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CHAPTER 1

INTRODUCTION

1.1. General

The purpose of this thesis is to develop a recursive algorithm
for state estimation for systems with uncertain models. In many areas
of electrical engineering, control and communication for example, the
problenm of estimating a signal is a very important one. When the
system model is completely specified it was shown [1] that an optimal
solution can be obtained under some assumptions and for various optimality
criteria. However, in many practical situations such a complete descrip-
tion is unavailable, therefore the system's model can only be specified
in terms of the unknown parameters. It was shown in [2], [3] among others
that the use of an incorrect system's model and noise covariances in
particular have a dramatic effect on the system performance and often will
give rise to a problem called "Filter Divergence"”. When a complete model
of the system is unavailable there are mainly two methods for estimating
its states: (a) Adaptive Estimation, (b) Mimimax Estimation. The
adaptive approach can be roughly classified into four categories.

Bayesian [4], [5], Maximum Likelihood [6]; Correlation [6], [7];
and Covariance Matching [6], [7]. In Bayesian Estimation one tries to
obtain a representation of the a posteriori density function viz f(xi,elYi)

where x1 is the state, 9 is the unknown parameter, and Y, is the collection

i
of observations up to i{. An a priori knowledge of the system and its
statistics is a necessity.

The Maximum Likelihood method tries to estimate a parameter when

there is no a priori knowledge of the parameter available, i.e. one tries



to solve the '"Likelihood Equation'".

2 gy, |o)] = 0. (1.1)

~

e-eML(Yi)

The correlation method had been used mainly in time series
analysis and econometrics. The basic 1&ea is to correlate the output of
the system either directly or after a known linear operatiom on it.

Two different methods can be developed by considering
a. The autocorrelation of the observation {yi}.
b. The autocorrelation of the innovation process.
Usually the above schemes have good large sample properties but for small
sample the adaptive schemes yield state estimates which have large
error variance.

A minimax solution to an estimation problem, minimizes a given
cost function for the worst case values of the unknown parameter. A more
in depth treatment can be found in [1], [10], [11]. In general Minimax
schemes yield too conservative estimates for large sample and good
estimates for small sample.

A third method which can be thought of as an intermediate
between classical and adaptive estimation is the "Joint Detection and
Estimation" schemes. Several authors ([12], for example) have considered
joint detection-estimation schemes in which it is assumed that the signal
to be estimated is present with probability P < 1. The system structure
consist of a detector which decides whether a signal is actually present,
and an estimator to provide the estimate when the detector's decision is

affirmative. The above scheme assumes a priori knowledge of the

A




underlying probabilities. An extension of the above approach to the case
of M possible modes have been developed [13]. Another approach suggested
Pearson [18]: design the estimator ii as a Minimax estimator and
perform the detection via classical methods. An extension to [8] was
suggested by [14], [15] by assigning a cost to the entire detection and
estimation scheme and to minimize it.

The purpose of this work is to develop a recursive algorithm

that will be the extension to [14].

1.2. Problem Statement
Consider the discrete-time linear system satisfying a state

equation of the form:
= =
xk 1 ® (k+1,k) xk i IOk Wi k= 0;1,.-. (1.2)

and observed in additive noise

Vel = Cerr¥esr ¥ Viewr S et Va3
where
Xk’ Y, are n, m dimensional vectors respectively. The vectors ;#, vk,
and p, and m dimensional uncorrelated, white Gaussian noise processes
with zero mean and covariances Qk and Rk’ respectively, where without
of generality we can consider only the problem where the unknown parameter
appears only in Qk' The extension for the case in which the unknown
parameter appears also in Rk is straight-forward. It is assumed that
Qk is of the following form:

Qe = %y

where QOk is a known positive definite matrix, and € - is an unknown




parameter which satisfies at least one of the two bounds under the
following hypotheses:
. <
Hy: CRE )
. <
Hl' 6 Sa
It is desired to estimate the state Xk of the system based on the past

observations {yi, 115k}l =Y The proposed approach attempts to :

K
derive a recursive algorithm for state estimation in uncertain linear
dynamical systems with unknown noise parameters.

The proposed scheme attempts to retain the small sample
properties of the standard minimax estimator while having good adaptive

properties for large observation records. For convenience equation (1.2)

may be rewritten as

Na 8%t Ja Fk e (1.4)

where W is normalized to have unit covariance, and hence Fk is appro-

priately defined.

1.3. Thesis OQutline

In the following the proposed approach is investigated. 1In
Chapter 2 we describe the approach used to derive the recursive algorithm.
Chapter 3 discusses computation procedure and some relevant computation

aspects of the problem.




