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This thesis proposes the model reduction of linear time invariant
systems and the synthesis of decentralized control with parallel computa-
tions by utilizing the given system information structure, e.g., structural
and output information.

We first develop the chained aggregation procedure which leads
to the generalized Hessenberg system representation (GHR). The structural
features of the GHR are studied. The influences of the Hessenberg blocks
on trajectory and eigenvalue perturbation are examined. Secondly we
develop the generalized QL (GQL) and the restricted QL (RQL) algorithms
to be used in conjunction with the GHR for construction of reduced order
models. The GHR is shown to exhibit a class of plausible reduced order
models suitable for further parameter adjustment if necessary. Finally,
we exploit the use of GHR structure for the synthesis of decentralized
control in the tracking of reference interconnection variables in an inter-
connected large scale system. A hierarchical structure is proposed which
allows decentralized and parallel computations. Model reduction and

control synthesis are illustrated using power system and rocket dynamics

as examples.
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CHAPTER 1

INTRODUCTION

One purpose of this thesis is to develop methodology for reduced
order modeling of a large scale system utilizing the given system informa-
tion structure, e.g. structural and output informations. Then using
insights gained from the reduced order modeling problem and the decentra-
lized structure of a interconnected system with decentralized output
information, control synthesis procedure is proposed that allows decentra-
lized feedback control for tracking of interconnection variables. In
addition, the proposed strategy allows parallel computations without
excessive information transfer between subsystems.

Often high system order preveats a detail analysis and loss
of structural insights. Moreover, often one is only interested in an
input-output behavior of the system, without requiring a complete detail
of the internal system variables. Consequently, a reduced order model that

best characterizes the input-output behavior is desirable. The problem of

obtaining reduced order models of dynamic systems has been considered from
many points of view, such as curve fitting, minimization of some functional

of the error between compatibly defined outputs of the system and the reduced

order model, reduction by continued-fraction expansion, by spatial de-

f composition (g-coupling), by temporal decomposition (singular perturbatiom),
and by modal decomposition, [17 -21, 31 -35]. Other references on reduced
order modeling may be found in literature overviews [36 - 38] and turtorial
surveys on large scale systems in general [38 - 39]. However many existing

methods produce reduced order models that bear no resemblance in structure




to the full order system. In addition, it is difficult to relate the
states of the reduced order model to those of the original system. Thus

use of reduced order model to design control strategy to be used on the

actual system can be unsatisfactory. i
The methodology for reduced order modeling proposed in this

thesis represents an attempt to eliminate some of the drawbacks in

existing methods. The approach is based on the chained aggregation

procedure, a generalization of the concept of dynamic aggregation [1].

It systematically transforms the system to a new representation called

the generalized Hessenberg system representation (GHR). The GHR is

induced by system output information structure. In general the GHR de-

fines a collection of plausible reduced order models and defines in each .
case, the structure of the model. It is shown that the GHR may be de-

composed into an aggregate subsystem Si and a corresponding residual

subsystem §i. An approximate aggregated model may be obtained by neglecting

the coupling between Si and §i if weak coupling exists. The residual gi
then represents a weakly observable subsystem in the available output.

On the other hand, if the weakly observable part cannot be simply neglected,
it also defines a subset of model parameters appropriate for adjustment.
Adjustment of these parameters is performed by the generalized QL (GQL)

or the restriced QL (RQL) algorithms which are a generalization of the

well known QR type algorithms [28]. A property of this generalization is
that it orders the system eigenvalues according to their dominance. Thus

it also provides a prescriptive method for the time scale decompositions

and applications of singular perturbation theory [20] particularly when

- T
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dominant modes are strongly observable in the outputs. The GQL algorithm
is developed in detail together with its convergence property and implica-
tions on the GHR.

Decentralized control design has been studied by several re-
searchers [38 - 39, 63 -65]. Earlier works have concentrated on the
existence and stabilizing property of decentralized control [64 - 65].
Applications to realistic large scale system using decentralized control
were studied by Tripathy and Davison [66]. It is shown that for a large
scale system with interconnected structures, desirable stability per-
formance can be achieved by decentralized control without resort to the
more complicated centralized control. However, existing proposed methods
in general employs centralized computation in designing the decentralized
control. This can be undesirable and often the computation savings is
not immediately clear. To take advantage of the decentralized structure
in a large scale system, often parallel computations are desirable at
subsystem level. The actions of various local decision makers are
coordinated by a coordinator who in general is mainly concermed with
overall system level goals. 1In this thesis, we adopt an interconnected
composite system representation where each subsystem is interconnected to
other subsystems only through subsystem outputs. Thus if time evolution
or dynamic equations governing the desired interconnection inputs are
known, each set of subsystem equations becomes independent from others
providing these desired interconnection inputs are agreed upon and achieved.
It is shown that using the GHR structural insights from the first part of

the thesis, a hierarchical decentralized control strategy can be developed.




If subsystem decision makers mutually agree to allocate the system inter-
connection variables to a coordinator who specifies the desired trajectory
base on some system level goal, then a decoupling results. Parallel computa-
tions can be carried out by subsystems under coordination by the coordinator.

It is also shown that a local control u, may be decomposed into three

i
basic components. One for achieving aggregation and decoupling; one for
controlling the aggregate and thus specifies the reference system inter-
connections; and finally one non-interactive component, if exists, allows
the control of the residual.

The thesis is organized as follow. In Chapter 2, the basic idea
of dynamic aggregation by Aoki [l] is reviewed and re-interpreted. Exten-
sion of Aoki's results lead to the chained aggregation procedure and the
GHR system representation. Properties of GHR representation and other
topics related to GHR are studied. Chapter 3 developes the generalized QL

theory to be used for model reduction in Chapter 4. Algebraic and geometric

convergence properties are given. In Chapter 4, the model reduction problem

via the GHR is studied. The implications of using existing model reduction
techniques on the GHR are examined. Finally, the GQL theory is applied to
define the RQL algorithm for construction of reduced order models by the GHR.

The synthesis of decentralized control and the formulation of decentralized
control strategy with parallel computation is given in Chapter 5. It is

shown a decomposed optimization problem can be formulated as a coordinator

level problem and a set of local subsystem level problems. The construction

of reduced order models and the synthesis of decentralized hierarchical

controls are illustrated in Chapter 6 using typical large scale system as
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bench-mark models. Performance of developed methodologies is supported by

many simulation runs.

ST,

il




CHAPTER 2

CHAINED AGGREGATION AND THE GENERALIZED HESSENBERG
REPRESENTATION OF A LINEAR SYSTEM

This chapter begins with a re-eximination of the basic notion
of aggregation first intorduced by Aoki [1,2]. Aggregation is first
viewed as a result of linear transformation on the system and re-
interpreted in terms of observability of a linear time invariant system
(LTI) with respect to the aggregation matrix. The definitions of complete
aggregability and aggregability are introduced which facilitate the
extension of the basic aggregational idea into a chained aggregation
procedure. The end result is a new system representation denoted as the
generalized Hessenberg representation (GHR). The chained aggregation
algorithm which defines the GHR is given.

To study the implication and significance of the GHR, several
properties such as invariant internal structure, observability and
controllability of subsystems composing the GHR, and influence of the
Hessenberg block Fi,i+1 on the aggregates are examined in the remaining

sections of the chapter, several illustrative examples are also given.

2.1. Basic Aggregation

The concept of static aggregation is well known to economists.
Dynamic aggregation was first introduced in 1968 by Aoki [1]. Since then,
the subject has been studied by several researchers (3,4,5,6,7,10,11].
We first present a brief review and reinterpretation of basic results in

dynamic aggregation [2,8]. Consider a linear time invariant system




X = Ax + Bu (2.1)

where xGRn, u€R™. A reduced rl-th order aggregated state z,,r,<a,

1
is defined as zl'-Cx where without loss of generality it is assumed that

the tlx n aggregation matrix C has full row rank. In the sense of Aoki,

a linear time invariant model

z, = Fllzl + Glu (2.2)

is desired to describe the dynamic variations of the aggregated state

zl(t). By definition of z,, we have

él = CAx + CBu (2.3)

From (2.2) and (2.3), the aggregation conditions are

CA = FuC (2.4a)

CB=23G (2.4b)

1

system (2.2) is termed the aggregated model of (2.1). It is worth
pointing out that (2.2) is an exact dynamic aggregate of (2.1) if and
only if F

and G, are chosen such that (2.4) is satisfied. To see

11 1
this, let us introduce the following definitionms:

Definition 2.1 [1,2]: System (2.1) is said to be completely aggregable
with respect to C if there exists an r Xr, matrix F11 such that CA= FnC.
Generalizing Definition 2.1, we have:

Definition 2.2 [13]: System (2.1) is said to be aggregable with respect to C

if there exists a matrix C of maximal rank such that (2.1) is completely

. WM e O “4-:-:‘*4’“-* N PSR er—




aggregable with respect to the expanded matrix

al

Remark: The generalization to Definition 2.2 is a consequence of the
fact that given a triple (A,B,C), there may not exist a matrix Fll such
that (2.4a) is identically satisfied. The possibility of enlarging the
aggregated state 2, which retains the selected C as a submatrix so that
CA=FC for some matrix F motivates Definition 2.2.

To examine what is achieved by aggregation given (A,B,C), it

is advantageous to view complete aggregation as an outcome of a linear

transformation of (2.1). We partition the aggregation matrix C as

C'[Cu (o)

11

where 011 is an rlx £, nonsingular matrix (this can always be done since
C is assumed to have maximal rank). Define the linear transformation on

(2.1) as:

11 11 1
z2=Tx, T= sy Z = (2.5)
0 n-r1 -f2
Application of (2.5) to (2.1) yields
— r- ——
51n: Ty %
z = z + u. (2.6)
2 I 5

oy e




.

?

—

—

where

TR o1
F11 = C112411%1 * G110

- - il
Flop = CppBqp + Cpphyy - (Cpp8q; +Cp14510C14Cy
F.. =40}
21 " 41611 2.7
F.. = ke EenG
22 = 822 "41C11%11
G, =CB G =8,

and Ai,j’ Bi’ i,j=1,2 are submatrices of A, B of (2.1) partitioned
compatible with T. The resulting representation may be considered to be

1
an interconnection of two subsystems, the aggregate subsystem S :

z, = Fnz1 + F1222 + Glu. (2.8a)

and the residual subsystem §1:

z, = Flel + Fzzz2 + Glu. (2.8b)

r.Xr
If (2.1) is completely aggregable, Definition 2.1 says a matrix FIIER it

exists such that (2.4a) holds. The partitions of A and C in

Ay A i)
(c;; T4l = F (e, ¢yl

41 A

implies

L 284 000

=
F11 7 21t Gt

ERNES— 3 - B = =
e VPRI A . . R E—




10

and

- - -1— =
Ci1f12 * CpaBgp = (Cyg8q *+C138590C)4Cqy =0

Thus comparing with (2.7), we see F12 =0. Hence the composite system
reduces to a tandem configuration with the aggregate subsystem driving
the residual and no feedback from the residual into the aggregate. See

Fig. 2.1.

y=zl =

Aggrie gate s

Residual
§1

Figure 2.1. Tandem configuration of the aggregate and the residual
subsystems under complete aggregation.

If we view the aggregated variable z, as the output of system (2.1), when

complete aggregability occurs (FIZEO), the substate z, is unobservable

2
through the aggregate. We realize (2.6) with F12 =0, and the output

equation
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y=z1-[I 0]z

is an observable decomposition cannonical form [9]. Important and
illuminating connections between aggregation and observability were

summarized in [10, 11]. The basic conclusions may be stated as follows:

Theorem 2.1. Given a pair (A, C), the following statements are equivalent:

(a) The system (2.1) is completely aggregable with respect to C.

() Rrf (CA)T} C_Q{CT}, where R{X} denotes the range space of X.

(c) A Rer{C} € Rer{C}.

Moreover, if M is the observability matrix of (A,C), and rank M=p, then
(A,C) is aggregable, i.e. there exists a matrix C€ 2P AT teh meximal
rank such that (A,C) is completely aggregable, E-[CTET]T.

Proof: Statements (a) - (c) are obtained trivially using Definition 2.1
and the observation that (2.6) with F12 =0 is the observable decomposition

canonical structure. To prove the remaining part of the Theorem, notice

if

then

rank : |=rank M =p-ry

—— — — —— —— e —— e ——yE
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induces a map such that the representation in appropiate basis has the
observable decomposition cannonical structure [11]. Apply (a) - (c) and

Definition 2.1 ~2.2, the conclusion follows.

2.2. The Chained regation Algorithm and the Generalized Hessemberg
System Representation

Given the LTI system (2.1), the aggregated state is de®ined as

z, =Cx where the aggregation matrix is in general selected according to

1
some engineering judgement or requirement. For simplicity, hence forth
we shall choose the system output matrix as the desired aggregation matrix.

Thus consider the following LTI system:

X = Ax + By,

y =C (2.9)

r
where y € R 2 is the available output, and consider the problem of con-

structing a reduced order model that reflects the input-~output character-

istics of the system. 1In the spirit of aggregation, if the above system
is completely aggregable with respect to the output matrix C then the F
reduced order model will have the form (2.2) with Y=z, and will exactly
describe the dynamics of the output y.

However, by far the more interesting and realistic case occurs
when the system (2.1) is not completely aggregable with respect to C; T

that is when (A, C) is a completely observable pair or the observable

subspace is of dimension greater than T but less than n. An extension

of aggregation called chained aggregation is now proposed. Chained

pa—— i RSP S PP e
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aggregation is in essence a sequence of aggregation steps rewformed on
successively defined residual subsystems that either reduces (2.9) into

a particular observable decomposition canonical form when (A, C) is
aggregable or into a structured representation called the generalized
Hessenburg representation when (A,C) is not aggregable. Let us first
introduce the following definition:

Definition 2.3: A system representation (F,G,D) is said to be a Generaliz-

ed Hessenberg Representation (GHR) if

z=Fz + G
y = Dz (2.10)
where
Fl, Fl, 0 s g cni D 6,
£
O Bl 23 ° . 62
. re
F=| F e E
ot F13 Fygn © S v &
k-2,1 feazpsr O i
Fk-l,l Fk-l’z . . . . . - . . . . . . . . . . . Fk-l’k :Gk-lg
|
| a
Fk'l Fk’z . - . . . . . . . . - . . . . . . . Fk,k | 1 k I
*
D= (I, 0...0] (2.11)

*
Ii denotes a Tx Ty dimensional identity matrix.

. -

T P ETEN AN JSTRPR S i

——— e e — Y

-
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e X T k
gg it 1 > * =
with F, SR s T 2,00 151 r, =n.

Remark: The representation (2.10) is called the Generalized Hessenberg
Representation because the block matrices Fij =0 for i=1,2,...k-2,
j=1i+2,...,k and thus F generalizes the concept of an n-th order
Hessenberg matrix characterized by fij =0 for i=1,2,.,.k=-2, j=i+2,...,n
well known in numerical literature [23].

Remark: Given a triple (A,B,C), the GHR displays a block structure with
dimensions r,, 1<i<k. It will be shown subsequently (Theorem 2.3) that
this block structure is fixed once (A,B,C) is given. In particular, the
numbers r is only dependent on the pair (A,C), and is therefore said to
be induced by the system information structure characterized by the out-
put matrix C. Furthermore, the system may be considered to be the
interconnection of k subsystems, characterized by the subsystem matrices
Fii and mutually coupled by the interactions Fij’ j=1,...i+1. Hence the
GHR is a sequence of subsystems coupled so that each subsystem receives
feedforward signals from all subsystems preceding it and a feedback
signal only from the subsystem immediately following it in the inter-
connection. The interconnection pattern has a particular form and ex-
hibits the essential feedback links within the system. This is shown in

Fig. 2.2.

*

r,2r always holds if (A,C) is non-aggregable. If (A,C) is aggregable,

i i+l
then Fj j41 =0, 1<j<k-l. In this case, the residual which represents
: j

the unobservable subspace of dimension n- I r; can be represented by
i=1
a scalar Hessenberg form with r, >r ., still hold for Vi.
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:
T Lt 5 g 1] meenatiee o s [ mmen
Fz,s:] Fr-1,k
Fi2 o S-2 +—F2 41

Fr-3560%

Figure 2.2. Structural diagram of the GHR (most feedforward paths
have been eliminated to simplify this structural dia-
gram).

Theorem 2.2: Any LTI system (2.9) can be transformed into the Generalized
Hessenberg Representation (2.10)-(2.11).
This theorem will be established by a constructive proof which

links the GHR to aggregation [1l]. The procedure will be explained in a

series of steps, the steps forming the chained aggregation procedure.

Proof:

Step 1: Recalling that now y=z; and using (2.5) we have

i Bpy . Byl 0 L 0

. L u @2.12)
1] ' { 1

ETOY TEm i iRl

as the equivalent represeﬁtation of (2.9). If the system (2.9) is
completely aggregable with respect to C, Fizio and (2.12) is the GHR.
If not, proceed with Step 2.

Step 2: If the system (2.9) is not completely aggregable with respect to
C, then F]'.2 #0. It may still be possible to obtain aggregation by en-

larging the output vector as a consequence of Definition 2.2. To obtain




k,_AA' i
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both the aggregable subsystem as well as the additional output matrix

E, we proceed systematically by considering F]‘.2x2 as the output of the

residue subsystem in (2.12), and perform the aggregation of the residue

subsystem with respect to this output.
Fix By
Since F]'_2€R , where

Denote the new output F by w

L
1252 2"

', does not have full rank. To extract linearly

12

independent components of Wos note that there exists a nonsingular matrix

n, =n-r,, in general F

EZ such that
e
- ' -
E2w2 E2F12x2 X, (2.13)
0
Fa &%y
where CZER e rzgrl, E2 is the product of elementary Gaussian

elimination matrices [12] each differing from the unit matrix in omly

certain rows. Define

Yy = szz.
Then
I
= E-l - F
ke S Yo T %1272
0

Hence the residual subsystem of (2.12) is now described by

5. = 1 1 )
X, F21y1 + F22x2 + qu (2.14a)

Yy = szz. (2.14b)

Now proceed with chained aggregation. Partition C2 as
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C

= [C 22] (2.15)

¢ 22

2

*
where 02 is assumed nonsingular, and define the nzx n2 nonsingular matrix

—

Cro 1 S22
e f (2.16)
s
0 i n3

where n, =n, - r,. Applying (2.16) to (2.14) we obtain after two chained

aggregation steps:

Vp = Fpyy v Fppy, * G,u

o = L
¥, F21y1 + F22y2 + F23x3 + G u (2.17)

+F2y + F..x +Gu.

3 = F31%p 7 " T33%g

with Y1 Zy. 1If now F23 0, the chained aggregation procedure terminates.
If not, the procedure is repeated using the residual in (2.17) namely
(2.17c) and w3-F2'3x3 as the new output equation. Clearly, the process
of chained aggregation terminates in a finite number of steps, i.e. k,
where min {k} =1 and max {k} =n -tl. This completes the proof of Theorem
2.2,

It is possible to define the process of chained aggregation as a

sequence of linear transformations on the full system (2.9). Define

*If sz is singular then a further permutation of the components of X,

is necessary to transform (2.14) into an equivalent form in which the

resulting sz would be nonsingular. Such a permutation always exists.

- o P . o mm——

—— g e — e —— - ——— - —

e 2 ot i Cavrey i Dinidnciion,

. i

*
-
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&)
[}

’ i'l,z,...k-l (2.18)

o
L=

| I
(]
o . s
e
]
ot
) . e
i

where the matrix D1 is the transformation matrix on the residual similarly
defined as in (2.5) or as in (2.16) except for the i-th step of the chain-

ed aggregation. Then the transformation H that brings the original system

(2.9) into the GHR (2.10)-(2.11) is

= Ii-l Tk_z...Tl. (2.19) ;

Note thut H is lower block triangular and partitioned compatibility with
the GHR. If, in general, it becomes necessary to permute the components
i of the residue subvector Xy during intermediate steps of chained aggrega-

tion to assure that cii is nonsingular, then H is given by

BT B oToB o TR (2.20)

where P1 is the permutation matrix at i-th step of chained aggregation

required to make C1 non-singular (Ci defined similar to (2.15)). As a ]

i

consequence H is no longer upper block triangular.

Remark: If the system (2.9) is of the form

x = Ax + Bu
(2.9")
y =Cx + Nu
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The chained aggregation procedure can still be applied. Let H be the GHR

transformation for (2.9) and applied to (2.9'), then

¢ Oy 'P"J

=
¥

Clearly
¥ + Nu
Thus (2.10) is modified to be

z =Fz + Gu
(2.10")
y = Dz + Nu

Remark: Because of the strong relation between aggregability and observ-
ability, the generalized Hessenberg transformation matrix H, (2.20) is
closely related to the observability matrix M of the pair (A,C). In
particular if HT-[ET. ﬁT], then H € span {ml,...,mp}, p<n, where Myyeeesmy
is the set of linearly independent row vectors of M. Also, since chained
aggregation will identify the observable subspace when the system is
aggregable, it is noteworthy to point out the relation with results in
[14,15] concerning the unobservable subspace. The procedures are
complementary in the sense that chained aggregation identifies the observ-
able subspace by gradually extending R(C) while the procedure in [14] and
related results in [15] identify the unobservable subspace by gradually
decreasing 7(C).

Based on the structure of the GHR we now extend the definition

— S AU ——— - ——

pr— " ) & o’ i : : . x :
i it i e e sl & St a i
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of the aggregate and residual subsystems as follows: Given (2.11) define

Fh,ut, 6t e, 7, and G as follows: ¢
;_- * r T i e
Fi; Fpp 0 -ee- R O T St 0 6,
S TR R B4 ot 0 G,
= gl=0 0... Olet=i ¢
&1 ¥, ¥ .Fi—iJ Fyga Ooe O Lr.:1L
(2.21)
RIS Piul t Boag a9t o Fiia ?
gt o= l s = :
P R 0 P, i+l P,k
it . iy
Gi41
Gl
b
1 ‘
Then for i=1,...,k-1 and P; = z rj, the pi-th dimensional subsystem
J=L
sttt 4 g + 6l (2.22)

is called the aggregate subsystem Si and the (n-pi)-th dimensional sub-

system

o aplel s #tit 4t (2.23)

is called the residual subsystem §1.

Remark: In representing a LTI system (2.9) in its GHR, three distinct
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cases exist: (a) (A,C) is completely aggregable. 1In this case F12§0
and the subsystem S1 is decoupled from the residual; (b) (A,C) aggregable.

In this case, there exists some i€ {1,2,...k-1} such that F 0 and

i,i+1
the subsystem si is decoupled from its corresponding residual subsystem;
(¢) (A,C) non-aggregable. In Chapter 4, it will be seen how S1 may be
used as a reduced order model of (2.9) that approximates the input-output

behavior of the full system.

2.3. Properties of the Generalized Hessenberg & :esentation

In this section, we shall examine several properties of the GHR
and some problems of immediate interest that relate to the GHR.

2.3.1. Invariant Internal Structures of the GHR

Theorem 2.3. The internal structure of the GHR characterized by the

indices TiaeeesTy is unique.

Proof: It is sufficient to show that if an arbitrary linear transforma-

tion is initially applied to the system (2.9), rank F., with F., defined

12 12
as in (2.6), is invariant with respect to this transformation. The

theorem then follows by induction on the step i of the chained aggrega-
tion procedure. Given the system (2.9) let the transformation (2.5)
bring the system into the representation (2.6). The dimension of the

next layer in the GHR is then uniquely defined by rank FIZ’ with F12

given by

-1

-1
Fg = C11(A197411C11C1p) *+ Cpp(Bgp-491C1;1Cy5) (2.24)

12

where Aij’ i,j=1,2 comes from a decomposition of A compatible with that

of T in (2.5). Note we have rewritten C'-[C11 Cial s

12




T

22

Suppose an initial similarity transformation P is applied to

(2.9) and the system transformed into

3 = Az + Bu
(2.25)
y = Cz

with z=Px, A= pap~ !

and B=PB. The only restriction on P is that the
leading square submatrix of C is nonsingular. Apply now the first step

of chained aggregation to (2.25). Defining, analogously to (2.5), the

transformation
o .1—‘
Cn 012 CP ‘
To| coceeeans e l (2.26)
0 tif{o v |
R P e
cp” | | cp —!
‘i-,ix;i',‘l- ...... (PAP‘I)I“"":

— - - ¥
11 G2 [°u “e
= A = Tt L. (2.27)
|
|
| Pay Faa Par 'm2
Decomposte P and Y compatibly with T so that
["11 P12 111 Sz | Y11 Vo
p=! b= , 1l - . (2.28)
2 " P Paa %21 Va2
e T T AR e !
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From (2.27) and in analogy with (2.24) it is found that

Fig = Cp (A Wyp + AH,5) +Cpp (Ag Wy y +A5,W,,) . (2.29)

But fromT (T"')=1,it follows that C.. W, +C, W, =0, P, W, +P W, =1

11712 * 12722 21712 22722
and thus |
w., = -cle, w '
12 11712722 ]
(2.30)
W.. = (P,.-P..C.lc )'1
22 22 "21711712
1
and
] 1z * Mg *
Thus, rank F12 is invariant if w22 is nonsingular. We show finally that
under condition that 011 and 511 are both nonsingular, W22 as given by

(2.30) is always nonsingular. To see this note that from (2.27) T=TP

and therefore

11 "12

det T = det # 0.

; Pa1 Py
- 14

However, by assumption det Cn?‘O, and thus

Cip) #0

a 1
det ¥ = det C,,.det (P,,-P,;,C;;

11

Thus W 2 is nonsingular, and the proof is completed.

2
The next theorem, Theorem 2.4, indicates that the indices ry

v

SR Y T PP ST
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are really a property of the pair (A,C), i.e. riVi are completely determined

once (A,C) is specified. It compliments Theorem 2.3 in the sense Theorem

2.3 suggests r, are invariant with respect to linear transformations and
system representation, but does not identify what determines r;. Assume
H is given by (2.19). 1In this case H is block upper triangular. Let us

introduce the following notation:

;: 11 le e 6 o eishate Hlk SR
0 By Bogececene Hy H,
He= [, = [» s
@ weadlh By Raa B,
B i 0 I e
T:sX T
eg 1771
LIPS . =12,k
c; = [Hi’i Hik]
ani
A'[Al Ay ... A’k]’ AiGR
i -
A -[A1 Ai], A -[Ai_,_1 ...Ak] (2.31)

Note that the form of H is a consequence of (2.18) and can be shown from

the steps of the chained aggregation algorithm. Furthermore,

(#;, Hy, ... Hlk] =C and Hy, is nomsingular by assumption.
Theorem 2.4. Given the triple (A,B,C), a GHR may be obtained by direct

computation from the relation

HA = FH (2.32a)

G=HB (2.32b)

-

i




Furthermore, the indices Tisee Ty of the GHR is completely determined by
the pair (A,C).
’ Proof: Using (2.31) in (2.32a) and equating left and right hand side

layer by layer, we have

Layer 1
A, = B H (2.33a)
I =) L
H,A Fu[le Hlk] + F,Cy (2.33b)
| Layer 2
f
'F A, = FyHp (2.34a)
HyA) = Fp Hyp + Foollyy (2.34b)
‘ =2
HyA F21[1113 Hlk] +F22[H23 HZk] +F,y4Cy (2.34¢)
Layer i
HA; = Fy ) (2.35a)
HjA, = Fy Hp, + Fyolyy (2.35b)
HiAy = FyqHyq + Fiollyq + Figllg, (2.35¢)
HiAi = Filnli + I-'izl-l21 + ...+ Fiiﬂii (2.36)
o

HA = Fyy(H) g oo Hyd # Pl gy v By (0 4o

+F(H g e Byl 0Ca (2.37)

e ————— P R W R A 0 T g s
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Notice in (2.32a), although we can partition H and F according to their

general structure, we know only Hl’ A and r The matrices Hi’ F.., and

il ij
indices T 2<i<k remain to be determined. From (2.33a), knowing

H,, =C,, is nonsingular, we immediately have

11 11

-1
7,y * RAE (2.38)

Thus

-1
E..Co = LA

125 A - Fll[le e Hlk] =X, (2.39)

From the construction of the GHR through chained aggregation, we know

& r;X T, T,X By
rank F,, =rank C,=r,. Since F,€R and CZGR » By =n-r,, it
follows that, rank F12C2'='r2. By (2.39), X; is completely determined.
Thus

r, rank Xl (2.40)

Furthermore, given a matrix Xl with rank r,, we can always find a

factorization F,, and C, of maximal rank. Thus r F., and C, are

12 2 2 e 2
completely determined. The non-uniqueness of the GHR comes from the fact

that the factorization )(1'1?12C2 is not unique.

