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Efficient Estimation of a Model with
an Autoregressive Signal with White Noise

by

Yuzo Hosoya

Tohoku University
Japan

Abstract

This paper considers the estimation of parameters in the model of
Xt = St + €, where the St are generated by a stationary autoregressive

model Z:Il;o oy St-i =My and the n, eand the €, are i,i.d. random

t
varisbles. In case the n_ and the €, are Gaussian, Hosoya (Yale Ph.D.
thesis, 19T4),Pagano (Ann. Stat., 1974) and Dunsmuir (Ann. Stat., 1979),
respectively, constructed efficient estimates and gave their asymptotic
distribution. This paper gives the asymptotic distribution of an approxi-
mate maximum-likelihood estimate using only a condition on the fourth-order
moments of €, and n, and without the assumption of normality. This
paper also contains a theorem which shows that under general conditions an
estimate given by the second-step in the Newton-Raphson iteration with a

consistent estimate as an initial value is second-order efficient in view

of C. R. Rao's definition (Rao, J.R.S.S.B., 1962).

Key words: autoregressive signal plus white noise, approximate maximum-
likelihood estimate, Whittle-Walker model, asymptotic distribution,

Newton-Raphson iteration.




Efficient Estimation of a Model with
an Autoregressive Signal with White Noise

by

Yuzo Hosoya

Tohoku University
Japan

0. Introduction.

Suppose that a message Xt has been received, but that, due to noise

in the channel of communication, the original signal s, cannot be recon-

t
structed directly from the observation X, (-st+et). The techniques of
so-called signal detection (or signal extraction) have been developed for
the purpose of inferring the signal sent as an important field of communi-
cation theory. [See Whalen (1971).] This same problem has also been called,
by some econometricians, the problem of "unobservable variables". Namely,
they maintain that the actually observed quantities do not necessarily coin-
cide with the corresponding variables in a theoretical framework; thus certain
noise~elimination techniques need to be applied to observations when a
theoretical model is fitted. [See, for example, Grether and Nerlove (1970).]
In a probabilistic framework, this signal-extraction problem has a
direct connection with prediction theory in stationary stochastic processes,
and a similar tecﬁnique to that of construction of the optimal linear filter
in prediction can be applied. In particular, if the spectral densities of

the s, and the € are rational, the optimal (in the sense of minimum

A part of this work was done while I was visiting the Department of
Statistics at Stanford University during the fall quarter of 1978. I would
like to express my sincerest thanks to Professor T. W. Anderson for his
reading and improving the paper, and also to Messrs. S. Sugihara and F. Ahrabi
for their pertinent comments.
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mean-square error) estimate of s, can be obtained from a fairly simple
recursive formula. [See Whittle (1963).] Prediction theory, however,
assumes complete knowledge of the spectral structure of both signal and
noise. However, in practical situations, this is not usually the case.
Rather, in most cases, what is required is to recover the information
concerning the structure of the signal and noise. For this purpose,

there seems to be two statistical treatments. One is to assume s to

t
be a certain (not necessarily linear) deterministic function of a time

parameter or of other parameters and to apply least-squares or other

pertinent methods (Walker (1969) and Hannan (1971) ). Another approach |

considers the model of a nondeterministic stationary signal. This paper
E || explores the latter approach. The model which will be investigated

below is the following: Assume that a signal s, is observed super-

t
imposed by white noise et , that is,

(1) X, =8, +€ »

and assume further that the signal is generated by an autoregressive
process

(2) a, s - ° T = eeey "'.1, 0. l, eeey
120 e

with a, =1 , where the € and the ht are respectively i.i.d., and

t
matually independent. Henceforth write o the vector whose element is o j
The interest in investigating specifically this type of model is

that, as will be seen, this is a special case of rational spectra. (The
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spectrum of the present model is formally a rational function of eiw ~

but the parameters of the denominator and of the numerator are functionally

related to each other. The usual statistical estimation procedures of

rational spectra do not seem to apply to the present model effectively.

Though the author attempted the application of Hannan's method of esti-

mation of rational spectra (see Hannan (1970) ) to this model, it was

unsatisfactory. It seems that only when the variance ratio of et and

n, is known, can Hannan's method (after certain modifications) be applied.]
In his paper Parzen (1967) suggests using the Yule-Walker equations

or the instrumental variable method to estimate the parameters in the model

expressed by (1) and (2). The method is consistent, but not efficient.

