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ABSTRACT

The nonlinear potential equation that determines the near aero-

dynamic and far acoustic fields of a hovering transonic helicopter

blade is derived. Properties of this equation provide a qualitative

description of characteristic surfaces associated with the nonlinear

flow fi eld.

A simple linearized acoustic formula is developed; a nonlineari-

zation scheme is then applied to this formula, and the linear and

nonlinear acoustic pressure profiles, including propagating acoustic

shock waves, are numerically determined and compared with experi-

mental data.

A tentative conclusion is that the rad iated sound field should

become measurably different when the blade tip first punctures the

sonic surface associated with the rotor differential equation. This

conjecture is suggested by the mathematical properties of the rotor

equation and recent experimental work.

______ ____________ 
_ _ _ _ _ _  —



1. INTRODUCTION

It is now fairly well established that nonlinear effects play an im-

portant role in the propagation of sound generated by high speed helicopter

blades, calculations of rotor blade acoustic fields based on linear

acoustic theory have been presented by several authors. Examples are

the work of Farassat (ref. 1), Hawkings and Lowson (ref. 2), and Schmttz

and Yu (ref. 3). These calculations are in good enough agreement to sup-

port the conclusion that linear theory does not adequately describe recent

experimental data. In - flight experimental data of Vause , Schmitz , and

Boxwell (ref. 4), and data taken in an anechoic facil ity designed for hover-

ing rotor accoustic experiments (ref. 5) show wave form amplitudes

that are 50 to 75% greater than amplitudes based on linear theory. The

experimental data also show a distortion in wave form that cannot be

accounted for by linear acoustics. An interesting feature of the data is

that they show a wave profile that car ries a pronounced acoustic shock

wave into the far field. This far field discontinuity appears in the simplest

experimental arrangement. For example, in r eference 5, the model is a

two-bladed rotor with rectangular planform , untapered in thickness,

with aspect ratio 13. 71 and NACA-0012 sections. The blade rotates in

hover, and some runs ha ve a thrust coefficient that is just large enough

to keep the blade wakes out of the plane of rotation. The idea is to have

the blade at near zero lift and then effectively to measure an in-plane

acoustic prof ile that is caused almost ent irely by blade thickness. The

question is whether a linear theory of thickness sound predicts this

measured profile ; the answer Is apparently that it does not .

— . _1 ~ ¶
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It is tempting to reach two conclusions here. Knowing that the

experimentally determined acoustic profile carries a shock wave , and

knowing the form of the profile provided by linear theory, the conclusions

would be (1) that the experiment s are displaying a wave form that is much

like the profile found in sonic boom work, and (2) the linear theory may

then be adjusted , usin g standard nonlinearizat ion techniques , to give the

propa gat ing shock embedded in the distort ed profile shown in the exper-

imental data . Both conclusions are approximately correct. Clearly, the

data show that disturbances of an aerodynamic nature on and nea r the

blade surface , in its tip region , persist in a region off the blade tip in

such a way that a wave forms; this wave pro pagates , rolls over , breaks ,

and forms a shock that moves off into the far field. It is also clear that

in this picture there is an important distinction between flow events and

pressure disturbances on and near the blade tip, and pressure disturb-

ances at some distance (some few chords) from the blade tip. For contrast,

consider a fixed wing of moderate aspect ratio, say 6, with rectangular

planform and thickness ratio of about 0. 1, that moves at constant velocity

with zero lift at Mach number of around 0. 9 or 0. 95. It is well known

that a re gion of embedded super sonic flow occur s next to a portion of the

win g surface. Compression and expansion waves appear in thi s super-

sonIc region that may be terminated by a shock wave. However , the wa ve

system is trapped between the wIng surface , the terminating shock wave ,

and a bubble- like sonic surface that forms over a part of the wing. No

waves escape to infinit y - there is no boom or bang. The conterpa rt of

the fixed wing here is the rotor blade with larger aspect ratio - between

10 and 15 say, rectangular planform, thickness ratio around 0. 1, and

blade tip Mach number of 0. 9 - 0. 95. The blade may be In hover at zero

. . -

~ 
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or near zero lift . Then the flow field near the blade surface, near the tip,

is very similar to the field in the supersonic region of the fixed wing

The win g has constant free stream velocity, whereas the free stream

velocity of the blade varies linearly along the span , increasing toward

the tip. But otherwise a plot of pr essure dist ribut ion on the rotor blade

surface is quite similar to the distribution of the wing, and the location

and strength of shocks on the two surfaces are also quite similar. The

two surfaces show similar aerodynamic flow fields in their embedded

supersonic regions. It is for this reason that it is convenient to classif y

the fluid dynamics near the hi gh speed rotor t ip as nonlinear and aero-

dynamic in nature , as opposed to acoustic .

The similarities described above appear in experimental data , and

also in numerical calculation s based on the small disturbance transonic

potential flow equation. Examples of transonic near field calculations

appear in two papers by Caradonna and Isom (refs . 6, 7).

Any similarity between the fixed wing and rotor blade problems

disappears when the two far fields are examined. Pressure disturbances

of the transonic (M < 1) fixed wing show a relatively rapid aerodynamic ,

nonacoustic decay, as they must if no sound is produced, while disturb-

ances from the rotor blade show a slower , acoustic decay (the linear

theory give s the usual R geometric attenuation of a wave profile ; non-

linear theory gives a somewhat faster decay). The distribution in the far

fields is taken up in Section 2, where the complete small disturbance

differential equation for a hovering rotor blade is derived. This rotor

differential equation neatly summarizes the kinds of nonl inearities that

affect the flow . The equation displays one nonlinearity that is effective

__________________ ______

- - - - -~~~~~--~~~~~~~- -- -~~~~~~~~~
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near the blade surface. Its only role is in the near f ield aerodynamics.

One can see by inspection of the equation that this nonlinearity becomes

weak and relatively unimportant far from the blade. In addition, the

rotor equation shows a second nonlinearity that does not appear in sub-

sonic fixed wing work. This second nonlinearity is not effective on the

blade surface - it seems to have nothing to do with aerodynamics; it s near

field ineffectiveness is easily shown by scaling arguments. This non-

linearity decays with distance fr om the blade more slowly than does the

aerodynamic one. It is finally the effect that maintains distortion and a

shock wave in the pressure profile. It is the acoustic nonlinearity. How-

ever , a mere inspection of the differential equat ion does not show the

extent of overlap - in some region off but near the blade tip - of the two

nonlinear effects . Experimental data (ref. 8) suggest that a shock provided

by aerodynamic effects on the blade surface merges , somewher e off the

ti p, with the more disthictively acoustic shock, the latter discontinuity

then propagating off into the far field. Apparently we do not have a s imple

boom problem. It is probably not sufficient first to determine the linear

acoustics of the rotor , and then to adjust the linear result with the usual

nonlinearization schemes. Near field effects seem to spoil this simple

program. Nevertheless , it is this kind of calculation that is taken up in

Sections 3 and 4. The recommended alternative approach would be a

full scale numerical attack on the nonlinear differential equation itself.

Results from the latter kind of calculation are not yet available.

We first put linear theory in a very compact form using transonic

scaling arguments and approximation.. There Is nothing arbitrary about

these in itial approximations - they could be improved if improvement were 

—- .- - — .- — —i- — 
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required. The results of Section 3 are used to find and plot the linear

wave profile. We then have an F-function on which to base a nonlinear

acoustic calculation which is taken up in Section 4. The relevant methods

here are all contained in Whitham ’s book (ref. 9). The linear calculation

gives an amplitude that is too small in comparison with experimental

data, and this profile cannot distort as it propagates. The calculation of

Section 4 give s a distortion that has the correct qualitative appearance ,

and the nonlinearization provide s the acoustic shock wave in the advanc ing

profile. The adjus ted linear theory cannot give a shock that beg ins on the

blade surface , as experiment requires. At the end of Section 4 we modif y

the nonliriearization scheme in a way that is not entirely justified. It is

noted that linear theory gives disturbance pressure proportional to

thickness ratio 6 to the first power, whereas transonic small disturbance

theory gives disturbance pressure proportional to thickness ratio to the

two-thirds power. We then simply rescale the linear pressure profile
2/3 . . .to make it proportional to 6 . This mothftcatton affects the amplitude

of the wave, the distance from the blade tip at which a shock wave first

appears , and the amount of distortion in the profile. Rescaling gives an

amplitude that is larger than the linear amplitude by a factor ~~~

_ 1/3

(which means larger by a factor of 2 for a 12% thick blade), and the shock

move s in much closer to the blade. While these trends put the result s in

better agreement with experimental data , the method used to obtain them

is not ent irely satisfactory.

