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ABSTRACT

A theore t ical analysis is presen ted for trea t ing the

free vibra t ions of submerged , ring-s tiffened cylindrical

shells with simply supported ends . The effects of the ec-

centric stiffeners are averaged over the thin-walled iso-

tropic cylindrical shell. The energy method is utilized and

the frequency equation is derived from Hamilton ’s Principle .

Al l three degrees of freedom are considered . Numerical re-

sults are presented for the frequencies of several example

shells. Comparisons with previous theore t ical and experi-

mental results indicate reasonably good agreement for shells

immersed in wa ter ., but poorer agreement in vacuum . The in-

accuracies are due to limitations of the Donnell type ortho-

tropic shell theory used. The procedure appears well adapted

to preliminary optimization studies of shells immersed in

water under minimum natural frequency constraints and for

optimal separation of the lower frequencies .
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iv

NOMENCLATURE

Symbol Description

A - Fourier coefficient

Ar 
- Cross-sectional area of stiffener

[A] - Frequency determinant

A1~ 
- Elements of frequency determinant

CB} - Amplitude vector

c - Acoustic velocity in the fluid

D - Flexural stiffness of isotropic cylinder

wall , Et 3

12(1 ~~~2)

E - Young ’s modulus

- Distance from cylinder middle surface to
line on which acts

F1 
- Defined by equation (3.21)

G - Shear modulus

H~~
2)(KR) - Hankel function of the second kind , of

order n and argument KR

h - Thickness of cylinder

h~ 
- Stiffener dimension as shown in Figure 2.1

I - Moment of inertia of stiffener about its
centroid

- Moment of inertia of stiffener about middle
surface of cylinder

J - Torsional constant for stiffener

— 
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V

K~(~R) 
- Modified Bessel function of the second

kind , or order n and argument ~R

- Coefficient of the equation for potential
fluid flow

L - Length of cylindrical shell

- Ring spacing (see Figure 2.1)

M - Mass per unit area

M
~ 

- Moment resultant in axial direction

- Moment resultant in circumferential direction

- Shear moment resultant

Myx 
- Shear moment resultant

m - Number of long itudinal half-waves

N - Stress resultant in axial direction

N - Stress resultant in circumferential direction

• 
~~~ 

- Shear stress resultant

N’ - Externally applied load resultant in
X x direction

N’ - Circumferential . stress resultant due
to applied pressure

n - Number of circumferential waves

P - Total pressure

- Hydrostatic pressure

P - Radiated pressurer

- The amplitude of the radial pressure

L ~~~ _ _
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• R - Radius to middle surface of isotropic
cylinder.

• T - Kinetic energy.

• t - Time variable.

V • - Potential energy.

u,v,w - Displacements in x,y, and z directions ,
respectively (axial, tangential and
radial).

x,y, i - Orthogonal coordinates defined in
Figure 2.1 Cx and y lie in middle
surface of cylinder or plate).

- The amplitudes of displacement.

- Distance from middle surface of
• cylinder to centroid of stiffener.

~~~~ ,y - Memb rane normal strains and shearing
y V strain .

CxT~EyT~ YxyT~ 
- Normal strains and shearing strain.

- Defined by equation (4.22).

1.’ - Poisson ’s ratio.

- Circular frequency .

P - Density.

- Velocity potential function .

• - The amplitude of the veloci ty
potential.