The Yule-Walker equations can be derived as follows. Noting that, in

view of (1) and (2), f ay E(X X 2) =0 for %=1, 8; s Ps

i=0 t-i “t-p-
an estimate of the ai can be obtained by solving those equations after
N
replacing E(X__. X ,) by the sample covariance Y g N-p-2% .
t-1i “t-p-L t=p+i+l t-1i 7t p-l/

Walker (1960) observed that in the case p = 1 the efficiency of this esti-
mate is near unity only for a small a, or for a high signal to noise pro-
portion.

This paper considers the model given by (1) and (2), and establishes
the asymptotic properties of an approximate maximum-likelihood estimate
and an efficient estimate is also constructed. An estimate is called
efficient below when its asymptotic distribution is normal with asymptotic
covariance matrix equal to the limit of the inverse of the average Fisher

information matrix when the process is Gaussian. Another approach for

constructing an efficient estimate of the a's was proposed by Pagano (197h),




though his estimate is different from the one given here in that his method
does not use the likelihood function and also his consistent estimate for
the starting value of iteration is different from the one proposed below.

The author of the present paper has shown an optimality of the use of like-

e
N
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lihood function to obtain an efficient estimate of parameters in time-series
models in his paper (1977).

The program proceeds as follows: In the next section, an approximate
likelihood function is given, and the asymptotic properties of the approxi-
mate meximum-likelihood estimate are derived as a corollary of a more general
result concerning the approximate maximum-likelihood estimation of a linear
process plus white noise; the result is given in Appendix 2 since it has
an independent interest. [For the simplicity of terminology, the value of
the parameter maximizing an approximate likelihood function will be called
below the maximum-likelihood estimate. This will cause no confusion., ]
Section 2 concerns the construction of an efficient estimate of a , oi
and 02 where 02 and 0'2,' are respectively the variance of €

n t
A method that yields consistent estimates of oi and Oﬁ is shown and an

and Ny

efficient estimate of o will be given by the Newton-Raphson iteration.
Appendix 1 to this paper establishes that under general conditions the
second Newton-Raphson iteration gives an estimate which is equivalent to
the maximum-likelihood estimate to the probability order 1/N , where N
is the sample size, whereas efficient estimates in general are equivalent
to the maximum-likelihood estimate to the probability order 1//N .
Finally, since this paper exclusively considers the case where a

signal is generated by an autoregressive scheme, it may be pertinent to
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offer a comment on the moving-average type signal. Consider, for
example, the simplest moving-average scheme s, =Ny +on and suppose

the X, (=8, + et) are observed. Assuming the same conditions on €

t
and n, as previously given, the spectral density of xt is given by

2 1 iw,2 2 2
f(w|a,of],oe)=-2;r-{|1+ae | 6121+°e}’ -T<w<m. If o  end

ar2] are unknown, the values of a , o‘i and 072] that give the same spectral

density f as a function of w are not unique. Suppose

* *
|1+ ael®|? oﬁ + °§ =|1+a Sl o;2 + °52 , from which it follows that
g 2 i ¥, #3 *2
(1 +a)on+oe-(1+a‘ )crn +o.” ,
0.02 = G* 0*2
n ;
* #

Given a , Oe and on , it is easy to see that the solution of the

equations sbove is indeterminate, even if there is the restriction

a] <1.

1. 'The Likelihood Function.

Mn spproximate likelihood function for &, 05 and oﬁ is derived
here under the assumption that st and nt are Gaussian. First of all

the spectral density of xt generated by (1) and (2) can be written as

02

F) = L n 3 3
(3) flw|a, oi, an) o E o o | s-mw<w,
age
IJ‘O

2 2
a 2 ijw ijw
where aj = 1. Write (3) as {oi + oe‘ ZJaJe ‘ }/ 21r\ EJaJe ‘ .

S T
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a2
E 8 et for some o°

:;‘ Then the numerator can be factorized into 02 j
J=0

and B (B0 =1) . This immediately follows from the Fejér-Riesz theorem

[for example, Akhiezer (1956), p. 152] which says that if

(%) glw) = Efakeikw,-nf_w<1r,
k=-p

and g(w) is real and nornegative, then there exists an h(w) such that
glw) = Ih(m)l2 and h(w) = E Bkeikm . The numerator of (3) is, as is

k=0
obvious from its expansion, of the form (4) and nonnegative; therefore

ikw,2

2
(5) twla, o2 , o) = %("'zka"; |2
w

EJaJe

where 02 and B are functions of a, ci and oﬁ .
Now in view of (5), Xt may be interpreted as generated by a linear
o

process xt = 2 vk €k ° where the vk's are obtained from the equations

k=0
[ -]
z V. eimk =I.B e”“’/z o ei'w » and where the e, are independent random
k=0 k { - J J t
variables such that
3 2 S
| (6) Var (et) = 2mexp 2—“j_" log f(w)dw
E | 2
; i R o° Izkakeiml
4 m 2%
- 'Z a iJmla
J Je
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= o®exp ( = ‘f . 108 Izkekeik“I

om
g F

=,

Also in view of (3), (6) may be written as

2
m
i o s
JJ

The equation (6) is due to Szego's theorem [c.f. Hoffman (1962)].
Assuming the normality of € and Mg s after Xl’ xa’ s lols XN are

observed, the log-likelihood function is

2 2 1
(8) 1log LN(a, a; > on) = = log |V, |v l - —log 2m0° QN(X, o, °e k o ¥y
where 02VN is the variance~covariance matrix of xl, x2, Sieray XN s and