It may be worthwhile to comment on the methods used in this paper.

There seem to be two quit e different ways to approach the high speed

helicopter acoustic problem. The first method would be based on the

—
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Ffowcs Williams - Hawkings equation (ref. 10). The main thrust of most

recent theoretical research in rotor acoustics has been based on some

use or adaptation of this equation . In its most general form, it is a con-

version of the equat ions of conservat ion of mass and momentum of fluid

dynamics to a nonlinear scalar integral equation , with boundary condition s

on the body surface accounted for. It is a generalization of Lightbill ’s equa-

tion , the equation that has been so useful in j et noise work. Our linear

calculation of Section 3 is based on the linear term of the Ffowcs Williams -

Hawkings equation (as are other linear calculations). Our final form of

this linear term is unlike any other that has been used to study the rotor

far field. It would be desirable to extract the essential nonlinear features

of the FW..H equation and use them in this application. The main problem

is that the Lighthill stress tensor or its derivative s must be integrated

over all space exterior to the body surface. Convergence of this integral

is very slow, and it is not yet clear how to approximate the stress tensor

in a rational way, or how sensitive acoustic calculations are to approxima-

tions of this nonlinear term. This is not to say that the FW-H equation

is unsuitable for the rotor problem. Indeed, it seems unlikely that better

calculat ions can or should be entir ely separated from this kind of method.

The point is that the equation is still poorly understood in applications to

nonlinear acoustic problems in infinite domains where wave profiles carry

a shock wave. The equation has certainly not been fully exploited.

Alternatively, the aerodynamic and acoustic field of the rotor may

be formulated in terms of the small disturbance , nonlinear partial dif-

ferential equation for the veloc ity potent ial. This equation is discussed

in Section 2. It seems likely that this equation will play an important role

in the rotor acoustics area . Much is known about the numerical solution to

_____ 
I .~ 1 J1
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to small disturbance transonic potential equations in the fixed wing area .

The rotor potential equation has a most unusual feature that distinguishes it

from the fixed wing equation. There is a cylindrical region centered on

the axis of rotation within which the flow is elliptic and where Dirichiet

bounda ry condtions are applied on the blade surface. The equation becomes

hyperbolic in the region exterior to the cylinder , and there radiation con-

ditions must be imposed. The region outside the cylinder has real charac-

terist ics , and it is these characteristics that carry off disturbances from

the blade to the far field. These characteristics from an envelope (always,

for ~~~ non zero blade tip Mach number) and then a shock wave; it is the

shock that has been experimentally measured. The differential equation

is used in Section 4 to find corrections to the constant ambient sound speed

in the far field, and then to improve the characteristics of the linear rotor

potential equation. This procedure is called nonlinearization. It is now

well known from sonic boom work.

— .L.
_________________ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2. THE EQUATION OF MOTION AND ITS NONLINEARIT 1~ES

The simplifying assumptions for flow over a transonic helicopter

L blade are essentially the same as those for transonic flow over a fixed

wing: the gas has constant specific heatB, any shock waves are weak and

entropy jumps across them may be neglected, the disturbance velocity

is irrotational and therefore has a potential, and only second order non-

linearities need be retained in the potential equation. With these as-

sumptions the differential equation of motion is

~t’t ’ + r(~~)+~~
. 

~~~ a2’ç7 2
4 .  ( 2. 1)

The required approximation to the adiabatic sound speed squared is

a2 a2 
- 

~~~~~~~~~~~~~~~~~~~~ 
(2.2)

with a0 the sound speed in undisturbed air and ii = V4 .  Equations (2. 1)

and (2. 2) are correct for a coordinate system fixed in undisturbed air.

We consider flow over a hovering helicopter blade; that is, flow over a

blade that rotates at constant angular velocity ~ and that has no forward

motion (zero advance ratio). Choose a system of cylindrical coordinates

that rotates with the blade system and relative to which the blades are at

rest. Let these coordinates be r , 8 , z, with positive z pointing in the

direction of the angular velocity vector and perpendicular to the plane

of rotation. Figure 1 shows a planview of two rectangular blades. The

picture is simplified by Ignoring the geometry of the blades near the

rotor hub — there Is no cut-out. Also shown are Cartesian coordinates

x ’, y1 fixed in undisturbed air , and coordinate. x, y along the blade

chord and blade span, and rotating with the blade. An observer at

-~~~ V~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~
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point 0 in the plane of rotation has radial position r , polar angle 0’

relative to the nonrotat ing y ’ axis, and angle 0 relative to the rotating

span axis y. The cylindr ical coordinate sy stems are r elated by

r =

0= 9’-~ t’,

z =

and the two time scales are the same, t’ = t. The primed system is the

inert ial one, and the unprimed system is blade-fixed. The potential 4,
f or a hovering rotor is a funct ion only of the variables, r , ~~~~ and z.

Time derivatives in (2. 1) transform to

4,~, . x r 4 , 4)0~ ~~~~~~~~~~~~~~~~

Using these result s and some rea r rangement of terms, equations (2. 1)

and (2. 2) combine to give

[

~
2 

~~ 
(v + 1)j  

~8]  ~~~ 
- 

~~~~~~~~~~ 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 .3)

In all that follows, we need to consider only the flow over one blade

of the two-bladed system. The reason is that a single blade has large

aspect ratio, generally greater than 10, and the main concern Is with

flow events near a blade tip where the flow may be transonic. A good

approximation is that flows near the two blade tips are essentially In-

dependent of each other. When we come to acoustic considerations, the

V ~~~~~~~~~~~~~ — V - ..—- .-.. . -. V - , V ~~~~ _~~~ .~_ _ _ _ _ _
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most intense part of the sound field is generated by a single tip, the one
that is rotating toward an observer. We choose the blade on wh ich
y �o.

Boundary conditions for (2. 3) are required. The main problems

of rotor aerodynamics and acoustics are encountered with the simplest
blade geometry: rectangular planform, no taper in thickness along the
span, and constant section geometry. Figure 2 shows this simple
geometry in blade fixed coordinates. A bl ade has chord i and span L.
We take the y-axis as the blade span axis running through section quar-
ter chord points. The leading edge of the y ) 0 blade is x = -i/4 and the
trailing edge is at x = 3.~ /4. This disposition of coordinate axes is tem-
porarily convenient. It will be more convenient later on to place the

y-axis along the leading edge of the blade. We take blade section geo-

metry to be

G(x,y, z)~~ z _ 6.ef (~ +~~) 0, (0<y <L)

where 6 is the thickness ratio. Now let V be the velocity of air rela-
t ive to the blade, so that

V =  - 1x r + V4 , .

The condition of tangency at the blade surface is ~~ V G = 0 on G = 0.

A linearized boundary condition with the mean surface approximation is

on z =  0, (2. 4)

the dot over I indicating a derivative with respect to x/L

The behavior of a solution to equations (2. 3) and (2. 4) in the far

field must be specified. The required behavior results from imposing a



radiation condition for r -
~~ ~~~~. The form that this condition takes is

most easily found by first transforming (2. 3) to spherical coordinates

R, a , 0. Let be the position vector from the center of rotation to
L.

a variable point, with I R I  = R, a the angle that ~ makes with the posi-

tive z -axis, and 9 the same in-plane polar angle as in Figure 1. Equa-

V ‘ion (2. 3) in this coordinate system is
2

[
~2 - 

R2s1n2a 
- (‘y + 1) 

R~si:
2
~ ] 

4’~~ 
- 2

~~
4,R4

~~~ 9 
- 2 

~~ 4~a4’a9

= [a~ 
- ( v _ 1) c I ~~o] [~~~R +

~~ 4~ 
+ -

~~~~~ (~~~sinc~)} (2.5)

It is of interest to examine the form this equation takes for a linearized

problem. Neglecting nonlinear terms in (2. 5) gives the simple equat ion

- 

R 2:~~2
a)~~09 = a2 

[~~~R + 
~ 

4,R + 
R 2stn a 

•
~~~~~ (~~ s lna) ]

(2 .6)

Equation (2. 6) has the unusual property that it is elliptic for

2a2 o
2R sin a

and hyperbolic for
2

V 2 a0
2R sin a

In cylindr ical coordinates, linearization of equations (2. 3) gives elliptic

behavior for

a2

____________ — _L
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and hyperbolic behavior fo r

2a2 o

The conclusion is that in linear theory there is a cylinder of radius

r = a0/cs, inside which the flow is elliptic and outside which the flow

is hyperbolic. We als o conclude that no waves or wave propagation

may appear inside this cylinder, while wave systems and wave propa-

gation may occur outside it. The cylinder r = a0/cIo is called the sonic

cylinder.

