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This thesis applies singular perturbation techniques to linear-

quadratic infinite-time zero- and nonzero-sum closed-loop Nash games for

systems with fast and slow modes. For the nonzero-sum game, it is shown

* - . via example that the problem is ill-posed with respect to the usual singular

perturbation reduction techniques. A physically justified modification of

. 
the performance indices consistent with inadequate modeling of fast dynamics

is presented which results in a well-posed problem ‘when the natural perturba.-

. tion method is applied, in the case of adequate modeling of fast dynamics ,
* a hierarchical reduction procedure is presented which transfers fast game

information to a modified slow game which leads to a we li-posed problem with

respect to a modified reduction procedure. For the zero-sum game, it is

. - . shown that it does not matter whether the fast modes are due to inadequate

or accurate modeling and the usual reduction procedure of singular perturba-
.2 

tion leads to a well-posed problem.
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- 1. INTRODUCTION

I •
-
• 

1 1.1. Motivation and Background

In a general multi-input system there may be many decision makers

or players each trying to minimize his own performance index. The system is

described by a vector differential equation and the performance indices are

functions of control input vectors and state Vectors over some pe.riod of

time. We consider the case where the system equation is linear and the

performance indices are quadratic functions of state and control vectors.

A particular strategy , or rationale for choosing controls , is the Nash

equilibrium strategy [1-il] which is appropriate when cooperation among

the players cannot be guaranteed.

• I Definition 1.1: (*4,~4) is :alled a Nash equilibrium strategy set if

~ 1 l’2 (.a

~2 
(u!, 4) ~ J~ (4~ u2) (1. ].b)

• - where u1 is any admissible strategy for player i and J1 is the performance

cost to player i. -

The Nash equilibrium strategy has the advantage that if one player

• deviates unilaterally from the Nash strategy his performance cost will not

improve. Notice that it is possible that there may be a strategy pair which

gives lower performance cost for both players, however that pair will not

[I 
have the property (1.1). When the sum of the performance indices is zero

- ii the gaw.e is called zero-sum and the Nash equilibrium set satisfies the

t ~• familiar saddle-point condition. If the sum of the performance indices is

~~i~1l 
- 

~~~~~~~
- -~~~~~ ~~~~~~~ .~• ~~~~~~~~~~~~~~~~~~~~~~~~ ~ • •~~~ 
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different than zero the problem is called nonzero-sum. The extension of

— Definition 1.1 to more than two players is easy. •

When the system has slow and fast modes, the control problem is

il1-co~dition~d , that is, it is numerically “stiff.” To alleviate this ill- -

conditioning and to reduce the amount of computation, singular perturbation

techniques have been developed , some of which are presented in [12-161 .

Typically, the full order singularly perturbed system is written as

= f1(x1,x2,u,t,~.L) (l.2a)

= f2(x1,x2,u,t,p.) (l.2b)

where the states are X1 ER
°, X2 ER

m, the control is UER r and ~ is the scalar

singular perturbation parameter . The idea in regulator systems [16] is to -

design an approximate control strategy based on lower order slow and fast -

subsystems. The slow subsystem in the usual perturbation reduction technique

is found from

= f1(x1,x2,u,t,j~.) (1.3a)

0 = f2(x1,x2,u,t,p.). (l.3b) 
j

x2 is solved for from (l.3b) and substituted into (l.3a) to give the slow

subsystem. This x2 is substituted into the performance index for (1.2) and

gives a performance index for the reduced problem.

Definition 1.2: We say that a problem, (1.2) and its associated performance

index, is well-posed with respect to the usual singular perturbation

reduction method if the cost for the full order problem tends to the cost 

+ 9

of the reduced system, (1.3) and its associated performance index , as ~.i. - O

I I—
‘S 

I

• “- — - ~~~~~~~— -—-~~~~~~
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An analogous definit ion can be given for the game problem.

Another method to reduce the amount of computation in the Riccati

equations is the introduction of a coupling parameter [17] . This idea has

been extended to the Nash game problem [18] whereby parameter imbedding

and series expansion,approximations of the Riccati gains can be found.

An application of singular perturbation theory to analysis of

large scale interconnected linear quadratic systems with fast and slow

modes and multiple controllers has been presented in [19]. This paper

assumes that each player employs an accurate representation of his area and

a “dynamic equivalent” of the rest of the system. Using methods derived

from singular perturbation, Pareto optimal strategies are derived which

result in first order approximation to the optimal cost functions.

This dissertation examines the extension of singular perturbation

control theory to systems with many controllers using Nash strategy but

with each controller using the same system representation. We investigate

the well-posedness of linear closed-loop Nash strategies with respect to

• - singular perturbation. We restrict ourselves to linear strategies in view -

of Basar ’s work on existence of nonlinear Nash strategies [20]

- 

- 
It should be noted that even if we design control strategies

which are within O@) to the Nash eauilibrium strategies we do not know in

what sense they are related to the Nash equilibrium concept . In view of

this we have the following definition.

Definition 1.3: A pair (~1~u2) is called an “asymptotic Nash” equilibrium

strategy set if

t

_ _ _  
_ _ _  -•~~~~ 

~~~
- ••~~~~ ~~~~~•• •~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
- 
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J1(ii1,~ 2) < J1(u1,~ 2 ) + O~~) (1.4a )

< J~(ir~,u~) + 0(j.i.) (1.4b)

where u1 and u2 are any admissible strategies.

This indicates that if we have an asymptotic Nash set that

unilateral deviation from the asymptotic Nash control will lead to at best 
•

an 04i~) cost improvement. In the limit as ~~~ the asymptotic Nash pair

are a Nash equilibrium pair. In view of Definition 1.3, questions are

raised about how the approximate controls found in [18] by parameter

imbedding satisfy the Nash solution concept. It is expected that some

similar condition like (1.4) could be found for this case.

1.2. Chapter Preview

Chapter 2 considers the case of the zero-sum Nash game. A

composite control is found from two subsystems of the full system found by

using singular perturbation techniques similar to those in [16] which is

an O(~) approximation of the optimal Nash control and leads to an o@
2
) 

I

approximation of the optimal performance cost. The composite control formed

satisfies the “asymptotic Naah” strategy concept . These results can also

be found in [21]

Chapter 3 considers the nonzero-sum Nash game. It is shown that

the nonzero-sum Nash game is ill-posed with respect to the usual reduction

• procedure of singular perturbation. If the perturbation is due to

inadequately modeled fast dynamics, a reformulated performance index is

) Ii I

- ~~~~~~~~~~~~~~~~~~~ 
:~‘:T . ~~~~~~~~~~~~~~~~~~
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proposed which leads to a well-posed problem with respect to the usual

- 
singular perturbation reduction technique. A control is formed which is

0(j&) to the optimal Nash control based on the reduced system involving only

slow modes. If the perturbation is due to accurately modeled fast dynamics

- 

• 

a modified reduction procedure is presented which transfers fast information

to the slow game. A composite control is formed from modified slow game and

fast game calculations which approximates the optimal Nash control to O(j~).

This composite also leads to an O4~) approximation of the optimal Nash cost.

It is shown that the controls designed In this chapter, whether the pertur-

bation is due to accurately or inaccurately modeled fast dynamics, satisfy

the “asymptotic Nash” criteria.

Chapter 4 considers a load frequency example consisting of a two

area power system. The two areas are identical and consist of a simple non-

F’ reheat steam turbine generator. There is also a tie-line between the two

.weas . Controls are designed and state trajectories shown, to illustrate the

- 

- results of Chapter 3. —

- --

~ 

-
~~~~~~

—- L 
-- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~ ~~~~ 
- 

- .
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2. SINGULARLY PERTURBED ZERO-SUM NASH CANE

2.1. Introduct ion

For control problems of high dimension, a major difficulty in

computing the optimal control is that the dimension of the Riccati equation H
is large. In game problems this “curse of dimensionality ” is even more 

1

pronounced. In this chapter we deal with a zero-sum Nash game on a

singularly perturbed system. The zero-sum game was chosen for study first

because it has the property that due to the fact that the performance

indices add to zero , the order of the Riccati equations is reduced and this

allows us to extend the singular perturbation theory for control problems

more readily than to a nonzero-sum game.

This chapter presents a des ign method to generate a “composite”

control based on subsystem calculations which is an 0(j.L) approximation of

the Nash optimal control and which yields an O(L.~
2
) approximation of the

optimal cost. The advantage of this composite control is that it is

computed from two reduced order systems. Also the value of the perturbation

parameter is not needed in the design of the controls. Moreover, since the

design is based on separate fast and slow problems the numerical stiffness

of the full order problem is relieved. The design in this chapter is

closely based on the work of Chow and Kokotovic [16].

II

2.2. Problem Statement

Consider a singularl y perturbed time invar iant system

• 
= A11x1 + A12x2 + Bll~1l + B12u2, x1 (O) x 10 (2.la)

= A21X1 + A22x2 ÷ B21u1 + B22u2, x
2

(O) x20 (2.lb)

____  

- 
______  ~~~~ ~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

_ _________
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where x1, x2, u1, and u2 are n1, n2, m.1, and in2 vectors respective ly and p.

is a small positive scalar. Players one and two control u1 and u2

•1 respectively which they choose based on a zero-sum linear quadratic Nash

criterion given by

~l = = ~1( 1 [Q1 Q
21 

x1 +u~R1u1+u~R2u2)dt. (2.2)
0 x2 L~ 

Q3 J x2z ;
The usual definiteness assumptions are made on Ri and on

Q _ [Q1 Q
21.

[Q~ Q
3j

In addition , we require that

Q3
I~~~~~, ~. (2.3)

L~3 R2
where

+ B
~i

(A
~~
)’Q3A~~

B2i

B~1(A~~)
’Q3A~~B22

be nonsingular .

Player one desires to minimize while player two desires to

minimize Since 1J
1+J

2 
= 0 players one and two are in direct conflict.

-

, I Any improvement in the value of for player one constitutes a worsening of

the value of J2 for player two.

The Riccati equations for (2.2) subject to (2.1) are well known

[18] and are given by

0 -A ’S-SA- Q +S [B1R B ~ + B2R
1B~]S, (2.4)

—

~ 

- -. -- --..--- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~.—•— - -~~—.- ----—----- _____
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where
- • A11 A12 Bl lI  B12 x1 -

‘

A A21 A22 
, B1 B22J 

, B~ B22 
and x = .

X
2

The Nash controls are given by

—l i
Uj R~ B~Sx (2 .5)

where S is a stabilizing solution of (2.4).

The system (2.1) is a singularly perturbed system and can be shown LiI
to have two sets of eigenvalues o(1) and ~~~~ Because of the separation in

the eigenvalues the Riccati equation (2.4) is “numerically stiff.” That is ,

because p. appears in A and Bi the Riccati gain is dependent on p.. When p. is

small it can take a very sophisticated computer routine to get a solution

to converge. We propose to take advantage of the two-time scale property

of (2.1) to get a slow and a fast subsystem to approximate the slow and

fast modes of (2.1) and then design a control using techniques similar to

those in [16].

• 2.3. Slow and Fast Problem Formulation

• We get the slow subsystem of (2.1) by formally setting p. o in [3
• 

- (2.lb) and solving for x2 assuming that A22 is nonsingular. This gives

-l 1)
= _A22[A2].~

dl +BZ]Yi +B22%12] (2.6)

B’where the bar indicates that p .sO. Substituting x2 for x2 in (2.la) we get

the slow subsystem, letting ~1 x5, i~~
=uj~

,

— A0x5 + B01u 13 + B02u2~~, x5 (O) x10 (2 .7 )

a

~

__— _

~

:p1__ _~~~~~~~~~~~~~~
- 

~~ ~~~~~~~~~~~~~ 
— — —

~~~~~~ ~~~ ~
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— where

- Ai2A~~A2i
J B0i 8l~ 

—A 12A22B2i , 1 1 ,2.

To get the corresponding slow performance indices we substitute (2.6) for

x2 and let p.
-~O in u~ and x1. That is, replace u~ with ui5 and x1 by x5.

This gives

- 

~ls 
— 
~~2s 

— xSQ1x8+2x Q 2~~21u1 +B22u2 ) +u~~~1u10

+ u~~R2
u25 + 2uj5~3u2 )dt (2.8)

where

- ~~~~. ~i. - - (A
~ A21) ‘Q~ + (A~~A21) 

‘Q3A~~A21 I
• 

I A A 

—

and B1 and Q3 are as defined earlier in this chapter . For (2.8) subject to

(2.7) the Nash controls are easily found to be

Ii -1 
[B~ ~~ 

+ B~ 1K5
B2 [B~2~~ + B~2K8 

~5 (2.9)

where K5 is a stabilizing solution of

0 — -~1-K9A0A
’0K8 Nl~~ 

+ B~1K8 FEl 
~~ 

-1 
[B~1~~ 

+ B
~lK

s1 (2.10)
LB22 +~~2K5 [Q~ P

2J L~2Q
~+Bo2xsi

To derive the “fast” par t of (2.1) corresponding to the large
I U

eigenvalue s , let the slow variables be constant during the fast transient.