Knowing F and r,, we may move on to the equations

11’ F120 G

of the next layer to determine F and r,. To prove the

21> Fap0 Fa30 Gy 3

theorem for the i-th layer, let us assume that F y T, for j=1,2

H
7 S M
j=1,2,...i-1 are known. In addition, Hi’ L is also known from calcu-
lations of i.-lth layer. Simce H is assumed to be given by (2.19), Hii

is nonsingular for all i. From (2.35a)




Similarily
Fio = (HA)-F;y 12)“22 (2.42)

In general for a fixed j, j<i

j -1
F.. = (H.A, - H 2.43
Thal o e P iy iy e
To obtain Fi,i+1’ we use (2.37)
Fy,141%4 = “Kl _‘)"1 FoslBy o o Bypd =% 8l
T, XT, r X n,
i i+l i+l oy
By same argument as before, F, €R . =G €Rr e
v $ » iL,iH i+l o
i
n jfl rj. Futhermore, rank Fi,i+1.ri+1’ rank Ci+1=ri+1 implies rank
Fi,i+1 i1 rank X{=Tin- Knowing r. {41 We may factor Xi into Fi,i+1
and C each having maximal rank. Thus F k=l.2,:0.3%], Hi+1

i+l ik’
have been determined. By induction, all submatrices of H and F, Ti»

i=1,...,k can be solved for. In addition, the matrices H, F and indices
r; are induced by only Hl =C and A, thus is an invariant property of the
pair (A,C). Having obtained H, G is trivial from (2.32b). This completes
the proof.

2.3.2. Controllability and Observability Properties of GHR

Given the LTI system (2.9) specified by the triple (A,B,C), if
the system is aggregable, (therefore not observable by Theorem 2.1) then
we know the pair (A,C) induces the aggregate which represents (2.9) in

its observable subspace. On the other hand, if (2.9) is uncontrollable,
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by working with the dual, we can apply the chained aggregation procedure

to extract the controllable subspace. In this sense, the chained
aggregation may be used to obtain minimal realization from a given system
representation. This is summarized by the following theorem.

Theorem 2.5. Let M and N be the observability and controllability matrices
of (A,C) and (A,B) respectively. Given LTI (2.9), if rank MN=4<n, then

(2.9) is equivalent to the representation

I
m
— p— - — p— —
s LS T | )
z, | = . + 2.45
e e T S e
zc Fabc ce zc G%J
_Z
= D a
s A (2.45b)
z
(]
Futhermore, the f-dimensional system
D
tn
B =Tt * U s (2.46a)
-l
Bl S (2.46b)

is the minimal realization of (2.9).

Proof: Given (2.9), since (A,C) is unobservable, by Theorem 2.1. there

is a GHR transformation H1 that transforms (2.9) into
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o= e 1 |
AL g ot |
¢ .i x +
| |
}Fabc Fec G, !
2N el i
y = [Irl' 0]x
The aggregate
-~ - -Tn —T
xl A Xy + Cu
= S R
y [Ir1 lel B~ %,

is observable and uncontrollable in general.

w = Aw + Bv
M =0w, MER", w€R

is controllable and unobservable.

H2 on (2.49), we get

%, ]

X
]

(2.47a)

»>
()

(2.47b)

(2.48a)

(2.48b)

Hence its dual

(2.49a)

(2.49b)

Applying a second GHR transformation

e i e
e 0 IDT—!
| aa a |
& = W + 'V (2.50&)
T L T
F F D
_-ab b'lL b__j
N=[1_ 0lw (2.50b)
where F"r GR"X 5 and
aa
v = F W +Dwv (2.51a)
a aa a a
n= [Im Olwa (2.51b)

T D e o e S o s s
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is both controllable and observable since (2.50) is controllable.

(2.48) is linearly equivalent to the dual of (2.50), i.e.

s A p— —-. [_Im l
G |lffae e a0
i ' ¢ | t

| % | ;_0 : Fon ) | B s

Augmenting the residual of (2.47) and (2.52), (2.45) results. The

observability and controllability of (2.46) follows.

Hence

(2.52a)

(2.52b)

Next we examine the observability and controllability proper-

ties of the aggregate subsystem S* when the GHR is arbitrarily decomposed

into an aggregated subsystem Si and a residual subsystem §i as defined

in (2.21) - (2.23).
Lemma 2.1. Consider a linear time-invariant system

e

- - 5
¥ A1 Ap F?Eli. {9
= :'i'! u
I BE S
o o B e W le % |
X
i 1
y [c1 czl 2
2

(2.53)

*[42] Two representation are linearly equivalent if the states are related

by a linear transformation.

e
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where (A, B) and (C, A) are controllable and observable respectively.

Then {All’[AIZ 81]} and {A22’[A21 le} are completely controllable and

o z
{ a3 s All} and [, o s A22} are completely observable.

C L_C
Proof: (A,B) is completely controllable if and only if

rank =n +n,=n V)AEC

which implies

rank [An-u B

c A Byl =my

¥y€C
rank [Azz-XI - Ay 82] =,
Observability is established similarly.
If the system (2.53) is viewed as a composite system consisting
of two interacting subsystems, Lemma 2.1 states that if the composite is

completely controllable, then the individual subsystems are controllable

by the joint influence of both interaction and external control u. How-

ever, we cannot claim the controllability of each subsystem by either
the respective interaction or controls alone. Recalling the special
structure of the GHR, it follows that the aggregaéed subsystem Si is
always controllable through both external control and interactions from

the residual subsystem while the residual Ei is always observable through

both the available outputs and the interaction from the residual system

that enters the aggregate. It is expected that the influence of the

e e o T T

P R e

et i
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residual §i on the aggregate Si in a given decomposition
of the GHR is not solely dependent on the magnitude of the interconnection,
i.e. HEiH, but depends significantly on the controllability of the

aggregate through the interconnection F as well as on the observa-

1,1+1%4+1
bility of the residual through this intercomnection. These considerations
prompt us to examine the controllability and observability properties of
subsystems of the GHR.

Definition 2.4: The subsystem §i is said to be interaction observable by

Si if (Ei,F is an observable pair.
Theorem 2.6: Consider the Generalized Hessenberg Representationm. gi is

interaction observable by Si if and only if the blocks F $0Vj>1.

147
Proof. Form

Fi~M Fip 0 S A, 0
Fyy Fyp=XI st Qi e % 0
T S

N = H

Pl P g

Fre1 P, k-1 P M
h_fl 0 . .0 O 0
-k-1 k-1
For S to be observable by S through Fk-l,kzk’ we must have

e
P Fe-1,k
rank | =T " rank Yr€C.
|
!Fk-l,E_J Fre™M |
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But this is exactly the last T colums of N in (2.54). By construction,

Fk-l Kk has full rank T Hence Z, is interaction observable by Sk'l.

gk-2

Next consider the interaction observability of by Sk-z, we have

- ;_.— N
T SRt SR S PRz k-1 0
rank F ) A = " =
k, k-1 kM Mk R geal Eg A b
Fre2,k-1 Z , ool oA
— e —

Yy€C

By construction, because each of Fk-2,k-1 and Fk-l,k are of rank rp ;.

o Moving

and T respectively, then §k-2 is interaction observable by S
from lower right hand corner, and proceeding upwards, we establish that

all residual subsystem §i are interaction observable by Si for any parti-
and F

tion i=1,2,...k-1 if F has maximal rank, j>i. But

3,3+1 40 i3+t
this later condition is guaranteed by the chained aggregation procedure.
Furthermore, note as we proceed from the lower right hand corner of (2.54),

the blocks proceeding i for the Si under consideration do not enter as B

conditions for interaction observability. Thus only the blocks Fj 541 for
’

j 21 need to be considered.

Convesely if §i is interaction observable by Si then the matrix

Ni has full column rank where

129 | A

A TR G T




B3 T e 0 |-
Fiim . ‘,.r
Fn o™ Bah g S W e crns f
% e | Poz i TP
- l
Fro1,x-172 Trog !
| Fie, 141 Pegtz  * P kM |
[Ty Tawe- T
k
i.e. rank N, = ¥ r, V)\E€C which implies I',, j=1i+l,...k must have
L e d ]
maximal column rank. For j =k, we have
L
{
rank ; Ty Y\ EC.
|
Fk,k-)‘l

Since for A€o (Fk,k)’

| Fea, '
rank = rank | =
Fk’k-u—! b 0

Thus F, _; | #0. Proceeding inductively, we see that F
’

J’j+1*° V‘j-i"lolk‘
This completes the proof.

Remark: Theorem 2.6 is applicable whether Fi 141 is scalar or is a block
matrix. This means the dynamical behavior §i is always observable through

i =i
interaction Ft,1+lzi+1 by S* and consequently S~ will always affect the
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dynamics of the aggregate subsystem‘si.
Next we consider the interaction controllability.

Definition 2.5: A subsystem Si is said to be interaction controllable by

by §i if (Fi,Ei) is a controllable pair.
Theorem 2.7. Given the scalar Hessenberg system representation, then for
any partition into Si and §i, Si is interaction controllable by §i if and

only if £ #0 for all j<i.

j.i+t
Proof: Follows similarily the proof of Theorem 2.6, and is omitted.

The extension to the matrix case of interaction comtrollability

results of the scalar Hessenburg Representation is not possible. In

general, we cannot guarantee the interaction controllability of Si by §i

even with the assumption of complete composite controllability by comtrol.
It is possible, however, to characterize the increase in the dimension of

the subspace controlled by the interaction when the aggregated subsystem

i-1 i

is extended from S~ = to S . Defining rank [Fi-u Ei] =g., VX €C, we

i ’
have:

Theorem 2.8: The increase in the dimension of the subspace controlled by

: the interaction when the aggregate subsystem is expanded from Si'l to Si

is bounded above LA and below by Ly i.¢., r1+15°i -ci_lsri,i-l,z,...,k.
Proof: Consider the rank condition
2 = (2.55)
rank [Fu AL Flz] =2 YaEC

Fi1 e Feg ¥
rank =g, YAEC.
. s |

and

i
Fpp-i

N
—
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Since rank [F,,] =14, combining with (2.55) it is obvious

+
op ¥ry3<0, g0 tr,.

Proceeding in a similar manner we have

——

Fi-l‘)\I Ei'l o

rank =0y Yr€C

!
i
o = Fopys Bdl B |

Then it is obvious

£, €0 +r

P R g 5% 4 *E,

f=1 i+l =

Ti41S9; - 9 STy

2.3.3. The GHR and Its Hessenberg Blocks - The Effect on Output Trajectories
i

For a GHR arbitrarily decomposed into S1 and § 5 S1 is coupled

to Si only by the Hessenberg block F Thus it is of interest to study

i,i+1°

the influence of the Hessenberg blocks on Si and §i. The present section

will characterize the trajectory deviations when a particular interconnection

i
Fi,i+1zi+1 is neglected from S°. In the next section, the influence of

the Hessenberg blocks will be assessed from an eigenvalue perturbation

point of view if F is severed from Si.

1,1+1%1+1
We recall that when (A,C) of (2.9) is observable (and thus non-

aggregable), none of the F in the GHR will be zero and thus no de-

i,i+l
coupling of the aggregate from the residual exists. On the other hand,

when (A,C) is unobservable, this decoupling exists. Lying between these

two extremes is the case when the residual is only welkiy observable at the
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aggregate through Fi i+1%i+1° By weakly observable we mean that the
dynamic of the residual has a weak effect on the dynamics of the aggre-

gate. If the influence of F on Si is sufficiently small, then

1,i+1%1+1
neglecting such interconnection results the aggregate (2.56a) and (2.56¢)
which may be viewed as a reduced order model of the full order system (2.9).

We now wish to establish some bounds on the effect of coupling term

Fi,i+lzi+1' Specifically, we ask how well does:
it - piet 4 gl (2.56a)
3= mtst e P2 4 gl (2.56b)
=1
§=t, 0. o st (2.56c)
si
z

approximate the actual GHR

et = plt 4 pizt 4 gL, (2.57a)

zt = gttt 4 5L, (2.57b)
y=1(1, 0: 0] zi‘] (2.57¢)
«f

; where 1€ {1,2,...k-1}.

Since k-1 possible approximate GHR (2.56) exist by neglecting

any one of the coupling F in (2.57). It becomes necessary to rank each

i,1+1

approximation. Since y and § are subvectors of zi and Ei respectively, in

order to best approximate y(t) by y(t)¥t, it is sufficient to keep the
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growth of ei(t) -zi(t:) --Qi(t) small. We ask specifically:

* How does ei(t) evolve in general?
* What is the asymtotic behavior of ei(t)?

* Which interconnection F1’1+1z1+1,i-1,...k-1 results in

minimum growth of Hei(t:)HVtwhere Hei(t)ll ={x ef(t)ei(t)}l/z?

Instead of asking how well (2.56) approximates (2.57) when u=0, let us

assume controls are non-zero, but bounded, i.e.

u€U = {u(t)|lue)l<k<c =¥t} (2.58)
Define

e, () = 2'(t) - £1(e) (2.59)

Theorem 2.9 and Corollary 2.9 characterize the evolution of and asymtotic

behavior of Hei(t)u. The proofs are given in Appendix A.

Theorem 2.9: Consider the approximation of (2.57) by (2.56). If there 1
exists constants s Pys i=1,2, then ei(t) satisfies: 1
i k
2 E
' + + ! " "
lle (t)” <2 + (k! +K )eqt+ (kl kz +k3)Ul (klﬂkzﬁkl )M‘Htl o e(w)t
{0 =ah 1 2 w(a+w)
(2.60)
where s Py ki’ o and y are defined in Appendix A.

Corollary 2.9: Assume l‘-‘i and i‘i are stable matrices under the hypothesis

of Theorem 2.9, then

It I —2
0< lim lle, (t)!i< <® (2.61)
T i = oty

e _‘ i et hiin i e i et e e e T o R Bhb i i e s e ..“
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if and only if o+u<0. (o,u and k, are defined in Appendix A).

3

Remark: From the definition of k3, we see if u belongs to the class of
controls that exponentially approaches zero, then |le(t)!| also approaches

zZero as t ==,

Now for a given decomposition of the system into S:l and §i, any

one of F may be neglected in order to approximate (2.57) by (2.56),

i,i+l

resulting the approximate GHR and its associated instantaneous error norm
e, (®)|l. Because of the fact that y and § are subvectors of z' and £t
small growth in ei(t) warrants the conclusion that the growth of y(t)- §(t)

is also small. An essential exponential in (2.60) that indicates the
i

(o +ui)t

growth of ei(t) is e where the quantities o, ¥, @ and y are

appropiately indexed as ai’, a;, ai and u.i, 1 €{1,2,...k-1} according to
partitions in the GHR. We observe three possibilities:

Possiblity (a):

£« ori <0
F°, F~ stable => => for minimum instantaneous
i i
(¢ +u") <0 possible
norm !}ei(t)ﬂ or small growth
in Hei(t)‘,!, we desire a small
i i

(o +u’).

Possibility (b):

i
i { a >0

F', F  unstable => => for minimum growth on IIei(t)”,
(o +u.i) >0 always i |
we desire a small (o +u ).

Possibility (c):

i i c::ri >0
F~ stable, F g 3 for minimum growth in fle (t)1l,
- (o +p ) >0 always =>

unstable or vice we desire a small (ai+u,i).

versa

P




Thus the requirement to keep the growth of “ei(t)ﬁ small can be related
as keeping the value of (aid-ui) as small as possible. Such conclusion
can therefore be interpreted as a criteria for choosing i€ {1,...k-1}=%

such that the influence of Hessenberg blocks F on introducing small

i, i+l
error between (2.56) and (2.57) may be ranked. Define

Si - di + ui, i=l,...k=1 (2.62)

Then of the k-1 approximation (2.56), the interconnection Fj,j+lzj+1’

if neglected, where j is defined

i S
B, =min {B, =a +
jiEK{i “'}
may be accepted as resulting in smallest growth in the error Hei(t)H.

The rest of the interconnections may be ranked accordingly.

2.3.4. The GHR and Its Hessenberg Blocks - An Eigenvalue Perturbation
Analysis

Section 2.3.3 examines the influence of the Hessenberg blocks

F on the aggregate subsystem Si in terms of error introduced bet-

$41%1
ween the exact and approximate trajectories. In this section, we shall

examine the influence of neglecting Fi in terms of perturbation of
’

i+l
open-loop eigenvalues. The motivation to study eigenvalue perturbation
lies in the fact that (2.56a) - (2.56c) results from a perturbation of
the full system (2.9) if the coupling Fi,i+121+1 is neglected. Open
loop behavior of a system trajectory is in general related to the eigen-
values that are retained or approximated in the reduced order model.
Since the input-output behavior is our major concern we note that, if

the Hessenberg block F is neglected, the input-output behavior will

i,i+l
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be solely governed by the aggregate Si (see section 2.3.2). Denote the

system matrices of (2.56) and (2.57) with index i suppressed:
A= A = (2.63)

and let g(A) denote the sev of eigenvalues of A. If o(f.) and o(A.) have
similar eigenvalue pattern or eigenvalues that are close in numerical
values, then the dynamics of y(t) can be expected to be close to that of
y(t). In fact, due to the structure of the GHR (Si is coupled to §i

through only F the closeness of y to y may be explained by

1,1+1%1+1)°

the idea of weak coupling when eigenvalue separation exists between o(F)
and O(F)[ZZJ. Since this need not be the case, we shall study how the
eigenvalues of jc differ from those of A. and to bound the eigenvalue of

A. in terms of a Gorschgorin disc [23] if this is possible.

Let Xi’ ki denote the i-th eigenvalue of A and A, respectively.

Also let x be the normalized eigenvector and adjoint eigenvector of

g ¥y
A, corresponding to xi' X is defined as the modal matrix of AC and Y==X-1-

Furthermore, AA_=A - A where
¢ e e

0 E
A, = (2.64)
0 0

For simplicity, assume A_ and A, each have distinct eigenvalues. We wish

to bound Ixi -i1| in terms of the perturbation 8A,. The following lemmas

are necessary.

e B e o T
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Lemma 2.2. Given nxn matrix A.=[ai’j], i,j=1,...n. Every eigenvalue of
A lies in at least one of the discs (Gorschgorin discs) with center a,
and radius T |a, b
jei o
Lemma 2.3. [23] If s of the Gorschgorin discs form a connected set which
is isolated from other discs, then there are precisely s eigenvalues of A 1
within this connected set. 1
Base on Lemma 2.3, the objective is to isolate the Gorschgorin disc
in which Xi lies from the rest by using linear transformation on A, thus
reducing the radius of each disc. Using the definitions of various quanti-
ties given in Appendix B, we have the following theorem.

Theorem 2.10: Consider the matrices A and &c:defined by (2.64), then the

i-th Gorschgorin disc of A, can be isolated from the rest so that

A

where B, =y AA X, 1, 1=1,...n if and only if the following conditions

hold:
|
kdy  IF
(I) py= max Ejéi = <1
e [y +8,0) - Oy +8,))]

J¥1
(I1) vy £y

where B8, ., \A and ;i are defined in Appendix B.

ij
The proof of Theorem 2.10 is given in Appendix B. An example will be given
at the end of the section to illustrate the theorem.

Finally, by treating 4A. as a perturbation on A , we note one

TIPREPE P ST Ty 2 s e s . - P




may study the sensitivity of eigenvalues of A, with respect to 8A.

Definition 2.6: Let the first order sensitivity matrix of xk with respect

to 0A. be defined as

2
5. == - ael;j » Bolag 4 ik

and che total first order change of xk(Ac) with respect to 8A, be defined

as

(1) _ T atl)
oy, EtrE S, (2.67)

To see the validity of (2.67), let E -[ei j] be a 2x2 matrix, then
bl

(L 2 X (L)
Akk tr E xSk

3, Ay . 2 3

e e
11 Bell 12 aelz 21 ae21 22 ae22

Remark: The left subscript x in xSl((l)denotes the sensitivity given a

particular matrix representation. This is important because sensitivities
are not invariant to linear transformations on matrix representations.

Applying the results on eigenvalue sensitivity with respect to a

parameter [24], we have
e B el

Denote E = [Eij]’ then

3x A 3x A\
k c k k
A a—— + X = }\ + - 4
c Beij aeij k k aeij 5eij k

which gives
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A 1
i R T
R e (2.68) :
Beij <x-ka yk>

A
where the right hand side of (2.68) is evaluated according to A.. Hence

to first order:

= (1)

N t* Akk

k- M

We note the computation of the sensitivity matrix is relatively simple

because the eigenvector and adjoint eigenvector x of Ac may be

171

obtained from lower order computations due to the lower block triangular

-~
structure of Ac.

The following simple example illustrates Theorem 2.10 and the

eigenvalue sensitivity with respect to AA..

Example. Consider a scalar Hessenberg matrix A_ and an approximate & 1
|3 Lxamp. & &
where, ;
ba.s 12, 0 0o | Lo.s 1.2 @D
1.0 1.5 0.1 0 o 1.0, 1.5 0 0
A = ,A = .
% L 2.2 062 =345 = 1.4 2.2 0.62 -3.43
0.6 1.6 0.96 -4.3 0.6 1.6 0.96 -4.3 4
T ——— cadasinil 4

First let us consider the bounding of li using the Gorschgorin disc. The

matrix B is computed to be

0.008009 -0.0180304 0.0180445 -0.02747
-0.039071 0.08796 -0.088028 0.13401

-0.00915 0.020603 -0.020619 0.031389

0.021968 -0.049455 0.049494  -0.075348

B |
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According to (B8) of Appendix B, the lower bounds for oy are 91'0.069
p2=0.033, 93'0.061 and 94'0.059. Choose pi=0.5 Vi, it is trivial to
show Ei exists for Vi and r1-0.00263, T, =0,01306, r3=0.00335 and
r4'0.01734. The results are tabulated in Table 2.1.
Table 2.1. Estimates of )‘L(Ac) based on ii(ﬁc) and the
bounds of Gorschgorin discs.
Eigenvalues of | Eigenvalues of | Estimated Bound on )‘i :
A, :)\i Ac s )‘i
-2.7725 -2.7804 -2.77502 <\ <=-2.7697
1.865 1.7804 1.855 X< 1.881 3
-3.5215 -3.501 -3.5251 5x35-3.5183 J
-0.25104 -0.17904 -0.271 57\,45-0.237
Next consider the first order eigenvalue semsitivities with
respect to f23'0.1 in A,. The sensitivity matrices of )‘i’ i=1,2,3,4 are
defined according to (2.66) and (2.68) while the total first order varia-
tion is computed according to (2.67).
-0.285681 -0.040774 3 .20549 0.096208 ;
JE » 3E |
_9.080091 0.0114114_ | .87959%4 0.&1181
39‘3 -0.076532 -0.091946 axa 0.156713 0.036507
=€ - -
1;0'206189 -0.24771ﬂ -0.753484 -0.175529

and

Axfl)-o.oosoon ; Axgl)- 0.0879594

1)

Algl)' -0.0206189 , Ax(a = -0.0753484

L G O— e —
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The computed results and comparisons are tabulated in Table 2.2

Table 2.2. Eigenvalue estimate of A . based on eigenvalues of

A, using lst order sensitivities.

Eigenvalues oq Eigenvalues of : Ay - xi

A - Estimated A % error =|——=|
A . i

of A.: Ay (3 )\1 i )‘i

=2.1728 -2.7804 <2.77239 0.003%

1.865 1.7804 1.8684 0.187%

-3.5215 -3.501 -3.5216 0.0037%

-0.25104 -0.17904 -0.2544 1.337%
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CHAPTER 3

THE GENERALIZED QL ALGORITHM

The scalar Hessenberg matrix has been used extensively in
numerical analysis. It is useful in eigenvalue analysis [23,25-27],
particularly in conjunction with the powerful QR algorithms developed by
Francis [281. Extensive treatment is also given by Wilkinson [23].
Working with the upper scalar Hessenberg matrix F, the QR algorithm factors
F into an unitary matrix and a upper triangular matrix, and iteratively
transform F into a upper triangular matrix, thus displaying the eigen-
values on the diagonal. Taking advantage of the block structure of the
generalized Hessenberg matrix, we envision a parallel development for the
purpose of exhibiting weak coupling between some aggregate Si and
associated residual §i, if such weak coupling indeed exists in the given
system. The result is the generalized QL (GQL) algorithm developed in
this chapter. We point out that weak coupling, if it exists, is a function
of system representation, and is only exhibited in certain particular
system representations. The GQL algorithm does not introduce weak coupling,
it merely transforms systems into a more suitable representation to bring
out weak coupling. The motivation for using the particular generalized QL
algorithm is found in the fact that its successful application to the GHR
would have the effect of reducing in the limit, the plant matrix in the
GHR from generali?ed Hessenberg form to block triangular form. In that
process, some Hessenberg blocks will be converging to zero matrices.
Depending on the rate of convergence, the algorithm is expected to place

in evidence after a finite number of iterations those Hessenberg blocks

i e, +-;..; o - P A i B aiieting Cadeadty




F that may be neglected with acceptable approximation error. The

1,1+l
main objective is to understan! under wi * .‘'itions convergence occurs

and how the algorithm may be applied to bring out any weak coupling within
the system structure.

The generalized QL algorithm to be developed is a particular
variant of the standard QR algorithm [23,28] and is constructed for the
block partitioned Hessenberg matrices. At each iteration, the system matrix
in the GHR is factored into the product of a block unitary matrix Q and a
lower block triangular matrix L, each compatibly partitioned as the
generalized Hessenberg system matrix. The QL factorizations stem from the
needs of reduced order modeling to be described later while the block
structure is consistent with the GHR structure.

The chapter is organized as follows. In Section 3.1, the funda-
mental QR algorithm is modified to obtain the basic QL algorithm. The
extension to block Hessenberg matrix results in the generalized QL (GQL)
algorithm which is presented in Section 3.2. The extension to block matrices
leads to a whole class of problems which must be investigated. In particular,
the convergence and computational aspects of the generalized QL algorithm
are presented in Sections 3.3 and 3.4 respectively. Finally, the applica-
tion of the generalized QL algorithm to GHR is briefly discussed in
Section 3.5, leaving the model reduction problem via the GHR and GQL in

the next chapter.




49

3.1. The Basic QL Algorithm and its Properties

Let A be an arbitrary but real nX n matrix, Q a nX n unitary

matrix, and L a nX n lower triangular matrix. Then:
Result 1l: The factorization A=QL is always possible.
Result 2: The factorization A=QL is unique if A is nonsingular and the
diagonal elements of L are restricted to be positive and real.
Let A) =A, then the QL algorithm is defined by the following

ierative procedure:

A, = QL s=1,2,3,... (3.1)

A = 1..Q g=1,2.35: - (3.2)

s+l s's
where the factor matrices Qs and I% are unitary and lower triangular
respectively and subscript s denotes iteration number. Then

Result 3: All As are similar to each other, and, in particular, are similar

to Al'
Result 4: Let Ps = Q1Q2 "'Qs’ Us = LsLs-l . iskis Ll' Then
- Rb v - Br
(i) As+1 Qs shar QlAlQ1 sisi Qs PsAlPs (3.3)
s
(i1) PsUs = Al’ 3.4)

Thus PsUs achieves a QL decomposition of A;.
Result 5: Given a nX n matrix A1 with real eigenvalues. Then the QL
algorithm converges to a lower triangular matrix A with eigenvalues of Al on

the diagonal in ascending magnitude, that is,

diag A = (yseeeshy)

with
P W T L B

——— e B WANIPEVe s R g g e e s 4 rae -

- ——y —— e e e =

v
iiilnninte il il Mg it o s o Sk -~




Result 6: Given A with distinct real or complex-conjugate pairs of eigen-

values, the eigenvalues in the limiting matrix A are again ordered with
respect to their absolute value as in Result 5, with the distinction that
2X 2 diagonal block entries correspond to complex-conjugate pairs of

eigenvalues.

3.2. The Generalized OL Algorithm and its Properties

As in the case of QR algorithm, the QL algorithm presented in
Section 3.1 is applicable to any arbitrary initial matrix. It has been
noted in [28] that the amount of computation is significantly reduced if
the initial matrix is Hessenberg. Instead of concentrating the development
on arbitrary block matrices, a generalization of the QL algorithm suitable
for application to the generalized Hessenberg matrix of the GHR is now

developed. Consider the system matrix F of the GHR (2.10). For notational

purposes denote F by Fl. The factor matrices Qi’ Li’ i=1,2,... are said
to be compatible with Fl if they have the same block partitions as Fl'
The generalized QL algorithm states i
4
By QsLs CR S I O (3.5)
3
Fs+1 - Lst 88,2350 (3.6)

where
Q, = nXn block unitary matrix compatible with F

Ls = nX n lower block triangular matrix, compatible with Fl'

The following results then hold:
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Theorem 3.1l: Given a matrix F in generalized Hessenberg form, the factori-
zation F=QL is always possible where Q is unitary and L is lower block
triangular and each compatible with F.

Proof: The theorem will be proved by a constructive procedure referred to

as the successive orthogonalization method. Since F=QL and using the

notation
[ Tl
L11 0 0
L L
= 21 22 >
(F; ... Fk] (e --- Qk] : . (3.7)
B g
where Fi’ Qi are nX T, matrices and Lij are rix rj matrices. We have
P = Qluk
Free1 ™ Qecalie-1,k-1 * Yl k-1
. (3.8)

F

By = Qg +Qlyy + - +Q Ly,

R TR UL T O B W

The successive orthogonalization method starts by choosing Qk
such that Q:Qk = Ik.* This is always possible if columns of Qk are
orthonormal vectors. From (3.8a), we immediately have ka:.Q:Fk' Next we
choose Qk-l such that Q:-lqk-l .Ik-l and Q:_le==0. This is always possible
if columns of Q _, are chosen such that each column of Q,.; is orthogonal to

each column of Qk and all columns of Qk-l are mutually orthonormal. From the

*
Here I; denotes the ryXr; dimensional identity matrix.