Subscripts

C - cylinder -

i - Integer

j - Integer 

—. 

~~~~~~~~~~~~~ — —  ___ - . .  - - — . - • ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ .... _
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r - Stiffening in y direction .

w - Water.

A - Prestress state.

B - Small changes away from prestress
state.

A comma indicates partial differentiation with

respect to the subscript following the comma.
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CHAPTER 1

INTRODUCTION

Since the early efforts of Rayleigh [1] ’ and Love [2],

the vibration of shells in a vacuum has been extensively

analyzed. Typical of recent work on prestressed , eccentric-

ally stiffened , cylindrical shells of finite length are the

investigations by McElman , et al. [3], using the orthotrop ic

or smeared stiffener approach and Harari and Baron [4], who

consider discrete stiffeners.

The dynamic interaction between shells and fluids has

also received considerable attention . Junger [5, 6, 7]  was

the first to analyze the free and forced vibrations of a

cylindrical shell submerged in an acoustic medium . He treated

an infinitely long, cylindrical shell utilizing plain strain

analysis. The transient response of a submerged , infinitely

long , ring-stiffened cylindrical shell has been studied by

Herman and Klosner [8] and Lyons , et al. [91. A submerged

cylindrical shell of infinite length , having radial surface

motion over a stiffened , finite section has been studied by

Paslay , et al. [10].

Recently, some interest has been directed toward optimi-

zation of submerged shells with eccentric ring stiffeneres

under natural frequency constraints and or with dynamic

merit criteria [11-13]. Unfortunately, this early work

1Numbers in brackets designate references.

L .. .. —~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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utilizes an invacuo vibration model which yields excessively

large frequency values.

The objective of this .ffort is to develop a more ac-

cura te model for  such op t ima l desi gn studies. Donnell type

orthotropic theory along the lines of Ref. [3] is used in

this  pre l iminary  study because of i ts  computa t iona l  s i m p l i c i t y .

Conservation of computational effort is quite importan t for

preliminary optimization investi ga t ions , since it is des ir-

able to perform parametric optimal design studies so as to

determine the characteristics of optimal designs and since

optimization for even a single set of desi gn parame ters of ten

requires  several hundred to several  thousand se ts of fre-

quency determinations . Thus , it is desi rable  to use the

simples t model capable of genera t ing reasonable  resul ts for

such studies.

This report therefore describes a procedure for the nat-

ural  frequency de termina t ion of submerged , eccen tr i c a l l y  r ing

sti f f ened , cyl indr ica l she l l s .  The e f f e c ts of eccen tr ic

stiffeners are averaged over the thin-walled isotropic

cyl indr ica l  she l l .  The cas e where axial , tangen tial , and

radial  mo t ions of the struc ture are considered as well as

where only radial motions are included. Boundary conditions

are established and satisfied at the fluid-structure inter-

face , y i e ld ing  express ions  for  the radia ted p ressure . The

deriva t ion of the f requency equa tion is accomplished by de-

fining the Donnell type of nonlinear strain displacements
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for the shell and its stiffeners , fo rmu la t ing the po ten tial

and kine tic energie s of the sys tem , and then appl ying Hamil-

ton ’s P r inc ip l e .  A ~
. 
~t of appropriate nonlinear equilibrium

equa t ions and bound ary condi t ions are derived . The non l inea r

equa tions are used to derive l inear  equa t ions tha t govern

small vibra tions of the system and a three-degree freedom

and a one degree of f reedom f requency equa t ion are ob tained .

The frequencies are numerically ob tained. For the three

degrees of f reedom formula t ion once the values  of f r equency

have been ob tained , the cor responding  ra t ios of radia l , axi al ,

and tangen tial ampli tudes may be evalua ted . Th e numerical

resul ts ob tained from the presen t ana lys i s  for  several cases

of in teres t are given in Chap ter 5 . Reasonably  good agree-

• ment is found with other theoretical investi gat ions and

wi th exp erimen tal resul ts for  the case of she l l s  immersed in

wa ter . Poorer agreemen t is found for  the case of she l l s  in

vacuo or air.

-“-
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CHAPTER 2

GOVERNING FIELD EQUAT IONS

The well  known f i e ld  equa t ion for  a homogeneous acous tic

fluid medium [141 is
1 ~~
c2 t2

Wri tten out in terms of the notation used herein:

+ + 
1 2 

+ = 
1 ~~~ ( 2 . 1)

ar 2 r ~r r 2 3 (y/R)2 ax 2 c2 at 2

in which ~ is the veloci ty po ten tial func t ion , c is the

veloc ity of sound in the fluid , t is the t ime var iab le , x

is the shell  coordina te paral le l  to the axis of the struc-

‘ture , (Figure 2.1), r- is the variable describing the distance

from the shell surface into the fluid , and y is the c ircum-

feren tial coordina te a t the mean shell  radius R .

The velocity potential , ~~~, and, the radia ted p ressure ,

can be wri tten as

= ei~~ ~cos~~~ ~~~ ( 2 . 2 )

= e~~~
t 

~ r 
cos sin m~x (2.3)

in which c~ is the amp litude of the velocity potential , 
~r

is the ampli tude of the radia l  pressure , w is the c i r cu l a r

f requency ,  m is the number of axial  hal f  waves , R is the

mean radius  of the c y l i n d r i c a l  sh ell , and L is the leng th

of the cylindrical shell. 

- - •.-
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Substituting equation ~ .2) into the governing field

equation (2.1) for the fluid medium yields:

+ 
1 a~ + - n~ - 

m 2 rr 2 )
~ 

= 0
ar 2 r ar c2 r2 L2

Let

J(2 = )
2 

~aj~
_ 

~ ( 2 . 4 )

If the fluid is assumed to be infinitely extended , the

solution of equation (2.4) for an outgoing wave is given by

(Kr)  ( 2 . 5 )

in which H~~(2J is the Hankel function of the second kind of

• order n , H~~(2) - jy~ .

• The constant A is evaluated by ensuring that the velocity

of the shell and the velocity of the fluid medium are equal at

the shell-fluid interface , r = R , i . e .

____ = 
a~ (2.6)

at

For a shell simply supported at each end , the radial

deflection is assumed to be

w V7e~~
t sin ~~~~~~~~~ cos ~~~~~~~~~ (2 .7 )

in which W = the amplitude of the radial deflection .

Substituting equations (2.2) and (2.7) into equation

(2.6) results in

= ( 2 .8)

Upon substituting equation (2.5) into equation (2.8),

the cons tan t A can be wri tten as
- iw~’ I

KH~ 
2 (KR)

A
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CHAPTER 3

ENERGY OF THE STIFFENED STRUCTURE

Consider an axisymmetric structure consisting of a

cylindrical shell with reinforcing ring stiffeners. In the

cylindrical portion -of the structure , the displacemen ts of the

shell are defined by the three orthogonal components u , v ,

w , in the x , y, z directions respectively, which are functions

of the coordina tes x and y only at the middle  surface  (see

Figure 2.1).

Potential Energy

The strain energy of the unstiffened thin-walled iso-

tropic cylinder [15 ] is

h 2irR L

Vc 
= 

2(1-p 2) 
~~~~~~~~~~~~~~ +

~ 
2
~~xT

CyT + 
l
;~ 

~xyT 
)dxdydz (3.1)

in which CxT~ ~yT and 1xyT are the total norma l and shea r ing

strains , E is Young ’s modulus , and ‘~.t is Poisson ’s ratio. A

cylinder may be considered thin walled when the thickness Ft

L sufficiently small compared to the radius R. Usually,

R/h > 60.

_ _ _ _ _ _ _ _ _ _  ________
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The Donnel]. type nonlinear strain displacement relations used

here are
C

T U
T,x 

+ 2

. ‘
~T ,y + w/R + ~ w ,~

?xyT UT ,y + VT,x + ~~~ W ,~ (3.2)

where

UT U - ZW ,~~

VT 
a - :w~~ (3 3)

The quantities u ,v’, and ci are the displacements of the

middle surface of the cylinder wall. Thus ,

C xT a ~~~ + 
~~‘ W ,~~ 

- ZW ,~~~

C YT 
a + + - ZW ,~~~ ( 3 . 4 )