CHAPTER 2
PROPOSED SCHEME
2.1. Proposed Approach
Since our uncertainty on the unknown parameters appears in the
form of bounds, a joint detection and estimation scheme seems to be the
most promising. The joint detection and estimation approach can be
described as follows [1l4]. Let the measurement space Yk = Rmk be divided

into two exclusive and exhaustive regions Yl(k) and Yz(k). The estimation

is to be performed according to the rule

-~

X, = ik<i) if v, €Y@, 1=0,1 2.1)

where §k is the estimate of Xk and ik(i) is the estimator appropriate
to eGHi, i=0,1.

One approach suggested by Pearson [8] is to design ii to be
the minimax estimator of x for 6 GHi with respect to some cost function,
and then given these estimators to design an optimal detector using
classical detection techniques like Generalized Likelihood Ratio.

Another possibility is to assign a cost to the overall joint
detection estimation scheme and to optimize it. This approach is very
appealing since detection and estimation are closely related to each
other. 1In fact it was shown [9], [10] that both the causal minimum
variance estimate of an arbitrary signal process corrupted by additive
white Caussian noise and its associated error covariance matrix can be
obtained from the sequential Likelihood Ratio by means of simple formulas.
This refined approach can be described as follows:

Assign an overall conditional cost denoted by C(8) to the

overall joint detection and estimation. One possibility for a cost




function is to choose C(8) to be the CMSE "“conditional mean square error'"

defined by

2 ~ 2
c(s) ® gf WS Y le} . (2.2)

Since 9 is unknown in (2.2) we cannot proceed with the minimization of
(2.2). Instead a modification to (2.2) which can be thought as a

minimax related approach was introduced [14]. The cost function will be
optimized with respect to the decision rule (i.e. the estimators appropriate

to © EHi, i = 0,1; and to the detector). We require that the estimator

max C(8) g RS G {2.3)
) EHi

Since this problem is a multiple objective optimization problem, a direct
solution of (2.2) cannot be further considered. Instead a scalar cost

functional C is to be minimized and is defined by (2.4)

C =1, max C(8) + i max C(8) (2.4)
g EH ® €H
1 0
which can be viewed as a generalization of Magill's performance criterion.

Here XO’ A, are weighting parameters that measure the relative importance

1
associated to errors in each region Hi' The analogy can be drawn as follows:
The case where the regions in our problem formulation are

mutually exclusive and exhaustive is equivalent to Magill's, where the Xi

represent the a priori probability that Gi €H The objective now is

i
to minimize C with respect to Xk+1' The cost functional (2.4) was proposed
in [14] for the static case. We consider its extension to the dynamic

case. However, both the decision regions and the estimators depend on the

entire observation record Yk’ and requires increasing computational



complexity and growing memory requirements with k. Consequently, a sub-
optimal recursive approach is proposed. Let (2.2) and (2.4) at stage

k+1l be written with a slight modification.

Cppy @ =Bl Xy - X o) IPl0) 2.5)
and

€ = max C, .. (8) + A max C, .. (8) (2.6)

kHl ¢ H, k+1 g € B, k+1

where we assumed without loss of generality that Xo in (2.4) is equal
to 1.
In minimizing the expression (2.6) at stage Xk+1 we assume that
the earlier decisions remains unchanged i.e. we don't try to update
the earlier estimates ﬁj(i), j =k, i=0,1, and the corresponding past
decision regions. We restrict the problem to be recursive by searching
for an estimate which is only a function of the present observation
yk+1 and the previous outputs of the states of the states such as
ik(i), i=0,1 and the likelihood ratio. As a result the overall scheme is
not globally optimal but stage by stage optimal. In order to continue
with the minimization of (2.6) several approaches are possible.
1. Proceed with an exact solution of (2.6)
2. Assume an estimator's structure and then proceed with
the minimization.
The second approach was chosen mainly because of the possibility

that approach (1) can lead to an intraceable solution [15]. Therefore,

assume that the estimator's structure appropriate to region 8 € Hy is

given by the following expression, which is motivated by the Kalman filter:

]

SRISIS—— S



) = 4K 0) By (@) By = GaB @) 1201
@.7)

We still haven't said anything about the functional relationship between
the estimate of X denoted xk+1~and the estimator appropriate for

8 €H i = 0,1 denoted ik+1(i). Since we have shown already that the

i 3
introduction of a scalar cost functional (2.6) is a generalization of
Magill's performance criterion, we have decided to use the generalized

Magill's relationship between the estimate of X and the appropriate

estimators. Therefore, choose the estimate by

¢ G ® A O X

(2.8)
k+l T+ A g (1,0)
where
£(y, .. 19,)
A k+l' 1
A a2 2 f(Yk+1|90) 2.9)

is the likelihood-Ratio, and f(Yk+1

iven Si. From the definition of (2.10) it

lei) is the conditional density
function of the output Yk+1 g
is apparent that the avove relationship can be used for cases where

we have more than two associated regions, therefore, more than two

estimators. Illustrating the point for M = 3 i.e. i = 0,1,2 we have

: K1 (0 * Ay (10D Xy (D) + Ay 2,0 X,y @)