The tip Mach number M of a blade is def ined as M =

where L is the blade radius. The sonic cylinder is then defined by

r _ I
L M~

The abov e comments refer to a lineari zed descr iption of the flow, but

it is evident that the main difficulties in calculating flow over a transonic

rotor are int imately related to the fact that for M near one, the sonic

cylinder lies very close to the blade tip. Referring to the nonlinear

equation (2. 3), we will have elliptic and wave-free behavior for

- —~~
. - (~y + i)j  4,~ 

< 0 , (2. 7a)

and hyperbolic and wave-like behavior for

a2
(2.Th)

Of course is not known a priori, and so the shape of the surface de-

fined by setting the left-hand side of (2. 7) equal to zero is not known

V - -~~~~~~~~~~~-~~~~ - . V-- . ~~~~~~~~~~~~~~~~~~~~~~~ . - . - -
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until a solution is found. Nevertheless, we may conclude from (2. 7)
V that the sonic cylinder of linearized theory is rep laced in a nonlinear

theory by a kind of deformed cylindrical surface. If, for example, r

and 0 are held fixed w’iile z ~ + ~ in (2. 7), then -. 0 asymptotically,

and the surface that separates elliptic from hyperbolic behavior returns

(asymptotically) to the cylinder r = a0/~i . One may then say that the

sonic surface defined by (2. 7) will depart from true cylindrical form
iii a region surrounding the blade tip, where the surface may have bulges
toward or away from the blade tip. The surface def ined by setting the
left-hand sides of (2. 7) equal to zero is called the sonic surface.

It is tempting to make the following conjecture: Peak or high
intensity sound generat ed by a transonic helicoptor blade first occurs
when the blade t ip penetrates the sonic surface. The idea is that the
differential equation (2. 3) has a region of hyperbolic behavior in which
there are real characteristics when the inequality (2. 7b) holds. Such
a reg ion exists for ~~~ non zero tip Mach numbe r, no matter how small
or large M may be. If M is very small, the space in which character-
istics exist is at some great distance (roughly I /M) from the center of
rotation. The characteristics do not touch the blade surface. As M • 1
fro m below, the sonic surface draw s nearer to the blade tip. The far-
the r this surface is from the tip, the more the shape is like a circular
cylinder. The nearer the surface is to the tip, the more it will be de-
formed near the tip. There must then be some tip Mach number at
which the sonic surface first comes in contact with the blade tip. If M
is increased beyond this lower critical Mach number, a portion of the

E~1L~~~IT_
will protrude through the ~~~ j c su~~~~~~. Re~~~~haracte~~s~~~~ 

- V
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on which disturbances propagate are then in contact with the blade sur-

face, and these characteristics escape to infinity (i. e., to the far field).

There is as yet ne ither computational nor experimental evidence

to support or disprove these qualitative remarks. Recent experimental

work by Schmitz et al. (ref.3 ) and the recent report by Yu et al. (ref.

8 ) suggest that our guess (conjecture) and the above remarks may be

interesting.

We return to equation (2. 6), the linearized potential equation in

spherical coordinates. Let the meridian angle a be fixed and not zero,

let R - 
~~~~, and neglect terms divided by R 2. Then (2.6)  becomes

a~ (4~ R + ~

which is also

a2(R4,)99 a~ (R4,)~~~. (2. 8)

This result shows simple behavior of solutions to (2.6) in the far field,

fo r (2. 8) is just a wave equation with solutions

R4 ,= F1(øR + a08)  + F2(~1~R - a09). (2. 9)

The characteristic surfaces of (2. 8) are

~, R + a 9 = c , ~R - a 9 = c
0 1 o 2

where C
j 
and c2 are constants. The trace of these surfaces in the

plane of rotation z = 0 are the Archimedean spirals

• w r + a 9 g c , ,~r - a 9 = c

1.

I

~~~~~~ 
::~~~~~~~~~~~~~ 
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Only one of the functions F1 and F2 in (2.  9) represent s the solution 4,

fo r large R. The choice is based on the fact that small disturbances

propagate in a “dow nstream” direction. For an observer fixed relat ive

to the blade, the f ree  streamlines are circles with centers on the axis

of rota tion. If the blade rotates in a counterclockwise direction relative

to undisturbed air , then an observer fixed on the blade would see an un-

disturbed air motion in a clockwise direction, as in Fi gure 3. The

figure shows arcs AB and AC of the traces in the plane z = 0 of the far

fie ld characterist ics c1 and c2. The c1 characteristic is the one that

ca rries a disturbance at large R in the downstream direction from A to

B. Hence F 1 is the proper choice and we have

R4~~ F(~ R + a O . a) (R —‘ oo , 0< a < , r / 2 ) .  (2. 10)

A subscript on F is no longer needed.

The linearized approximation (2. 10) to the acoustic potential shows

that wave propagation, in this approximation, is without distortion and

subject only to geometric attenuation. This behavior is a result of as-

suming a constant speed of sound in the linear theory. A mo re accurat e

descript ion of far field wave mot ion can be based on the 1ir~~ar result

( 2. 10) with a nonlinear correction to the local sound speed. This tech,

nique results in a slightly faster than R 1 attenuation, produces dis-

tor t ion in the wave form F, and finally results in the formation of an

acoustic shock wave. This method is applied and discussed in Section 4.

It is a fair ly straightforward matter to nonlinearize the approxi-

V 
mation (2. 10) by correcting the far field sound speed. The main prob-

lem here is to find the right wave form F to nonlinearise. An F based

-4.
—

V - ~~~~~ - -V.- . .
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on the strictly linear theory is one candidate, but use of a linear F im-

plies that the flow field nea r the blade surface is, in some sense, well

approximated by a linear theory, and hence that nonlinear corrections

are required only in the far field. This kind of problem — linear near

field, nonlinear far field — oft en appears in the simplest sonic boom

work. An unusual fçature of the hovering rotor differential equation

(2. 3) is that it has two kinds of nonlinearities. The first one appears

in a region surrou nding the blade t ip. It is an aerodynamic nonlinearity

and is associated with the transonic nature of flow in the blade tip region.

If an observer point is near or In the plane of rotation, and the radial

coordinate r is nearly equal to the blade radius L, then equation (2. 3)

is well approximated by

[
~2 - - ~~~~ 

+ i)jØ9 ]4oo 
a~ (4,~~ + (2.11)

The problem posed by (2. 11) and the tangency condition is roughly simi-

lar to the nonlinear transonic problem for a fixed wing. However, any

similarity between the fixed wing and rotor problems disappears in the

far fie ld. The far field rotor problem is best described by switching

f rom the cylindrical equation (2. 3) to the corresponding spherical form

(2. 5). In (2. 5), let R -
~~ oo while the meridian angle a is fixed and not

zero. Then (2. 5) reduces to

- = [a~ + (‘i - t )~~ 1)~~~~

eJ (

~
nR 

.,
~~~~ 

4!R)

A slow variation of local sound speed for large R is embedded In this

equation. The quadratic terms here are properly called acoustic non-

linearities. They are small perturbations to an otherwise linear

______  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

V- I ~ ~~— ~~~~~~~~~ V - .--
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problem, as opposed to the nonlinearity in equation (2. 11)  which is not

small relat ive to other terms in that equat ion.

This schematic division of the flow field into an inner aerodynamic

tip solution and an outer acoustic field is not essential. In principle, a

numerical solution could be based on the complete differential equation

(2. 3), with a surface tangency condition and an outer numerical boundary

condition that simulates a radiation condition. Acoustic results from

this kind of calculation are not yet available, although the near field

aerodynamic problem has been explored by Caradonna and Isom (refs .

6 and 7).

The alternative course is to base the outer, nonlinear acoust ic

solution on the linear solution (2. 10) and a corrected sound speed that

is extracted from (2. 12). This is essent ially a sonic boom calculation.

The simp lest linear problem is the one that accounts for sound due to

blade thickness alone. An explic it solution is available. In the follow-

in g sectio n we shall put that solution in its limiting transonic form. The

result is a very compact for mula that is suitable for a nonlinearizat ion

scheme that is required in an acoustic shock calculation.
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3. LINEAR THEORY IN THE TRANSONIC LIMIT

The disturbance pressure p in the linear theory of potential flow

over a rigid body is given by the well known formula

Va r n dS4~rp— p0~~ J I_ M R ~~ (3.1)

The symbols have their usual meaning. On the right-hand s ide, p 0 is

constant ambient density. If is the velocity of a point on the body

surface relative to stationary air, then v~ is the projection of v along

the outward normal to the body surface; MR is the radiation Mach num-

ber , and the scr ipt or fancy I~ is

~~~ = I~ ~~~~~~~~ (3.2)

where R is the observer ’s posit ion vector and is the position vector

to an integration point on the body surface. The integral is over the

body surface and all terms in the integrand are evaluated at retarded

time 7 .  This time is defined by the r etarded time equat ion

a ( t  - ~~ ) = ~~~~~, (3. 3)

where a0 is the constant ambient adiabatic sound speed.