Defining Xf 
— - 

~~2’  
U1f — u1 - u18 and U2f 

— u2 - u25 the fast part of (2.1) is

~~~

__________ -



—

B
10

p.Xf - A22xf + B21u1f + B22U2f , xf(0) x20-~2(O). (2.11)

- 
‘ The fast performance index is then j

= ‘
~2f ¾ !(x~Q3

xf+ujfRl
ulf +u~~R2u2f )dt. (2.12)

The control for (2.12) subject to (2.11) is easily found to be -

Uj f 
= _Rj

1
B
~i
Kfxf , i 1 ,2 (2.13)

where 1 1 Li
0 — -Q)-KfA22 -A~2I(f +Kf(B21R1 B~1 +B22R2 B~2)Kf. (2.14) 

-

2.4. Composite Control Formulation :1
We will now design a control which is close to the optimal control - _

(2.5) utilizing the fast and slow controls found in the previous section. 1
If we let r

Uj f 
= G2jXf (2.15) L

• 

U
19 

= G01x9 (2.16)

where G21 and G0~ are designed based on some criteria then the control U
= u

15 +U
j f  

can be written as

— ((I +G2j~~~
B2i)Goi + ~~~~~~~ + G2j~~~

B2jGoj)x
~

i,j 1 ,2, j#i. (2.17)

Approximating x9 by x1 and the last term in (2.17) by x2 we have the

following lemma. 

-
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Le~ na 2.1: If the controls

= G01x5 , i, j1 ,2, i#j (2.18)

G21X
f , i, j1 ,2, i#j (2.19)

Li Uic = ((I + G2~A~~B2~)G0~ + G2~A~~A21 + G2jA~~B2jG0~)x1

+ G21x2 , i, j l ,2, i~~j (2.20)

are applied to systems (2.7), (2.11), and (2.1) respectively and if

(A22 +B21G2 1 +B22G22 ) is stable then for all finite t>0, then

x1(t) = x8
(t) + O(~) (2.21)

- x2
(t) = _A

~~(A21
+B2i Goi +B22Go2)xs(t) + xf(t) ÷ O(p.) (2.22)

t ui~
(t) — ui5(t) + uif(t) + O(p.) , 1=1 ,2. (2.23)

If in addition [&~+B01c01+B02G02] is stable, (2.21)~-(2.23) hold for all

t . [O ,o).

I , Proof: See Appendix A.

-
~~~ 

As in the control case, Lemma 1 suggests that G0i and G2~, i l ,2, -
•

can be designed separately and then used in a composite control defined by

(2.20). We will consider the composite control to be given by (2.20) with

from (2.9) and G2i from (2.13). The composite control can then be

- 
written as

ulc _ jic
l 

0 [Rl-B;lKfA;~ B2l 
_ B

~lxfA2~
B22 1[R l Q3 

-l

• 

• 

u2c L 0 R2
1 L ~

B
~2
KfA~~

B2l R2 21
~~~22B22j [~ ~U + B

~l
K5] [ç~ B; iKrAi~A2i1 [R;

’B
~l
Kf1

, A~~ , 1~1 — 1 , 1 ~~ 
— 

1 x2 . (2.24) ii
i B22Q2+802KJ R2 B22KfA22A21J [R2 B22KfJ

— -- ~~ T•~ ~~~~~ - r~~ 
- . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
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We would like to compare the composite control (2.24) and the Nash optimal

control (2.5). To do this we need some relationships between K9, Kf~ and S. - -

Theorem 2.1: If S possesses a power series expansion at &= 0 , i.e.

— 

s1 p.s2 ~ j ~~~ ~~~~~~
S = + E . (2.25)

p.S~ p.s3 i—i p.S p.S3~

which implies that the slow game (2.7), (2.8) and the fast game (2.11), 
--

(2.12) possess unique stabilizing solutions, then

S1 K9 
(2.26)

S2 
— Q2~~~l

Kf 1(sA12 +K9 (B11R1
1B 1 ÷B12R;

1
B;2)Kf).

.(A 22 -B21R1
1B~ 1Kf -B22R2

1B~2Kf ] -l (2.2 7) -

S3 
— Kf

. (2.28)

Proof: See Appendix B.

Theorem 2.1 demonstrates that the zero-sum Nash game is well-posed

with respect to the usual singular perturbation techniques of optimal control

theory. That is, (2.26) indicates that the performance cost of the full 
•

problem tends to the performance cost of the reduced or slow subsystem as

+

We would now like to compare the composite control (2.24) with the
• 

full order Nash control (2.5).

Theorem 2.2: If S possesses a power series expansion at p . 0  then

‘4 - II
~~~ — U~ ÷ OGi). (2.29) -

_ _  

Ii• Proof: See Appendix C.

i1~
It1

—.-S-—-• 
~~~~~~~~ ~~~~~~~~ r7~ ~~~~~~~~~~~~~~~~~~~~~~~~ • • •

~~~-
- -

~~~~ • ~~~ 
-
. 

____
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Since we have the composite optimal Nash controls equal at p. = 0

we may write the composite control as

r~ I K  O~1
uj = -R~

1
B Ix (2.30a)

1’ L~’~m ~KfJ

— -Ri
1
B;McX (2.30b)

- 

where
• K

~ 
= S2 

=

— 
t - J 

. [A 2 B R
1BI K B R

;1
BT
2K ]

_l
. (2.31)

If the composite control (2.30) is applied to the full order system (2.1)

for performance indices (2.2) a suboptimal cost results which we write as

~lc 
= 

~2c = 
~~~~c

Xo (2.32)

where is a stabilizing solution of

0 = P
~
[A- (BiR~~Bj 

+B2R;
1B
~

)Mc] ÷ [A- (B1R ’B~ +B2a;
’B
~

)Mc] 
‘
~c

- + Q + M~(B1R~
1B~ +B2R;

1B~)M. (2. ~ )

We would now like to compare the costs resulting from the

composite control application (2.32) and the Nash optimal control application

Li
— ‘~2 

¾x~Sx0. (2.34)

Theorem 2.3: If and S have power series expansions about p . 0 , i.e.

= 
~~ ~~~ p.~~~)

C 1—0 i~ ~~(i) ~
(i)

( ~ 
p.~~2 ~~~~

-•• -

~~~~~~~~

--- -•.
_ _

-—_

- ~~~~
—- ~~~~~~~~~ 

- 
~~~~~~~~~~~“
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= 

S1 ~s2 J  ~ 41 
s~~ ~

s
~

-i)1
p.S~ ~s3j i l  ~ ~~~~~ p.s~~)j

then when u1~ 
and u2~ are applied to (2.1), (2.2)

= + ~~~ (2.35)
opt

Proof: See Appendix D.

Theorem 2.3 indicates that the composite controls lead to a close

approximation of the optimal cost. However, we do not know in what sense

the composite controls are related to the Nash equilibrium concept. To

define the relationship of the composite controls to the Nash strategy

concept we have the following theorem.

Theorem 2.4: The control pair (ui , u2~
) satisfies the asymptotic saddle

point condition

~1 (u1 ,u2) +0(,p.) < J1 (U 1 
,u2 ) < J1(1 ,u2 ) +04k) (2.36)

where U
j 

are in some allowed strategy set. (By allowed we mean that if

controls from these sets are applied to (2.1), (2.2) the resulting cost

matrix possesses a power series expansion at i 0.)

Proof: See Appendix E.

(2.36) says that the set (u1~
,u2~
) satisfies an asymptotic saddle-

point condition. In this sense, the set (u1~
,u2~
) is asymptotic to the

Nash strategy set and in fact (2.36) puts limits on the maximum improvement

possible if one player deviates unilaterally from the composite control

strategy. 
~j  L

4 ~~•
‘i

_
~~~IIIE~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ - •• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~- —~~~ • ~~~

‘
~~~~

‘ ~~~~~~~~~ ____



~ ‘
~~~~~

,- - •—-—-- •• • — - -

~

--

~~

.-

~~~~ 
- 

~~~~

—_‘-.-•- 

~T:~
_ -

~. — - -  - —_-  • - --:• -~~~~~~~~~~~~~
-• -
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— 
3. SINGULARLY PERTURBED NONZERO-SUN NASH GAME

3.1. Introduction

In this chapter we consider a singularly perturbed nonzero-sum

Nash game. In general the nonzero-sum game is more difficult to solve than

the zero-sum game because the order of the Riccati equations is higher and

we have coupling between two sets of equations. The singular perturbation

aspect of thE problem complicates matters even more by introducing numerical

“stiffness” which is even more troublesome in the higher order problems of

the nonzero-sum Nash game than in the zero-sum Nash game.

The objective of this chapter is to examine the nonzero-sum Nash

problem from both a formulational and a computational standpoint to derive

near-optimum controls based on lower-order computations which yield near-

opt imal performance.

We give an example of a nonzero-sum Nash game whereby the natural

singular perturbation leads to a strategy which results in limiting values of

performance indices different from the limiting values of those corresponding

to the full order Nash strategy. In contrast we have shown in Chapter 2 that

the corresponding performance indices have the same limiting values when the

game is zero-sum.

We then show that a physically justified modification of the perfor-

• mance indices consistent with inadequate modeling of fast dynamics results in a

well-posed singularly perturbed nonzero-sum Nash game problem when the natural

perturbation method is applied . With this modification, computational savings

• can be gained and a close approximation to the optimal performance indices

obtained by order reduction of the Riccati equations.

• 
--

~~~~~:~~~: ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •-~~~~~~~~~~~~~~ _ -—~~~~

. 

~~~~~~~~~~~~~~
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Finally , we present a hierarch ical red uction procedure which leads

to a well-posed singularly perturbed modified slow game. This reduced order

slow game differs  from the natural one in that it contains information about

the low order fast game. The problem is well-posed with respect to the

original performance indices for the full order game. Computational savings

and a close approximation of the performance indices are achieved .

3.2. ill-Posedness of Nonzero-Sum Nash Games with Respect to Singular

Perturbation

Consider a singularly perturbed time-invariant system

+ A12x2 + B11u1 + B12u2 ; x1(t0) x10 (3.la)

A~~x~ + A22x2 + B21u1 + B22u2 ; x~ (t0) =x20 (3.lb)

and performance criteria

= 

~rt[:’]’[~
’ Q ]  [~

] + ~~~~~~~~~~~~~~~~ ; i,j=l,2, i~j (3.2)

where p. is a small positive scalar , x1 and x2 are n1- and n2-dimensional

components of the state vector , u1 and u
2 

are in
1
- and m2-dimeasional control

vectors to be chosen by Players 1 and 2 respe ctively in accordance with the

Nash solution concept, and the control strategies are restricted to be linear
9

feedback functions of the state. Denote

x = , A = 

A11 A
l 21  , B

1 
= 

B
lil  and Q. 

Q~1 ~i2

x
~ 

A21/p. A22 1
~j  ~

•
-

~~1The usual definiteness assumptions are made on Q~ and ~~~ i, j 1 ,2. Also

• R~1 and ~i3 
are chosen so that

I 

- 
~~~~~~~~~~~~~~ 

:-
~

‘- - ~~~~~~~ 
j~~~ - 

~~~~~~~~~~~~~~~~~~~~~~ 
- - - 

- •~z~-
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[~1l 
p131

[~23 R22j

is nons ingular where

= R11 + ~~~~~~~~~~~~~~~~~
A 

— 
, ,—l~, —lQ13 

— B2j~A22
)Q13A22B2~~

.

The nonsingularity of this matrix is necessary for existence of the Nash

controls both in the full game we define in the next section and for the

s low game we will define in this section .

The optimal closed-loop Nash strategy for Player i for (3.2) subject

to (3.1) is well known [ 18] and given by

= -R~~B~K~x (3.3)

where K~ is a stabilizing solution of the coupled Riccati equations given by

0 = _ (Q
i +KiA + A ’Ki) + K jBjRj~B~Kj + K ~BJ

R
J~
B~K~ + K

J
B
J
R
J~
B~K~

~~~~~~~~~~~~~~~~~ for i, j 1 ,2; i~j. (3.4)

• Notice that since A and B~ are functions of the small parameter p., K~ is also

a function of p.. In general even for low order problems the presence of p.

causes numerical “stiffness ” in (3.4). For this reason and for computational

4 reduction the problem (3.l),(3.2) in the one player , i.e. control, case is

generally approximated by a lower order problem by formally setting p.- = 0 .

This produces a control which when applied to the ful l  order plan t gives a

close approximation to the optimal cost. In this section we examine the

• standard reduction method .

I 

- • 
-
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The standard approach to obtaining a reduced order model is to

formally se t p. =0 in (3.lb), solve for x2, assuming A22 is nonsingular , and

substitute in (3.la) to obtain

= (A11 A12.~~A21)5~1 ÷ (B11 A12A~~B21)U1 + (B12-A12A~~B22)~2, ~~1
(t

0
) x10

(3 .5)

where the bar indicates that p . 0 .  Rewriting (3.5) we get the “slow” (since 
-~~

setting p. = 0 is equivalent to saying that the fast states are infinitely

fast) subsystem

= A0x~ + B01u15 + B02u5 , x (t0) = X 10 (3.6)

where 
— -1A0 
— A11-A12A22A21, •• ,

B01 B11-A12A~~B2~ , i 1 ,2. 
i .

The correspond ing “slow” performance criteria found by substituting x2 when

p . 0  into (3.2) is

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

•

0 +2u~~~ .3u.) i,j = 1,2, i~~j (3.7) 
-

where

= Qii Qi2A;~
A2i-(A~~A2i)

’Q;2 ÷ (A~~A21) ’Q~3A~~A21,

Q12 (~~~A21)
’Q13~~~-Q12A;~~

~ii 
= Ru + B~j(A~~)

’Qj3A;~B2j, : •~ -

R1~ + ~~~~~~~~~~~~~~~~

B~j (P~~ ) ’ Qj 3A;~ B2J .  ~~~~

Solving for the reduced order closed-loop Nash strategies , we have

i•
~ . - - 

-- • 
_ • - ---~- - - - ~~~~~— - - --~~~~~~~~~~~ •-~~~~ -

---- •— 

,.~~~~
— •_ •I.~ i ~~~~~~~~~~~~~~~~~~~~~~~~~~ I~~~~~

-_:~• —
~_ .•~--•- 

- -  . 
~~~~~~~~~~~~~~ 

j
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- 

u.9 
= -c~~

(B
~~ K~ 9X5 +B~ 1Q~ 2

x5 +~~j3u
j~~

] (3.8a) I

= -M~~x5 (3.8b)

- -. 

where Ki5 is a stabilizing solution of

- 
0 = th~1 +A~ K1 +K1 A0) +M!5~ii

Ni 4f~~
iijMj +[x 15B0~ +~~2B2~ ]M~9

~~~~~~~~~~~~~~~~~~~~ 
for i, J l ,2, i~~j. (3.9)

Using the gain matrix M~9 from (3.8b), we imp lement the control

= -M~~ x 1 (3. 10)

and apply it to the system in (3.1). The resulting value of the suboptimal

performance criteria in (3.2) can be expressed as

= ~~x ’(t0)V~ x(t0) (3.11)
sub ~ub

where satisf ies the Lyapunov equation
sub

— v~ ~~~~~~~~~~~~~~~~~~~ +

1’ sub sub
U. IQ +M~ R. M. +M! R .N I Q.lii 15 ii iS js  ij js 121

- 
I (3.12)

L Q~2 i Qi3J

The matrix V~ depend s on p. since A and B1 contain i . Hence the reduced
sub

cost is dependent on p . .

h If the optimal Nash controls given by (3.3) are applied to (3.1),

‘4 
the values of the optimal performance criteria are given by

= ~~ x ’(t
0

)K1x(t
0

) (3.13)

where K~ satisfies (3.4). We wish to examine the nature of the optimal

U
~~i 

( 1• LI
hIII_ I _ _ _ _ _ _  

-
~~~~~~~

--- 
— —

~~~~ ~~~~~~~~~~~~
-

~~~~
-- .A~~ 

- 
___  _ _ _ _
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criteria J~ as p .— ’O. In particular we wish to verify if J~ approaches J~sub
as p. approaches zero. We will say that the reduced order game is well-posed

1~~ 
~ 

approaches J~ as p .-~ O. Otherwise, we say that it is ill-posed . We
• sub
• perform this comparison on a specific numerical example.