. (2.10)
Tt ‘ 1+ A, (1,00 + A, (2,0)

where Ak+1(1’0) and Ak+1(2,0) are defined as:

s £¥]0)

(1,0) = E?§T§57 (2.114)

Ak+1




f(Y[Gz)
Ak+1(2’°) = Y eo) (2.11B)
In what follows we shall denote Ak&l(l’o) by Ak+1'

2.2. Derivation of the Scheme

Based on equation (2.8) we can draw a block diagram of the system given
in Fig. 1. In our case the detector is a device that calculates the

relationship given by (2.8) and also updates the likelihood ratio Ak' The

substitution of (2.8) into (2.6) results in:

- Eegg O + A K )
. = aux B - = 1%e
K+l GEHI{ Kie+1 T+ R, l}
Figy @ + hrd )
+ A\ max ES| - 1 +1 Il |6} (2.12)
eeﬂo{xkﬂ T+A A

Utilizing the estimator's structure as given by (2.7) it is apparent that

we can choose Kﬁii and Kéii as the parameters that will minimize the CMSE

Ek+1 in (2.12). We now substitute the expressions for the filtered

estimates )Ek+1(i), i = 0,1 as defined by (2.7) into (2.14), and take the

derivatives of (2.12) with respect to Kéii, i = 0,1 as shown in detail

in Appendix A to arrive at the result.

~

aC

k+1 { 4 r ] 1At - S ! 1At
- oax {E{-NAK OF OnCL, - AKX O,

0=
()]
BKk+1 =y H1

- f bl 1A ™ . 4 Bl L
(Mo + MWAT, wXe(Oaucy ) - MoBa K OwTycy )

- MR AK WwTick, - My+Mper ww Tice, - TAL Ovy

- NAK WV = (Mg +M) B wevy

(0) s 5 1At > 2 1A o At
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A€ HO
a_nd
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Where no, ﬂl, ﬂz are combinations of the likelihood ratio

defined as follows:

1 B nalinn. 5 (2.15)
1 +84)

>

Ak+1_ ~ (2.16)
(1+A )

y
"k+_1__2 @.17)
(1 +Aeyy)

>

and no. M, and ﬁz are their corresponding expected values.

3

These equations will have to be solved for Kéii, i=0,1, to
yield the desired estimate. In order to solve these equations the expected
values in (2.13)-(2.14) have to be evaluated. Note that only conditional
expectations, assuming past observations fixed, are taken. However, the
question of how to represent the likelihood-ratio arises? Since we
have shown before that the sequential likelihood ratio is closely related
to the minimum variance estimate and its associated variance, a

sequential likelihood ratio formula given by [10] was chosen.
Let '

Mewr = exp (L) (2.18)
then

1 £ ;
Lgp =L *7 Indet R, -7 Indet (C P yly Crpq ¥ Rrwy)

T AR S e : § ko
+ 7 VeatRet Vit ~ 2 Tt ™ St ' Coont Pt [kt + Rt

" % 2.19
1~ Crti®) ( )

e
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In order to find the appropriate expectations, the probability density
function of the incremented part in (2.19) needs to be derived. For a
complete analysis of the derivation of the density and the resulting
expected values involving the likelihood-ratio see Appendix B.

The formula given in (2.19) has three parts, the first depends
only on the past, the second is measurement independent, and the third
is measurement dependent. It was shown (B.3)-(B.6) that the likelihood

ratio can be represented as:

1
- det(C i P |k(OC4 + Reqr) ]

3
; = + In
o1 "Wtz |
det (Cy 1P |k (DC41 + Ryeqy)

b § » < ‘ -1 o -
* 2 O " ek O Crn P [ O% 41 * Resr?  Oiegn ™ Cen X (O

1 s - ' -1 % &
* 2 Ol " Gt ()" Crn P [k D% + Rt T ™ G AieXy (1))

(2.20)
Equation (2.20) may be simply expressed as defined in (B.1)-(B.7)

which with (2.18) results in:

= exp(y, + £ X'(0)G, (0)X, (0) - + X! (1)G, (1)X, (1)} = exp (v, + Z)
M1 " T R\WIR IR 2 G (DG (LK, K
(2.21)

Each of the quadratic forms in (2.20) is a generalized chi-square

with n degrees of freedom, (see Appendix B). In order to evaluate the
expected value of (2.21), or a combination of it as appears in (2.13)-(2.14)
we need to find the density function of the random variable Z which appears

in the expoment of (2.21) and has the form:

z = 3 [X! (0)G, (0)X, (0) - X} (1)G, (L)X, (1)] (2.22)
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The exact density of Z is not possible to express explicitly
hence an approximation is used as shown in Appendix B. The final asymptotic

expression for the density of Z is given by

2
/ Wy n
cmz o? 2-1 ;
1 2 £ t
2.2 n o, o o ialbun: B R -
0 L T P A >
£ (t) = (2.23)
" n
T 28
1 i W (-t) £
Z..6 n nn 0 a8 PN I ¢ £%9
1+ e 207