For a hovering helicopter blade, it is convenient to consider the

problem of determining p as defined in blade fixed coordinates. An

observer fixed in undisturbed air would then appear to rotate relative

to the blade in a clockwise motion about the blade center, If the blade

motion is counterclockwise relative to stationary air. If we let

~~~ ~2’ rp 3) be Cartesian blade fixed coordinates, then z ~ G) in

(3. 2) and the observer position vector in (3. 2) is a function of retarded

— - - - . - . - -. — . —~~ VV



time T , so we hav e

r2= IR(7 ) - R r ~)L.

*

The unit radiation vector It is defined as

~ ~~~ - (3.4)

-_ * 
A

In the far field , as R — ~O , this vector is denoted by r instead of R:

(3.5)

Let 1, j ,  k be unit vectors along the r~~, r~~. axes. Let 0’ be a cylin-

drical  polar ang le in the plane of rotat ion, measured posit ive counter-

clockwise from a fixed axis, and let 1i be the angle that the ob-

server posit ion vector 1~ makes with the plane of rotat ion so that

k) 0 for 0 ~~~~~ <,r/2. Then ~ is

= - i cos cli siri(9’ -w i- ) + j cos ç~i cos(0’ -wr)  + k sin cli . (3.6)

Notation is mixed here. The unit coordinate vectors in (3. 6) are fixed

relative to the blade, while 9’ is the observer in-plane angle measured

fro m a reference axis fixed in undisturbed air. The quant ity 9’ -wr is

the r efo r e the observer ’s retarded angle relat ive to the blade span axis

(re lative to the blade, the observer does the rotating).

In the far field, formula (3. 1) for p becomes thb formula for

linearized acoustic pr es sure,

4~ Rp = p0 ~~~ ~ ~~R 
dS.

V The Doppler factor (1 - MR ) ’ appears so often that we will denote it

— Vt 
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by a special symbol D:

D~ M ‘ (3. 7)
R

so that acoustic pressure p is

4irRp = p0 ~~ f V~~ D dS. (3. 8)

Now it is fair ly easy to prove that the acoustic pressure p is

a *4irRp = p0a0 
-

~~~ 
f  r • n D dS, (3. 9)

where n is the blade outward pointing unit normal vector. Formulas

(3. 8) and (3. 9) are acoustically or radiatively identical. The proof of

this equivalence is given by Isom in reference ( 1  1). The formula (3. 9)

is more convenient for our purposes than its equivalent and better

known form (3. 8).

We now writ e out the integral (3. 9) in more detail. The body is a

blade with rectangular planform and constant section geometry, un-

tapered in thickness. Let i be the blade chord and L its span, the

span being the distance from the center of rotation to the blade tip.

Coordinate 
~ is along the chord, 

~2 along the span axis, and is

~~rmal to the blade mean surface and points in the direction of ~~.

Section geometry is defined by

113 = 1of(111/~ + b). 
V

The nondimensional number b is the fraction of the chord from the blade

leading edge to the blade span axis. This axis could be taken through

the section quarter-chord points ; however, Ita precise location does not

play an important role In acoustic calculations ; 6 is the section thickness

--—-- -.- 
.

--
~~~~~

V -  -____
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ratio. Define nondimensional blade coordinates by

_~~~2 113
‘ 

~2 L’ ~3 .1

Section geometry in these coordinates is

= 6f(~1 + b).

The unit vector n normal to the blade surf ace is then

A A A - 2 - 2 ’
~‘= ( t k _ i o f ) ( 1 + 6  f

The plus sign on k denotes the blade upper surface ~3> 0 and the minus

V 
sign the lower surface 

~ 
<0 .  The projection of the area element dS

onto the blade mean surface is d50, with

dS= (1+ 6 f ) o’

and

dS0 = d111 d112 = 1Ld ~ 1d~2.

With these def init ions, the formula (3. 9) for acoustic pressure p is

4iRp = 2p 0a0V.. -~ f[o ~cosçt# sin(9’ -w r ) + sin~l }D d~ 1d~2. (3. 10)

A mean surface approximation has not yet been applied to the integrand

of (3. 10); the Integrand in (3. 10) is evaluated on the exact surface distri-

bution and not on = 0. We are, however, assuming a symmetrical

section geometry, and the factor of two in (3. 10) accounts for the upper

and lower surfaces. Thus the Integral need be taken only over the upper

surface.

_ _ _  
_ _ _ _ _  ~~~~~~~V~~~~~~~~~~~~~~~~~~ V - - _ _ _

— 
V~ ~~~ -

-
--

~~~~
-
~~~~~~~

-- — — - -— — .
~~~~~~~ a.. ~
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When the mean surface approximation is applied to (3. 1 0), it is

necessary to expand ~ and the Doppler factor D as functions of the

nor mal coordinate Both i and D generally depend on 
~~~~~

, 

~2’ and

but we are here concerned only with the 
~~ 

dependence, so the re-

quired expansions take the for m

T(~ 3) 7(0) + 0) o f. +... ( 3 . i i a )

D(~ 3) = D(0) + 8D(0) 6 f +.. .  (3. l Ib )
3

Function f appears on the right because is evaluated at = 6 f, i. e.,

on the blade surface. It is tedious to apply the expansions (3.11) to

the integrand of (3. 1 0), but the process is straightforward. The result

is

2 p a i L ô  -4ir Rp =  ~~ 
-
~~~ ff sin(9’-w7)D d~1

d~2, (3.12)

where now and her~ceforth it is understood that the integrand is evaluated

on = 0. The double integration is from blade leading edge to trailing

edge and blade root 
~ 2 = 0 to blade tip 

~ 2 =

We next introduce a transformation in (3. 12) that will permit one

in tc~ ration by parts in the spanwise direction, thereby reducing the

formula p to a single integral. The result will be that p is expressed

as a single integral over the blade tip 
~2 = ~~• The transformation pro-

ceeds as follows. It is well known that the gradient of retarded time ~
with respect to dimensional coordi nates 

~~~ 
n~ 113 is

____ 
V



-23-

Here It is the unit radiation vector defined in (3. 4). In the far field

R — ~O we writ e

V~~ r~~~~-D ,
11

with r given by ( 3. 5). The derivative of ~r along the blade span axis

is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2

We solve this equation for the Doppler factor D to get

a
D— ° 1 aT
- 

COB 
~

J cos(O ’ -w,- ) ~~~~

The formula (3. 12) for p become s

p a2~ L6

~~~~~~~~~ 
~~~~ 

-
~~~~ J’i~tan(9’ -w7 ) .~~1-d~ d~2. (3 .12a)

Substitute the identity

1. 
~~~~~~~~~ 

log Icos(9’ -wT)I  = tan(0’ -WT )~-

into (3. 12a) to get

2p a ~~~6 . V

4TRp =  ~ 0
2 

-
~~~~ Jf -a-- loglcos(O ’ _w r)ldç d~ 2.