Consider the second order system

x1 [1 2 ] x 1 1 1
= I I + u1 

+ u
2 (3.14)

X2 L-~’~ 
-2/~j  x2 2/p. 2/p.

xl(O)1 
= 

1

x2 (0)I 2

with performance criteria

= ~~S [x’[~ ~j x  + u~ + 2u~}dt (3.15a)

= fJ tx ’[~ ~j x  + 2u~ + u~ 3d t .  (3 .15b )

For this example , the resulting Ki~ and from (3.9) and (3.8) are

= K2~ 
= = .6804 (3.16)

and
• = .4082. (3.17)

• Calculation of the resulting values of for several values of p. are given

in Table 3.1. Because of symmetry , J1 32 3. It is seen that the limit of

as p .—O is different from the corresponding limit of . This discre-
sub H

pancy between the S’s in the neighborhood of p. = 0 indicates that the reduced

order Nash strategy obtained by the standard method is ill-posed . 

~ 

~~~ 
• •

~~~~~~~~~
•,
~~~~~~~~~~~~ 

- :~::I 
-

_
~~~  .
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Table 3.1. Comparison of optimal Nash and suboptimal
costs for several values of p.

p. .5 .2 .1 .01 .005 .001 0

5 1.3012 .73245 .5425 .3724 .3630 .3630 .3536

J 1.84127 .86558 .59083 .36420 .35217 .34259 .3402sub 
________ _______ _______ _______ _______ _______ _______

3.3. Regularization of the Cost Functional Consistent with Inadequate

Modeling of Fast Dynamics

The manner in which the singular perturbation approach could be

modified so that we have a well-posed problem depends on the reason for the

• - appearance of the singular perturbation parameter in the system model. In

this section we discuss the first of two reasons considered in this chapter .

Let us suppose that we have a Nash strategy using a model represented by

II (3.la) and

0 = A21x1 + A22x2 + B21u1 + B22u2. (3.18)

U We wish to examine the robustness of the Nash strategies when the actual

system is represented by (3.lb) instead of (3.18). The performance index in

(3.2) leads to an ill-posed problem as we demonstrated .

.i If indeed the original model used for des ign is based on (3.la)

and (3.18), then for consistency it is appropriate to assume that the vector

that appears in (3.2) is constrained by (3.18). That is , from (3 .18) we

have •

- - 
x2 -A~~ [A 21x1 +B 21u1 +B22u2] .  (3.19)

~~~~~- ---~- ~ ~~~~~~ ~~~~
‘ ,- -

~~~ ~~~~~~~~~~ - - - -
~~~~ - •~~-~~~T~~~I ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~iil l!~~i
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• 
Substituting (3.19) into (3.la) we obtain (3.5) and substituting (3.19)

into (3.2) we obtain

= 
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.20)

o
The modified performance index in (3.20) for i, j l ,2, i#j,

reflects the model constraint of (3.18). In this case, the variable x2 
in

(3.2) is not a component vector of the state x, but it is simply a function

of x1, u1, and u2 as given in (3.19). For example, in a dc motor model, we

may be interested in penalizing the armature current. However if our model

neglects armature inductance then the armature current is expressed as a

function of the speed and the voltage. On the other hand , in our earl ier

ill-posed example, x2 
in (3.2) is not constrained to satisfy (3.19) but 

-

instead , it is part of the state as given in (3.lb). Thus in this reformu-

lated problem, we are interested in comparing the Nash strategy that is

obtained from (3.la), (3.18) and (3.20), which is the same as (3.6) and (3.7),

with the Nash strategy that is obtained from (3.la), (3.lb), and (3.20) as I
0. We show that this is a well-posed problem with respect to singular

perturbation so that the Nash strategy is robust against inaccuracies caused

by neglecting fast dynamics, provided that these are stable (i.e. A22 is

stable).

For the full order problem (3.1) and (3.20), the optimal closed-

loop Nash equilibrium solution is given by

— -R~~[B 1[Q~2~O]x + (Bjj~B j/~
]
~ ix +Q~3u~) (3.21a)

= -M1x (3.2lb) .1

____________ • - -~~~~~~~~ -~-~~~~~~~~~~~~~~~~~~ - 
_____ 

~~~~~~~~~~~~~ 

-
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where is a stabilizing solution of

o [
il :] ~~~~~~~~~~~~~~~~~~~~~~~~

• [~2] ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
(3.22)

- The optimal cost for (3.20) subject to (3.1) is given by

• - 5i — ~~x ’(t0)~1x(t0). (3.23)
- opt

If the reduced control
- 

uir 
= -M19x1 (3.24)

where N15 is from (3.8) is applied to (3.1) for performance indices (3.20)

a suboptimal performance cost results which can be written as

Vir = ~-x
’(t0

)P~~x(t0) (3.25)

where 
~jr 

is the positive semidefinite solution of the Lyapunov equation

r~ ol
• 

PjrCA_Bj[Mjs~
O1 _B

jINjs~0J3 
+fA_Bj[I4js~0]

_B
J

[Mjs~0]Jt Pjr+[0
i 

0j= 
0 (3.26)

J and

• -

~~ 

—

- 

~~~~~~~~~~~~~~~~~~~~~~~

We shall compare the optimal Nash performance cost (3.23) to the -~
suboptimal performance cost (3.25). In order to perform this comparison we

need some relationship between the optimal Riccati gain i~ and 
~jr

• A

relationship is found by first giving conditions under which K~ possesses

B _ 
_  _

~~~
-- •- •

~~
-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 

. 
_ _ _ _



_ _ _  _____ - 
_ _ _ _ _ _ _ _ _  

• ~~~~~~~~~
“

a power series expansion p. = 0 and then giving conditions under which 
~ir

possesses a power series expansion. Finally, we form a new Lyapunov equation

by subtracting (3.26) from (3.22) and show that there is in fact a relation-

ship between the optimal performance cost and the suboptimal performance cost.

Represent i~, the solution of (3.22) as - -

- • r ~~~G~’) ~~~~K~Ci) — I  
— ‘ — 

, i l ,2. (3.27)

~~K12~~) p.K~3(p.)

Substitution of (3.27) into (3.22) at p . 0  and partitioning gives the

following algebraic equations .

O = 

~~~ 
+i~~ A11 +A~ 1K~~~ +K ~~~A21 +A~ 1Kj~ °~ 

- 
F

- [~~~~B1~ +i~~~B2~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
Ii 

~
- 

~~~~~~~~~~~~~~~ rB~~I41 + B~J
K~~

°) +B~~~~2]

+ 
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~

A A A I A  _ lA A A ~~1A —1
- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ S11 (3.28)

0 — K~~ A12 +K~~ A22 +A~1I4~~ ~

- (i~~~B1~ +K~2 32j ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- ~~~~~~~~~~~~~~~~~~~~~~~

+ 
~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.29)

_________ - -~~~ - - ~~ - •~~--- - --~~~_ .~~ TTa11 - 
~~~~~~~~~~~~~ •________
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O - I A 22 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 
~°~B -K~°~B ~~~~ r~ -

~~ ~-l~ ]~~B’ ~~~(K~3 2j 13 2i j jQ~3 ), . j j  ~~~ ii~i3 2j i3

+

~ a~ ’ ~~~‘Cj3 ii 2i 13

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
R
~i i i -Qi3RJ~

Qj3] 
-1•

~~~~~~~~~~~~~~~~~~~~~~~~ (3.30)

.‘ where

S~1 = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(3.31)

H and
= 1ik~~

’
~~p .O  , i 1 ,2, k l ,2,3, j 1 ,2, i#j. (3.32)

- In the comparison of the optimal performance and the suboptimal

- performance costs we need the following conditions :

Condition a:

~ Ii 1’3i 2i1F U I I (3.33)

- 

• 

• .  
[B2 a2j

is nonsingular where

• 
fl 

ai = I~~A~ +A~~ I

I ‘
~i 

= I ® B~ +B~~~I

and
= Ao BojMj~ 

+ BO1RiiQI3RJJ [ B~~Q 2 + B~j
Kj:_RjjNjs] oi~~~~ii

Mi~

B1 = BojRjj[B2jQj2+E
~~
Kj 5

_R
ijMj9] ~~~~~~~~~~~~~~~~~

where

• 

• 

= Rii—QL3RJJ QJ3 , 1,3 1,2, i#j.

___  _ _ _ _ _  - 
-

~~~~~~~~~~~~

-• -  -- —
~~~~
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® is the Kronecker product operator. This condition is to guarantee existence

and uniqueness of the solution of a set of coupled Lyapunov equations and is

found in the proof of Theorem 3.1.

Theorem 3.1: If

• 1) A22 from (3.1) is stable,

2) the slow game (3.6), (3.7) has a unique stabilizing closed-loop

Nash strategy pair,

3) iz~~~=o is the unique positive semidefinite solution of (3.30),

and 4) Condition a is satisfied,

then the solution L~ K1~~ ) of (3.22) possesses a power series expansion at

p. 0, that is,

—( 3) —(j)

= 
j~o ~~~~~ [p.

~~~~~~ 
:~~

)1 
(3.34)

where

—t 
________K~j~ = , i 1 ,2; k l ,2,3. (3.35)

Furthermore, the matrices ~~~~ ~~~~ and satisfy the identities

= K~ (3.36a)

= -K~5A12A;~ (3.36b)

j3 ~J •J  /

Proof: The proof is given in Appendix F.

A relationship between the suboptimal control (3.24) and the

optimal control (3.21) is found by substituting (3.34) into (3.21) and

Li

_ _ _ _ _ _ _ _ _ _ _ _  - ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~

- - -
~~~~~~~~~~~~~~~~~~~~

• ~~~~~
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letting p. 0. Comparison of the resulting equation and (3.24) using the

identities (3.36) yields

Uir = ii
i 

+ 0(p.) , 1=1 ,2. (3.37)

- - The result in (3.37) is analogous to the “composite ” control

• formulation in (16] . Even though there is no x2 present in (3.24), the

result in (3.37) is not unexpected since the fast part of for p. =0 is

zero. Thus we really have a “composite” control but the fast part of that

composite control is zero.

Since the reduced control (3.24) is close to the optimal control

• (3.21) we expect that the reduced cost (3.25) is close to the optimal cost

(3.23). We state the following results.

Theorem 3.2: If A22 is stable and if there exists a unique stabilizing

closed-loop Nash solution to the slow game (3.6), (3.7), then fir ’ i 1 ,2,

in (3.25), (3.26) possesses a power series expansion at p .=O, that is, t.

1~ 
(i) (3)

= j~o j !  ~ (i) 
~(i) (3.38)

- L i 2  ~~j 3
- 

• where

= , i 1 ,2, k 1 ,2,3.r 
p .0

Proof: See Appendix G.

Applying the reduced control (3.24) to the system (3.1) and

1 comparing the resulting cost to the optimal cost gives the following

theorem.

4-
a )

• ~~~~ 

- - -



- _ _ • •~
_
~ . . ~

_
~
___ i ~~~~~~~~~~~~~~~~~~ _ •~~~- -

28

Theorem 3.3: The first terms of the power series expansion at p. =0 of
opt

in (3.23) and Vir in (3.25) are the same, that is, —

Vir 
— Si + 0(p.) , 1=1 ,2. (3.39)

opt

Thus the reduced order slow game in (3.6) and (3.7) is well-posed with respect

to the normal singular perturbation reduction method for the full order game

in (3.1) and (3.20).

Proof: See Appendix H.

It should be noted that in (3.20) x2 does not appear explicitly

and that there are cross terms of x1 with u1 and u2 and also cross terms of

u1 and u2. Using a linear transformation among x1, u1 and u2 , a performance

criterion without cross terms could be obtained . However, in this case, the

transformation would induce an additional structural constra int on the

control , and the Nash solution might be different . Thus, no such transfor-

mat ion is used in this section. A second point to note is that although x
2

does not appear in (3.20), the “slow” par t of x
2 as given by (3.19) does - 

-

appear, since (3.19) was substituted into (3.2) to obtain (3.20).

