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Efficient Estimation of a I.bdel with

an Autoregressive Sigea]. with White Noise

• by

Yuzo Hosoya

Tohoku University
Japan

Abstract

This paper considers the estimation of parameters in the model of

X, = 

~~ 
+ where the are generated by a stationary autoregressive

model 
~~~~~ ~~~ = and the and the are I •. i. d. random

• variables. In case the and the are Gaussian, Rosoya (Yale Ph.D.

thesis, 1974 ) ,Pagazzo (Ann. Stat. , 1974) and Dunsmuir (Ann. Stat., 1979),

respectively , constructed efficient estimates and gave their asymptotic

distribution. This paper gives the asymptotic distribution of an approxi-

mate maximum—likelihood estimate using only a condition on the fourth—order

moments of and and without the assumption of normality. This

paper also contains a theorem which shows that under general conditions an 
—

estimate given by the second—step in the Newton—Raphson iteration with a

consistent estimate as an initial value is second—order efficient in view

of C. R. Rao’s definition (Rao, J.R.S.S.B., 1962).

Key words: autoregressive sigeal plus white noise, approximate maximum-

likelihood estimate, Whittle—Walker model, asymptotic distribution,

Newton—Raphson iteration.

I.



~-• ~~~~~~~~~~~~~~~~~~~~~~ ---•-- • •
~~

• •-
~ 

-
~ ~~~~~~~~ 

• ‘-•
~~

•.- - ~~~ 
r~ ‘~~~~~~ ‘.:•-‘- •~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ — ~~~~ —

Efficient Estimation of a I’k,del with
an Autoregressive Signal with White Noise

by

Yuzo Hosoya
Tohoku University

Japan

0. Introduction.

Suppose that a message X,~ has been received, but that, due to noise

in the channel of coimeunication, the original signal a.~ cannot be recon-

structed directly ~~ m the obse~~~tion X~ ~~~~~~~~~ 
The techniques of

so-called signal detection (or signal extraction) have been developed for

the purpose of inferring the signal sent as an important field of conasmi—

cation theory. (See Whalen (1971). 1 This same problem has also been called,

by some econoinetricians, the problem of “unobservable variables”. Namely,

they maintain that the actually observed quantities do not necessarily coin-

cide with the corresponding variables in a theoretical framework; thus certain

noise—elimination techniques need to be applied to observations when a

theoretical model is fitted. (See, for example, Grether and Nerlove (1970).]

• In a probabilistic framework , this signal—extraction prdblem has a

direct connection with prediction theor y in stationary stochastic processes,

and a similar technique to that of construction of the optimal linear filter

in prediction can be applied. In particular, if the spectral densities of

the 8~ and the are rational, the optima]. (in the sense of minimum

A part of this work was done while I was visitin g the Department of
Statistics at Stanford University during the fall quarter of 1978. I would
like to express my sincerest thanks to Professor T. W. Anderson for his
reading and improving the paper , and also to )~~ss rs . S. Sugih ara and F. Ahrabi
for their pertinent canments.



~~~~~~r-,-~-~-

Ffl
mean—square error ) estimate of s.~ can be obtained from a fairly simple

recursive foruii].a. (See Whittle (1963).] Prediction theory, however,

assumes complete knowledge of the spectra]. structure of both signal and

noise. However, in practical situations, this is not usually the case.

• Rather, in most cases, what is required is to recover the information

concerning the structure of the signs]. and noise • For this purpose,

• there seems to be two statistical treatments. (tie is to assume ~~ to

be a certain (not necessarily linear) deterministic function of a time

• parameter or of other parameters and to apply least—squares or other

• pertinent methods (Walker (1969) and Hannan (1971) ). Another approach

• considers the model of a nondeterministic stationary signal. This paper

• explores the latter approach. The mode]. which will be investigated

below is the following: Assume that a signal 5~ is observed super—

• imposed by white noise c~ , that is,

(1) Xt st + c t

and assume further that the signal is generated by an autoregressive

process

• (2) 
~~~~. 

~~~~~ = hI~ ~ t = • ..,  —1, 0, 1,
i=0

with a0 1 , where the c~ and the are respectively i.i.d., and

mutually independent. Henceforth write a the vector whose element is

The interest in investigating specifically this type of model is

that, as will be seen, this is a special case of rational spectra. (The 

2 
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spectrum of the present model is formally a rational function of

but the parameters of the denominator and of the numerator are functionally

related to each other. The usual statistical est imation procedures of

rational spectra do not seem to apply to the present model effectively.

Thou~i the author attempted the application of Hannan’s method of esti-

mation of rational spectra (see Hannan (1970) ) to this model, it was

unsatisfactory. It seems that only when the variance ratio of and

is known, can Hannan ’s method (after certain modifications) be applied.]

In his paper Parzen (1967) suggests using the Yule—Walker equations

or the instrumenta]. variable method to estimate the parameters in the model

expressed by (].) and (2). The method is consistent, but not efficient.