2 2
where 01 and 02

moments of Z. Due to the lengthy derivation only the general approach

are parameters to be obtained from the first and second

will be given here, and a detailed analysis is given in Appendix C.
As shown in Appendix C the mean and variance of the approximated density

(2.23) are given by

mean - n(ci - cg) (2.24)
4 4
variance = 2n(oi + 02) (2.25)

These parameters are compared to the mean Bo and variance ﬂl of Z which can

be aqomputed directly from

B, = E{2z} = % E{X! (0)6, (0)X, (0) - X{ (1)G, (L)X, (1)] (2.26)

B, = £{z%} - Bg = 2 E{ (X} (0)G, (0)X, (1) - xi(l)ck(l)xk(1)]2} . Bg (2.27)

The exact expressions of BO and 31 are given by (C.30) and (C-31).

The resulting equations become




&= oo

-~

15

By = n(c:z1 g ag) (2.28)
8, = Zn(c‘{ + c‘z‘) (2.29)

where Bo' Bl in (2.28)-(2.29) are assumed known. Substituting (2.28) into

(2.29) and solving for cg = g we arrive at an equation of the following form,

lmz

(Poe ve|. oL
g + §) +E°} - =0 (2.30)
to be solved for £.

The solution for cg as in (2.30) may not be real which implies
that our approximation to the density of Z is not adequate. Consequently
the following two alternatives are considered:

(a) The expression for 0’2 is real and positive, which is satisfied if

2
28,

B, > == (2.31)

In this case the approximation for the density is given by (2.23) with
2 2

parameters J,,J,.

(b) If the expression for crg is complex or negative the general model

(2.23) cannot be used to approximate the density of Z. In this case,

three different cases are distinguished

1) 32 50 >0

then we approximate fz(-) by a single Chi-Squared density

o,

2 1

t =t
£ (t) = exp {1, t>0 (2.32)
& 20’?1" (%) {202;}

S 2
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with parameter

8
2 0
o = (2.33)
(2) 1f ﬁo <0
then we approximate fz(-) by a single Chi-Squared density
3-1
- (-t £t <0 (2.34)
o e bt e :
Z n/2 n~n 7
27 T 20,
with parameter
g
2 0
o, = - (2.35)
(3) If BO = 0 we shall assume that P(Z=0) = 1 Note; that
the motivation for this case stems from the fact that at the
initialization stage we may have
Xy =X (2.36)
then
l ~ = ~
A 5 XO(G(O) G(l))(0 (2.37)

which in many practical cases will either have G(0) > G(1), G(0) < G(1),
or G(0) = G(1). It is unlikely that such a case will occur after
the initial stage.
Now that the density fz(t) has been determined, we now proceed
to find the expected value of the functions T, nl, and M, of Ness
previously defined by (2.15)-(2.17). The expectatiomns of ﬂo, ﬂl, and ﬂz
are derived by using (2.21) and the density of Z (2.23), in the definition

of expectation.
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n
5] -1 2
( 1 -y . i
L n(-e ") l+n+— . £>0
(2% +52)1™% =0 ( 20i>
E{M,} =
s < 1 1 el & 3
) 7 /2 = n(-eY) <——E + n-1> s & <D (2.38)
[2(01 + 02)] n=0 202
\
n
-y ® n-1 ot ]
( e T n(-s") (—15 +n-2) ,t>0
[2(01 -k 0'2)] n=0 20'1
E{T]l} " < n
e’ - Y i 1 % ]
3 7 /2 L n(-e') (-_E + n) , £<€0 (2.39)
[2(0’1 + 02)] n=0 202
\
@™ -1 -E
1 2 2
Z n(-e ') —==tn =1 s £ >0
[2(% + 212 n=0 <Zai )
e{n,} =
: < 1 o B -3
s L u(e’) |=ceas 1) ,t <0 (2.40)
[2(] + o1V n=0 205

where the details may be found in Appendix B. Before proceeding to take
the expected value of the terms in (A.21), (A.23) which are the final

expressions for (2.13) and (2.14) a few definitions will be needed.

B[, (0) £L(0)) & B, (©) 2.41)
3 e(E ) F ) (2.42)
| E{X (0) X (1)} &s, (2.43)

Using the above definitions and the results obtained for the expected

value of the likelihood ratio and its functions we proceed to take the
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the expected value of (A.21) and (A.23) to result in the following equations

for the gains Kéii w1 =01,

- ) Sy n At _® 3 1A - n n 1A
0 . K1(<O) MMl ke @81 ™ A i = Mo +1P8 1 Q TeChy
+1

= (0) first .
+ MoKt ot 1P| 4 Chin * @ Coin T Gl * Ry !