(X, o, o 4 oﬁ) xvit x/(20°) .

The log-likelihood function (8) can be simplified by making use of
the following results due to Whittle (1952, 1962).
(-]

gL i IS G
A) TFor a linear process - 150 NE 5 o if )lknkz is analytic

and non-zero on {Z:|Z] < 1 + 8} for some § >0 , then log ]VN] +0

as N =+ © , The present model satisfies this condition. From the formation

of B, it is obvious that 02|28k2k|2 oi + o |2 2912 40 . Asoall

zeroes of Ekakzk = 0 are outside the unit circle. Therefore 1/(>:kakzk)
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is analytic and |ZaJZJ| # 0 . Thus anzk = ZBJZJ/Eazz!' is analytic

and nonzero on {2:|Z| <1 + 8§} for some § .

R 2R

B) For large N, QN can be approximated by

1nm2

2 Xe
n=1

m
9) Bk, o 2 4 ) == [

(21r)2 -

2 2
f£(wla, o » on) aw

N-1
. C

k=—§N-l) e

[}
=

2

where 0o is the k-th Fourier coefficient of 12f(w|a, gg »

!
i
g
@_
g
%

2
on) and C.
is the sampling autocovariance of k-th order,

Now by A) and B), the log-likelihood function (8) can be approximated

for large N by

(10) log L# (6) = - 3 log 2m0°(0) - %Tun(x,e)

™
= u'B 2 N1
> log (em)® - 5 5 j_" log f(w|0)aw

lZXeiml
_B_._.....__w ’

2(em? Jom £(w]e)

R o = 2 = 2
s | where 9 =a, for 1=1, 2, .vo, P and 6+ =0 ,9p+2 on , and
thus f(w|6) = — tg0|° +0_ The general treatment ;
p+2 Je BE e ge

of the asymptotic properties of the least-squares estimate obtained from

o |




meximizing the approximate likelihood function of the form (10) is fur-
nished in Appendix 2, and the following Theorem 1 is a straightforward
consequence of that result. That appendix deals with the asymptotic
properties of the least-squares estimate of parameters of a general linear
process which is superimposed by a white noise and derives them by means
of an extension of the Whittle-Walker theorem. [See Whittle (1952) and
Walker (1964).]

For the model represented by (1) and (2), assume the following:

A-1) The ¢ and nt are strictly stationary processes with finite

t
fourth cumulants which are denoted as Kh(e) and Kh(n) respectively.

0 2 2 2 2
A-2) Let o , Oco * and ono be the true values of o , O On

respectively. Then ao €A with A a compact subset of R’ such that ,

for any o € A, all zerces of § aizi are outside of the unit circle.

i=0
2 2 +
o €0 and ono are respectively in a compact subset of R .
Then
Theorem 1:

Let & ’ 3§ and (II?] be the least-squares estimates derived from the
~ ~ 2
function (10). Let h(w|®) = 1/f(w|8) . Then VN(a - ay), N(og - ogq)

and ﬁ(&f‘ - are asymptotically Jointly normally distributed with

2
o"o)
mean vector O , and with covariance matrix lmwo + Kh(e)w lU W

+l(h(n)w VW » where W, , U, and V, are (p+2)x(p+2) matrices

with the representative terms




0
Iﬂ Y Q"(I,OOJ ud (“’(l)eo) a , f“ nd) (w]e®) T o 5 W
-m  h(w|8") h(w|8) - 2ng(w|6”)

0 0
m ) % o
(3) (]60) —R2L _pzz.f (1), 16°
h (w|0™) —LT_ a , h*"(w]6")dw
f-ﬂ “l om(w|6° e |

0

8 L

_P_...21':2 f h('” (wleo) dw , respectively and where 62 = u.g » 1 =1,2,...,4p
-m