1xyT 
a + v ,~ + w ,~ - 2zw ,~~

After  integr ation with- respect’ to- z-, - the cylinder s t rain

energy becomes
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2irR L

Vc 2(1~~ 2) f  f  (
~~ 2 + + 2

~~xCy 
+ 1j~ ‘4w) dxdy

r
~-21TR t L

+ 

~ J J [ w ,~~ + ~~~~ - 2uw ,~~w ,~~
0 0

+ 2 (1-n) w ,~.,] dxdy (3.5)

where

• ~ — c p Qx xT i-z

Ey~ l a O

a ‘
~
‘ — 0xy x y T i z

If the displacement in the cylinder and stiffening rings

are continuous and the properties of the s t i f fen ing  rings

are averaged over the spacing ~., the total strain energy [12]

for the stiffening rings of spacing ~ attached to the shell

is found to be

— .
~I

. —— ~~~~~~~~~~~~~~~~ 
-—

~~~~~~ 
——. - —

~~ 
—

~~~

.- —
~~~~~~~~~ 
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.

• Vr 

2~ R 

1

L 

~~ 

C 
~~~~~~~ ~

- 

GrJr f w4~dx)dy (3 .7)

The f irst  term in equation (3 .7)  is the strain energy

of extension and bending . The quantity dAr is an element of

cross-sectional area of the stiffening ring , and GrJr is the

twisting stiffness of the ring section . Subst i tu t ion  of the

f i rs t  of the equations (3 .4)  into equation ( 3 . 7 )  and integrat-

ing over the area of the s t i f fening  ring yields the following

expression for the stiffening ring strain energy

S

Vr J

Z~ R 

1

L 

~ 

Br 
(A r~y

2 
- 2~ r Ar e~ w ,~~ +

‘or w~~~)+ 
GrJr w ,~~ I

dxdy [3. 8J

• •~~-~~~-~~~ • L
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Here 
~r is the distance from the middle surface of the

• isotropic shell to the centroid of ring cross-sect ion , and

‘or is the moment of inertia of the s t i f f en ing  ring with re-

spect to an axis in the middle surface of the isotropic

shell. It should be noted that 
~r is positive for a stif-

fening ring on the outer surface of the shell and negative

for a ring on the inner surface.

The poten tial energy of external pressur e and an

externally applied axial load resultant  
~~ 

(positive in

compression) is

vp 
1

2~
Rj  Pwdxdy +

2trR1- UT 1 Z a e ]  L
(3.9)

- ~~~~~~~~~~~~~~~~~ •~~~~
--———

~~~~
-
~~~~~~~~~

— -— - 
~~~

-— - - -
~~~~~~~~ 

-
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where

- function of 
~h in this case

- 

~h 
+

- constant external pressure

radiated pressure

The quan tity ~ is the distance from the middle surface of

the isotropic shell to the line on which the load resul tant

acts.

The potential strain energy of the comb ined structure

can be writ ten as the sum of the energies of the cylindrical

shell , the s t i f fen ing  rings , and the loads as follows :

V - V~ 
+ Vr + V~ (3.10)

Kine tic Energy

The kinetic energy of the system can be written in

term s of the kinet ic  energies -of the- --cy l-in&rical she-l i -

segments and the s t i f f e n i n g  rings.
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The kinetic energy of the un st i f fened thin-walled

cylinder is

1

L 

j

2~ R 
P~~h (~~2 + ~~2+ *2 )d~ d~~(3 11)

in which is the density of cylinder material .

The kinetic energy of the s t i f fening ring is

Tr 
a 1.

L 

1

27r R 

~ r (~~
Z
~~ 

~~~~ *
2 )dxd~~(3 . 12)

in which is the density of ring mater ia l .

The total kinetic energy of the system is

T 

1

L 
fZ7r

R 

(~~
2 + ~~~~ ~2) d ~ d >/ (3.13)

- 
_-

~~~~~

— ~~—---~ ~~~~ - 
•-~~-~--~~~~~~-- -.--
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where 

• A
M + 

~r 
_!. (3 . i4 )

is the average or distributed mass per unit area. - 

-~~~~~~~ --- — _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _____
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CHAPTER 4

- FREQUENCY EQUATION DERIVATION

Equation of Motion and Boundary Conditions

The partial d i f fe rent ia l  equations and boundary con-

ditions are derived from Hamilton ’ s principle
.

f

t 2 
[T - V] dt 0 (4.1)

1 

-

H where T and V are the structural system ’s kinetic energy

and potential energy respectively .

The three motions of this conservative system from a

given ini tial conf igura tion to a g iven f inal conf iguration

in a time interval (tl, t2) are obtained by allowing variation

of the three displacements 6u, 6v and 6w to be a rb i t rary

and u t i l iz ing the fundamental technique of the calculus of

variations [16’]. From equation (4.1), the three equations

of motion are derived as fol lows :
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u ,xx + 
~~~ ~~~ 

+ I? ~~~~~ 
+ 

~~~~~~~~

1+
+ _2J~. (v ,~~ + W

~~y
W
~~xy) - M u = 0

1 [
ErAr (l~~~2)J 

~~~~~ 
+ w ,y 

+ W~yW~ yy )

+ ~~~ (u ,~~~+ ~~~~~~~~ 
+ 

~~~~~ 
(v ,~~ + 

~~~~ 
w ,~ )

- 

E A  
(l~~2) ~~~~~~~~~~ = 0

DV~ w + 

~ 
+ 

ErAr (v~~+ ~~ + ~
. w ,;7 )

2 z E A
+ 

Er (• I r + 

~
‘
r Ar ) W~yyyy - 

r r r (V~yyyy

+ W~yy + W~yy + W~yW~yyy ) +

+ 
(l-~~

2 )R 
(u ,.

~ 
+ ~~ w a x )

— - - - - - -

~

• -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+ 

~~ 2 [u ,~ 
+ 

~~
. w4 + ~.i (v ,y 

+ + 
~ ~

i~y)1 ~~~~

- 

1~~~
2 I + R + 2~ 

+ 1~ u , + 
~~
. w4)]w,yy

• E A• r r  1 —
- (v~~ + R + 

~ 
- Z

r
W
~~yy~ W~ yy

- 2 Eh + v , w , w , ~ ~~~~, - •
~~~~~~~ = (4.2)

2(1+1.1) Y X X y1 xy

The necessary and sufficient conditions to cause the

equation (.1) to vanish during the variational process (3.1)

• 
- are to zero the remainder part in addi tion to the equa tion of

motions . Then the natural boundary conditions are established.