* ﬁlKli-]f.-i[Ck+1Akslv<A1'<cl'<+l 00 % 5 * Pa]

MA@ - Tasiaier, - #7819 T 10y

- ﬁOKl(cg-i[Ck+lAkPk|k(o)Al'cCl'cH * B0 T % * R

+ ﬁlKlE-];i[Ck+1Aksl'<Al'<Cl'c+l * 9041 NIl * Ry 1 gra )
0= =70 = - AL - TAR DAL - T T QTG

-7 1At 7 (0) 1At tat
158 Qe TeCitn ¥ MoRiet1 (et iS il @ Creart T kCrt1

A (1) et ‘
* Ren] F oKt AP e (DA G + © Oy Qe TiChy * B!

_~ ot & 7 tAt
+ A{-M,A S .A'C TI?_A karkck +1

e NAJA

1At -
1 ALy - NeT

- 1At
M50 01 Q Tl

1 (0) L} ] L} L}
* NoRer1 Coet 1St ¥ © Coert Tl kCka1 + Ry ]

3 (1) 1~ Tt
* o8 CierrAicPic e PACkrr * @ Gt Nl ikt * Rt e

After some algebra these expressions may be written compactly in the

form.
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~ _(0) (1)

N fa) + HE 0 1.7 = [c,] (2.46)
= (0) = (1) A
MoKesr (2321 + MoKyy [p] = [c,] (2.47)

where the following notation has been used.

é 1At
a, (Ck+1AkPk|k(0)Aka+l -+ Rk+1)(1-+x) + elck+1rkekr&ci+1
1 ]
+ A eo Ck +1I‘kaI‘kck 1 (2.48)
Q 1At 1ot
by = Crp M Sl + Ry (V) + 8.0 T QS
1] { ]
* 80 1 Wl kGt A0
4 1 1At .7 At - (M 27 S
g ﬂoAlPklk(O)Aka+l nlAkskAkck+1)(1+x) (ﬂo-+ﬂ1>elrqurkck+l
y ped A 1 1
k(ﬂo +ﬂ1)eoerkr'kck+1 (2.50)
é 1At 1At 1At
3y = CrpASitiCiar T R D+ 80 Tl 1 ™ %0 Coert N kCket1
(2.51)
A 1At 1At 1t
By = Crpr®iePi DA 41T Ry W) + 8.8, T QT 2808 T ket
(2.52)
é - pd P £ P 1At _~ 1At
¢y = (- MASIAC L = Do P | (DAL S T 8 T QT ey
- 1At
M8 T ThCs 1p) (140) (2.53)

Equations (2.46)-(2.47) are two equations with two unknown Kéii, i=0,1

which may be solved to yield
k) = (le,] = [e 108, 102,13 (T 00,0 - ) [b,70a, 11,370 (2.54)

Kégi = Lls;) * ﬁlixéii}’l' [b,1} [ﬁoall'1 (2.55)

SN S———-
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Now Kiii » 1 = 0,1 in (2.46)-(2.47) can be obtained explicitly
by using thé definitions (2.48)-(2.53) in (2.54)-(2.55). The expressions
found above allow the recursive computation of the filter gains. However,

they are given as a function of the convariances P (i) and Sk, so that

K|k
to completely determine the algorithm, the expressions for updating the
covariances need to be derived. We start by deriving the one-step

prediction covariances defined by
i)= X ) X! 1 i = ]
Pk+1lk(1) E{xk"'llk(i’ Xk+l|k(i)" s =0 (2.56)
where
B ® = Kep = 4K i )

= X1~ K )i

AR * NG P, - Akxklk(i) (2.57)

The substitution of (2.54) into (2.56) yields

() = Ela x|,

Prs1|x (1) +./8 Tyw] (8K | (B +b; T 1'}

AkE{Xklk(i))H;Ik(i)}AlL + eirkz-:{wkv.zl'(}I‘I'<

= i ! ' =| i
AkPklk(l)Ak . eiFka, i=0,1 (2.58)

Where 90, 8. are the values of 6 which maximizes the performance index in

1
the two regions as specified in (2.6). We now form the following random

variables §k+1(0) and §k+1(1), by using (2.7) as follows

e ————————totiororssis Wi seerse b e
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T @) = By - Ky D
; e B r
Ay + By Ty =X (8 = K (6 A K (D +08,C gy +v T
1=0,1 (2.59

The substitution of ;‘k 41(1), 1=0,1 into the definition of §  in (2.43)

1

results after taking the expectations in the expressions.

