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ABSTRACT

Y

The present paper provides * methodology for the computation of the
hit/ki11 probability of a high caliber weapon shooting in a forest,

We assume that trees are distributed at random according to a Poisson

Law. Bullets which hit trees with sufficientC@y high velocity can
penetrate the trunks and continue towards the target. A model fis
provided for the determination of the distribution of the exit velocity
of a bullet. Recursive method is given for the computation of succes-
sive exit distributions as functions of the initial (muzzle) velocity,
the distances between the trees and their characteristics. On the
basis of this recursive method the kill probabilities are computed.
Numerical examples are provided as well as FORTRAN programs.

KEY_WORDS

Shooting in Forests, Exit Velocity, Distributions, Poissen distribution,
Recursive Computations, Order Statistics.
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1. INTRODUCTION

The present technical report provides a method of evaluating the degrada-
tion effects on large caliber weapons located in a forest and shooting

at a target in the forest. The degradation effect is actually measured
by the decrease in the hit and kill probabilities of these weapons,
compared to those when there are no obstacles in the trajectories of

the bullets. The obstacles considered here are randomly located trees

of varying trunk size. The initial (muzzle) velocity of the bullets is
sufficiently high to allow penetration through trees. However, the
penetrating bullet loses energy and its exit velocity may be considerably
smaller than the velocity at which it hits the tree. The hitting velocity
depends on the initial velocity and on the distance of the tree from the
origin. The exit velocity is, however, a random variable which depends
on the length of the bullet's path through the trunk and the resistance
of the wood (type of tree). The penetrating bullet may also be deflected
from its original aimed path. In Section 2 we specify the physical model
under consideration and the probabilistic assumptions. The distribution
of the exist velocity is derived from this model analytically in Section 3.
In Section 4 we develop a recursive method for the numerical determination
of the consecutive distributions of the exist velocities from n trees
(n>1), which are located at specified distances dl' dz""’dn from each
other, on the path of the bullet. This recursive method is particularly
convenient for numerical analysis. In Section 5 we derive an analytic
expression for the hit/ki1) probability of a round. This analytic
expression requires, however, numerical methods of evaluation. We
provide numerical methods which combine exact computations with some
Monte Carlo estimation. This Monte Carlo estimation appears only in one
stage of the numerical evaluation, replacing a complicated numerical
integration. The method is not, however, a pure simulation procedure.

It has the property that with a very small number of (independent) runs
we attain estimates with very high precision. Two alternative procedures
are compared with respect to their precision and required computing

time. FORTRAN programs are provided in the appendices.




2. THE PHYSICAL AND THE PROBABILISTIC MODEL

Consider a weapon located at the origin, 0, and shooting at a target
which is at range R [m]. The initial (muzzle) velocity of the bullet is
Yo (m/sec]. If there are no obstacles along the trajectory of the
bullet, it will hit the target with probability PH(VO,R). Given

that the bullet hits the target, the kill probability depends on the
velocity of hitting the target, which is vox(vo.R) and on other possible
factors. Let PK(vo,R) designate the combined kill probability. This
function is specified in each particular case according to the specific
weapon and fighting conditions. Similarly the function A(vo,R) depends
on the type of weapon, etc. We will consider here, for the sake of
simplicity, a linear decreasing function of R, ¥y X(vo,R) = vo-sR.

This is a good approximation when the initial velocity, Voo is high and
R is not too large a fraction of the weapons maximum range. The method
developed in the present paper can be easily generalized to other types
of ballistic functions.

The problem of shooting in the forest is that of randomly placed obstacles
(trees) along the path (trajectory) of the bullet. We assume that the
trees are randomly located according to a Poisson Law, with a given
density, u[No. of trees/mzl. Thus, if we consider a strip around the
straight 1ine connecting the origin with the target, of length R[m]

and width 1[m], the number of trees to be found on this strip is a random
variable, N, having a Poisson distribution with mean uR.

In case of N =n, n2, 1, Tet D,, Dyse++sD, be the distances (in [(m]) from

the origin to the location of the center of the first tree; from the first
tree to the center of the second, etc.

o, <o
i=1
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It is well known that the location points (Figure 1) € = D), &, = D) + Dy,
cenr §p ® D1 + o0 * Dn' are random variables having a joint distribution
1ike the order statistics in a sample of n independent and identically
distributed random variables from a uniform distribution on [O,R]

(H. A. David [1] pp. 80).

The trees are generally of varying size. We are actually concerned with
the size of the trunk at a certain height, h, above the ground. For the
purpose of modeling we assume that a cut along a horizontal plan yields

a circle of radius T (Figure 2). This radius is generally a random
variable with a specific distribution, FT(t). The methods developed

in the present paper are for a fixed radius T. We discuss at the end
how the numerical procedures can be extended to cover the case of varying
radius. Notice that the length of the bullets path in the trunk is

gt O W
L 2 (T -u ) (2‘1)

where u (the distance of the path from the center) is a random variable,
having a uniform distribution on the interval (0,T). Accordingly, L is
a random variable having, for a given T, a distribution function (c.d.f.)

P ;' = - " X . .
X - -—

3. THE DISTRIBUTION OF THE EXIT VELOCITY

Given an initial velocity Yo and a tree of radius T located at a distance
D from the origin, the question is what is the distribution of the exit
velocity, Vi of a bullet going through that tree. We say that the

exit velocity is zero if the bullet is absorbed in the tree.
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Figure 1. Raridom Location of Trees Along the Path of a Bullet
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Figure 2. A Horizontal Cut of a Trunk of Radius T,
With the Bullet Path
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The basic physical equation is that of energy conservation, namely

3 (A(vo.d)vo)2 . §'v12 L, (3.1)

where d = D - T, m is the mass of the bullet, ¥y A(vo.d) is the entrance
velocity, L the length of the bullet's path within the tree and v a proper
constant, which depends on the tree's resistance (in units of [g](m]/[sec]®).
The physical model (3.1) is accepted to be a good first approximation to

the more complicated phenomenon of a projectile penetrating a solid mass
(see Lambert [3]). From (3.1) we can write

Wiy, A(vo.d))z o aky (3.2)

where a is a proper constant. Let L'(vo. d) = (v0 A(vo. d))zla. ItL A
the bullet will be absorbed in the tree. The probability of this event
is, according to (2.2)

0 VA L*(vg,d) 2 2T
q(vg,d; T) = L (vgud) 2]1/2 (3.3)
3 o1 , otherwise

Similarly, the c.d.f. of the exit velocty, Vl. is

1 : 'y 2 Y Nvgs d)
H(vyi vge dys T) = 2 _, 220172 g
' ' M 0 ((vg Mvgad))® = %) L0 <y € Vg \(vgd) (3.4)
4 2rTZ +
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where [a]* = max (a,0). Notice that if T is small, vozxz(vo,d) - Y
may be greater than 2al.

