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ABSTRACT

The present paper provides a methodology for the computation of the ,~
hlt/kifl probability of a high caliber weapon shooting In a forest~We assume that trees are di stributed at random according to a Poisson
Law. Bul lets which hit trees wi th sufficlent b high velocity can
penetrate the trunks and continue towards the t~rget. A model i s
provided for the determi nation of the distribution of the exit velocity
of a bullet. Recursive method Is given for the computation of succes-
sive exit di stributions as functions of the ini tial (muzzle) velocity,
the distances between the trees and their characteristics. On the
basis of this recursive method the kill probabilities are computed.
Numerical examples are provided as well as FORTRAN programs.

KEY WORDS

Shooting In Forests , Exi t Velocity , Distributions, Po1ss~n distribution,
Recursive Computations, Order Statistics.
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1. I NTRODUCTION

The present technical report provides a method of evaluati ng the degrade-
tion effects on large caliber weapons located in a forest and shooting
at a target In the forest. The degradation effect Is actually measured
by the decrease in the hit and kill probabilities of these weapons,
compared to those when there are no obstacles in the trajectories of
the bullets. The obstacles considered here are randomly located trees
of varying t runk size. The Ini tial (muzzle) velocity of the bul lets Is
sufficiently high to allow penetration through trees. However, the
penetrating bullet loses energy and its exit velocity may be considerably
smaller than the velocity at which it hits the tree. The hitti ng velocity
depends on the initial velocity and on the di stance of the tree from the
origin. The exi t veloc ity Is , however, a random variable which depends
on the length of the bul let’ s path through the trunk and the resistance
of the wood (type of tree). The penetrating bullet may also be deflected
from its origi nal aimed path. In Section 2 we specify the physical model
under consideration and the probabilistic assumptions. The distribution
of the exist velocity is derived from this model analytical ly In Section 3.
In Section 4 we develop a recursive method for the numerical determination
of the consecutive di stributions of the exist velocities from n trees
(n>1), which are located at specified di stances d1, ~~~~~~ from each
other, on the path of the bul let. Thi s recursive method is particularly
convenient for numerical analysis. In Section 5 we derive an analytic
expression for the hit/kill probability of a round. This analytic
express ion requi res, however , numerical methods of evaluati on. We
provide numerical methods which combine exact computations wi th some
Monte Carl o estimation. This Monte Carlo estimation appears only in one
s tage of the numerical evaluation , replaci ng a complicated numerical
integration. The method is not, however, a pure s imulation procedure.
It has the property that wi th a very smal l number of (independent) runs
we attain estimates with very high precision. Two al ternative procedures
are compared wi th respect to their precision and required computing
time. FORTRAN progr~ns are provi ded in the appendices.
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2. THE PHYS ICAL AND THE PROBABILISTIC MODEL -

Consider a weapon located at the origin , 0, and shooting at a target
which is at range R Em]. The initial (muzzle) velocity of the bullet is
v0 Em/sec). If there are no obstacles along the trajectory of the
bul let, it will hit the target with probability PH(vo R). Given
that the bullet hits the target, the kill probability depends on the
vel ocity of hitting the target, which is v0~(v0,R) and on other possible
factors. Let PK (v o,R) designate the combined kill probability. This
function is specified in each particular case according to the specific
weapon and fighting conditions. Similarly the function A(v0,R) depends
on the type of weapon, etc. We will consider here, for the sake of
simplicity , a linear decreasing function of R, v0 )(v0,R) * v0—BR.
This is a good approximation when the initial velocity, v0, is high and
R is not too large a fraction of the weapons maximum range. The method
developed in the present paper can be easily generalized to other types
0f ballistic functions.

The problen of shooting in the forest is that of randomly pl aced obstacles
(trees) al ong the path (trajectory) of the bul let. We assume that the
trees are randomly located according to a Poisson Law , with a given
density, p(No. of trees/rn2]. Thus, if we consider a strip around the
straight line connecting the origin with the target, of length REm]
and width 1(m), the number of trees to be found on this strip is a random
variable, N, having a Poisson distribution with mean pR.

In case of N • n, n>, 1, let D1, ~~~~~~ be the di stances ( i n  (m] ) from
the origi n to the location of the center of the first tree; from the first
tree to the center of the second, etc.
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— It is we ’l l known that the location points (Figure 1) • 01, 
~2 ~1 + 02,

a + ... + ~~ are random variables hav i ng a joint distribution
like the order stat i stics in a sample of n Independent and identical ly
distributed random variables from a uniform di stribution on (01R]
(H. A. David (1] pp. 80).

The trees are general ly of varying size. We are actual ly concerned with
the size of the trunk at a certain height, h, above the ground. For the
purpose of modeling we assume that a cut al ong a horizontal plan yields
a circle of radius T (Figure 2). This radius is general ly a random
variable wi th a specific distribut ion, F1(t). The methods developed
in the present paper are for a fixed radius T. We di scuss at the end
how the numerical procedures can be extended to cover the case of varying
radius. Notice that the length of the bul lets path in the trunk is

I • 2 (12 - u2 )~~
2 

(2,1)

where u (the distance of the path from the center) is a random variable ,
having a uniform di stribution on the interval (0,1). AccordIngly, I is
a random variable having , for a given 1, a distribution function (c.d.f )

r 2’l/Z
P (x ;T) • 1 - [1 - X j , 0 < x < 2T. (2.2)

3. THE DISTRIBUTION OF THE EXIT VELOCITY

Given an Initial vel ocity v0 and a tree of radius I located at a distance 
-

~~

- 
-

U from the origin , the question Is what is the distribution of the exit
velocity , v1, of a bullet going through that t ree. We say th at the
exit velocity Is zero if the bul let is absorbed in the tree.
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The basic physica’l equation is that of energy conservation , namely

~ (~ (v 01d)v0)
2 • ~~ v1

2 + ~‘L , (3.1)

where d • D - I, m is the mass of the bul let, v0 ?(v0,d) is the entrance
velocity , I the length of the bul let ’s path within the tree and ~ a proper
constant which depends on the tree’s resistance (in units of [g](m)/(sec]

2).