These conditions at each end of the stiffened cylindrical shell

are:

D [ W ,xxx + (2-u) W
~xyyI

- 
~~~~~ 

{ ~~~~ 
+ ~~~ w4

+ ~x (v ,~ + + w~~ )] w ,~ - 2 ( i+~ij 
(u~~ +

+ w ,~ ~~~~~~~ = 0 

—-- •~~~~~~~—- - •- -  - - - - -- -— --,--—-•- - -- -- -- - -— --- — ——-~~--- - -- - ------ •-•- - - 
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or w = 0

D ( w ,~~ + u w ~~~ ) - =

o r w  = 0‘•x

~~~~~ 
{u ,~ 

+ 4 w4 + u (v , + + 4 w~~)]

+ = o

or u = O

Gt ( U~~y 
+ v,~ + w ,~ W~ y) 

= 0

or v = 0
(4.3)

Equations (4.2) may be conveniently r ewr-itt en  in terms

of the stress resultants as

-— - --- -~~~~~~~~~~~ • --— ~~~~~~~~~~~~ • - - —  - -- —-—-- -—- —-~~~~~ ..-— --~~~•— - -—-~ ---••— - 
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— . 
N x x  + Nxy,y 

- = 0

Ny y  + - = 0

- M  + M  - M  - M  +x ,xx xy,xy yx ,xy y,yy

- N~~ w,~~~
- N~ w ,~~ - 

~~~~~ 
w,~~ + P

• = 0 (4.4)

The boundary conditions (4 .3 )  may be rewri t ten in

‘~~~~ . terms of stress resultants as

Mx,x 
- (M xy,y 

- Myx y)+ N~ 
W
~~x 

+ 
~~~ 

w~~ = 0

or w = 0

= o

or w ,,~ = 0

_ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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o r u = O

0 o r v =  0 (4 .5)

where

- 

a ~~~~ [u ,~ 
+ 4 w ,~ + u ~v,7 

+ + 4 w , ) ]

- J  ~~~~ 
{v ,~ + + 4 w ,~ ~ u ~~~~ 

+ 4

+ r r  + + ~~
• ~~~ - Zr 

w~~~~)

a Gh ( v ~~ 
-

~~ 
v,x 

+ w ,x w~~ )

- Mx = -D ~~~~~ 
+ u w~~~)

= -D (w ,~~ + 

~ 
- 

ErIr 
~ 

-

+ 
~~r 

E A  
(V . \. + - 4 ~

,; - 
~~~~~ w ,~ ,,)

-- —- -~~~ - ——  -- - --- -• -- ---— -- -- - —~~~ - - •• --- • -  ___•_ -__s •_ -__ • _ _ ____ • _ -~~~~~~
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M _ Gh3 
~xy 6 ‘xy

.Myx ( G~
3 

+ r
1
r 

~ 
~~~~ 

‘ (4.6)

Vibration Equations

The equations of motion (4.4) derived in the last section

- ‘ are used -to obtain linear equations which govern the small

amplitude vibrations of a prestressed , eccentrically stiffened ,

cylindrical shell which is submerged in a fluid medium .

The deformations associated with the vibration of a

prestressed cylinder are divided into two parts as follows :

U = U
A 

+ U
B

V V
A

+ V B

w WA + W B (4.7)

The first part , denoted by subscript A , is an axisymmetric

• - 
static prestress deformation which occurs prior to excitation

at one a-f tire na tural frequencies. The second part , denoted
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by subscript B, is a small additional deformation which

occurs as a result of the excitation . Since the A sub-

scripted quantities are static they are axisymmetric

deformations; therefore, the terms ~~~~ ~~~~~~ MWA and all

derivatives with respect to y vanish.~ The equil ibrium

equations which govern these deformations are foun d from

equations (4 .4)  as

1~~

~~~~~~ 
a Q

NxyA ,x 
a

NyA 4 8+ - L1
~~~~

W
A ,xx + 

- 

~h 
= 0

If there is no appl ied shear , equati on ( 4.8) y ie lds

a 0

If we let all derivatives with respect to y equal

zero for axisyminetric deformation , a set of appropria te

boundary conditions are foun d from equations ( 4 . 5 )  to be 
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+ N~~ WA = 0

or W
A 

= 0

.

M~~~~~+ F ~~~ 0

or WA X  
= 0

+ a Q

or uA 
a

NXYA 
= 0 ’

or VA 
a 0

where

N~~~ 
- 

l~~:2 
[ UA ,x + - 4 W~~~ ~u 

~~

~~~~~ 
-
~~~~~~~~~~

- -



NYA 
a - 

~~~~ [ + u 
~~A ,x + 4

+ 
ErAr WA

NXYA G WA X

~

The equil ibrium equations and boundary condi tions

which govern the dynamic deformations (subscript B) are

obtained by substituting equation (4.7) into equation

~~~~ and (4.5). By eliminating the axisymznetric pre-

stress equations- , and retaining only linear terms,

i.e.- neglec-t ing the high ord er terms under the smal l

amplitude vibration assumption , the following equations

governing the dynamic deformations (subscript B) are

obtained:

NX B X  + NxyB ,y 
- MU B = 0

NyB ,v 
+ MXyB X 

- M~ 3 = 0

~

- -

-

--

~

--

~ -
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- M  + M  - M  - MxB ,xx xyB ,xy yxB ,xy yB ,yy

N
+ -.~~~~~~~• 

- N
~~

wB ,xx - NXB W A X X  
- NyA W3yy

+ 
~r 