In these cases the ¢.d.f. value is zero. Thus, let
* 1/2
v, (v, dsT) = | (v.a(v.,d))2 - 2aT
1 Vo2l oMVo? ;- Wit

I qv.diT) = 0 then v, (v ,d;T) 2 0. On the other hand, 1f q(v,,d;T) > 0
then vl'(vo.d;T) = 0. These relationships are illustrated in Figure 3.

4. RECURSIVE DETERMINATION OF THE SUCCESSIVE EXIT VELOCITY DISTRIBUTIONS

In the following we will adopt the simple model vox(vo,d) a vo-sd.

This assumption is not restrictive. The following formulae are developed
for this particular function, since the data showed linearity in the region
of interest. The formulae can be easily modified for other types of
ballistic functions. Define, Hl(x;vo.d,T) = H(x;vo,d,T), 0 < x £ v-pd.

4.1 The Case of n=2

Let d; and d, be the given distances. The distribution of the exit
velocity from the second tree, vz. can be obtained from Hl(x;vo,d.T).
since the exit velocity from the first tree, if given, can be applied
to compute the entrance velocity into the second tree. Accordingly, the

c.d.f. of Vz. given Vo? dl' d2 and T is

Vo-sdl

Nz(v; vo'dl’dZ'T) = .}r Hl(v;x,dz.T)dHI(x;vodl,T) (4.1)
0-
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Figure 3. The C.D.F. of the Exit Velocity
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Thus, we obtain after some manipulations

[(v-8d, -8d,)2 - V212 | 172

4.2)
Hy(vsv,,d,,d,,T) =|1 - e (
b T 40272 J
v,-8d, -gd
0 .1 2 172
[(v,-84))% - (y+8d,)21? T e e
M e v et T e & B
ZQZTZ A 4a"T 4a'T

This integral should be understood as a regular integral over the range
of values over which the functions within the squared brackets, [ ], are
both positive. Furthermore,

0 , £ G(y) <0

4,[6(y)], {
ts‘(y)cly , if G(y) > 0,

where G(y) is the derivative of G(y). Our approach is to evaluate (4.2)
numerically. We therefore leave it in its present form, without further
analytical elaboration. For the purpose of approximating Hz(v;vo,dl,dz,T)
numerically we partition the interval (v, vo-adl-edz) into M subintervals
of equal size A = (vo-sdl-adz-v)/M.
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Define
]

=2 v+ A s 120, 1,...1

Wi = ('1 + "1-1)/2 ’ 1 = l.nao.M

We approximate then (4.2) by

Viv,,dy,0,, - o %)
2(¥i¥e:%10% 2 X
Zm“ : (2 21212 : (1.2 22 ] 12
+ - “ -
i 4a°T + o |,

40?;5 +

(4.3)

|
|

(4.4)




: As M grows (to infinity) the right hand side of (4.4) approaches that of
(4.2).

In Table 1 we present the results of some computations of the c.d.f.
Hz(v;vo,dl,dz,T) according to approximation (4.4). These computations
were performed according to Program BULLET of Appendix 1, with the proper
parameters and M = 400 and M = 500. We have tried the approximation also
with M = 50, but for small T values (0.1 and 0.2) it has not yielded
accurate results for small v values.

[

4.2 The General Case

After computing the values of Hz(v;vo,dl,dZ,T), at specified values of v,
one can compute H3(v; Vo’dl’dZ’d3’T) at those values of v, etc. The
computation is based on the recursive formula

n-1
Vo8 ;Ei dj .
By G v ™, 1 s i Hy(vix,d o T) dHy (xsv, g™ HT)  (au5)
0-
b5
v,-8 3 d.
s 8 sk s
- Hn_l(vwdn,vo,g(n 1)+ fJ 1 Hy (vix,d,T) dHn-l(X;Vo"l(n‘ 1)1
v+3dn

n
For every 0 { v< v - d;, |
—_ -0 -lj

where d(™1) = (a0 ), d(™ e (@™,

n-1)3

Yo A do -
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TABLE 1. The distributions Hz(v; Vo dy» dZ' T) for Vo * 1300 [m/sec],

g8 = 1.8, a= 2,812,500 [m/sec’], dy = 200, d, = 250,

v/T

o.
100,
200.
300.
400.
S00.
600.
700.
300.
900.

1000.
1100,
1200.

M = 400

d

0. 000000
0. 000000
0. 000000
0. 000000
0. 000000
Q. 000000
0. 000000
0.2357341
0.373220
0. 792740
0.969721
0.997239
0. 9999939

.2

0. 743070
0, 743149
0.7S0430
0.7314869
0.813191
0. 364330
0.388422
0. 83970
0.333473
0. 993828
0, 993389
0. F9993T
1.000000

PROCESSOR USRGE: 1028.4 UNITS

v/T

0.
100.
200.
300.
400.
S00.
600.
700.
900.
200.
1000.
1100.
1200.

M = 500

PROCESSOR USRGE:!