2 . ¢ D) o) . e
Sprl T Sy T NI - B Rd) G Sy T 00 )
+x9¢ asac . +ec . raric .. +r. )kd (2.60)
K1 Cronn e+t ol Kk kel T RS 4
The filter covariance error matrix Pk+1 is defined by
P . SE(X X .} (2.61)
k+1 LW ‘

where

~ é 5 ~
el - 5err " 5emr

ag +/8 o e @ Hhenfien )
1N

(2.62)

After some extensive algebra we find that (2.61) becomes

Xepp = (8K O + A AR (1) + (T VB T - Kl(cg-i(ck+lAkik(o)

_ (1) = A
+ B P V)~ AerrRiert Coenicfie D + V8 €T

+ vk+1)}/(1 +A.k+1) (2.63)

On substitutive (2.63) into (2.61), taking the expectation, simplifying,

and using the notations ﬂo, ﬂl, and ﬂz one obtains

i sl e AL e s
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-7 st 0)' 3 ¥ Lt (1)
Petr = MoPran |1 (O [I-Cp iy Keyq T+ A S ALIT-CL 1K ]

i e o A
A A TCh Ky )+ P 1 (DTG Ky ]

fio +7)%er I +(f +M yor o et gk - @ 4 yor o ey, gD
+ (Mg +M) e QF L + Mg+ M )Der QI 1 Kesr ~ (M) Q Tich LKt

_n (0) _m (0) t om »(0) s '
Mo St Pt 116 €90 = 11K CrernBieSic e + MoK Coer Pret |1 (00 e Y Kie41

7.9

fis b (' T oam 0) |
+ Kt Gt PS5k 1 Kt~ Mo M) 8Ke M

3 ar(0) 1:£0)" 2 o (0) et L)
* MoK Cretr kU 1K1~ 1%+ G’ ke K Cet KL

- Y L R LR

oMt R Mt e Rt Bt~ 1Ko Crerr S
~ (1) = (1) R A (0)

= MK Gt Pret1 |1 D 1 1K Cret i kGt Kt

o gD ;i

2K+ 1%%4 Prer | 1D e Ko

. (1) S b )’
M0 K1 Gt 1 ke * 11Kt oo 1 el 1%k 1K+

1 (L) 1At (1)| 2 (1) (0)' jond (1) (1)'
* N 1%t kU k1Ml ¥ Nt PentBent ¥ oRertRienFent 364

Now, we have completed the derivation of all the expressions
required for the computation of the recursive algorithm and evaluating

its performance. The detailed computational procedure is discussed in the

next chapter.
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CHAPTER 3

COMPUTATION PROCEDURE

3.1. Introduction

In this chapter, the computation procedure of the recursive
algorithm derived in Chapter 2, and other computational aspects will be
discussed. In Section 3.2 the evolution of the recursive algorithm will
be considered. Then, the initialization requirements will be given.

Finally several simplifications in the computation are discussed.

3.2. Computation Procedure

Step 1. Imnitialization
In this part we must specify initial estimates to: Pklk(o)’
Pk k(1), Sk, g, 80, 91, and to the likelihood ratio Ak or more specifically

its expected value.

Step 2. Computation of Pk+1|k(0) and Pk+1|k(1)

The computation -f the one step covariance error matrices
Pk+1|k(o) and Pk+1|k(1) is based on their equations described by (2.61)-

(2.62). The maximizing values of 90 and 6., initially will be the initial

1
guesses specified in stage one. At all other times 60 and 91 will be

the result of step 7 of the previous iteration.
Step 3: C tation of 02 and 02
p 3: Computation of 0 2

The procedure of deriving ci and cg was given in detail in
Appendix C. First, the mean Bo is computed by using (2.26). It is a

function of the following parameters
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Bo = fo{Pk|k(i), G, (1), e}, i=0,1 (3.1)

Then the matrices Gk(i), i=0,1 are obtained from (2.20), which are a

function of the following parameters

G = £{C R B D) 1=0,1 (3:2)

Initially Pklk(L), i=0,1 are known. In the computation of Pk+1lk(i)’
i=0,1 8 is fixed to its true value. After BO and 51 has been computed

we can compute ci, o§ from (2.28) and (2.29).

Step 4: The evaluation of Yk and the expected value of the likelihood-ratio

Yie is described by Equation B.9 where initially we must use our
estimate for Ly 8 Lk(l) - Lk(O) which must have been specified in step 1,
with all the other parameters known. The likelihood-ratio is computed

via the recursive relation (B.75).

~

Step 5: Computation of ﬁO’ ﬁl’ ﬂz

Since the solution of ﬁo, ﬁl and ﬁz are given in terms of an
infinite series. It is more convenient to use numerical integration, a
32 points Gaussian quadrature routine for example. It is especially
appealing for the case of n = 2 since then the limits of [0,®] can be
changed to [0,1] via a change of variables, otherwise the original
integral

@ xv-le-ux
2
)

& (3.3)
o (1-Be™*
can be computed by placing an artificial upper limit on (3.3) by recognizing

that the term that controls the convergence of (3.3) is e-ux. Therefore

let:
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e a0 (3.4)

where @ is an arbitrarily chosen desired number sufficiently large in
order to ensure convergence. Once @ is chosen x can be computed to be

the upper limit of (3.3).