w cos~~ 2

The section slope distribution k depend s only on so the 
~2 integra-

tion may be carried out to give

p a2
~~6 

~ 
cos(O ’ ...w’r 4)4,Rp = -

~~~ f f  log cos( 9’-w,- J d~ 1 . (3. 13)

Notation means evaluat e retarded tIme T at chordwt se point s on the
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blade ~~~ section 
~2 = ~ ~ means evaluate ~ on chordwise points on the

blade root section 0. The integral in (3.1 3) is from leading edge to

trailing edge, on the tip and root sections. V

Effective use of equation (3. 1 3) requires some tailor ing of the re-

tarded time equatio.~ (3. 3). In what follows, approximations are based

on the assumption that the blade aspect ratio is large and the tip Mach

number is near one. For a single rectangular blade with chord I and

span L, aspect ratio is L/I . We define the small parameter ~ as the

= I/L .

Approximations in the retarded time equation will be based on the as -

surnption that

2/3<< ~

This approximation is analogous to the usual transonic fixed wing approxi-

mation that thickness ratio to the two-thirds power is small. The analogy

results because here a transonic acoustic sixnilarity parameter will ap-

pear that is based on ~2,”3 rather than 6 2/3

We first  note that peak or high intensity sound occurs in the far

field when the quantity 9Lw7 in equation (3. 13) is neai- ir /2. This result

corresponds to the fact that an observer will measure peak sound when

his line of sight is nearly perpendicular to the blade span axis and the

blade is rotating toward him. We therefore define a retarded ang~le ~

by

where ~ will be small in a sense to be determined. The formula (3. 13)

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- . TTT — V V~~~~~~~~~~~~ - .
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for  p in terms of ~ is

2p a216 sin e
4,rRp 

W C~~5~~~ 

-~~~ f i  ~~~~~~~~~~~~~~ . (3.14)

The plus and minus signs on reta rded angle ~ have the same signifi-

cance as the subscr ipted signs on retarded time r .

The retarded time equation (3. 3) may be written

w 2 —
~~ 

-‘ 2 t~~2
(A)t - ~~YT = — (It - 2K- + R )  . (3. 15)

With It0 restricted to points on the blade surfac e and P. large, the

usual acoustic approximation to (3. 15) is

*

- = - r~ . (3. 16)
0 0

Let lie in the blade mean surface = 0. Then (3. 16) is

- = + cos cli s in(0 ’ -wT) - cOS cli cos(O’ -w r ) .

Nondimensionalize y~ and 112 by I and L, use the definition € = I /L

and set 0’-wT = ,r /2 - ~ to get the retarded 
angle equation

~ i~~_ (ot..wt ÷~~~) M c  ~ 1 coscli cos ~ + M ~ 2 cos cl sin e

Take ~ to be small and note that the term in cos ~ is already of order € ,

so that cos ~ may be set equal to one there. The term In sin ~ requires

a two -term Taylor series approximation when M cos ~ is near one and

the observer is in or near the plane of rotation. We then get an alge-

braic equation for ~:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V

- 
— 

V. — ..i :  1T~E~~~~ ~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Rearranging terms gives

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(3.17)

The retarded angle ~ must be evaluated on the t ip section where

~ I and ~ = 
~~~

, and at the root where = 0 and ~ = ~~~~. The tip and

root retarded ang le equations are then

(
~ 

cos~~i)~~~~ + ( 1 _ M c o s cl~~ ÷ I f _ (9’~W t + ~~~ ) M ~~~ j cos. /i,

(3. 18)

~~~~~~~~~~~~~ 9’-wt+ -- - M ~~~ 1 cos cli. (3.19)

The cubic term in ~ on the left of (3. 1 8) is negligible when the tip Mach

number M is small, or when the observ er meridian angle cl’ is near

~r/2, that is, when the observer is close to the axis of rotation. When

either or both of these condit ions hold, the entire blade surface becomes

acoustically compact. On the other hand, when M is near one and the

observer is in or near the plane of rotation so that the meridian angle ~i

is near zero, the factor 1 - M cos cli that multiplies ~ in (3. 1 8) becomes

small and the cubic term is no longer relat ively small. In this case,

the outer portion of the blade surface Is not acoustically compact. The

presence of the cubic term reflects this noncompactness and the in-i-

portance of time retardation. The simple equation for ~ results be-

cause acoustic source points near the center of rotation are always

compact; sound from these low speed poind s has no significant Doppler

shift.

The integral formula (3. 14) requires

-
~~~~ ~~~~~~~~~~~~__~~~~~~~~~ V_V~~~ V_V.~~~~V _V V V _  ~~~~~~~~~~~~~~~~ ~~~

. ~~~~~~~~~~~~ ~~~~~~~~~~~~~
- - -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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sin 
~~ (3.20)

only the f i rs t  approx imations to sin  ~ for  small ~ being needed here. The

r ight-hand side of (3. 20) is evaluated using (3. 18) and (3. 19) to give

_± =  1 
. (3. 21)

~~ - (~~~cos~~)~~~~+ 1-M c o s ç~

The final step in these approximations is to transonically scale the

retarded angle equation (3.1 8). Define a scaled characteristic variable

71/2 - (O’-i4+wR/a) 
3 2— € M c o s çl, ‘ ( .

and a scaled, retarded angle ~ by

~ F6(i _ M c o s cl i ) l u hi’2

+ L  M cos cli J ~~~~~
‘

With these definitions, the retarded angle equation (3. 1 8) on the blade

tip becomes

~~ ÷~~=-L [
~ 

_~~ c~:s~~~]

3i2
€(r~ _ 

~~~ ). (3. 23)

Finally, we define a transonic acoustic similarity parameter by

Ki~~~- [
~ 

~~~~~~~
j

3/2~ 
. (3. 24)

The scaled retarded angle equation (3. 23) reduces to

+ ~~ K(cI - 
~ 

(3. 25)



—23—

If the similarity parameter K is small, then the entire roto r blade sur-

face is acoustically compact. If K is 0( 1) or large, points on the blade

surface ar e not compact and there is a significant variation of retarded

angle ( and time) over the surface.

Now replace the rat io ~~~ - in equation (3. 2 1) by

— = . (3. 26 )
~ I - M c o s ct

The right -hand side of (3. 26) replaces sin ~+/sin ~ in the integral fo r-

mula (3 . 14) for p. Observe that when the logarithm of ~~ is taken,

the constant factor (I - M cos in (3. 26) may be ignored because it

gives zero contribution in the integral (3. 14). This is because the lead-

ing and trailing edges of the blade lie in the plane of rotation, and the

thickness distribution is zero at these two points.

The for mula (3. 1 4) for acoustic pressure is now

2p a216 
~ 

. 2 -4,rRp = - 
0 0

2 
-~~~ ff  log(~ + 1) d~ 1. (3. 27)

wcos cli

We next replace the t-derlvative by a characteristic variable fl-derivative,

the 11(t) relation being (3. 22). Then (3. 27) becomes

47Rp = - 2p0a~ L 6 
~ 

-
~~~~ 

f .~ 
log(~

2 + 1)d ~ 1. (3. 28)
M cos cl’

The slope distribution ~~, with its singular behavior at a round leading

edge, may be eliminated in favor of the thickness distribution f by an

integration by parts. This requires

iC

3~
2 + 1

V~~~~~ V.~ _ _ _ _ _ _ _ _ _ _ _. V -
—

V -—
~~~~~~~ 

— — V. . - —



-29-

from (3. 25) . Also, the 51-derivative in (3. 28) may be taken ins ide the

integral. This requires

K
~~ 3/32 

+

usIng (3 .25)  again. The last step is to move the ori gin of the integra-

t ion variable to the blade leading edge. Let

x= 
~ 

+b.

Our formula for acoustic pressure p is finally

p a2L
- 

0 0  6K2 ~ -

~~~~~ [(/32+~~~3/32÷ I) } 3~ 2~~ 
(3. 29)

V with the retarded angle /3 def ined by

V ~~~~+~~~= K ( 5 l + b  - x). (3 .30 )

The nondime nsional quant ity b in (3. 30) is the distance of the blade span

axis f rom the blad e leading edge. This distance is usually taken as

b =  1/4.

It may be worthwhile to review what has been accomplished by the

process of integration by parts, the large aspect ratio (small € )  approxi-

mation, and transonic scaling. The main points are:

( 1) The integral formula (3. 29) for p is only a ~~~~~~ Integral.

Double integration over the entire planform has been avoided. -

(2) The slope distribution I(x) with its singular behavior at a

round leading edge has been eliminated in favor of the thickness distri-

button f(x) which Is finite evsrywhsrs.

________ — —  _____ V
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(3) The time derivative in front of the integral that represents p

is taken ins ide the integral without introducing new singular behavior

in the integrand.

( 4) The function of retarded angle /3 that appears in the integrand

of (3. 29) is a regular function of /3 — ~t is not singular at any chordwise

station x - V

(5) An acoustic similarity parameter K appears. The pressure p

depend s on ambient dens ity, sound speed, and thickness ratio in a trivial

way. The dependence of p on aspect ratio (or its inverse c) and tip

Mach number M when M is near one is ent irely concentrated in K.

This dependence is not so simple: p depends explicitly on K 2 in (3. 29),

and there is an implicit dependence on K through the dependence of the V

scaled retarded angle /3 on K.

( 6) The form of an acoustic wave at a fixed, lar ge radial posit ion

R is a function of the characteristic variable 51 defined by (3. 22). This

variable is also a characterist ic variable of the linear part ial diffe ren-

tial equation that determines p. It was therefore clear from the begin.-

fling that the quantity Rp should depend on P. 8, and t through a variable

like 51. The form of this variable makes explicit the scale width of the

wave profile. For example,, if the observer is in the plane of rotation,

then at a given (large) distance r and angular coordinate 9’ • the tern-

poral duration of the wave — the time interval during which there ii a

significant, audible and measurable wave amplitude — is of the order of

the par ameter €M; or, for M near one, the width is the order € , the

inverse of the blade aspect ratio.

V One must not place too much emphasis on any of the items listed

above. Taken together, however, they produce a remarkably simple

V. V ~V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ —---—~~~~. - ‘ - . . 
-



formula for acoustic pressure. One advantage of the formula is that it

is easy to use in a numerical calculation.

The formula (3 . 29) for p may be written in compact fo rm as

p= poa2k 1(51), (3.31)

where the nondirnensional profile of an acoust ic wave is

F(51)~ - 