- -~ — — — o —— - -
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second equation of (3.8) we get Lk-l,k-l = Q:-le-l and Lk’k_l"Q:F .1c Im
general, Qi’ i=k,k-1,...,1 are chosen in succession starting from Qk such
that: (a) columns of Qi are mutually orthonormal and (b) each column of
Q; is orthogonal to each column of Qj’ i< 4k, de., QfQi"Ii,
Q}Qj==0 Y1 2> 1, Thisvis always possible. Once Qi is selected and since
Qj’ j>1i are known from previous steps, we have

Ley = o;F 1

T
L = Q; .F
iF1,1 0 H4Ld (3.9)

i T
Det - %y
Thus the matrix L is obtained block column-wise starting from the kth block

column. Clearly each Li ¥i,j=1,2,...,k is well defined and with Qi’

j)
i=1,2,...,k appropriately selected, the generalized QL factorization of an
arbitrary generalized Hessenberg matrix always exists.

Analogous to Fact 2, the generalization to block Hessenberg

starting matrix is

Theorem 3.2: The decomposition F=QL is unique if F is nonsingular and L

is restricted to have positive definite (negative definite) and symmetric

diagonal blocks Lii vi.

Proof: By hypothesis F is nonsingular, thus L is nonsingular with positive

definite diagonal blocks L(i’i) 2 Lii’ i=1,2,...,k. Assume that there exists

two decompositions such that F =Q1L1 - Q2L2. Defining

T -1
Ve qQ * Ll (3.10)

Qi being unitary gives
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vy = quzngl = 1. (3.11)

T

Thus equating both sides of (3.11) and using (3.10) we have V*diag(vii),

i=1,2,...,k. From (3.10) v, =1{»Dp{H)7L, |

Rty T
ViiER , with Viviiali’
Hence Lz(i’i)rl.z(i’i) = L{i’i)TLfi’l). TE L(i’i) is restricted to be symmetric

and positive definite (or all negative definite), then Lii’i) = Lz(i’i) which

implies Vii =]

i and it follows that LJ.=L2 and Q1=Q2. This proves that if

L is restricted to have positive definite and symmetric diagonal blocks,
then the QL decomposition is unique. It should be noted that a unique
decomposition F=QL can be attained if F is nonsingular and L is restricted

to have negative definite and symmetric diagonal blocks L(i’l)
(i,1)

for all 1.

However, there is no loss in generality in taking the L to be positive

definite.

Theorem 3.3 (i): All Fs are similar and thus similar to the initial

generalized Hessenberg matrix Fl; (ii) define Ps =Q1"'Qs and Us =Ls...L1.

S : S
Then PsUs Fl’ f.e.; Psus achieves a QL decomposition of Fl'

Proof: (i) by definition, FS=QSLS, then

QGF,Q = QL (QL)Q, = L.Q, = F_,,.

In particular,

p- T = ok
Fs+1 Qs e Q1F1Ql ey Qs Ps?lPs'

(ii) PU =Q --. Qqq (QE )L, g - L,
E =Q e Q0 (F L (Lo, -e- L
= FQ - Q@ gLy L, e Ly
| - .
|
} T —

T e ——— e B
> ¥
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Theorem 3.4: Given an initial generalized Hessenberg matrix F, all QL
iterates are structurally invariant, i.e., all Fs are generalized Hessenberg
matrices compatibly partitioned as in F.

Proof: 1If F is nonsingular, the assertion is obvious because L will be

nonsingular and

-1 -1
L T B e BRLY o 1

-1
UsFUs 5

F

Since Us is lower block triangular and compatibly partitioned then Fs+1’
¥s=1,2,... will be generalized Hessenberg and compatibly partitioned. If
F1 is singular the result can be shown to hold by recalling the possi-

bilities of structuring the block matrices in Q via successive orthogonali-

zation. From (3.8) we have ka -~ Q:F and thus

X
iy
= T T T . - i o
b = (e - G,k %l | o Qe-1, k-1, % F %, kFi k0 (3.12)
Fe-1,x
LA

By selecting Qk-l,k and Qk,k’ ka can be made to take on arbitrary value.
From the submatrices of the block matrix QL and using the structure of F,
we have Qikl'kk =0 Vi=1,2,...,k-2 and arbitrary ka implies Qik=0

= - = T
¥i=1,2,...,k-2. In a similar manner, Lk-l,k-l Q-1Fy-y shows that
Lk-l,k-l is independent of Qi,k-l for i=1,2,...,k-3. Thus by the same
argument, Qi k_1<-0 for i=1,2,...,k-3. The rest is by induction. Thus the

b

unitary matrix Q is also generalized Hessenberg. Consequently Fé==LQ is

also generalized Hessenberg.
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3.3. Convergence of the Generalized QL Algorithm

Having established the existence and uniqueness of the generalized
QL factorization and defined the GQL algorithm, consider next its conver-
gence properties. Both a geometric and an algebraic approach are used.
From the geometric point of view, we shall first show the relationship
between the generalized QL algorithm and the power method used in numerical
procedures for eigenvalue extraction [29]. Based on the properties of the
power method, conclusions on the convergence of the QL algorithm will be
drawn. In addition, it will be shown that if the generalized QL algorithm
converges, a partial ordering or eigenvalues will be induced so that the

leading submatrix of the limiting matrix F contains the dominant eigenvalues,

i.e., eigenvalues with smallest moduli. On the other hand, the convergence
process and the structure of the limiting matrix F at convergence is best
illustrated using an algebraic approach. Furthermore, partial convergence
is defined and its implication on generalized Hessenberg strating matrix is
studied.

From the proof of Theorem 3.3, we note

F=gimF .. = lim P_fF

™ R e lPs' (3.13)

Thus, Fs converges to a constant F if and only if Ps-'P as s—~®, On the
other hand, from Theorem 3.2, the factorization FS==QSLS is not unique if
Fl (thus Fs) is singular. Since Ps==Q1 o Qs, in order to prove conver-
gence of the GQL algorithm, it is necessary to assume unique factorization
at each iteration. Henceforth, except noted to the contrary, it is assumed

that Fl is nonsingular. Such an assumption may not be unreasonable because

many systems possess nonzero eigenvalues.
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From Theorem 3.3,

s -1
Ps Flus ¢ (3.14)

Because Us is lower block triangular, (3.14) implies that the last q block

columns of Ps are linear functions of the last g block columns of the

matrix Fsl Let the nX n identity matrix I be partitioned compatibly with

Fl’ t.e.,
Sy 4 g
0 12 0 0
I=
. g 1k-q+1
‘ : 3 0
-? 0 0 Ik_

The following notations and definitions will be used in the sequel. We

define Eq as the space spanned by the last q block columns of I, i.e.,

g =gf19
qa.}

where

Let 31 be the linear operator corresponding to the matrix F, and let Zo be

1

an arbitrary subspace of Rn spanned by p linearly independent n-vectors

xl,xz,...,xp. An iterative sequence of subspaces [xs} will be denoted by




= % D ey S =
xs =3, ...3r~° 3r~o, s 2 (3.15)

and xo will be called the starting subspace of ZS. Let the eigenvalues of

F, and their respective eigenvectors be ordered by their modulus:

1

gl 2 L2 bl
VisVgs e sV

Then any p dimensional subspace spanned by the leading p eigenvectors is

called dominant in modulus. If !Xp' = IX then there will be more than

p+1I ?
one such dominant in modulus invariant subspaces. Let aD(p,ﬂ.n) denote the
set of all such dominant in modulus spaces. By cardinality of a set, we
refer to the number of elements in that set. When card &(p,Rn) =1, we shall
denote this unique dominant in modulus invariant subspace by D(p,Rn). In
general, for an arbitrary nX n matrix A compatible with a given generalized

Hessenberg matrix F, let (A)q denote the submatrix of A consisting of the

last q block columns of A and q:)q be the subspace of RY spanned by the

linearly independent columns of (A)q. Furthermore, we introduce the
following definitions:

Definition 3.1: An operator 81 in Rn is said to be defective if there are

less than n linearly independent eigenvectors for Fl’ where F1 is the matrix
representation of 51 in nn.

Definition 3.2: Let ZP be an arbitrary p dimensional subspace of Rn and ﬂp

be a p dimensional invariant subspace of 31. X _ is said to be deficient in

P

o~ C
7Zp if A.pnnp#o.

Remark: If Zp is not deficient in np’ then zp

R" 'ZPQ'R;. In this case it is equivalent to say %

is a complement of %:, doacy

b and ﬂ; must not
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contain common elements. However, in general we cannot claim Zp contains

ﬂp or vice versa. A simple example shows this. Let np = span{xl,xz},
n; = gpan {x3} where x; are linearly independent and x16513. Clearly
3 = = =
R span{xl,xz,x3}. Let Zp span{x1+x3,x2} span{vl,vz}. Clearly
c 3 :
Zpenp R~ but neither Zp contains ‘)2p nor ﬂp contains X_.

P
From (3.14), we note

£.), = Jsl(u;l)q =Z_. (3.16)

Since Zs must converge Vq in order for FS to converge, the convergence of
zs must be guaranteed. ZS is formed by 31 repeatedly operating on columns

of U;]'. Thus the following facts are necessary:

Fact 1 [29]: For an arbitrary vector xERn, let )‘M and VM be the eigen-
values of A with maximum modulus and its associated eigenvectors. Under
appropriate conditions, the power sequence {Ass, s 30,1,2,...} converges to
VM'

For the simplest case of distinct eigenvalues, this may be seen

as follows. Let u, be an arbitrary n-vector and define two sequences ug and

tg by

T ts+1/max(ts+1), I B b S

ts_ﬂ"AuS, C A0 R SR

where max(x) equals the element of maximum modulus of x. Then

S
Auo

u 5 3 3.0,1,2,-..

max (As ug )

Next express uy, in terms of the eigenvectors

n
uo n 1§1°'ivi'

Hence
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g .08 G, ol s
Alug iz.lozix Vi )‘M[QMVM"'iiMO‘ i/)‘M) o 1V i] X

Since h‘i‘ < l)‘MI V¥i, then as s—=, if O!M#O, we have

s s
Aug KM“MVM'
s s Poatle
Also max (A uo) XMQMan(VM), giving us
s
A uy = VM
max (V)

u =
p °  max(a’u))

The more general case of repeated eigenvalues may be found in [23].

Fact 2 [29]: For arbitrary n-vectors x, y, and z, the subspace spanned by

F X, ¥, 2z and its successive iterates obtained by the power method: ]
) (x*,y%,2%] = a%(x,y,2]

under appropriate conditions, converges to the invariant subspace spanned

by eigenvectors associated with eigenvalues of largest modulus.

The following lemma from [29] then allows us to relate the con-
vergence of the generalized QL algorithm to that of the power method.
Lemma 3.1 (29]: If J is a nondefective operator in f" and card &(p,ﬁn) =1,
then the power sequence (3% where X = span[xl,...,xp] converges to
D(p,an) linearly as s —~® if and only if X is not deficient in D(p,Rn).

Lemma 3.1 may be interpreted as follows. In order for the initial
space 4 to converge under the power method, X must not contain common

elements with Dc(p.an) which is the invariant subspace formed by the n-p

eigenvectors other than the p eigenvectors associated with the p eigenvalues

of maximum modulus.
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A relationship between the generalized QL algorithm and power |
method may be established as follows. Since U;l is lower block triangular,

it is obvious that
-1 23
U g .
W) €&
From (3.16), we have

S ~
L~ 316

. (3.17)

3"
where ~ denotes equivalency. Comparing (3.16) and (3.17), we conclude
that the sequence t“s} is generated from the starting subspace £ . 1In
particular, the generalized QL algorithm is seen to be equivalent to a nesteu

~ ~

sequence of k power sequences with starting spaces 61,6 ”ER For the

PLEE
convergence of the generalized QL algorithm, we immediately have the

following theorem.

power sequence Ezs} = [3s€q} converges for all q=1,2,...,k. ?
Furthermore, in view of Fact 2 of the power method, if the gener-

alized QL algorithm converges, G?s)q, ¥q=1,...,k converges to the
k

z r;=m dimensional subspace of R" spanned by the m_ eigenvectors
i=k-q+l 9 N

corresponding to the mq eigenvalues of largest magnitude. In other words,

P = %&3 Ps is ordered such that columns of (P)q spans D(mq,ﬁn). Because

T 0 —
lim P F,p_ = PF,P=F
g~ 8 18 1
2 L -
then the leading i§1r1)<i§1ri submatrix of F will represent the restriction

- 4
of F to the eigenspace spanned by the izlri eigenvectors corresponding to

smallest modulus. Hence we can conclude that the leading submatrix of F

— e g e

3
a e s v s et S st Nt oo s GRS §

i
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always contains the dominant (eigenvalues with smallest modulus) eigenvalues
of F,.
Theorem 3.6: If the generalized QL algorithm converges, then the eigen-
values of the leading submatrix of the limiting matrix F are the dominant
eigenvalues of Fl'

Using Lemma 3.1 and Theorem 3.5, the convergence of the generalized
QL algorithm may be stated as follows:

Theorem 3.7: If

(i) 31 nondefective, and
k

m_= P
9 i=k-q+1 1
mq eigenvalues of largest magnitude, and

(ii) 31 has a unique eigenspace D(mq,ﬁn), corresponds to
(iii) Fl is nonsingular and generalized Hessenberg,

then the generalized QL algorithm converges if and only if (£11)q is not
deficient in D(mq,ﬂn) Vq=k,k-1,...,1,where GSIl)q denotes the space

spanned by the last q block columns of L1 from the decomposition F1:=Q1L1.

Proof: Rewrite (3.14)

AT S by D

s -1 -1, -1 -1
P = FlUs - FlLl (L2 ,...,Ls Ve

s
Consider an alternate sequence

s ~1
1% * Bl -

Hence

8 ;1
(193)<l = 31(521 )q.

- -1
Now B = if and only if Vq, (§])_ is not deficient in D(mq,nn). Since

=} - -
(L2 “oe le) is also lower block triangular of the same form as Lll, thus

-1 -1
W)€ €10,

- e TR Iy W P By T

—— — —— e —— | — - -

»
—— — s sl biesidit . - s PR L NP SUR -
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Hence 5: in effect operated on (SII)q in (3.16). Thus Ps converges if and
only if lPs converges. This proves the assertion.

In order to understand the causes of convergence in general
and what is the structure of the limiting matrix F, let X be the modal

matrix of Fl’ then

F, = XDX * = XDY (3.18)

1

where D is block diagonal and compatible with Fl’
r.Xr
D =block diag(Al,Az,...,Ak), AiGR 5 i. LE S(Ai) denotes the spectrum of

i.e., D=block diag

Ai’ then min S(Ai), max S(Ai) denotes the eigenvalues in S(Ai) with minimal

and maximal modulus respectively. Assume further than

max S(Ai) < min S(A fiam T el (3.19)

i+1)°
Note that cases with eigenvalues of equal moduli including repeated eigen-
values have not been ruled out. The only assumption is that eigenvalues
with equal moduli may be grouped into a particular Ai and thus satisfy

*
(3.19). Factorize Z and Y as

X =QL (3.20a)

Y = Ul (3.20b)

where Q is unitary, L is lower block triangular, U is unit upper block
triangular (i.e., unit matrices on the main block diagonal)and i is lower

block triangular. Moreover, Q, L, U, and i are all compatible with Fl.
S
Using (3.20) in PSUs Fl’

*

This depends on the number of eigenvalues of equal modulus and
on r; which is determined by the structure of the generalized Hessenberg
matrix Fl’

—~ — ———




63

PU =F = xp°Y
s s 1
= Qud°ul

= qud°vp %)p°L. (3.21)

Since U is unit upper block triangular,

5 b . o 4T i<j
(0°up™°1, 3 D i T . (3.22)
? 0 otherwise
Hence we can write
pup ® = I+E, (3.23)

where Es is upper block diagonal with zero main diagonal blocks and for

j>1i, the (i,j)th block is given by (3.22). Due to (3.19), Djj has eigen-
values with larger moduli than those of D, Then lim Es==0. Using (3.23)
S—@
in (3.21), we have
PU_ = F; = QL(I+E_)D°L
s s i SR s)
= Q(I-FLESL-I)LDsi
= 0 . 1 s'.
QQ L DL (3.24)

where the product Qsis results from a generalized QL decomposition of
a1 P "
I-PLESL . Because Q and Qs are unitary and Ls’ L, Ds, and L are lower

block triangular, it follows from the uniqueness of the QL decomposition

L=, (3.25a)
~ s—-
ug = L Lo°L. (3.25b)

- B PNITE. AP T Y B d = R e 2
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Hence
lim P = Q = constant matrix (3.26a)
g~ §
and .
lim U = lim LD L. (3.26b)
s=® 8 g
Furthermore,
- T S LT =
giz Fs+1 ;Ea PSFIPS Q FIQ = | (3.27)

and using (3.18)

F = (xox')q = wor l. (3.28)

Equations (3.26)-(3.28) show Fs indeed converges and the limit F will be
lower block triangular and compatible with Fl. In other words, when the
GQL algorithm is applied to a generalized Hessenberg matrix F, the Hessenberg
block (Fs)i,i+1 will tend to a zero matrix when convergence is achieved.
Thus convergence is a consequence of (3.22) and the assumption that Djj has
eigenvalues with larger moduli than those of D,

Next consider the relationship of geometric and algebraic approaches

and the implications of (3.19) on the convergence of the GQL algorithm.

Using (3.25b) in (3.14), we get

T A e B e
s i s
In addition, (3.25b) indicates
-1, -s,-13-1 -1
i i - £ )q~cus )q.
-1 _ .~1l.-1 -1 3 -1
Since Us I.s Ls-l o L1 ’ st )q gsl)q . Thus

g=1_=go=l3-1 -1
i P fs )q~ o )q.
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In view of Theorem 3.7, we are interested in the relationship of
(E‘ln'ss'li;l)q and D@ ,R"). To this end, using (3.20) and (3.25), ve find

1 1

i e 3 i;l = Q-LD'SL'IQS. (3.29)

1~ - =1

Because Qs-‘I as s—®, )¢ Yt Q LD L . From (3.29), we conclude

S
-1,-s,-15-1
Y ~ s .
€8I ~ @) (3.30)

1 where X is the modal matrix of F1 with columns ordered

according to (3.19). Since rank (Q)q = rank(x)q, (?)q ~ D(mq,ﬂn). From

Recall Q= : +

(3.27) we conclude (1-19-s£-1§;1)q ~ D(mq,Rn). Hence (£11)q is not
deficient in D(mq,Rn). Thus Theorem 3.7 guarantees the convergence of the
generalized QL algorithm as long as Fl has nonzero eigenvalues and the
eigenvalues of FI may be grouped according to (3.19).

In the remaining part of the chapter, we shall introduce the
notion of partial convergence. The mctivation lies in the fact the
dimensions of the submatrices F(i’i) = Fi,i of the GHR are defined apriori
once the output matrix C is specified in the original system representation.
It is possible that eigenvalues with equal moduli appear in successive blocks
Ai of (3.19). The simplest example occurs when the output is one dimensional
and there exist complex conjugate pairs of eigenvalues so that due to the
dimension of blocks F(i’i) (which is 1 by 1 if output is scalar), one complex
eigenvalue is associated with Ai and its complex conjugate is associated
Mg+ In view of (3.22), ;igtnsun"](i’i*i) #0. The nonzero elements will
have constant modulus but different in argument for each value of s. To

this end, let us introduce the following definition.
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Definition 3.3: The generalized QL algorithm is said to have partial

convergence if there exists a set  CX with X = {qu’qrz""’qr |
t

% = {1,2,...,k-1} such that

(q4,9;+1)
lim F = Q Ve, €X,-

S— S

To see that Fs still converges to a lower block triangular matrix as s—

(1,i+1)
FS

but not all , 1€ converges to a zero matrix, let us, for simplicity,

assume that At’ A have eigenvalues of equal modulus. The extension to

£l

more general case where there are isolated groups of Ai's with eigenvalues

of equal modulus is obvious. Equation (3.19) now becomes

max S(A1)<min S(A2)<---<'max S(At)gmin S(At+1)<--~<‘max S(Ak_1)<mins(l\k).
(3.31)
Then instead of (3.23), we may write
8. -8 _ =
D UD US+ES (3.32)
where lim E_=0, with U, of the form
s S "
I1 e i v ane O
9 2 O e e T N e R - C
" : Spet Y :
T B, X O esciusenns s | S
It+1 Lo e
: It+2 [N o
Pelsmtbsvsaiseume . SR Osin Ik

Recall from (3.21),




P_U_ = QL(D°UD )DL
= XU (1 +TJ;IES)DS'IZ
= x'ﬁs(1+cs)nsi

where ;._ig Gs =0. Writing XI_JS =asis then

pu, =qf +GS)D‘°'£

or as s—«x

Qs ~ Ps'
Hence .
1-"s+1 PsFlps
= BE -1
PSXDX Ps
= PIxg (—-lnﬁ Yoo x e
s s s s’"s
1 = 1
L, (T, DU L "
Now {a
XUg = QLU = Q L,
If we define
o =
8 = =3 pXp
QW " Q W > wséﬂ S
0
and 5 =
0
Ls = Ws LUs
o -

Clearly they satisfy (3.35). Denote

1
Bey <009
L=|Ly L, O | and D=
[b91 Mo Y3 |

(3.34)

(3.35)




S

from (3.34) we have

't 0 8 0
F .. ~|0 w o|lwrtlo Wt
s+l s s
0 0 I 0 0 I
Lll 0 0
A s -1
Wolar  Wls,W, 4
™ ~ -1 ~
Ly L3,¥, Las
where iij ¥i,j are independent of iteration number s, and
A 0
s N t -1.-1
WL W' = W L, : LZ;WS : (3.36)
t+l

Thus as s—®, Fs+1 eventually becomes a fixed-structure lower block tri-
angular matrix except for block rows aad block columns corresponding to
At and At+1' Even though the diagonal blocks correspond to At and I\':+1 do

not converge, their eigenvalues are those of At and &t+1 as a consequence of

(3.36).

Y e

3.4. Computational Aspects of the GQL Algorithm

Successive itcrates of the generalized QL algorithm requires the

factorization of Fs into block matrices Qs and I..s and obtain Fs+1 as in (3.6).
In this case, both factor matrices Qs and Ls must be solved for. Alternatively,
the successive GQL iterates may be obtained as a result of linear transfor-

mation using the relationship
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= -1 =
B ™ BEL R T o TR (3.37)

While there are many computational procedures for the standard QR algorithm
that may be adapted to the generalized QL algorithm, the presehce of block
structure in FS, QS and LS and with reasonably small dimensions associated
with each block, new alternative approaches may be developed. 1In view of
(3.37), it is sufficient to obtain Ls only in order to obtain the next

iterate Fs+1' We have from (3.5)

T . T
Fst - LsLs' (3.38)

When F and L are written in terms of their block entries

— e
Lyy 0 . 0
L Ei 0 0
2 il 22
F [Fl,...,Fk], L=|" . (3.39)
1 L

then equating both sides of (3.38), we find that

1L, * T°F, 15 i1 =k, k-1 1 (3.40)

e e R, LR yk=l,..., : 1
L, = @l )y FE, - : = i) j=1,2 i-1 (3.41)
1] ii iF3 7 5 Tmilmy? 12y« e epi-l. :

(3.40)-(3.41) constitute a set of recursive equations for L, of course

knowing L, Q"PL-I. While (3.38) always has a nonsingular Ls as a solution,

it is not evident that this solution may be constructed to be lower block

triangular and have symmetric, posiitive definite diagonal blocks as required

for uniqueness of factorization. An examination of (3.40) indicates that

Lu may be solved for only if the right hand side of (3.40) is at least

P AT i I Al Pl A e P . #

— e - — e E——— S
-
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positive semi-definite and L,., may then be obtained using (3.41) only if

ij
the right hand side of (3.40) is positive definite. We now proceed to show

that under the assumption of nonsingularity of Fl’ the right hand quantity

of (3.40) is indeed positive definite. From (3.8),
T k T k
Ll = [Fi - m=§+1 Lmi] [Fi - m=§+1QmLmi] : (3.42)

Expanding the right hand side and using (3.9), we have

K % K
T T T T T
Bogles = BBy * 0 Baeln Tt T Tt T
K
. T .
FiF, m=§+1LmiLmi' (3.43)

Thus (3.42) is equivalent to (3.40). We can conclude that the right hand
side of (3.40) is at least positive semi-definite. Due to the non-
singularity of L, the right hand side then must be positive definite. It
is obviously symmetric. Note during step i, all quantities on tha right
hand side have already been obtained. From [30], a unique positive definite
and symmetric Lii exists using (3.40). Thus when Q is not explicitly
required, (3.40)-(3.41) provide a simple set of equations for L.

Next consider the solution of (3.40)-(3.41). Denote the right
hand side of (3.40) by 61, i=k,k-1,...,1. The problem therefore reduces
to solving‘a quadratic equation for L

inverting the Lii and then solving

ii’
for Lij' For a fixed i, the right hand side of (3.40) is completely defined
from previous calculations. Since ai is symmetric and positive definite,
then the matrix of eigenvectors of 51 is unitary. Denote the matrix of

eigenvectors of 51 by V., then

i,
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T.T i e i
VILL LV, = ViQ,V; dxagal,xz,...,xri) A, (3.44)
&
where {li,.. ,ki } =05{R.}. 5{3.} denotes the set of eigenvalues of Q..
1 n, 1 i {
Thus
2 Z 57T 5T
Lyglyg = Ay Vi) VAV )
giving us 3T
Lii = viAivi (3.45)

which is symmetric and positive definite if X? is taken to be positive.

Once L is obtained, Lij’ j=1,2,...,i-1 may be obtained by using (3.41).

ii
Note block submatrices of L are obtained successively starting from the kth

block column. See Figure 3.1 for a summary of the algorithm.

3.5. Application of the Generalized QL Algorithm to the GHR

While the generalized QL algorithm may be used solely for numerical
purposes, we recall the primary goal to develop the GQL theory is to apply
it to the GHR so that any weak interconnection between Si and §i, o U B K
exists, may be brought into evidence. However, we stress the GQL algorithm
does not create weak interconnections, it merely reorganizes system repre-
sentations, and in that process, block diagonalizes the system matrix
according to eigenvalue magnitudes. We discuss two particular aspects.

The first is the use of the factor matrix LS in FS'=QSLS as a linear trans-
formation of the GHR and show the general effect of GQL algorithm on GHR.
The second is how the property of GQL algorithm may be used to advantage
when applied to the GHR in order to indicate a two-time scale decomposition

of the system into a fast and a slow subsystem. While the second aspect is

B i o ™ W T P )

e ——— gt e e
.

e b P R, T v




Input F
in generalized

Hessenberg Form

!

i=K

Obtain Lj;
according to (3.40)

Y
Lii
\
Obtain Lii

]=1,...,i'l fzj=1
according to(3.41)

-1

No

i=1 -

Yes

Figure 3.1. Flow chart of subroutine for obtaining L for
the generalized QL factorization F=QL.
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in fact a particular consequence of the first aspect, its repercussions are
of separate significance because cf applications within the theory of
singular perturbation [20]. The generalized QL algorithm provides a pre-
scriptive procedure for identifying slow and fast subsystems and thus
represents a convenient tool for achieving thisccrucial step for the appli-
cation of singular perturbation results.

In view of (3.28) which gives the structure of the limit F, we
observe that under conditions of convergence some or all of the super
diagonal blocks in Fg will gradually reduce towards the zero matrix and, thus
would tend to become weak links in the system structure. If indeed some of
these links may be neglected with acceptable approximation error this would
result in the residual being unobservable to the aggregate, achieving an
approximate aggregation. Thus the aggregate may become an acceptable reduced
order model of (2.9). We now make the above discussion more concrete by
applying the sequence of similarity transformations characterized by the

matrices Ls, s=1,2,3,... to the GHR. Denote the GHR from (2.10) as

: n
z, = li‘lz1 + Glu, 21€R (3.46)
r

ym - Dzla }’mER

1

with z=1z,, F=Fl, and G=G1 employed to simplify the notation in this

section. Since Fl is nonsingular, it has a unique block QL decomposition

(Theorem 3.2) Fl"QlLl. Premultiply (3.46) by L Then

1

lel — LlFlz1 o L1G1u - L1Q1le1 o - L1G1u.

= - =k
¥ Fzz2 sr qu and . DL1 zZy. A

sequence of transformations yields the system representation:

Define z, = Lz, G2 = L1G1. Then z

———— et T AR PG T g A TGN T =




u (3.47)

T S

s+l
-1 -1 -1
e DL1 Ls 2o DUs Zo (3.48)
where
Zo4 = Lszs = Ls “leia le1 = Usz1 (3.49)
Gs+l - LsGs = Ls ot L1G1 - UsG1°

s
Since Us = irrlLi is lower block triangular, the rl-dimensional
leading subvector of zg is the transformed measured output A This is

precisely why we require the decomposition F=QL instead of F=QR. Otherwise,

the transformed output Y will be a linear combination of all system states

z instead of measured output only. This is crucial because we want to

s+l

"preserve'" relationship between the measured outputs and state variables of
any reduced order model constructed from the GHR.