1

0.000000
0.000000
0.0000Q00
0. 000000
0. 000000
0. 000000
0. 000000
0.2991189
0.358019
0. 794083
0.9869721
0.997239
0.999998

¥ 4
0.713346
0.718970
0.731379
0.7635288

«TIESTY
0.8416%1
0.831748
0.963970
0, 333473
0. 993828
0, PI3A9
0.999839
1.000000

1283.9 UNITS

la

0. 966422
0. 987444
0, 970347
0, 374688
0.979840
0. I3T138
0. 90042
0. 394083
0. I9893T
0, F937IV
0. 999435
0, 399988
1.000000

.3

0. 988422
0, F6T44T
0, 970347
0. 974889
0.37I240
0.933T138
0, 330042
0. 994083
0, IIg 37
0. 393799
0. IINE8T
0. 399983
1.000000

4

0. 990392
0, 99068%
0, 991447
0. 992632
0.994068
0. 995578
0, 9987
0. 998133
0. 999070
0. 9996238
0, $99901

1. 000000

.4

Q. 99032
0. 390883
0, 991447
0. 32832
0. 394088
0.9395378
0. FIEIST
0, 993138
0, 39070
0, I8
0. 9399901
0.9999%0
1.000000

.5
0, 998215
0,.998321
0. 996823
0. 997082
0.997é42
0.998234
0. 998793
0. 395289
0, 999823
0, 995343
0.999%9a1)
0. 999996
1.000000

.5
0. 996218

0.9963231

0.396833
0.9370382
0, 3ITES2
0. 393234
0, IPETIS
0, 3928
0. 999823
0. 999248
0, IS0
0. 99996
1.000000




Notice that Hl(v‘x'dn'T) =] forall oS xS v+ 8d,.

The integral (4.5) is evaluated numerically, for each n = 2,3,... on a
constant grid of v values, being By T, 120, 1,2400¢ M

where o = 25 [(m/sec], by a formula similar to (4.4). In Tables 2 and 3
we present the numerical results of computing five exit distributions
recursively. The computations were performed according to Program BUL2
given in Appendix 2. The difference between the two examples is in the
value of the a coefficient.

S. DETERMINATION OF THE HIT/KILL PROBABILITIES

In Section 2 we introduced the kill probability function PK(vo.R). If
the bullet goes through n trees on its way to the target, the kill
probability( iven the last exit velocity Vn N and the vector of
distances d " is PK(v“, R-sn-T). Accordingly, the ki1l probability,

given N = n and given gf") is, for trees of fixed radius Tand n 2 1

vy (vgon,g{M,7) = Pe(xsR=6,=T)aH_ (xsvg,d ™, 7). (5.1)

Furthermore, since the conditional distribution of the points of location

of the trees, 21 = Dl' Ez = 01+Dz,....in = Dl+....Dn,
given N =n , is 1ike that of ordered statistics from a uniform distri-

bution on (O,R), the conditional kill probability, given N =n and T is

for 21

12
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TABLE 2. Distributions of Exit Vlocities; ¥ ™ 1,300 [m/sec], d1 = 200,

2
d, = 150, dq = 125, dg = 125, dg = 200 [m], « = 474,573.75 [m/sec],

B = 018’ T - 03 [mJ‘

| :
v/n 1 2 3 4 i
3. 0.000000 0.000000 0.D00000 0.000000 0.000000° ?
25. 0.000000 0.000000 0.000000 0.000000 0.600000 {
S0. 0.000000 0.000000 0.000000 0.000000 0,000000 - |
7S. 0.000000 0.000000 0.000000 0.000000 0.000000 - 1
100. 0.000000 0.000000 0.000000 0.000000 0.000000 4
125. 0.000000 0.000000 0.000000 0.000000 0.000000 |
150. 0.000000 0.000000 0.000000 0.000000 0.000000
173. 0.000000 0.000000 0.000000 0.000000 0.000000
200. 0.000000 0.000000 0.000000 0.000000 0.000000
228. 0.000000 0.000000 0.000000 0.000000 0.000000
230. 0.000000 0.000000 0.000000 0.000000 0.000000
27S. 0.000000 0.000000 ©.000000 0.000000 0,000000
300. 0.000000 0.000000 0.000000 0.000000 0.000000
323. 0.000000 0.000000 0.000000 0.000000 0.000000
350. 0.000000 0.000000 0.000000 0.000000 O.000000
37S.  0.000000 0.000000 0.000000 0.000000 0.000000
400.  0.000000 0.000000 0.000000 0.000000 0.000000
42S. ' 0.000000 0.000000 0.000000 0.000000 0.005033
4S0. 0.000000 0.000000 0.000000 0,000000 0.009672
47S.  0.000000 0.000000 0.000000 0.000000 0.030402
S00. 0.000000 0.000000 0.000000 0.000000 0.057226
S2S. 0.000000 0.000000 0.000000 0.000000 0.082890
SS0. 0.000000 0.000000 0.000000 0.000000 0.130717
: S7S. 0.000000 0.000000 0.000000 0.000000 0.18%662
600. 0.000000 0.000000 0.000000 0.000000 0.244578
62S. 0.000000 0.000000 0,000000 0.000000 0.318746
630. 0.000000 0.000000 0.000000 0.000000 0.415488
67S. 0.000000 0.000000 0.000000 0.000000 0.51097%
- 700. 0.000000 0.000000 0.000000 0.021790 0.599678
725. 0.000000 0.000000 0.000000 0.072218 0.67%214
; 730. 0.000000 0.000000 0.000000 0.144083 0.757767
; . 0.000000 0.000000 0.000000 0.223350 0.825301
| 800. 0.000000 0.000000 0.000000 0.318064 0.879620
: 82S. 0.000000 0.000000 0.000000 0.450055 0.920472
; - 830. 0.000000 0.000000 0.000000 0.580120 0.9494602
§ §7S. 0.000000 0.000000 0.051706 0.696111 0.969436
900. 0.000000 0.000000 0.165134 0.791503 0.983231
92S. 0.000000 0.000000 0.308305 0.36477%5 0.991359
950. 0.000000 0.000000 0.445347 0.916221 0.9953%4
97S. 0.000000 0.000000 0.61317% 0,954470 0.993148
1000. 0.000000 0.000000 0.7S45902 0.377061 0.999238 |
102S. 0.000000 0.139957 0.3%3805 0.989343 0.999715 .
1050. 0.000000 0,.394401 0.925631 u.39%492 0,99990S ?
107S.  0.000000, 0.605108 0.264734 0.398291 0.999973
1100. 0.000000 0.771504 0.935291 0.399433 0.999993 ]