Theorem 3.3 shows the closeness of the performance indices when a ~
j 

~
approximation of the Nash controls are used instead of the Nash controls

themselves. However, we are concerned in what sense the composite controls

are related to the Nash equilibrium concept. For instance, we know that it

may be possible to find a control set which gives a good approximation of the

Nash cost but not satisfy the Nash criteria. The following theorem comments • - )  -

on the Nash relationship of the composite controls . ‘1

Theorem 3.4: The reduced control pair (Uir~
U2 ) satisfies the asymptotic

Nash rela t ionshi ps

‘ I

- 
-f - - -  

•~~~~~ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
~
-
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(u ir ,u2r) ~~ J1

(U~•~~U2~~) + 0(p) (3.40a)

• 
~2~

”lr”2r~ ~ 
J2(u1~,u2) + O(~) (3.40b)

where uj are in some allowed strategy set.

Proof: The proof is similar to the proof of Theorem 2.4 and is omitted for

brevity .

Theorem 3.4 indicates that if one player deviates unilaterally from

his composite control he can at most improve his performance cost by 04k).

Of course , there is no guarantee that one player might not deviate from the

composite strategy since we no longer have the strictness inherent in the

Nash equilibrium strategy. However, if p. is sufficiently sn~all there would

be little incentive to cheat.

3.4. Hierarchical Reduction Scheme Which Transfers Fast Game Information

to a Modified Slow Game

In Section 3.3 we demonstrated that if the system model for control

design contains only slow modes and we wish to determine the robustness of

• the nonzero-sum Nash strategy to the presence of fast modes in the actual

system, then the performance ind ices should not inc lude the fast modes of

the system. That is, if we have a system with fast and slow modes, then in

order to have a well-posed reduced problem under the usual singular pertur-

bation reduction method , the fast modes of the system should not be penalized

in the performance indices. On the other hand , if the system is assumed to

be adequately modeled and the fast modes appear in both the state equations

and performance indices, and it is des ired to reduce the amount of computa-

tion and alleviate the numerical stiffness of the closed-loop Nash control

- - - •  
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . _ _
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problem , we have seen via the example in Section 3.2 that the usual order

reduction method of singular ly perturbed optimal control problems does not

lead to a well-posed Nash game .

In the method of Section 3.2 it is implicitly assumed that the fast

modes and slow modes can be completely decoupled . However, we have shown

that if we directly penalize the fast modes , the fast and slow modes cannot

be completely decoupled . Taking this into account we propose to first solve

a fast low order game and them implement the fast feedback control in the

system and performance indices before obtaining a reduced order slow game.

Thus we are proposing a block triangular or hierarchical rather than the

usual block diagonal decomposition.

To der ive the fas t subsystem s we assume that the slow variables

are constant during fast transients. Denoting the fast variables by the

subscript f we have the fast subsystem and performance indices

A22
x
f +B2l t1lf +B22~12f ; xf(t0) x20-~2(t0) (3.41a)

3if 
= I Q i3xf+~~~~ji

uif +~~~~~j
u
~f

]dt ; i,j = 1,2; i~j (3.41b)

where X
f

X
2

_X
23 

and is found from (3.47). The closed-loop Nash controls

for (3.4lb) subject to (3.4la) are

U
j f  

= 
~
Rj~

B
~j
Kifxf , i 1 ,2 (3.42)

where Kjf is a stabilizing solution of

0 = _Q
i3 ifA22

_
~~2

Kif +K ifB2i~~~~~i
Kif +KifB2jR~~E jKjf

-l - - l i  
•
~ 

-

+K
Jf
B23RJ3 B J

K1f-KJfB23RJJ j~RjjB2JK~f , i,j = 1,2, i~j. (3.43)

_ 1

1
_ _ _ _ _ _  -

~~~~~ - -~~~~~-~~~~~-
• 

~~~~~~~~~~~~~~~~ 
•
•-  -iF •~~~~~ JH~~~ ~~~~~~~~EII z~i~~ ~~~~~~~~~~
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Next we make use of the fast control and substitute the following

for U
i 
in our original system (3.1) and performance indices (3.2). Let

U
i 

= -Rj~
B
~,
K
~?2 

+ U
i (3.44)

- be our modified control .  This gives a new system and performance ind ices

given by

= A,,x,+A12x2 +B,1a,+B 12ci
2 ; x1(t0)x 1~ (3.45a)

= 
A2ix i 2 x

2 +B21~ i +B22~2 ; x
2(t0

) x 23 (3.45b)

and

= 
~ fix ’ 

[

~~i 

:~~~~~~~ 

- 2X~K . f B2~~ . - 2X~KJf
B2.R~~R13~~.

+
~~

Rt tui+~~Rjj~~.~ dt i,j= 1 ,2, i~j, (3.46)

where

A12 = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~

A22 =

-j  

~i3 
= Qj3 +KjfB2jR B jKjf+K

3f
B2jR Rj R~~B~ .K f.

To get out “modified slow ” subsystem we formally set p .=0 in (3.45b)

and solve for This gives

• 
x2 

= A2i~i +B21~ 1 +B 22~2]. (3.47)

• Substitution of (3 47) into (3.45a) and (3.46) gives us the “modified slow”

I subsystem and performance indices

I l  ‘~sm = A0x + B 01U1 +B02u2 X ( t
0

) x 10 (3.48)

H 

~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and

5ism ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+Uj RiiUi +u
~~~

Rij
Ujsm]dt ; i,j = 1,2, i~j, (3.49)

where
Ao 

= Aii
_A

i2A;~A2i
= B11-A 12A~~ B2~

= QirQi2~i~
A2i

_ (~~~A21) 
‘Q~2 + (~~~A21) 

‘
~~3~~~A21

= 

~i2A2~~2i 
+ (~~~A21) 

‘Q~3A~~B2~ 
+ (A~~A21) ‘K~fB2~

~i2 
= + (A~~A21) ‘Q~3A~~B2 .  + (A~~A21) ‘K .f B2 .R~~R~ .

= 
~~~~~~~~~~~~~~~~ 

+ B
~i
Ki~~~~

B
2J ~~~~~~~~~~~~~~~~~~~~~

R i j  
= R

13 ~~~~~~~~~~~~~~~~~~ 
+B~J(ç~)

’K
Jf
B
2JR;~

R
1J 

+R
IJR;~

B~J
K
3f~~~

B
2J

rR11 
Q,31

and we assume that 
~~ R 

is nonsingular .
L~23 22_

We will  show in this section that the reduction process we have

described leads to a well-posed reduced game. Note that the modified slow

subsystem and performance indices are of the same form as in the slow problem

considered in Section 3.2. However, the sys tem matrices and performance

coefficients contain information about the fast low order game . Examining

equation (3.44) we see that we still have a control composed of fast and slow

parts. However , since we substitute the explicit form for the fast part

• I into the state equation and performance indices before the slow state

equation and performance indices are forme d , the slow modes are dependent on

the fast modes . In Sections 3.2 and 3.3 the fast modes and slow modes were

comple tely separated .

_  _  
_ •~~ j

_ _ _  _ _ _ _ _  ~~~~~~~~~~~~~~~ ~~~~~
-
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The closed-loop Nash strategy for (3.49) subject to (3.48) is

given by

“ism = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(3.50)

= _M
isXsm (3.51)

where Kism~ ~~ sm satisfy the coupled Riccati equations

O = 
~~il~~ism

AO~~O
Kism + [K i B0~~~~ 2]

3 
+~~~~[ B~3

K~ +~~ 2] 
~~~s~~ij ~ js

+N ~~R .j Mi ; i, j l ,2; i~j. (3.52)

Of course (3.51) and (3.42) are only subsystem optimal. That is ,

as they stand we cannot apply them to the original system (3.1). Following

the methodology of 1 16] we form a “compos ite” control involving both fast

and slow coitrol coefficients. The form for the composite control is

suggested by (3.44). Forming

— - 1 ,
= -MiSxl-RiiB2~

Kifx2 (3.53a)

rK  o l
- a = -R~~Bfl 

ism Ix (3.53b)

- ‘  L~~im 
p.Kj fJ

H —1 ‘
= -R1~ B~M~~x (3.53c)

where

Ki = Qi2 lKif Ki~~~~l2 + (K
3 ~~~~~~~~~~~ R;~~~~3

) .

•[R33 -~~3a~~~~3
] 
~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.54)

‘1
• We note that the coefficient of x

1 
involves both fast and slow Riccati gains

while the coefficient of x2 involves only fast Riccati gains.

~~~~, ~~~~~~~~~~~~~~~~~ ~~
- ~~~~ • 
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If the composite control (3.53) is applied to (3.1) for performance

indices (3.2) a suboptimal performance cost results which can be written as

1
• 31c 

— ~ . X
0

P~~~X
0 

(3.55)

where

• 0 = ~~~~~~~~~~~~~~~~~~~~~~~ +(A_ BiRj~
B
~
Mic

_B
jR~~

B
~
Mjc] 

‘Pj~
+Qi

+M~~BiRi~ B~Mi +M ! B
J

R .~ R~~.R.~~B~N
J

. (3 .56)

To compare the optimal performance cost (3.13) and the composite performance

cost (3.55) we need the following conditions :

Cond ition b
[a3-c,a~ c2] (3.57)

is nonsingular where

a3 I ® A ~2 +A~2 ® I

k ci = I ø c i ÷ c~~I
and C~ = 82iR E iKjf~

B2iR R jiR~~
B jKif.

Cond ition c
r~/ V

I 
~~~~~

(3.58)
[22 

Q2
is nonsingular where

U

= -iø~~~-
’
~;®i

and 
= 
~~~~~~~~~~~~~~~~~~~~~~~~~

= [B
13 

+N~2B23]R~~T .

= BiiKism + B~j K;m-R ij ~
ijs + E B

J
Kif -R

iJ R 8
J

KJf
]A ~~ [ -A21+B21~ 15+B 23~i35

]

111
El

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .r~~: ~~~~~~~~~ ~~~~~~ -~~~~•~~~• •~~~~~~~~ •
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N11 

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

•

.

. 

N12 
= 

~ ~~ 12A22 +Bij(R
~~
B2 jKif~R ij1t

~~~~j
Kj f

]A 22 B2 ~E R~ jB2iKj  ~
—1 —l A — i .  —1

~RjjRjjRj jB2jKjf)A22) T~

Ti 
- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~ If these conditions hold we have the following theorem.

• Theorem 3.5: If

• 1) the fast game (3.4la), (3.4lb) has a unique stabilizing closed-loop

Nash solution,

2) the modified slow game (3.48), (3.49)hasaunique stabilizing closed-

loop Nash solution,

3) Condition b is satisfied,

• and 4) Condition c is satisfied,

then K~, the solution of (3.4), possesses a power series expansion at p .=O,

that is,

j  
~~ [i~~p p.x~~~

F
t K 1(p.) = 

3
E0 

~~ 
(i)j 

(3.59)

- -  K~j~ 
= ; i 1 ,2; k 1 ,2,3. (3.60)

. .

Furthermore, the matrices ~~~~ ~~~~ and ~~~ satisfy the identities

K
~
?) — K~

- -

12 mi
I4
~~~

h1K 1f.

--
~~~~~~~~~~ ~~

-
~~~~ -----—~— -= - ~~~~~~~~~~~~~~~~~~~~~~~ 

— 
- -. --r -

~~
- 

~~~~~~~ -~~~~ ~x-4 —-.
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Proof: The proof is given itt Appendix I. While the proof is similar to the

proof of Theorem 3.1 the complexity warrants inclusion.

An immediate result of Theorem 3.4 is that

uj~ 
= u

1 + O(i.t) (3.61)

where u~ is the optimal Nash control for (3.1), (3.2). This can be shown

easily by substituting (3.59) into (3.3) and letting p. 0. The identities

found in Theorem 3.4 yield (3.61). Furthermore we have the following results.

Theorem 3.6: If the fast game (3.41a), (3.4lb) has a unique stabilizing

closed-loop Nash solution and the modified slow game (3.48), (3.49) has a 
-

•

• unique stabilizing closed-loop Nash solution , then 
~jc 

possesses a power ser ies

expansion at .~~ O, that is,

I p(i) ~(i)1~! I id 
p. ic2 3 62ic 3=0 j I p.~’(i) p.~ (i)

L ic2 ic3

Proof: The proof is similar to the proof of Theorem 3.2 and is omitted for

brevity.

As a result of K1 and Pm~ 
possessing power series expansions at 

j

p . 0  it is easy to show that their difference also has a power series

expansion at p . 0 .  Comparison of the optimal Nash performance with the

composite performance costs gives the following theorem. • 
-

Theorem 3.7: The first terms of the power series expansion at I~I=0 of Km and

are the same, that is,

3ic 
= 

~i 
+O(j~). (3.63)

Proof: The proof is similar to the proof of Theorem 3.3 and is omitted for - •

brevity.