0 AT
and 6P+2 °n0

0 2

p+l e

g €0

2. Efficient estimates of a , Oi and Oﬁ .

To obtain the maximum-likelihood estimate, the function to be maximized

is, in view of (10),

iun|2

1 m 1 m |anne
- = f log f(w|6)dw - > f dw
- (2n)°N J-m  f(w|6)

which, for practical purpose, can be approximated by

N-1 N-1 I(w,)
(11) - I log f(w,|68) - & 7+T
120 i 1=0 f “‘3 ) °?
1 inn *
where w, = 2n)/N , 3 =0,1, eeoy N=1, and I(wJ) = 5N L Xe ’

Let the quantity (11) be denoted by A(6,X) . The first derivative of

A(8,X) is nonlinear with respect to 6 , so that a certain approximation

SN R

>




is required for the solution of 09A(6,X)/90 = 0 . It can be shown that
the Newton-Raphson iteration procedure generally produces an estimate as

. efficient as the maximum-likelihood estimate if the iteration starts with
a consistent estimate of 0 ; Theorem 3 of Appendix 1 proves that the

first-step iteration produces an estimate 92 such that vN( 92-6)

# converges to O in probability and moreover that N(93-6) tends to O
in probability for the estimate 63 obtained by the second-step of the
iteration. For that theorem to apply, two points must be checked. The

one is whether the starting value of 6 is consistent, and the other is

whether the present model satisfies the conditions of Theorem 3. Concern-
ing the first point, it has already been shown that the solution of the
Yule-Walker equations is a consistent estimate of a . The starting value

for og and oﬁ can be constructed as follows: Let g(w|a) = suk |

{ o

and let & be the solution of the Yule-Walker equations. Teking relation
(3) into consideration, regress 21TI(wj) on l/g(mjla), P T T
Then estimates of 02 and ga can be obtained as the regression coeffi-

cients., Namely, calculate

orI(w,) 1 i 12
(w, o) ~ ﬁ' Tw,) § !wls
(12) 2 g"“ i,
&5 _[lz 1 ]
NngJa N gz jls
. (8" o
(13) aﬁ'-ig eni(uy) - 3  § 1/elugla) .

11




Theorem 2:

The 3§ and aﬁ are consistent estimates of Oi and oﬁ respectively.
Proof':
2 2
enf(wla ,08 ,07)
1 re Y X g2 1 1
2n glwla) dw - Zr f?‘nf(wla, O¢» On)dw 2m glw[a) 0
plim oE = >
Ko 517] l2dm'{%f lm}
glwla) glwla)

where, using (3), the numerator sbove is equal to

2 2
o ) o dw
e U 2
gwla)® 2m J glwla) 2n glw|a) onJd gwla)
2
€

2 (2l )
on g(wlct)2 211 glw]|a)

Thus plim 32 =0° . In the same way, plim =0, 11l
N € € N0 n n

In order to see that the Newton-Raphson method with @ , 55

and 3§
as its starting values provides an efficient estimate, it is sufficient to
check that the approximate likelihood function (11) with conditions A-1 and
A-2 satisfies conditions C-1 and C-2 of Theorem 3. Condition A-2 implies
ena 33£(w|0) /30,63

that f(w|e) , azf(mle)/aeiae RN S e

J i

p+2, are uniformly continuous with respect to w € (-ﬂ,ﬂ) and 6 in the

3
parameter space, Thus convergence of %3%$%6§l and ﬁ%@f%%j%%h is

straightforward. Accordingly conditions C-1 and C-2 are satisfied.
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To summarize the preceding argument, efficient estimates of a ,
e
ai and oﬁ can be constructed as follows:
N

1) Solve Ea 2 D ks ¢ N-p=£] =0. 2=1,2, ee0y P
im0 1| tapegsy vt topd

for a . Let the solution be & .

2) Calculate aﬁ and 6;‘; by (12) ana (13).

3) Let 6§1)=& $ 8T, Bl ey B eéﬂ=a§ and egggaf‘ i

i ]

apply the following iteration formula:

TS i Camd ) 1 e s LR
96 90' a6 % el

vhere (A(8,X) and g(w|a) below are abbreviated as A and g)

9A _ 9A

w!.- Hﬂ,

s

S _ 2
20y (Tyoy contk-thiy) . 21y "(hyoncon(k-thuy) e Ay By ses gy

AL - 2 T4 2 2 \2
(°n + Gis)s (o + Ons)
I(w )32
7 WS TN Jp— S :
39p+1 302 J ofl + 028 J (Gra‘ + agg)2

I(w,)e




T T

==

2 %A

ek A
aezﬁm 30.23(!!“
20>cos{(m~2)w, } A 2028)(2 cos(k~2)w, ) (], a cos(k-m)w,)
: gy e o i S e PR oy ) |
I (o + 0,213)2 / {(cr,z1 + °§3)5}2 f
1:,
) 2I(9l)or21cos(m—z)mi+ hI(ci)Jloi(Zkakcos(k-l)wj)(Zkukcos(k-m)wJ) ?
. (oi + dig)2 J (Oi + 0ﬁ3)3
B
i . 1
%09 20,00