The Yule—Walker equations can be derived as follows. Noting that, in

view of (1) and (2), 
~~~

Cti E(Xt...I ~
) = 0 for ~~= 1,2,

i=0
an estimate of the can be obtained by solving those equations after

• N
replacing E(X

t i  X~_ 
~~ 

by the sample covariance 
~ 

Xt~_~ 
X.~_ 2/N—P_L

t p+L+1
Walker (1960) observed that in the case p = 1 the efficiency of this esti—

mate is near unity only for a small or for a high signal to noise pro-

portion.

This paper considers the model given by (i) and (2), and. establishes

the asymptotic prop erties of an approximate maximum-likelihood estimate

and an efficient est imate is also constructed. An estimate is called

ef ficient below when its asymptotic distribution is normal with asym ptotic

covariance matrix equal to the limit of the inverse of the average Fisher

information matrix when the process is Gaussian. Another approach for

construct ing an efficient estimate of the a’s was proposed by Pageno (l9De),

3
(1

- 
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though his estimate is different from the one given here in that his method

does not use the likelihood function and also his consistent estimate for

the starting value of iteration is different from the one proposed below.

The author of the present paper has shown sri optimality of the use of like-

lihood function to obtain an efficient estimate of parameters in time—series

models in his paper (1977).

The program proceeds as follows: In the next section, an approximate

likelihood function is given, and the asymptotic properties of the approxi-

mate maximum-likelihood estimate are derived as a corollary of a more genera].

result concerning the approximate maximum-likelihood estimation of a linear

process plus white noise; the result is given in Appendix 2 since it has

an independent interest. [For the simplicity of termino].ogy, the value of

the parameter maximizing an approximate likelihood function will be called

below the maximum-likelihood estimate. This will cause no confusion.]

Section 2 concerns the construction of an efficient est imate of Ct ,

and where and C1~ are respectively the variance of and

A method that yields consistent estimates of and is shown and an

efficient esti mate of a will be given by the Newton—Raphson iteration.

Appendix ]. to this paper establishes that under general conditions the

second Newtcn—Raphson iteration gives an estimat e which is equivalent to

the maxi mum-likelihood estimat e to the probability order 1/N , where N

is the sample size , whereas efficient est imates in gener al are equi valent

to the maximum-likelihood estimate to the probability order lIV~1

Fin~i1ly, since this paper exclusively considers the case where a

signal is generated by an autoregressive scheme, it may be pertinent to

-
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• offe r a comment on the moving-average type signal. Consider, for

example, the simplest moving—average scheme = + and suppose

the ~~
= + 

~~ 
are observed. Assuming the same conditions ~n

and fl~ as previously given, the spectral density of is given by

—ir < w < i r . If and

are unknown, the value s of a , and CJ~ that give the same spectral

density f as a function of w are not unique. Suppose

Il + cteio)
1
2 a~ + 0

2 
= Ii + a e i~)I

2 a~~ + ~~
2 

, from which it follows that

(l+a 2) a~~+cy~~=(l + a
*2) a ~~~+Cc

2 ,

L * *2
CtO

T1
= C t  a

fl

* *Given a , 0e and , it is easy to see that the solution of the

equations above is indeterminate, even if there is the restriction

fct I < l .

1. The Likelihood Function.

S 

An approximate likelihood function for a, and is derived

here under the assumption that and are Gaussian. First of all

the spectr al density of X.~ generated by (1) and (2) can be written as

(3 ) f(wIa,o~, ~~~~~~~ 

~~~~~~ [ a~eu
jW 1

2 +~
] 

2 2

• where a0 = 1 • Write (3) as + 0~~ ~j~je~
4’

~ }/ 2ir~ E~a~e1
~~~

_ 
_ _ _
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Then the numerator can be fac torized int o ~
2 

~ 8je
iiW 2 for some

j=o
and 8 (B~ 

= 1) . This iiZ~diately follows from the Fej~r—Riesz theorem

[for example, Akhiezer (1956), p. 152] which says that if

-
• ( 4 )  g(w) = ~~ ~e

ik
~
) 

, — n < w < n ,

km—p

and g(w) is real and nor~negative, then there exists an h(w) such that

g(w) = Ih(w ) 1
2 and h(w) = 

~~ 8~e1
~~ . The numerator of (3) is, as is

k0
obvious from its expansion, of the form (14) and nonnegative; therefore

( 5)  f(wIa, a~ , o~) = 

~~~~~~

lEjaje jw1

where ~
2 and 8 are functions of a, and 0~ .

Now in view of ( 5 ) ,  X.~ may be interpreted as generated by a linear

process X~ = 

~ 
V~ et k  , where the Vk B are obtained from the equations

k~~ 
VkC = EL8Le ~/ZjCtjeuiW 

, arid where the et are independent random

variables such that

‘5,.