Step 6: Computation of Kﬁi). i=0,1

(1) 40,1 are computed using equations (2.54)-(2.55). It
K1

should be noted that in this stage 6 is fixed to its true value.

Step 7: Determination of max{Pk+1

i=0,1 for 6 € H
Using the results of step 6 we compute the value of Pk+1(i),
i=0,1 corresponding to max 6 EHi. The procedure is illustrated for

Pk+1(0). We first substitute the following

Pt r P it into (2.64) and then find 6=

9-90 9-90

for which (2.64) is maximized. Fortunately, since Pk+1(i) is linearly
related to O we can set max 9i to be at its boundry values. As a result
of this step we have the value of Pk+1(i) for the next iteration, and the

values 90, 91 to be used in step 2 of the next iteration.
Step 8: The update of Si+1

The update of S is performed via Equation (2.60). Note

k+1
that in this step 6 is fixed to its true value. At that point omne

iteration has been completely finished, and we start again in Step 2.
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3.3. On-Line Computation Procedure

In section 3.2 the necessary steps for analyzing the performance
of the algorithm were described. However, during the computation procedure
when measurements are available the following changes are necessary.

In step 4 of the previous section it is no longer necessary to
compute the expected values of the likelihood-ratio and its functions
“o, ﬂl and ﬂz. Instead we evaluate Ak+1 using the sequential likelihood
ratio formula [16] given by (2.20)-(2.21). The likelihood formula together
with the derived gains (2.54), (2.55) are then used in the expressions of
the filter (2.7) to obtain the desired estimates. It should be noted that
in the above mode the observations and the equations for §k+1(i), i=0,1

and ﬁk+1 should be included appropriately.
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CHAPTER 4

SUMMARY AND CONCLUSIONS

In this thesis a joint detection-estimation scheme has been used
to derive an on line recursive algorithm for a class of systems with
uncertain noise parameters. The algorithm derived is most suitable for
a wide class of systems for wﬁich the uncertainty about the unknown
parameter appears in the form of bounds. It is also capable of handling
cases where the unknown parameters are time-varying as well as constant.
The derived scheme is only stage by stage optimal and not globally optimal,
therefore, relieving some of the computational requirements such as memory
requirements and computational speed. The algorithm is capable of
approximately computing the performance of the system rather than
simulation.

Since observations are available in the on-line filtering mcde
we can compute the likelihood-ratio and its functions via the sequential
likelihood-ratio formula instead of its expected value. The gains of the
system are computed directly by the algorithm and may in general depend
on the observations. It should be noted that in the above mode the
observations and the equations for £k+1(i)’ i=0,1 should be included
appropriately. Both off-line computations of performance and simulations

have been made to demonstrate the information flow in the filter.

SRR SRR M
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APPENDIX A

(1)

(0)
THE DERIVATION OF K, and K )

The purpose of this appendix is to outline a detailed derivation
of Kéii and Kéii up to the point where we need to take the expected value.
The scalar cost functional Ek+1 to be minimized was given in (2.12) which

may be written as

~

k+l

(@]

= max C

(8) + A max C,_.(8) (A.1)
5 € Hl k+1

k+l
6 € Hy

For convenience and because of the symmetry of the problem only the first
term in (A.1l) will be explicitly derived. From (A,l) and (2.12) the

expression for C (8) may be explicitly written as:
k+1

[ " (ik+1(°)'*Ak+1§k+1(1))
Cer1 ® = B X% - e T+A

Fier1 @ Ay ¥ 1)1 Ky O A3 Xiey M)y
(1 +heyp) 1+ Ay

The substitution of (2.7) into (A.2) results in

& (A.2)

= 1 ' be 2 (0) 7
Cher1(®) E{x'k+1xk+1 = 2K WK (O R g ™ Cen i (0))
0 X W+ e AR DDA
M1 GiFe (D K1 O ™ St Net1
+ {08, © +601 0,40 - Ch K@) + A F D

1 4
+ K1 G - Crtido (O} () &.3)
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We now need to take the derivatives of (A.3) (after maximizing with respect
0) , (1)

to 0) with respect to Kk+1 and a° Again only one expression will be

derived due to the symmetry of the problem. We shall use the following

results from linear algebra

e st

3K (x'Ky) = xy (A.4)
2 (y'Rx) = yx' (A.5)
3K ;
2 (x'K'Ky) = K(xy' +yx') (A.6)

where K is an nxn matrix and x,y are n and m column vectors. The use of
these relations in taking the derivatives of (A.3) with respect to Kégi

and Kéii results in

e E{- i e 7 i A A S W % S "M
et F e a+a )l
(0) o " i - "
+ 241 T i O Oy G O
2
A+ A
20, X (1) (¥, . =C, 1A X, (0))'
4 ertFien D Oren k;lAu } i
A +hyy)
After some algebra it may be further reduced to
ac, .. (0) : g
_k:L_ = - (0) -
= E{{- 2K 4 (L + N 4p) +28,X, (0) +2K 1 (9 ) =C ALK (0))
Ke+1
# 20 K (D Ty AR (00 1/ (144 ) A.8)