The usefulness of the GQL algorithm in singular perturbation theory
stems from Theorem 3.6. Traditionally singular perturbed system assumed
the structure:

S X, = Anxl + A12x2 an Blu (3.50a)

Sgi %, = 1/u(A21x1+A22x2+Bzu) (3.50b)
where 4 is a small parameter and the fast eigenvalues (nondominant) of the

composite system is associated with the fast subsystem Sf. Unfortunately,

many systems possessing a two-time scale property are not directly expressed

in the form of (3.50). Thus a systematic procedure to be applied to a general
system representation so that (3.50) results will be useful.
The effect of applying a sequence of QL iterations on the system

structure, as depicted in Figure 2.2 of Chapter 2, is that the subsystems




will eventually be ordered so that Sl’ as an independent subsystem, contains
the dominant dynamics, S2 is the system with which the next group of eigen-
values, in order of dominance, is associated, and so on to the last sub-
system S, which is the fastest subsystem as it is associated with eigenvalues
‘with largest moduli. It is however, important to note that as the iterations
are allowed to go to infinity, while the essential feedback links would tend
to become weaker and weaker, the effect of the iterations on some other
parameters is to make them larger and larger, e.g., allow them to grow
unboundedly. To see this recall that from (3.25b), lim Us==LDsi, and when

F1 contains eigenvalues with modulus greater than one, Us will grow
unbounded. Thus if the QL algorithm is applied to the final goal of reducing
a.l superdiagonal blocks to arbitrary neighborhood of the zero matrix, the
inevitable results is the appearance of large gain factors in the control
matrix and some feedforward links, accompanied with negligible entries in

the output matrix. On the other hand when there exist some eigenvalues of
moduli smaller than one this will have the inevitable result of the appear-
ance of high gains in the output matrix of the resulting GHR. Thus, the
primary aim of applying the generalized QL algorithm is to detect after a

relatively small number of iterations whether some of the superdiagonal

blocks have a high rate of convergence towards a zero matrix such that by
neglecting them,an acceptable approximation error between the outputs of the
full order model and the outputs of the approximate model in which such terms
have been neglected is acceptable.

Assume after s iterations, we have a new GQL processed GHR

representation:

e e

e —— :4-‘y-v—~—~
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Fszs o Gsu (3.51a)
= Tutlal)y=l
Y [Us 1 )| [11 0 s 0]zs (3.51b)
with
P 5
F =|¢3 s G s
s j - s o
w R %
J
z B
| @ JegP -
zg 'Ej . zSGR 5 P iglri'
s
If superdiagonal block Ff 41 in Eg is appreciably reduced, a candidate
3

reduced order model is obtained by placing El='0 and thus has the following
form:
g, = Fizt + Ggu (3.52)

A (1,1)]-1

R L (1; 0 ... 0]z

T

which results from retaining only the strongly observable part of the

resulting system. (3.52) may be considered as an approximate aggregate

model of (2.9). A desirable feature of (3.52) is that (a) approximate output
§m is only a linear combination of measured output Y’ (b) the aggregated
reduced order model state z, is linearly related to the original system state
x of (2.9). This is so because zg of (3.51) is related to x by a linear
transformation . - Ust. Such a relation is particularly useful if (3.52)
is used to design feedback control laws which is subsequently applied to

(2.9).
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CHAPTER 4

GENERALIZED HESSENBERG REPRESENTATION AND REDUCED ORDER MODELING

Given a large scale dynamic system with many variables, one is
frequently interested in the behavior and control of only a specific subset
of variables. Thus a gross or aggregated input-output relation that does
not involve details of unconcerned internal variables is of interest. A
reduced order model that models the dynamics of these variables with
acceptable approximation error is frequently sufficient. 1In this chapter,
we shall study how GHR may be used for the construction of such a reduced
order model induced by a set of variables (outputs are assumed) and show
how the GQL algorithm can be used to combine structural information and
weak coupling in order to achieve approximate aggregation. In the most
general case, crucial steps in the construction of a reduced order model
via GHR involves the definition of the model structure, the selection of
adjustable parameters within the defined structure and the adjustment of
these parameters to some appropriate values. We shall show that the GHR
is a useful representation of a linear system for the purpose of conmstructing
a reduced order model because it determines a collection of candidate
structures, and, in each case, singles out parameters most appropriate for
further adjustment if this is necessary. We establish these assertions by
showing how some existing model reduction methods when applied to a system
in GHR, only adjust a subset of GHR parameters within the selected reduced
order model structure.

In this chapter we concentrate on the case where (2.9) is

observable, thus not aggregable. 1In this case F, i+1*(L ¥i. Recall the
b

e
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definition of aggregate and residual subsystem introduced in Chapter 2,

i.e., equations (2.21)-(2.23) where

= s ™ Yt P sy
Fll F12 0 T a0 ! (;1

R ISR e . e

pie | 2L 22 W b= |0 0 “oie B e P %.1)
[P0: Tip By o Wy [ B g ¥ o O | 64 |
Fin,1 Fis1,1 Fiv,a41 *°° Fi Gi41

i o =i s . o R (S

H = 0 =
S RN AR Pk | | Fle, i1 B | G |

and
Aggregate st zi = Fizl qr Ei?1 + Giu (4.2a)

fesddual F: . B = ptet +PF 4 Tu. (4.2b)

In general if for some i, the norm ”HLH is much smaller than the norms of

may be neglected to achieve

1, g, IF, G, ana IGH, chen B, .0

approximate aggregation induced by (A,C). The resulting reduced order
model is

-
z = Fiz + Giu , z€ RP, p=‘j§11:':l (4.3a)

r
y=1[1, 0... O]z,yERl. (4.3b)

On the other hand, if none of the Hessenberg block F can be neglected

i,i+1

after some analysis such as trajectory error growth or eigenvalue perturba-

tion, we propose that an approximate reduced order model be constructed in

the form:

N2

= 2 + ¢l %.4)

~

T 0w O,

<>
p—
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L Tes i
for some i=1,...,k-1. Here, Fl and Gl have the same structure as F and
¢ 1a (4.1) except that some parameters in ¥ a0d & ave to'be adjusted
to more appropriate values to compensate for the effect of the neglected
e WP b £

A natural choice is to adjust only the subset of the model

parameters in Fi j? j=1,...,1i, and in Gi to achieve
b

PP 5 B Ts +G 5.5
= W e e L Rl i e

and effecitvely compensate for the effect of the neglected term Fi,i+lzi+1‘
This is indeed what results when singular perturbation theory [20] is
applicable for the decomposition of slow and fast phenomena; when the
procedure of norm-minimization proposed in [2] is generalized in con-
junction with chained aggregation; and when an approach based on transforming
the reduced order modeling problem to a constrained regulator problem [43]

is developed. We first show when each of the above methods is used on a
system in GHR, what and how parameters are adjusted so that (4.5) is
approximated. The drawbacks of these methods then motivates our major
proposal, the restricted QL algorithm. The remaining sections are

organized as follows. The use of GHR with singular perturbation method

is presented in Section 4.1, model reduction by norm minimization is
presented in Section 4.2, while model reduction using GHR formulated as an
output regulator problem is presented in Section 4.3. Finally, we proceed

to develop the RQL algorithm which effectively modifies only a subset of
model parameters while retaining the general structure of an appropriate

reduced order model based on the properties of the generalized QL algorithm.

R T DI 5, W LGN TINP  t

o — e I
-
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4.1. GHR and Model Reduction by Singular Perturbation

We now analyze what is the meaning of applying singular pertur-
bation to a GHR in terms of parameter adjustment in the slow subsystem.
Assume the existence of wide separation in eigenvalue modulus in (2.9). It
has been pointed out that the system may not be in the suitable form for
singular perturbation analysis and how GHR and GQL methods may be used to
bring a general system into the suitable form. Assume a GQL processed GHR
already exhibits an eigenvalue separation, i.e., the dominant eigenvalues
are approximately specified by Fi and the fast eigenvalues are approximately
those of f; for some index i. Then to obtain the singular perturbation

system (3.50), we normalize the residual subsystem by dividing the equation

. =
of the residual in (4.2) by HFlH and introducing the notation ?i = HEIW’
i 2 —i \F
ﬁi - —§I-’ G = e and y = -:%—-, the composite system is brought to the
¥ Il lhall
form:
z1 - Flzi + EiEl =+ Glu
. I - ¥ (4.6)
wil = ﬂiz1 + Fi?i + tlu.

Under appropriate conditions, the reduced order model is obtained by placing
# =0 and solving the fast subsystem for 7z and substituting Z- into the
aggregate. The reduced order model then is

T S U G e %
2 = @@ bzt + et dh el &.7a)

y = 3; 0 ... 01zt. (4.7b)

Considering the expression for Ei in (4.1) we find that the correction terms

i ~i . -1~1 ~i . =1~1
E (F) lH and Ei(Fi) 1G have the structure
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0 e R 0 0
O : b it ok 2
E(F) H 0 RSN 0 » EX(F) 76 =) G52
Ry g Ky g oo ;4 R

Thus, the effect of applying singular perturbation to a system in the GHR
is equivalent to modifying only the parameters in Fi i J=1,..51; and Gi
3

in the GHR according to (4.7a).

4.2. GHR and Model Reduction by Norm-Minimization

It was suggested in [1,10,13] that when the pair (A,C) is not
completely aggregable, the dynamics of the aggregated state variables can
be approximated with a low order system in which F is selected to minimize

the norm of CA-FC. The norm-minimizing F is given by

F = cact(cch) ™t 4.9)

and the reduced order model is

y = Fy + CBu. (4.10)

A basic shortcoming of this procedure is that the reduced order model is
restricted to be of the same dimension as the measured output if the output
matrix C is used as an aggregation matrix. However, with the introduction
of chained aggregation, this approach may be generalized to produce reduced

L
erj. Suppose a

order models of dimension Pys i=1,...,k-1, where 1 =j
model of dimension p, is desired. Consider that the system has been trans-
formed after (i-1) step of chained aggregation into the form where Si-1 is

‘ =i- :
in GHR while S : as yet is not. Continuing with chained aggregation would

e, VR T TR P Wi 2y e

— e . - e —— W
-
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eventually yield the GHR as in (2.10). However, stopping at step (i-1)

results in the system representation

- X 2 e 1 %
z, Fl,l F1,2 ....... « B . ; (AR nle i) zy G1
2 = Fi-2,1 e Rt Fi-Z,i-l O i 0 21_2 + Gi-Z u .
zl_1 Fi-l,l o sloralele dl we Fi-l,i-l C Ziq Gi-l
X E . A X B
1 . I =t l'_ " =

(Z{‘l]

Instead of continuing with step i of the chained aggregation procedure on

the residual subsystem
x_ = + Ez + Bu 4.12a)
= x (4.12b)

we shall choose a matrix F such that ”EA-?&! is minimized in accordance
with (4.9). The approximately aggregated residual subsystem (4.12) thus

becomes

zi = in

1 & Chu %.13)

+ CEa
where F = EAET(EET)-I and zi‘l, consistent with the notations given in (4.1),
is the composition of the subvectors zj, j=1,2,...,i-1. Subsystem (4.13)
coupled with the existing aggregate Si-1 at step i-1 of chained aggregation
comprises a corrected reduced order model. Comparing the effects of norm-

minimization characterized by (4.12)-(4.13) with the model Si obtained

directly from GHR by neglecting Ei, it follows immediately that the resulting
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model will have the form (4.4) with Fi j? J=1 .y i=1Nand Gi the same as

those in the complete GHR, Vi, while Fi i is adjusted to a new value given

by

B, = @CT@EH 4.14)

Thus, the effect of using norm-minimizing at step i is equivalent to

adjusting only the parameters F in the complete GHR.

i,i

4.3. GHR and Model Reduction by Optimal Output Regulator Design

In this section, the model parameter adjustment will be carried
out using the optimization procedure. Unlike [19] where all reduced order
model parameters are obtained through optimization, the proposed approach
adjusts only a subset of parameters within the chosen GHR structure, namely
blocks Fij’ j=1,...,i. Assume a model of the form (4.4) is sought. Let
us consider only open-loop behavior of the system and its reduced order

model. In terms of (4.5), the adjustment on blocks Fij’ J =l 25 0s 51 18 £0

; £ : 1 - iy - oo :
find SFij, J=1....,i such that hFi,i+1zi+l jzf%ijsz is minimized, i.e.
o
~ e 4.15
Fi,im%i4 = 5 °F152; k%2139

Clearly complete compensation cannot be achieved, i.e. equality cannot hold
for (4.15). 1In the sequel, we shall see how the problem may be reformulate
as an optimal output regulator problem and that (4.15) be solved by app!

additional feedback such that F of (4.4) is obtained.

Let

o
s
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the reduced order modeling problem by parameter optimization may be refor-

mulated in the following way: Given the augmented system

w = Fiw + Dv
o1 i -
it a e 4t %.17)
é‘ o Hizi + firi
determine the '"control” v of the form
v = -Kw

so that the following quadratic criterion is minimized:

J(wo,z

Lo = 5[ (@ @-2) + viRvlae. 4.18)
o

Introducing the notation

i

F 0 0 D 1 -1 w
A= F ef,s=|0]|, q=|-1 , x=|z| @&.19)
r ¥ 0 | o Lzt
c=(1 0 0]
the problem reduces to the following:
z = Ax + Bv
y = Cx (4.20)

e 3!{ (xTQx +vTRv)dt:.

Because v = -Kw = -Ky. (4.20) becomes a constrained output regulator problem
[43] which has an optimal linear feedback solution dependent on the initial
condition of state x. The optimal feedback gain K is obtained by reformu-

lating (4.20) as a parameter optimization problem where
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v¥ = -k*y = -k*cx (4.21a)
-n -
- 3@*) = minl El% [ =7 (Q+c k RKC)xdt] (4.21b)
X o
33 o
subject to
i x = (A-BK*C)x. (4.21c)

The formulation of the problem in terms of average value of the criterion
is reasonable in the reduced order modeling problem since the model should
be acceptable for all, or at least for a wide range of initial conditions of
the system.

The solution K* is then known to satisfy the following set of
necessary conditions [43]:

(A-BKC)™M + M(A-BKC) + CTK'RKC + Q = 0

N(a-BKC)T + (A-BRC)N + E(xon) =0 %.22)

i k = R 1BTMmc? (eneT) "t

with >~ T
J= %ktr ME (x X ). (%.23)

Unlike [43] where the initial condition is assumed to be uniformly distri-
buted over a unit sphere, because w is meant to approximate z in (4.17),

the appropriate initial condition on X, should be

zo I
% %
x, " z, =7 0 g ko i ‘ (4.24)
z z
: A i e >

The correct assumption on initial condition should be [zg Ef]T, is uniformly

3 distributed over a unit sphere, i.e. 8
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2z
) T o 1
E l:; ][zo z°> 5 -
o
Then
B(x, x0) = 2nnl. %.25)

Consequently the necessary conditions (4.22) for optimal K becomes:

(A-BKC) ™M + M(A-BKC) + C'K'RKC + Q = 0 (4.26a)
T 1T

N(A-BKC)T + (A-BKC)N + =mn’ = ¢ (4.26b)

x = R 'aTanc (one”y L. (4.26c)

Thus, the original parameter optimization problem has been reduced to a

problem of determining the triplet (M,N,K) as the solution of a set of

' coupled algebraic matrix equations. While the conditions under which
convergence to a solution with different iteration schemes are known [43,44],

r it is difficult to satisfy them. 1In particular, if for some K"Ki’

is solved for “1 and given Ki’ni’ (4.26b) is Qolved for N1 and the pair

(4.26a)

M ,Ni is used in (4.26c) to obtain the successive K1+1, it has been shown
that the scheme will converge to a solution if at every step A-BKic is a
stable matrix. However, there is no guarantee that Ki generated through
this procedure will be stabilizing. Nevertheless this as well as modified
schemes, have been found applicable in practice.

To solve the reduced order modeling problem by transforming it into
an equivalent output regulator problem, it is therefore necessary to solve
two Lyapunov equations of order nm, E-n-rpi, and compute the piXpimttix K.

However, from the structure of the equivalent system and the defined

criterion, (4.19)-(4.20), it may be shown that if the resulting average

PR N RN NPT S — N -
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value of J is not of interest (which it might be for possible comparison of

two different reduced order models) it is actually only necessary to solve

two, non-square linear matrix equations of order pix (n-l-pi).

decompose M and N as

N Yo
M'“"1"2"‘3]"”{2 M My3f, N=(N N, N;] =
My %, My

Equation (4.26c) then takes the form
K = & DTy N,
Equations (4.26a) in expanded form become:

(1-*i~m<)TM11 + uu(ri-m() +I+KRK =0

(Fi-DK)TM.lz # ulzri + M13 l.1=0
) "11 + ul,,u" ¥ “13

"
P M22“" M23‘”"22F '”"23E i el

' "23+E M33‘”"22H +M23
B “23“’ “33"'“23“ H"33

while (4.26b) becomes:

i T i 1
N11 (F-DK)" + (F DI()Nn + 5 1 =0

T T
i i 1 1;.
12!‘ + N13; + (F Dl()N12 +o 1 0

T T
1 i 2
N, : + NnFiT + (F-DK)N ; = 0
i 1 i 1 AN
NZZFT+N231;T+FN22+EN23 21=0
T 1 1
szn‘ + NP +F Ny, +ENjy = 0

T T i al
+N33F’- +H Ny +F Ny, +21=0,

N

[

T i
N23H

he e

1]

T
N2
T

Nio

Ly
T
N3

N3

N

N33

To see this

231"

4.27)

(4.28)

%.29)

(4.30)

(4.30)
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Thus, we find that (4.28), (4.29a)-(4.29c), and (4.30a)-(4.30c) are
decoupled from the remaining equations and thus that the desired gain matrix
K may be obtained by solving only this restricted set of coupled equations:
-1.T, T
K=R D MIM1
T i 1
NJA” + (F-DK)N; + ~P=0, P=[I 0 0 (4.31)

(F-DK)", + M4 + P = 0.
When K* is obtained, the reduced order model of the system is characterized

by
# = plook* = FlomR” IpTitn .37)

and the expected values of J is

2
1 T
J = 75 Trace ( E §1Mij +M33 Mji’"ij' 4.33)

Of course, in the actual solution of (4.31), the fact that (4.29a) is
decoupled from (4.29b), (4.29c), and that (4.30a) is decoupled from (4.30b),

(4.30c) can be utilized.

4.4. GHR and Model Reduction by the Restricted QL Algorithm

From previous sections we have demonstrated how existing model

reduction techniques may be adapted and applied for constructing reduced
order models. Two particular features of the modeling procedure should be
noted: (a) the utilization of the GHR structure and (b) the adjustment of
only a subset of parameters through a well-defined procedure. Nevertheless,
each approach possesses certain drawbacks. Singular perturbation is only

applicable when two-time scale property exists; norm minimization is not
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E invariant with respect to system representations and finally output
f = regulator formulation cannot guarantee existence and uniqueness of solutions
- to (4.22).
We now present a general method based on the GQL theory developed
] % in Chapter 3. The approach taken here is to: (I) transform (2.9) into
| its GHR by chained aggregation; (II) choose a particular decomposition into

Si and §i based on structural considerations™; (III) apply the GQL algorithm

to the residual §i-1; (IV) construction of reduced order model by combining

Si-1 and the reduced equivalent of §1-1 that exhibits the dominant dynamics in
)

Consider a GHR of a LTI system and assume that based on the
internal structure of the GHR, plausible model may have dimension
pi-r1+---+ri, where rj, j=1,...,1i is the dimension of S1 through si in
the GHR. Then for a model of dimension P> the plant matrix I-'1 and the
control matrix Gi are then seen as rational initial guesses in the comstruc-
tion of a reduced order model. We propose here that the interaction term
should be compensated and that this generally be accomplished by the
adjustment of some parameters in Fi and G1 when the interaction term is

dropped. We now describe how the selection of parameters to be adjusted and

| : the subsequent adjustment of these parameters can be achieved methodologically

by applying the restricted QL algorithm.

*

By structural considerations, we mean tests for controllability
: 4 and observability; trajectory and eigenvalue perturbation analysis, etc.
{ selrction of reduced order model order may also be carried out as described
in [45-46].

SRS
.

,-
L

— P NIPER PP T TP VW O - -~
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Decompose the plant matrix F as

Aol gtet) s
Faf o s F.. %.34)
gl # f_ & B 5

Note that from the introduced notation the following relation holds between

Pi and 1-1:
3 ' :
p 9
11 s
i F | 0
ik " - %.35)
Y
________ e b
PoaPiraa1 1 M1
It also follows that:
[0 W bt ; 0]
0 s Sl 0
o Bt W ik 0 (4.36)
B0 g O eeeninn 0]

and that Fi,l”"’Fi,i-l in (4.35) are the top layer blocks in cl, while Fi,i

is the upper-left corner block matrix of Dl‘
Define now the similarity transformation

I 0
T-
0 L
the block-partition of T being compatible with (4.34) and define L such that

it achieves the generalized QL decomposition of Dl’ i.e.
D1 = QL

for some unitary matrix Q. It is immediately clear from the properties of




RGN I AT A
=y

the generalized QL algorithm that this transformation achieves the following:

(1) T defines a similarity transformation and thus all eigenvalues

of F are preserved
‘(11) L defines a QL decomposition ole1 and thus all eigenvalues

of D1 are preserved.

Consider now a sequence of iterations such that in the k-th iterate we have

Ak Bk I 0
- : = L = . (4.37)
o 5 B = 4

Fr

0 Lk
= -1
Then, since Fkll TkaTk we have

<} i-1
Fenn © A = v By GEi-l

nG nAL nS|

(4.38)

Thus after a number of iterations we observe that letting I.=Ik1k_1...Ll,

the following can be concluded:

(a) Ak+1 = Al = Fi-l and thus Fi-l has remained unaffected;

(®) B = BlL-l- Because of (4.36) Fi-l,i has been adjusted;

(¢) Cpyy = LC; and thus the blocks F ) j=1,...,i-1 have been

1,3
adjusted;

@) Dk = LD I.-1 and thus F , the left upper corner block of D,, has
1 1,4 1
been adjusted;
(e) The block Fi,i+1 next to Fi,i in D1 has been reduced in norm;
(f) The -eigenvalues of D1 have been ordered in dominance and the
dominant eigenvalues of D, are now contained in the adjusted Fiys
i-1 i-1
(8) G4 = G ~ and thus Gys+++5G; 1 is unaffected by the transformation;
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(h) ?i;i - ﬁﬁi-l and thus G; has been adjusted.

Therefore, if based on the structural properties of the GHR and
the physical insight concerning the system being considered, it is decided
that a reduced order model containing the first i layers of the GHR should
be used as the basis for constructing a reduced order model of dimension Pi»
then the restricted QL algorithm provides a methodological way for modifying

those parameters of the model contained in the blocks Fi-l T Fi 5
b b

1,141 in the

j=1,...,1 and Gi’ The final result obtained by neglecting F
resulting RQL processed GHR is a model characterized by the following plant

and control matrices:

T ]
Fl,l Fl,Z . 0 0 G1
% Fo 1 Fpg 0 0 G,
F =| : . - . G=|: (4.39)
Py Taalpo Bely iy T el
T 7L Tt e e
where the result may be interpreted as if the coupling term Fi,i+lzi+1 has
been approximated via a linear combination
i ~ -~
Fan?ia ™ g5 (Fy goFy )2 + (6-Gpu
with additional adjustment of the parameters in the block Fi-l T
b

The effect of applying the described method to construct a reduced
order model can best be interpreted in the concept of dynamic equivalents
of external system often used in power systems [47] and model reduction
philosophy in general. From (4.37) and the form of Tk, we note the RQL

algorithm in effect applies only the generalized QL transformations to the

——— i i it it i i e Jo—— At iiiia, sl Dbt ol S s
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T e

el
residual subsystem S 1. By virtue of Theorem 3.6, the net effect is the

|
shifting of the dominant dynamics in the residual towards leading sub- §
i

matrices in D . Thus the leading subsystem in the residual represents a

reduced equivalent of the residual. Specifically, suppose that a decom-

position has been made and (Fi-l,Gi-l) defines a desired but fixed internal l

—i-1 -
subsystem while (F ,Ei 1) characterizes the external subsystem with

Fi-l i%i serving as a coupling between the two. This is illustrated in
3

Fig. 4.1. Applying the RQL iterations to system of Fig. 4.1, this amounts ?
to obtaining an equivalent of the external subsystem §i-1 and replacing §i-1_ i
by its dominant approximate (order ri<:n-pi_1) after a finite number of RQL %
iterations. This is shown in Fig. 4.2. The reduced order model is then the
composition of the untouched internal subsystem plus the newly obtained
dynamic equivalent of the residual, Fig. 4.3. As seen from (4.39), the
internal model of the system remains unaffected by the equivalencing
procedure, while the interconnections and the model of the equivalent have
been adjusted and constructed, respectively.

The procedure is therefore intuitively appealing and provides a
result that is desirable, and in fact, is often pursued in practical

applications. The procedure however, seems to provide more than is usually

obtainable by existing methods. First, there is a rational choice available

concerning the dimension of the model, and in fact a collection of reduced
order models of various system order. Second, most of the model parameters
do not need to be adjusted (at least in principle) and while the adjustment
of those that do have to be modified is done in a straightforward and well-
defined manner. Moreover, the parameter adjustment procedure has an

appealing interpretation in terms of interconnections, equivalents and
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» Internal Subsystem >y
— 5| Model: S*-1

‘ =
1 External Subsystem
I Model: 5!

FP-6185
Figure 4.1. Decomposition of GHR for the application of RQL algorithm.

| Internal Subflystem l
Model: S
’ VN
Equivalent of External
Subsystem: Sj
During Sth RQL Iteration
-
FP-6186

Figure 4.2. Construction of reduced order model by RQL algorithm.

Reduced Order y
™ Model: S"'®S; g

FP-6187

Figure 4.3. Effective reduced order model of the large scale
system via RQL algorithm.
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reduced order model. And finally in this reduced order modeling procedure
not only do we define precisely the equivalenf of a system interconnected to
another system, but also in the process of obtaining it we are not forced to
make any assumptions concerning the control efforts appearing in the external
system. The control variables are not lost in the equivalent as is the case
in all other equivalencing procedures known to us, but remain present in the
reduced order model. The effect of applying RQL algorithm to a GHR for the
construction of reduced order model will be studied via examples in Chapter 6
while the application of other methods will be subject to further investiga-
tion and will be reported elsewhere. As a remark, we believe there is a close
connection between order reduction and weak observability. Recently Moore'has
used singular value decomposition to quantify weak observability [68-69].
However such results appeared late in the research stage and are not studied

in this thesis.

4.5. Robustness of Reduced Order Model for Control Design - A Stability
Analysis

One of the fundamental purposes in constructing reduced order
models arises from the need for such models in various synthesis or control
problems. Although a control design based on a reduced order model may be
satisfactory when applied to the reduced model, e.g. stabilizes the closed-
loop reduced order model, it is possible that when such a control is applied
to the full order actual system, the performance is not satisfactory, e.g.
the system becomes unstable. Thus a basic test of validity of the reduced
order model for control design can be assessed in terms of stability
properties. Other criteria may be related to suboptimality of cost functions

if optimization is important. We will only consider the stability question

R T e ot T Nrrape ey
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in this thesis. Sufficient conditions for a control strategy selected using
the reduced order model to stabilize the actual system are derived. Two

different approaches are taken. In the first, stability is guaranteed using
Lyapunov functions and bounds on system matrix perturbations. 1In the second,

a frequency domain approach is adopted.

4.5.1. Problem Statement

Consider the GHR of (2.9) arbitrarily decomposed into Si and §i:

- g
[éi ;g .t el
Lol " o R (4.40a)
k2 R _ij'_ _Gi
e
i 4
y = [D 0] 5 (4.40b)

IT
X.

where z = [T: T;] Assume fl is stable. Let the approximate aggregated

model of (2.9) be

S i i
L. Fz + Gu (4.41a)
y = Dizr. (4.41b)
Suppose the control law
u = Kzr (4.42)

is designed based on (4.41) and stabilizes (4.41). Furthermore, suppose in

controlling (2.9) (equivalently (4.40)), the control (4.42) is implemented as
i
u=Kz = KTrx. (4.43)

Then the problem is to obtain conditions under which stability is preserved

for the closed loop system

x = (A+BKTr)x. (4.44)
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4.5.2. A Stability Condition Via Perturbation Analysis

Since stability is invariant to linear transformations, then

stability of (4.44) is equivalent to the stability of

gt F+ck B || 2t
bR R : (4.45)
# ey 7|8t

Introduce the notation

Fr+Gk 0 0
F_= _ AF = (4.46)
€ e 7 0 o0

By assumption, (Fi+GiK) is stable because (4.42) stabilizes (4.41). Since
fi is also stable, then there exists a positive definite and symmetric matrix
P such that ]

T =2 -
PF, + F,P = -q (4.47)

where Q is any positive definite and symmetric matrix.

Let T
v =2z Pz (4.48)

be a possible Lyapunov function for (4.45). The objective is to bound AF
such that v>0 and Y<0 when evaluated along (4.45). -
Definition 4.1: The control law (4.43) is said to be robust™ if stability
of (Fi-fGiK) implies (4.44) is stable.
? p
Let ” H denote the Euclidean norm and Xmin(A), Xmax(A) denote the

minimum and maximum eigenvalues of A respectively. Furthermore, for a given

*
The term robustness has been defined elsewhere [61,62] to mean
stability or system structural properties under parameter variations.
*
Given a nXm matrix K, the Euclidean norm, HKH is defined as

”ﬂ"{1§1 j§1|kij|2}% while the spectral norm HKHSE{Xmax(KKT)}%.

o g l‘ o ees— . sl n e i P S
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Q>0, let P be defined by (4.47). Then Theorem 4.1 gives sufficient
conditions for control (4.43) to be robust in terms of the norm of pertur-
bation AF. The proof is given in Appendix C.