The physical model (3.1) is accepted to be a good first approximation to

the more complicated phenomenon of a projectile penetrating a solid mass
(see Lainbert (3]). From (3.1) we can write

y
1

2 a (v 0 ~(v 01d)) 2 — c~L , (3.2)

wh ere ~ is a proper constant . Let t.* (v 0, d) a (v 0 X ( v 0, d))
2/z. If I

the bul let wi ll be absorbed In the tree. The probability of this event
is, according to (2.2)

0 , if L~(v 01d) > 21

q(v 0,d; I) a r1 (L*(v 01d)\2 1/2 (3.3)

~ 2T / , otherwi se

Similarly , the c.d.f~ of the exit velocty , V~. is

1 , v1 > v0 ~(v 0, d)

H (v 1; V
0 1 d1, T) . 

1 [ft~o ~~~~~~~ 
- v1

2 )2] 1E~
2 

~ v0 \ (v 0 1d) (3.4)
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where Ca]4 a max (s o) . Notice that if I is small , v0
2x2 (v 0 1d) - V

1
2

may be greater than 2caT.

In these cases the c.d.f. value Is zero. Thus, let

* 2 11/2
V
1 

(v~~d;T) •~~(v 0~(v 01d)) - 2uTj

If q(v01d;T) • 0 then v1
*(v 0pd;T) > 0. On the other hand, if q(v0,d;T) > 0

then v1 (v 01d;T) • 0. These relationships are illustrated in Figure 3.

4. RECURSIVE DETERMINATION OF THE SUCCESSIVE EXIT VELOCITY DISTRIBUTIONS •

In the followi ng we will adopt the simpl e model v0X(v0 d) a v0-Bd.
This assumption Is not restrictive. The followi ng formulae are developed
for this partlcu1ar function, since the data showed linearity In the region
of Interest. The formulae can be easily modified for other types of
ballistic functions. Define, H1 (x ;v 0,d,T) a H(x;v0,d,T), 0 <  x <  v—Bd .

4.1 The Case of n2

- - Let d1 and d2 be the given distances. The distribution of the exit
vel ocity from the second tree, V2, can be obtained from H1(x ;v0,d,T),
since the exit velocity from the first tree, If given , can be applied
to compute the entrance velocity into the second tree. Accord ingly, the

c.d.f. of V2, given v0, d1, d2 and I is

v0-~d1
H2(v; v0,d11d211) a H1(v ;x ,d21T) dH1(x ;v0d111) (4.1)
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H(v 1, v0, d, 1) 
—

1.—
11 < 12
q(v 0,d ; T 1) • 0

1 v1*(v0, d; T~) = 0
q(v0, d; 12) 

-

I

v1*(v0, d; T
~ 

v0 x (v0, d) 
- 

v1

Figure 3. The C.D. F. of the Exi t Veloci ty
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Thus , we obtain after some manipul ations

(Cv -Ød1-~d2 )2 
- v2j21 1/2

H2(v;v ,d11d21T) 1 - 2 2 I (
4uT J+

+ 

2~
2T2 ( 

-ad2 

- 

[(v0-~d1)
2 

- (y+~d2)
2]
2] 

1/2 
dy El 

- 

4~
2T2 ]  1~

2

This integral shoul d be understood as a regular integral over the range
of values over which the functions within the squared brackets, C ] ,  are
both positive. Fur thermo re,

(0 , if G (y )<O
d~[G(y)]4 •$

, If G(y) > 0,

where G’(y) is the derivative of G(y). Our approach -Is to evaluate (4.2)
numerical ly. We therefore leave It in its present form, without further
analytical elaboration. For the purpose of approximating H2(v;v0,d1,d2,T)
numerically we partition the interval Cv , v0—~d1-Bd2) into II subintervals
of equal size ~ — (v 0-ød1-~d2—v) /M.
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(4.3 )
• (i~~ + Pi

~~~i
)/2 , I a

We approximate then (4.2) by

1/2
H2(v;v 0 1d1,d21T) ~ 1 - 2 2  + (4.4 )

_ _ _ _ _ _ _ _  - 
[ 1_  

~g~~
;
~ 2]  :~2] .

[ 
- 

((v0-~d1)
2 ; 

(

~~~~~~

+8d
2

)

Z
]21hJ

2

I_ 4aT j +
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As M grows (to infinity) the right hand side of (4.4) approaches that of
(4.2).

In Table 1 we present the results of some computations of the c.d.f.
H2(v ;v0,d1,d2,T) according to approximation (4.4). These computations
were perfo rmed according to Program BULLET of Appendix 1, with the proper
parameters and M • 400 and H • 500. We have tried the approximation also
with M 50, but for small I values (0.1 and 0.2) it has not yielded
accurate results for small v values.

4.2 The General Case

J After computing the values of H2(v ;v0,d1,d2,T), at specified values of v,
one can compute H3(v ; v0,d1 d2,d3,T) at those values of v , etc. The
computation Is based on the recursive formula

n—i
v _ a ~~ j d j

H~ C~~ ~
0. d

(n), 1) = J’3 H1(v;x ,d~,T ) dH n_j (x;v o,~
(
~
’
~~~

,T) (4.5)

n— i -

v — a E d.
* Hn_l (v+8dn,vo,~

(n_i ),T) + H1(v ;x ,ci~,T) dHn_i (x ;vo,t
(
~~
’),T)

For every o < v ~ v0-a 
~~ 

d~1

~~~~ITIT1TTi~~~~~~~~ TT~~~~~ ________



- - ~~~~~--r~~~_- - - - -•~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

TABLE 1. The distri butions H2(v; v0, d1, d2, I) for v0 • 1300 (rn/sic],

a — 1.8, ~ a 2,812,500 (rn/sec2], d1 200, d2 • 250

V/I .1 .2 .3 .4 .5 —

0. 0.000000 0.T43070 0.966422 0.990:392 o.996a16
M 400 100. 0.000000 0.743149 0.967444 0.990665 O.9~6:~~1

200. 0.000000 0.750490 0.970347 0.991447 0.996623
300. 0.000000 0.781469 0.974685 0.992632 0.997082

F 400. 0.000000 0.813191 0.979840 0.994068 0.997642 j
500. 0.000000 0.364330 0.985156 0.995578 0.998234
600. 0.000000 0.863422 0.990042 0.996997 0.998795
700. 0.257541 0.965970 0.994063 0.998189 0.999269
900. 0.573220 0.983473 0.996987 0.999070 0.99962:3
900. 0.792740 0.993628 0.998799 0.999626 0.999848
1000. 0.969721 0.998369 0.999685 0.999901 0.99996 0
1100. 0.997259 0.999835 O.9999~8 0.999990 0.999996
taoo. 0.999998 1.000000 1.000000 1.000000 1.000000

