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This thesis applies singular perturbation techniques to linear-
quadratic infinite-time zero- and nonzero-sum closed-loop Nash games for
systems with fast and slow modes. For the nonzero-sum game, it is shown
via example that the problem is ill-posed with respect to the usual singular
perturbation reduction techniques. A physically justified modification of
the performance indices consistent with inadequate modeling of fast dynamics
is presented which results in a well-posed problem when the natural perturba-
tion method is applied. 1In the case of adequate modeling of fast dynamics,
a hierarchical reduction procedure is presented which transfers fast game
information to a modified slow game which leads to a well-posed problem with
respect to a modified reduction procedure. For the zero-sum game, it is
shown that it does not matter whether the fast modes are due to inadequate
or accurate modeling and the usual reduction procedure of singular perturba-

tion leads to a well-posed problem.
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| 1. INTRODUCTION

1.1. Motivation and Background

5
e
b
v
.
3

In a general multi-input system there may be many decision makers
or players each trying to minimize his own performance index. fhe system is
described by a vector differential equation and the performance indices are
“s functions of control input vectors and state vectors over some Pé;iod of
time. We consider the case where the system equation is linear and the
* a8 performance indices are quadratic functions of state and control vectors.

A particular strategy, or rationale for choosing controls, is the Nash
equilibrium strategy [1-11] which is appropriate when cooperation among
the plgyers cannot be guaranteed.

Definition 1.1: (uf,u;) is called a Nash equilibrium strategy set if

Jl (ui"u;) < Jl (ul:u’zk) (1.1a)

Qe

Jz(uf,u;) S_Jz(uf,uz) (1.1b)

—
| -

P

where uy is any admissible strategy for player i and Ji is the performance

.

-‘i

cost to player i.

The Nash equilibrium strategy has the advantage that if one player

T

deviates unilaterally from the Nash strategy his performance cost will not
improve. Notice that it is possible that there may be a strategy pair which
gives lower performance cost for both players, however that pair will not
have the property (1.1). When the sum of the performance indices is zero

the game is called zero-sum and the Nash equilibrium set satisfies the

familiar saddle-point condition. If the sum of the performance indices is




-
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different than zero the problem is called nonzero-sum. The extension of
Definition 1.1 to more than two players is easy.

When the system has slow and fast modes, the control problem is
ill-couditioned, that is, it is numerically "stiff.'" To alleviate this ill-
conditioning and to reduce the amount of computation, singular perturbation
techniques have been developed, some of which are presented in [12-16].

Typically, the full order singularly perturbed system is written as
il = fl(xl,xz,u,t,u) (1.2a)

“';{2 = fz(Xl:xz,U,t,H-) (1.2b)

where the states are xleRn, xzekm, the control is uERr and g is the scalar
singular perturbation parameter. The idea in regulator systems [16] is to
design an approximate control strategy based on lower order slow and fast
subsystems. The slow subsystem in the usual perturbation reduction technique

is found from

il = fl(xl,xz,u,t,u) (1.3a)
0 = £,(x;,%y,U,t,8). (1.3b) '3'
X9 is solved for from (1.3b) and substituted into (1.3a) to give the slow ‘g 3
i3 |

subsystem. This X, is substituted into the performance index for (1.2) and 5 g

gives a performance index for the reduced problem. -1 -

Definition 1.2: We say that a problem, (1.2) and its associated performance i
index, is well-posed with respect to the usual singular perturbation
reduction method if the cost for the full order problem tends to the cost ”]

of the reduced system, (1.3) and its associated performance index, as u-'0+.




An analogous definition can be given for the game problem.

Another method to reduce the amount of computation in the Riccati
equations is the introduction of a coupling parameter [17]. This idea has
been extended to the Nash game problem [18] whereby parameter imbedding
and series expansion,approximations of the Riccati gains can be found.

An application of singular perturbation theory to analysis of
large scale interconnected linear quadratic systems with fast and slow
modes and multiple controllers has been presented in [19]. This paper
assumes that each player employs an accurate representation of his area and
a '"dynamic equivalent" of the rest of the system. Using methods derived
from singular perturbation, Pareto optimal strategies are derived which
result in first order approximation to the optimal cost functions.