- ~~~ a 0 (4.11)

and the boundary conditions become

MXB ,X 
- (M~~ 3~~ 

- MyXb ,y) 
+ N~~ W B X

+ NXBwA X  
a 0

or WB = 0

MXB 
a 0

or w3~~ a

NXB 0

o r u
B 

= 0
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N - 0xyB

or V
3 

— 0 (4 .12)

where

w
Et B

NXB 
a 

i~ ii 2 
[uB,X 

+ W
A X  

W
B X  

+ 11 (v B Y  +

NYB 1!:2 
[v 3,~ + + u (u3~~ 

WB
+ r r  (V B y  +

- Z
r 

W B yY )

a Gh (u3~~ 
+ V

B X  
+ W

A X  
W
B y )

MXB 
- -D(wB,XX 

+ u

_
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MyB -D (W B y y  + u wB Xx) 
- 

ErIr

— 
ErAr WB —+ Z

r (V~~y 
+ - Z

r 
WB Yy)

~&yB 
_6

~~

_ W
BXY

- + 
G~J~ 

~ 

W
BXY (~ .l3)

Frequency Equation Derivation

Assuming a constant prestress deformation the solution

equations are

PR
~xA — - 

~x 
-

NyA - - ~~y 
- - PR (4 .14)

Equation (4.-il) may now be written as

-

~

- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• - 
N X B X  + NxyB y - f~T a

I

N~3~~ 
+ NXYB,X 

- g VB 
a

- 

~~~~~~ 
+ MXYB XY 

- M
YXB Xy 

- MyB yy

N
+ _ _ _  + N w  + N w -  + px B ,xx y B ,yy r

- M w B 
a 0 (4.15)

The displacement u3, vB and WB which satisfy simple

support boundary conditions are given as

U
B 

a 
~ e~~

t cos 
~ 
miTx ) sin 

~ 
n~ 

~

VB -- V e~~-t si~n 
~ 

mix ~ ( fl~~ )

W
B 

- W e~
Wt 

~~~~ 
~ 
m TTx cos ( ‘~~~ ) (4.16)

1
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The equation (2.11) gives

= 

~~ ~ 2 f (~ ) e~~ t 
~ sin (

m lix ) cos ( 9~ )

where in is -the number of axial half-waves and n is the

number of circumferential full waves. If equations (4.16)

are substituted into equation (4.15), taking into account (4.13),

and the immediately preceding equation , it yields

- (Mw 2 + Eh i n i T  + Gh ii 
-

1-u 2 L R

-
+ 

~~~~~~ 
(U
~ ?~u 

+ Gh) v - 

i -u 2 = 0

_ _ _ _  + Gh) ~~ - 
(~~~~z + 

i-~u
2 R2

+ 
E A  

+ Gh V - 
fl Eh

R 2 L 2 R 2 1_ lI Z

+ 
E A  

+ 
E A ~~~n

2 
= 0

~~~~.— • __ ~-s_.I- --•— --- — 
•—- - _- — — -—-- - —- —.- — — — —- — -— - — —  — -_~---———.  —-—- —-
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uEh n / Eh E A

1-u 2 R2 “ 1-u 2 1

- +
~ 

E~ A~ Z f l  

~~ 

v - 

{D ~ 
(
~~~~

, +  
~~ 

) +  2~ (
~~~~~~~ )

Gh 3 G J  mn rr 2 E l  n+ 
1. 

) (
~rit ) + 

1 (~~)

+ 

1RZ 
[1 + Z

r (~F 
2 

Z
r 

~~~~
-)

~~

+ 

i~~u
2 R 2

- 
~~~~~~ 

~~~~~~ ~ 
~y 

(~
) - + 

~ w ~~ I w 
2] ~ = 0

(4.17)

The las t of these equations contains a term involving

f(w) which may be real or complex , depending on whether the

K2 of Equation (2.4) is negative or positive , respec t i ve ly .

When f (~ ) is complex , the real  par t may be cons idered as the

“added mass ” effect of the fluid and the imag ina ry  par t a

form of dampin g assoc ia ted w i t h  ene rgy  los s to th e f l u i d .

For the range of frequencies of interest here for shells
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immersed in wa ter , K2 , w i l l  u sua l l y  be neg ati ve , and thus

f(w) is real. Thus , for  the purpose of th is study , a fre-

quency equation where f(w) is real is developed.

Equation (4.17) may conveniently be written as

[AJ~~B = 0 (4 .18)

where

U

CB} = V

w (4 . 19)

This is no t , however , a l inear  eigenv alu e prob lem , s in ce

occurs in f ( w ) .

-
~~~ For the cas e where f (~ ) is real , the determinant of

the displacemen t c o e f f i c i e n ts , when set equal to :ero , yields

a sixth-order equation of the circular frequency

= 0 (4 . 20)

where

= A 2 1 = 
rn nrr  (Gh + 

uEh

• •  •~~~ • • -
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i

A a = 
.~Eh m~r

13 31 i -u 2 r~

A23 = A32 = - [ 
~~~~ 

+ 
E A  

~~ 
+ 

-

~~~~~ 

f l Z
)]

A11 = - (g~~
2 + 

i - u 2 + Gh )

A22 = - + Eh 
+ 

ErAr 
~~~~~~ -‘~ Gh

i-
~~

2 R2 R L2

A33 = + 
~~w 

f (w ) ]  w z 
[D{(~~~; + + 2 ~~~~~~~2]

+ ,Gh
3 

+ 
GrJr nui~r 2 E

r
Jr n ~

~ )(LR 
) + ( v ’)

E A  2
+ 

_r r r 1  + ~~

- ,~.a +

R r

+ 

1-lI2 R 2 
- 

~~~ 
(~~~

_ )
2 

- 
fl

— (.1 . 21)



-~~~~ 

- 

34
L~~ The result of [A] = 0 is

A 3ü~
6 + A 2~~ 

+ A 1~
2 + A 0 = 0 (422 )

where

F1 _ [M +

F Eh m i r  
+ Gh ~~2 1-u 2 L2 R2

F3 
a 

e~
1._. + EA )  ~~~~~

- + Gh m 2ir2

F 4 = A12 
a + Eh) ~~~

F5 
= A23 

a -  

~~~~~~ 
+ 

E A  

~r

~Eh mlrF6 = A 13 — 
1-u2
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F7 = D + ( ~ ) 
+ 2u (~~~ - )J

G1i3 
G J r mnir 2 E l  ‘4

+ 1 )(rr ~
) + 1 (

~
)

I 
+ 

ErAr + Z
r 

+

I 
- 

+ 

~~~~~~~~ 

2 
- N’

~ ~~~~~~~~~~~~~~ 

2 
- ~~ (

~ )
Z

(4. 23)

and.