~~~~~~

— / f (x )  
~~ 1 2 2 1 . (3. 32)1 L(

~ 
+I) (3 /3  + 1)J 3/3 + 1

The for m (3. 31) for p is especially convenient when nonlinear behavior

and acoustic shocks are considered. One reason for getting tbe form

(3. 31), with the relatively simple form for F(51), is a reduction in the

amount of numerical work required in a nonlinearization scheme. The

funct ion F would be ident ified in sonic boom work as a Whitbam

F -function.

V 

— 1. ‘~~__________— — - -~~~~~~~~ .-~~~- -.-V. - - - ---- ---- — - —
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4. ACOU3TIC SHOCKS

Acoustic pressure in the linear theory appears in Section 3 as

Z Lp p a 0 -WF(51) (4.1),

where the characteristic variable £2 is

wt-9’ - ~R/a
51 ° (4 2)- 

c Mco s 4  .

The profile of the wave is F(O), defined by equation (3. 32). This profile

remains undistorted with change in 51 , and the linear p is always shock

free.  it is known from experimental work (ref. 8 ) that soun d waves

generated by high speed rotors show a sharp, shock-like discontinuous

form in the plane of rotation . These discont inuous wave form s occur even

when the blade is operated at near zero lift , which suggests that the signal

and it s shape are caused by blade thickness and a slowly varying sound

speed in the far field. Inspection of wave forms calculated from the

simplest linear theory (as in Figure 4 )  immediately show that these

forms will roll over and form a shock, and the shock may be calculated by

correcting the far field sound speed. Whether the shock will have signifi-

cant strenght (strong enough , for example, to rattle windows at some

distance from the blade system) is not immediately evident from a graph

such as Figure 4

Departure of the local sound speed from its ambient value a0 may be

found from the nonlinear pa rtial differential equation for the velocity

potential. The asymptotic form of that equation at large distance from the

blade surface is equation (2. 12)

__________ ______________ — Vt
—
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~~~~~~~~~~~~~~~~~~~~~~~~~~ [
~

+ 
~ -‘~~~o] (4~Iut +*4’R) - (4. 3)

Nonlinearization of the linear p of (4. 1) proceeds by finding a cor r ection

to the constant sound speed a0. This correction leads to improved

characterist ics for equation (4. 3) that will replac e the linear character-

istic variable 51 -

Let a characteristic surface of equation (4. 3) be denoted by

S(R , 0) = 0 , and wr ite S as

S = 0 + g ( R ) . (4.4)

The surface S = 0 is a solution to the eikonal equation corresponding

to (4.3),

c~
2S~ - Zw~~~ SR SO = [ a~ + (v~ 1)4 9]  s~

Replacing S by its form (4. 4) gives an equation for ~ (R ):

c~
2 _ 2wØ~~g (R) = { a~~+ (v~ 1 )w Ø 0] ~~ (R). (4. 5)

Treat and 
~~~ 

in (4. 5) as small and solve the quadratic equation for

~ to first order in these derivatives to get

~ (R)=.
_ _ -j_~~~~- “3 ~~~~~~~ 

(4.6)

The nonlinearization scheme replaces ~~ and in (4.6)  by their

linear forms derived from equation (4.1)  - Pressure p and potential ~
are r elated by

.

~~~~~~~~~~~~~~~

- •~~~~~~~~V~~~~~~~~~ _ . V ~~~~~~V . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and so, using (4. 1)
2La

~ F (51) . (4. 7)

The derivative is also

~‘cz 51t = 
f ~~cos 

q~ (4. 8)

where (4. 2) has been used for . Comparin g (4. 7) and (4. 8) give s

the important derivative

La 2
V 

= - 
€ M:os 

R F (51) . (4. 9)

The derivatives and that are needed in (4.6) are calculated

from ( 4. 9), retaining only radiative terms that are O(R l) - We ha ve

V ~~~~~~t151R ’  ~
‘8 ’1~f2

51
9

and therefore -

a L  a2 L
4

~R
= 

P. 
F (52) , 4~~= ~ F (52)

Substituting these relations into (4. 6) for ~ gives

~ (R) =  -
~~~~-- - 

‘
~~~

-‘ ~~~~~ 1 1(Q) 
(4. 10)

The essential approximation in nonlinearization is to treat £2 In equa~
tion (4. 10) as constant and then simply to integrate (4. 10) with respect

to R. Doing so gives

g(R) = - ~~ M F (Q~ log (-i-
) 

+ c (52) (4. 11)

_______________________________V-V - .. V.-- -—~~ ~~~~~~~~~~~~~~~~~~
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where c (51) is the constant of integrat ion which, as indicated, may

depend on £2 . The constant R0 in equation (4.11) is some radial

position at which g(R ) would take on its linear form g(R ) =wR/a 0 +c( 52).

The assumption is that there is some region relatively near the radiating

body within which the acoustics may be treated in a linear fashion; this

reg ion is suf ficiently close to the body so that waves have not propagated

far enough to break , roll over , and form a shock wave. In the helicopter

application, if the blade t ip Mach number is sufficiently e~~afl, there

will certainly exist a reg ion of linear acoustics , and distortion in the

profile will truly be limited to the far field. However , small tip Mach

number generally implies small amplitude acoustics, and an acoustic

shock may be so weak as not to merit the name shock wave. On the other

hand, when ti p Mach number is near one and the amplitude of an acoustic

disturbance is relat ively large, the acoustic wave may merge near the

blade with an aerodynamic shock and the whole idea of some initial , near

field , linea r re g ion that support s the far field acoustics may be lost. The

experimental work of reference 8 suggests that the latter state of

affairs may indeed be typical of a high speed t-otor. The authors of

reference 8 are continuing an experimental program in which the pressure

field of a rotor is mapped in a continuous fashion from the blade surface

to the far field.

The nonl inear program described here has deficiencies (which will

be pointed out ) but it should be kept in mind that a complete, thorough-

going nonlinear calculation - near and far field - will certainly have

embedded in its solution a nonlinear acoustics of the type that we are

outlining. The cruc ial problem In a more accurate solution is to find the

correct F (52) on which to base the far field solut ion.

_ _ _ _ _ _

-V— V -VV.
—

~~~ — - V V- — V- V—V . . -~~~~~ 
. V ~~~~~~~~~~~~ - .



—36—

Returnin g to equations (4. 4) and (4. 11), the characerist ic surface S
is 

/

s = ~~~+ ~~~~~~~ ~~1~~1 MF(52) log (-~~ ) + c ( c z ) = o .  ( 4 .12)

Recall that 0 is the cylindrical angle in coordinates fixed to the blade. It

is related to the inert ial reference frame 0’ and t by 0 = 8’- wt . Setting

9 = 0’ -w t in ( 4. 12) and rearranging terms gives an expression for the

improved 51 - characteristics V

~~~~~ = - MI(S)) io~ (
-f.) + c(S)) - (4. 13)

The correctly scaled characterist ic variable 52 in the linea r theory of

Section 3 is

wt-9 ’-w R/a0 
=€ Mcos4~

Dividing (4.13) by eM cos 4’ and making an obvious choice for c ( S) )  g ives

~ t-8’-w R/a + 1  ‘P.’o = 52 - F(S)) log . (4. 14)
eMcos 4’ Z e c o s li

The constant R0 in the argument of the logarithm in equation (4. 13) has

been replaced by the blade span L .  The choice of a length scale with

which to nondimensionalize the radial coordinate R In (4. 13) is not obvious.