This dissertation examines the extension of singular perturbation
control theory to systems with many controllers using Nash strategy but
with each controller using the same system representation. We investigate
the well-posedness of linear closed-loop Nash strategies with respect to
singular perturbation. We restrict ourselves to linear strategies in view
of Basar's work on existence of nonlinear Nash strategies [20].

It should be noted that even if we design control strategies
which are within O() to the Nash ecuilibrium strategies we do not know in
what sense they are related to the Nash equilibrium concept. In view of

this we have the following definition.

Definition 1.3: A pair (ﬁi,ﬁé) is called an "asymptotic Nash'" equilibrium

strategy set if

NN il A AN A A Y i A9 D A R ISV S Nl 3 0 2 AT L.
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3, @)58,) < J;(uy,T,) + 0G) (1.4a)

IN

Jz(il,uz) + 0(u) (1.4b)

where Uy and u, are any admissible strategies.

This indicates that if we have an asymptotic Nash set that
unilateral deviation from the asymptotic Nash control will lead to at best
an O(x) cost improvement. In the limit as u-'0+ the asymptotic Nash pair
are a Nash equilibrium pair. 1In view of Definition 1.3, questions are
raised about how the approximate controls found in [18] by parameter
imbedding satisfy the Nash solution concept. It is expected that some

similar condition like (1.4) could be found for this case.

1.2. Chapter Preview

Chapter 2 considers the case of the zero-sum Nash game. A
composite control is found from two subsystems of the full system found by
using singular perturbation techniques similar to those in [16] which is
an O(w) approximation of the optimal Nash control and leads to an 00&2)
approximation of the optimal performance cost. The composite control formed
satisfies the '"asymptotic Nash' strategy concept. These results can also
be found in [21].

Chapter 3 considers the nonzero-sum Nash game. It is shown that
the nonzero-sum Nash game is ill-posed with respect to the usual reduction

procedure of singular perturbation. If the perturbation is due to

inadequately modeled fast dynamics, a reformulated performance index is

[SS—
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proposed which leads to a well-posed problem with respect to the usual
singular perturbation reduction technique. A control is formed which is
O(s) to the optimal Nash control based on the reduced system involving only
slow modes. If the perturbation is due to accurately modeled fast dynamics
a modified reduction procedure is presented which transfers fast information
to the slow game. A composite control is formed from modified slow game and
fast game calculations which approximates the optimal Nash control to O().
This composite also leads to an O() approximation of the optimal Nash cost.
It is shown that the controls designed in this chapter, whether the pertur-
bation is due to accurately or inaccurately modeled fast dynamics, satisfy
the "asymptotic Nash' criteria.

Chapter 4 considers a load frequency example consisting of a two

area power system. The two areas are identical and consist of a simple non-

reheat steam turbine generator. There is also a tie-line between the two T
areas. Controls are designed and state trajectories shown, to illustrate the

results of Chapter 3.
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2. SINGULARLY PERTURBED ZERO-SUM NASH GAME

2.1. Introduction

For control problems of high dimension, a major difficulty in
computing the optimal control is that the dimension of the Riccati equation
is large. In game problems this '"curse of dimensionality" is even more
pronounced. In this chapter we deal with a zero-sum Nash game on a
singularly perturbed system. The zero-sum game was chosen for study first
because it has the property that due to the fact that the performance
indices add to zero, the order of the Riccati equations is reduced and this
allows us to extend the singular perturbation theory for control problems
more readily than to a nonzero-sum game.

This chapter presents a design method to generate a "composite"
control based on subsystem calculations which is an O(u) approximation of
the Nash optimal control and which yields an OQJZ) approximation of the
optimal cost. The advantage of this composite control is that it is
computed from two reduced order systems. Also the value of the perturbation
parameter is not needed in the design of the controls. Moreover, since the
design is based on separate fast and slow problems the numerical stiffness
of the full order problem is relieved. The design in this chapter is

closely based on the work of Chow and Kokotovic [16].