PROCES~QR US~GEa 102.4 UMIT~

— V/ I .1 .2 .3 .4 .5
0. 0.000000 0.713346 0.966422 0.990392 0.99~216I

~ 
~~ W 100. 0.000000 0.716970 0.967445 0.990665 0.996321

200. 0.000000 0.731379 0.970347 0.991447 0.996623
300. 0.000000 0.7b5288 0.974o35 O.992~32 0.997082
400. 0.000000 0.796574 0.379840 0.994068 0.997642
500. 0.000000 0.841491 0.985156 0.995573 0.998234
600. 0.000000 0.831748 0.990042 0.996997 0.998795
700. 0.259115 0.965970 0.994063 0.998188 0e999269
900. 0.556019 0.983473 0.996987 0.999070 0.999623-r 900. 0.794083 0.993628 0.998799 0.999626 0.999848
1000. 0.969721 0.998369 0.999685 0.999901 0.999960
1100. 0.997259 0.999835 0.999963 0.999990 0.999994
1200. 0.999998 1.000000 1.000000 1.000000 1.000000

PRCCESSDR USAGEs 123.9 UNITS 
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Notice that Hi(v;x ,dn,T) • 1 for a~ 1 0 X V + 8d m .

The integral (4.5) is evaluated numerical ly, for each n — 23... on a
constant grid of v values, being ‘

~~ 

a j4~ I 
a 0, 1,2,..., M

where a a 25 Cm/sec), by a formul a similar to (4.4). In Tables 2 and 3
we present the numerical results of computing five exit di stributions
recursively. The computations were performed according to Program BUL2
given In AppendIx 2. The difference between the two exampl es is in the
value of the ~ coefficient.

5. DETERMINATION OF’ THE HIT/KILL PROBABILITIES

In Section 2 we i ntroduced the kill probability function PK(vO.R). If
the bul let goes through n trees on its way to the target, the kill
probability 1 ‘iven the last exit vel ocity V,~ • v,~ and the vector of
distances ~~~ is PK(vfl, R—~~-T). Accordingly, the kill probability ,

given N a n and given d(n) Is, for trees of fixed radius I and n ~ 1

~K
(vO.n,~~~ .

T) 