1123. 0.000000 0.2339233 0.9294716 0.299340 0,999999
1180. 0.2%57%0 0.293I309 0.392403 0.9299943 1.000000 ‘
1173, 0.547181 0.984825 0.999414 0,.799%94  1.000000
1200. 0.832639 0,%98277 0.3999258 1.000000 1,000000
12288, 0.940097 0,999407 1.000000 1,000000 1.000000
1230, 0.992331 1.000000 1.000000 1.000000 1.000000
127S. 1.000000 1.,000000 1.000000 {,000000 1.90G000

—e TS
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TASBLE 3. Distribution of Exit Velocities; o 1,300 [m/sec], dl = 200,

dy = 150, dy = 125, d, = 125, dg = 200 [m]; @ = 1,000,000 [m/sec],

g = .18, T = .3 [m].

v/n 1 2 3 4 5
0. 0,000000 0.000000 0.243546 0.34%444 0,937763
2%. 0.000000 0.000000 0.249499 (,349983 0.987313
S0. 0.000000 0,000000 0.232296 0.851183 0.987960
?S. 0.000000 0.000000 0.2%6781 0.8%3297 0.988273
100. 0.000000 0.000000 0.2627S1 0.3%6135 0.98984S '
12%. 0.000000 0.000000 0.269995 0.8%9631 0.9990989
150. 0.000000 0.000000 0.2?8311 0.363787 0.989%598
17S. 0.000000 0.000000 0,.2990%52 0.370212 0.990161
200. 0.000000 0.000000 0.313829 0.3878222 0.990764
22S. 0.000000 0.000000 0.329014 0.382340 0,.991492
230. 0.000000 0.000000 0.344104 0.388577 0.992193
27S. 0.000000 0.000000 0.371997 0.396986 0.99298%
300. 0.000000 0.000000 0.393368 0.904323 0.99362%
32S. 0.000000 0.000000 0.413887 0.911426 0.994328
350. 0.000000 0.000000 0,448591 0.920106 0.99490S
37S. 0.000000 0.000000 0.473916 0.927415 0.99%663
400. 0.000000 0.000000 0.509298 0.93%431 0.9962%3
42S. 0.000000 0.000000 0.53886S 0.942%99 0.996834
4S0. 0.000000 0.000000 0.575010 0.949899 (,997338
47S. 0.000000 0.000000 0.806743 0.9%6373 0.997804
S00. 0.000000 0.000000 0.544192 0.982792 0.998202
S28. 0.000000 0.000000 0.57TS097 0.96831% 0.998%%9
$S0. 0.000000 0.000000 0.714d444 0.97367S 0,.998354
S7S. 0.000000 0.000000 0.744889 0.978037 0.999111
600. 0.000000 0.000000 0.781540 0.932317 0.999318
623. 0.000000 0.022092 0.813364 0.98%5847 0,.999437
650. 0.000000 0.057399 0.54094S 0.9387382 0.999622
67S. 0.000000 0.152739 0.368430 0.991342 0,999726
700. 0.000000 0.239789 0.391901 0.993404 0.999806
723. 0.000000 0.310833 0.912011 0.99%50%2 ¢.999966
750. 0.000000 0.392621 0.930%61 0.996400 0.999909
77S5. 0.000000 0.472353 0.945940 0,997427 0.999940
800. 0.000000 0.543983 0.95837% 0.998197 0.999962
82S. 0.000000 0.810063 0.969236 0,998778 0.999976
850. 0.000000 0.879238 0.977751 0.999192 0.999986
87S. 0.000000 0.741204 0.984292 0,999481 0. 999992
900. 0.000000 0.79%37% 0.939221 0,99967T 0, 999998
92S. 0.000000 0.843923 0.9923890 0,999306 0.999998
950. 0.000000 0.3377SS 0.99%441 0,999332 0, 999999
97%. 0.000000 0.92242% 0.997168 0,999938 0, 999999
1000, 0.087SS1 0.947379 0.998308 0,9999%T 1.000000
1088, 0.410653 0.965621 0.999033 0,.999984 1.000000
1050. 0.564656 0.979007 0.999430 0.999993 1.000000
1078, 0.676127 0.936%38%  0.999741 0, 999987 1.000000
1100, 0.763202 0.992334 0.999883 0.999999 1.000000
1128, 0.832891 0.99%99% 0,9999%3 1,000000 1.000000
1150, 0.899612 0.99315% 0.999984 1, 000000 1.000000
1178, 0.932282 0.999302  0,99999 1, 000000 1.000000
1200, 0.984843 0.999307 0,999999 1, 000000 1.000000
1228, 0.996326 0.999971 1.000000 1.000000 1.000000
1250, 0.998278 1.000000 1.000000 1.000000 1.020000
127S.  1.000000 1,000000 1.00000C 1.000000 1.000000
PROCESSOR USASE:  21.0 UNITS
£61 Q\)Au“ i
s PAOE 13 B 10 000
FROM

o




Fe(vgan,T) =

¢ (5.2)
n
—n/ ‘/‘dfn-luofdfl ‘I’K(Vonno fl"To Ez G ZT....,E“'fn_l'ZT,T)
0 o

where the vector (sl-T 7% £1-T,.... kg~ En_l-ZT) is substituted in (5.1)

tor d'™. For n = 0 we define F ((¥gs 0,T) = P,(v ,R). Finally, the total
killgbrobability is : K*"o® Y

= n
Fe(vgeT) = - g —(%*L Fr(vgan,T)e (5.3)

We discuss here two numerical procedures for the estimation of FK(vo,T) and
their accuracy. The values of the function PK(x, R-zn-T) are given or
computed on the same grid of points n = ia, 1 = 0,...,25, as that used

for the numerical computation of the functions Hn(v;vo, (").T). Thus,
the function (5.1) is evaluated numerically according to the formula

¥y (vgm,d M, T (5.4)

m

D Pend R T (13v0ud(MT) = M0y ivd™ T, w1
1=1

It is much more complicated to evaluate the function FK(vo.n.T) numerically.
We have introduced here two methods for a Monte Carlo estimation of (5.2).