2.2. Problem Statement

Consider a singularly perturbed time invariant system

Xp = Appxp tAppxy + Byyuy * By, x (0) =%, (.la)

BXy = Aj1X1 + Aggxy + Byjug + By,u, 2,(0) =%y (2.1b)

[
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where X5 Xy5 Up, and u, are n;, n,, m,, and m, vectors respectively and p

is a small positive scalar. Players one and two control uy and u,

respectively which they choose based on a zero-sum linear quadratic Nash

criterion given by

® [x.7']Q Q] [x

=L & 1 1 2 1 1 '
=3, =% : +uRju; +uRou)de. (2.2)
0 [%2] % Q)%

The usual definiteness assumptions are made on Ri and on !

Yy 9
Q= ; .
QY O
In addition, we require that i
g
ne 2.3)
Q3 Ry
where ’
R, =R, +B', @ 'q.als
1 TRy ¥ By (A7) Q4,58

= 1 1.1 -1
Q; = By;(4;5) Q34,,B,,

be nonsingular.

Player one desires to minimize J1 while player two desires to
minimize Jz. Since J1'+J2 = 0 players one and two are in direct conflict.
Any improvement in the value of Jl for player one constitutes a worsening of
the value of J, for player two.

The Riccati equations for (2.2) subject to (2.1) are well known

[18] and are given by

% ok - = ‘1 [] "1 L]
0 = -A'S-SA-Q + S[BR; B) +B,R, B,ls, (2.4)




A1y A By s o |

A= ’ B, = ’ B, = and X s
e R o | RN | »
") W B M L2 |
The Nash controls are given by
u, = -R;1B!Sx @.5)
i i 71 :

where S is a stabilizing solution of (2.4).

The system (2.1) is a singularly perturbed system and can be shown
to have two sets of eigenvalues o(l) and Og%). Because of the separation in
the eigenvalues the Riccati equation (2.4) is '"numerically stiff." That is,
because p appears in A and B1 the Riccati gain is dependent on . When u is
small it can take a very sophisticated computer routine to get a solution
to converge. We propose to take advantage of the two-time scale property
of (2.1) to get a slow and a fast subsystem to approximate the slow and
fast modes of (2.1) and then design a control using techniques similar to

those in [16].

2.3. Slow and Fast Problem Formulation

We get the slow subsystem of (2.1) by formally setting p =0 in

(2.1b) and solving for Xy assuming that AZZ is nonsingular. This gives

1 - - s
Xy -AZZ[AZIXI +B,,0; +Bzzu2] (2.6)

where the bar indicates that p =0. Substituting ;‘.2 for Xy in (2.1a) we get

the slow subsystem, letting X] =X, Ei =u;os

=" ons s BOluls + BOZ“Zs’ Xg (0) =x10 2.7)




e ——— N — =

where
s -1
Ay = A1p mAA0Ag
ud
Bos = Byg ~AppA0Byy o 11,2,

To get the corresponding slow performance indices we substitute (2.6) for
X, and let p—0 in uy and Xg. That is, replace uy with ug and X by Xg - r

This gives

®
- = 18 'a R
J1s = I ”{ (xgQyxg +2x,Q; (Byyuy  +Byu, ) +uy Ryuy g
T "2
+ “23R2u23 + 2ulsQ3u23)dt (2.8)

where

o~ -1 -1 e -1 ' -1
Q) = Q) - QAgohyy - (Ayhg1) Q + (Ayphy1) QhnsA,,
~ - -1 f -1 -1
Q = (Ay2851) Qhys - Qhy,
and ii and 63 are as defined earlier in this chapter. For (2.8) subject to

(2.7) the Nash controls are easily found to be

a S k=1 1A '
g P TR S R
At S - ' s 2.9)
U2s Q3 Ry| [ByoQ * Bk,
where Ks is a stabilizing solution of
. A ~7-1 )
B,.Q)+B..K [' |R, Q B, Q! +B!.K
P vetisay B I I oot O
BaaQ +BooRg| | Q3  Ry|  |BypQy +ByoK, i
|
« |
€3 To derive the "fast" part of (2.1) corresponding to the large §

L eigenvalues, let the slow variables be constant during the fast transient.