~

07

~~~d~ 

PK(x,R~En~T)dHn(x;v o,~
M ,1). (5.1)

Furthermore, since the conditional distribution of the points of location
F of the trees, 

~ 
• 

~~ ~2 ~ ~~~~~~~~ 
D1+...,D~

given N • n , is like that of ordered statistics from a uniform distri-
bution on (0,R), the conditional kill probability , given N • n and I is

for ig,1 
F

-I
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TABLE 2. Distri butionS of Exi t Vioci ties; V0 
= 1,300 [rn/sec] 1 d1 

= 200,

d2 150, d3
: 125, d4 

= 125, d5 200 [m), a = 474,573,75 (mfsec
2],

a • .18, 1* .3 [mi,

v/n 1 2 3 4 5

0. - 0. 000000 0.000000 0.~~00000 0.000000 0.000000
25. 0.000000 0. 000000 0. 000000 0 .000000 0.000000
50. 0. 000000 0. 000000 0. 000000 0. 000000 0.000000
75. 0. 000000 0. 000000 0. 000000 0. 000000 0.000000 -

100. 0. 000000 0.000000 0. 000000 0.000000 0.000000
125. 0.000000 0. 000000 0 .000000 0. 000000 0.000000
150. 0.000000 0.000000 0. 000000 0.000000 0.000000
175. 0. 000000 0.000000 0. 000000 0. 000000 0.000000
200. 0. 000000 0.000000 0. 000000 0.000000 0.000000
225. 0. 000000 0.000000 0. 000000 0.000000 0. 000000
250. 0. 000000 0. 000000 0. 000000 0.000000 0. 000000
275. 0. 000000 0. 000000 u. 000000 0.000000 0. 000000
300. 0. 000000 0. 000000 0. 000000 0. 000000 0.000000
325. 0.000000 0. 000000 0. 000000 0. 000000 0.000000
350. 0. 000000 0.000000 0. 000000 0. 000000 0.000000
375. 0. 000000 0. 000000 0. 000000 0. 000000 0.000000
400. - 0. 000000 0. 000000 0. 000000 0. 000000 0.000000
425. - 0. 000000 0.000000 0. 000000 0. 000000 0.005033
450. 0. 000000 0.000000 0. 000000 0.000000 0.009672
475. 0. 000000 0 .000000 0.000000 0. 000000 0. 030402
500. 0.000000 0. 000000 0. 000000 0. 000000 0.057226
525. 0. 000000 0. 000000 0. 000000 0.000000 0.082890
550. 0.000000 0. 000000 0.000000 0. 000000 0.130717
575. 0. 000000 0 .000000 0. 000000 0. 000000 0. 12566.2
600. 0. 000000 0. 000000 0. 000000 0. 000000 0.244578
625. 0. 000000 0. 000000 0. 000000 0. 000000 0.318744
650. 0. 000000 0. 000000 0. 000000 0. 000000 0.415488
675. 0. 000000 0. 000000 0. 000000 0.000000 0.510975

- 700. 0. 000000 0. 000000 0. 000000 0. 02 1790 0.599678
725. 0. 000000 0.000000 0. 000000 0. 072218 0.675214
750. 0.000000 0.000000 0. 000000 0.144083 0.757767

— 775. 0.000000 0. 000000 0. 000000 0.223350 0.825301
800. 0.000000 0 .000000 0.000000 0.318064 0.879620
825. 0.000000 0 .000000 0.000000 0.450056 0.920478

— 850. 0.000000 0. 000000 0. 000000 0.580120 0.949602
875. 0.000000 0.00000 ’) 0.051706 0.696111 0.969486
900. 0.000000 0.000000 0. 165134 0.791503 0.98323 1
925. 0. 000000 0. 000000 0.30890~ 0. :364775 0.991359
950. 0. 000000 0.000000 0.445347 0.91622 1 0.995854
975. 0. 000000 0 .000000 0.613175 0.954470 0.998148

1000. 0. 000000 0.000000 0.754902 0.97706 1 0.999238
• 1025. 0. 000000 0.139957 0.353805 0.989348 0.999715

1050. 0.000000 0.394401 0.925631 u.995492 0.999905
1075. 0. 000000 0.605108 0.964734 0.998291 0.999973
1100. 0. 000000 0.77 1504 0.985291 0.999433 0.999993
1125. 0.000000 0.889233 0.994716 0.999840 0.999999
1150. 0.256790 0.955309 0.998403 0.999963 1.000000
1175. 0.647181 0.984625 0.999614 0.999994 1.000000
1200. 0.832639 0.995977 0.999936 1.000000 1.000000
1225. 0.940097 0.99940? 1.000000 1.00000’) 1.000000

F 1250. 0.992331 1.00000’) 1.000000 1.000000 1.000000
4 1275. 1.000000 1.000000 1.000000 I • 000000 1.000000 

-

P
~

OCES D P  ‘JS~GE: 20.3 UNITS 
-

BEST Qt1~J1I?-’i ~
‘
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TABLE 3. Distri bution of Exit velocit ies ; v0 1,3~J0 [m/sec) , d1

d2 150, d3 125, d4 
a 125, d5 200 [rnJ ; aa 1,000,000 tm/sec 2),

a .18, 1 • .3 (mJ .

v/n 1 2 3 4 5
i 0. 000O~~ 0 .000000 0.243546 0.349444 0.987763

25. 0.000000 0. 000000 0.249499 0.349883 0.987323
50. 0.000000 0.000000 0.252296 0.851183 0.987960
75. 0.000000 0.000000 0.256781 0.853297 0.988273
100. 0.000000 0.000000 0.262751 0.856.155 0.983445
125. 0.000000 0.000000 0.269995 0.859631 0.9$~089iso. o.oooooo o.oooooo 0.273311 0.84378? 0.989598
175. 0.000000 0.000000 0.298052 0.870212 0.990161
200. 0.000000 0.000000 0.313829 0.374223 0.990764
225. 0.000000 0.000000 0.329014 0.382340 0.991492
250. 0.000000 0.000000 0.344104 o.a8857? 0.992193
275. 0.000000 0.000000 0.371997 0.396986. 0.992885
300. 0.000000 0.000000 0.393368 0.904323 0.9936.25
325. 0.000000 0.000000 0.41388? 0.911426. 0.994328
350. 0.000000 0.000000 0.448591 0.920106 0.994985
375. 0.000000 0.000000 0.473926 0.927415 0.995663
400. 0.000000 0.000000 0.509298 0.935481 0.996258
425. 0.000000 0.000000 0.538865 0.942599 0.996834
450. 0.000000 0.000000 0.575010 0.949899 0.997338
475. 0.000000 0.000000 0.606748 0.956373 0.997904
500. 0.000000 0.000000 0.6.44192 0.96.2792 0.998202
525. 0.000000 0.000000 0.o76097 0.968315 0.998559
550. 0.000000 0.000000 0.714444 0.973475 0.998354
575. 0.000000 0.000000 0.744889 0.97908? 0.999111
600. 0.000000 0.000000 0.781540 0.98231? 0.999318
425. 0.000000 0.022092 0.813344 0.98584? 0.999487
450. 0.000000 0.057398 0.840945 0.988732 0.999622
675. 0.000000 0.152739 0.36.8480 0.991342 0.999726
700. 0. 000000 0.239789 0.991901 0.993404 0.999804
725. 0.000000 0.3106.58 0.912011 0.995058 0.999866.
750. 0.000000 0.392421 0.93056.1 0.996.400 0.999909
775. 0.000000 0.472353 0.945940 0.997427 0.999940
800. 0.000000 0.543383 0.953375 0.99819? 0.999962
825. 0.000000 0.610063 0.96.9236 0.999778 0.999976
850. 0.000000 0.679238 0.977751 0.999192 0.999986
875. 0.000000 0.741204 0.994292 0.999482 0.999992
900. 0.000000 0.795375 0.989221 0.999477 0.999995
925. 0.000000 0.843923 0.992890 0.999806 0.999998
950. 0.000000 0.837755 0.995441 0.999889 0.999999
975. 0.000000 0.922429 0.997168 0.999938 0.999999
1000. 0.087551 0.947979 0.998306 0.99996? 1.000000
1025. 0.410468 0.965621 0.99~ 033 0.999984 1.000000
1050. 0.564656 0.979007 0.999480 0.999993 1.000000

• 1075. 0.476127 0.936585 0.999741 0.999997 1.000000
1100. 0.763202 0.992334 0.999383 0.999999 1.000000
1125. 0.832891 0.995994 0.999953 1.000000 1.000000
1150. 0.838612 0.998159 0.999984 1.000000 1.000000
1175. 0.932262 0.999302 0.999996 1.000000 1.000000
1200. 0.964443 0.999807 0.-~999ff9 1.000000 1.000000
1325. 0.986826 0.999971 1.000000 1.000000 1.001)000
1250. 0.993273 1.000000 1.000000 1.000000 1.000000
1275. 1.000000 1.000000 1.000000 1.000000 1.000000 

-
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FK (v O,n ,T)
(5.2)

R ~n ~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~ E 1~~. E2 - E1

— 1-
where the vector (E1—T, E2— ~~~~~~~~~~~~~~ E,.~— E n_i~

2T) is substituted In (5.1)

for g(1I)
• For n a 0 we define Fk (v , 0,1) — PK (v ,R). Final ly, the total

kill probability is

FK (v o,T) a e~~’ 
(~ 1~)

fl 
FK (v o n ,T). (5.3)

We di scuss here two numer ica l procedures for the estimation of FK (v o,I) and
their accuracy. The values of the function PK (x , R_~~_T) are given or
computed on the sane grid of points 

~ 
a Ia, I • o,...,25, as that used

for the numerical computation of the functions H~(v;v 04~~~T). Thus,
the function (5.1) Is evaluated numerically according to the formul a

(5.4)

m

~~ 
PK(17~,R_%_T)[Hfl

(,i ;vo,~~~ ,T) — H~(i 11 ;v01~~’~ ,T)] , n)1.
lal

It Is much more complicated to evaluate the function FK (v o,n,T) numerically.
We have Introduced here two methods for a Monte Carlo estimation of (5.2).

15
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Method I 
-
•

For each n n • 1, 2,..., NP, perform the followi ng Monte Carlo estima—
tion Independently. Simul ate n untfonn random variables on (0,R). Let

be the °12

~ 
statistics of these simul ated variable. Compute

the function $K (v O,n,t 
fl !,1) for these values. Repeat this simulation

independently NS times and average the resulting 
~~~ 

values. This

ave rage ~K (v o,n,1) Is an unbiased estimator of FK (v o,fl,T). Let S~ be the
s ipl e variance of the simulated values. An estimator of the variance
Of 

~~~~~~~ 
is thus S~/NS. Final ly, the kill probability

is estimated by

NP n
PK (v o,T) a ~~UR ~~ (~~~) FK (v o,n ,T),na0

(5.5)

F~(v 0,O,T) P~(V ~,R). it

NP Is a sufficiently large integer, so that the sum of the Poisson pro-
babilities , for n larger than NP, is sufficiently small. In the followi ng
numerical exanpl es we specified the va l ue of NP • INT (~R+3V~~), where
INT(x) denotes the integer smal ler than or equal to x. Let pos(n; pR)
denote the Poi sson probability of N • n, wi th paraneter t*R. The variance

~ ~K~~o’
T
~ 

is estimated by

NP
VPK (v O,T) • ~~ (pos(n;pR))

2 S~/NS. (5.6)

~~~~~~~ ~~~~~~~~~~~~~~~~ — - ~~~~~~~~~ -
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The square root of (5.6) is the standard—error of the estimate of the kill
probability.