15
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Method [

For each n, n= 1, 2,..., NP, perform the following Monte Carlo estima-
tion independently. Simulate n uniform random variables on (O,R). Let
61.4%.....¢n be the order statistics of these simulated variable. Compute
the function wk(vo.n.g " ,T) for these values. Repeat this simulation
independently NS times and average the resulting\vk(-) values. This

average ?k(vo’"'r) is an unbiased estimator of FK(vo,n,T). Let Sﬁ be the
sample variance of the simulated 9&(-) values. An estimator of the variance
of B (v,un.T) 1s thus S2/NS. Finally, the kill probability

FK(vo.T) is estimated by

NP n
o o-WR R)" &
Blv,,T) = e ?‘;0 nr— Felvoan,T),

(5.5)

Be(vg20,T) = Fy(v,,0,T) = Py (v .R).

NP is a sufficiently large integer, so that the sum of the Poisson pro-
babilities, for n larger than NP, is sufficiently small. In the following
numerical examples we specified the value of NP = INT (uR+3\/:E). where
INT(x) denotes the integer smaller than or equal to x. Let pos(n; WwR)
denote the Poisson probability of N = n, with parameter uR. The variance
of ’x('o'T) is estimated by

NP

Vi) = 3 (pos(n;uR))? S3/Ns. (5.6)

16




The square root of (5.6) is the standard-error of the estimate of the kill
probability.

thod 1!

According to the second method we estimate FK(vo,T) in one simulation
string; repeat this estimation independently NS times and take the
average of the individual estimates. More specifically. Starting with
FK(vo.O.T) = PK(vo,R) we set

B (v Ty pos(0:R) * Fy (v,,0.T).

We then set n = 1 and generate a uniform random variable from (0O,R). This

value is set equal to d1 and the function WK(vo,l,dl,T) is computed.

The value of QK“)(VO,T) is then changed to QK“)(VO,T) + pos(l;Ru)*
vk(vo.l.dl,T). We set then n = 2, generate a uniform random variable from

(O.R-dl). which is set to be equal to d2‘ We then compute WK(vo,Z,dl.dz.T)

and set £, (v ;11— £ (1) (v ,T) + pos(2:uR)* ¥ (v,,2,4,,4,,T). This

simulation algorithm is continued until n = NP. According to this
algorithm

NP
B Divyu) = Z poslrad ¥ lvgong™,m). (5.7)
=0




i designates the index of the simulation run, i = 1,...,NS. Finally,
FK(vo,T) is estimated by

A

1
?k(vo’T) N

N
: 9K(‘)(vo,r). (5.8)

2

An estimate of the variance of §K(V°,T) is obtained by computing the
sample variance of the ?K(i)(vo.T) values (i = 1,...,NS) and dividing
this sample variance by NS. The square-root of this variance is the
standard error of ?K(VO,T). In Appendix 3 we provide Program BUL6 which
estimates the kill probabilities FK(vo,T) according to Method I. Program

BUL7 given in Appendix 4 is designed for the estimation of FK(VO,T)
according to Method II. In both programs we considered the special
function

ok 1, 1f v -8R 2 v,
Pe(v, ,R) =
K o 0, otherwise. (5.9)

In Program BUL6 this special PK(vo,R) function is programmed in the main
routine. Program BUL7 is written in a more general manner. The function
PK(Vo’R) is computed as a subroutine function and can be changed without
altering the main program. In Table 4 we provide estimates of the kill
probability computed according to Method I and Method II with the function
PK(Vo'R) given by (5.9). For Method I we present the average estimates

of wk(vo,n,q(").T) and the corresponding sample standard deviations of
these estimates for n = 0,1,...,NP. The estimate FK(vo,T) and its
standard error are given, too. For Method II we present the estimates

FK(i) (vo,T) for 1 = 1,...,NS, the average Fk(vo,T) and its standard
error. We see that the accuracy of Method I is somewhat higher than
that of Method II. However, Method I requires more than 5 times longer
computer time than Method II. It seems justified to recommend the use
of Method II.

Sl e OB Sl com it )

RN e ek 1




P -

TABLE 4. Estimates of the Kill Probability by
Method I and Method II; Ve ® 1,300 [m/sec),

e .005, R= 1,000 [m], a = 474,573.75 [m/sec’],

g = .18, e ® 500 [m/sec).

METHOD [ METHOD II

n ;K(Voonnﬂ(n) oT) sl\ i 9&1) (Vo, T)
0 1.000000 0. 00000V 1 0.848318
1 1.000000 0.000000 2 0.832848
2 1.000000) 0, Q0QQU 3 0.833372
3 1.000000 0. Q0QQQ0 + 0.851003
4 U F99649 0.00110% S 0.61387s
S 0.798708 0. 092821 S V.813584F
8 0.299943 0. 03027 ? 0.80433F
? 0.08a%0 0. 019183 3 0.831338
3 0.015%43 0. 00877S | 0.8&8493a87
9 0.00193% 0. 000Q3TS 10 0.832%48
10 0. 00041S 0. 00035«

11 0.00003S 0. 000009

A

# » .633280 8, = 638706

s.s.ti,() = .005485

Processor Usage: 1977.9 units

S.E.{§K} = ,008206

Processor Usage: 368.5 units
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6. GENERALIZATIOM FOR RANDOM TREE RADIUS

In the present section we indicate how the previous results can be
generalized to the case of random trunk radius, T. Let FT(T) be the
c.d.f. of T. Given that N = n, the corresponding values Tl""'Tn are
independent and identically distributed. The following modifications

are needed. Let l(") = (Tl,...,‘rn). The exit velocity distributions
are then computed as

Hy(vivg,dysTy) , forn=1  (6.1)
Hz(v;vo,dl,dz,Tl.Tz) -le(v;x.dz,Tz)dHl(x;vo,lel) , forn=2 (6.2)
and

n ? °'~ L L

Given these exit velocity distributions, we determine for each n > 1, the
conditional kill probabilities

IACRURILE LI CH ORI S TR ORI S (6.4)