Defining Xe =X, -iz, U=y -y and Upge=Uy = Uy, the fast part of (2.1) is

-~
— —_—
el
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bxe = Azzxf + B, U + 322“2f 3 xf(O) =%X,07%p (0). (2.11)

The fast performance index is then
[--]
— = 1] ] [

Jig = JIyf %g (xgQqxg +uy Ry Uy ¢ Fuy Ryuy g)dE. @2.12)

The control for (2.12) subject to (2.11) is easily found to be
=1 . =

uje = -Ry Bul(fxf , 1=1,2 (2.13)

where : T4 A
0 = ~Q3-Kghyy-AyoKs +Re(By Ry Byg +ByoRy Byp)Ke. (2.14)

2.4. Composite Control Formulation

We will now design a control which is close to the optimal control

(2.5) utilizing the fast and slow controls found in the previous section.

1f we let
Ui e = sz_xf (2.15)
Uy GOixs (2.16)

where G2:l and GOi are designed based on some criteria then the control

Gi = Uig +u1f can be written as
B, ® ((T+6, AoiB,, Yo + Gihinhy s + CorALlB, G, )x
1 21822821)C01 + CGpyAxphyq t+ Gp389584G05)%s
-1 2
+G2i(-A22(A21+321G01+szG0j)xs +xf), 1.3=1,2; J&i. (2:17)

Approximating Xg by Xy and the last term in (2.17) by X, we have the

following lemma.

e (B LA R M0 i LS AR #3 s o 1 e ———

.g

i
1
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Lemma 2.1: If the controls
| g, = Gpi¥Xg , 1,§=1,2, 1#j (2.18)
| Ui = Gi¥*s v Bgd™1.2, 4141 (2.19)
| PR L TR G O . W
' ic Cp1892B91)C01 + Cp1h22R91 + Gp3899855C05)%;
+ By m, , 1,3=1,2, 1i#3 (2.20)
are applied to systems (2.7), (2.11), and (2.1) respectively and if
(A22+321G21+B22G22) is stable then for all finite t >0, then
x(t) = x_(t) +0@) (2.21)
B - -1 ’
xz(t) A22(A21+321G01+322G02)xs (t) + xf(t) +0@®) (2.22) 4
uy (8 = uy (£) + u(E) + 0G) y Emi 3, (2.23) 15
i
I » If in addition [A0 +BOIGOI+BOZG02] is stable, (2.21)-(2.23) hold for all :
te[0,=).
:'f Proof: See Appendix A. %
LS o
V As in the control case, Lemma 1 suggests that GOi and G21’ I=3.2;
"i can be designed separately and then used in a composite control defined by
ii (2.20). We will consider the composite control to be given by (2.20) with ’t
G01 from (2.9) and G21 from (2.13). The composite control can then be 18
, |
u written as :
"1 1 -1 ] -1 -~ ~ _1 g
1 H "ol . M1 "IIMTRAAnt Rl & ¢
=] ' -1 ' -1 =y .
‘ Y2¢ Sl “ByaKehaaBr1 Ry ByoKehyaBrol |3 Ry *. :
r - = :
E 1A ' -1 -1 -1
L 8510, +Bg1X, Ry By1Kghoohy Ry ByiKe] 3
E 1 - > 80! +B' K o R-IB' X -1 o N R-IB' X = & (2.24) r‘
g ) [B229 *BooK, Ry ByaKehaohy 2 D2ofe g
L |
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We would like to compare the composite control (2.24) and the Nash optimal
control (2.5). To do this we need some relationships between Ks’ Kf, and S.

Theorem 2.1: If S possesses a power series expansion at W =0, i.e.

s@ s

h|
oy (2.25)
1 3 us;(j) usgj)-

(7]
]
+
n™ 8

1
WS, KS, b

which implies that the slow game (2.7), (2.8) and the fast game (2.11),

(2.12) possess unique stabilizing solutions, then

5, = K (2.26)
= [-0,-4) |Kg-K Ap) +K (511“11321*312 Ry Byp)Kel -

"lay,-B 21“11 21%¢7 B0k 21 ByoKe i (2.27)

58 (2.28)

Proof: See Appendix B.