Theorem 4.1: The control law (4.43) is robust if the neglected Hessenberg

block Fi,i+1 is such that

Ngin @

larl < ¥ =5 (4.49)

max
We close this section by noting the sufficient condition (4.49) is
very easy to check. Due to the block triangular structure of Fc, P may be

solved for using lower order calculationms.

4.5.3. A Stability Condition Via Frequency Domain Analysis

In this section, an alternative approach is taken to examine
stability of (4.44). The method developed in Section 4.5.2 can be conser-
vative due to the use of matrix norms. The frequency domain method developed
here offers additional insights without introducing such matrix boundings.

Since (4.42) stabilizes the reduced order model (4.41), then for
any Q>0 (>0 means positive definite and symmetric) there exists a P>0
such taat

PE +cK) + L +6K)TP = -q. (.50)

Furthermore (4.45) still holds. Define a Lyapunov function for (4.45) as

ve kziRs (4.51)

where P 0
K = (4.52)

0 M

and M is some positive definite and symmatric matrix. Then differentiating
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(4.51) along (4.45), we have from (4.46)

T
c

since P 0 0 0
K= +
0 0 0 M

and denote

v o= % Z [AFTR +F R+§rc +RAF) z

¥ =iin, ] F o= [Fy,0l  1,3=1,2

After some algebraic manipulation, (4.53) becomes

T i

: iT _iT - PFo1p +Foo1M || 2
vedz" T | T ok
Fona® * ¥y MBgys TRosa 1| ®
=% zTA(M)z
where
T

-Q e L

Ao = | 012 ;21

ForoP +MF o)  MFgyp +FgooM

Thus (4.45) is stable if and only if there exists a M>0 such that A

The subsequent development is aimed to obtain conditions under which M exists

and A(M)<0. Before proceeding, let us note two identities. Define

T T .-1,.T
+F oM (MFgpp +FgppM) ~(Fp P +MF o)

(M) = -Q-(PF -

012

g S T el T
Ry " Mhgag tRough h Mgy $lgiaPIR E g A EE,,,)

o T el T
Ly = (MFgpp +FopoM) ~(Fp,P +MF,;)

i B o]
Tg: ™ <Ay Thorg™e >

Clearly Q-1 and (MF022-+F%22M)-1 exists. Then

- T
el i o — a g \ - g N - .
& e 4 il i i it aabdie e A L e e e Y .

(4.53)

(4.54)

(4.55)

M) <O0.

(4.56)
(4.57)
(4.58)

(4.59)
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Ideatity I:
T
1 ol {-g 0 T @
AQM) = (4.60)
L Hie ‘=moolls,
’ Identity II:
' 1 olT [ 0 T 0
, AQM) = s (4.61)
L, I |0 |MFgy, +FppoM| [L; I

The two identities may be easily verified using the definitions (4.56)-(4.59).
Due to the identities, we have the following theorem:
Theorem 4.2: The following conditions are equivalent

1) A@M<O

(ii) R(M)<O0 and -Q<0

T
(iii) m(M)<O0 and (}ﬂ‘022+F022M)<0.
Remark: An interesting observation follows from Theorem 4.2. If indeed a

M>0 exists such that A(M)< 0, (iii) implies the existence of a Q>0 with
MF.,, +FL M = -Q %.62)
022 022 :

Since (4.62) is a Lyapunov equation, Fozzafi must be stable. Such an
implication may be justified as follows. If Fi,i+1 is neglected and (4.42)
is designed, 51 is uncontrollable. Thus the stability of fi is not unreason-
able as a requirement in order for (Fc +AF) to remain stable for small
perturbation Fi,i +1°

Theorem 4.2 indicates either (ii) or (iii) may be used to prove (i).
Without loss of generality, let us guarantee (ii) in order to derive

sufficient conditions for the existence of a M>0. The conditions for
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stability are summarized in Theorem 4.3. The details of the proof may be

found in Appendix D.

Theorem 4.3: If

(a) (f,l’cn) is completely controllable and (‘i'?,Ei) is completely
observable
(b) ReA(F)<O
T R N
(©) I-Foy, (-joI-FH T AI-F)E,, >0 ¥

T i, =i

= -l o~ -
where rlPi+(ai+c K)PEi, Q=‘=l!1 PPEi, FCZI-H +G K. Then the control law

(4.43) is robust.

SR e e——
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CHAPTER 5

GHR AND CONTROL SYNTHESIS BY FEEDBACK COMPENSATION

Consider a large scale interconnected system

X, = Aiixi + Biiui + Llni + Eif (5.1a)
v

”'i = §1Aijyj (5.1b)
j’#i

P C:'_xi O 8 ) (5.1c)

n n Y
where xieai, uiéni, V.iGR1 .

s f€Rq, and inR are subsystem state,
control, interconnection, disturbance, and output variables respectively.

T
Suppose the system interconnection y -[y{ oralle yT] are desired to track the

output ;v of a reference system

- et ] '
w Fow +Guo+Wf

(5.2a)
y =D'v' (5.2b)
uy = L'w' (5.2¢)

v Vv
where w'€ RP, uoekm, m=_ Zm, £€rY, yer, Y'1§1Y1 are the reference

system state, gontrol, disturbance and output variables respectively, and

ug is a fixed reference system control. This chapter considers the synthesis

of local controls Uy i=]1,...,v such that

e(t) = y(t) -y(t)

approaches zero asymptotically. Moreover, u, assumes the apriori form

uy = mYio + Kie + Mﬁ_xi (5.3)
where
. T T T,T
u, [ulo uvo] , u= [u1 L\,] . (5.4)
< " Sl
S s e v e =3 ”
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Also it is desired to obtain (5.3) without excessive information transfer
between subsystems and parallel computation by individual subsystem can be
achieved.

Note because the local control (5.3) is a function of composite
error e(t), some information transfer is required during computation and
implementation. We propose a hierarchical structure such that information
coordination and decentralization be performed by a higher level coordinator.
One motivation stems from the structure of (5.1). If the interconnection
input:lli is viewed as an external disturbance and its dynamic evolution is
known to each subsystem, then the computation at local subsystem level can
in principle be carried out in parallel and independent of other subsystems.
To specify the interconnection Yo Vi, we propose that a coordinator exists at
the secondary level whose main concern is the behavior of Yq according to
(5.2). For coordination and control implementation, the coordinator is
assumed to be in constant communication with the subsystems so that e(t) is
readily computed by the coordinator. Functionally, the local control (5.3)
is a composite of the coordinator and decentralized subsystem control. The
component ™%, and Kie are supplied by the coordinator and the local state
feedback M.uxi is generated locally at subsystem level. The basic configura-
tion is shown in Fig. 5.1.

It will be shown subsequently how insights gained from the GHR
structure can be utilized to solve the above synthesis problem. The approach
is to reformulate the reference system (5.2) into an nth order reference
system (having the same input-output behavior between u, and ;) with a

structure similar to the GHR of the composite system formed by subsystems in
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Gooxdinater with Coordinator Level
reference system (5.2)
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Level

Figure 5.1. Proposed hierarchy of coordinator with

reference model (5.2) and local subsystem
model (5.1).
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(5.1). The role of the coordinator will then be seen to coordinate de-
coupling of the composite system into an aggregate and a residual subsystems
via local state feedback. The tracking of § by y is obtained by first
compensating the interaction Fi,i+lzi+1 between the aggregate and the resi-
dual and then applying the necessary output following controls. We
emphasize the key feature of the proposed method is the separate control of
the aggregate and the residual by local state feedback controls once de-
coupling is introduced. We will proceed to show when this decoupling exists,
the local control (5.3) can be decomposed into three basic components. One
component provides the necessary feedback compensation to achieve aggregabilit;
and decoupling. The second serves to control the aggregate and the third, if
exists, represents a freedom in control to shape the dynamics of the residual.
The chapter is organized as follow. In Section 5.1, the synthesis
problem is formulated as an output model following problem. In Section 5.2,
perfect output following is defined and the existence and properties of the
local controller to follow a rlth order reference system are examined.
Section 5.3 extends the results of Section 5.2 to a reference system of order

greater than r Finally a decomposed design strategy is investigated in

1.
terms of the hierarchy introduced. The result is a precise definition of
the coordinator and the subsystem level problems.

5.1 Preliminaries

i
For the reference system (5.2), we assume p=pi=2 r, where
j=1

r, are the subsystem dimensions of the GHR for the composite system

formed by (5.1). Moreover, for the reference system (5.2) to be arbitrary,

(FA,G') is assumed to be controllable so that arbitrary dynamics may be
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obtained by a suitable reference system control (5.2c). (Fé,D') is assumed
to be observable so that arbitrary reference dynamics is seen as arbitrary
reference output § We shall also assume that the triplet (F‘;,G',L')

satisfies (for an suitable index i)

i

Fl o+ gly = (Fl + G'L") (5.5)

for some matrix L. Here (Fi,Gi) comes from the aggregate Si of the GHR of
the composite formed by (5.1). The reason for such an assumption is that
the reference interconnections '}" should be obtained from a system that
exhibits similar behavior between u and y from an input-output point of
view, thus giving a degree of mutual harmony between y and § Equation
(5.5) incorporates this reasoning by relating the reference system to the
aggregate Si which is an approximate reduced order model of the composite
system. For simplicity, let F&*Fi, G' =r‘Gi in (5.5) and D' =D1 in (5.2).
Finally, we assume same class of disturbance acts on the reference system
as on the aggregate Si of the GHR (5.8). Thus W' =Wi.

The interconnected system (5.1) may be written as a composite

system j
& ‘
Xx=Ax + % Biui+Ef (5.6a)
i=1
y = Cx (5.6b)
v v
where xERn, n= ¥ ni, yERY, b g Yi and
i=1 L i=1
A12C ARG 11
A = P ¥ B = : 0 -[Bl... B,]
N . 0 .

%ZCZ_”' A\N Bv\)

e e




——

E, e
¢ c= | s (5.7)
E, L 0 cvv

Using the chained aggregation procedure of Chapter 2, (5.6) may be equi-

valently expressed in GHR as
z = Fz + Gu + Wf (5.8a)
y = Dz (5.8b)
where F, G and D are given by (2.11) and
W HE = [W] ...w]" (5.9)

g=(cf ®TT (5.10)

H being the generalized Hessenberg transformation matrix for (5.6).
Using (5.5), from an input-output point of view, the reference

system (5.2) may be realized equivalently as:

w= Fow + Gu0 + WE (5.11a)
Yy =Dw (5.11b)
u, = Lw (5.11c)

where w 6Rn and G, W, D are same as in (5.8) except

)
o
I

g™ . (5.12)
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Since the control objective is the regulation of e(t) to zero and y, §
being outputs of (5.8) and (5.11) respectively, we note y can follow § if
(5.8) can be made to follow the reference system (5.11). 1In this sense
(5.8) (or equivalently (5.6)) is the system and (5.11) is the reference
model. A natural approach to the synthesis of (5.3) is a model following
design [50 - 51] . Taking advantage of the GHR structure and y, § being

the first subvector of z and w respectively, direct results on the existence
of (5.3) can be obtained if we define the output error e(t) instead of the
state error w(t) - z(t) as done in [50 - 51].

An examination of (5.8) and (5.11) indicates y will follow y if
the coupling Fiogn i+l between Si and §i may be compensated by a suitable
local control (5.3) and the substate of z and W corresponding to F'i will
track each other. 1In contrast to Seetiog 4.3 where the coupling is approxi-

i
mated by feedback from the states of the aggregate, i.e. v= Z 8 F

i 120
such that ”Fi,i+1zi+i fvil is minimized, under appropiate conditions, a
complete compensation is possible by feedback from the residual. Thus
using (5.5), the tracking of y and § is emphasized in terms of the GHR by
designing (5.3) to decouple Si and §i as an initial requirement and then
achieving some sort of model following subsequently. From the GHR structure

* -
given in (5.8), we note that for S1 to decouple from Sl, there must

exists a residual feedback gain K such that

F,%, = Gz, (5.13)

*
Note 'decoupling' used here means Si is not driven by Ei. In general,

feedforward exists from Si to §i.

— et »—‘A-—A s e 1 870600 T b i i e S e e
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Clearly such a K exists if and only if R(F12)€:ﬂ(cl). Op the other hand

when (5.13) is not satisfied, it is not sufficient for a gain K to exist

such that

Fy,i61%i+1 = G K%y » 121 (5.14)

in order for § to decouple from 5. Because ifﬁ{cj} #0 , j < i, then

G,Kz

1Kz #0, §< i (5.15)

Thus coupling between Si and gi will be re-introduced in higher level sub-
systems in the GHR.

In the following section, the model output following problem
defined at the beginning of the Chapter will be examined to see (I) Under
what condition a local control (5.3) exists such that decoupling (achievement
of aggregability) and output y following § of the reference system can be
achieved? (II) What is the implication of (5.3) in terms of decentralized
control and parallel computation such that a separation in design may be
carried out? and (III) 1Is there additional freedom in control synthesis
beyond achievement of aggregability and output following, and can it be

used to shape the dynamics of the residual subsystem?

5.2 Complete Aggregability and Perfect Output Following by Local State
Feedbac

This section considers a reference system of dimension P=r,.
From Section 5.1, the problem is expressed as to investigate the possibility

of compensating the coupling F1222 at the first GHR layer and then achieving

model following between the system and the reference system under a fixed

reference control uge The extension to a reference system of dimension
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r1<p<_n will be considered in Section 5.3. To distinguish between re-
sults of Section 5.3 which requires the definition of an extended output,
we give the following definition.
Definition 5 1 The local control (5.3) achieves perfect output following
if
lim e, () =lim §, (£) -y, (£)=0 , 1=1, ...V (5.16)
= t—
Recall that the reference interconnection variables §i’ i=1,...V are
governed by (5.2) which under (5.5) is equivalent to (5.11) where Fi=Fu
in (5.12). The objective now is to investigate the existence of local

control (5.3) such that perfect output following results.

5.2.1 Derivation of the Local Control Law

From (5.6) and (5.11), we have

Vv
y =CAx + I CBju, + CEf (5.17)
i=1
y = DF, ¥ + DGu, + DWf (5.18)
Subtract (5.17) from (5.18)
v
@ =DF w- CAX+DGu_- I CB,u, + (DW -CE)f (5.19)
o o gl 1
=117t

since W=HE and H has the general form of H=[C H , then wl-CE. Hence

DW - CE =0 (5.20)

Next we can write
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w -9 —§ 0
1 T“
w o= = = + =py +§ (5.21)
vl wi 0 wi

Using (5.21) in (5.19), we finally get

v

° T“
é =DFDy + DF°§ - CAX +DGu -121 CB, u,
Vv
=F,e + (FHC -CA)x + (CB U 131 CB,u, ) (5.22)

If the imposed control law (5.3) is substituted, é becomes

v v
é=(Fy - CBK)e +CBu_ - o CB, M, u, + (Fuc - CA)X - if-llcniuﬁxi
where (5.23)
K (5.24)

Thus from (5.23), we see perfect output following by control (5.3) requires:

(I) For KER™T, (F;; - CBK) be stable.

(II) There exists T i=1,...V such that

i’
v
cxmo-if1 CB,m v, =0 (5.25)

(I1I) There exists Mii i=1,...V such that

v
(F,,C-CA)x- £ CB
11 {m1

iMiixE 0 (5.26)

Remark 1If conditions (II) and (III) holds, then
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é = (Fu - CBK)e

mn

Thus if y(0) -';(0). e(t) =0 Vt. condition (1) is required if initially

y(0) is not equal to 3?(0).

Theorem 5.1. For arbitrary us the matrices Tis i=1,...vV always exists

such that
Vv 3
= L
By, = T CB, T, oy (5.25")
i=1
i Furthermore
m, = (C,B,,) (C.B,.)+[I~-(C.B. ) (C.B, )N (5.27)
i iTii iii ivii i7ii i ‘

where Ni is a m, xm, arbitrary matrix and X+ denotes the generalized in-
verse of X [12].
Proof of Theorem 5.1 relies on following Lemmas on generalized inverse.
Lemma 5.1 [12, Theorem 5.19]

If W=NM where W, N and M are respectively mxn, mxk and kxn
matrices of rank k, then the solution of Wx=b, x,bERn which minimizes
(a) the sum of squares of the residual rTr where r=b - Wx

(b) the sum of squares of the unknown xTx is given by x-w+b where

whauf oody " tny Iyt (5.28)

Remark Lemma 5.1 defines w+ by (5.28). However, we note r =0 if and

only if bERW). 1In general, r#0. It will be shown that conditions for

the existence of freedom component in local control u, is related to the

i

class of w"' that makes r=0.
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Lemma 5.2. [12, Theorem 5.20]
The generalized inverse w"' of a mxn matrix has the following

properties

(i) Wi = wt
(1) WWw=w

(iii) ww"' and w"'w are symmetric matrices.

The assumption in Lemma 5.1 that W with rank k can be decomposed
into a producet of N and M each with maximal rank is assured by Lemma 5.3.

Lemma 5.3 Any mxn matrix W having rank equals to k can be factored as

xk

W = NM such that NER® and M€ kan‘ Furthermore N, M have maximal

rank.

Proof: Since WERT*™ has rank k, then there exists a kxk submatrix of

W having rank equals k. Let T, and 1‘2 be Gaussian matrices [12] which

1
transforms W into W by

T,WI, = W = [wi’j] « %, g2 (5.29)

where Guekkx’( is nonsingular. This can always be donme. Since T,, i=1,2

i’
are non-singular, rank W = k. Then the last m-k rows of W are dependent.

We have

' w21 SOF wll ’ sz - p le (5.30)

for some matrix P. Similarily, the last n-k columns of W are linear

combinations of the first k columns. Hence there exists a matrix Q such

that

Wiz " ¥1Q o Wy = W,,0Q (5.31)

‘- :“ w‘ - ‘ ' 4 - e - T - -
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From (5.30) - (5.31),

et —1 =
P = W21W11 s Q= wu le (5.32)

giving us
Wy, = P, Q (5.33)

(5.29) - (5.33) gives three different factorizatiom of ﬁ, namely

W= B [511‘—’12]‘ 5 iuukql- Vi, | (L Ql=md (5.34)

P P W.
21 |
o B |

where N, M each have rank equal to k. Using (5.29), w-'ril w '1';1 =

(T;_1 N)('MT;_I). This completes the proof.
Using Lemma 5.1 to Lemma 5.3, we also have

Lemma 5.4. Given a mxn matrix W such that rank W=k, then a generalized

inverse W+ always exists.

Proof of Theorem 5.1:

Using definition of C, Bi and ﬂi given by (5.27),

ro e
v v Cg { & +
= 3 -
e i e Roll § T (CiByg) "(CiByg) +T- (CyB 1) (CyByIIN Juy
0
S ]
v
= I CB,u, _+0
{=1 iio

P A AR T R

PE——— . v . -
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.

= CBuo -

The fact (CiBii)+ exists is a consequence of Lemma 5.4. Moreover, from

+
Lemma 5.2, (CiBii) (CiBii) (CiBii)- (Cinii)‘ Hence (5.27) always exists and
satisfies (5.25).

Theorem 5,2. If for i=1,...V
+.
[1- (cni)(cni) ](FuC-CA)Ji-O (5.35)

where Ji is defined by

|
-

(]

X

[}
OQeee©®O OO

4 N (5.36) ]
7 then Mii exists such that
v
(l-‘nc -CA)x = 1§1cniuiixi (5.26")
Furthermore
M. =B )T, .c-caw, +11- (B, ) B, )P (5.37)
ii i 11 i itii 1741 i '

where Pi is a m, X ng arbitrary matrix.

Proof: (5.26') may be rewritten as

v v
L (F,,.C-CAY .x,= T CB M, .x
jop 11 St S, ERE A |

In order for the equation to hold for arbitrary x,, we must require
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(F,C-CAY, = CB.M (5.38)

Using (5.37) in (5.38) and applying (5.35), we have

v v
+ +
i‘flcnimnxi - 1El(cni){(czai) (F);C - CAW, +[T = (C;B, )7 (C;B, )] 1’1}xi
v
+
= ;fl(cni)(“i) (F;,C -CA)Jixi
v
= I (F,,C~-CA).x
s Tk i*y

= (FnC - CA)x.

Combining Theorem 5.1 and 5.2, we now state the main result of Sectiom 5.2.
Theorem 5.3. Assume the pair (A,C) is not completely aggregable. Consider

the LTI system (5.6) expressed in its GHR (5.8) and the reference system

(5.11). Then perfect output following is achieved by the local control

aﬂu

uy 194 : L B (5.39)

* + kie +M1:in 5

if

(1) (Fu,CB) is stabilizable
+
(11) [1- (CB,) (CB,) ](FuC-CA)Ji-O, isl ..

Proof: In order to achieve perfect output following, we must have

(Fn - CBK) be stable for some K and m, L exists Yi. The stability of
(Fu - CBK) is guaranteed if (Fu, CB) is stabilizable. On the other hand,
the existence of " and Mi.i are guaranteed by Theorems 5.1 and 5.2. With

m and Mii chosen according to Theorems 5.1 and 5.2, (5.23) reduces to

¢ = (F; -CBR)e (5.40)
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Hence lim e(t) =0 if conditiom (i) holds. This completes the proof.
t—ﬂ

Using the expression of L and Mii given by (5.27) and (5.37),

we note the local control (5.3) is equivalently expressed as

u; =uy + LIPS (5.41)
where
u,.=(C,B,.)F(C,B, )u,_ +K.e+(CB,) (F,.C-CA x, (5.42)
21 VEpel NeaRea e N 1) Y11 i*i .
+
u ., = [I-(CyB,y) (CiBii)] O ug +Pix,). (5.43)

w1 is used to achieve complete aggregability and perfect output following

%
while Uiy provides freedom in control synthesis that is non-interactive

with U,

Corollary 5.3.1. If (A,C) is completely aggregable, then perfect output

following is achieved by (5.3) if (Fll’ CB) is stabilizable.

The proof of Corollary 5.3 follows from that of Theorem 5.3 if we note

(A,C) completely aggregable implies (F,,C -CA) e
Remark. If instead of assuming that e is formed by the coordinator and
the component Kie in ug is supplied by the coordinator, we can assume ey :

is formed locally by individual subsystem. Then a decentralized control

u

"t . TR T e Ty (5.44)

can be sought. It can be shown that with Mys Mii chosen according to

Theorems 5.1 and 5.2.

*By non-interactive, we mean the control action of Yo will not cancel or
?’ affect the control action of Ugge Thus the application of Uy will not
- destroy aggtegability or perfect output following brought about by Ugqge

g
z
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é = (Fll = CBK)e (5.45)

where KE€X = (K / K=Dblock diag (1(1,...&,)}. The existence of a stabilizing
gain K is studied by Davison [52] who states that if the triple {F ,, CB,I}
has no unstable fixed modes, then a stabilizing K€X existc.

5.2.2. Properties of the Local Control Law

Theorem 5.3 and (5.41) indicates that u, possess a component U,

+
uiz-[I - (CiBii) (CiBn)] (Ni uio+Pixi) , i=1,...v (5.46)

which, if non-zero, represents the freedom available in shaping the dynamics
of the residual subsystem beyond achieving of aggregation and perfect out-
put following by Uy It is important to examine under what restriction

on the system structures that this freedom may not exist. It will be

shown that rank of the matrix product CB characterizes the available freedom
and the number of inputs in excess the number of outputs is crucial. We

mention here that u,, will be denoted as u in Section 5.4 where the local

i2 ic

control u, is decomposed into Yia for controlling the aggregate, for

i Yib

achievement of aggregation and U for controlling the aggregate.

From (5.46), for a given pair (B,C), u,, =0 for arbitrary matrices

i2

+
N; and P, if and only if [I - (CiBii) (CiBii)] 0. Three major cases occur:

i
(a) CB has maximal rank which in turn may be subdivided into two subclasses,
namely rank CB=m<r or rank CB=r<m; (b) CB has less than maximal rank,
i.e. rank CB<min (r,m); (c) CB=0. Each class will now be studied

separately.

L -~ - S—
. ! o - —— —~y — e — - ——— = - —
2 . e P . . a0 bl e S i S ) e
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Class I rank (CB) = min(r,m)
Class I =-a rank (CB) = m<r

Since CB has maximal rank, there exists (CB)+ such that

m)* = [ BT eyl "t (cr)T (5.47)
and
+
COMCEIES (5.48)
which implies
*eB,) =1 5.49
(CgB3g) (CyByy) = Ty i

Using (5.47) = (5.49) in (5.46), clearly

Yy, =0 (5.50)

Hence the non-interactive freedom component is lost in the sense U, =0.
Case I1-b rank CB=r <m
Using the definition of B and C in (5.7),
CB = block diag. {C;B,,...QB,} (5.51)

=r <m,, Denote dim (C) as the dimension of a subspace

Thus rank °1311 <my

C, then

dim R(cinu) =r,, dim ker (C;B (5.52)

Tl S T

T e
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In additionm, (°1311)+(°1Bu) is a projection matrix [53] into range space

of CiBu and [I - (°1311)+(°1311)] is a projection matrix from a m, dimen-

+
sional space into a m, -r, dimensional subspace. Thus [1- (C;B,,) (CiBii)]#O
in general. Hence Uy #0 in general and there ure m, =T, degrees of freedom
in u, .

We can summarize the results for Class I as follow:

Theorem 5.4. Assume (A,C) is not completely aggregable and CB has maximal
rank. Then there exists freedom in local control (5.3) beyond achieving

complete aggregability and output following, i.e. u121‘0 if and only if

ti<m1.

Class II rank CB=4£<min (r,m)

r,xm
i i E
(5.51) implias (CiBii)ER , thus either rank (CiBii)=m1n(ri,mi)

or rank (ciBii) '£i<min (ryom;). Let us introduce the index set

94 -{1t, t:-l,z,...s/(ci B

14 ) has maximal rank}
t €t

9, ={i,, £=sH,...k/(C; B, ; )has less than maximal rank].
» (5.53) 4
Since CB has less than maximal rank, there is at least one index belonging

B
it it

to -92. In each group, (ciBii)+ exists by Lemma 5.4. 1In particular, for

16.91, we have either

o+
(CiBii) (ciBii) -Im if LY < r (5.54)
i

or

+
(ciBii)(Ci.Bii) -Ir ifr, <m (5.55)

i




“In view (5.46),

121

= e
uio 0 if 1631 and m; <r; or uiZ#O if 1681 and r,<m,.

+
On the other hand, Viész X [I;i(CiBii) (ciBii)] #0. This can

be argued as follow. For those 1632 with T, ->—mi’ rank C,B,, <min (mi,ri) =m

ii i’

+ +
Thus rank (CiBii) (CiBii) < m, which implies (CiBii) (CiBii) has less than

m, nonzero eigenvalues. But Im has m; non-zero eigenvalues. Hence

i {

+
[Imi-(CiBii) (CiBii)] #0. A similar argument holds for r;<m.

Theorem 5.5. Assume rank CB=4<min (r,m), then

=0 , i€d; and m <r

Yio 1=

(5.56)
Ui, #0 , 16&1 and r;<m, or ViGJz »

Class III CB =0

Since CB"G1 =0, then from the GHR structure, it is clear that

independent of u, or u, the interconnection F in GHR cannot be

12%2

compensated. Hence, any compensation in order to achieve aggregability

must be carried out at possibly next or lower layer in the GHR system
matrix. In this class, neither perfect output following nor freedom in
control synthesis exist.

In summary, the existence of a local control (5.3) is given by

Theorem 5.3. In general, (5.3) can be decomposed into u, =u +ui +u

i ia b
where uia+uib =u., and Ui -uiz, Uiy and sy being defined in Theorem

ic

5.3. From functional point of view, UL allows arbitrary shaping of the

aggregate dynamics if (Fu,CB) is controllable. Uiy achieves complete

aggregability defined by (A,C) by decoupling S1 from §1. if exists

uic’

allows the shaping of the residual dynamics by both local state feedback

Dol oo o i l—— o
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and changing the effective feedforward term le -Hly in the GHR. More-

1
over, u, only exists if 1:i<mi when CiBﬁ has maximal rank or if rank
CiBii< min (ri,mi). The details are given by Theorems 5.4 and 5.5.

5.3. Aggregability and Perfect Extended Output Following By Local
State Feedback.

The result of Section 5.2 can be extended to include the more

general case if compensation of F in the GHR cannot be achieved at

E 12%2
the first layer but may be achieved at next or lower layers. Two possi-
bilities can occur, namely the reference system (5.2) can remain at
p'rlth order or increases to higher order p, p1<p§n. The need to in-
crease the order of the reference system (5.2) arises when the system
interconnection variables Yio i=1...V are best modeled by high order
reference system or the GHR structure dictates that compensation of coupl-
ing Hessenberg blocks must be carried out at lower layers in the GHR,
e.g. when Gj =0 Vj< i, but Gi#O. The case that the reference system

remains at rlth order may be reformulated into the case p>r, by making

1

additional assumption on the range space of F12 1

we will not treat the former case in this thesis. To simplify the forma-

~ -T
tion of an extented error e = [eTe' ]T which contains e, we assume

p=p; = %1 £y in (5.2). Also in (5.2), define the extended reference
output is §e=w'. Clearly ;'e contains y, i.e. §e-[§T§:]T. Assuming
(5.5) holds for the triplet (F;, G', L"), then (5.6) is the system and
(5.11) is the equivalent reference model. In terms of the GHR structure,
local control (5.3) must compensate (cancel) the coupling Fi,i+lzi+1
between S:t and §1 and achieves model following between zi and w' sub-

sequently. In the remaining sections, a development similar to Section

and G, in the GHR. However,




5.2 is carried out.