The ki1l probabilities, given Vo» and {N-n} are computed then as

n
Fy(vgsn) -f.:/‘FK(vo,n,zﬂ) 11.1'1 dF(t,), (6.5)




where FK(vo,n._gn) is a generalization of the function defined in (5.2)
obtained by integrating ‘l'l(("o'"' sl-T, FE £1-2T...... n” en_l-ZT, .t.n)
over the simplex of 1868 e e oLk e This integral is estimated, as in the
previous section by Method I. The integral (6.5) can then be evaluated
numerically either by evaluating a discrete version of it, or by simula-
tion. If one employs Method I1 then (6.5) is evaluated for each n in the
same string of computations. Final l!, in Method I the functions FK(vo)
are computed as Poisson averages of FK(vo,n).
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100
108
110
120
130
150
160
170
180
130
200
210
220
230
243
246
247

260
are

281

‘283

286
297

299
290
291

300
310
320
330
340
330

370
330
3%0
400
410

423
430
440
430
450

470 .-

wmn

40
41

43
So

7

4
20

10
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APPENDIX I. FORTRAN PROGRAM BULLET

(Computation of Hz(v; Vo dss dys

DIMENSIDN M (3
Y0=:1300,
D1=200.
D2=23S0.
A=1730000.
P=,19
Y1sv0=-peD}
v2wV¥1-BeD2
M=%500

ARMep

K=13

00 1 I=1,K
Rls]l=}

V1=100. *Al

20 20 L=1,9
ALsL

T=, 1eRl

Wimt, ~((V2eV2=V]IeV]) / (2, *ReT) ) oo

TIFCEIY 21303

Ul.o.

HAD =SART WD
WiSaVievi=2, eReT

IFCW1S) 40s41r41

WiS=Q,

ViSsSQRT (W18

YSaV1S=-BeD2

IFCVI-VS) 42,743,443
Rlsy2-vs

YS=yS

60 T So

Rlsy2-v]

YSsvl

DO ¢ Jsat,M

AJaJ

YJInYSeRJeR I AM

YJdJeY J=RI/AM

YIM® (Y eYID) 72,

ZJm (Y oY J=VIeV]) / (2, ofeT) ) 002
ZJJm (Y JIOYJJ=VIeVI) /(2. 2ReT) ) 002
IFZJ=1.) Srésa

IFQJJal.) 8r4:4

SJSSART (1. =20 =SQART (1. =2J4d
UJB ((V1eV1=(YIM+BoD2) 002) / (2, oReT) ) 002
IFUJ=1.) Trds4

TJI=aSQART C1.-UD

H L) ap (L) =T JeGJ

CONTINUE

CONTINUE

PRINT 10:¥Is CHC(LY L1
FORMAT (SXsF3. 0+ SF10.5)
CONTINVE

END

T

-~
\IOVo

A +aqa
B +8

T « trunk radius




00010
00020
00030
+ 00040
00030
00060

00070

00080
-00090
00100
00110
00120
00130
00140
00150
00160
00170
00130
001906
00200
00210
002290
00230
00240
002590
00260
00270
00280
00290
00300
00310
00320
00330
00340

00350

00360
00370
00330
00390
00400
00410
00420
00420
00449
00430
00450
00470
00430
00450
00500
00510
00320
00330
00340
00330
003550
00370
00330
209590
00500
00610

APPENDIX I[I. FORTRAN PROGRAM BUL2

(Recursive computation of Hn(v; Vg g("), T)

DIMENSION H(SsS2) +DI(D YD
DATR <n(x>,t-1.s>/aoo.-xso.,xas..xas..aoo./
E€=2S.
K=S
V021300,
A=1000000.
T=,3
P=.18
M=32
AMeM
Visv0=D(1)*B
UXSBE 15}
DO 100 I=t,M i
Alsl~1
VisAleE
2Is(Yievi=YIeV]) / (2. oReT
IF(ZI> 101,101,102
101 HCY D=y,
a0 TQ 100
102 IF¢ZI-1.> 103,103,104
103 HC(1, ID=SART (1.-Z21e2D)
60 TQ 100
104 H(1,1I) =0,
100 CONTINUE
DO 200 L=25K
UL sUcl=1>=DCLo *B
YyLsU L
DO 300 1l=i,M
Alsl=-t
YIsAlek
IFCYI=-VL 301.301930&
301 H<CL» D=0,
00 400 J=stisM
AJsJ=-1
XJIsEe (RJ+. D
2J8(XJ=D L) ¢B) ¢ (XJ=D (LD ¢B) =V IeVI
2Jim2l/ (2. oReT
IFC) 401,402,402
401 PlJ=i.
60 TO 4905

. 402 IF(2J=1.)> 40354035404

403 P1J=SGRT (1.=ZJeZJ)
60 TO 403
404 PIJ=0.
405 IFCJ=1)> 40694065407
406 HCLs I SHCLy DD +PIJOH(L=1, D)
60 TO 400
407 H(Ls DD SHL I +PIJe H(L~15 DD =H(L=1sJ=1))
400 CONTINUE
60 TO 300
302 H<Ls D=L,
300 CONTINUE
200 CONTINUE
DO S00 I=isM
11=1-1
Alsll S
VIsAleE RIS o
PRINT S10s¥Is CHCLs ID slutsK) FRO®
$10 FORMAT (SXsF6. 0s SF10. 5>
$00 COMTINUE
Enb

E+«a

A+a
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APPENDIX III. FORTRAN PROGRAM BULG
(Estimation of FK(vo. T) by Method I)

100SLIDs RANDXs » » oo <—[Library function for
110 DIMENSION 3SR » N (32 » D¢ '

120 n-xooo.m " BRI Eonerating uniform M.V.'s
130 Vo=1300. n (0,1)

140 AedT4STI, 7S

190 AL=S,

160 AMUSR/AL

170 Te.3 A+a

1:0 V=300,

190 3,13

200 NRe100 AL + Ru

210 NPwi

220 NS

230 Artae

240 nSet0

aso ANS NS

260 €=as.

aan YoRAND(=1.) Th'i ]

aso DO 1 let,NR s loop is just for
::g . ;m-*ﬂ""mﬂ ]gonorating the first
310 K=0 NR = 100 uniform R.V.'s
320 #=PQS (K1 AL)

330 VReY 0=jeR

340 IF(VR=VK) 21,231,232

350 21 PKeO.