I
a-~-~~!—L- ~~~- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~Th~L~~~: ~ ..
~~~~~~=-
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-
• Theorem 3.6 shows the closeness of the performance indices when

an approximation uic (3.53) of the Nash controls are used instead of the

Nash controls (3.3). Similar to Theorem 3.4 we establish that (ul~
,U2 )

satisfies an asymptotic Nash relationship.

Theorem 3.8: The composite control pair (uic,u2c) satisfies the asymptotic

Nash relationships

~l l c ~
’2c~ 

< J1(u~,u~~) + 041.) (3.64a)

J2
(thlc~U2c) -< J2(ui.~

,u2) + 041) (3.64b)

where Uj are in some allowed strategy set.

Proof: The proof is similar to the proof of Theorem 2.4 and is omitted for

brevity.

Thus far we have not changed the structure of the controller for

• 
the full order system (3.1). That is, the compos ite controls are a function

ii of both x1 and x2 as are the optimal Nash closed-loop controls . If it is

desired to implement the control as a function of x1 only to achieve an 041.)

approximation of the optimal cost we use the following procedure. Substitute

-
~~ the slow control (3.51) into (3.47). This gives as an approximation of x2

- .
~~tA2i

-B2i~
ii5-B22i~

i25]x i.. (3.65)

U 
If (3.65) is substituted for x2 in the composite control we have a “lower

order” control as a function of x1 only. This lower order control is

fl ujL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— -R;~
B
~
M
~,

X (3.66b)

where

~ 
.j - I

~‘In 
___ 

____ _ _ _  

_ _ _ _ _~~~ • • •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Hism 01

-

- 

MiL _ Lp.~im oj
and

~im 
= Kim

_ (A
2i.

_B
21~

ils
_B
22M2s] 

‘(A~~)’K~f. }
If (3.66) is applied to the ñ~ll order system (3.1) for perfor-

mance indices (3.2) a cost results which can be writ ten as

= ¾x
~
Pjzxo (3.67) H

where P
~t 

is the positive semide finite solution of the Lyapunov equation

0 = 
~~~~~~~~~~~~~~~~~~~~~~~ 

+ ~~~~~~~~~~~~~~~~~~~~~ 
‘PIL +Qj

-3
+M

L
B .R i~B!M.L +M

~L
B
J
R
j~
Ri .R.

~
B!M.L. (3.68)

• Following the method used earlier in this chapter we have the following

theorem. 
j

Theorem 3.9: If A22 is stable and the modified slow game (3.48), (3.49) has

a unique stabilizing closed-loop Nash solution, then P~~ possesses a power

series expansion at p . 0, that is, -

r 
~~~~

= ~~ ~in ~ Pj~2 3 69U 3 0  j ! p.~’O) p .p(i)
— 

iL2 U3_ -

Proof: The proof is similar to the proof of Theorem 3.2 and is omitted for

‘4 brevity .

Since P1~ and P~~ possess power series expansions at P. = 0 it can be •

• shown that their difference also has a power series expansion at p. = 0.

• ri
j

_ _ _ _ _  - . ~~~~~~~ -- •—. • ~~~~~~~~~~~~ 
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Comparison of the composite performance costs and the lower order perfor-

mance costs gives the following theorem.

Theorem 3.10: The first terms of the power series expansion at p . 0  of

and 
~ic 

are the same, that is

+ O4~). (3.70)

Proof: The proof is similar to the proof of Theorem 3.3 and is omitted for

brevity.

As a result of Theorem 3.10, it can be seen that the costs at p. = 0

for the full order optimal Nash game, the full order game with composite

control applied , and the full order game with the lower order control

applied are the same. Thus we have shown that the modified slow game which

leads to the composite control in (3.53) and to the reduced control ujL

in (3.66) is a well-posed reduced order closed-loop Nash game, without

having to modify the original quadratic cost functions in (3.2).

-- I 
We would now like to examine the relationship between the state

- ii trajectories of the full order system (3.l)vhen the composite controls are

applied and the state trajectories of the fast and modified slow subsystems

when the fast and modified slow controls are respectively applied .

Theorem 3.11: If the controls

U
1 

4l
js
X sm (3.71)

u1f — 
~R~~B~jKjfXf (3.72)

u — - R  x -R B’ I( 373ic is 1 ii 2i 1f X2

are applied to systems (3.48), (3.40), and (3.1) respectively , and if

tA0-B01~i15-B021~ 5] is stable then

T

~

- - -

~ 

~~~-- -~~~~~~~ -~~-~~~~ -~~~~~ 

— 
• ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ -
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x1
(t) = x ( t) + 04k ) (3.74)

x2(t) 
= _A

~2
A21xsm (t) + xf(t) + 041.) (3.75)

hold for all finite t>O. If 
~22 is also stable then (3.82), (3.83) hold

for all tE [0,a’).

Proof: See Appendix S.

Thus we have shown that the state trajectories resulting from

application of the composite control can be approximated to first order by

combinations of trajectories from the fast and modified slow subsystems. It

can also be shown that the state trajectories that result when the lower

order control is applied to (3.1) are the same as those of (3.74), (3.75),

however with the fast state trajectories being the ones that result if no

control is applied to the fast subsystem. In fact the slow part of the

x1(t) and x2(t) trajectories are the same for both the composite and lower

order control applications, but the fast part of x2(t) differs . We cannot

give any relationships like (3.40) or (3.64) even though the cost with the

lower order control is 0(U) to the optimal Nash cost because of the boundary

layer where the state trajectories are not within 041). This indicates that J
the lower order control ignores the fast par t of the states and this

apparently contributes some small amount to the cost which is enough to

preclude our saying that 
~“l2”
'fl~ 

is asymptotically Nash. However, we could 
p

say that outside some boundary layer the lower order control pair behaves as

‘4 if it were the asymptotically Nash composite controls.

~~~1

_ _ _ _ _  

,
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1
4. DESIGN EXANPLE

4.1. Interconnected Power System

Consider the problem of an interconnected power system. The inter- Li
connection is assumed to consist of two identical power areas each

consisting of one non-reheat steam turbine generator. Together with the

tie-line power flow equation the system is modeled as a ninth order system

of the form

x ~j c + B1
u1 + B

2
u2. (4.1)

The model we present is taken from [23,24] and appears in nearly

the same form as in [19]. The only difference being that in the tie-line

we assume a power angle of 450 instead of 300 and a turb ine time cons tant of

.3 instead of .2. The system model is for variations from typical values

Each system consists of a power balance equation (hf), a governor equation

(M), a non-reheat steam turbine equation 
~~~~~ 

a tie-line equation 
~~ l2~ ’

and an area control error equation (‘
~~
). We assume a constant load distur- —

bance and define all variables to be deviations from their steady state

• values.

The components of the control vectors are :
LI

- 
- u1 

= 

~~~ 
= speed changer variation for turbine one

•1 1
u
2 

= t~P speed changer variation for turbine two.c2

The components of the state vector are :

xl 
= V

1 
— 1(ACE i.dt — !(~

Pti +b~~~f1)dt

— integral of the area control error for area 1 where
e1

is the tie-line power flow variation from area 1 to area 2

L I~~ 
_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  

—.— ------ ~~~~~~~~~ 
-
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x2 Af 1 — area 1 frequency variation in per unit (p.u.)

x3 ~~12 
tie-line power flow variation from area 1 to area 2 in

p.u. (note that 
~~l2~~~~~2l~~~”tie1~

~2 
=S (ACE)2dt S (_APtje +bs Af2)dt

integral of the area control error for area 2

= area 2 frequency variation in p.u.

x
6 ~a1 

= turbine one valve position variation in p.u.

= ~P = turbine one output power variation in p.u.Cl
x8 ~~ = turbine two valve position variation in p.u.

x9 ~~~ 
= turbine two output power variation in p.u.

2
The parameters and typical values are :

Tt turbine i time constant = .3 i
i

T
G 

governor i time constant = .08
i
Ti system i inertia time constant 20

rj  speed regulation = .25

Low values of r1 correspond to strong damping and high values to

weak damping.. The value we have chosen is relatively high to give

good separation in the eigenvalues.

.5

= Di +~~
- = bias parameter for area I = 4.5

i
T12 = synchronizing power f low coeffic ient = 26 .7

This assumes that the tie line has an operating capacity of 10% of

area capacity (.1 p.u.) and operates at a power angle of 450•

The state space model in the form of equation (4.1) is

-
-~~~~~~~- J T 2 • _~~~~~~~-~ ~~~~~~~ - ~~~~~~~~~~~~~~

--- 
- - -~
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0 b5 1 0 0 0 0 0 0

O ],1T1 -l/D1T1 0 0 0 l/D1T1 0 0

X
3 

0 T12 0 0 -T12 : 0 0 0 0

*4 0 0 -l 0 b5 0 0 0 0
2

*5 
— 0 0 l/D2T2 0 -l/T2 

— 

0 0 
— 

0 l/D2T2 .

0 -l/rlTG 
0 0 ~ : -l/TG 0 0 0

*7 0 0 0 0 0 l/Tt -l/T
~ 

0 0
I 1

*8 0 0 0 0 -l/r2TG 
0 0 1/TG 0

X
9 

0 0 0 0 : 0 l/Tt -l/Tt
- 2

~~~, [ o - o -

x2 0 0

x3 0 0

x4 0 0

x5 + 0 u
1 
+ ~ u

2 
(4.2)

x l/T~ 06

x 7 0 0

x 0 l/T8 G2

_
x9 • — 

0 
- 
0 

-

The states have been written in the particular groupings that they

are in in order to put the system into the singular perturbation form

presented in equation (3.l~. States one through five vary more slowly than

4 states six through nine . That is, we assume that turb ine output power and

valve position variations change more rapidly than frequency, tie-line power

flow , and the integral -~f the area control error .

‘Hi
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The eigenvalues of A are

0, 0, -12.64, -12.64, - .14±32.43, -2.69, -2.69, - .55. (4.3)

We clearly have two groupings , namely the slow eigenva lues

0, 0, -.14+j2.43, -.55 (4.4)

and the fast eigenvalues

-12.64, -12.64, -2.69, -2.69. (4.5)

We take the spread of these elgerivalues as our parameter p.. For ease of 
-

computat ion 
-

p. = .01. (4.6) - ;

To c heck that the system is in the correct form, the eigen-

values of the lower right hand 4x 4 block of A should approximate the fast 
-

eigenvalues. The eigenvalues of A22 /p . are -

—3.33 , -3 .33, -12.50, -12.50. (4.7)

Clearly the eigenvalues are close so we write A in Its block form corre-

sponding to system (3.1)

0 4.5 1 0 0 0 0 0 0

0 -0.5 -.1 0 0 0 .1 0 0

A11 
= 0 26.7 0 0 -26.7 , A~2 

= 0 0 0 0 
-

0 0 -l 0 4.5 0 0 0 0

0 0 .1 0 -.05 0 0 0 .1_ 
-

‘4 0 -.5 0 0 0 -.125 0 0 0

A = ~ 0 0 0 0 .0333 - .0333 0 0

t 21 0 0 0 0 - .s ‘ A22 0 0 - .125 0

0 0 0 0 0 0 0 .0333 - .0333
— 

Ti

_ _  _ _ _  _ _ _ _  _ _  

-

_ _ _ _ _ _  ~~~~~~~~~ -~~~~~~ --- • .~~~ -~~~~~~~~~J ~~~~~ - --  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~~~~~~
- -
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.125 

- 

O
_

0 0 0
B11 B12 = 0 , B21 = 

0 B22 = 
.125

0 
- 

0 _ 0
0 .

Since we now have the sys tem representation in the singularly

perturbed form we des ire , the next step is to formulate performance indices

• for each player. We choose Q~ 
= 1

9x9 
and Ri~~~ 2O , R~ . 0, i~~j. Thus we

des ire to force the states to zero bu t we are more concerned with keeping

the control energies small.

The circumstances which warrant use of the Nash equilibrium

strategy in the finding of controls for the interconnected power system (4.2)

occur when cooperation between the decision makers in the two areas cannot

be guaranteed . It is also necessary tha t the decis ion makers ins ist on

choosing their own control strategy based on minimizing their own perfor-

mance index rather than le tting some higher author ity perfor m the des ign.

However, each con trol des ign is affe cted by the other area ’s control. If one

control is fixed then the other decision makers control is designed optimum

with respect to that control. If each contro l is optimum with respect to

the other dec ision makers con trol , then the con trol pair satisf ies the

Nash equilibrium strategy concept. This mutual optimi zation can arise 
-•

- .  naturally in the following manner. If one decision maker announces a

strategy , the best that the other decision maker can do is to optimize his

performanc e index with respect to that given stra tegy . The or iginal decision

‘I 

==—~~~~ -_- -  ~~~~~~~~~~~~~s&  ~~~~~~~~~~~~ ~~~~~ - - - - - - 
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- -

maker may then dec ide to recompute his strategy based on the computed •

strategy for the second decision maker . Again , the best he can do is to

optimize with respect to the announced strategy of the second player. This

process then continues until convergence [4] and the convergent control pair

satisfies the Nash equilibrium solution concept . It should also be pointed

out that this convergence process can be performed prior to the start of the

optimization period or at the beginning of the optimization period . In the

second case the problem is Nash beginning at the time the control strategies

converge rather than from the initial time for the problem.

4.2. Fast and Modified Slow Subsystems

The fast subsystem of (4.2) is of the form in (3.40), (3.41) when

the system matrices are as defined in the previous section. The fast

controls are given by

U1f = [-.03 -.019 0 0 ]X
f 

(4.8)

U2f = [ 0 0 -.03 _ .0l9]xf. (4.9)

The gain matrices of the modified slow subsystem are

0 4.5 1 0  0 0 0

0 -.431 -.1 0 0 .095 0

= 0 26.7 0 0 -26.7 B01 0 
~02 

= 0

0 0 - 1 0  4.5 0 0

0 0 .1 0 -.431 
- 

0 
- 

.095_ -~~

H The eigenvalues of A0 are j

• 0, 0, - .22 ±j2.30, -.43

I
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which are close to the slow eigenvalues of the original open loop system.

The controls for the modified slow game are

U
1 

= [- .22 -2.84 - .026 - .0021 •92]x sm (4.10)

u = [- .0021 .92 .026 -.22 -2.84]x . (4.11)2sm sm

4.3. The Composite and Lower Order Controls

The composite controls are

U
1 

= - [ .22  2.84 .026 .0021 - .92~ .03 .019 0 0 lx (4.12)

U
2 

= •
~•[~ 0021 -.92 - .026 .22 2.84 0 0 .03 .019]x (4.13 )

and the lower order controls are

u = -[.2 13 2.52 .024 .002 - .87 0 0 0 O}x (4.14)

= -[.002 - .87 - .024 .213 2 .52 0 0 0 0]x . (4 .15)

- - 
It is clear from a comparison of the lower order controls and the composite

f ¶

controls that they are close in the first five , or slow state , pos itions and

that the lower order controls completely ignore the fas t states of the

system. It is desired to compare the composite controls with the optimal

Nash controls. The optimal Nash controls are

u 11 -[ .224 2.88 - .037 .0017 - .85 .05 .106 - .0062 - .025]x (4.16)

u
2L 

= -[.0017 -.85 .037 .224 2.88 - .0062 -.025. .05 .l06]x. (4.17)

Comparing the composite controls and the optimal Nash controls we

...

~ 

see that most entries are close, however the third entry corresponding to

the tie-line power flow variation has an opposite sign which is unexpected .

F
,~ ~~~~~~~~~~~~~
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To evaluate the performance indices when composite , lower order ,

and optimal Nash controls are applied to (4.2) we assume that the initial

state conditions are zero mean independent random variables with covariance

E[x0x~,1 
= lO 4diag(1,.O1 ,l,l,.Ol ,l,1,l,l). (4.18)

These are typical values taken from L24]. It should be noted that we

assume that the frequency variations are much smaller than other state

• variations.

The expected value of the optimal Nash cost given by (3 .13) when

• (4.16) and (4.17) are applied to (4.2) is

E(31} 
= E(J2} 

= 13.32~ l0~~. (4.19)

The expected value of the performance ind ices when the composite controls

(4.12) and (4.13) are applied to (4.2) are found from (3.55) to be -~~

E[J1 3 = E(J2 1 = 13 .959x IO~~ . (4.20)

Similarly, the expected value of the performance index given by (3.66) when

— the lower order controls (4 .14), (4 .15) are applied to (4.2) is

E [ J 1~~ = 14.075x l0 ’
~ (4.21a) j

E[J2~) 
= l4.0828x l0~~ . (4.21b) 

‘ 1

It should be noted that these values probabl y should be equal and the

difference is due to truncation in the computer routine used . However,

pers istent tr ials on similar problems y ielded the same small but definite 
I

i

J ~~
difference in the expected values of the costs . Comparing the optimal and

composite costs we get j -

I
‘I 

~
- _~~~~~~
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E[Jic) -E[J11 E[J2c~ -E[J2~• : E[J1J 
= 

E[J23 
= .05 (4.22)

and see that there is a performance loss of 5 percent . Comparing the optimal

and lower order costs we get

E[J )-E[flU 1 
= .057 (4.23a)

• E[J1)
and

E[J .3 - E[J.,)2~ = .058 (4.23b)
E[32}

and see that there is a 5.7 and a 5.8 percent loss in performance. It can

be seen that there is only about a .8 percent difference between the composite

and lower order costs .

In this example we see that the cost resulting when the lower order

and composite controls are applied to (4.2) are larger than the optimal Nash

cost. However, in general this will not always be true since by both

players deviating from the Nash controls it is in general possible to achieve

- 
L .  a lowering in the performance costs .

For a comparison of state trajector ies resulting when the optimal

Nash , composite and lower order controls are applied to (4.2) we first

examine the closed-loop eigenvalues for the three cases mentioned . These are

presented in Table 4.1. As we can see the eigenvalues from all three cases

• are relatively close. Of particular interest is that the fast eigenvalues

for all three cases are close and that the fast eigenvalues for the composite

and lower order cases are nearly identical. Thus, for this example the state

trajectories in the boundary layer are nearly the same . This is not the

I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~L
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Table 4.1. Eigenvalues for the closed-loop system when Nash,
composite and lower order controls are applied to
(4.2)

Nash Composite Lower Order

-12.9 -13.03 -12.75

-12.89 -12.98 -12.70

-3.06 -2.65 -2.58

-2.83 -2.50 -2.41

- .44 - .51 - .51

- .27 -.26 - .24

— .21 - .23 — .23

-.21±32.44 -.17 ±j2.50 -.16±2.51

~- 1

L I