5.3.1. Derivation of the Local Control law

Definition 5.2. Since

zj : Ce
z= = Hx = | % (5.57)
23 ? i)

Then - ==Cex will be defined as the extended output of (5.6) induced by y.
Let the reference state w »f (5.11) be partitioned similar to
(5.57), i.e.
w' | P
w = , W'ER 3
=3
w
Since y and ;' are respectively the first subvector of T and
w', then lim y(t)=lim y(t) if lim y_ (t) =1im W'(t). Similar to Section

= s £
5.2, we define

1]

w LEL 200N (5.58)
e=y -w' (5.59)
Again, we impose the local feedback control structure

“i-" u °+ Kie+M

{94 isl...v (5.60)

11%1°

Extended output following is defined as follows:

Definition 5.3. The local control (5.60) is said to achieve perfect

extended output following if

T e S RSGTN TR L R el ST e -
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lim o(t)=lim wj(t:)-ye(t) =0 (5.61)

t—o(ﬂ t—®

Qur objective now is to obtain conditions for the existence of m, and M

i

and to examine the properties of the local control (5.60) so that ;(t)

ii

approaches zero asymtotically.

Equations (5.6) and (5.55) gives

v
y, =C.Ax + ‘2 C.B;u; + CEf (5.62)
i=]1
Wl - DjFow e DJGuo + plwf (5.63)
since W=HE, then DjW=w:j =CeE. Hence with u; defined by (5.60), it can
be shown
e, <
e = Fe+ (F C, = C,A)x+C_Bu - 151 CB;u;
i 5 j <
= (F - C B K)e +C Bu, - by C,Bmius0 + @c, - CeA)x -« 2 C By M, Xy
i=1 i=1
(5.64)
where
K =[k 0] (5.65)

K is a mxr matrix. Hence perfect extended output following requires:

() There exists KER™* T such that (Fj -CeBﬁ) is stable.
(I1) There exists matrices T i=1,...V such that
Y
CBu =ZIZ CB,u (5.66)
e o i=1 e iio
(I11) There exists matrices Mii’ i=1,...V such that




-
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I.J v
( Ce -CeA;x- z CeBiMiixi (5.67)
i=1
If ﬂi and Mii indeed exist and satisfy requirements (II) and (III), then

s = (@ - ¢ BK) @ (5.68)

which implies e~0 as t=® if requirement (I) also holds. Following
essentially the development of Section 5.2 with appropriate modificationms,
the following theorems are stated without proofs.

Theorem 5.6. The matrices "i’ i=1,...V always exist such that

\Y

CBu = Z CB.,T.u
e o i,'le:I.iica

for any u,- Furthermore,
n.=c38)Tw@s,) +11 -B) BN (5.69)
i a1’ el m, e i e i’ i g

where Ni is any m, X m, arbitrary matrix.

Theorem 5.7. If for i-1,...v,o'i defined in (5.36),

+
[1- (c_B,) (C.B,) 1(c - c AW, =0 (5.70)
then Mii exists such that
Fj Vv
C -C A)x = T C BM, x
( e e {=1 e 1i"1i71
Furthermore,
+ +
M, = (C,B,) (E‘Jce-CeA)"i+[I- CRIMCR BN (5.71)

where P, is a m, x 0, arbitrary matrix.

Theorem 5.8. Assume (A,C) is non-aggregable. Consider the system (5.6)

— s bl i . it it A a0 RERE B N




and the reference model (5.11). Then perfect extended output following

is achieved by the local control

=1
u u °-+K

i 1% e +M

: WoNEE LU (5.72)

if

(i) G(Fj/Vi)rWG(Fj/Vé) are stable where V, is the smalles -

invariant subspace containing ker{Dj} and Vé is the smallest

(FJ)T-invariant subspace containing ker[(CeB)T]. G(Fj/Vi),i-l,Z
j

represents eigenvalues of F~ restricted to V,.

i ;
(ii) [1-(c3)(c3)+](ch -Cc_ A, =0 i=1...v
e i’ el (o i H 7
Furthermore,
m, =8 B,)+[1- (B, B )IN 5.73
g =€,y €5 eB1) (CeBy)INy =
M, = B) alc -¢c A)o, +[1-( B,) (B )P (5.74)
665 el e e b el Y B ¢ '
where Ni and Pi are arbitrary matrices. And u; may be decomposed into
u, =u,, +u (5.75) 1
i il i2 1

with

& + +
ujp = (CBy) (C_By)u;, +Kse+(C.B,) (che -C M) yx,  (5.76)

u, " [1- (°e31)+(°e31)] (Nix.iwJ +P,x,) (5.77)

Proof: With "i and Mii chosen according to (5.73) - (5.74), and if

condition (ii) holds, then




e = (¢ -ceni)'é (5.78)

mxr

Since K = [K 0], KER . Define Dj '[Iy 0] as an output matrix. Then

the triple (Fj, (CeB), Dj) of (5.78) defines an output feedback stabiliz-
ability problem. The existence of K is guaranteed by [54] which is in- |
terpreted by condition (i). The rest follows. |

Theorem 5.8 again indicates a decomposition of u, into two

i
functional components. The role uiq plays in arriving at (5.78) indicates !

that it is used to achieve aggregability by compensating the interconnection

h| ) . ;
Fj,j+1 zj+1 between S° and S-. In addition, it also shapes the dynamics of

the decoupled aggregate. On the other hand, u,

i2 represents the freedom

component in synthesizing the local control u From (5.77), we note u

3

T
has two components. The first component [I -(CeBi)+(CeBi)]NiLfm

12

represents

the shaping of effective feedforward term szj in the residual from the

h|

aggregate. This is so because the aggregate state w~ is utilized. The

second component in u, namely [I - (CeBi)*-(CeBi)]Pixi represents the shaping

2,
of the residual dynamics through local feedback. Even though the feedback
3 j

is introduced through x. instead of w , Wwe notew’ and ;j compliment each

i

other in the state space. Since the aggregate is decoupled from the residual,

any state feedback that does not affect the dynamics of the aggregate must
j

not involve the aggregated statew".

5.3.2. Properties of the Local Control Law

From (5.77), we observe u," uic=0 if and only if

+
(1- (CeBi) (CeBi)] =0, (5.79)

Similar to the previous section, we classify CeB according to (a) CeB has
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maximal rank; (b) CeB has less than maximal rank but nonzerc and (c) CeBEO.
] 3
Class I rank (CeB) = min (p,m), p = 1§1 £s ® dim wY,

Class I-a rank (ceB) =m< p

] Since
CB = [cels1 .e. C.B, | (5.80)
my columns m, columns
then
rank CeBi = m <p (5.81)

(5.81) implies Vi, there exists (cersi)+ such that

(CeBi)+(CeB N Imi (5.82)

-+
Thus [I - (CeBi) (CeBi)] 0 which implies u, =0 Vi,

2

Class I-b rank CeB =p<m

=m

Several possibilities cam occur in this class, namely, rank CeBi 1‘ Ps

rank ceBi-p<mi or rank ceBi<min (p,mi). Define the index sets
Sl'{i/rank C,B; *p<m, or ramk CeBi<min (p,mi)}
e <
£, {1/rank C.B; =m, p)

The assumption that rank CeB-p<m implies £, cannot be exhaustive, i.e.

2
not all indices belong to £2. Due to (5.82), it is easy to see
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F: non-zero , if i€£1
(1-(cB3) (cB)] =

0 P & i€£2
Consequently
non-zero sy 1f iéxl
u =
* { 0 , 1f 1€g,

Class II rank CeB < min (p,m)

PXm
From (5.80), CeBiGR - Clearly rank C,B; =p is impossible.

On the other hand, we may group CeBi into two different index sets
,91={i/rank (CeBi)<min (mi,p)}
5= {1/rank (CeBi) =m, < p}

Again we note §, cannot be exhausive. Hence 917‘¢. Since

non-zero if i€ gl
+ >

0 , if1€Q

Then

non-zero 3 it 16‘?1

u
12
0 s A8 16;2

Theorem 5.9. Assume (A,C) is non-aggregable. Then there exists freedom in
control synthesis in the sense U, #0 if and only if rank CeBi<min(mi,p)

or when the number of extended output is less than number of local controls,

i.e.

non-zero , if i€g or 1€4,

i2 ic

0 ,» 1f 1€p, or 1€y

R e e o
-

r 1 4

I —
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Class 1II C_B=0

Independent of u or U, the interconnection between Sj and Ej,

cannot be compensated, because the control coefficient matrix

i

Fija%54
for the aggregate subsystem S is zero. Thus aggregability cannot be
achieved.

Conclusions similar to those at the end of Section 5.2.2 can be
summarized. The important point to be emphasized is that uy again possess
three basic components, i.e. ui-uia+uib+uic’ uia+uib-u11 and uic-uiZ'
Uiar Yy and u,;  are used to control the aggregate, to achieve aggregation

and to control the residual respectively.

5.4. A Decomposition in Optimization and Control Synthesis

Consider again the interconnected system (5.1). Suppose that

associated with each subsystem, a quadratic cost
® T T
3, =¥, ®xqx, +uRude , 1=1...v (5.83)

is to be minimized. This section investigates the possibility of de-
composing Ji into a system level cost to be associated with the coordinator
proposed in the beginning of Chapter 5 and a subsystem level cost to be
associated with each individual subsystem in (5.1).

From previous sections, we notice u, may be decomposed into three

components

u, =u, +u,, +u (5.84)

i ia ib ic

where the role of Ui, is to control the aggregate; the role of uy is to

b
achileve aggregation and the role of Uy is to provide some freedom, if

_,.'A s * " " P T PRTE R, DTS T e
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exists, to control the residual. It will be shown that a suboptimal
solution t;'o optimizing (5.83) with respect to (5.1) may be obtained by
first solving a coordinator problem, thus defining the component ugs
next specify the resulting optimal dynamic behavior of the system inter-
connection variable Yy» i=1...v under u to each local subsystem (5.1);
finally with each local subsystem having complete knowledge of this desired
interconnection behavior, the remaining component u ib and u, . are obtained
at subsystem level simultaneously, thus achieving parallel computations.

We assume here that a first layer aggregate in the GHR will be
used to govern the dynamic behavior of the system interaction variables
Yy i=1 ... V. Given the GHR (5.8), if higher order aggregate is selected,
the procedure described below can be modified accordingly and thus will not
be considered in this thesis. The aggregate in GHR corresponding to the

rlth order reference system is then

v

+ Z CB,u (5.85)

i S

117 * Fi0%

and the component Uip is used to compensate the coupling term F1222'
Let zi denote the state space corresponding to subsystem state
X Since ¥ Cixi’ the subsystem state space Zi can be decomposed into

the range space of Ci and null space of Ci’ i.e. Zi'k'ia @zib, Thus

x, = Xia + X (5.86)
where
xia Ci vy Ci Ci"i zia (5.87a)
X S ¥ op -[I-C+C]'< €%
ib i ia T 11 ib (5.88)
AR e, W ‘ o e P T s A RES, ST RSER T IR JF 8 P T T . S e o = 5 8
~ e e —— T —————— .-,~..—._-—-’.‘..,————‘—- —
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Clearly X ia being the range space of Ci, corresponds to the aggregate

variable Yyo thus we associate the component u = withzia. On the other

i
hand, the complement of xia is the residual represented by zib’ since

Wy and uic

S:L into §1 and feedback of residual states), we shall associate Uy and

affects the residual ( through effective feedforward from

u. with zib. Also, in order to make u, non-interactive, it is necessary

i ic
to restrict u. to lie in the null space of CBi’ Thus U has the general

form
u, =[I-(cB,) (CB, )] N,y +P,x,) (5.89)
ic i b L i > fg 5
where Ni’ Pi’ i=1,...v are arbitrary matrices. Denote Uy as
Uy T M“.x:L b (L1 GRS (5.90)

where Mii is some fixed gain for the purpose of achieving compensatory

action. Since u 5 will be designed as a feedback of the aggregate, let

i

ug, - Liy (5.91)
Then using (5.84), (5.86), (5.90) - (5.91) in (5.83), it can be shown
@
J -ﬁr (x, +x )TQ (x, +x,. )+ (u, +u, +u )TR (u, +u,. +u, )dt
i oYia ib” 1Via “ib ia  "ib " ic¢’ TiVia  Tib  Tie

-3, 3y, (5.92)

ia

where

@
3 T, 4T+ T
L x['o yy (€] QC )y, +uy, Ryu dt (5.93)
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Jip ’ZJ‘ [“1 ic]Qio My |ae (5.94)
uic
Ry
Ry

o G=| 0 (5.95)

Rl L
Q12 Qo
T

Qqp = LiRiMyy (5.96)

Qg ,~lI- c clol1-¢ c]+c iQi[I-Ci+Ci]

+11 - c ]QiCi c +MliIRiMh (5.97)
RE =R L M.,] (5.98)
g “RyULg My .

Next we realize the application of u;, causes (5.85) to become

v
y = Flly + 121 CBi(uia-Puic),

Since . is to be non-interactive in the sense u
v

then £ CB
i=1

lies in the ker CB,,
ic > 1

{Yic = 0 which yields

(5.99)

G = F &
y rlly + i-lcniuia

(5.93) and (5.99) forms the aggregate optimization problem which we define
as the coordinator problem.

Coordinator Level Problem

v
min J = I «o
a

uia i=]

i i (uia) (5.100a)

subject to

e el e o . o T — - L

— e
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v
F R,y iElcniuia (5.100b)
T R T

3" ;i['o ¥4 (C; 0,0, )y, +u, B, u, dt (5.100c)

\"]
where I Oli- 1.

i=]

In defining the coordinator problem, co-operation between Uy I (PRI

is assumed. Thus it can be solved as a Pareto-optimal differential game

problem [55].

Let the solution to the coordinator problem be written as in

(5.91). The closed-loop aggregate of (5.99) after implementing the solu-

tion (5.91) may be expressed as

y = (F; + CBL)Y (5.101)

where LEII{ I&‘]T. On the other hand, with the application of o and

Uips the subsystem equation (5.89) may be written as

v
X, = A x 4 jEl Aijyj + Bii(L1Y+Miixi + uic)
i

= Ay +BiiMii)xi. +(A;; +B, L)Y +B U s i=1,...v

(5.102)
v —
where I A, e aAﬁy. Assume the closed-loop aggregate dynamic (5.101) is
j=1
j#i iv
known to each subsystem (5.102) as a reference dynamic for the system ”
!
interconnection variable Yyio i=1,...v, then augmenting (5.101) and (5.102),
we get

. — -

-
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0 y 0
e uic y 1m]. . s
Ajg +Bi Mg 1%y Biy (5.103)

It is interesting to note (5.94) and (5.103) may be solved as a separate

optimization problem at the subsystem level without additional information

from other subsystems. However, this subsystem level problem is not totally

unconstrained, since according to (5.84), u;  must lie in the ker CBi for

each index i in order to be non-interactive. This constraint can be taken

into account by modifying the control coefficient matrix Bi' This can be
seen if we define
: y
Uy = [N M) .
i
then
& * i '
Bju;. = Bi[I (CBy) (cni)]uic Biuic (5.104)

We note here that there is an implied mutual agreement between the sub-

system controller uy in choosing u,, and the general form of u Although

ib

it is arbitrary in the sense u

ic®

must lie in ker CB ' is arbitrary

Yic 5 ic
as seen in (5.104). The subsystem level optimization problem can then

be defined as:

Subsystem Level Problem

@© f
2 o SRR ‘
min 3, =3 (0] u "o !“1 dt (5.105a)
'
Yie
—_— -
subject to
T T SR G TN A Wy T -

ettt ol o cttatis i St e v £ 2800 SR e e




= ]
Ny en, + Biui. (5.105b)
Yo =80y, (5.105¢)

where ni and Q; = are defined in (5.95) - (5.98) and

F, . +CBL 0 0

11
Wl +B,.L, A..+B,.M i B,.[I-(cB,) (cs.)

11 TBeshy Bgg TB8sMyy 11 1 1]
8 =[0...0I 0...0 5.106
=1 2 ] (5.106)

Thus by modifying the control coefficient matrix, the subsystem level problem
is again an unconstrained optimal regulator problem. Extensive results can
be found in [56]. One must emphasize that the subsystem level problem (5.105)
may be solved independent of other subsystem's optimization. The only
requirement is each subsystem must know the closed-loop dynamics of the
aggregate under the influence of Ugae For a truly large scale system of

high dimensionality, the order of the aggregate (the reduced order model of
the system) can be small. Hence even coupled with each subsystem dynamic,

the dimension of ﬂi, i=1,...v is still considerably smaller than the order

of the composite system. In addition, with the decomposition suggested,

the original problem (5.88) - (5.89) may be solved by a sequential-then-parallel

computations. The steps are summarized as follow:

Step I Obain GHR system representation of the composite.
Step II  Base on system struc:urél considerations, decide the order of
aggregate subsystem desired. Eigen-analysis , GQL algorithm

application, capability of compensatory control to achieve
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aggregation if initially not aggregable may be carried out at
this step.

Step III Choose and apply compensatory control Uiy for each subsystem to
achieve aggregation and decoupling.

Step IV Solve the coordinator level problem (5.100) for Ui

Step V Apply Ui and obtain closed-loop ugzgregated system (5.101) and
specify closed-loop dynamic (5.101) to each individual subsystem.

Step VI  Solve subsystem level optimal control problem for . and apply
uic.
Thus at Step VI, we see parallel computations to be carried out

locally at each subsystem. Such computation savings can be used to increasec

efficiency in solving large scale system problem and thus represent a dis-

tinct advantage over existing methodologies. The implementation configuration

of the local ug is given in Figure 5.2.

We conclude this section by remarking that the subsystem level

problem (5.105) is pcsed as a full state feedback optimization problem.

I uic is testrictgd to feedback only locally available informations, e.g.
x; or x, plus those components of y locally measurable at each subsystem,
then the problem becomes a constrained output regulator problem [43,57 -58].

In Chapter 6, the results of this Chapter will be applied to study two

power system examples.
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. Coordinator .

Hv

FP.6188

Figure 5.2. Implementation Structure of Proposed hierarchical
control,
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CHAPTER 6

APPLICATIONS |

Four examples are given in this chapter. Examples 6.1 and 6.2

illustrate the usefulness of GHR and the GQL algorithm in obtaining

suitable reduced order models. Examples 6.3 and 6.4 illustrate the role
of the GHR in solving the synthesis problem considered in Chapter 5. The
existence of local feedback and decomposition of local control to achieve
aggregation are shcwn. The sensitivity of output trajectories with res-

pect to u,, is also studied. To assess the performance of reduced order

ib
models, both open-loop and closed~1loop trajectories are simulated. For
closed loop analysis, we distinguish three different regulator designs:

Optimal Regulator:

Given a LTI system
% = Ax + Bu , xR , aer® (6.1a)
y = Cx , YER® (6.1b)

The optimal control g - Lox that minimizes the cost

J-%'f':yTQy + u'Ru dt (6.2)

v

is obtained. Here Q and R satisfy the usual assumptions of positive semi

and positive definiteness. The optimal closed loop system is then

x = (A + BLo)x

&
|
{ y = Cx
E
|

- TS TN P T A A

e — A e



Reduced Regulator

Consider the GHR of (6.1)

u =Fz + Gu

and its approximate aggregated model (reduced order model of (6.1)).

- P
Frzr +Gru a zreR (6.4a)

r

=D,z (6.4b)

Let the control t‘o = ,i‘o z, be the control that minimizes the cost

-]
A _F p AT.» T
J'Efony+uRudt (6.5)

with respect to (6.4). Again Q and R satisfy the usual assumption and
take on same values as in (6.2). The optimal reduced order closed loop

system is

= -+ r
z, (Fr Gt L) z,

Suboptimal Regulator

Define the control
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LD S e (6.6)

as the suboptimal control, the application of (6.6) is assumed to give
suboptimal behavior to the optimal regulator (6.1) - (6.2). The resulting
controller is termed the suboptimal regulator. The suboptimal closed-loop

system is

N
']

(F+GLs)z
y = Dz

or equivalently

Re
]

A+ BLSH)x
y = Cx

where H is the GHR transformation matrix.
In all output trajectory simulation, O, R, S denote the optimal,
reduced and suboptimal regulators respectively.

6.1 Model Reduction of a Single Area Power System

Consider a single area power system counsists of two interconnected

thermal plants [59]:
x = Ax + Bu + Ew (6.7a)
y = Cx (6.7b)

where x€R9, u€R2, yeRB, and w €R. The state, control, disturbance and

output variables have the following meanings:




yl = AP1 - total

Yo = AP2 - total

11
a8 0 0
0 a32 333 0

0 a

92 %93 %94 O
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1

X = Aa1 - valve position displacement in first unit
X, = Aptl- power output displacement of HP turbine in
X, = APtZ- power output displacement of IP turbine in
X, = APt3- power output displacement of LP turbine in
xs = Aaz - valve position displacement in second unit
Xg = APtl- power output displacement of HP turbine in
X, = APtz- power output displacement of IP turbine in
x8 = APt3- power output displacement of LP turbine in
X = Af - frequency deviation in the system

u, = Afm - set point adjustment in first unit
u, = Afm - gset point adjustment in second unit

w = AP - load disturbance

power output of first unit

power output of second unit

vy = Af - frequency deviation in the system.

And the system matrices have the structure:

0 0 0 0 a0 b11
0 0 0 0 0 0
0 0 0 0 0 0
| R I | R SR 0
oy SRR S S
ags 356 O 0 0 0
0 3,6 8.4 0 0 0
0 0 8g, 2agg 0 0
%96 297 %98 299 0

first unit
first unit

first unit

second unit
second unit

second unit

il i
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0 0 0 0 c19

26 ©27 ©28 29 900
0 O 0 (S0 IR0 (0 (0 [ |

The entries of (A,B,E,C) in terms of physical parameters and their values
are given in Appendix E.

Let us initially carry out the chained aggregation procedure
described in Chapter 2 in order to obtain the GHR. Note y'ER;, and
C= [C11 Elll’ from (6.8), C11 is singular. A initial state permutation
is necessary. From C, we pick columns four, eight and nine as the first

three columns of the permuted C. In doing so, we have placed the outputs

of the last stage of turbine in each plant and the system frequency as the

leading state components. Formally this is achieved by using the permuta- !
tion matrix P1 of the chained aggregation transformation. Then the per-

muted system matrices are:

p——

J B B B8 e g 0 A g™
safic UL S SR S I B 0o 0
94 39g 359 ° &g, 853 0 396 %97 P .
0 0 a5 %1 O 0 0 0 0 by B
A = S o Y w0 g d B Ly
BBy R TV Ky w1 * 0 0
0. 0, @ O 0 0l 000 iy
0 ¢ 0 0 0 0 ag a 0 0 0 5
0 0 0 0 0 0 0 a, a, 2 @




The second step in the chained aggregation procedure consists in applying

the transformation

14
0 c

0
€19

28 ©29




to the system (6.9) which results in the representation
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—.— re— f SIS m— —— - —
Y1 f11 f1a B3 Pra Pys Py 0 0 O 1Ty B
¥y £21 F22 F23 0 0 0 pyy Prg Pyg || 72 &t 9
s S E, T ol o o e e 0
x F0 0 a,,a g O 0 0 0 X
4 19 211 1 i u,
x2 0 0 0 321 322 0 0 0 0 x2 0 -
) 2
x3 0 0 0 0 a32 a33 0 0 0 x3 0 0
xS | 0 0 a59 0 0 0 a55 0 0 xS 0 52
% 6B 8 T8 WAy O g 0o 0
& G 6 6 @ 6 0 0 auiwoiix 0 0
7 7% %97 11 51
S Sy e e st ol i
by |
Lo
Ry
0
al @ e (6.10)
0
0
0
LY

while the output equation becomes
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71

Y2

— i 72

¥ 10000000 0f]x

HiI%o 10 eieag g ol s (6.11)

Ys ¢ 81 gaico olls,

g

Xe

22

Note that in (6.10) the submatrix FiZ’
Drp Big, By 0 00 A
' =

Fi2 0 0 0 Py Pyg Py

0 0 0 0 0 0

is not a zero matrix, so a complete aggregation with respect to C is not
possible. We proceed to the next step in the chained aggregation proce-
dure. Note that rank Fiz

aggregate has two independent components. These become the outputs from

=2 and the interaction term entering the first

the residue and are denoted as %% and Yg¢

Y4 P Py B % 9 4

- X . (6.12)
Py7 Pag Pag

¥s AR MR

The residual system becomes
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%, | | 3y © ¢ o ol bio w T B,
Xy g-a21 ay, 0 o O X, 0 0 ¥y 0
] |
X, =§ 0 a3, 844 o o0 O X, ; 0 0 v, |+ 0 e |
x5 i 0 0 0 a55 0 0 x5 0 0 359 i 0 b51 u
Xg 0O 0 O 865 ace 0 Xg 0 0 O 3 0 O
%, 6. .6 0.0 876 a77 x7 _S 0 Q_J g4 _E
0
0
+]% w. (6.13)
0
0
0

Observe that (6.13) represents two completely uncoupled third order systems.
Moreover, (6.12) shows that each of the two outputs comes from a separate

subsystem. Such uncoupling is consistent with the fact the physical system

is an interconnection ©f two identical thermal plants. It is these system
structural features that are retained and exhibited by the GHR. The use

of given output information structure to induce reduced order modeling is
thus appealing. Because of this total decoupling in the residual,it is
possible to proceed in either of two possible directions. The first is to
introduce the second permutation on (6.13) which will arrange the components

in the measurement matrix (6.12) so that C is nonsingular. The procedure

22
is then repeated as described above by defining the new transformation
matrix Tz, forming the transformed state equations of this residual and
proceeding further as described. The other possibility is to consider
separately the two decoupled systems and obtain their GHR with respect to

their measurement vectors, and then compose these into the GHR of the coupled

system by permuting the order of the state variables. In both cases, (6.7) is

- P T TN TR R G R T

i s o lesilhoicadiin i PP sttt 2, N FRETRRE: Y8
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brought into the following GHR:
v =l ey £ g1 010 olo o ||y, &
Pa| %1 %22 23l 0 10 °‘° o L :
PR G Gt AR O A s O == =
e Wl e e el e 5
Y, l°°f431544°'12'|g y y4+8‘618 |
T b Sl Rt s SR i e
. 0 0
¥ 0 0 0 £, 0 O [fgs O || e
¥ o 00 £7Si0 £210 fllvy |
| 0" 0
¥g oolo 0{5860:5880 vg '
7 ¢ ale 9w s g.to 2 lls
SSERE, S | | | SRl e il
L By
Ra1
6
5
# | wale. T, (6.14)
0
e
0
_0—

The block structure induced by the chained aggregation with respect to
the available measurements is shown by the dashed lines. The output
equation associated with (6.14) is given by (6.11).

Having obtained the GHR we now exploit its structural properties
to select a reduced order model. It is immediately seen that aggregation
to a third order model is unsatisfactory. The result would be a system
unaffected by the control, and acted upon by the external disturbance.
Clearly the interconnection into the third order aggregate from the

residual is significant. On the other hand, a fifth order reduced order

T

e = —

—
PRI, P W e —— D T . e
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model is justifiable. Separating the composite system into the aggregate
subsystem and the residual subsystem, and denoting the states of the

aggregate model by z, we have

- = — ——— e ~ -
. &
i “H T o |[z,] [0 o 0 o [h,,
; o o | h
221 _ ff21 f22 £33 ) L el | u 21
; + +lh,, [ W,
2,  Bea 1, 0 |lzy[|0 O : | 31 |
; 2 0
z, 0o o f43 f44 0 z, 10 7 841 0 l {
. ‘ _— 0 !
N IS i e R 0 85, |
and for the residual system
¥sl Ffe6 @ Tea © |1 % fos 0
£
7 et SRl B R el B
Yo| |fa6 © fas 2 || 78 . Vs
Y9 O f97 9 fog |l Yo ¢
R i Bt sl _—‘ L— —

Note first that all controls and external disturbances enter only into

the aggregate model and not into the residual directly. Although the
indirect effect of the disturbance (through feedforward from the

aggregate and then as feedback from the residual to the aggregate) from

the residual is coupled back to the aggregate by the Hessenberg block, such
effect is secondary and if the coupling between the aggregate and the
residual is weak, we may assume most effects of external disturbance

inputs is accounted for in the aggregate model. Second, the aggregate
model is completely controllable and, third, the interconnection variables
which come from the residual may be cancelled by residual state feedback

because R(F23)¢: R (GZ)' Thus it is conjectured based on structural

AT K N
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considerations that the reduced order model

2 | f11 12 GTULER R LT °
2 21 22 fay P X W%l e ik 1 i
BT i'min e t 2NN it £ %
i 6 0 5.0, ol 0 g0 %
és L_? Q- £ 53 0 fs5 zg 0 0 85y

will produce the basic features of the higher order model (6.7). Using
the parameter values given in Appendix E, the GHR system matrices (F G,W,D)
are given in Table 6.la and the reduced order model matrices (F2 G2 W2 D2)
are given in Table 6.1b.