Lengths that are or are not suitable are based on the following observations:

1. The acoustic pressure is an outer solution to the flow about the

blade. The blade surface has three characteristic aiid disparate length

scales: the blade spa n L, blade chord I , and section thickness t

with L > >  I >> t . It is a general result that the smallest length scales

do not play a role In the outer solution (the smallest lengths are so to 

. 
~~~~~~~~~~~~~ . 

:~~~~~~~~~~~~
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speak , lost from our distant view of the blade). The only character-

istic geometric blade length to survive in the outer solution would be

the span, so it might be used in (4.13).
L.

2. A wave length based on the blade fundamental frequency

f = ~/2ir is not a suitable scale. . The entire acoustic wave form will

propagate past a fixed observer with r epet it ion f r equency f , but this

frequency is not a typical frequency in the wave form itself . Referring

to the definition of the variable ~ in equation (4. 2) it is apparent that a

reference frequency for the wave form is w/ c M , or , for M near one ,

the blade fundamental frequency times the blade aspect ratio, which is of

course much larger than & . Most of the acoustic energy is lodged in

frequencies near ~ /e M. These analytical remarks agree , incidentally,

with experimental work: a significant part of high speed helicopter sound

is hi gh frequency sound. Now let A be a wave length based on the blade

fundamental frequency c~ and let A’ be a wave length based on the

angula r frequency w S = w/e M. Then

U = c M A

Noting that

x = - ~fr L

we have fo r a length scale in the far field

U = 2 1  e L

Although € is small , as a practical matter the quantity 2 1 C is not so

small. For an aspect ratio of 13. 71 (used in ref. ( 8 ) and in our

calculations) we have A ’ = 0. 46 L and the ‘distinction between the far

field scales A ’ and L is not a serious one. The simplest choice here

is L -

t 
_ _ _ _ _ _ _ _ _— V.— V V . — — V  VV V~V_ ~ ~~V ~~~~~~~~~~~~~ - V V. V~ VV - ~~V.~V.~~~V ~~~~. - V V V V — ~~—
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Now define a new va r iable T as

w t -8’-w R/a
T =  ° . (4. 15)

V EMcos 4P

Equation (4. 1 4) for the new characteristic va r iable (2 is

T = 5 1 -  Z e M cos ’4i F (S)) log (~~~ ) . (4.16)

Acoustic pressure p in (4.1) is a function of 51 in linear theory and is

the same function of (2 in the nonlinear theory. What is required is p as

a function of T . It is therefore necessary to invert (4. 16) to find

51 51 (T, R) and substitute this result into F in (4. 1). Equation (4. 16)

is transcendental, and so the (2 (T , P.) inversion must be a numerical

calculation . We the n have two set s of resul ts:

Linear theory p = p a2 
-~~~- F (52) , (4. 17a)

T = 5 1 . (4. 17b)

Nonlinear theory p = p0a~ —k— F (52) , (4. 1 8è)

T = - 2 € c o a  ,~, F (S)) log (-
~
-) - (4. 18b)

A shock will form when the T (S2) relation (4. i 8b) forms an envelope with

respect to (2 . 1 his envelope is found by differentiating (4. 18b) with

respect to (2 to give

I = 2eMco s 4’ F ((2) 1og~ r
The radial position R/L where the envelope first forms and the shock

beg ins is determined by the value of (2 that makes F a maximum . Thus 
V

log 
~~~~~~~~ 

V 
2 C c o ~ ~‘ 

~ ~~
‘ 

~~~
]MAX 

(4 ~~~

___  _ _ _ _ _ _ _ _  -L
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A difficulty appears: the value of R/L predicted by (4. 19) for a typical

rotor and flight conditions ie in poor agreement with experiment . Let us

use numbers in (4. 19) for which experimental data are available (ref. 8).

Take as aspect ratio 13.71 , so that e = 0.073. Set 4’ = 0 for an in-plane

observer , and use 1. 4 for ai r. Let the blade have rectangular plan-

form with NACA-0012 sections. For a ti p Mach number 0.92 , the theory

of Section 3 gives 0.0179 as the maximum value of F - Equation (4. 19)

then gives R/L = 30 for the in-plane radius at which a shock begins.

According to the work of reference 8 , at these condit ions a shock

beg ins on the blade surface (the usual transonic aerodynamic shock , much

as fo r a fixed wing), but it then continues off the blade ti p and into the far

field , without interruption. This shock configuration will appear at tip

Mach numbers less than 0. 92 for the specified blade geometry. This

discrepancy between theory and exper iment is probably due to nonlinear

effects that occur on the blade surface near the tip, and which per sist for

some few chords off the t ip where mor e dist inct ively acoust ic effect s will

beg in. The blade surface nonlinearities cannot , of cour se, be accounted

for by a simple modification of linear theory.

The above mentioned inaccuracy in the nonlinearization may be

partially remedied. The linear result has an acoustic pressure and an

F-function that are proportional to blade thickness 6 . It is known, however ,

that near the blade surface , the pressure distribution that is based on the

nonlinear differential equation (2. i i )  in proportional to 62/3 
, not 6

This is a transonic scale effect that appears in rotor theory , just as it does

in fixed wing theory. We may then modify the F-function in equations (4. 18)

by dividin g it by 6~ ”~ , thereby making F proportional to 62/3. The result

i sa

— VV -~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ V V~~~~
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Modified nonlinear theo!y~ p = p0 a~ ~~ 
(4. 20a)

V 
V 

T = (2 - 
‘yl l F

~((pV log (-fl . (4. 20b)
Ze cos 4’ 6

Equation (4. 18b) for the shock initial radius is changed to

I R \  Z e c o s4 i  6log~~~~-) = + 1  . (4. 21)
MIN [F ( Q) ]MAx

V This rescaling of the F-function is not entirely arbitrary. An exact

solution to the different ial equation (2. 3) would yield the ent ire flow field,

both aerodynamic and acoustic . In the far field , an approximation to that

solution would take the form (4. 20), and the approximation would be a

good one. The F-function that approximates the exact solution would not ,

however, be the linear F used in (4. 20); it would be some other F that

approximates the far field behavior to the numerical solution to the dif-

ferential equation . (We leave aside here the fact that if an exact solution

to the d ifferential equation were known , then a boom approximation to that

solution would not be necessary ; but this i.s not to say that such an ap-

proximation would be of no interest). The numerically derived F would

have the scaling that goes with the differential equation. Neve rtheless , it

has to be acknowledged that merely rescaling the nonlinearized formula

(4. 18) to fit a known property of an exact solution is something of an ad hoc

adjustment .

Let us find the init ial, in-plane location of the shock from the modified

formula (4. 20), using the same data that were used in the unmodified for-

rnula (4.18) : aspect rat io = 13.71 , M ~ 0. 92 , rectangular planform ,

NACA-00 12 sections. Then (4. 21) give s R/L = 5, as opposed

___________________ _______________________________ _______________ 
Vt . ~~
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previous R/L 30. Movement of the shock toward the tip is a desirabl e

trend in view of the result s of reference 8. The boom formula s should , of

course , be applied in the region R/L > >  I . Their application here is

treading into the reg ion R/L  = 5, which scarcely qualifies as very lar ge.

The remaining acoustic shock calculation s of this report are based

on the modified scheme (4. 20). A discussion of numerical results based

on this and the previous section is taken up in Secion 5.

I

— ______



5. NUMERICAL RESULTS AND CONCLUSIONS

Numerical results shown in Figures 4-10 are presented as plots

of acoustic pressure against a characteristic variable at some fixed in 
V

plane radius. Since the radius is fixed, the characteristic variable

may be considered a scaled time variable . Linear calculation s are

based on equation 4.17 ; the characteristic dependent variable is (2 ,

defined by equation (4. 2). Nonlinear p is calculated using (4. 20a) with a
characteristic dependent variable T defined by (4.20b). In the linear

theory, ~l and T are identical; in a nonlinear calculation , (2 is

eliminated in favor of T , the functional relation being equation (4. 20b) .

Some of the blade geometry is fixed in Figures 4-10: planform

is rectangular , there is no twist or taper in thickness , thickness ratio is

12% , aspect ratio is 13. 71. All calculations are for hover . Tip Mach

number is 0. 92 and pressure is calculated in the plane of rotation. Two

blade sections are used , biconvex and NA CA-OOlZ .  Geometry and

fli ght conditions were selected for comparison with experimental data of

refe rence 8.

It is not necessary to recapitulate here the well known results of

elementary sonic boom theory on which our nonlinear results are based.

The method and elaboration s on it appear in Whitham ’s book. It is enough V

to note that the system (4. 18) or ( 4. 20 ) lead to wave form distortion and
finally to wave breaking and shock formation. Location of a shock, when
one occurs , and calculation of portions of the wave profile separated by
the shock wave are found by the usual methods.

Two feature s that are curren tly used in an Initial comparison of

theoretical result s with experimental dat a are the peak negative pressure
and the general shape of the pressur e distributio n as a functi on of time,

_________  ________  _ _ _ _ _ _ _ _ _ _ _ _ _  Vt~~~~~~V.— 
~~~~~~~~~~~~~~~~~~~~~~ 
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or as a function of some equivalent time variable (here our (2 or T ).

