

INTER CHA NG E TRACE:
CYCLE ~IOD E 1 N OD E 2 M AX G A I N  PAR SUM

1 1 2 0.500 0.500
2 3 4 — 0 . 5 0 0  - 

0.000

P A P T I A L M A X =  0.53-3 PART IAL MAX INDEX 1

FINAL P A R T I T I O N :
#1 : 2 3

( *2: 1 ‘4 -

BEGIN ITE RATI O N 2

INTERCHA NG E TRACE:
CYCLE NO~~ 1 NOD E 2 MAX GAIN PAR SUM

( 1 2 14 —0 .100 —0.100
2 3 1 0.100 0.000

C. P A R T I A L M A X  , .3C0 PARTIALNA X INDEX 2

FINA L PARTITION: -

( *1: 2 3 -

*2: 1 ‘4

C SET START ING PART ITIC N 3
I N I T I A L  P A P T I T I C N  IS:
#1 : 2 3

C *2: 1 4 -

‘5- 
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BEGIN I T E R A T I O N  1 -

INTERCHA NG E TRACE:
CYCL E NODE 1 NOD E 2 MAX GAI N PAR SU M

1 2 14 — 0 . 1 0 0  — 0.1 00
- 

2 3 1 0.100 0.000

P A R T I A L M A X =  ) .300 PARTIALMA X INDEX 2

FINA L PARTITION:
*1: 2 3
#2 : 1 14

ALL PARTIT IONS EQUIVALE NP, SO -

BEST PA PTITION IS:
*1: 2 3
*2 : 1

END OF PASS 8
CLUSTERS ARE: ( 6 7) ( 2) ( 8) ( 10) ( 9 )  C £4) ( 1) ( 3) ( 5 )
MEASURE = —5.900

LOCATE SUBGRAPH WIT h LOWE ST STRE NGTH :
SUBGPAPH NO. STREN G TH

1 0 .0000
FOR NEXT PARTIT IONING ROU ND, SELECT SUBGRAPH :

END OF PASS q

CLUST~~;S ARE: ( 6) ( 2) C 8) ( 1”)) C 9 )  ( 4) ( 1) ( 3) C 5) (7)
~EAS~J1~ = — 7 . 4 0 0

OVERALL BEST PA RTITION:

O P T I M U M  M E A S U R E  M* ~1~~~14 9 37

OPTIMAL DEC C MPOSI TI CN IS: - 
-

( 5 6 7 )
( 1 2 3 ‘ 4 )
( 8 9 1 0 )  

-
-

5-