Theorem 2.1 demonstrates that the zero-sum Nash game is well-posed
with respect to the usual singular perturbation techniques of optimal control
theory. That is, (2.26) indicates that the performance cost of the full
problem tends to the performance cost of the reduced or slow subsystem as
u-‘0+. .

We would now like to compare the composite control (2.24) with the
full order Nash control (2.5).

Theorem 2.2: If S possesses a power series expansion at y =0 then
Ui =Yy +0@®). (2.29)

Proof: See Appendix C.
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Since we have the composite optimal Nash controls equal at W =0

we may write the composite control as

=11 KS 0
U = -Ri Bi : b4 (2.30a)
1) ST
= -r*a'M 2.30b
i cx @. )
where
K =8, =[-Q,-A),K.-K_A., +K (B R:18!. +B,.R:'B K] -
m " S p"Ag1Kg~K A g +K (B 1Ry "By +B1oRy Byo)K,

&1y = 51

[A22-321R1 B, K¢=ByoR, Bzzxf] . (2.31)

If the composite control (2.30) is applied to the full order system (2.1)

for performance indices (2.2) a suboptimal cost results which we write as

= - = '
ch ch %xocho (2.32)

where Pc is a stabilizing solution of

=11 1

- ¥ slot . 1. -1, '
0 = P [A-(BR; B; +B,R, B,)M ] + [A-(B;R;"B) +B,R, B,)M ] P,
+Q + M (8,R]"B! +B,R; BN .39
e S Wil e g i :

We would now like to compare the costs resulting from the

composite control application (2.32) and the Nash optimal control application
Jy = -3, = kx sx . (2.34)

Theorem 2.3: 1If Pc and S have power series expansions about u =0, i.e.

(1) (i)

P = ; &; Fe1 WE.o
¢ i=o 1. 1 (1) ()
27 BE3

s P o
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o i

g = + 3z & ‘
' j=1 i. (1) i)

_&sz HS3 HS, ﬂS3

then when Yo and u,. are applied to (2.1), (2.2)

3. tsicg +0@?). (2.35)

ic i

opt
Proof: See Appendix D.

Theorem 2.3 indicates that the composite controls lead to a close
approximation of the optimal cost. However, we do not know in what sense
the composite controls are related to the Nash equilibrium concept. To
define the relationship of the composite controls to the Nash strategy
concept we have the following theorem.

Theorem 2.4: The control pair (ulc’uZC) satisfies the asymptotic saddle

point condition
3y (uy50y) H0G) € 3y (uguy ) € 330 0u,, ) +HOG) (2.36)

where u, are in some allowed strategy set. (By allowed we mean that if
controls from these sets are applied to (2.1), (2.2) the resulting cost
matrix possesses a power series expansion at w =0.)

Proof: See Appendix E.

(2.36) says that the set (ulc’u2c) satisfies an asymptotic saddle-
point condition. 1In this sense, the set (ulc,uzc) is asymptotic to the
Nash strategy set and in fact (2.36) puts limits on the maximum improvement
possible if one player deviates unilaterally from the composite control

strategy.

A ST BER WE T
e 3%
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3. SINGULARLY PERTURBED NONZERO-SUM NASH GAME

3.1. Introduction

In this chapter we consider a singularly perturbed nonzero-sum
Nash game. In general the nonzero-sum game is more difficult to solve than
the zero-sum game because the order of the Riccati equations is higher and
we have coupling between two sets of equations. The singular perturbation
aspect of the problem complicates matters even more by introducing numerical
"stiffness' which is even more troublesome in the higher order problems of
the nonzero-sum Nash game than in the zero-sum Nash game.

The objective of this chapter is to examine the nonzero-sum Nash
problem from both a formulational and a computational standpoint to derive
near-optimum controls based on lower-order computations which yield near-
optimal performance.

We give an example of a nonzero-sum'Nash game whereby the natural
singular perturbation leads to a strategy which results in limiting values of
performance indices different from the limiting values of those corresponding
to the full order Nash strategy. In contrast we have shown in Chapter 2 that
the corresponding performance indices have the same limiting values when the
game is zero-sum.