Method II

According to the second method we estimate FK (v O,T) in one simul ation
string; repeat this estimation independently NS times and take the
average of the individual estimates. More specifical ly. Starting with
FK (v o,O ,T) • P~(v~,R) we set

~~
1
~(v0,T)..—pos(0;uR) * FK(v Q,O,T).

We then set n • 1 and generate a uniform random variable from (0,R). This
value is set equal to and the function +K (v O,1,dl,T) is computed.

The va lue of 
~K~~

(v O,T) Is then changed to ~~~~(v 0,T) + pos(l;R~&)*

~PK
(v O,l,dl,T). We set then n • 2, generate a uniform random variable from

(O,R41), which is set to be equal to d2. We then compute +K (v o,2,dl d2.T)

and set 
~~~~~~~~~~~~~~~~~~~ 

+ pos(2;PR)*$K(vO,2,dl,d2,T). This
simul ation al gorittin Is continued until n • NP. According to this
al gorittin

NP
PK
M (v o,T) E pos(n;uR)*K (v O,n,~~

’
~
,T). (5.7)

N~
• ~~~~~

-
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I designates the I ndex of the simUl ation run, I 1,..., N S. Fin al l y,
FK (v o,T) is estimated by

i

~K~~o
,T) • ‘

~~~~~ ~~ 
PK
(1)(v O,T). (5.8)

i—i

An estimate of the variance of 
~K

(v O,T) is obtained by computing the
sample variance of the PK

(1
~
(vQ,T) va l ues ( 1 • 1,...,NS) and dividing

this sanple variance by NS. The square—root of this variance is the

standard error of 
~K

(v o,T). In Appendix 3 we provide Program BIJL6 which

estimates the kill probabilities FK (v O,T) according to Method I. Program
BUL7 given in Appendix 4 is designed for the estimation of PK (v O,T)
according to Method II. In both programs we considered the special
function

(i, if v0—BR > V
PK (v o,R) ç (5 9)

~,0, otherwi se. S

In Program BUL6 this special PK (v O,R) function is programmed In the main
routIne. Program BUL7 Is written in a more general manner. The function
PK (v o,R) is computed as a subroutine function and can be changed without
altering the ma in  program. In Table 4 we provide estimates of the kill
probability computed according to Method I and Method II wi th the function
PK (v O,R) given by (5.9). For Method I we present the average estimates

of 
~
PK (v O,n4~~ ,T) and the corresponding sample standard deviations of 

*

these estimates for n • O,1,...,NP. The estimate FK(v o,T) and its
standard error are given, too. For Method II we present the estimates

~K 
(v 0,T) for I • 1,...,NS, the average ‘K~~ ’

T
~ 

and its standard
error. We see that the accuracy of Method I Is somewhat higher than
that of Method XI. However, Method I requires more than 5 t imes longer
computer time than Method II. It seems justified to recommend the use
of Method U.

18 
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TABLE 4. Estimates of the Kill Probability by
Method I and Method II; v • 1,300 j m/secj ,
• .005, R • 1,000 (ml , ~ • 474 ,573.75 [rn/sec ],
• ~~~~ 

~k 
a 500 Im/sec ) .

METHOD I METHOD I I

‘I ~~~~~~~~~~~ 
Sn I ~~1) (v0 1)

0 t.000000 0.000000 1 0.446$1~1 1.000000 0.000000 3 0.63364$
a 1.00000’) 0.000000 3 0.633:372
3 1.000000 0.000000 4 0.651003
4 0.?’?~49 0.00110?
S 0.796708 0.09262 1 0.615645
6 0.a95945 0.03902? 7 0.604$95 —

I 0.Oe~’902 0.019183 3 0.631398
8 0.015948 0.005775 9 0.66486r
9 0.001935 0.000375 10 0.692548
10 0. 000415 0.000254
11 0.000035 0.000009

A
• .633280 • .638706

S.E. (~~) • .005485 S.E.(
~K
} .008206

Processor Usage: 1977.9 unIts Processor Usage: 368.5 uni ts

L I  
I 19

‘ -S

4

h~~itS~~~ ~~~~~~~~~~~~~ 
- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~



- ~~~~~~~~~~~~~~~~ -~~~~ --~~~~~~~~~~~~~~~~~~~~~~~ ,~~~~~~ S~~ --~~~~~~~ ~ - --~~~~~ ‘~~~~~~~~~~~~‘~~~~~-w~~~~~ -

— - — - — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - .-_-—-—_.___-_-- - ____ _ -

6. GENERAL IZATI0t~I FOR RANDOM TREE RADIUS

In the present section we Indicate how the previous results can be
generalized to the case of random trunk radius, 1. Let F1(T) be the
c.d.f. Of 1. Given that N • n, the corresponding values T1’’’•~

Tn are
- i ndependent and identically di stributed. The followi ng modifications

are needed. Let 1
(n) a 

~
Ti’~~”

Tn~’ The exit velocity di stributions
are then computed as

H1(v ;v0,d1,T1) , for n • 1 (6.1)

H2(v ;v0,d1,d2,11,12) •fH1(v;x1d2,T2)dH1(x;v0,d1T1) , for n • 2 (6.2)

- and

• ~~~~~~~~~~~~~~ 
aJHj (v;x ,dn,Tn)dH n_j (x;vo,~~

’
~

1
~,I

(’
~
’)), for n > 2. (6.3)

- Given these exit velocity distributions, we determine for each n ~ 1, the
conditional kill probabilities

•K(~O’~’~~~’I~~
) *fiK (x ,R~En~~~~n

(x ;vo,t ,i~~). (6.4)

- 
The kill probabilities, given v0, and (Nan} are computed then as

TK (v O,n) •J..fFK (v o*n~~ ) 77’ dF1(t1), (6.5)

20



— .~~~~~ , ,,,,. _ _  
~~~,—. ---- —~~~-—-“~~‘~~-“ .~r ”.’ r ‘r.r ,‘. r’r” w