360 $a TO 23

krd)) 22 PKel,

380 23 TPKeAKeRK

3% aPKe0.

400 PRINT 24+ Ky PKQPK

410 24 FORMAT(SXs [4,3F10.8)

Q0 DO 800 Kmi,NP

430 $PK 0.

440 $SPKa,

430 DO 20 LSeisNS

%0 weo.

4?0 Qe,

430 00 2 JeisK

490 YeRAND (0. )

S00 DC(J) aY e (R=N)

S10 WayeD (D)

20 QeQ+BeD D

S VD=9




me e

APPENDIX IIl (Continued) A

S40 2 CONTINUE

330 IF(K=1) 9+399

%40 3 Vievo=u1d |
Lrd ) VKK =YK+ B eR=4) (K) A
N0 IKm (V] oVl =VKK oVKK) ~ (2. oA T |
9% IRCZXY 31,9232

600 31 PKwo, .
'$10 30 TO 38 |

20 32 IFCK=1.) 33:33039¢
430 33 PKwl, =3QRT (1. =IKe2X)
440 30 1Q 38

430 34 PKamy,

480 38 SPKuIPK+PK

470 SSPKaSSPK +AK oK

430 3Q TQ 20

490 ? Viavo=y(l)

700 DO 100 lei,m

Tl0 Alal-t

720 Viagenl

0 Jlw(Vievi=VleV]) /(2. ehe
740 I 10ts108s002

Tso 101 §<D =y,

760 30 TQ 100

7o 108 IFQI=1.0103:1035104
780 103 $<I)WSQRT (), =Z1e2ZD
T $0 TO 100

900 104 Gl wY,

210 100 CONTINVE

820 DO 200 LedsK
830 VLoV 0=y (L)

940 D0 300 lat,M

330 Afet=y

940 viagenl

870 IF (VI=-VL) 301,301,302

980 301 M=o,

3N DO <400 Jat,m

900 AJe =1 ~

0 XJege (AJe, D 8

220 2Jm(RJ=D (L) o8 @ (XJ=D (L) o) =Vl oV
230 2J92J7 (2, oReTY

.0 IRC2S) 401,402,402

950 401 PrJsg,

980 $Q TO 408

P70 40 LFCQJ=1,) 403» 403904 |
930 403 PIJaSORT (1. =2Jel)

?0 §Q TG 408 \
1000 404 PLUey,

1010 403 [F(J=1) 408908, 407

1020 408 NI aWc(D +pLlJed D

1030 3Q T3 400

L1040 407 MM aR (DN o LYo (3 (D =B J=1))

1050 400 CONTINUE

1060 3Q T™@ 300

10?0 302 Ml ey,

1080 300 CONTINUE

1090 00 300 lat.m

1100 3 eM D

1110 SO0 CONTIMUE rengiln
1120 200 CONTINUE TH1S PAGR LS RRST QUAILITY FRAoT

FRON OPY I i N0 ODG i

I11-2




APPENDIX III (Continued)

1130 VKKsYK+BeR=y <KD
1140 - IKSINT(VKK-© +1
1160 SPKaSPK +PK | :
1170 SSPKaSSPK+AK oK ' ;
1180 20 CONTINUE ;
1190 APKaSPK/ANS |
1200 SDK® (ANS #SSPK =SPK oSPK) ~ANS i
1210 SPK=SQRT ¢SDK~ (ANS=1.)) .
1220 PRINT 244K APK, SPK {
1230 FK=POS (Ks AL =AES (K=1, WD |
1240 TPK=TPK +£K +APK ;
1250 QAPK QP +EK oK oSPI ¢ SPK/ANS
1260 600 CONTINUE '
1270 SDuSQRT (APK) | ,
1280 PRINT 61, TPK,SD . |
1290 61 FURMAT (/s SX)7THES. PK=yE10.6» 7HES. SDws®10.6) |
4 ION PGS <Jr AL Subroutine function for
e e ting the Poisson
1330 e computing @ PO1SSO |
1340 IP¢3.58.10.> G0 TQ 9 c.d.f.
1330 IECD 1,203
1360 1 POS=0.
1370 & TQ t0
1380 2 POS=EXP (~D) : |
1390 60 TO 10 :
1400 3 POSagXP (=B
1410 FefQsS
1420 DO 4 Kei»t
1430 AKeK

: 1440 FeleB/AK

| 1450 POS=AQS +F

1 i I : For large AL it needs

! 1470 0 T8 10

: 1480 9 Alele+.S the normal c.d.f.

| 1490 21« (AT=B) /SART (D)

| 1300 POSCNDX (21>

i 1510 * 10 RETURN

i

. FUNCTION CNDX X Subroutine function for ‘

'* oot SRR - computing the standard |

: 1330 ISUTCHa0 mputing |

| 1360 IFC Lids2 normal c¢.d.f. ! 1

| 1570 1 YeARS (Y !

t 1580 ISUTCHel z .
1590 2 P=, 2316419 ' |
1600 . 312,319391353 |
16t0 B2e-, 33634379 -
1620 33e1.7314°79
1630 B4u-|,32129%9 |
1640 3Sa1.3302744
1630 Tat, . (1. sPeY) |
1640 Re, 3999423 0EXP (=Yov/2.) _ |
1670 DK=L, ~Re(BLoT+B2eToT+P3eToToT+4e(Tood) +3Se(Toe®)) ! )
1680 IFCISUTCN) 31403 ‘
1690 3 QNDXe1, =QNDX | ‘
1700 4 chDX=dhDX W -‘- .
1720 & 1 QUALT! :

s pAGE 15 58 W 10 990
: 111-3 ,,uoon"“‘




APPENDIX IV. FORTRAN PROGRAM BUL?
% (Computing E’K(vo. T) according to Method II)

gg!ﬁ""'"ﬂﬁi&ifﬁﬁ §¢S2) M3 ,DC1000,uc100  Library function for

4441 .:"323' generating uniform |
-, ] {

00030 V0=1300, R.V.'s on (0,1).

00060 Aee?4573. 73

00070 ALSBLeR

00090 Ts.13

00090 VK=S00.

00100 3=.19 BL+u

00110 NR=100

00120 NP=INT (AL +3. *SART (ALY 4

00130 MeS2 AL « uR !

00140 ]

00130 NS=1.0

00160 ANSaNS

00170 £e2s.