We then show that a physically justified modification of the perfor-
mance indices consistent with inadequate modeling of fast dynamics results ina
well-posed singularly perturbed nonzero-sum Nash game problem when the natural
perturbation method is applied. With this modification, computational savings
can be gained and a close approximation to the optimal performance indices

obtained by order reduction of the Riccati equations.

RS L
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Finally, we present a hierarchical reduction procedure which leads
to a well-posed singularly perturbed modified slow game. This reduced order
slow game differs from the natural one in that it contains information about
the low order fast game. The problem is well-posed with respect to the
original performance indices for the full order game. Computational savings

and a close approximation of the performance indices are achieved.

3 3.2. Ill-Posedness of Nonzero-Sum Nash Games with Respect to Singular

Perturbation

Consider a singularly perturbed time-invariant system

k) = Appx) FALX) +Bu +Bou, 5 ox(t)=x,g (3.1a)
Wey ®aggsy f Aty BB S Bl G Bpltg) R, (3.1b)
and performance criteria
$ Qil Q12
: ' i oy
, I {l J [ ;2 Q4 |%, 1Rnul-i-uJRlJuJ}dt 3 1,3=t,2, i#j 3.2)

where W is a small positive scalar, Xy and X, are n,- and n2-dimensiona1

components of the state vector, uy and u, are m,- and m2-dimensional control

2

vectors to be chosen by Players 1 and 2 respectively in accordance with the

1

j Nash solution concept, and the control strategies are restricted to be linear
i feedback functions of the state. Denote
ok A B, 1 Q. Q.
‘ ¢ : A= 11 12 ST W 1i . Qi ! 1.2 :
]
,q! | %2 | | Agy /e Ayl |Bys /M| Uz Y3
S

The usual definiteness assumptions are made on Qi and Rij’ i,j=1,2. Also

Rii and Q13 are chosen so that

B
;Pl
i
%
i
i
|
3

4
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is nonsingular where

s 5 ' =11 -1

Rjj = Ryy *+ Byy(A55) Q349585

RPN -1, -1

Qi3 = By; (855)Q55495B, ;-
The nonsingularity of this matrix is necessary for existence of the Nash
controls both in the full game we define in the next section and for the
slow game we will define in this section.

The optimal closed-loop Nash strategy for Player i for (3.2) subject

to (3.1) is well known [18] and given by

= ~1 1
u; = -RiiBiKix 3.3)

where Ki is a stabilizing solution of the coupled Riccati equations given by

R ] -1 1 -1 ] -1 1
0 (Qi‘FKiA'+A Ki) + KiBiRiiBiKi + KiBjRjijKj + KijRjijKi
'1 -1 (] .
-K,B.R..R, .R.,B'K, for i,j=1,2; i#j. 3.
ot e LA e %3 (3.4)

Notice that since A and Bi are functions of the small parameter W, Ki is also
a function of . In general even for low order problems the presence of W
causes numerical "stiffness' in (3.4). For this reason and for computational
reduction the problem (3.1),(3.2) in the one player, i.e. control, case is
generally approximated by a lower order problem by formally setting W =0.
This produces a control which when applied to the full order plant gives a

close approximation to the optimal cost. 1In this section we examine the

standard reduction method.
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The standard approach to obtaining a reduced order model is to
formally set u =0 in (3.1b), solve for Xy assuming A22 is nonsingular, and
substitute in (3.la) to obtain

O v B A SR . ST ST )T X, (t) =x
1T (1781989989 1)%) + (B mA1 0899871001 + (BypmA15A5585,)T,, X (Eg) =x,
(3.5)
where the bar indicates that p =0. Rewriting (3.5) we get the "slow'" (since
setting b =0 is equivalent to saying that the fast states are infinitely

fast) subsystem

xg = Agxg + Byjup, + By,ug » Xg(tg) =%y (3-6)
where =
Ag = ApptAgphgohy s
paecis ey ol
Bot = By BohooByy - 1™1,2. |