(6) Var (e
~

) 2wexp log f (w)dw

2wexp ~ f (
~
) + log ‘

~~
6
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= 

:e: 

{
~ 
5
~ log 

~~~~~~~~~ 4
Also in view of (3), (6) may be ‘i~rritten as

(7) = 2wexp [
~ 
J ~O~~

{ ~~~~~~~~ 

+

The equation (6) is due to Szego’s theorem 1c.f. Hoffman (1962)].

Assuming the normality of and fl
~ 

, after X~, X2 •.., Sre
p

observed, the log—likelihood function is

(8) log LN(a, a~ , a~) = - log !VN~ 
- log 27102 ~~(x , a, , ,

where cT2VN is the variance—covariance matrix of X1, X2, ..., , and

a, , a~) = X ’V ’ x/(2a2 ) .

The log—likelihood function (8) can be simplified by making use of

the following results due to Whittle (1952 , 1962).

A) Fur a linear process = 

~~~~~~_j  ‘ ~~ is analytic

and non—zero cm (Z:~Z~ < 1 + 6} for some 6 > 0 , then log 1
~N~ 

+ 0

as N + • The present model satisfies this condition. From the formation

of B , it is obvious that 02 1E$kZk I
2 

= + ~ IE~a~Z~l
2 
~ 0 . Also all

zeroes of = 0 are outside the unit circle. Therefore l/(Eka~~
k)

Si

(I 7
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• is analytic and IEcx~Z~I ~ 0 • Thus EBjZu/EaLZ
L is analytic

and nonzero on 
- {Z: IzI < 1 + 6} for some 6

• B) Fur large N, Q~ can be approximated by

- (9) u~(X , a, = 

(2~)
2 J ~ ~J1 XneH2/f(wI a , o~ , a~) ~~

N—i
S N 

~k —tN—l)

• 

• 
where 0k is the k—th Fourier coefficient of l?f(wla, ci~ , o~ ) and Ck

is the sampling autocovariance of k—th order.

• Now by A) and B), the log—likelihood function (8) can be approximated

for large N by

(io) log L (0) = — 
flog 27102(0) — 

~~
UN(X ,0)

= — ~~log (271)2 
— ~._L f ,~ log f(wI0)~~

2jun
(11 E X e

- 
1 z~. n

2(2,1)2 ,J~~ f(wI0)

where = a1 for i = 1, 2, ...
~~ ~ and 0p+l 

= 
~ 0

~~.2 = 
~ and

• 
thus f(wI0) 

~~ (e P+2,,/I~ 0je
~
’
~~I 

+ 

~~~ ) . The general treatment

• of the asymptotic properties of the least—square s estimate obtained from

8
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maximizing the approximate likelihoo d function of the form (10) is fur-

nished in Appendix 2, and the following Theorem 1 is a straightforward

consequence of that result. That appendix deals with the asymptotic

properties of the least—squares est imat e of par ameters of a general linear

process which is superimposed by a white noise and derives them by means

of an extension of the Whittle—Walker theorem. [See Whittle (1952) and

Walker (19614).]

For the model represented by (1) and (2), assume the following:

A—l) The and are strictly stationary processes with finite

fourth cumu].ants which are denoted as K14(c) and K14(ri) respectively.

A—2) Let , 0~~ , and 0~~ be the true values of a , ,

respectively. Then a° E A with A a compact subset of such that,

for any a E A , a].]. zeroes of 
~ 

a~Z1 are outside of the unit circle.

and o~~ are respectively in a compact subset of

Then

Theorem 1:
~~

Let a , cc and O~ be the least—squares estimates derived from the

function (10). Let h(wI0) = l/f(w~O) . Then — ct0), ~I(~~ a
~o)

• and ,4i(a~ - a~~) are asymptotically jointly normally distributed with

mean vector 0 , and with covariance matrix l4,TW~~ + K14(c )W 1U0W~~

+ L4(~
) W~

1V0W~~ , where W0 , U0 and are (p+2)x(p+2) matrices

with the representative terms

9 
-
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~~~~~~ 
~~~ (wIe°) ~~~ (w LO°) 

ãi.~ , f h(i) (wIO°) 
p+]. 

0
.J—ff h(w 100) h(w~00) J —it 2irg(w~0 )

f h~~~~(w~0°) 
2ir(~ Ie0) i_: hW (w 100)dw

_p+2 f h~~ (W IG°) dw , respectively and where 0~ a~ , i

0 2 0 2o ø end 0 = 0p+]. CO p+2 ~0

2. Efficient estimates of a , and

To obtain the maximum—likelihood estimate, the function to be maximized

is, in view of (10),

: 1

- 

~~ 
f log f (w f 0 )d& - 

(211)2N I_: f ( w ( O )

S which, for practical purpose, can be approximated by

N—i N—i 1(w )
(11) — E log f(w110) — E f(w j e)