With the assumption of a fifth order reduced order model, the
Hessenberg block F23 is initially neglected to obtain an approximate GHR
without compensation or parameter adjustment. The open-loop eigenvalues
are compared in Table 6.2. The lack of resemblance in open-loop eigen-
values can be attributed to the fact that we are asking five modes to
model the input-output behavior of a 9th order system. Thus an algebraic
combination of the original system modes results in general. To assess
the closed loop behavior, the three regulator designs given at the
beginning of Chapter 6 are implemented. Two cases are considered. Case
A assumes Q=1I, R=1I in (6.2) and (6.5) while case B assumes Q=10I,R=1
for the costs. The corresponding closed loop eigenvalue for the optimal
and suboptimal regulators are presented in Table 6.3 and 6.4 respectively.
In case A, it is seen that both the optimal and the suboptimal design

show the same general pattern of pole locations, exhibiting a cluster of

five dominant modes and four faster modes clustered in two pairs. We
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Table 6.1lb. System matrices (F2,G2,W2,D2) of the aggregated

model

p—— —

-1.99375 0.00625 0.28125 1.0000 0.0000 :
|

0.00625 -1.99375 0.28125 0.0000 1.0000

F2 = | 0.04167 0.04167 -0.12500 0.0000  0.0000 |
0.000  0.000  -5.712  -3.0444  0.000 !
0.000  0.000  -5.712  0.000 -3.0444 |
= £ |
U o & -0.0125 | |
0 0 -0.0125 i

¢ = 0 0 W = | -0.0833
S.7i2 . -0 0.0 |
N 0.0 ]
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Table 6.2. Open-loop eigenvalues of the original system
and its approximate GHR

Open-loop Aggregatetresidual
systam systam
-0.01947+§0.36203 -0.205975  (A)
-0.01947-30.36203 -0.67622 (R)
-0.16678 -0.67422 ®)
-0.19990 -1.64800 ®) |
-0.43169 -1.64800  (R) §
-1.98840 177547 (A) 7
-2.0000 -2.00000 (A)
~5.00000 -3.04440 (a)
-5.02010 -3.17645 (A)

Table 6.3. Closed-loop eigenvalues of the optimal and suboptimal
regulators for Case A

Closed-loop Closed-loop
optimal syscem suboptimal system
-0.17287 -0.27271+j0.43602

-0.69534+3i0.31615 -0.27271-30.43602
-0.69534-30.31615 -0.30669

-0.73189+30.27399  -0.37160+j0.37009
-0.73189-350.27399 -0.37160-j0.37009

-2.1228 -2.0638
~2.1445 -2.0788
~4.8526 -4.9743
~4.8761 -4.9938

A T — A W PRI AR M IS e L
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Table 6.4. Closed-loop eigenvalues of optimal and suboptimal
regulators for Case B

Closed-loop Closed-loop
optimal system Suboptimal system
-0.13855 -0.14182
-0.67578 -0.70893
-0.67608 -0.71098
-1.83910 -1.57030
-1.63940 -1.57030

-5.92460+i4.70560  -5.57730+j4.38030
~3.92460-34.70560  -5.67730-34.38030 |
~5.92660+j4.70780  -5.68090+j4.38470
-3.92660-j4.70780  -5.68090-j4.38470 |
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note even the'closed-loop eigenvalues are not very close in values, it
is the input-output behavior that is stressed by the GHR approach to
model reduction. This is exhibited in Fig. 6.la for the power outputs
y, and y, under an initial condition disturbance of y_= (0.1, 0.1, 0T
and in Fig. 6.1b for the system frequency Y3 under a 107 frequency devia-
tion yoi'(O,O,O.l)T. In case B, because of the larger-valued weighting
matrix Q,the output deviation from zero is penalized more, thus more
control effect is allowed, resulting a good agreement in closed loop
eigenvalue approximation. The analogous plots for case B is given in Fig.
6.2a and Fig. 6.2b with same initial condition as in Fig. 6.1.

Thus far, we have seen (Table 6.2) that by simply neglecting

the coupling F between 52 and §2, while the reduced aggregated model

23%3
is able to give good approximation to input-output behavior in closed
loop, it fails to predict the open-loop behavior. Next consider the
compensation of F2322 by parameter adjustment as indicated by the RQL
algorithm. The result obtained after 5 RQL iterations is a model charac-
terized by the same matrices as in Table 6.1b except that parameters f44
and f in Fi have been changed from -3.0444 to -0.1520. Table 6.5

55
contains the open-loop eigenvalues of the original and the reduced order
model as well as the closed-loop eigenvalues of the optimal and suboptimal
regulators. Here we have assume Q=1I and R=1. The open luop output
trajectories are plotted in Fig. 6.3 for an initial condition of
y, = (0.1, 0.1, 0)T. Notice the oscillatory behavior of the full order
open loop system is now retained in the 5th order reduced model after

the parameter adjustment by the RQL algorithm. The closed loop behavior

of the optimal,reduced,and suboptimal regulators using the same initial

T e A -

5o A — -
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Table 6.5. Eigenvalues of the RQL based reduced order model
and full order system.
Open-1loop Open-1loop Re- Closed-1loop Closed-loop sub-
system duced order model | optimal system optimal system

-0.0195 + j0.3620
-0.0195 - j0.3620
-0.1668
-0.1999
-0.4317
-1.9884
-2.0000
-5.0000

-5.0201

-0.0758 + §0.4854
-0.0758 - j0.4854
-0.1668
-2.0000

-2.1209

-0.1729
-0.6953 + 0. 3162
-0.6953 - j0.3162
-0.7319 + j0.2740
-0.7319 - §0.2740
-2.1228
-2.1445
-4.8526

-4.8761

-0.1827
-0.49082 + §0.4426
-0.49082 - j0.4426
-0.52547 + j0.42175
-0.52547 - 0.42175
-2.0954
-2.1052
-5.4971

-5.5098
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condition are plotted in Fig. 6.4. Good agreement is evident. Hence the
RQL processed GHR leads to a good reduced order model that is able to
approximate both open loop and closed loop input-out behavior.

6.2 Model Reduction of Pitch Dynamic of Flexible Rocket

This example shows the simplicity of model reduction using the
GHR. A 6th order system representing the pitch dynamic of a flexible
rocket [60] is considered. 1In [60], Rogers and Sworder obtained a 2nd
order reduced model using projection theory in Hilbert space. Their
procedure involves evaluation of inner products, solution of non-linear
matrix equations amd use of gradient search in order to obtain reduced
order model parameters, thus is numerically involved. We shall attempt
a comparison by showing a second order model may be obtain via GHR using

only linear transformations. The full order system of 6th order is given

by:

r;;T -.21053 -.10526  -.0007378 O  .0706 5" —;i' | _7.011 |

X, 1.0  -.03537  -.000118 0  .0004 0 x, -.05232

. o :

%30 0 0 0 1.0 0 0 %y | 4 & ‘

X 0 0 -605.16 -4.92 0 0 794.7

4 X4

% 0 0 0 0 0 1.0 xg 0

g 0 0 0 0 -3906.25 -12.5 ||« -448.5 :
L o .._1._6_ﬂ L st l
and (6.15a)

(6.15b)

N'_‘N

(< R B S SR A
e it A

“

- 1.0 O .00033 0 -.007728
Y2 0o 1.0 0 0 0

»

b

b

[
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9 .21. 5 (y'Qy + uRu)dt (6.16)

The state and control vectors have the following physical
meaning:

state vector

x;: - pitch rate = 3 rad/sec
I Xyt - angle of attack = ¢« rad
E Xq! - lst mode deflection = il rad
I ;
; X,: - lst mode deflection rate = g, rad/sec
L Xg ! - 2nd mode deflection = §2 rad
| Xg: - 2nd mode deflection rate = éz rad/sec
i control
} u: - control deflection = § rad
| output
: s pitch rate mixed with bending rate rad/sec
? Ym2' - angle of attack rad

A second order reduced model was obtained in [60] by considering
the model output space as a subspace of the system output space. The
reduced model parameters were obtained by invoking the Hilbert space

projection theorem. The resulting reduced order model is:

——  — — —

Y1 -1.415 -0.75758 ?1

- H u (6.17)

-6.7317

§2 0.75081 -0.02573 ¥, -0.0002

The model (6.17) approximates the actual system output (6.15b). Using
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chained aggregation of Chapter 2, the 6th order system (6.15) is given

equivalently in GHR as:

y,| |--21053 -.10526 : 1.0 0 sy 0 r}l [-3.4796
3R e o aJ08893 T ) s T S 0 -.05232
¥, 0 0  :-5.0461 607.96 :-218.55 24.852 ||¥,| | -43-845
= « . +
0 0  :-.99644 .12612 [-.037194 -.0025395 -3.7314
)‘v o o : O 0 : 0 . .1.6...‘ LRI 0
: : : 3 448.5
0 g. 2 0 $.3906.3  -12.5 -448.
L_J S = : _J_J it .
(6.18a)
i eie 0te & | v,
s 5 : Y, (6.18b)
@ 10 040 0 Y3
’ : o

We point that the GHR (6.18) is particularly simple to obtaia. Only ome
step of chained aggregation is required. In this representation, the
substate vector Y1 represents the original system measurements. As dis-
cussed in Chapter 4, different order reduced models may be obtained by
neglecting either one of the Hessenberg blocks F12 or F23. To compare

with reduced model of Rogers and Sworder, the crudest aggregated model

is obtained by simply neglecting F12 in the Hessenberg system matrix’
without any compensation by feedback or parameter adjustment. This is

represented as a second order aggregated model:

-.21053  -.10526 -3.4796
7, = ¥ * u (6.19)
1.0 -.03537 -.05232
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Note the reduced order model is completely controllable in this case. When

F23 is neglected, a 4th order reduced order model is obtained:
|9, [--21053 -.10526 : 1.0 o [y, ] [-3.479
| 1.0 -.03537 : 0 1.0 -.05232
oo = ....................E................. Fic e e B e A et
¥, 0 0 :-5.0461  607.96 ||y, -43.845
foob b g 0 t-.99644  .12612 | | -3.7314 | (6.20a)

(6.20b)

<
8
|
l o
—
® s 0000
o
o
0
< e
N e

Again, this reduced model is controllable as well as observable. Equation
(6.20b) now represents an approximation of the actual system output.
To illustrate the ability of reduced models to approximate

open loop behavior of the full order system, the open loop eigenvalues are

given in Table 6.6. Notice the two dominant open loop eigenvalues -0.12+
jO0.31 of the full order system are retained in both the 2nd order and the
4th order aggregated model whereas the open loop poles of model of [60] do
not approximate any actual system poles. The open loop output trajectories
of the system (6.18) and its two reduced order models, i.e. (6.17) and
(6.19) are plotted in Fig. 6.5 for an initial condition of yo==(1 . l)T.
Notice the 2nd order aggregate and the full order system have essentially
some open-loop output trajectories while those of Rogers and Sworder show
no resemblance at all.

Next consider the closed loop behavior. Same as in [60], the

objective is to minimize (6.16) for Q=I, R=1. The closed loop eigenvalues
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are compared in Table 6.7 and 6.8 respectively for the 2nd and the 4th
order reduced models. It is interesting to note that the closed loop

poles of both aggregated models (6.19)-(6.20) obtained from the GHR give

a much closer approximation to the optimal closed loop poles than the model

by Rogers and Sworder,thus indicating the advantage of using the given

information structure to induce a structurally meaningful reduced order
model. The closed loop output responses of the three regulators correspond
to Table 6.7 for the 2nd order aggregated model are presented in Fig. 6.6.
Same initial condition on the outputs are used as in Fig. 6.5. Clearly,
a good approximation is achieved. To compare our 2nd order aggregated mod
with that of [60], the closed loop reduced regulators of (6.17) and (6.19)
are simulated and plotted in Fig. 6.7, One should compare with Fig. 6.6.
Finally, let us consider the application of the GQL algorithm to
the GHR (6.18). Although this is not necessary for the purpose of con-
structing a reduced order model in this example. Nevertheless it will demon-
strate the effect of the GQL algorithm on the GHR. In particular, the

reduction of the Hessenberg blocks in magnitude towards a zero matrix. To

this end, 5 GQL iterations are applied to the initial GHR obtained by

chained aggregation (Eq. 6.18). The new GQL processed GHR is:

-0.825  -0.8330, -2.034(-9) 1.818(-10)' O 0 1 [ o.003622
0.7938 0.5791; 9.561(-9) -2.404(-9)j 0 0 -0.0164
................ S RO A
z| 4.348 4,307 | -9.174 3.90 ; -0.00412 ,02563 !z+[-3.005(7) | u
-10.13  -9.724 ' -16.32 4.523 '3.649(-5) -2.784 (-4) -2.973(7)
......... ?----------------------.:.-----_------------ UL Seidh
84.83 80.29 ' 1421 -3322 ' -36.59 119.90 -1.659(11)
:
[-310.3 -299.8 | 57.32  -1281 ;-39.91 23.82] |-2.389(11))

(6.21a)
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246 zks6 b B M. B i
o z (6.21b)
378,80 -B0.3L ® o 0 0 J

From (6.21a), it is noted that the Hessenberg block F12 is converging to

zero much faster than the other Hessenberg block F In addition, the

23°
eigenvalues of the leading 2x2 block are -0.1229 +3j0.3124. This is the
same as the 2nd order reduced model obtained directly from the GHR pre-
viously. For this reason, it confirms that the 2nd order model will
suffice as a reduced order model of the rocket dynamic with reasonable

output prediction capability.

6.3 Decomposition in Decentralized Control Synthesis for a Single
Area Power System.

To illustrate some aspects of the synthesis approach considered
in Chapter 5, this example explores the existence of a local compensatory
control component Uip for the power system example considered in Example

6.1. It illustrates the use of u b to cancel the interaction F

i 23%3
between the 5th order aggregate and its corresponding residual so that

exact dynamic aggregation is achieved in closed loop. In addition, the sensiti- ;

vity of the input-output behavior with respect to the achievement of exact
aggregation is studied.
Recall from Chapter 5,

= + .
ui uia + uib uic (6.22)

Since our primary goal in this example is to study the influence of uy

component, we assume g "M " 0. From (6.14), to achieve aggregability
T
9J

zSIT is decoupled from its residual 22 ='[z6 ive B

2
so that z [z1 Zy ..o
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it is sufficient to apply a feedback compensation in GHR of the form:

YUip 0 0 0 0 0. -0.17507 0 0 o0

. (6.23)
u 0000 O° 0 ~0.17507 O O

2b

—

Using the GHR transformation matrix H given in Table 6.9 which transforms
(6.7)-(6.8) to (6.14), the compensatory control component uy that cancels

the interaction F23z3 is expressed in original system representation as

—_—

Up 0 -0.33164 -0.68179 0 O 0 0 0 0

Uy 0 0 0 0 O -0.33164 -0.68179 0 O
{

-

®noOoX N
w N =

b

(6.24)

»

WO
O o N o wuw

"

Tl

where the state X, has the physical meaning given in Example 6.1. Note
we have partitioned the state into two sub-states. The first substate

is composed of state variables of the first thermal plant while the
second sub-state is composted of states X to Xy which are the state
variables of the second thermal plant plus the system frequency deviation.

Equation (6.24) clearly indicates that feedback compensation to achieve

aggregability can be obtained by local subsystem feedback. This is much
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Table 6.9. GHR transformation matrix H of example 6.3

H

0.00000E+00
0.00000£+00
0.00000E+00
0.14280E+01
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00

0.00000E+00
0.30000E+00
0.00000E+00
0.00000E+00
-0.85332E+00
0.00000E+00
0.18943E+01
0.00000E+00
0.00000E+00

0.30000E+00
0.00000E+00
0.00000E+00
-0.85332E+00
0.00000E+)0
0.18943E+01
0.00000E+00
.00000E+00
.00000E+00

.00000E+00
.28000E+00
.00000E+00
.00000E+00
.13533E+01
0.00000E+00
0.38944E+01
0.00000E+00
0.10000E+01

0OO0OO0OO0OO0 OO

0.28000E+00
0.00000E+00
0.00000E+00
0.13533E+01
0.00000E+00
0.38944E+01
0.00000E+00
0.10000E+01
0.00000E+00

0.00000E+00
0.42000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00

0.42000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00

0.15000E+00
. 15000E+00
.10000E+01
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00

(el No o NeNoNe o)

T et e o e e e o o

il poen

0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
0.14280E+01
0.00000E+00
0.00000E+00
0.00000E+00
0.00000E+00
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desired in practice.
Let us emphasize that the application of (6.24) has the effect

of replacing elements 546 and 557 by hard zeros in the GHR (6.14), thus

resulting an exact aggregated model for (6.7)

iz = F2z2 + G2 u + wz ® (6.25a)
§ = p222 (6.25b)
where (Fz, G2, wz and Dz) are given in Table 6.1b. Furthermore, we have
o 0.3 0.28 0.42 0 0 0 o 0.1l
0 0 0 0.3 0.28 0.42 0.15
L 22 =10 0 0 0 0 0 0
1.428 -0.85332 1.3533 O 0 0 0 0
Lg 0 0 0 1.428 -0.85332 1.3533 O !
—;I~
*2
a
*4
e (6.26)
Xg |
*3
*8
%9

as the extended output defined in Chapter 5. We note in this example,
because numer of inputs is less than number of outputs, the freedom
component u, does not exist. On the other hand, the component U, that
controls the aggregate may be sought as either a centralized or a

decentralized control by proper choice of aggregate feedback gain in
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conjunction with (6.26). Because of the lack of freedom component u., the
price paid in achieving aggregation is a residual subsystem with fixed
dynamics. Its eigenvalues are given in Table 6.2.

To study the sensitivities of (6.25a) with respect to u, of
‘ (6.24), (equivalently (6.23)), we argue that the output trajectory (6.25b)
should not change excessively if 100% compensation is not achieved, namely,

if

e (L+4AL)z (6.27)

is applied instead of uc='Lz given by (6.23) is applied. The application

of (6.27) is equivalent to replace f46 and f5 of the GHR system matrix

7
in (6.14) by small non-zero numbers. The simulation results of the three
output trajectories subject to complete and partial compensations are presented
in Fig. 6.8a to Fig. 6.8c for w=0 and in Fig. 6.9a to Fig, 6.9c for w equal
to a unit step. An initial condition of z_ =[1,1,0.5,0...0] is used.

As a check to the sufficient condition given in Chapter 5 for the

existence of a local control to achieve aggregability, we note it is

Using the appropiate matrices involved, it is found that

P ad
{r = (CeB)(CeB) 1(F Ce - CeA)
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e —
3 0 0.00004 -C.00002 0 0 0 -.000005 0 0
0 0 -.000005 0 0 .000004 -.00002 0 0

- 0 0.000001 -.00003 .000001 O .000001 -.00003 .000001 .000001 |,
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

which for practical purpose can be considered zero. Hence the output follow-
ing conditions are satisfied, and local feedback U exists as confirmed by

(6.24).

6.4 Decomposition in Decentralized Control Synthesis for a Two Area
Interconnected Power System.

This example will illustrate the full capabilities of the control
synthesis considered in Chapter 5. A two area power system with each area
i containing two thermal plants is constructed from [59]. The system is

model by g
X = Ax + Bu + Egy (6.29a)

y = Cx (6.29b)

where xEng, ueRa, weRz and yERa. The state, control and outputs have

the following physical meanings:

= valve position displacement in first thermal unit of area 1 and 2.

12 Hi

i Xy, Xy, = power output displacement of HP turbine in first thermal unit of
area 1 and 2.

Xqs Xy, = power output displacement of IP turbine in first thermal unit of
, area 1l and 2,

f X4 Xy = power output displacement of LP turbine in first thermal unit of
[ area 1 and area 2.

valve position displacement in second thermal unit of area 1 and

- VOO i U 1) U S 0
o b e Sl gy




Xgs X9 = power output displacement of HP turbine in second thermal unit
of area 1 and 2.

Xy, Xg = power displacement of IP turbine in second thermal unit of area
1 and 2.

8’ *19 = power displacement of LP turbine in second thermal unit of area
1 and 2.

9* X517 = freqrency deviation of area 1 and 2.

X0~ tie-line power flow connecting area 1 and 2.
Uy, Uy - setlfoinc adjustment of first thermal unit in area 1 and 2.
uy, v, = set point adjustement of second thermal unit in area 1 and 2.
Wy Wy = load disturbance of area 1 and 2.
¥ ™ frequency deviation of area 1.

¥ = tie-line power flow of area 1 and 2.

Y3 = frequency deviation of area 2.

The system matrices (A,B,E,C) are given in Table 6.10. Apply first the

chained aggregation procedure of Chapter 2 to bring (6.29) into the GHR
z=Fz +Gu+Wy (6.30a)
y = Dz (6.30b)

where the GHR system matrices (F,G,W,D) are given in Table 6.11 while the
GHR transformation matrix H is given in Table 6.12. The GHR structure
indicates 6 subsystem (GHR subsystems) of dimension 3,2,2,2,2,8 after

five steps of chained aggregations, i.e.

DTV




191

0°z-
0

S 0 0o o o

[
L74{
[}

0°Z
£991° -
[

o o 9 9

0

Lo’

0

o
£991°
0°S-

o

0

0

(]

1]

seto”.

0 ) )
0 0 0
sty o 0
z0- o )
) 0z~ 2
) o 991"
° ) )
) ) )
S AL
) 0 0

%°9 aydwexd jo (D‘dA‘4‘V) sIdpi3EW

e © © ©

0
99t
0's-

)
szto”

0

© © © 9o @©

o
L7y
[ 482

'l
seie-
LAl EAR 44

o 0 .00
0 o o 1 o
o 0 o0 o 1
0
0
0
0
0 .
0
0
% :
. €€90°0 e
0 wiz'zz o
- €€80°0- © STIL'-  S(10°
.0 0 0°z-
o 0 0
) 0 0
0 9- 0
0 . 0
0 ) 0
0 S0 0
0 . 0
wa1c4Ls

o

ot

0z
L991°-
o

Q 9 0 9 °

0
“sz10°
0
99t

ﬂl

@ @ 9 9 9

‘01°9 219®81L

0
o
0

sty

z°0-
4]

o 0 o
(4] o 0
o o 0

“sero

o
0
0
0
o'z~
/]
o
o

“(uo”

0
o
o
0
0°Z
991"~
o
0

=3

‘szi0c

0

0

o

0

0
991
o's

0

S 0o 090 0

0
sy
zo-

-




T

continued

Table 6.10.

192

o © © O

©O © O © © © © ©

L

-0.0833

QO © O © © ©

O O © 0o o o o O

-0.0833

QO O © O © © © © ©

A

—

(=]
O‘QQOOJOQO

o S
. . °
DB ¢ OO O 6 6 O O
. o
=) f, S
o o © c».$ © o © ©o ©°
. . °
o e
e © O 0O © © 0 © 0 O, .,
< (AR
(]
m

oS x




193

~
-]
°°°Q°°°Q°°°G°O°°°§-
.
o~
OQO\‘QOOQQOOOOOOG,’;SO
-
N 0N
9006000000609006".69
[ 4
!;O
OOOOOOOOOQQOO:?OOOO
.
~
-]
OQQGOGQOQOGO';gOOQOG
ke

3
.
O
'}
—
(=%
g
[
%
=1
Ut
=]
~~ - “
9. S oo 00000000 r0o0Noooo
L -
=
S ~
Q ©c°2c00cac0o0~a3o0oo0000 050>
o 4
A d
~
- © 900090 ~0A00°00090 0930
(=] .
-
¥e) 2
o > "
oy © 929200 ~0 O 0009009000900
s A
o
9 I
I © © 000 ~0 0 0000000 S
Q. o ~
0 )
i~
g ©0o0o0~0 Tooooocooosoo0oooos )
oeo—e'f-ooaooeceeeeea
.
—
Lz § 2 _=
\o‘ © 0 ~ 0 ® O =0 =~ 900 009 9 9 a9 0o .1
? - -
Q
-
: = 3 > a
] o—e.c—_ez_oeaeeeaeeee
B < - -
\ .
: ~ < “ o
. ~N
| w9 2°90R090000800 000
] ~ . 3 1
1l . .
<~ Q “
. - 0 0O O~ 0 0 0 00 9o 000 Q0O 22
o~ - < "
~N ¢ .
' ‘
23
© 8899008000000 000 00
C
PO d
]
o
- T —— - S— —— S S
, oy :"a.A & iy . &
¢ . -
R = A —e . L

e S i e e il




194

- © o

© ~ o

—_—
(]
a

o
1 [}
2
e r - L
*é ©O © MO O 0 0O © 0 00 O 0 0 0o 000
s 3
9 9
a
9 80 0000090009039 02300
o
3 L gl

Table 6.11.




195

B ° 0 0 ° 0 ° o o 0 o 0 0 0 0 ° 0 0 0 «4 A |
° 1 0 0 0 0 0 ° 0 0 o 0 o 0 ° ° 0 0 0 | ;
° 0 1 ° ° 0 0 0 o 0 o 0 o 0 ° 0 0 0 0 |
° 0 0 1 ° 0 ) ) o 0 o 0 ° 0 0 0 0 0 0 !
0 0 0 0 0 0 o 0 o ¢ o ° ° 1 0 0 ) ° ) m
° ° o 0 0 0 ) 0 0 0 o 0 1 0 0 ° 0 ) 0
) ° 0 0 0 ° ) 0 0 0 o 1 0 ) 0 0 0 ) 0 XU |
° [} ° 0 0 0 o 0 o 0 o 0 0 0 1 0 0 0 0

cune- [} ° 0 cune- 0 ) 0 0 0 o 0 0 0 ) 0 0 0 0
[} ° ) [} 0 0 o 0 0 0 o cur- o 0 ° (- o ° o0 |=n A

So11°- €S880° O 0 SOT1°- €S980° O 0 0o 0 o ) 0 ° 0 0 0 o ° M !
0 0 0 0 0 ° ) 0 0 0 o SOUI'~ €%RRO° 0 0 cOt1’- €880 o 0 3 i

L1650 6B o BE6SO"  LL6%0° TL6BO° ©O 960" O O 0 ° 0 0 0 0 ° 0 0 |
° 0 0 0 0 0 0 ° 0 0 o Li6W' 680" 0  9C650° LL6%0° 6B g BE6SO’ s
S(10° (110 Szto° o Sc10°  L110°  SZ0° o 0o 0o o ° 0 ° 0 ° 0 0 ) §

) 0 ° 0 0 [} 0 ° 0 0 0 S0° (10" SO o st10° (1o szo° ¢ 2
0 [} ° 0 ) 0 ) 0 1 0 o0 ° 0 0 ° 0 ° ° ° f 3
° o ° 0 ° ° 0 ° 0 o 1 [} 0 0 0 0 ° 0 0
ﬁ 0 0 0 0 0 ) 0 0 o 1 o 0 0 0 0 ) ° 0 0 {
3
i

%°9 91dwexzy Jo H XjIjew uoTIBWIOISUBII YHD °Z1'9 2IqEl

S

o S st




196

Fll F12 0 0 0 wl

b, b, L. 9 0 8 0 0

F = :31 :32 :33 :'34 Fo g G = Gg wel 0| 63

41 “42 “43  “44 45 0

Pai ¥ss Tog Ty Teg 9 0 0

Fe1 T2 Fs3 TFeu Tos Fee Gg 0

— — b cd N

From the structure of F and G in (6.31), it is clear that one possibility
to achieve aggreability is to use feedback so that F3 424 is fully com-
’

pensated. Thus a 7th order aggregated model of the system is desired. i

i P i g | o0 | (. |
: Fi1 Fp2 1
N 7
2. %|Fyy Fpp Fpyf2z, * |0 [u* |0 Ju, 2z &R (6.32)
Fy; F3p Fyy Gy .
D — L—-—J [ |

§=11, 0 0z, §€r’

where the system matrices of (6.32) (Fr,Gr,wr,Dr) are given by Table 6.13.

Recall ui-u ‘+u +u & where u

i ib 1 i
gate (23 in this case), Yy is used to achieve aggregation (compensation

. is used to control the aggre-

of F3 424) and LT is used to control the residual (53 in this example).
b}
Let us initially consider the design of Yp in GHR. Denote

e e

“1b
u, = =Lz (6.33)

u
2b
b

Note that due to the structure of G, L, can have a general form: H
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Table 6.13 System matrices (Fr’ Gr’ W

aggregated model (6.32).

iR .
0 22.21 -22.21; 0
-.0833 -.1125 0 E 1
.0833 0 -.1125. 0

0 0 0 «-4.844

0 0 0

e e e e ce0sccscsvscsrccn

0 -.475 0

L_? 0 -.475

1.197
0

© O O

o O*0 ©O O
o

eseatrecnsen

T

g 1.4 B

0.5 8 #

P L

e e
c4.844. 0 T

g i8a B
1.197: 0 -0.2

0 0
-0.0833 0
0 -0.0833

W =10

. Dr) of the reduced order

0
r r
0 0 0 0
.2375 .2375 0 0O 0 0
0 0 .2375 .2375 0 0 }
S — f —
0 0 :0 -9 0
b~ |1 B OEE. G
o0 ‘e o S
: : d

DO s <t aihib e
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A X & !
It i 6.34)
el Nyt : O4x10 (6.
. ¢ - T
. =c B -
where a,b,c,qa,B,Y are arbitrary parameters as long as:
.2375(a+b) = -1 (6.35)
.2375(q+PB) = -1 (6.36) ﬁ
One possible I‘b can be |
: - -2.105263 0
{
A -2.105263 0 i
X
Ly = | %x7 04x10 (6.37)
0 -2.105263
0 -2.105263
Expressed in terms of original system variables, w is
A w = Lz=LB =L x (6.38)

where Lbo is given in Table 6.l4. Again we see a local feedback structure
exists for u in order to achieve aggregability. With the application of
w given by (6.38), (6.32) is now an exact reduced order model of the
power system (6.29).