20'21( Zkokcos(k-z)w QL)_ LI(w )0315( chlkcos(k-z)wk)

+

2
J (Gn + ofez:g)2 J
e B
5 )
267, a(oﬁ)

3, 2 2
§ il 1 21((::413 (o + cne)
3(02 + 023)2 J (Ui + Oﬁg)h

&N
o S
5 5
22,5 ()

21(“1')8

= 1 .
T TE R




%A %A

2 cos (k-2)uy 20'2](2kukcos(k-£)wl )
- +* e
J (Of\ + 023)2 J (Oﬁ + Uis)z

21(wy)f oy cos (k-Luy WI(w, )ao) (o con(k-L)u,)
J (02 + 0‘,,213)2 . (°§ * 0;‘;3)3

o8- F

3 A
39p+1 aep-0-2 aci adﬁ

21(%)32

= 23(02 ;LOZ )2 i J(O'Z % 02 )3
n ES n Eg

3. Numerical Examples.
Here are given two examples of the method for the simulated data

generated from the model

X, =0.6X, _, +n, ,

t
(1%)
L Tt el W
where et and nt are respectively generated by a normal random-number

generator with mean O and standard deviation 1 . The numerical results

15
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in Table 1 exhibit the estimates obtained from generated values of Yt

(semple size = 200); the first columm in the table shows starting values

(namely consistent estimates) of a , Og and oﬁ , and the second column,

the third, and so forth, show each step of the iteration.

asre 1)
Step of iteration 1st 2nd 3rd Lth 5th 6th Tth
o 0.705 0.703 0.701 0.700 0.699 0.697 0.696
cf] 0.546 0.568 0.573 0.576 0.579 0.582 0.584
°§ 1.286 1.253 1.250 1l.247 1.24k 1.2k2 1.243

The estimation from 300 Y's yielded this:

_TAM(')
Step of iteration 1st 2nd 3rd Lth 5th 6th Tth
a 0.517 0.523 0.526 0.529 0.532 0.533 0.535
o‘;‘; 1.249 1.177 1.165 1.155 1.147 1,140 1.135
o 0.708 0.787 0.798 0.807 0.813 0.818 0.823

Obviously the case of sample size 300 gives better estimation than 2003

but in both cases it can be observed that the convergence is very slow.

»
*) In Tables 1 and 2, the values in the lst columm denote consistent

estimates of a , o‘:‘; and oﬁ which are starting values of iteration.
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The following Table 3 displays the covariance matrices W of

Ld
N
the estimates of a , aﬁ and o’i for sample sizes N = 200 and 300

evaluated by means of the asymptotic covariance matrix given in Theorem 1,

where the element corresponding to the colunmn o and the raw Oﬁ denotes,

for example, the covariance of the estimates of o and oﬁ .

N=200 o o a o2 o

n € n €

-0.325 2.178 -2.858 -0.216 1.145 -1.905

0.433 -2.858 3.811 0.289 -1.905 2.541




APPENDIX 1

THE NEWTON-RAPHSON METHOD

t‘ Let xu(e) be a likelihood function of 6 = {91, 62, P Oq}' given
observations X , X5, .., X and let NG(BO) = {6:||9-9°||< 8} vea

certain neighborhood of 60 s the true value of 6 . Now assume the

following.

B-1) 1log LN(O) is third-order differentiable with respect

T

SR TR SRR TR ORI

i to 6, ,i=1,2,...,q, for OGN(BO).

2 3
R'i,j = ﬁ-’lima log LN(BO)/NBeiBGJ exists and the matrix

{R.iJ} i, J =1, 2, ¢eey P 1is nonsingular. ’

TP T AT

» :
: B-2) 3log L,(0)/N36,30,26, is bounded in probability uniformly in i
1 6 enge°) .
| |
B-3) There exists a consistent estimate 91 [i.e., 61 > 60 in

probability as N + « ] such that vN( el-eo) has a limiting

distribution with a finite covariance matrix. §
b A
“ B-4) Let © be a solution of the likelihood equations which is
L consistent; then v/N(0-6°) is also assumed to have a finite ;

- asymptotic covariance matrix. H
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e

sl

Let I‘N(O) bea p by p matrix whose (i,)) element is

aalog Lﬂ(e) 9log LN(B)

a—ei‘s—_% and Yy (8) be & p-vector whose i-th element is T {
Let 1-
(15) 6% = ot - (") yy(eh) :
and
(26) 03 = & - 1 (6%)™ yy(6®) .