A 3 
= F

1~
2 

-

- 

A 2 ~~{F 1(F2 
+ F3) 

- gF
7J

A 1 
a F1 [~ 2 F3 - (F 4)11~ ~ [~~~2 +~~~~~3) 

F7 
- (F 5

) 2 ~~(F 6) 2 }

A0 =~~(F4)2 - F2 F3]F7 
+ (F 5

)2 F2 
+ (P

5)
2F

3

+ 2F4 F5 F6

L 

(4 .  24)

—--

~ 
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After the natural frequency, w , is obtained by equating

the determinant [A] to zero and substitution of the the value

of w into equation (4.18), the non-trivial solution will pro-

vide the amplitude ratios from the three algebraic equations

of the coefficients of U, V AND W.

Where only one degree of freedom is to be considered ,

only the radial surface motion of the system is permitted

and other surface motions are neglected. The frequency

equation is derived from equation (4.20) by equating Mw 2

terms to zero in A 11 and A22. This equation has the fol-

lowing form :

+ A = 0 ( 4 . 2 5 )

Numerical  Procedures

Bo th the three and one degree of f reedom frequency equa-

tions (4.22) and (4.25), respectively, must be solved numer-

ica l ly  s ince some coef f i c i en ts are func t ions of w . For this

report , a sequence of values of w were substituted into the

left hand side of equation (4.22) and a bisection method

employing the second rule [17] was used to locate a root when

a change in the sign of the left hand side occurred. This

technique was used to inves ti ga te the possibility of multiple

real roots. None were found. A similar procedure was used

for the single degree of freedom equation for programming

convenience .

Such procedures  are , of cours e , too compu ta t i o n a ll y
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wasteful for optimization work . In the optimal design situa-

tion , one almost always has a very close , or may obtain a

reasonably close , estimate of the value of w satisfying equa-

tion (4.18) or (4.25) . Thus , one may effectively use suc-

cessive substitutions to solve these equations in relatively

few i te ra t ions . For example , equation (4.18) may be treated

as an eigenvalue problem , where the f(w) term is computed

using the close approximation , to obtain a still closer ap-

proximation. This procedure would be repeated until conver-

gence occurred. Equation (4.2S) could be solved similarly.

Thus , although the computational effort associated with fre-

quency determination of submerged structures would be several

times greater than those invacuo , the amount of effort would

still be low enough for preliminary optimization studies ,

F 
since the invacuo studies were not particularly computation-

ally demanding [12], particularly if the one degree of f r ee -.

dom equation yields satisfactory accuracy .
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CHAPTER 5

RESULTS AND COMPARISONS

Five example shells were analyzed in vacuum and in water

so as to examine the effect of immersion in water , examine the

• accuracy of the formulation described herein , and compare the

accuracy of the Donnel l  type and Flugge type shel l theor ies .

In addition , for several examples the effect of stiffener ec-

centricity is examined.

The first group consists of three shells developed in the

studies of Ref [11] and desi gn examples  us ing  a minimum fre-

quency constraint from Ref [12] immersed in sea water at a

depth of 1,000 feet. They will be referred to as examples 1,

2 and 3, respectively. These shell are analyzed in water and

invacuo , where for the latter the effects of the hydrostatic

pressure of immersion are considered. Shells with outside

stiffeners are also analyzed in addition to the inside stif-

fened confi gura t ions of Refs  [11 ,12 ]. The parame ters used

for these studies are

R = 198 in., L = 594 in ., ~ = 0 .33 , E = 30 x lO6 psi ,

~
c 

= x l0~~ s l u g/ i n 3

~~~r
= 0.969 x l0~

’
~ slug/in3, c = 60 ,000 in/ sec , Dep th

of immersion 1000 feet

Where for example 1

h = 1.2056 in., ~ = 30.r in., h , = l l . 0  in. ,

h2 
= 0.3071 in., h3 = 10.363 in. , h~ = 0. 373 in.
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for example 2

h = 1.2216 in., 
~ 

= 33.85 in . , h 1 
= 20.72 in., h 2 = 0.4653 in.,

h3 
= 17.55 in., h4 

= 0.3950 in.

and for example 3 
-

h = 1.1623 in., ~ 
= 16.71 in., h1 

= 9.411 in.,

h2 = 0.1832 in., h3 
= 5 .937 in. , h4 

= 0.2010 in.

These shells differ primarily in the nature of their stiffeners.

Example 2 employes relatively large , widely spaced siffeners ,

while Example 3 uses relatively small , c lose ly  spaced st i f f e n e r s .

The e f fec t of immersion in wa ter , of ignor ing  the u and

v motion components and stiffener eccentricity are very similar

for all these examples. Thus , only the results of Example 1

are presented in tabular form . I t may be seen f rom Table 1

and Figure 5.1 that the natural frequency characteristics of

the invacuo model for shells immersed in water is grossly in-

accurate , particularly with respect to frequency separation

which is much less in water . Thus , the invacuo model does not

seem appropriate for optimal frequency separa t ion studies .

Other differences are also apparent. Althoug h there is

a substantial difference between frequencies computed using

three degrees of freedom [Eq. (4.22)] and one degree of free-

dom [Eq. (4.25)] with the invacuo model , particularly where

n = 1, this difference is for practical purposes negli gible

for shells considering fluid interaction effects of water. The

largest difference for shells immersed in water also occurred

n = 1. However , here the difference was typically only about 

- - - -~~~~~~~ - - - - ---- — —.-- --
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12C \ \\\ ~~~~
/ 

IN VACUUM

lb \ \ \ \ ‘\
N~~~O \ \  \

\ \\ / /~
~~~~~~ 9C

~~~8C I
~~~70 1/