~~~i4 — _ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ _ _ • -  
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usual case and is due to the fact that the open- and closed-loop eigenvalues

of the fast subsystem are very close . Plots of the state trajectories for

- L I  all three cases are presented in Figures 4.1-4.9 for initial conditions

- x(0) [.01 .001 .01 .01 .001 .01 .01 .01 .01]’. These trajec-
- 

tories confirm the validity of our modified reduction process and show the

accuracy which can result from this procedure .

-
~1

I ~

r

11
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8.828— -

x

- \ 11 X 1L

~~~~~~~~~~~~

0.018— 
1

0.095- \\

0.088 i i  I T  ~~~I I I  J i l l  I i i  I

8 6 18 IS 20
TIME (SEC.) : 1

Figure 4.1. Closed-loop state trajectories for the integral of the area - - -

control error for area 1 for Nash , composite and lower ~- -

order control applications .
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. 
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8.5—

x2(p.u.)

I_ __ _

1.0 i~~~~~t i  l i i i  I I I I  l i i i

0 6 18 15 28
TIME (SEC.)

Figure 4.2. Closed-loop state trajectories for area 1 frequency variation
• for Nash , composite and lower order control application.
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- s
xi(2

1.8—
X 3N———— x3c

0.5— - _ _ _ _ _ _  — _ _ _ _ _ _ _ _ _ _ _  __________ _ _ _ _ _ _ _ _ _ _ _

— 1. 0— i~~~~~i i  1 1 1 1  l i i i  l i i i

8 5 18 15 28
TIME (SEC.)

Figure 4.3. Closed-loop state trajectories for tie line power flow varia-
tion for Nash , composite and lower order control application.
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• 0.828—

A
. I ~ • • x 4L

. 

8.016—

x4(p.u)
• 

0.OIO
T

• 

•

1

0.085—

H _
_ _ _0.008— 

~~~i i  J j  ( J  J i l l  I I I  I

— 

~

• 8 5 18 IS 28 - -

— J TIME (SEC.)

Figure 4.4. Closed-loop state trajectories for the integral of the area
control error for ar ea 2 for Nash , composite and lower order
control applications .
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XI(2

8. 16— A 
-_____ __________ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _

: r \  X5N
I — — — — x
I 5c

I 

• X 5L
0. 18—

0.05—

x5(p.u.)

—0.85—

I I I I I I I I I I I I I I I I

0 5 10 15 20
TIME (SEC.)

Figure 4.5. Closed-loop state trajectories for area 2 frequency varia-
tion for Nash , composite and lower order control application.
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X18—2

1. 0— ——-—
X6N———— x6c

— - —.—.—.— x62

8.5— —

x6(p.u.)

H T./
_ _ _

- — 1.0— 1 T I I I 1 I I I I I I ~~U I I I

8 & 18 15 20
- -  TIME (SEC.) F -

Figure 4.6. Closed-loop state trajectories for turbine one valve
pos ition var iation for Nash , composite and lower order
control application.
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1.0—
• X 7N
- — — — — x

7c
—.—.—.— x

7-~

9.5—

x7(p.u.) -

0.8-

—1.0 — l i i i  1 1 1 1  T i l l  I I I  I

8 5 18 15 28
TIME (SEC.)

Figure 4.7. Closed-loop state trajectories for turbine one output
power variation for Nash , composite and lower order
control application.
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8.18—
X8N

— — — — x
• 8c

8.85—

8.88~

x8(p.u.)

-8.85-

:
— 9 . 19—

—9 .15— I I I  I ~~I I  J J  L I I I  T I l l

8 18 IS 20
-~~~ TINE (SEC.)

Figure 4.8. Closed-loop state trajectories for turbine two valve
pos ition var iation for Nash , composite and lower order
control application.
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x18_2

1. 8— -__________

X 9N
• — — — — x9c

0.5—
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___________  ___________
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8 5 18 IS 28 - -
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Figure 4.9. Closed-loop state variation for turbine two output power
variation for Nash, composite and lower order control
application.
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5. CONCLUSIONS

This thesis applies the techniques of singular perturbation to

the study of both zero-sum and nonzero-sum Nash games for systems with

fast and slow modes. Both players are assumed to have the same informa-

tion about, and model for , the system.

We have shown via example that the usual order reduction pro-

cedure for singularly perturbed optimal control systems does not lead to

a well-posed problem when extended directly to the linear-quadratic

nonzero-sum closed-loop Nash game. If the fast dynamics are not known

exactly then only the slow part of the fast states should be incorporated

into the performance indices. We have shown that in this case the usual

order reduction procedure for singularly perturbed optimal control systems

leads to a well-posed problem.

On the other hand, if it is assumed that the fas t dynamics are

known and are incorporated in both the state equation and performance

indices, we have shown that by using a hierarchical reduction procedure

- - developed in Section 3.4 the resulting modified slow game is well-posed.

This hierarchical reduction procedure d i f fe r s  from the norma l singular

perturbation order reduction procedure in that it is a block triangular

or sequential process rather than a parallel decomposition . In this

sense it is analogous to the reduction method of Kokotovic and Yackel [13]

for singularly perturbed optimal control problems where they had the slow

Riccati equation dependent on the fast Riccati gain . In our hierarchical

decomposition the fast subsystem may be found independently of the slow

subsystem but the converse is not t rue . Also , a choice is provide d for

Ii
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implementing the approximate control as either a function of fast and slow

states or as a function of slow states only. As in the optimal control case,

knowledge of the value of the small parameter , ~~ , is not necessary to ob-

tam an 0(1.1.) feedback control design.

In contrast, for zero-sum Nash games , al though the perf ormance

indices contain fast modes, the natural order reduction used in optimal

control formulations leads to well-posed problems. That is, in zero-sum

games it does not matter whether the order reduction is due to ignorance

of inadequately modeled fast dynamics or due to computational simplification

only.

The near optimal composite controls for the nonzero and zero-

sum Nash games tend to the Nash control strategy asymptotically as

A clear advantage of the singular perturbation approach is that the numerical

stiffness is alleviated in the approximate control design and the value of

the perturbation parameter is not needed in the subsystem calculations.

LI
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APPENDIX A

PROOF OF LEMMA 2.1

Applying (2.18) to (2.7) gives the feedback system

= (A + B 01G01+B02C02 )x
5 , x (0) x10. (A.l)

Thus

x
5
(t) (exp((A 0

+ B01G01 + B 02G02 )t))x
5(0). 

(A.2)

Similiarly applying (2.19) to (2.11) gives

~1.Xf
= (A22 + B~1G21 + B 22G22)Xf~ x

f
(0)=x 2Ø -~~2

(O). (A.3)

Hence

x
f

(t) (exp ((A 22 +B21G21 +822C22)t41.))xf(O). (A.4)

Finally, applying (2.20) to system (2.1) gives

— —  — 1 I

=

2 (A22 + B 2iG2i 4B 22G22 )A;~ (A2l +B2lco1 + B 22Go2)/
~
1.

(A.5)
A12 + B I1G + B G 1 rxil x1(O) =

~~10

(A22 ÷ B 2l C2l ÷ B 22 G22 )/ ~~
j
~~~ 2~ x

2
(O) x20

Constructing a transformation to diagonalize (A.5) we use the same form as

_ _ _ _ _ _  

H:,, 
~ T T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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in [22]. 
-

t ’ i. 
- 

~~L 
~~~~~~~~~ f~~l : ~H 

F

H ~
T 4 = L _ i _ __ _  (A.6)

L ’ I~J 
L u 2 ~j.LH

where I
I 
is an n

1
xn

1 
identity matrix, 12 

is an n
2
xn2 identity matrix and

L = A2~ (A21 +B21G01 + B 22 G02 ) + IJ.N (A.7)

N = (A22 +B21G21 + B 22C22)
1
A
2~

(A21 +B21G01+B22 G02) (A.8) 
•~~

(A +B01G01 +B02G02 )+OOJ.)

H (A12 + B 11G21 + B 12G22 )(A 22 +B21G21 + B 22G22)
’+O(I.&). (A.9)

Neglecting O (I.~.
2) terms

— I 
L

- - 1  r0~i -

TAT = J _ _ L —  -J (A.10) 
-

H

where A is the system matrix of (A.5) and -

• 
A
0 

= A + B01G01 ÷ B02C02 - 1.1.~A12 + B11G21 ÷ B12 G22)N (A.11) J

A
2 

= (A22 + B21G21 + B22 c22 )/ ~ + (A~~~21 + A~~B21GQ1 L~ ~
+ A2~ B22 C02 ÷ 1.~N) (A12 ÷ B11G21 + B12G22). (A.l2)

- ,  L-t
Thus

~~~ 

- 

-;

~ 

~~~~ T ~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
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x1( t)  [Il ~~p(A0t) 0 L
1 

- I.1.HL -~H x1 (O)

x2 (t)  [-L
1

I~~~~~~L ;~~~:~~~ L x2(O)

Il i ~H {exp (A0t) : o x (O)
= I_ - . - — — - + — — — —  +0 (~j.) (A.l3)

-L 12 
- J~’LE [o exp (A

2
t) xf

(0)

And finally,

x1(t) 
= (exp((A + B01G01 + B02G02 )t) )x  (0) + 0(~j .) (A.l4)

x
2
(t) _A;~(A 21 + 321G01 ÷ B22G02)(exp ((A + B01G01 + B02G02 ) t) )x

5
(O)

÷ (exp ((A22 + B21G21 + B22G22 ) t/U~))Xf (O) ÷ 0(~ ) (A.l5)

Thus it can be seen that (A.14) and (A.15) together with (A.2) and (A.4)

yield (2.21), (2.22) and (2.23). If [A22 + B21G21 + B22G22] is stable

then (2.21) - (2.23) hold for all finite t >0. If in addition

L .  (A +B 01G01+B02G02) is stable then the equations hold for all tE [0,~ ).