i0  i0  j

where w~ = 211j/N , j  0, 1, . . .,  N—i, and I(w~) ~ ~~~ 
E1~X~e ~

Let the quantity (1].) be denoted by A(0 ,X) . The first der ivative of

A(0 ,X) is nonline ar with respect to 0 , so that a certain approximation

F 10

~~~~~~ S
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is required for the solution of aA(o ,X)/ao = 0 • It can be shown that

S the Newton-Raphson iteration procedure generally produces an estimate as

efficient as the maxiimim-likelihood estimate if the iteration starts with

a consistent estimate of 0 ; Theorem 3 of’ Appendix 1 proves that the

first—step iteration produces an estimate o2 such that 4r(02— O)

converges to 0 in probability and moreover that N(03—8 ) tends to 0

• in probability for the estimate obtained by the second—step of the

iteration. For that theorem to apply, two points must be checked. The

F one is whether the starting value of 0 is consistent, and the other is S

whether the present model satisfies the conditions of Theorem 3. Concern-

ing the first point , it has already been shown that the solution of the

Yule—Walker equations is a consistent estimate of a • The starting value

• S for and can be constructed as follows: Let g(w~a) I~~ I ‘

and let ~ be the solution of the Yule—Walker equations. Taking relation

(3) into consideration, regress 2TrI(w~) on l/~(w j Ia)~ ~ 
= 0, 1, •.., N—]. .

Then estimates of and ~2 can be obtained as the regression coeffi-

cients. Namely, calculate

27r1(w )
l v  ~~ i~~’ , ~ l ç  1
1~ g~w~~a) 1~

’
~ 

~~ ~~~ 1~ g(w)~~~(l2~ Z52 = d 
-•‘ ‘ C ~~2 ,

lv  1 li v 1 Ii~ ~(w~I~) 
- LN L g(~ 1aD J

(‘3) = 
~~ 2irI (w~) — ~~ l/g(w~)~ ) •

ii

_____ 
_ _ _ _ _ _ _  _______ 

_ _ _ _ _ _ _ _ _ _
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Theorem 2:

The and are consistent estimates of 0~ and 0~ respectively.

Proof :

2wf(wIa ,a~ ,
a)~ ~ - 

~~ J
271f(wla. a,~~ a

~)dw*f  g[wja ) ~~
p u ma  =

C 1 1 ’ 
~ f i r  .

27rJ  g(~~~~)2 ~~27T J g(w~a) .1

where, using (3), the numerator above is equal to

-
~~~ I ~ + - ~D. f &) _ i4 fC1~~dw 

+ 27102’, j._ f &A
2ir j  g(w~cz)2 2w J g(w~cc) 2w ( J g(w~a) TU 2nJ g(wj a )

_~~~~~~~ r ~ 
2

— 
2w ~~. g(w~a)2 — 

2w g(w Ia)

~2 2 . -.2 2
Thus plim = a . In the same way , plim a = a . I/I

N £ N-’~°

In order to see that the Newton—Raphson method with ~ , and

as its starting values provides an efficient estimate, it is sufficient to

check that the approximate likelihood function (ii ) with conditions A—l and

A—2 satisfies conditions C—l and C—2 of Theorem 3. Condition A—2 implies

H that f(wI0) , ~
2f (w I0)/ a0~a0~ and a3f(W)0)/

~
Ola0~

a0h, ~ j~ h = 1, 2, ... ,

p+2 , are uniformly continuous with resp::t t: w E (—11,11) and 0 in the

parameter space. Thus convergence of and 
~~~~ 

is
I ~~ hU U

straightforward. Accordingly conditions C—l and C—2 are satisfied.

12
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To sunm’arize the preceding argument, efficient estimates of a ,

and c1~ can be constructed as follows:

1) Solve a1 (~=~L+1 X~_iX~_~~t/N_P_L) = 0 • & i, 2, ... ,

for a • Let the solution be a

2 ) Calculate and by (12) and (13).

3) Let = , I = 1, 2, ... , p, O~~~ = and O~~~ a~ and

S 

apply the following iteration formula:

0(n) - 9(n-l) a2A(o
(n_ l),x) 

_l
~A (O

(n_ l)
.X) - 2— — 

~e ~o’ ao ‘ ~ — 
‘ ~ ‘ ...‘

where (A(0 ,x) and g(w~a) below are abbreviated as A and g)

H ~A ~A

- 

2a
~(!k%cos(k_L)6 j ) 2I(w~ ) 2(

~k~~
cos (k_

~~~j
) 

L =1 2
~ (c,~ + c1~g)g 

— 

(a ~ + a~g)2 ‘ ‘ ‘ ‘

OA 
= + ~ I(w~ ) g

2

aop~1 ao~ + a~g ~ (a~ + a~ g)2 ‘

aA ~~~~. _  ~ 
~~~~~ I(w~ )~

— 

c7~ + ci~g ~ (a~ + a~g)2

I

I.

13
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2a
~

cos{ (m_&)wA) + 
~ 1ea~(a~ + ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~— — 

‘~ (ci~ + a~g)2 {(a~ + a~g)g}2

2I(w~ )a~cos(m—L)w~ 
+ 
~ 14I(w~ )a~(~kc*~cos(k_L)wj) (~~c1kcos(

k_m)wj)

‘~ (o~ + a~g)2 ‘~ (a~ + a~g)
3

_ _ _ _ _ _ _ _  — 92A
ao~

o
~+1 

—

= 

2a
~~~k

ctk
cos(k_L)wj) 