00130 YSRAND (=1.)

00190 DO 1 ls1,NR

00200 Y=RAND ¢0.)

00210 1 CONTINUE

00220 K=0

00230 PKaFK (V0s R)

00240 TPKapKeAOS (K» ALD

00230 UPKaTPK |

00860 aPK=g,

00270 SPKeg,

00280 DO 20 LS=1,NS

00290 TPKeWPK .

00300 vao,

00310 a=0.

00320 Kel

00330 Y=RAND €0.)

00340 D<1) mye (R=W)

00330 web+D (1)

00360 QuQepeD (1)

00370 Ut =@

00390 Vieyg=y<1)

00390 PK=0,

00400 DO 100 lei,N .

00410 Alal-y \ {

00420 visgeal §

00430 s (VieVi=VIeVI) / (2, sAeT) i

00440 IF<21> 10151015108 i

00450 101 G<Dey. \ \

00460 60 TO 108 i

00470 102 IFC(2I=-1.>103,103:104 1
00480 103 3CI1)=SORT (1, =21e2D>

00490 80 TO 108 !
00800 104 3<I>=),

00310 108 VITavieg-2.

00520 IFCI.8T.1) 80 TO 108

003830 PKePK+EK (VITsR=M) o5 (1)

00940 éa TQ 100




003950
00360
00370
00380
003%0
00600
00610
00620
00630
00640
00630
00660
00670
00680
00690
00700
00?10
00720
00730
00740
00730
00760
00?770
Q0?80
00790
00800
00810
00820
00830
009840
00830
00860
00870
00880
00890
00900
00910
00920
00930
00940
00930
00960
00970
00980
00990
01000
01010
01020
01030
01040
01030
01060
01070
01080
01090
01100
01110
01120

"106
100

301

401

408
403

404
4038
404

40?
400

303
306

304
300

S00
200

24
20

é1

APPENDIX IV (Continued)

PKaPK+EK (VITsR=W) ¢ (GLI) =5<CI=1))
CONTINUE
TPKeTPK+PKe (PES (Ks RL) =POS (K=1,AL))
DO 200 Le2)NP

Y=RAND €0.)

D<CL) mYe (R=W)

wak+D (L)

QuQ+BeD L)

U<L) »Q

Viavi=-U <L)

PK.O‘

DQ 300 l=i,M

Alel=-1

YIagenl

VIiTav]I+g 2.

IFC(VI=VL) 301,301,302

H<I) =0,

DO 400 Jmi,M

AJaj=-1{

XJage(AJ+. DD

aJ= (XJ=D <L) *B) ¢ (XJ=D <L) *B) =VIeV]
2Jn2J/ (2. sReT)

IFCQJ) 401,402,402

Pliu=t,

60 TO 408

IF2J=1.) 403:1403,404
PlJsSQRT (1. =2Je2))

80 TO 40S

PlJu=g.

IFC(J=1) 406,406y407

HCD oM (D) PLJeE (D

30 TO 400

HCI oM D) P T Je (B (D) =6 <¢J=1))
CONTINUE

60 TO 303

RKaFX (VIT)R=W)

IFC1.6T.1) GO TO 304
PRaPK+RKOM (L)

30 TQ 300
PRaP+RKS (M (1) =H(I=1))
CONTINUE

DO S00 l=i.m

S<IDeN (D

CONTINVE
TPKaTPK+PKe (POS Ly AL) =POS L=1,AL))
CONTINVE

SPKeSPK+TRPK

QAPKeQPK+ TPKe TPK

PRINT 24.L3)TPK
FORMAT (SX» [4:F10. 6>
CONTINUVE

APKaSPK/ANS

VOK® (ANS oQPK = SPI e SPI) YANS
SDK=SQRT (VAKX (ANS=1. )% ANS )
PRINT &1,APK, SDK
:::nnr<sx-r|o.6.sx.tlo.c>

Iv-2

- —




01130
01140
01150
01160
011790
01180
01190
01200
01210
01220
01230
01240
01230
01260
012790
01280
01290
01300
01310
01320
01330
01340
_ 01330
01360
013290
01380
01390
01400
01410
014290
01430
01440
01490
01460
01470
01480
01490
01300
01510
015290
01530
013549

01930

01360
01370
01380
01890
01600
014610
11620
01630
01640
014630
01460

APPENDIX IV (Continued)

FUNCTION POS (J» AL
1ey

| a8
IF¢3.58.10.) G0 TO 3

IBCI) 1,203

1 POS=0.

60 10 10
PASaEXP (-1
30 TQ 10

3 POSsEXP (-B

ZI= (AI-9) /SQART (B
POSaCNDX (2D
RETURN

END
FUNCTION CNDX GO
Y

an
ISUTCHa

IR 1s292
Yaads (V)
ISWUTCHel

Pu, 2314419
31,31933133
BRe~, 3436373
Rei, 7814779
Joo=1, 3212339
I9=1.330274¢
Tal. /7 (1. +PsY)

Rm, 3999423 6EXP (~YoY/2.)
ANDX®1, ~Re(Bl1eT+BReTeT+i3eToToToRde(Tood) +BSe(Toe®))

IECISWTCH) 30803
QNDX=t . =QNDX
CHNDX=QNDX

RETURN

END
FUNCTION FX (VIR
Way

Pet
WK=S00.
Pu, 13
NSaw=pe}
IFNS=NK> 1r1:2

Subroutine function for
computing the Poisson ¢.d.f.

v

feit o it st

Subroutine function for
computing the standard
normal c.d.f.

Subroutine function for
computing PK(vo‘ R)
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