-‘ ‘— -j—-- --~~r~~~ ‘

where FK (vO,n~tfl) Is a generalization of the function defined in (5.2)
obtained by integrating 4K (v O,n, E 1-T, ~~ 

E 1 —2T,.-..., E ri~ E~...i-2T. ~‘n~over the simpl ex of ~~~~~~~~~ This i ntegral is estimated , as in the
previous section by Method I. The integral (6.5) can then be evaluated
numerical ly either by evaluating a di screte version of it, or by simul a-
tion. If one employs Method II then (6.5) is evaluated for each n in the
same string of computations. Fi nal ly, in Method I the functions FK (v o)
are computed as Poi sson averages of

~~~~~~

21
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APPENDIX I. FORTRAN PROGRAM BULLET

(Computation of H2(v ; v0, d1, d2, 1)

100 DIMV$5107$
103 90.1300. VO ~- V110 D1.200. 0
130 aa.eso.
130 i~~*~soooo . A
150 )a.13

B $
170 V2—Yl—$.D3
180 ~~500
1~ 0
200 Ka13
210 DC 1 I•*~ K
220
230 VI 10O. .s~I
245 DC 20 La1~ 5

I ‘ trunk radius
330 WIal. —((v2 .V2—VI.v 1)’L.ø.n).e3
260 •!F(WZ) 2s3p3
370 2 .11.0.
380 3 4(L)aSQRT(W1)
281
232 IF(W1S) 40,41,4*
333 40 .1*5.0.
334 4* VI5a5QRTW1~

)
333 V5a%’15—1.02
386 IF(V 1 V5) 42,43,43
337 43 RIavi—YSage ~savs
299 80 70 50
290 43 RI VC—9I
291 ‘(SaY!
295 50 no 4 j ai ,p,
300 A.J—,J
310
320 Y.J-J.V,J—R1’N~330 YJf l . (Y.J +V,JJ ) ~ 3.
340 ZJ ((V.I.YJ—V1.v!)’(3..*.T ) .‘.3
330 ZJJ ( (YJJ.YJJ—V1.V!) ‘(2. 4I~’T’) )
360 XF(ZJ— t . 5,4.4
370 3 t~~(JJ~~ .) 6.4 .4
330 6 ~ JaSQPT (1 • —ZJ) —SORT (1 • —Z.sJ~390 uJ~ CV*.v1—<YjN.p.03) ..2)’ 2. .~.T) ) ..2
400 !~~OJ,J—1.) 7,4,4
410 7 TJ SQ T .i . —UJ
420
435 ~430 20 CDnT2FIUE it

440 ~~IN7 10.9!. (H(~ ).La1,5)
450 10 PM$T 5~(.F ~ . O, $Fj O.6)
440 ~ C3171pi1jE
470 - LIID ‘

L_ - —-  -~~~~~~~~~~ 
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APPENDIX I I .  FORTRAN PROGRAM BUL2
(Recursive computation of H~(v; v0, ~~~~~ I)

0001 0 - DIPI(NSION 4(5.5V.D(5).U(5)
— 00020 DATA (D(I).I•t,5)’200..150.,125..i25.,e00.’

00030 E.25.
• 0004 0 KaS .4. ~

00050 V0.1300. A
00060 . A—1000000. - “ + 

~~
00070 T..3
00080 ) .18

-00090 M5*
00100 AM.~00110 V1.Y0—D(1) .1
00120 U(1).Y 1
00130 DC 100 1.1,M
00140 RIaI— 1
00150 YI.0X.€
00160 ZZa(V1.V1—VI.YI)~~(2..0.T)
00170 IF(ZI) 101,101.102
00180 101 14(1,I)at.
00190 .30 10 100
00200 102 IF (ZI—l.) 103.103,104
00210 103 I4(1~ 1)a SQRT(1. —ZI .ZI )

- 

- 

00220 60 10 100
00230 104 ~4( 1,I)•0.
00240 100 CONTINUE ,

00250 DC 200 L•2.K
00260
00270 VL. UcL.)
00280 00 300 1a1,PI
00290 01.1—I - -
00300 V I.01 .E
00310 IF(V 1—Vt.) 301.301.302 ‘

00320 301 H(L,I).0.
00330 DC 400 J~ I,N
0034 0 AJ J—1

00350 XJaE.ffiJ+ .5)
00360 ZJa(X.J—0(L) .B).(X J—D (L)•8)—VI.V!
00370 ZJ•ZJ’ (2. .A.I)
00380 IF ZJ 401.402,402
00390 401 PIJ I.
00400 60 10 405 it

00410 402 IF(Z.J—1.) 403,403,404
00420 403 P1J—SQRT (1.—ZJ.ZJ)
00430 60 10 405
00440 404 P1..I•0.
00450 405 IF (J—1 ) 406,406,407
00460 406 H (L. I)a I4 (L ,I )+PIJ ~M ( L—t ,J )
00470 80 10 400 - 

‘ 
-

00480 407 H a.., I).H (L. 1) PIJ~ (H(L—1,J) —H (L.—1 ,J—1 ))
00490 400 CONT I NUE
00500 60 TO 300
00510 302 Ha.,  I )mt .
00520 300 CONT INUE
00530 200 CONTINUE
00540 DC 300 I a 1,M
003130 II.t~ I

00530 PRINT 510,V! ,(I4(L ,!),Le l ,K)
‘)0590 510 FCRNAT($X,F6.D.SF1O.6)
00600 500 CONTINUE
00610 £IiD

It- i
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APPENDIX I I I .  FORTRA N PROGRAM BUL6
(Estimation of FK(vO , T) by Method I)

t00*LZ3.*AND)(.”~~~ ~—~..ibrary function forit: D!MViIIOPI 3~~~~~H~5*),D (100),U (10O) (jeneratin~ uniform M.V .’s
t30 90.1300. n (0,1)
140 0.474573.713
150
*60 a
170 T..3
1$0 VIC.500.
190 Is iS AL~~ Ru100 NO.100
310 NO.11
220 0.51
330 00.0
.140 15.1’)
*50
*60 1.33.
170 Y.OAND(—t. )
380 00 1 I .t .NO lTh1s loop is Just for
190 Vs0AI~D (0.) generating the fi rst
30’) 1 CONTINUE JNR a 100 unI form R.V. ’ s
33.0 ~K. 05(KsAU - 

-
330 vO 0—I.0
340 EP (V*—VK) 31.31.22
350 31 PI(s0.
340 80 70 23
370 31 PI(.1.
390 33 TPIC.PK. K
290 0PIC~ 0.
400 PO t NI 14,K,PK,QPK
410 14 !0000T (5X.!4, IFIO.8)
410 DC 800 X .t ,NP
430 SPI(.0.
440 SSPKsO.
450 00 20 L3.i.N$
440 M.0.
470 0.0.
4*0 DC3J.t ,K
490 V.OAND~ 0.)
300
1310 J.~~D (J)
3*0 3.a.I.OU)
530 

- 
u~~,—a

H