‘ ‘ \
‘

~~ 
...‘

~~~~~~ 6O \\

2C~~~~~~~~~~~~~~~~~~1: Y7~~~~~~~~~~~~~~~~~
\ IN SEAWATER

IC m=2
m 3

0 I 2 3 4 5 6
n—n umber of circumferen tial waves

Figure,5-l Natura l Frequencies of Example I Shel l
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Tabl e 1. Natura l  Fre quenc ies  H: E xample  1 - I n si de Fr ames

m 1 
_ _ _ _  

2 3 
_ _ _ _

n ( 1) (2 )  ( 1) (2 )  ( 1) (2 )

0 2 9 . 4  2 9 . 4  39 .5 39.5 46.8 46.8

1 2 3 . 0  2 2 . 4  4 3 . 9  4 3 . 5  5 6 . 7  56 .5

2 10.3 10.2 29.3 28.9 44.6 44.4

3 6 . 9 6  6 . 9 0 19 . 8  19 .6  33 .4  33.2

4 13.14 13.08 18.8 18.7 28.1 28.0

5 24.8 24.7 27.2 27.1 32.1 32.0

6 
— 

40.4 40.3 41.9 41.8 44.6 44.5

0 162 158 159 158 158 157

1 107 76 .8 133 123 142 139

E 2 34.3 29.5 81.7 74.9 108 104

3 18.6 17.6 49.1 46.6 76.1 73.4

4 30 .8  3 0 . 0  4 2 . 4  4 1 . 2  6 0 . 0  58.6

5 53.1 5 2 . 2  56.8  55 .9 64 .5 6 3 . 6

6 8 0 . 8  80 .0 82 . 2 81 .4 85 .2 84 .4

(1) Three degrees of freedom

(2) One degree of freedom 

-~~~~~~~~~~--—- -—~~~~~~-~~~~~~-—~~~~~~~~~~~~~~~—---- -- - -
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3 per cen t. Thus , only one de gree of f reed om need be con-

s idered  fo r  such s h e l l s .

Comparing Tables 1 and 2 , it may be seen that stif-

fener eccentricity has little effect except at the lower

frequencies where outside stiffeners produced lowe r values.

Thus , for optimization under a minimum frequency constraint

inside stiffeners seem more effective .

A comparison of Donnei l  vs. Flugge theory for Examples

1 and 2 is given in Table 3. It may be seen that Donnell

theory yields substantially higher values for the lower in-

vacuo frequencies. As will be seen from Example 5 , this

difference represents a greater inaccuracy on the part of

the Donnell theory at these frequencies.

Example 4 is used to provide some corre la t ion be tween

the present analysis and experimental results for shells im-

mersed in water. Unfortunately, the differences in end con-

ditions cloud the comparison somewha t. St i l l , this  com-

parison is useful since for such shells the effect of end

condi tion is not great. A comparison with experiments in

air is also provided.

For this example;

R = 20.25 in., L = 60 .75 i n . ,  
~ 

= 0 . 3 , E = 30 x lO6 psi ,

= x l 0 ” s lu g/ i n 3, 
~~ 

= 0 . 9 3 4  x l0~~slug/in
3,

c = 60 ,000 in/ sec , Dep th of Immers ion  5 fee t .

h = . 1 7 7  i n . ,  ~ 
= 3 . 3 7 5  i n . ,  h 1 = 1 .783  i n . ,

h2 
= 0 , h3 

= 0 , h 4 = 0.181  i n .
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Table 2. Natural Frequencies Hz Example 1-Outs ide Frames

in 1 
_ _ _ _  

2 3 
_ _ _ _

n (1) (2) (1) (2) (1) (2)

0 29.4 29.4 39.5 39.5 46.8 46.8

1 23.2 22.5 14.3 43.1 57 .4 
_______

~ 2 1 0 . 2  10 .0 30.3 28.8 46.4 46.0

~ 3 5.85 5.79 20.5 20.3 36.0 35.7

~ 4 12.1 12.1 18.4 18.3 30.3 30.1

S 24.2 24 .0 26.2 26.0 32.8 32.6

6 40.0 39.8 40.8 40.6 44.2 43.9

0 162 158 159 158 158 157

1 109 77.4 134 125 144 141

2 34.5 29.2 85.3 7 7 . 4  113 108

3 15.8 14.2 51.5 48.2 8 2 . 7 7 9 . 1

~ 4 - 2 9 . 0  2 7 . 8  4 2 .0 40.2 6 5 . 3  6 2 . 9

5 52.3 50.8 55.2 53.6 66.7 64.8

6 80.7 79.0 80.9 79.1 85.3 83.4

(1) Three degrees of f reedom ana lys is

(2) One degree of f reedom an a l y s i s

J
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Table  3. Compar i son  of Fr equenc ies  wi th Me thod of Ref [11]

Example 1 Example 2

(1) ( 2 )  (3) (1) (2 )  (3)

— Hz 12.03 1 ’ .6 18. n2 2 8 . 3 7  3 6 . 7 0  4 1 . 5 0

— Hz 22.90 29.52 30.81 51.96 58.58 60.88

— Hz 30.30 30.00 34 .27 51.96 68.17 7 0 . 5 5

(1) Bronowicki et al. Flu~ ge th eory three degrees of

freedom

( 2 )  Present analysis. Donnell theory one degree of

freedom

(3) Present analysis. Donnelltheory three degrees of

freedom

t
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It may be seen from Table 4 that the one degree of free-

dom model used here provides reasonable agreement with experi-

ment. Considering three degrees of freedom produces sli ghtly

poorer results due to the inaccuracy inherent in the Donnell

theory for shells of such parameters . Agreement is better

for shells in water than in air. This is , of course , expected

since the inaccuracies in the Donnell theory affect only the

shell stiffener terms and thus this improvement in accuracy

in water indicates that the fluid-structure interaction model

yields good results.

The final example is used to provide a more extended com-

parison between Donnell and Flugge theories. The paremeters

for this study are : -

R = 10.2 in., L = 30.0 in., p = 0.33 , E = 10 x lO6 psi ,

2.54 x l0~~ s lug/ in 3, p~ = 9.69 x l O 5 slu g/ i n 3,

C = 60 ,000 i n/ s e c . ,  Dep th of Imm ersion 0 feet.

h = 0. 330 i n . ,  1. = 5.00 in., h1 
= 1.00 in., h2 = h 3 = 0,

h 4 = 0 . 3 7 5  in .

The results for the invacuo study are compared in Table

5 with those given by Harari and Baron [4]. It may be seen

that at the lower frequencies the difference is again quite

pronounced , although proportionally less than in Examples 1