+

~ (a~ + ci~g)2

a2A — _ _ _ _ _ __ _ _ _ _  — 

a (a
2

)
2

- 

2 2I(w~~~~(a~ + a~g)
— 
i(02 + a~g)2 — 

~ (a~ + a~g)14

= 
a2A

ao~2 ~(ci2)2

2. 
2I (cu~)g

!i(0 + o~g)
2 — 

~i (0~ +

114

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3
2

A — ______ae
~

ao
~4~2 

—

2}%cos (k—t)w~ 
+ 

2a
~
(}kakcoa(k_t)w

j )
* 

— j  (c~ + a~g)
2 ~ (a~ + a~g)2

2I(wj)Ika~
cos(k_L)wj 

+ 
~ 

14I(wj)~~~
(
~k

ct
~
cos(k_L)wm)

— 

‘~ (a~ + a~g)2 (o~ + o~g)3

a2A a2A

~~p+l~~p+2 aa~aa~ • S

2
— _________  

2I(w~)g
— 

~(cr~ + o~g)2 — 

J (02 
+

3. NumerIcal Bb~aznples.

Here are given two examples of the method for the simulated data

generated from the ~~del

X,~ = o.6x~~1 
+ n

~ ‘
T ( lIe )

Y
t

X
t

+ C t ,

where and n~ are respectively generated by a normal random—number

generator with mean 0 and standard deviation 1 • The numerical results
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in Table 1 exhibit the estimates obtained from generated values of

(sample size 200); the first column in the table shows atarting values

(namely consistent estimates) of a , and , and the second column,

the third , and so forth , show each step of the iteration.

H (a)
TABLE 1

Step of iteration 1st 2nd 3rd 14th 5th 6th 7th

a 0.705 0.703 0.701 0.700 0.699 0.697 0.696

0.51e6 0.568 0.573 0.576 0.579 0.582 0.5814

1.286 1.253 1.250 1.2147 1.244 1.242 1.243

The estimation from 300 Y’s yielded this:

(a)
TABLE 2

Step of iteratIon 1st 2nd 3rd 4th 5th 6th 7th

a 0.517 0.523 0.526 0.529 0.532 0.533 0.535

1.249 1.177 1.165 1.155 1.1147 i.i11o 1.135

S 
0~ 0.708 0.787 0.798 0.807 0.813 0.818 0.823

S.’

II,
4 

Obviously the case of sample size 300 gives better estimation than 200;

but in both cases it can be observed that the convergence is very slow.

(C) In Tables 1 and 2, the value s in the 1st co1u~m~ denote consistent
S 

esti mates of a , and 0~ which are starting values of iteration .

- 5 -” - --
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The following Table 3 displays the covariance matrices !~L W l of

the estimates of a , and 0~ for sample sizes N = 200 and 300

• evaluated by means of the asymptotic covariance matrix given in Theorem 1,
- 

where the element corresponding to the column a and the raw C1~ denotes ,

for example, the covarlance of the estimates of a and

TABLE 3
• N=200 a N=300 a

a 0.050 -0.325 0.1433 0.033 —0.216 0.289

—0.325 2.178 —2.858 —0.216 1.145 —1.905
— 

0.433 —2.858 3.811 0.289 —1.905 2.5141

~~~~ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _  _ _ _  _ _ _  _ _ _ _ _ _ _
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APPENDIX 1

~~E NEWT0N—RAPHS(~1 )~ ThOD

Let I~(0) be a likelihood function of 0 ~ {0~, O2~ •• •‘  Oq}

observations )5, X~, ..., X~ and let N6(00) = {0: 
~ 

0_es II < 6} be a

certain neighborhood of 00 , the true value of 0 • Now assume the

following.

B—l ) log LN(O) is third—order differentiable with respect

to O~ , I = 1, 2, .. ., q , for 0 E N(0°)

= plima2log I1~(0°)/Nae1~0~ exists and the matrix

{L~~} I, j = 1, 2, .. ., p is nonsingular.

B—2 ) a3log L
~

(O )/Na0IaO
~

aOk is bounded in probability uniformly in

0 EN6(0°)

B—3 ) There exist s a consistent estimate 01 [i.e., e1 
+ ~0 

~~
probability as N + ] such that ,4Y(0k.e°) has a limit ing

distribution with a finite covariance matrix.

F 

B—h) Let 0 be a solution of the likelihood equations which is

consistent; then vW( e—0°) is also assumed to have a finite

- asymptotic covariance matrix.

18

~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • - _________
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Let FN(O) be a p by p matrix whose (i,j) element is

a2log i~~~( e) alog LN( 0)

ao ao and be a p—vector whose i—th element is
i i  I

Let

• (is) e2 = 01 - r~(o
1
~~ ~~~~~

and

(16) ~3 = o2 
- rN(82r1 

~~~~

Theorem~~:

If B—l) through B—4) hold, ~~ 0
2_0) tends to 0 in probability;

in other words , A~(o
2—0°) has the same limitin g distribution as the

maximum-likelihood estimate. F\irthernx re, under the same conditions,

N(0 3—0) tends to 0 in probability.