~~~~~~ 1
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APPENDI X III (Continued )

540 2 CONTINU E
550 !P(K—1) 3.8’8
540 8 Vts~l0—4J(1)¶70 VKK.YK.$.*—U K)
530 ~)C.(Vi.V1-Vkk.VKK)’ ~3. .0.7)
990 CP(~~() 11.32.83.
800 $1
610 80 TO $5
MO 1* ze( x-t.) $3.*3.8s
830 $3 PK.t.-SQRT(1.-Z)(.ZK)
840 80 70 15
450 84 Plc—i .
44I) 35 SPKs~ PI .oic
870 PK.S PK.OK.0ic
410 ‘10 10 20

* 480 9 V1.V 0—U( 1)
700 DC 100 1.1,0
710 01.L—t
73.0 91.1.01
730
740 !F Z 1’ 1 0 1 . 1 0 1 . 1 0 3 .
750 101 ‘l(I).t.
740 00 10 100
?70 10* !F( 1—1.) 103. 103. 104
710 *03 3(Z)~S0Rt(1.—ZI.3I)80 10 100
800 104 S(I )s0.
510 *00 CONTINUE
$10 DC 300 L.1.l(
$30 VL YO—U (L)
$40 DC 300 1.1.0
150 01. 1— 1
$40 91.1.01
870 !FCVI—Vt.) 301.301.303
080 301 14(1)aO.
3,1) 00 400 J.1.M
,00 0J.J—1
910 XJ.1~ (AJ..5)
NO J.cXJ—0 (I..) .0) .‘~(J—0 L) ~I) —91.9!930
94k) IP (ZJ) 401~ 403 402
~50 401 P1.J.$.
NO 00 TO 403
970 403. LP(IJ—i.> 403,403,404
9~10 403 P1J.SOA1(1. —Z J.ZJ)
900 0 0 7 0 405
1000 404 P1.1*13.
1010 405 t! (J—1) 408.408,407
10*0 404 A(1’~.W 1).P1,J.1,J)
1030 6 0 7 0 4 0 0
104 0 40? H( !) ’W~ t) .0 . —~3~ J— t’~ *
105 0 400 CONTINuE
1040 ‘30 70 300
1070 303 H~Z).1.
*080 300 CONTINUE
10~0 00 500 1.1,0
11 0’)
1110 500 ~Ot1T)NU11120 100 ONTXNUI

r~rw-& ~~“~~( 
pU~’4.41’ ~l :~ ~

111—2

~~~~~~~~~~~ ~~~~~~~~ - -—r; -~~~ -

-5
--



-- ~~~~~~~~~~~~~~~~~~~~~~~~ 
‘-‘ --

~-~

- ,

- -- -5- - - —_ - -~~~~~~~~~~~~~~~ — - --- ~~~~— --5__ ~~~~~~~

APPENDIX I I I  (Continued )

1130 
- 
VKK.9K.B.R—U(K)

1140 1K.ENT (VKK’C.I
1130 PK.1.— (H (IK).$(!K— 1))-’t.
1140
1170 $P%—$ PK.0lc.0K
1180 *0 CONTINUE
1190
1*00 SDK.(AN5.S PK— PK.SPlc) ‘0115
1*10 SPK—$$RT (SEE’ (0115—1.))
1310 PRINT 24.K.A0K.SPK
*3.30 IK— 05(K,Au -005 (K-h Al.)
1*40 1PK.TPK.FK.0PK
1*50 1PlC.4PE.PK.OK.SFK.SpK,$11S
1*60 800 CONTINUE
1*70 SORSOR T COOK )
1*00 POINT 41.TPI( .SD -

1*~O 81 F~~PlATC”,5X.7Wfl . PKs,P1O.4,7$ft . SD—.FI0.8)
‘300 -&~11 C1’ION ~~~(J.AL) Subroutine function for

con~uting the Poi sson
1340 IF (I. t iLl O .)  80 TO $ c.d .f .
1350 IFCI) l.a.)
1360 1 P05.0.
1370 .30 10 10
1380 * P05.tCP (—I)
13~O 80 TO 10 - -

1400 3 POS.C40 (—I)
1410 0-005
14*0 DC 4 K.t.I
1430 AK.$(
1440
1430 P05.005.0
1 4 ~16 For large AL it needs
1410 $ AI.1..5 the norma l c.d.f.
14~ 0 *1. (01—1) ‘5001(3)
1500 P0$-CPIDX(Z!)
1510 10 AETUAPI —

13*0 LIII
15~0 . FUNCTION CNDX(X) Subrouti ne functi on for

- 

~~~~~ 
con~uti ng the standard

1540 10(v) t.a.s normal c.d.f.
1570 1 Y AU (Y)
15*0 !%ITC$.1
1590 * P..*3I4419
1400 - I1..31~ 18153
1810 fl.—.3545437I
14*0 33.t.7114’79
1430 34.—I.$*1*55~1440 15.1.3301744
1430 T.1.’( 1 .0.Y)
*440
*870 OJDX.t • —0. (31 .T.I*.T.T.13.7.7.T.34. cT..4~ .15. (T..5) )

it *4*0 IF (ISUTCN) 3,4,3
1890 3 QtIDX—1. -.DN0X
1700 4 CNDXaQNDX

~~t
$ £*~~ TO EDO

111-3 ~~~~~~~~~~~~~ 
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APPENDIX IV.  FORTRA N PROGRAM BUL7 
it

-

(Computing FK (.vo $ 1) acco rding to Method I I )