and 2 , where stability effects contribute substantially and

thus Donnell inaccuracies are compounded. Divergence between

theories increases with increasing m and decreases with in-

creasing n. Unfortunately, at larger n , where agreement be-

.- _--- ---------- - - - — ~~~~1flfr~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~ 
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Table 4. Comparison with Paisley et al. [10]

Natural Frequencies Hz

m 1 2

n (1) ( 2 )  (1) 
- 

( 2 )

2 
- 
128/134 147 414 509

3 204 218 382 428

4 373 395 466 512

5 599 657 655 733

6 860 999 902 1046

2 2 6 2 / 2 7 0  322 - 921

3 369/ 383  4 24 - 738

L _ 4 650 719 760 809

S 990 1127 1036 1089

(1) Experimental results from [10]

(2) Present one degree of freedom analysis
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Table 4. Comparison with Paisley et al. [10]

Natural Frequencies Hz

in 1  2

n (1) (2) (1) ( 2 )

2 128/ 134 147 414 
— 

509

3 2 0 4  218 382 4 2 8

4 373 395 466 512

5 599 657 655 733

6 860 999 902 1046

2 2 6 2 / 2 7 0  3 2 2  - 921

-~~ 3 369/383 4 2 4  - 738

4 650 719 760 809

5 990 1127 1036 1089

( 1) E x p e r i m e n t a l  r e s u l t s  f rom [10]

( 2 ) Presen t one degree  of f r eedo m analys is 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Table 5. Comparison with Experiment and Harari and Baron

Na tural  Fr equenc ie s H z

m 
_ _ _  

1 
_ _ _  _ _ _  

2 3

n ( 1) ( 2 )  (3) (1) ( 2 )  (3) 
- 

(1) (2 )  (3)

- - - - - - 3020  3105 3096

1 1232 1133 1526 - - - - - -

H 2 6 2 7  640 756 - - - - -

3 787 8 3 _  9 2 2  1190 1194 1381 1602 1650 1923

4 1310 1432 1483 1503 1575 1764 1806 1826 2183

5 1938 2253 2253 2059 2331 2483 2276 2 4 7 4  2839

6 2594 3276 3205 - - - 2 6 0 2  3424  3753

7 3179 4466 4334 - - - - - 
- 

-

8 3728  5853 5637 - - - 
- 

- - -

(1) Experimental results Ref [18]

(2 )  Harar i and Baron or tho tropic  theory [4]

(3) Presen t on e degr ee of f r eedom ana lys i s

_ _ _ _ _
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tween theories  is good , orthotropic theory produces poor re-

sults [4].

Thus it appears that , althoug h the present method gives

reasonabl y good results for shells immersed in water , use of

the Flugge theory could significantly improve accuracy.

Example 4 was also examined for effects of stiffener

eccentricity and ignoring the u and v motions as was Example

5, which was also analyzed for frequencies immersed in water.

Results produced followed closely those of Examples 1-3 with

regard to these effects except that the effect of stiffener

placement and use of only one degree of freedom were even less

significant in Examples 4 and 5.

—

~
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CHAPTER 6

CONCLUSION

The interim procedure for calculation of frequencies of

submerged shells described here seems quite adequate for pre-

liminary optimization studies of shells immersed in water.

The simplicity of the shell model and the fact that only one

degree of freedom need be considered allows rapid evaluation

of frequency behavior , an important asset for optimization ,

which usually requires several hundred sets of such evalua-

tions for the determination of one optimal desi gn. For all

modes of interest here the radiated pressure was real and thus

the procedure readily allows consideration of the fluid inter-

action effect. Thus , the existing method seems well adapted

for preliminary optimization under a minimum frequency con-

straint or for preliminary optimal frequency separation prob-

lems involving the lower frequencies.

Use of a Flugge-type shell theory would improve accuracy

and make the procedure useful for design purposes for such

problems . Extension to treat cases where the radiated pressure

is complex is also strai ghtforward.

The primary limitation of this method even with the

above extensions in treating the optimal frequency separation

problem is the possible presence of active inter-ring vibra-

tion modes at the optimum [13]. Realistic treatment in such

_________________________________________________________________________________________
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circumstances requires , use of discrete theory [4], [19] and its

— associated large computational effort . Even this extension is

probably tractable in li ght of current optimization develop-

ments [20 ,21]. The other important limitation results from

the fact that the end effects of fluid interaction with the

shell are ignored. These effects would play an important role

in frequencies associated with primarily axial models , although

these fluid effects should be less important here than they are

for primarily axial modes. The inclusion of these effects is

a formidable problem particularly if an approach considering

these effects is to be used for the purposes of optimization.

Thus , the prospect of early development of reasonably accurate

optimization procedures for primarily axial frequency separation

seems remo te.

_
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