Theorem 3:

If B-1) through B-l) hold, /ﬁ(ez-g) tends to O in probability;
in other words, /N(6°-6°) has the same limiting distribution s the
meximum-likelihood estimate. Furthermore, under the same conditions,
N(63-0) tends to O in probability.

Proof:

By the Taylor expansion of 0dlog LN(O)/ae1 = 0 around 61 5

32103 LN( ot)

36136'3

dlog Ln(el) g
(17) +).(6, -0))
el T ST

33103 LN(G.)

+ 3y L(0y - 6)(8y - 6)) W .0, & ®l, By reny G




e ’
;7 ;‘ ”

A

] 3 > %
where the 6 is such that 61 < 91 < 91 for 1 ® 125 e, g In
(17) above,
o #10g 1 (6h)
6, -6 %5

@ =L, - o) —gr—+ 108 - €) —gp—

- 32103 LN(Gl) dlog LN(Sl)

) i ’
J 236:.L36|j aei

= J(e,j -6
by (15). From (17 and (18),
~ > 32103 LN(OJ')
Edﬁwa'%)'iﬁﬁq_
(19) E
Plog I(8°) o

¥ 1
= _23 Zk lﬁ(ed - OJ) Wek-' ek) .

Writing the term on the right-hand side above as

1 3310g Lh(e')
J N-*€30, 20

in 1 1
N(ek-ek), we see that, for 0<e<§,

m%-e
j 36k

33103 I.h(e.)

@
nl*‘aeiae

k

A
both and NE(Ok -0 converge to O in probability
Jaek

and m'(eJ - 6}) is asymptotically of finite variance by assumption.




Thus the whole quantity on the right of (19) converges to 0 in proba-
bility. It is easy to see that 32103 LN(el)/NaeiaeJ converges to R'i,j :
By assumption, the matrix (R.iJ) is nonsingular so that the v"h’"(é\‘1 - 9?)
tends to O in probability. In order to prove the second assertion of

the theorem, note the following equation:

A

N(e3 - @) = {I - I‘N(ea)'lrN ()} N(62 - 9)

E ary (6 ) /36, (6 -ek)} N(6° - 6)

2\-1
+ T _(69) {
N = X

#% N WS> D
where 0 is a vector such that BJ>6'j <GJ P s [ T ) S S

b 3
2)I‘N(6)/36k is a p by p matrix with 9 log L.N(e)/aeiarjark as its
(i,J) element and I is the p by p identity matrix. Then if N(62 -0)
is bounded in probability, the first term on the right-hand side of (20)
converges to O in probability since PN(GQ)']'I‘N(G) converges to the

identity matrix, and the second term tends to O since
A

I‘N(62)-18I‘N(6.‘»)/86k is asymptotically bounded. The fact that N(G2 -0)

i s bounded in probability is evident in view of the following equation:

N(62 - 8) = /R(I - rn(el)"l rN(S)} et - o)

(21)

ar, (8) A A
-1,,1 N 1 1
- I'N (0 ){21( —se—k— v'ﬁ(ek - Sk)} /N6~ - 9)

where 6‘3‘§6J§OJ s %1 2, sesy P 5 8ince
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4 -
x 8. .
| 1y-1 2 N ey
: & 1< a0 RS
| for a vector 6 such that OJ > GJ< OJ and SI‘H(G)/NQG.1 is bounded in .
E ‘ probability. ﬂ




APPENDIX 2

THE ASYMPTOTIC PROPERTIES OF THE LEAST-SQUARES ESTIMATE

OF A LINEAR PROCESS PLUS WHITE NOISE

Let {Xt tt=.00,-1,0,1, ...} be a stationary process represent-

-
able as a linear process X = i ui(e)et 4 » vhere the e, are independent
i=0 "

random varisbles such that E(et) =0, E(ei)

cﬁ(e) and E(e:) =C<w»,
The u; and O, are functions solely of 6 = (91, 92, ceels eq)' .