A completely linear calculation for a blade with biconvex sections

is shown in Figure 4. The graph is symmetr ical about 12 = 0 because the

span axis of the blade is taken to be the section half-chord point for bi-

convex profiles; the span axis is therefore an axi s of symmetry of the

blade. Figure 5 show s a linear calculation for a blade with NACA -00l2

sections. Flight conditions for Figures 4 and 5 are the same. Figure 5

also has a symmetrical appearance , but here the axis of symmetry goes

through a value of (2 slightly greater than zero. This is because the span

axis of the 0012 blade was taken as the section quarter-chord point, as it

would be for a blade in actual fli ght conditions.

A surprising result is that apart from the location of axes of sym-

metry, Figures 4 and 5 are nearly identical. The peak negative pressure

in both cases is -48 1 N/rn2. According to reference 5, the measured peak

negative pressure in approximately -960N/m 2 for a 1/7 scale model of

the UM- IH helicopter blade at the flight conditions of Figure 5. The

measured peak is therefore larger in magnitude than the linear result by

ver y nearly a factor of 2. This discrepancy seems to be typical of all

linear calculations.

A characteristic of Figures 4 and 5 that affects harmon ic content is

the temporal scale width of the pressure profile. We define this width to

be the time interval that separates the two positive pressure peaks. The

real time width A t  is related to the sepa ration AS) of the peaks En

FIgures 4 and 5 by A t  = ( C M/w ) AS ) (this follows from the definition

of (2 in equation (4. 2 ) )  . The angular frequency ‘&~ may be determined

from w = (a /L)M. For ambient sound speed a0 341m/s and a blade
V 

radius L 1. 04 m (the scale model rad ius of ref. 5) ,we have

w = 302 rad/s at a tip Mach number of 0. 92. The separation AS) In

[ 
________________ ~V _ V -~~~~~~~~~~~~~ V V V~~_ V  _____V. V



Figures 4 and 5 is nearly 2. The real time width is therefore At = 0. 4

milliseconds. The corresponding measured widths taken from reference 5

are 0. 36 ms for M = 0. 9, and 0. 43 ms for M = 0. 96. Our calculated

value of 0. 4 ms therefore agrees quit e well with experiment.

Figures 6 and 7 show nonlinearized calculations for the biconvex

and 0012 blades. There is one startling result in these figures: the peak

negative pressure is -975 N/M 2, and this number agr ees almost precisely

with the measured value of about -960 N/rn2 in reference 5. This result

must be accepted with some caution when we recall the particular kind of

nonlinearization used to generate Figures 6 and 7. The usual, straight-

forward sonic boom nonlinearization has been modified, as already

explained in Sect ion 4, by rescaling the F-function to make it proportional

to thickness ratio to the two-thirds power. This rescalin g affects amplitude,

locat ion of a shock wave if one occur s, and the amount of distortion in the

wave profile - it permeates the whole calculation. The modification is

su ggested by observing that pressure in the exact ,. nonlinear transonic

theory is proportional to ~2~’3 near the blade. The observation to make

here is that agreement of calculated result s in Figures 6 and 7 with ex-

perimental data may or may not be fortuitous. Calculations at other hover

tip Mach numbers are not yet available for comparison with the full range

of tip Mach number data of reference 5.

It will be noticed that Figures 6 and 7 are distorted versions of

4 and 5. The ri ght-hand portions of 6 and 7 are steeper than the correspond-

ing part s in 4 and 5. In fact , the right-hand portions of 6 and 7 are so steep

V as to suggest the appearance of a shock wave, but this Is not the case for

the data shown In the 1~ gends of the two figures.

VTV V~~ 
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Figure 8 is a graph of acoustic pressure for a biconvex blade, now

calculated at the breaking radius R/L 3. 25 . This radius is determined

by equation (4. 21). The steepest portion s of Figures 8 and 9 are very

steep indee4: casual inspection of these graphs might suggest that shocks

occu; here. Of course, a shock must appear in the pressur e profile at

any radiu~ greater than the breaking radii of Figures 8 and 9.

Figu re 10 is a wave pr ofile fo r th e biconvex blade , calculated at

R/L = 6. 48. A full-fledged shock wave now appears. The shock extends

almost from the peak negative pressure to the peak positive pressure;

the steepest part of the profile is almost all shock wave. The physical

dimensions of the ariechoic facility used to generate the data of refer-

ence 5 do not allow measurement at radial distances corr esponding to

Figure 10, when a 1 meter radius blade is used, so comparison with

expe r iment cannot be made here.

The main conclusion to be drawn from Figures 4-10 is that a non-

linea r method gives the distortion , and finally the shock wave , that brings

calculated results closer to experimental data than does any linear theory.

These result s are a forceful reminder that good nonlinear technique ,

whether in the Ffowc s Williams-flawkings equation or in the complete

rotor differential equation , is essential if the full range of experimental

data is to be accounted for.

Several qualit at ive conclusions emerge from a discussion of the

nonlinear potential equation that governs the rotor near field aero -

dynamics and the far acoustic field. Two nonlinearities appear. The

first one is effectiv e near the blade surface and controls the local

aerodynamics, including the shock wave that may occur on the blade;

_________  
ti’
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it is not effective in the far field. The second nonlinearity is decisiv e

in maintaining dis tor t ion and a shock wave in the propagat ing acoust ic

profile; it has no counterpart in fixed wing (M < 1) aerodynamics. Scal-

ing arguments show this second nonlinear ity to be unimportant on the

blade surface.

The characteristic surfaces of the rotor differential equation may

shed some light on recent experimental results. It has been observed

that a hover ing t ransonic blade has a kind of lower crit ical Mach num-

ber at which abrupt changes in the acoustic field appear. At and above

this Mach number , the blade surface and the far f ield seem to become

linked by an uninterrupted shock wave, and the sound field becomes

measurably more intense. The appropriate conjecture is that this

behavior is initiated when the extreme blade tip first touches or punc-

tures the sonic surface defined by the nonlinear potential equation.

The validity and usefulness of this idea will require numerical solution.

of the differential equation and more detailed experimental investigation.

V -- V ____ ~ - -~~ - 
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6. NOTATION

a Cons~ant adiabatic sound speed = 341 rn/s  .

b Distance of blade span axis from blade leading edge as a fraction of

blade chord.

D Doppler factor = ( 1_ M R ) ’

f Blade section thickness distribution; blade fundamental frequency.

F(12) Profile of acoustic wave .

1, j, k Unit vectors along x, y, z , or , ‘1 blade fixed axes.

1 j k’ Urit vectors along x’, y’, z’ nonrotating axes.

K Acoustic similarity parameter.

I Blade chord

L Blade radius (span).

M Blade tip Mach number.

MR Radiation Mach number.

p Disturbance pressure; acoustic pressure.

r Cylindrical radial distance; in-plane radial coordinate.
a

r Far field unit radiation vector.

it R Spherical radial distance.

Observe r position vector.

Position vector of point on blade surface.

R Unit radiation vector.

S S ~ 0 : Characteristic surface of rotor differential equation.

S0 Project ion of blade surface onto plane of rotation.

t ‘rime.

T i m e ( z t ) .

_ _ _ _ _-
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T Characteristic variable in nonlinear theory.

v
fl 

Projection of blade velocity along outward normal.

V Velocity of air relative to blade.

x , y, z Blade-fixed axes.

x’,x’, z’ Nonrotating axes.

V a Observer spherical angle measured from axis of rotation.

13 Scaled retarded angle.

y Ratio of specific heats.

6 Thickness ratio.

Inverse of blade aspect ratio ~ I IL

~~~
, t~, ~~Nondimensiona1 blade fixed coordinates.

r11, r) 2,n 3 Dimensional blade fixed coordinates.

e Cylindrical polar angle relative to span axis.

81 Cylindrical pola r angle in nonrotat ing frame.

Retarded angle = ir /2 - (0 ’ — ut ’) .

p Ambient density = 1. 23 kg/ rn3

T Retarded time

Velocity potential. V

Observer meridian angle (out-of-plane angle)

Blade angular velocity.

Blade angular velocity vector.

12 Scaled characteristic variable.
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