~o8 
ILl).! !~eMr~ 8(5*) .0(53) .0<100) ,UUOO ) Library function for

00030 O.1000. aenerating uniform00040 IL- .013 
~ V ‘s on (0 1).00050 V0 1300. •

00060 0.474573.75
00070
00000 T..l5
00O~ 0 VK.500.
00100 1.1$ BL ~00 *10 00.100
001*0 N0 101(OL .1..SQ0T(At_))
00130 0.5* PU. U
00140 00.11
00150 05.1-0
001~ O 0113.115
00170 1.3.5.
00130 V.00110<—i.)
001,0 DC 1 1 1iN0
00*00 V.00110(0.)
00*10 1 CONTINUE
00*20 K.O
00130 PK.01C.V0,0)
00140 TPK.0K.0C$ <K. AL.)
00150 WP$C—TPK -

00240 0PK 0.
00*70 50K.’).
00*30 DC 30 .5.1.05
00*90 TPK.PdpI(
00300 W 0 .
00310 0.0.
00320 Kel
00330
00340 D( 1)sV•(O—l ~)00350 W W.D(1)
00380 0.Q~P.D(1)
00370 U(1).Q
00330 V I VO—tJ (1)
00390 PEsO.
00400 00 *00 1.1.0
00410 $1.1—I -

— 
004*0 91.1.0!
00430 ZZ.v1.v1—vI .VD ’ a..o.T

- 00440 ZF(21 iOi . iOi . *o a  ‘ -

00450 101 I(I).1.
00440 SO TO 105
00470 103 IF(Z I—1.)103,103,*04
00430 103 3(I).500T(1. —Z I.5I )
00490 80 75 105
00500 104 S(1).0.
00510 105 Y!T.V!.14.
00520 10(1.51.1) ‘30 TO 104
0o~3o PKS0K .cK(VIT.R—4d .4 *)
00340 IC TO 100

‘rae $ ~~~~ ~~
?%h ~
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APPENDIX IV (Con ti nued )

00550 104 PK.0K.0K (V!T,0—~).<G ..I)—6 I—1)
00540 100 CONTINUE
00570 1 KsTPK.OK.~P05(K,AL)—pO5 (K—t ,AL) )
00510 DC 300 L.1,NP
005~ 0 V.00110(0.)
00600
00410 Wsi1-DCL)
006*0 0-0.0.0(L)
130430 U(L)sQ
00440 Vt..v0—U (L)
00450 Plc.’).
00640 DC 300 I—I tO
00470 01.1—1
004*0 91.1.0!r 008~ 0 VIT.VI.E’3..
00700 lO CYt—YL) 301.301.302
00710 301 H(I) 0.
00720 DC 400 .1-1.0
00730 0J.J—1
00740 XJ.1•(OJ~.5)00750 J O(J—O CL) .$).(XJ—D(L) .1)—VI.V 1 —

00740 ZJ— ZJ ’ Z. .0.T)
00770 IF (ZJ) 401,401,402
00720 401 P1.1 -I .
00790 80 TO 405
00300 402 10(1.1—I.) 403.403,404
00510 403 PI J s$OO T (l. — Z.J .ZJ )
00320 50 TO 405
00*30 404 P1.1—0.
00140 405 IFcJ—1 406.404.407
00150 404 N<!)eN(I) *PIJ.5(J)
00*40 80 TO 400 it

00*70 407 $(I).~4( I).0 I .J.(5(J)—4 (J—l ) )
00*00 400 CONTINUE
00590 50 70 303 it

00~ 00 303. N(X).1.
00910 303 OK.0K(VIT.0-4i)
00~20 304 10( 1.01.1) 50 TO 304
00030 PK.OK.RK.14<1)
0004 0 80 TO 300
00~50 304 PK PK.OK• 0 ( I )— W ( I — L )
00060 300 CONTINUE
00,70 DC 500 1.1.0

— 00910 I ( I )— $4 ( I )  -

00~~ 0 500 CONTINUE
01000 TPK.TPK.Plc. (005 CL.. AL) —005 CL—I • AU)
01010 200 CONTINUE
010*0 SPK.SPK.TPK
01030 QPK—QPK.1PK.T0lC
01040 PR INT 24.1.5.10K
01050 24 100Pl0T(SX.14.F10.4)
01060 *0 CONT INUE
01070 APK.SPK’011S
01050 90K. (ANS ’40K—SPK .SPK) ‘OIlS
01090 ~DK.5QRT (VPK’cA05—1.)$*J5)01100 PR INT 4l,00K ,~ DK
011 1 0 41 0ORPl0T (S)C,010.8,3~(,F10.~ )
011*0 £110

1110* 
__

- ‘  

1V—2

H _ _ _ _  
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APPENDIX IV (Continued)

01130 FUNCTION POS(J.AU Subroutine function for
computing the Poisson c.d.f.

01160 10(3.01.10.) 80 TO 3
01170 10(1) 1.2.3
Sills 1 P03 0.
01190 80 TO 10
01*0S * PC$ CCPC—I)
01*10 80 TO to
01*20 3 POSat(P(—I)
013.30 0—005
01*40 DC 4 K 1 .  I
013.50 0K—IC
01260 0s0.L’0K —

01*70
01*00 4 CONTINUE 

—
01*90 80 TO 10
01300 $ 01.14.5
01310 zx.(0!—v 4001(3)
013*0 P0S~CNDX (1!)
01330 10 OL TUON
01340 LIII it

11331 FUNCTION CNfl3( X) Subroutine function for
7~~ i t4 0  coniputing the standard

0*350 10(Y) z,a.* normal c.d.f.
Si3~ O 1 YsAIS CV)
01400 1~~TCNs 1
01410 * P..13164I9
014*0 )1s.31933153
01430 0*.—. 35656373
01440 15.1.7*14779
01450 14.—1.$232559

E 01440 15.1.3303.744
01470 T.1.,(i.40.Y)
01400
01491 0ND)C.t . —R.(11.T,l*4T.T.13*T*T.T414.(T~~ 4) 4I5.(T’*5) )
01500 t!(INTC$) 3.~~.3
01510 3 QN0X.I. -QNDX - —

015*0 4 CN0X.0MDX
01530 FETUOPs
01540 £110 -

01530 FUNCTION m~v.o Subroutine function for
:~~: 

~.v 
- 

computing PK(vo, R) 
it 

‘

01350 im.soo.
01590 1—.13
01800
01410 IP (W3—WK) 1,1.3 -

014*0 1 FK.0.
01630 80 TO 10
01640 * 0K— I. 

it

01650 10 0171.1011 —

01440 (III

~~~r t r~~~~~oo 130G .

IV— 3
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