Suppose that the process {xt} has a spectral density f£(w]|6) with respect
to the Lebesque measure. Then define a process {Yt} by Yt = Xt + n,
where {Xt} is defined as above, the n, are i.i.d. rendom variables

with mean 0 , variance Ve.r(nt) =0121(6) and E(nt) <o, and {et}

is independent of {n.} . Set g(w|6) = f(w|0) + % oﬁ(e) . Now assume
the following:
c-1) g° , the true value of 6 , is in © , a compact subset of

R,
c-2) g(wlel) cannot be equal to g(mlea) i.e., for o # 6° ;
c-3) h(w|8) = 1/g(w]6) , and h(i)(mle) = dn(wle)/38, , i=1,2,

eees Q@ , are continuous in (w,8) for |w| <7, 6 €0,

and Wo , the Q@ by q matrix with the representative term

J’“ (1) (0]6%) nld)(w]e®)
0 o W
-1 h(w|e") h(w|6")

is nonsingular,




o

™ T D O T T T T

c-4) n3+)(ule) = 9Pn/20,20, ana n'*+3k)(u|e) = o%n/20, 00,00,

J

exist and are continuous in (w,0) for |w| <m, and

Ndl(eo) , a neighborhood of 6° 3 namely N51(0°)

= {e:]le - °||< 5.} ,

c-5) I ilu (69| <.
i=0

N
Y. e
e

m 2
AL /g(wle)d» » and define Sy(6)

Set UN(G) (2“)2 3

N [" )
8,(8) = - = 2 log f(w|0)aw - 5 U(8) .

Let © be a value of 0 which maximize SN(G)

Assume the conditions C-1 through C-5. Then 6 , the approximate maximum-

likelihood estimate of © , is consistent, and VN(6 - 90) has the limiting

- -1
distribution N(O, lmwo + Kh(E) wo UOWO ) + Kh(”) A Vowo ) » Vvhere Wy, U

VO are qQq by q matrices having i,j-th element

J"ﬂ' (i)(mle ) h(J)@)Le)
-1 nw|e®)  n(w|e?)

m L
I h(i)(wleo)f(wleo)an/ f h(J)(wleo)r(wlﬂo)dln .
- =T

2L




o (9 g (e
j" 1) (]6%) J“‘ n$9) (w]6%)aw

respectively. If the et and nt are Gaussian, the asymptotic distribu-

tion is N(O, LmW )

This theorem is derived by applying several modifications to Walker's
results [1964]. For the arguments, the next lemma is important. The
result is a straightforward extension of the Grenander-Rosenblatt theorem
[1957, p. 137] and the proof is omitted.

Lemma 1:

Let WJ(w), J=1,2, eees P, be any bounded even functions of w
with at most a finite number of discontinuities; let Kh(s) and Kh(n)

be fourth cumulants of et and ng respectively. Then,

m n
lim N cov{ In(w)WJ(w)dm o J IN(m)Wk(w)dm}
-T7 =T

N-oo

161r2 N ; “ 2 i .
- g(w) WJ (w)wk(w)au + Kh(e) f(w)WJ(w)dm f(w)wk(m)dm}
=T =T -T

£y vy
v gy {22 L' wwad { [ wnwa}].

vhere I (w) is the periodgram of the Y, , namely I (w) = IY S

V‘l

e e oo




A. The Consistency of 6 .
Lemma 2 [Walker (1964) p. 368:

There exists a function Hy N(6) of © and Y, ..., ¥ such that
9

2
N ug(6%) - u(eh)]] < Hy (8) for a1l 0, 0, €0(lle - otl|< 8) ,

lim E(H, ) =0 uniformly in N ,
S,N

&0

1lim Var (H6 N) =0 for each §

N+ »

Lemma 3:

®
Let 90 be the true value of 6 , and 6 Ybe any other point in © ,

then,

Lin 7, [5y(8) - sg(6") 1> xr(e%8") 1 =12

»
for some positive x-(e°,e j

Proof:
! Ua £ {5 [ gy(6°) - 8y(8 )1}
Ei " 0 (6°) - u (8"
| =T C(@le Nooo N
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e

where the second term is equal to

L 0
l_.l‘_ Mdﬂ).

*
et Jon g(w]|e )

Thus

1n E G 5;(6%) - 8611}

m 0 ] 0
1 1 gjwle ) 1 g$w|e )
= - > |zn j- log{ e} dw - o -"log {ex'p[ ] } dw .

m glwlo) glw|6 )

But note that, for any x € R , xe < e* with equality at x =1 . Hence

0 0
o182 o [t
g(w]6 ) - bg(w]|6 )

where, by condition 2, the equality does not hold for almost all w . Thus

(22) Jnlog {ﬂﬂe—tle}dm- j_ﬂ log{expdﬂl—egl}dw<0 .