- I i  
— 

—~-- ~~A:_ __ 
- - - 

~~~~~~~~~~~~~~~
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APPENDIX B

PROOF OF THEOREM 2.1

Substitution of (2.25) into (2.4) at p . 0  gives

0 = ~~1 Aj1S1 S1A11-~~1S S 2~~1
+S1

(B11R1
1
Bj1+B12R;

1
B~2)S1

÷S1 (B11R~
1B 1+B12R

1B 2)S~ +S2(B21R1
1B~1+B22R2

1B~2)S1

+S2 (B21R~
1B 1+B22R

1B~2)S~ (B.l)

0 = Q2 1S3-S1A12-S2~~2 + (S1B11+S2B21)R~
1
B~1S3

+(S1B12+S2B22)R~~B 2S3 (B.2)

O = -Q3-s3A22 -A~2S3 +s3 (B21R1
1
B;1+B22R;’B;2 )s3. (B.3)

If the fast game (2.11), (2.12) possesses a unique solution then comparison 1:

of (B.3) and (2.14) gives

S3 
= Kf. (B.4)

N1 
= S1B11 + S2821 (B.5)

N2 
= S1B12 + S2B22, (B.6)

then from (B.2) we have j
S2 

= (N1R~
1B~1S3 +N2R;

1
B;2s3-Q2-A~1s3-S1A12)A~~. (B.7)

Def ining

“I P1 
= S1B11 +S 2B21-(A~~A21) ’S3B21 (B.8)

P
2 

= S1B12 +S2B22 -(A~~A21)
’S3B22 (B.9)

equation (B.l) reduces to

-i

1 
— - - - — —

5 _ _
~~~~~~~

--  -
~~~~~~ - -_- - - - ~~~ -~~ ±:~~~~:~~ 

. 
- -
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0 = -(~1+s1A0+A~s1)+P1ç’P~÷P2R;
’P~. (8.10)

Substituting from (B.3) for S3 in (B.8) and (B.9) and assuming the appro-

priate inverse exists

~
p : p 3  [B~2Q

~
÷B

~zSl1’ [I-R;’B~ 2S3A~~ B22 -R2
1

B;2S3A~~ B21 
-l 

B 11

L~i~ 
+B~1S1j [ -R1 B 1S3A22 B22 I-R1 B~1S3A22B21

• Substituting (B.ll) into (B.10) and using (8.3) gives

0 = -(~1+S1A +A ’S1) 
[B~2~~ 

+B~2S1 
‘ R2 ~3 

-l 
[B 2~~ +B~2S11 (B.12)

0 ° 
[B~1Q~ +B~1S1 Q3 R1 [B~1Q~~+B~1S1J

Comparison of (B.12) and (2.10) reveals that if the slow game has a unique

stabilizing solution, then

- 
S1 

= K~ . (B.13)

- Finally , substitution of (B.13) and (B.4) into (B.2) gives

S2 = [-Q2-A~1Kf-K5A12 +K5(B11R~~B~1+B12R;
’B~2)Kf

1.

- .[~~ 2 -B21R 1B~1Kf -B 22R 1B~2K ] 1. (8.14)

Ii 

_ _ _ _  
. ~~~~~~~~~~~
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APPE NDIX C

PROOF OF THEOREM 2 .2

— 
The optimal Nash control with ~ = 0 is given by

u
1 

1_l 0 B~1S1 +B~1S~ [R~
1
B~1S3

= - x - I x . (C.l )

U
2 

0 R;_ B~2S1 +B~2S~ [R; B 2S3

Rep lacing S
2 

in (C.1) by (B.7) and then replacing S3 
from equation

(B.3) gives

BJ~ S1 +B~ .S~ = B
~~
Si +B~i

Q
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+B22R;
’P;) i l ,2. (c.2 ~

Then substituting (8.11) for [P1 P~) 
‘ gives

— 
[a~ I 0 [I-B~1(~.~~)

’s
3
B21iç

1 
-B~1

(A~~)’S3B22R2
1

u2 [
~ 

~~R~1 [  -B~2 (A~~)’S3B21R~
1 

I-B~2 (A~~)’S3B22R;
1

B~ 1S1 +B 1Q~ [R1
1
~~iS3A2~~21 R1

1
B~1S3 x1 

- I—
~~~~~~~~

- - - — — — —  x1 - — — x . (C.3)
B~2S1+B~2~~ [R B~2S3A22A21 R2 B~2S3

Straightforward multiplication and then use of equation (2.14) gives - 

-

— 
, —l t —1 —I ..

R1-B21KfA22B21 ~B21KfA22 B22 R1 Q3 
-

— 

-B~2
KfA;~B21 R2~ B~2KfA~~B22 ~~

= 

I_ B~i (A;~ ) 1 K f B2lR~1: 
~~2l~~22~~

<fB22R2 
-1 

(C 4)
— 

_B
2 (A2~)

’KfB21R~
1 I-B~2 (A~~)’KfB22R~~ 

.

which , when substituted into equation (2.24) with S
i K

~ 
and Kf S3 shows that 

j

ui
~ (t) = ui (t) + 0~~). (C.5)

-- _________ ____ ~~~~~~~~~~~~~~~~~~~~~ 
- .  - 
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APPEND IX D

PROOF OF THEOREM 2.3

If and S possess power series expansions about p. = 0 it is easy

to show that their difference also possesses a power series expansion about

I.L- 0. Subtracting (2.4) from (2.33) we get a new Lyapunov equation in

W P-S .

0 = w[A-
~
M
~
] +[A_

~
Mc1 ‘W+ [S_M

~
]
~~
[S_M

~
] (D. l)

where
= B~R1

1
B + B2R2

1B~.

Substituting the power series expansion for S it is seen that

(S_N
~
)B(S_M

c) 
= O4~

2). (D.2)

Expanding W in a power series about i.~
. = 0

= 
~~r [‘(i) ~~~~ 

(D.3)

Substituting (D.3) into (D.l) it can be seen that W 0G.~
2) and hence we

1: have tha t

3c 
= + o@ 2 . (D.4)

J i

i-
~, 

,

— ~~~~~~~~ —._ - ~~~~_-  ~~~~~~~~



- 
____ - _______ .. —-- -—____  - - -~- ____—----- - - ~~~~~~~~~~ -_ • 

- - 

-

72

APPEND IX E

PROOF OF THEOREM 2.4

From the Nash equilibrium strategy definition and the relation-

ship between the composite cost (2.32) and the optimal Nash cost (2.34) we 1
have the relationship

J1(u1, u
2 ) ~ J1

(u1, u~) + O(p.
2) (E.la)

J2
(uic ,u2c) < J2 (u~ ,u2 ) + o~~

2
) (E.lb)

where ulc is the composite control (2.30) for player i, 4 the optimal Nash

control (2.5), and u . is some other control in an appropriate set. If we• 3. - -

apply

= F11x1 ÷ F12x2 (E.2a)

u~ = F~1x1 ÷ F~2x2 (E.2b) 
- 

-

to (2.1) for cost (2.2) we get a performance cost which can be expressed as I =

J1 (u 1, u~) = 
~ x~P1x0 . (E.3)

If the set (u 1,u2 ) where

u2 
= [F~1 +0@)]x1 ÷ [F~2 +O~~ ) ]x

2 (E.4)

is applied to (2.1) for cost (2.2) we get a cost I
J

1
(U 1, U

2
) 

= 
~~

- x~C1x 1. (E.5)

4 We assume that P1 and C1 possess power series expans ions about L 0 .  ISubtracting the Lyapunov equations for P1 and C
1 
we get a Lyapunov equation

in = C1-P1 
given by ]

~1•1.1
• ~~~~~~~~~~~~~~~~~~ ~~

-
~~
:--- 

~~~~ ~~ �~~~~~. 
-
~~~~

- 

~~~i-~~~~ I iJ  ~~~~~~~~~~~~ ~~~~~~~~~
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o = Y1[A÷81
[F 11:F 12] + B2(F

1 P~2
]) + [A+B 1

[F 11
:F

12
] +B2[F~1 F~2

])’Y1

+ C1B2 [O G ~.)] + [o~~ )] ‘B~C1 + 04 1 2 ). (E .6)

Since C is typically of the form

r C11@) p .C12 4~.)1

C1 
= (E.7)

p .C~2 (p .) p.C13 (p.)

we see that

C1 
= P1 + 0(ji.) (E.8)

and hence at p 0 J14L1,4) = J
1
(U1, U2 ). Thus we can substitute

J
1

(U
i~~

U
2c

) into (E.la) to give

J1(ui
~~~

2
~

) < J1(u1, u2 ) + 04~.). (E.9)

We can perform similar computations for J
2 and combine the result with (E.9)

to give (2.36).

d ~

1~
’

~

_ _  • -
.-

~~~~~
-
~~~ 

-
_ _ _ _ _ _ _

~~
_ ____*  ~~~~~~ 

-

~~
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APPENDiX F

PROOF OF THEOREM 3.1 
I 

-

The approach to the proof of Theorem 3.1 is to represent K~ as

given by (3.27). When this form is substituted into (3.22) we will show

that , under the conditions of Theorem 3.1, each term in the series expansion

of about p . O  exists and is unique . Then, clearly,  there is a

small enough to guarantee convergence of the series for all 0<p .<p .*.

The substitution of (3.27) into (3.22) at p. 0 yields equations

(3.28)—(3.31); i, j l ,2; i~j. If

= 0 , i 1 ,2 (F.l)

is the unique positive semidefinite solution to (3.30), then (F.l) may be

substituted into (3.29) to uniquely yield

= -~~~~A12A~~. (F.2)

Substitution of (F.2) and (F.1) into (3.28) and manipulating gives

0 ~ .1+K~~~A0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ F
~~~~~~~~~~~~~~~ (F.3)

where
= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

i, j 1 ,2; i~j. (F .4)

Comparison of (F.3) and (3.9) show that the two equations are identical with

K~5 appearing 
in (3.9) where appears in (F.3). Thus , if K

~5
, i l ,2,

is the unique stabilizing solution to (3.9)

= Ki~ , 1=1 ,2. (F.5)

z

•
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Substitution of (F.5) into (F.2) gives

= -K~5A12A~~ ,. i 1 ,2. (F.6)

Thus, we have shown that the first term of the series exists and is unique .

To see if the second term of the series exists we substitute

(3.27) into (3 .22) and take the first partial with respect to p. at 11=0.

Th is gives , with some manipulation,

o = ~~A22 ÷~~2i ~- [(A 12 ~~~~~~~~~~~~~~~~~~~~ , i=l ,2. (F.7)

If A22 is stable (F.7) possesses a unique solution. If we now assume that

is known from (F.7), ~~~~~~~~ can be found to be

= -~~~~A12A;~ ÷ ~~~~~~ i = 1,2 (F.8)

where is some known matrix .

Substitution of (F.8) into the equation for gives

~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~ ÷ = , i,j = 1,2, i~j (F.9)

where

= 
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -Bo.R.~

R . . M i (F.10)

= -B0jRj~~
[B

~j  2+B~ j K~5-
~.~~.Mj5 ] ~~~~~~~~~~~~~~~~~~~ (F.l1)

R

~
i 

= 
~~~~~~~~~~~~~

To find conditions for and to exist and be unique we

apply the Kronecker product operator to (F.9) to give the vector form

a1k11 + B 1k21 
= r1 (F.13)

a2k21 +~~2k1~ = r2. (F.l4)

Then if

F
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ra 1 ~~ -: -

(F.l5)

2 a1

is nonsingular and exist and are unique.

The existence of higher derivatives follows in an analogous manner

and existence and uniqueness are guaranteed by A22 and (F.l5) nonsingular .

Instead of giving a specif ic manner in which a unique solution exists to

(F.9) we could just specify that if there exists a unique solution to (F.9)

then the power series exists and is unique .

I- -

Li

I‘5.-

I .._J

J LT

1
• 

.= 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
- .• 

-
~ 

-

.

- -  

•.~~~~~~~~~~
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APPENDIX G

PROOF OF THEOREM 3.2

Represent 
~ir 

as

[ 
~
‘ii ~~~ 

p.P~2(p.)]