Proof:

By the Taylor expansion of alog I~ (0)/ 9O~ = 0 around e1 ,

alog L~(01) a2log LN(01)

ae4 j  j  
— j ao1ao

+ 
~~~~ 

Zk(O j  — O
~

)(0k — 0~ ) ao:aoj~
ok 

0 , I = 1, 2, ...,

19

is5 A 
~~~~~~~~~~~~~~~~~~~~~~~ • ~

-
~~~

- • - - 
~~~~~~~~~~~~~~ S ~~~~~~~ ~~ ~~~~~~~ 

5 

•



S~~’ s. P~
5. 

~~ ‘ ‘ S ~~~~~~~ — ~~~~ . ‘S. : -  ~~~~~~~~ ~~~~~~~~~~~~~~~ 5. .-. ... .S.~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

* 1> • > A
• where the 0 is such that 0~ < 0~ < for i = 1, 2, ... , q5 • In

(17) above,

A a2log 1~(0
l)

j  j  j  ae1ae~

• 2 
2108 I~(ol) 

2 1 a log L11(0
1)

(2.8) = Z~
(o
~ 

— O
J) ao~ae~ 

+ I~(0~ — O
J
) 

~~~~

— (6 ~
2 a2log I~ (0l) alO8 I~(0

1)
— 

j  j  
— ~

) ae~ao~ 
— ao~

by (15). From (17 and (18),

a2log I~ (el)

• Y.~ i~ (0~ — 0~) Nao1ao~
(19)

A a3iog I~ (O *) 
A

= 

~~~ ~k ~
4I(e~ — 8~ ) NaeIao

~
aek °k ~~~

Writing the term on the right—hand side above as

A 
~ 

33log I~ ( 0 )  A

N(0 — 0 ) NE(O — 01) , we see that, for 0 < C < — 
,

u k

a3log I.~ (0*) A

both and Nt (0 — 01) converge to 0 in probability

i j

and v~ (0~ — O~) is asymptotically of finite variance by assumption.

20
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Thus the whole quantity on the right of (19) converges to 0 in probe..-
bility. It is easy to see that a2log LN(0’) /N30i90j  converges to

By assumption, the matrix (L1~) is nonsingular so that the v~’(0~ — 0~)

tends to 0 in probability. In order to prove the second assertion of

* 
the theorem , note the following equation:

N (03 -0) = {i - rN(o~ 
rN (o)} N(0

2 -0)

(20 )

+ rN(o){~~ 
arN(o )/aek(ek — Ok)} N(0

2 
— 0)

** A 
< ** > 2

where 0 is a vector such that 0~ > 0~ < O~ , j = 1, 2, .. ., p ,

arN(o)/aok is a p by p matrix with a3log °~
‘90i~~j~’k 

as its •

(i,j) element and I is the p by p identity matrix. Then it N(02 — 0)

is bounded in probability, the first term on the right—hand side of (20)

converges to 0 in probability since rN(O2 Y3TN(0) converges to the

identity matrix, and the second term tends to 0 since

rN(e )ar N(o ),aok is asymptotically bounded. The fact that N(02 
— 0)

is bounded in probability is evident in view of the following equation:

I -

~~

N(02 — 0) = — rN(o) rN(e)} ~(e~ — 0)

(21)

* 

— r;’(e1){Ik 
arN(e) 

~41(s~ — O
k

)} v~i(0
l 

— 0)

where 0~ 
~ 
0~ 

~ 
0~ , j  = 1, 2, ..., p , since

21
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H

• 
— FN(0’Y~ 

rN(e); = 
~~~~~~~ vV(~ — e~)

1< >
A

for a vector 0 such that 0~ > 0~< 0~ and arN(0)/NaOJ is bounded in

probability. I]

F,. ,

22



APPENDIX 2

ThE ASYMPTOTIC PROPERTIES OF TEE LEAST-SQUARES ESTIMATE

OF A LINEAR PROCESS PLUS WHITE NOISE

Let {Xt : t = . .. ,  —1, 0, 1, ...} be a stationary process represent-

able as a linear process 
~~ 

= 
~~~~~ 

9)€
~_1 , where the C are independent

• 
S 1=0

S 

random variables such that E(Ct ) = 0, E(C~) = a~(0) and E(c~) = C < ~
• 

- 

The and are functions Bolely of 0 = 

~~~ 
02~ •~~~~ ‘ 

Oq)
’

Suppose that the process {X
~
} has a spectral density f(w 10) with respect

to the Lebesque measure • Then define a process 
~~~ 

by = +

where {X
~
} is defined as above, the are i.i.d. random variables

with mean 0 , variance Var(r)t ) = a~(0) end E(nt) <~~ , and {C
~
}

is independent of {y
~~

} . Set g(wI0) = f(wl0) + ~~~~ a~(0) . Now ass ume

the following:

C—i) o0 
, the true value of 0 , is in e , a compact subset of

C—2) g(w~O
1) cannot be equal to g(w102) i.e., for 01 ~ o2 

,

C—3) h(w~0) = 1/g(w~O) , and h~~ (wI0) = ah(wI0)/a01 , I = 1, 2,

- 

. . .,  q , are continuous in (w ,0) for ~~ < iT , 0 E $ ,

* and W0 , the q by q matrix with the representative term

f i T  hW(wI0°) h(j)(w180)
J _lr h(w~0 

) h(w~0
0)