The corresponding 'slow'" performance criteria found by substituting x, when

2
b =0 into (3.2) is

= = 'R
f {x] Qilx +sz 12(321u1§+B2Jqu)-+u R':Lluis"‘-"lst:i._-jujs

0 +2U Q } i’j=132’ i#j

§1 js

where
Qi1 = Q4170554 22 21” “‘22"*21) ‘o, + (AzzA 1) Q13A22 21°

~

Q, = (Azz Ayp) Q13A22 Q; 54, 22’

~ wdic f
Ry = Ry; + By  (457) Q;4A 22 21

Cor - ] =1, -1
Riy = Ryy * Byy(ap) QisAzszj'

"

Q3 = By (452)'Q;5A o Byj

Solving for the reduced order closed-loop Nash strategies, we have
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- _"‘1 ] g &y
usg = Ryj(BoyKyx o +By;Q . +Q;5u,.] (3.8a)
= Moz (3.8b)

where Kig is a stabilizing solution of
~ ] (I 1 A a
0 = -(Q;; +AgK; s +K;y Ag) +M; Ry M; My R M, +[Ry By, +0Q;,8, M,

+Mj's[B(')jKis+Bz'j6;,2]’ for i,j=1,2, i#j. (3.9)

Using the gain matrix Mis from (3.8b), we implement the control
u; = -M.isx1 (3.10)

and apply it to the system in (3.1). The resulting value of the suboptimal

performance criteria in (3.2) can be expressed as

1
3y o X'(tO)Vi, x(to) (3.11)
sub sub
where V, satisfies the Lyapunov equation
sub
. . . . ]
vy {A—Bi[Mis.O] -Bj[Mjs,O]} + {A-Bi[Mis;o]-Bj[Mjs,o]} vy
sub sub
1] ]
Qi1 *MRisMs ¥R M l' Q2
----- i e skl s T £3.12)
Q5 1 QU3

The matrix vis b depends on B since A and Bi contain 4. Hence the reduced
u
cost is dependent on W.
If the optimal Nash controls given by (3.3) are applied to (3.1),

the values of the optimal performance criteria are given by

Jg = % x'(co)Kix(to) (3.13)

where l(i satisfies (3.4). We wish to examine the nature of the optimal
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criteria Ji as 4~ 0. In particular we wish to verify if Ji approaches Ji
su
as U approaches zero. We will say that the reduced order game is well-posed
if Ji approaches J; ‘ as p— 0. Otherwise, we say that it is ill-posed. We
su

perform this comparison on a specific numerical example.

Consider the second order system

%) 1 27 [x, 1 B
= + uy + u, (3.14)
f<2 -1/ =2/ X, 2/w 2/u
x1(0) ; 1
_x2 (0). 2
with performance criteria
1ppoafz 1 2 2
1
Jy = EJ; {x [1 sz F uy + 2u2}dt (3.15a)
e TR .
il '
J2 = 2‘[.0 {x [1 ZJx + 2u1 T uz}dt:. (3.15b)
For this example, the resulting Kis and Mis from (3.9) and (3.8) are
= = é =
Kls KZS 5% .6804 (3.16)
and
Mls = MZs = .4082. (3.17)

Calculation of the resulting values of J1 for several values of U are given

in Table 3.1. Because of symmetry, J1=J2=J. It is seen that the limit of

Ji as W~ 0 is different from the corresponding limit of I . This discre-
sub

pancy between the J's in the neighborhood of w =0 indicates that the reduced

order Nash strategy obtained by the standard method is ill-posed.

-

e
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Table 3.1. Comparison of optimal Nash and suboptimal
costs for several values of u

V) <5 .2 .1 .01 .005 .001 0

J 1.3012 | .73245 | .5425 |.3724 | .3630 |.3630 | .3536

1.84127 | .86558 | .59083 | .36420 | .35217 | .34259 | .3402

Jsub

3.3. Regularization of the Cost Functional Consistent with Inadequate

Modeling of Fast Dynamics

wndmm

The manner in which the singular perturbation approach could be

e s AT

modified so that we have a well-posed problem depends on the reason for the
appearance of the singular perturbation parameter in the system model. 1In
this s<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>