~i 
= 1  . (G.l)r 
~~~~~~~ ~P~34~)

Then denote = . , i l ,2; j 1 ,2,...; k=l ,2,3.
~~~~~ p.=0

Substitution of (G.l) into (3.26) at p.- 0 gives

0 = P
~~~

[A 11-B1~ Mj 5
-B i .M.  ] 

~~~~~~~~~~~~~~~~~~~~~~~

+ [A 11~
B1~

Mi5~
Bi~

Mj5 ] ‘P~~~ + [A 2i
_B
2iM~5

_B
2~
Mj5] 

‘P~~ +~~ (G.2a)

0 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(C.2b)

0 A22 2”~~~ 
(G.2c)

If 
A22 is stable then

~~~~~~~~~ = 0 (G.3)

is the unique solution to (G.2c). Substitution of this into (G.2b) gives

(0) (0) -l= .P
il A12A22. (G.4)

Finally ,  substitution of (G.4) into (G.2a) gives

0 ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
,i, j l ,2;

Since [A
o-Bo~

Mi -B
oj
Mj5] is stable if the slow, game possesses a unique

stab ilizing pair K15,K25, (G.5) has a unique solution. Hence the first term

in (G.l) exists and is unique.

- _
~ ~~~~—~~~~~--~~~~~~~~~~ _- _ -- -5 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -- -- - . - _ - - - - ~~~~~-- _~~ - ~~
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We nex t examine the existence and uniqueness of the second term in

(G.1). Substitute (G.1) into (3.26) and take the partial with respect to p.

at 11=0. This gives

0 = P~~~[A 11-B1~M~5-B1~M.5] +P
~~~[A2i

_B
2±M~5

_B
2~
Mj5

]

+ [A
i1

_B
i~M~5

_B
1~Mj5

] ‘~ 1
(~~ + [A 2i B2iM~5

B2~
Mj5] ~~~~~ (C.6a)

0 = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ [A 11-B 1~M~5 -B 1~M~5l ‘~~~~~~~~~) (c.6b) 
-

•

0 = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , i,j -1 ,2; i~j. (G.6c)

Since ~~~ are known from the calculations for the firs t term in the

expans ion , if A22 is stable (G.6c) possesses a unique solution. Then pç~)

may be found as

= -P
~ I~A12A~~ -d~A~~ , i = 1,2 (G.7)

where is a known matrix . Substitution of (G.7) into (G.6a) gives 
- 

-

0 = P~~~[A
0
-B0~M15-B0~M~5

] + [A
0-B0~M~5-B0~M~5

] ‘P~~~ +~~ (G.8)

where is a known matrix . If [Ao-BoiM~5-Bo~M.5
) is stable then (G.8)

possesses a unique solution. Hence the second term in the series exists and

is unique . Higher order terms follow easily and have the same requ irements

4 for existence and un iqueness. Since each term of the series exists , clearly,
‘I

there is a ~~ > 0  small enough to guarantee convergence of the ser ies for all J
~ 5~5, 

—*

0< p .<p .. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~ - 

-— - — • -5 -. - 5  
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APPENDIX H

PROOF OF THEOREM 3.3

Subtracting (3.22) from (3.26), we obtain a Lyapunov equation for

Wi ~
‘ir~~i

— 

[ A1i-B i~
Mi5 -B ijMj5 A12 A1i -B1~

M15-B1j M
~5 A12 

‘

- 

W~ 
— - — - - — — 

A22 
+ — 

A 
—

[
~ 

1A2 -B M - B M I  —
~~~~~~ 

~~~ [A2 i~~2i
M
~5~~2~

Mj51

~ i~~ il I  ~  [ B1~M~5+B
1JMJ5 

0 [ BiiN~S
+Bi~NJS 0

+- -- -j - - -  - K i 
~~

-- ~f _ _ _ _ _ _ _ _ _ ~
_ K

~
0 0 ~~

- [B
2~M~5

+B
2J
M
J5

] 0 ~~~~
- [B

2~
M
~5

-I-8
2jMj5

] 0 _

1’ 
~~~B 

‘1 1 Q Bi2 2j i2 2j 
—

+
~~~i

Bj+ ~~~~~~~~~~~~~~~~~~~~~~ 
- -- - -  

~~~~~~~~~~~~~~~ 
= 0. (H.1)

possesses a power series expans ion about p = 0  since 
~ir 

and ~~ possess a

power series at p. = 0. can be expanded as

. E —(i ) — (j ) 1
— ~ n W~1 I
Wi 

= 

~~o i l  L11~
’(i) p.~ ’(J) I i=l ,2. (H.2)

i2 i3J

If and the power series expansion for are substituted into (H.l)  we

get a tp 0

~~~~
[A ii-8i~

Mi5-BijMj5
] + [A 1i-Bi~Mi5

_B
1jMj5

] ‘~~~)

+
~~~~~A21

-B2iM~5~~2~
Njs] +[A21

_B
2jM~5

_B
2jMj5

] ‘~~~0) 
=

~~ (H.3)

~~~~~~~~~~~~~~~ 
= 0 (H.4)

and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
= 0. (H.5) 

_ _

- 

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Since A22 
is stable (H.4) implies that

= o. (H.6)

Substitution of (H.6) into (H.5) gives

= -~~~~A12A~~. (H.7)

Finally , substitution of (H.7) into (H.3) gives

0 = 
~~~~tA0

-B01M15-BQ2M251 + [A0-B01M15-B02M251 ~~~~~~~~~~~ (H.8)

The matrix [A0-B01M15-B02N25] is the feedback matrix of the slow subsystem

(3.6) which is stable. Hence

= o , i= 1 ,2, (H.9)

which implies that

= 0 , i l ,2. (H.lO)

Thus we have proven Theorem 3.3.

— 

I

:~~

‘I

I 
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - . 
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APPENDIX I

PROOF OF THEOREM 3.5

The proof of Theorem 3.5 is analogous to the proof of Theorem 3.1

however, due to the complexity of some of the manipulations inclusion is

warranted . We represente K~ by the form in equation (3.59). We will show

that when this form is substituted into (3.4), under the conditions of

Theorem 3.5 , each term in the series expansion exists and is uni que . Then

there exists a p.*>0 small enough to guarantee convergence of the series for

all Oc~p . <p .*. It should be emphasized that this p.~ is not necessarily the

same as the p~* in the proof of the Theorem 3.1.

Substi tution of (3.59) into (3.4) at p . 0  gives

0 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘

F

(0) (0) 1 —1 
‘ 
(0) , (0)

+ LK i1 Bij+Ki2 B2iJR.iEB iiKji +B2~K~2 ~

+ [K~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(1.1)

= 

~i2 ? 12 22-A 14~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~

-[K B
ij
+ K B

2j
]R

ijRj~B~j
K~~~ (1.2)

0 = - -K~°~A -A ’ K~
0
~~+K~

0
~B R 1

B ’ K~°~~+K~°~B R 1
B ’ K~

0
~Q~~3 i3 22 22 i3 i3 2i ii 2i i3 i3 2j j j  2j j3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
i,j = 1,2 i#j. (1.3)

.,
~
)

LA ~~~.
±—

~•
---- . .~~~~~~~~~ 

-

-
‘ --5 --~~-- - . .~i~:i 

-

: .
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If the fast game (3.4la), (3.4lb) possesses a unique stabilizing

solution then (1.3) possesses a unique solution and F

i3 if~

Let

N1 
= K~~~B11 +K~~~B2.. (1.5)

Then (1.2) can be written as, if A22 is stable ,

= t _ Q i2 1K1 f4~~A12 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3A~~. (1.6)

We rewrite (1.1) as

0 = 1 1 1K
° K~2A21 ~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ (1.7)

Substitution of (1.6) for and making use of equation (1.3) to eliminate

terms we get

O = -~11-K 0-A~K~~ +N1R~~N~-N.R .R..R)N +N .R.~ (B~~K~~~ç2)

+ ~~~~~~~~~~~~~~~~~ (1.8)

We next examine Ni. Substituting (1.6) for I4~~ and noting

~i2 
= (Qi2 +~~ lKif)~~~

B2i (1.9) ~

we get ~

— 

N1 
= 
~~~~~~~~~~~~~~~~~~~~ (1.10) 

L

Observ ing tha t M~5 from (3.51) is the same as ~~~~~ with K~1 replacing

K1 ,  it can be seen that if the modified s1ow game (3.48), (3.49) possesses - I
a unique stabilizing solution then (3.52) and (1.8) are identical and 

-

il 
— 

ism - -

_ _ _ _ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~~~~~~ _

_
~~~~~~~~~~~~~~j~~~~~~~~ 

-- 
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Substituting for ~~~~ and N~ in (1.6) it can be seen that

12 its

where Kj~ is from equation (3.54). We have thus shown that if the fast and 
F

modified slow games possess unique stabilizing solutions, then the first terms

in the ser ies expans ion of K~ exist and are unique.

Taking the first partial of (3.4) with respect to p. at . L 0  gives,

• with some manipulation,

0 = -K~ A22 -A~24~ + [K~~ B2~+K~~
°
~B1J

] ~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~

-K °
~A12-A~2K~~~. (1.13)

Equation (1.13) can be written as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
= R1 (I.14a)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = R
2 (I.l4b)

F~~ 
where R and R are some known matrices and1 2

:: C1 
= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.15)

We can rewrite (1.14) using the Kronecker product operator as

C kW - —a3 1 3  223 — r 1
.4 

(1\ (1.16)
k’ ‘-Ck~~

)a3 2 3  113 r2

where
C3 =

C =
i 1 i. 

- ~~~~
_ j -

_
_ ‘ -  - 

•- -
~~~~~~~~~~

-.
~~~~~~~~~~~~~~~~~~~~ 

- -—.-- ---.- - - 
~~~~~~~~~~

- .



If 
~~2 

is stable then is stable and k~~~ and ~~~~ exist and are uni:ue

if a3-C1a~~c2 is nonsingular . Thus if A22 is stable and a3-c1a;
1c2 is non-

(1) (1)singular K13 exist and are unique . Assuming that K~3 are known we get

= K~pN11+Kc~
)N~2

+Q
1 (1.17)

where is a known matrix,

N11 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N12 = 
~~~~12A 22 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-R~~R~ ~~~~~ ~Kjf] A~~) T~
1

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The equations for ~~~~ are given by

0 = -K
~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

I4~~~)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + [B
J
K~~
)

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ +I4~~~~~~[-A 21+B21M
15

+B2~Mj5] ~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.18)

Substitution of (1.17) into (1.18) gives 
, 

- 1- -

3
i 

= K A i +A K -B
~
K
~~~

-K
~~~

B. (1.19)

where 3. = known matrix 
‘

1

“ — — — —  -l -

.

— A0-B01
M.~5-B0~M~3 +N~1B2JR~J

T~ j

LA ~~~~~~~
—

~~~~~~~~~~~~
‘ — -

~~~~~~ -- ~~~~~ 
—

5.- , ~~~~~~~~~~~~~ ~~~~~~~~~
— ‘ - - -
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:

Bi 
[B 1.+N12B2~ ]R~~T~

= BjjKj 5~~+ B~jK~~
_R
jjNj5 ~~~~~~~~~~~~~~~~~~~~~~~~~

(1.19) is a set of coupled Lyapunov equations . To guarantee existence and

uniqueness of solutions we first use the Kronecker product operator to stack

the equations. The stacked equations are

~‘ (1) V (1)I a1k11 + 13~k21 
=

B k~~~ +~~ k
W = 

(1.20)

F 211 V

F Then if
- 

[~l ~l1
[~2 62]

is nonsingular , the coupled Lyapunov equations have a unique solution.

Thus we have shown that the first two terms of the series for K.

exists and is unique under the conditions given. Higher order terms have

- 

- 
the same conditions for existence and uniqueness as the second term .

[1
I-.

- 4

I [ J

= -5 
- ~~~~- 

~~~~~~~~~~~~ ~~~~~~~~
- 

~~~~~~ _ _ _  

- 

~~~~~~~~~~~~~~~~~~~~~ 
--- -5
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APPENDIX J

PROOF OF THEOREM 3.10

When the composite control (3.72) is applied to the full order

system (3.1) the resulting feedback system is

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (J.la)

(A21-B21M15-B22M25)x1+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(J.lb)

or by defining terms

= + (J.2a)

= A21x1 + A22x2 
(J.2b)

where A12 and A22 are as defined after equation 
(3.46). Following [22] we

construct a transformation

~I1 p.H1L1 -~H1~~ r~, T = (J .3)

L L1 1
2] 

-L1 
1
2
-pL

1
H
1

to diagonalize (J.2). Ii 
and 1

2 
are n 1 xn 1 and n

2
x n

2 
dimension identity

matrices and H~ and L
1 
will be defined in the following manipulations. Let

= x2+A;2A21x1 + p.N1
x
1 

(J.4a)

= x
2

+L 1
x
1 

(J.4b) 
- .

and hence

-5

~

_5, -5- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~~~~-~~=-. 
~~~=
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L
1 

= Pt
;~A21x1+p.N1x1. (J.5)

Substituting (J.4b) into (J.2) we get

= [A 11
-

~~~~12 T.~~~~]x
1 
+A 12 111 (J.6a)

will = 
~~~~~21~~~~~~22 L

1
+

~~~~~~~
1
A 11 L

1
A 12L1Jx 1+ 22 L1A 12 1T1 1. (J.6b)

We wish the block multiplying x
1 
in the 11 equation to be zero. Substituting

for L
1 
in this block we get

a .~ — 1* ~ — 1 ~ ~ — 1~0 = —A~2N1 
+A 22A21A11 + l.1N1A 11 -A 21A21A12A22A21 (J.7)

a ~~l’ 
a _ lA  a 2 a

-p.N1
A12

A22A21 -pA 22A21A 12N1 -p .  NA
1~
N1.

By the Implicit Function Theorem we get

N1 
= A22A;2A21[A11

_A
12A22A21] + O(p .) (J.8a )

= A22A22A21 [A
0
•~’B01M1 B02M2 J +O(p.). (J.8b)

To 0(p.) the system is now upper block triangular . To complete the diagonali-’a-

tion we let

Substituting for x1 in (J.6a) we get

= [A 11 -~~12L1]~~1 + [A
12 
+~~(~ 11-~ 12 L1 )H

1 
-

We wish the term multiplying fl to be zero. By the Its~ 1~ L it

this gives

~ 

H
- - 

‘
- —
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liL 
= + O(~). (3.11)

Solving for the state trajectories for and and then applying the

inverse transformation back into x1 and x2 
coordinates we get

I ;

x1(t) fexp((A!0401M13-B02M283t))X5(O)+O (I~) (J.12a)

— — —x2(t) 
= 

22A21~~xp([K0 - - Bo2M2~Jt)~x5(O) (J.12b)

By comparing these equations with the equations resulting when the modified

slow control is applied to the modified slow subsystem and when the fast

control is applied to the fast subsystem we get

x1(t) =x~~(t) +Q(~&) (J.13a) Li

(J.l3b)

If - 

~Oi.~Ls 
- ~02M28 j is stable (J.13a) and (J.13b) hold for all finite

t >0. If A22 
is also stable then they hold for all t E (0, ~~

).

J

d 
~

H

EL
- ~~~i__ .____ ~~~~~—---—---
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