*
- m 8((0!9 )

On the other hand,
var { 3 [5,(6°) - 8,(6")1} = var { } [uy(6°) - y(e1} ,

where the right-side term converges to 0 , as N +  , in view of Lemma 2. U

Define Hy l'(el) as in Lemma 2 and let
>

™
Js(el) = max ,‘1? j | 108 g(mlel) - log g(w|8) aw .
-

{0:]|8 - o] < &}

27




Now put H;’N(Sl) = HG,N(el) + JG(Gl) %

Lemma b:
let |6% -0 <6, then

| § [ sy(8®) = sy(eh)1] < By y(8h) Lin B(Ky ) = O

*
G,N)=0 for any 6 .

uniformly in N , and 1lim Var (H
N0

Proof:
T[
I§ [5,(6%) - s(61)]] <5 | & [4,(6%) - uy(eM)]] + & j 108 &(w|6?)
=T

~ log g(wlel)ldw f_%HG’N(Ol) + Ja(el) s

In view of Lemma 2, it suffices to prove that lim JG(el) =0.
60

By the mean-value theorem,

5 1 2
J [log g(w|6™) - log &(w[6°)|dw
-7

" 1 2
< 5I . 3 2‘(“‘1“3;:‘1"‘)9 L n(w| A6 +(1-2)6%) |aw

k=1

where and h(w|A61+(l-k)62) are bounded functions on

28
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{6%: |6 - o'| < 6} , by conditions 3) end 6). Thus as § + 0

m
max f |10g g(wlel) - log g(w|8)|aw 0 . []
0 o-04 <8 7"

Now the consistency of 6 follows from Lemma 3 and Lemma 4, by almost

the same steps given by Walker (1964).

B. Asymptotic Distribution of 6.

It holds that

/N2

2 * 0
9°s (6) o asy (@ )
N3623o*

(23) N@-e%=-(

where 6. =)0 + (1-x)e° for some A , 0<A<1l, 328N(.)/N3680' denotes
the q@ by qQ matrix with elements '¢)2SR(.)/1139139‘j s By 3VL, By s i

QSN(.)/ /030 is the g-vector with elements dSy(.)/ «Eaea e 3Ly By ey B

(32h(m|6)/3986' below is defined in the same way). By condition 4),

2 " 2
°8.(6 ) T 9

(24) x = - h—::r- j log h(mle')dm
NJ6236' -7 96936

*
azhgwle 2 |3 einIZM .
n'n

__1_I“
o(2m)°N J-n  2020"

Ten, as N + o , the right side of (24) converges to

29




! LI 0 1 3%h(w|6 inw,2
- %j % d0g h(w|6”)dw - 5 I (wl' ) |z X e st ™ ;
| -1 9699* 2(2m)°N J-m 23099

in probability. As N + o« ,

( } m 2hsw|e z |‘5 Xneiwladm-b p f’" h(i’J)gw|9°) iy
! -7

2(21!) N J -n ae ae

¢ | Also
3 . B X alg)  Rt)
| ,}-ij 2 1ogh(w|e°)dm=anf L bk 2w,
b | =T 30136 -T h h
Therefore the following result holds.
3 Lemma 5:
b -
Chite) e BL(D N
; — . — et Q) = o W, An probability.
: N6, 30, bwm Jor n I

The only problem which remains is to find the asymptotic distribution

1 BSn(e)
QF . S e ——
/N
Lemma 6:
1 98y(07)
;‘i:E ET .0' i'l,2,...,q-

30
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E(}- - )) -& [° h—(i) w- X 1rE e ol o i) gy
v, 3 28, by J-1m h Wt J-n | 2w
2 N
i f" w8 j“ el e APIP R O
& ) -1 21N sin® )‘—2'9'- 5
since
1in|? 21
anne 1 f‘n' sin i(l—m) : |e i
E B e— w .
G e e S

According to Grenander and Rosenblatt (1957, p. 130),

f ™ sin2 % (A=w)

2N

(g(A) - glw) )aw =0 (M) s
-1 27N sin >

N

when g(x) - g(y) = O |x-y|) , and r(m|e°) has a bounded derivative

(Walker (1964, p. 374) ), so that

0
E(_l_as,(e ))_o(logn) 0
N L]
N
Lemma 7T:

L 3(8°)

- esieeee has the limiting distribution

N

1 i v.}b) .
y =W {x, () U, + K, (n)

31
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Proof:

The asymptotic normality follows from a similar argument to Walker

(1964) p. 375. The asymptotic covariance is evaluated by setting

WJ(w)'= 23 (w) in Lemma 1. [}

Now asymptotically, it holds that

R 1 55(0%)  s(e%) (sn(eo) ) s x e (aUN )
~ 5 ~ -E g e e R s .
20 /Na6 /oo /N 196 PY:)

But in view of Lemma T, the last term above is distributed as

1
(2m)?

N(o, %wo +

[K,(e) U, + K, (n) V1), Accordingly in view of (23)

and Lemma 5, ¢N(6 - 90) is asymptotically distributed as

-1 -1 wd Y -1
N(0, bmw W3 + Ky(€) W U, WO+ xﬁ(n) LA/ B

e e aried T
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