Next consider the design of u which controls the aggregate. For
simplicity, assume w=o. An optimal regulator design is used to control

the aggregate (6.32). The quadratic cost

akp it .
J zfo z.Qz, +u Ru dt (6.39)

is optimized with Q =9I, R=1I. The result is:
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.87991 -11.066 10.714 -3.5577 2.9453 -3.7568 1.484;-
.87991 -11.066 10.714 -~3.5577 2.9453 -3.7568 1.4842

ug” -.87991 10.714 -11.066 2.9453 -3.5577 1.4842 -3.7568 |
-.87991 10.714 -11.066 2.9453 -3.5577 1.4842 -3.7568

(6.40)
]
= ngr
Hence the component u, to be applied to (6.30) is
u, = [L; 0] z | = L‘z (6.41)
z.
r

" We pause to stress the importance of component u, in this example. It is
interesting to note that the open loop system of (6.30) (u =o0) is stable.
On the other hand, if u of (6.38) is applied, the resulting system is
unstable. However, with the application component u,, the new closed loop
system is again stable. The eigenvalues are summarized in Table 6.15.

Adopt the notation:

3 u = ub - uc = 0

II : u, -0, Uy $0, u, =0 (6.42)

I11I: u %0, u %0, - 0

The output trajectory behavior (frequency deviations of areas 1 and 2 and
tie-line power flow) are plotted in Fig. 6.10 for a initial comnditionm of z "
(0,0.5,0....0)'r which corresponds to a frequency variation in area 1.

Similar to Example 6.3, the sensentivity of output trajectories
with respect to the component uy is studied via simulations. Again the

perturbation of u, are expressed in terms of small perturbation of f68

——— 2 -, T A —— S T
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Table 6.15. Eigenvalue comparison when u, and u are applied

ua'O,ub)‘ 0, 9. = 0

ua#O, ub#O, u = 0

-0.2
-5.02

-5.017
-0.04723 + 11.943
-1.99

-1.988

-0.01946 + j0.3618
-0.4318

-0.14

-0.2332

-5.0

-0.2

-2.0

-0.1667

-2.0

-0.1667

-5.0

-0.2

-0.04764 + §1.9%4
-5.107

-5.105
-0.02464 + 30.2956
+0.04367

-5.0

-1.648

-1.648

-0.675

-0.2

-0.675

-0.2
-0.541 +32.152
-1.457

-1.648

-0.831

-0.675

-5.107

-5.114

-0.2912

-1.648

-5.0

-0.675

-0.2
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and £ 9 of the system matrix F in the GHR. Simulation results for . 0,

7
u #0, . 0 are plotted in Fig. 6.11 where (I) cepresents 568.f79’ 1.0,

(I1) represents f68'f79-1.5 and (III) represents f68-f79=1.2. Those

for u, # 0, uy # 0 and 5. - 0 are plotted in Fig. 6.12 where (I) represents

=-1.0,

£ -f79'1, (II) represents f68'f79'0.5 (II1) represents f68-f

68 79
(IV) represents f68 = f79 =0 and (V) represents 568. f79 =2.5. Even when a

fairly large perturbation in Lb is introduced, the sensitivity of the out-

put crajecﬁory with respect to uy is not severe.

Finally, let us illustrate the existence and utilization of the
freedom component u, as discussed in Chapter 5. For this example,
m=4>r=3. Thus freedom should exist, resulting a non-interactive control
of the residual subsystem in the GHR. From (6.31), we see it is sufficient

to restrict u, to lie in the null space of G3 where

G, = 0.2375 0.2375 0 0 (6.43)

0 0 0.2375 0.2375

Thus u, takes on the general form:

N

. + =
u =0 0 0:(I, -G, GyKI L,z (6.44)

.
N N°* N

N

Where K is an arbitrary matrix and z, are the substates of the GHR parti-

i
tioned in accordance with (6.31). Introduce the notatioms

T e W NG N RN NI TR TR R

. kil bt o - o, » s % ] NP P -
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K= [k,] , Kk €R
@y = klj'- By £21,2, 3,4 (6.45)
Bj.k3j.k4j p BRI B e S R

Then it can be shown that

fee E “1 L L I B L alz
; e« (- 4
: 1 ecvecce 12
u -005 L4 . .
. 04:‘7 : B ...0.0QB ; (6 46)
W | 12
: B esecvecn a
s 12_

To guarantee a local feedback structure in the original system representa-

tion (6.29), using the relation z =Hx, it is sufficient to have

@ "y Tag T Yoy T, "0
(6.47)
51'53'55'35'57'58'0
which gives a K of the general form:
kjp 0 kg 0 Kygkglky, kg 0 0 0
Bo fhy, O %, 0 Bk k%, 0 O 8 (6.48)
0 kyp 0 ky O 0 0 0 kygky,gkyy) Ky g
: Voy B R B8RV M e N0 S
- ]

Hence if no local feedback constraint is imposed, the matrix can be choosen
arbitrarily in generating the freedom component u, in control synthesis.
However, if local feedback (i.e. area i control u, uses only state variables
from area i) is imposed, K must be chosen according to (6.48). To show
the eigenvalue shifting capability of U, the closed loop eigenvalues under

u"L‘z, ub-Lbz, uc~0 and u‘-L‘z, ub-[.bz, u, = L.z are obtained where_
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L_1is the feedba = o = =
- eedback gain correspond to kll.k32 2, kZl k42 2, k13-k34--5,

k23.k44.s' These are given in Table 6.16.

In summary, we note the control u,, i=1,2 consists of three

i,
components. The first component Yia controls the aggregate (6.32). 1In

terms of actual physical system variables, u a DAY be designed and imple-

i
mented either as a centralized control or as a decentralized control. The
second component, Yy ((6.38)) achieves aggregation by canceling the

interaction between 83 and §3, and is seen implemented as a decentralized

control (see Table 6.14). The third component U given by (6.44)
offers an freedom component that is non-iteractive with U, and Yy and

controls the aggregate. Again, it can be implemented either as a
centralized or as a decentralized control in terms of actual power system
variables. We have chosen a decentralized implementation in the example.
Finally, we note that the output trajectories under v and uy given in

Fig. 6.10 shows considerable damping as compared to those in actual practice.
This is because in forming ua,five states (all states of the aggregate
(6.32)) are utilized for feedback while in reality, only available outputs

are used to generate the feedback control.
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_r

Table 6.16. Closed loop eigenvalues showing the effect of control
component u_

u.-Laz uy = Lbz, uc =0 u, = Laz, u, = Lbz, u, = ch
!
‘ -2.0 -2.0
-0.1667 -0.1667
-2.0 -0.1667
-5.0 -5.0
-0.2 -0.2
-0.541 +32.152 -5.339 |
-1.457 -5.30 ’
-1.648 -0.5355+32.08
-0.831 -1.726 +31.362
-0.675 -1.594+31.23
-5.107 -0.03584 + j0.1515 !
-5.114 -0.106
1 =0.2912 -5.0
-1.648 -0.2 | 1
-5.0 I
-0.675 i
-0.2 |
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CHAPTER 7

CONCLUSION

The construction of reduced order models of a linear time
invariant system by dynamic aggregation is studied. The relationship
between aggregation and observability is given. It is shown that given the
pair (A,C) where A is the system matrix and C the aggregation matrix (C is
assumed to be the output matrix). Three cases can occur: (A,C) completely
aggregable, (A,C) aggregable and (A,C) nonaggregable. When (A,C) is
completely aggregable or aggregable, (A,C) is also unobservable. When exact
aggregation occurs, the aggregated model is the model of the system in the
observable subspace defined by (A,C).

The extension of Aoki's aggregation method results in the chained
aggregation procedure which leads to the generalized Hessenberg system
representation. The properties of the GHR are studied. It is shown that
the GHR structure is a property of the pair (A,C). 1In addition, the observ-
ability and controllability properties of subsystems in the GHR structure are
examined. One important feature of the GHR is its use for the construction ;‘
of approximate aggregated reduced order model of the system. In the crudest ’
form, this corresponds to neglecting certain Hessenberg blocks in the GHR
system matrix without any parameter adjustment. The effect of the Hessenberg
blocks Fi,i+1 in introducing approximation error between actual system

output and approximate system output is studied both from trajectory pertur-

bation and from open-loop eigenvalue perturbation point of view. The pertur-

bations are approximately bounded in terms of the perturbing Hessenberg block.
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If none of the Hessenberg blocks can be considered weak and thus

be neglected at the outset. The coupling F between the aggregate

i,i+1%1+1
and the residual subsystem must be adjusted accordingly. Several methods
are presented in Chapter 4. One of :he major methods proposed is the GQL-
RQL algofithms. The GQL theory is developed in Chapter 3 giving mainly its
properties, convergence and effects on the GHR system representation. A
specialization adopted for our reduced order modeling via the GHR results in
the RQL algorithm. The robustness of using a selected_reduced order model
in designing control laws for the actual system is studied. Two approaches
are used. In the first one, a Lyapunov function is introduced and then
bounded in terms of the perturbing Hessenberg blocks. In the second, a
frequency domain condition is obtained guaranteeing the stability of control
law designed based on the reduced order model.

Finally the synthesis of a decentralized control for an inter-
connected system is studied. The conditions under which the systém inter-
connection variables may track a system of reference interconnection dynamics
are obtained. The solution is shown to be related to the capability of
achieving aggregability by using compensatory feedback control. Moreover,
the local control ug can be decomposed into three basic components, one to
control the aggregate, one to achieve aggregation of some variables containing
the system interconnection variables, and one for controlling the residual
if it exists. This third component is shown to be dependent on the system

structure and only exists when number of inputs are greater than the

number of outputs. Several examples using typical large scale systems as

bench mark models are given to illustrate the methodology proposed.
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In summary, it is demonstrated that '’good” reduced order models
that approximate the input-output behavior of a large scale system can be
obtained by taking into account the given output information structure in
defining a reduction procedure. The GHR approach to model reduction
provides both a simple and systematic means of obtaining reduced order model
structures and parameters. However, the implication of weak coupling and
weak observability of the residual by the aggregate subsystem must be given
future attention. In addition, the relationship between the GHR structure,
the obtained reduced order model and the stability of control law based on
the reduced order model in stabilizing the full order system must be under-
stood. Finally, the decomposed control problem in terms of hierarchical
control and parallel computations requires additional studies in order to
realize its full potential as a viable methodology to solve a 1argeAscale
system problem efficiently.

A complete computer software has been developed for the chained
aggregation procedure, generalized and restricted QL algorithms and for the
simulation of the three regulator designs described in Chapter 5. A docu-

mentation may be found in [13].
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APPENDIX A

PROOFS OF THEOREM 2.9 AND COROLLARY 2.9

Proof of Theorem 2.9

For notational simplicity, all subscript and superscript "i" in

(2.21) will be omitted. In addition, introduce the following notations:

i -1 S
=z, X, =27, X, =z,
Fll=m, El=m,, lc|=n,
Ml =mg, I m, 6] =mg
ol =Ty Mygll M,
and
dl(t'T)
loce, ) M<p, e Py 20,
az(t.'r)
”a(t.‘f)”spze 0, 20,

where ¢(-), é(-) are the state transition matrices for F and F respectively.

plp Q’l GR

095 azeR

(Al)

(A2)

Note also no sign definiteness is assumed on o and a except they are

constants. Define
e(t) = xl(t) -xl(t)
then
é =Fe +Ex

e(0)=0

(A3)

(a4)

T PR T W TP ey .
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Integrating (A4), we have
e(t) = [© p(t - 1) Ex,y(r)dt (45)
0
Using (2.56a), (2.57b) and (A3), we get
X, (£) = 3(t,0)x,0 + [T B(£,T) He(m)dr+ [T g(e, ™) HE ()dr
+[% 3(e,m & u(nyar (a6)
and
£ (6) = o(t,0)x% o+ [0 #(E,T) G u(ds (A7)
Taking the instantaneous norm of (AS) - (A7),
e ()l _<_j'§ IPYCOIREARENCLE (A7a)
e, (Ml <1l @ (r,0) 11 llxy !+ j‘g Na¢r, ! IEl lle(o)V d o
+[7 116 (r,0)l ]l IR, (o) ldo (A7b)
+{7 1ot 1 1E]| lu(@)Nd o
1%, ()<l 8 (0,0)Hlxy ol + [3 1 #Cou8) I HEl tus) lds (A7¢)

After some tedious algebraic manipulation and integration and using (Al)

- (A2), we arrive at:

a,t a,t m,p,p,m a,t -, T
1 2 . 1"& 9 2 t 2
i 21725 I |
le(e)!l <k (t)e = +Kye © +K, s - o) e j'o e(r)lle dr
m,p,0,m a,t -0, T
& 12 = 1 -~ 1
St ", j‘o le(r) 'le dr (A8)

(al ¢ 02)

——— A - - e

R T I P B rNTTry veo—
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where
| 2 T m 2 K— m
0 B5 TPy MyPyPoqTs 2T2P1P)
i L S Tl h |t G
1792 e L 2
2 m 2 m_K m, m_K
b5 M L e L L e Lo 5. 3
i oo 2 a (o -a,)
m_ K m 2 K m, zmm K
B s U i AR
% Q, 012 » o0, (o:1 - 012)
1%
- [ [
Kl + K]: t (A9a)

2 2
oL e i R W i 0 0 9

K =
2 - 2
‘ (at1 - cxz) (al aZ) o (afl - °'2)
K 2m K
e e e e B
az(al - o:2) @ (al - °‘2)
m,p,p,m K m pzp m,m_K
K. = 2126_21235 (A9¢)
3 o, 2

5%

The following Lemma known as the Gronwall's lemma is required for the

subsequent derivation.

Lemma [16] Let \(t) be a real continuous function and y(t) a nonnegative
continuous function on the interval [a,b]. If a continuous function y(t)

has the property that

y(&) < \(E) + [5 u(s) y(s)ds (A10)

for a<t <b, then on the same interval
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(&) <A (®) + [5 A(s) u(s) exp ([T u(rdnds
In particular if A(t) =) is a constant

y(£) <\ exp ([} u(s)ds).
Next let us define

a = max (al, az)

L
01'0'2 e

(All)

(A12)

(Al13)

(Al4)

A closer examination of (A8) indicates that two distinct cases exists

Case I: (al-a?_) >0

Drepping the negative terms in (A8) and using (A13) - (Al4), we

have
lle (t)”gKl(C)eat + Kzeat + Ky +“,e°‘t rs le(rylle *7
Define
w(t) = \\,e(t:)”e-o't
then
w(t) _<_K1(t) +K, +K3e-°' €y uf:; w(T)dT
Defining

= ot
A(E) = R (t) + K, + Kqe

B L — e g, B

47 (a15)

(A16)

(Al17)

(A18)
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We may apply Gronwall's Lemma to (Al7) which yields upon integration

o WK
' C g 1 patie iy Wt 3 pt_-at
w(t) < K1+K2+K3e + (K1+K2)e + i Kl e™ T ——a_'_“(e e )

or equivalently after post multiply by eatand regrouping, we finally get

K.« (K] +K, +K )’ + (R{a+Kya +Ky)p +KY ]
3 ' at 3 2 ( +o)t
el <3 + ®i+Ky)e +[ wla+y) ;i

(A19)
Case II: (°’1 -0'2) <0

Dropping negative terms in (A8) and using (Al13) - (Al4), we again

have

leCe) 1 <R e+ kye® E 4+ Ky +pe® S lle(lle ™ Ta

Consequently, (A19) also holds.

Proof of Corollary 2.9

Starting from (A8) and following similar procedure as in the

proof of Theorem 2.9, we can show

Case 1': (al-cxz) >0

(K! +K2+K )u +(K1a+K2a+‘K')u+K ] (ahu)t

Ka at
|le(t)||< - + (Kl + K )e

Wl +p) ]
(A20)

where




where

~>

llece)ll < ot (fci+f<2)e°’t & l:
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> mw! "
K1 Kl +K't
Uﬂnz u'plm:;K
- - £
[ mg ay (- °'2) Wpp Tyt A21s)
~ T pm. K WPy m, K
0L e LA s
) -a, o, B o @
= (o ~aumgK oy myK () -a)) a21c)
3 3 oy Oa M 2
125 o) o
Ccase II': (°‘1'°'2) <0

SRS s 2, a0_.2 o o 1)

(o)
=R +RIE
M p,m.K wm K p Py MK
o} LD - - HEA Bt B (A23a)
b G LB o
W T ey
- 2. 1l (a23b)
ms 011 Qz
m, 0 m6K P m, pi Py My Mg K
v - (A23c)

o 9e

Under the assumption of F, F stable, °'1<°’ i=1,2, thus ¢<0. Equations

(A20) and (A22) immediately give the conclusion of Corollary 2.9.

e . e ot s e e

T
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APPENDIX B
PROOF OF THEOREM 2.10

Define the quantity
T
eij = yiAAc x, i1,1=1,2,.-en (Bl)

then

-1 £ -1 &
XTAX =X A +aA)X

= diag (L), R, -o0 A + (8] (82)

Apply Lemma 2.3, we conclude )‘i lies in disc with center ;\1“'511 and

radius T Iaij|.
jAi
exists distinct € - neighborhoods of )‘i such that )‘i lies within this

Since eigenvalues of Ac are distinct by assumption, there

€ - neighborhood. If the radius of the i-th disc can be reduced so as to
isolate it from the rest of the Gorschgorin discs, Xi may be determined
within the isolated disc.

Consider the isolation of the i-th Gorschgorin disc from the

rest. To reduce the radius ri- 3 lsijl’ let

jhi
Eiug -0 S0
T o & , € €R, € <<1 (B3)
B ol A

be a linear transformation to be applied to the right hand side of (B2).

Thus the eigenvalues remain invariant. Then

% - LY -1
A, " diag (A[,..-0g ) *+ T, BT, (B4)

where ~ denotes equivalency in terms of linear transformation on Ac.
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Ti serves to modify the radius of the Gorschgorin discs. E1 is chosen
so that the radius of the i-th disc is reduced as much as possible while
keeping the radii of other discs sufficiently small to avoid overlapping

with the i-th disc. Pictorally, this is illustrated by the following

Fig. Bl. The effect of 'I‘1 on the i, j-th Gorschgorin
disc.

Notice while the radius of i-th disc is reduced, the radii of other disc inc

increases. From Fig. Bl, we observe 61 is to be chosen such that

+B“)l Yi# i (B5)

8 5 :
|| + £ J8, | <0, 100 +8.) -0
L 1Oy * By j

k#i

where 0 < Py < L

The implication of (B5) - (B6) is made clear by combining the equations into

B - -
NS E Y X

ki
Yi# i (B7)
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(B7) says r:i+1:'j dei ¥j# i where r, is the radius of the i-th disc and
dji is the distance between the centers of the i-th and j-th discs. The

existence of such an Ei guarantees the isolation of the i-th disc from

the rest for the chosen value Py From (B5), it is necessary to choose

py 8© that

18,
wgy |k

o, = max 2L . <o < | (38)
sl B R T

If (B8) is 'satisfied, for a fixed Pys 51 is chosen such that

(8,1
le, | > max —I& . =Y,  (89)
A ol A +8) - Oy +p, ] 'kfjlﬁj“l
kAl
-0 ]G +8,)- R, +8, 0]
| €< min ir!; ,11 LU -y, (B10)
4 KL K

The interval of existence of ’51 is illustrated by Fig. B2.

Interval of existence of Gi
" i v
B ~"an : =] : |
hd ]
[?l’ 0 /J1 i

Yi Y

v

Fig. B2 1Interval of existence of Ei.

ki

It is obvious that 51 exists if and only if vy Svi- Assuming this is

e — gy —— e — - S
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true (see example in Chapter 2), then the smallest Gi is

8., |
€, = max A >0 (Bll)

e pil<xi+aﬁ>-<xj+ejj>|-k§jlﬂjkl
kAL

Since r = |€. | & |B |» then the radius of the i-th Gorschgorin disc is
i Ldi ik

laji’k§1 18|

r, = max (B12)
J - 4 -~ t
g o lGy+8) -G +e0] kfj lsjk,
k#i

Giving us the necessary bound on ki as

-~

R TR TE Ve S VR L TR ] (B13)

This completes the proof of Theorem 2.10.
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APPENDIX C
PROOF OF THEOREM 4.1

Taking time derivative of (4.48) and evaluating along (4.45), we

get

; LT T .
vl(&.&S) z' Pz + z Pz
= zT(FzP+PFc)z + 22T AF Pz

-. zTQz +2 zT AFTPz
But
2" 8% Pz < 2| || &) Il 22| < 1l a FI| | 2 ]2 (1)

1f

min @

A
A (P)
max

o<llarl<

N =

Using the fact

N, = Dgey F)M?

2 1/2

= {2 ®»}
max

then (Cl) becomes

Tarrz < 3a (@ el
min

which implies
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h T 2
v| <-z2Qz+ @zl
(4.45) *ntn |

P

<-2' Q- @1z

*_ Hence Vv < 0. It is easy to see ¢ # 0 along any non-zero trajectory of

(4.45). Thus stability follows




|
|
|
!
|
|
|
|
|
|
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APPENDIX P

PROOF OF THEOREM 4.3

Recall the definition of R(M) from (4.57), expanding the right

hand side, we obtain

= -1 T
RM) =M[Fo) +F 51Q "PFo o]+ [Fopy +F 51Q PFyp] M

LT T -1
+MF 1@ F oM+ Fp P PRy,

Define

R

<
Fooa ¥ Fe21@ PFopp

1.7
Fa219 Foop

(28}

T

3
012 PV FF

O

'F 012

Then (D1) may be rewritten in simplier form:

R(M) = MF+F M+MSM +Q < 0

Let us examine first the equality instead:

R(M) = MF+F M+ MSM +Q = 0

(D1)

(D2a)

(D2b)

(D2c)

(D3)

(D&4)

Notice the requirement of a positive de{inite and symmetric solutiom to

(D4) is equivalent to asking if there is a negative definite and symmetric

solution N=-M to

T

Rj(N) = NF+F N-NSN-Q=0

(D5)




231 P

(D5) is a Riccati equation. Thus the initial requirement of a M >0 with :
R(M) < 0 is equivalent to guaranteeing the existence of a N<O0 such that 4
RI(N) >0. It turns out that the existence of a N<O0 such that Rl(N) >0
is related to the existence of a N1'<0 such that Rl(Nl)‘=0. In order to !
facilitate the proofs, the following lemmas will be required:

Lemma D1 (48]

Consider the algebraic Riccati equation

KA + ATK - KBBK - CTC = 0 (ARE)

I1f (A, B), (A, C) are completely controllable and completely observable

-~ it toa

respectively and Re )\ (A) <0 (where Re )\ (') means real part of eigenvalue
A). Then there exists a real symmetric solution K to the (ARE) such that

Re \(A -BB'K) < O if and only if
I- BT(-jnI -é\-T)'1 CTC(ij -A)’lazo ¥ real w (D6)

Moreover, such a solution K is unique, negative definite and symmetric. :

Unfortunately, Lemma DI only guarantees Re \(A -BBTK) <0.

Lemma D2 strengthens the results of Lemma Dl.
Lemma D2

Under the assumptions of Lemma D1, then there exists a unique
negative definite and symmetric solution K to the (ARE) such that

Re A (A -BBIK) < 0 if and only if
i BT(-ij -AT)-]' CTC(ij -A)']‘ B> 0 (D7)

Y real w.
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Proof: Rewrite (ARE) as

ATK +KA - KBBTK +Q° =0

where Qo--CTC. By hypothesis, (A,B) is controllable. Theorem 6 of
Monilari [49] states if there exists a F satisfying Re (A - BF) < 0, then

+ +
there exists a solution K of (ARE) such that Re x(A-BBTK ) <0 if and

only if

B (Jw) = [1 - F(-Jut -8) 81 (87 (-jux -AT) o (3 w1 -4) 1B+ 1] [1-2 (ju1-AT L8150

(D8) 1
for allyw. Since Re \(A) < O by assumption, it is sufficient to take

F=0. 1In addition, from Remark 13 of Willems ([48], if Q°= -CTC, all
solutions to the (ARE) are negative definite, thus K=K+<0. Apply (D8)

with F =0, we conclude Re )\ (A -BBTK) < 0 if and only if
8, (o) =1 - 87 (-gor -aHleTegur - B> 0 Vo *

This proves the lemma.
Lemma D3 ]

Consider the quantity
H(w) =B (-jeI -AD) L (oI -&) 1B v (D9)

Then H(w) is bounded if A is a stable matrix.

Proof: Taking the norm of (D9), we have

()| = 187 -gur -aT)™! (gur - a7t )

<187 -jar- A" M || (Gwr-2)"t B




233

<lget -a) e ?

<Nt - 2 s 2

By assumption, A is stable. Hence ||(SI -A)Hs - is bounded. Futhermore,

B is a constant matrix independent of w. Thus |[[H(@)!l is also bounded.
Let us recall the objective is to examine the existence of a
negative definite and symmetric solution to (D5). Comparing (D5) with
the (ARE), they are identical if we associate §=BBT and 6=CTC. Hence
Lemma D1 to D3 may be utilized. We now prove the following result.
Theorem D1l: Consider the algebraic Riccati equation (D5), Rl(N) =0.

If there exist a symmetric equilibrium point N, <0 such that Rl (Nl) =0

1
and Re 1(§ -S Nl) < 0, then there also exist a symmetric matrix N2 <N1 <0
such that RI(NZ) > 0.
Proof: By hypothesis, RI(NI) =0. Denote
=N, -N <0, N >0
Nz = Nl - < U, >
Consider RI(NZ)’ we have . i

e * * ~ * g

RI(NZ) = (N1 -N )F+F (Nl =N )~ (NI'N )S(NI-N ) -Q
* ~ ~ ~ ~ T * . o *
s )(F'5N1)+(F‘SN1) (<N ) = (-N )S(-N )

44 * ~ *

MF, +F /M -M SM (D10) s

Lo * *
where F'1 sF -SN1 is a stable matrix and M =-N <0. Next consider the

perturbed Riccati equation for some constant k >0:
* * o~k
M -MSM -kI=0 (D11)

* T
MF, +F

Y T W AR v e e . "

- R T

»

st i
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Applying Lemma D2 to (Dll), we see that if (i) (Fl’ Fc21) is completely

controllable; (ii) (Fl:dﬁi) is completely observable, then a negative
* o

definite and symmetric matrix M with the property Re )\ ( F1 -SM )<0

exists if and only if
(i1i) 1 -kE (- jwl —FT)-I(ij-F y lr >0 Yw
c21 1 1 c21

But the existence of a N1 implies (i", Fc21) is controllable which implies
(Fl, Fc21) = (F -le s Fc21) is controllable because controllability is
preserved under state feedback. (Fl’ JKI) is clearly observable.

T T,-1 -1
Furthermore, by Lemma D3, Fc21(-jw1 -Fl) (jor -Fl) Fc2120 is bounded
because Fl is stable by hypothesis. Hence there always exists a real

number k >0 such that (iii) holds. Applying Lemma D3, a unique negative

*
definite and symmetric M exists. Moreover,
* * * YEACT Lo
Ry (M) =M F1+FfM -M SM =kI>O0

* *
giving N2 = Nl - N = 1\11 +M < 0. In view of (D10), then Rl(Nz) =

*
RI(M ) > 0. This completes the proof.

Application of Theorem D1 allows us to complete the proof of
Theorem 4.3. To see this, without loss of generality, choose Q=1 in

(4.50). Then from (D2), we have

Fa=fr+ @ +apet

§= @+ @ +etyT

9 =ctTppg!
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In order for Nl < 0 to be a solution of (D5), from Lemma D2, it is sufficient
to have conditions (a)-(c)of Theorem 4.3 hold.Moreover, the solution N1
satisfies Re (‘f‘ -§ Nl) < 0. Then by Theorem D1, there also exists a

N2 <0 such that RI(NZ) >0. Let M'-N2 >0, clearly R(M) < 0. Thus a

positive definite and symmetric matrix M exists. By Theorem 4.2, A(M) <O.

Stability and robustness conclusion follows from (4.54).
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APPENDIX E

POWER SYSTEM PARAMETERS OF EXAMPLE 6.1

The nonzero elements of the matrices A, B, C, and F expressed

—

]
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e

i Fatwd
T 21
°1
T 43
By
o o
Tsz 65
" st
Trz 87
e.,c. (l-c_)
{ i S, Vi
393 T
e,c_ (l=c_)
Eoug 2 32 v2
97 T
5
bs2 * T
s

T —————

i i
22 T
|
B v 1
VA T
y
i 1
266 T
2
s
88 T“z

el(l-csl)(l-cvl)

o T
ez(l-csz)(l-cvz)

398 © T

c =

14 (l-cvl)(l-csl)

0
[ ]

28 (l-cvz)(l-csz)

-
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r = 0.05 c =0.3

v
T =0.25 c =0.4
s s
Tu a 0.20 er = (0,15
Tr = 6,00 kt = 0.95
T = 0.50 e = 1.50
n P
T =12.0 ey - e2 = 0.5.
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