- 

• 

• 

is nonsingular,

23



c-h) h(i,i)(wIe) = a~~/ae1ao~ and h ’ ~”~(WIe) = a3h/aolae
J
aok

exist and are continuous In (w ,0) for Iwl < it , and

116 (00) , a neighborhood of 00 ; namely N6 (00)

S = {0:II0 — 00 11< 61)

C—5 ) ~ iIii~(0°)I <

jaO

Set U
11

(0) = 
1 
2 f ~ ~ Yte 2/(Ie)~~ , and define 611

(0)
(2ir) —iT t-1

511
(0) — 

~j  5 log f(wI0)dw — 

~~
uN(0)

Let 0 be a value of 0 which maximize 
~~~~

Theorem 5:

Assume the conditions C—i through C-5. Then 0 , the approximate maximum—

likelihood estimate of 0 , is consistent, and ,‘I1(0 — 00) has the limiting

distribution N (0, 14iTW~~ + K4 (c) w~~u0w~~) + K4 (n )w~ V0w
1) , where W0, U0,

V0 are q by q matrices having i,j—th element

~ 
~ hW(w10)~ h(j)(w10

0)

i—it h(w~0
0) h (wfO0)

~~~ h
(i)(WIeO)f(WIeO)d~

/ ~~~ 
h(j)(w100)t(w100)dw ,

214
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a ( 9 °) a11 ) 

f~~~~~ (w 1e0)dw

respectively. If the and are Gaussian, the asymptotic distribu-

tion is N(O, 14~~~l)

This theorem is derived by applying several modifi cations to Walker ’s

resu lts [1964]. For the arguments, the next lemma is important. The

result is a straightfor we .rd extensi on of the Grenander—Rosenblatt theorem

[1957, p. 137] and the proof is omitted.

Lemaa l:

Let W~(w)~ j = 1, 2, ...,  p , be any bounded even functions of w 
S

with at most a finit e nun~ber of discontinuities; let K4(E) and

be fourth cumulents of and respectively . Then,

lim N cov{f 
‘

~ 
IN(w)W

~
(w)dw , 5 IN

(w )Wk(w)dw}

= 16w2[bw 5: ~(w)2W~(w)W~(w)~~ + K4(c)~~5 
f(w)W~(w)d4~~J 

f(w)Wk(w)dw} 

S

+ 

~~~ { 
~ 5

_
~ 

W~(w)dw} 
~ f_lI wk(w)dL4]

H where IN(w) is the p.riodgr ~~ of the ~ namely I~ (w)
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A

A. The Consistency of 0

Lemma 2 [Walker (1964) p.

There exist s a function Ho,N(O) of 0 and. Y1, .. . ,  Y1~ such that 
• t I

2

lN~~
[UN(0

2) — UN(0 )]I < H6,~ (8) for all 0l~ 
02 E 0(11 0 — 8111< 6)

h a  E(H6 N~ 
= 0 uniformly in N ,

‘

ha  Var (H6 N~ 
= 0 for each 6

N9c0

Le~ na 3:
0 *

Let 0 be the true value of 0 , and 0 be any other point in 0

then,

3.im 
~r ~ 

~ (~~(~0) — (0*) ] > iC’(O°,0 ) } =

0 ’
for some positive IC’(O ,8 ) .

Proof:

1 0 *

N-,co

= — ~ ~ 1og1~ ~~~~~~ ~~ 
+ ~~ 

/u1(e°) — UN(e*)lI)1 p
L ~~~~ ~g(w$0~ J 14~~ N

26
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where the second term is equal to

H 
1 ~~ 

f iT g(~~0O )
— 2ir j_ .1~ g(

~~~*)

Thus

urn E {1 [ ~~(~0) — (
C)])

= - 

~ [* 5 log{~~°~
8
*

> 
e} d.w ~ ~~ 5 i1

].og {exp[ 
10°)) j . 

~J
But note that, for any x E R , xc < eX with equality at x = 1 • Hence

log
{
~~~~0~)~~e < log {exp 

[
~~wIe)~~ }

g(w~O )J • g(w~0 )

where, by condition 2, the equality does not hold for almost all w • Thus

f i t  f ,0 ~ n i t  C
(22) I log (~

(w I O )  
~) — I log jexp 

g (wi0 )

J —ir L g(w~O ) 1 .1 —it g(w~0 )

• 
- 

(ki the other hand,

• Var ~ ~ ~~~~~~ 
— SN(0 )]} 

Var { ~~~
. [u

11
(0°) — (~*)]} ~

where the right-side term converges to 0 , as N + ~ , in view of Lemma 2. Q
Define H6,11

(01) as in Lemma 2 and let

J6(01) max 
~~ 5 ~1og g(w~0

1) — log g(w~0) dw

{e: lIe — e’Il< 6)

0 27
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Now put H
~,N

(01) = Ho,N
(&) + J6(0

1)

Lemma h:

let 102 
— < 6 , then

1 
~ ~~(~2) — < H~ ~~~~ 

, him E(H* 
N~ 

=

6-’O

uniformly in N , and him Var (H N~ 
= 0 for any 6

• 11400

Proof:

~~~~

. [s~(o2) — 511(0 )J J < ~~~ [~~(~2) — uN (01)J I + 
~~ 5 ~1og g(w~0

2)

- log g(wI01)I~ *r(~~~H6 11(0’) + J 6(e
1)

In view of Lemma 2, it suffices to prove that h a  J6(0
’) = 0

640

By the mean-value theorem,

5 h o g  g(w~01) — log g(w~O
2
)I dw

<65 J1 ~g(w IA01+(l-A)82) h(w 1A01+(l-A)02 ) Idw

where and h(WIXO’+(l-X)02) are bounded functions on

28



~~~~~~: ~~~~~~ ~~~~~~~ T _ _ _  _____ 
~~~~

— _ _
- • -__ _ _ _  _

{02: 102 — 011 < 6) , by conditions 3) and 6). Thus as 6 + 0

if
• 

•

S max 5 ~1og g(w~0
1) — log g(w~0)~ dw -‘- 0 •

H {e l e _ e hI < 6 )  it

Now the consistency of 0 follows from Lemma 3 and Lenina 4, by almost

- 

~

• 

the same steps given by Walker (1964).

- B. Asymptotic Distribution of~~~.

It holds that

a2s (~*) ~ (9
0)

(23) ~ii(0 — 0 0) —  — l  N

Naeao’

where 0 A0 + (1—A )90 for some , ~ < ~ < ~~ 
~~~~ , ~ /NaOaO ’ denotes

S 
the q by q matrix with elements a2S11

(.) /N301aO~ , 1, j + 1, 2, . . .,  q ;

,~~0 is the q—vector with elements as.~(.)/ ~~ae~ , j  = 1, 2, • ..,

(a2h(w~0)/a0a0’ below is defined in the same way). By condition 14),

2 * 2
• 

a *

• (24) = — 
~~~~

- J — log h(wj 0 )dw
Naeao’ J —iT 30~0’

if ~ *
— 

1 5 rh(wIo 
~ I~ 

x~einI2~ü .

I 2(21r)2N —11~ aeae’

Then, as N + co ~ the right side of (214) converges to

- 
_ _  

j



ri

— 
1 f tt ~2 log h(w IO°)dw — 

1 f ~ 32h (w100) hE X e1’~’i2dw
• ii 2(2,1)211 ~~~~~~~~ 

~~~, n n

in probability. As N + ,

2(211)211 
f_ ah (O)I:°) IEnXn 1

2dW + ~L f ~ ~~~~~~~~~ ~
Also

1 a~ 0 1 fit (i,j) 
~~~~~~

~ I hog h(wI9 ~~ 
= ir 

h 
— 
h 

2 dL*)
J ~~~~~ ae~ ae

~ 
.1 _5

~~ h

Therefore the following result holds.

Lemma 5:

2 *
a s~(0 ) ~ 

r1~ ~~~~~~- — 1 2 dw = - — W0 in probability.
bit J— ~ h bit

The only problem which remains is to find the asymptotic distribution

j .  ______of —

• Lemma 6:

h a  11 

~~~ 

36N(0]~~~ = 0 , i = 1, 2, ..., q

30
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Proof :

z -
~
_
~~~~~0) 

=1 ! Iit hW ,j~ fir E~X~et~~ h(i)dw
‘~~ bit i—it h bit J-~ ~~

(11 , ~ 
it sin

2 
~(A-w )

S — 
~~~~

- I h~~’ 1 2 . 
(f(A) — f(w)]dA&

J —ir 2irN sin —
~~~~~~

• since

= 

sin2
~~~(A~w) 

g(w~0~)&~ .

According to Grenander and Rosenb latt (1957, p. 130),

~~ir sin2
~~

. (A—w ) 
~~. N1 2 N 

(g(A ) — g(w ) )dw = 
og

J~~,r 2-irN sin N

when g(x) — g(y) = O(~ x—y f )  , and t(wf 0
0) has a bounded derivative

• (Walker (1964, p. 374) ) ,  so that

E(1~~~
N

30 )_ ~~~~~~~~~

Lemma 7:

31111(0°)
— has the limiting distributio n
V~~~ 30

11(0, ~~~ + 
1—i {K4 (t ) U0 + K14(n) v0})

• (2it)

31
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Proof:

The asymptotic normality follows from a similar argument to Walker

(19614) p. 375. The asymptotic covariance is evaluated by setting

w~(w) ~~~~~~ in Lemma 1.

Now asymptotica lly, it holds that

~~~~~~~ s11
( 0 )  

- E 
~~~~0) 

= I

’aU 
E

N AIae 2 30

But in view of Lemma 7, the last term above is distributed as

11(0, ~~~ + (~~)2 
[1c4(c) U0 + K4 (11) v0]). Accordingly in view of (23)

and Lemma 5, ,J~ (9 - 90) 1~ asymptotically distributed as

11(0, bit W~~ + K14 ( e) W~
1 U0 ~~~ + K4 (ii) W~~ V0 W~~)

.
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