The substitution of (1.4) and (2.7) for i=1 into (A.8) results in:
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3¢, 4, (0) g
. 3—(63—— = E{[- 2(1 +Ak+1)Akxk -2(1 +A'k+1)“/§ I'kwk + ZAkxk(O)
. K+l
+ 288y -c. A X (0)) +2A AKX (1) +2 (1)
Kot Tt " Cen X T Y Met18e41 ]

' . G 2
Get1 Gt i DT L0y CoepgA Ky O 11 A+ A )

(A.9)
1
In order to perform the expectation, the expression (A.9) is further A
simplified in terms of the error estimates defined as
xk - Xk - Xk (A.10)
and the system noise Y and Vsl The resulting final form of (A.9)
becomes
3Ck+1(9) & i P 2 = 1At
—_— = . - '
- oA (DK (0ACL = A X, (XY (AL
+1

- (g1 WB T v X (O ) - /B A X, OwTicr

- MR A (LWITICE, = (Mg#N))er manricr

E o .5 v ' = B r '
T\oAka(O )Vk+1 T]IAka (1) Vel (T]0+T] 1 WO I Kk k41

0) < o t b 1At
* MoKt (oK OX OarC L +/8 ¢ Tw K (Oarcy

by 1] 1 L} v | 1 1] 1 L 1
* Viea i OACp g WO Oy AX (OwiTicy ) +8C T wewnTicy .

] 1 1 & ' ] 1
BTk * S OVeg /B T a1 i1 Vit

(1) = o tAl ot At
* My Kt [CreprAi Xy (DX OALC ) +/BC, T w X (0)A Cy
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! (] ey ImtAt thipt
* Ve X OALC! )+ VB A K (DWITICL 48C, T w il Ch

1 1 1 e 1 1 ]
+ V8 V1 k1 F Ay (D Vg VG T Vi 4V Vi)

(A.11)

where we have denoted T]O, nl, and 'ﬂz as defined in (2.15)-(2.17). In a

3, ®
similar fashion the expression for —T can be obtained to result in
AKer1
3Cpaq (8 e &
D - A OX (DAC = TAX (DX (DAC
3Ky 41
- o) 1At . = 1At
VoM T Ky (DALCE = M8 Tw X (arey
- < mint - & ITtAt
N B A wIic ) - 1,8 A x (DwTict
& IRad ol | = 1™t AL
T ke ™ Mo i i
=M e ' 2 b ' 2 e r '
K OV ~ AKX (v = BNE wv =TV wvr
(0) & ing VAT @l tht
*+ M Rest Crtd K OX (DALCL L +/B e ) Tw Xi (DALCY
1 ~' 1 1 & 1 ' 1 1 1 ]
* Vet KAk, 8 Cuag Ay (O Wir el +6C,  TwewiTcy o

1T A o ' ' '
* V8 e Gt @ Vieat 8 C T ™ Viee1 Viear)

~

(1) he-d o 1At ' 1Al
* MoRer CremA K (DX (DALCL L +VB C T w K (DACH

" A
* Ve X (DAC L
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1 ] 1 ] 1
+ /B ALK (1w T KCk+1 ™ € oot e 1Okt TV O Vit W' T kOt

LI ' '
* O X DV +/B O Tt 49y Vi ] (A.12)

These are the expressions to be used in (2.13) and (2.14).
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APPENDIX B

THE EVALUATION OF THE EXPECTED VALUE OF THE LIKELIHOOD-RATIO

We have shown before that detection and estimation are highly related
to each other via the sequential likelihood ratio formula. Using the
formula given in [16] pp. 157-161 let the natural log of the likelihood
ratio be:

Len . Ln(hy i) (B.1)

The sequential likelihood ratio is given by the following formula

il e {det(ck+lpk+1[k ki1 * Rk+1)} -
1
kt+l et (Ch1 Prt1 | k(10 ka1 * Ricwr)

(o)c!

l o A - - _1 % -~
* 20k 7 Gt i) Coon it k€1 + Ritr) O™ CraA ()

" T0ka1 ~ Clri (D) (€ P IMOL R, Rer)” Tiert™ Ciearhidie)
(B.2)
Now (B.2) may be expressed in terms of the estimation errors
X (1) = X - X (1), 1 = 0,1 by substituting into (B.2) the expressions

(1.2) and (1.3) for X After some algebraic manipulation

w1 304 Viiq-

we obtain

zn{de"(ck-n k+l| k
ktl et (Chep1Pus |k

(0)c'
(1)c'

k1t k+1)‘
) f + Lk
kil ¥ Renr

L

1 ~
+ 7 CA K O VB O T 1) Crgn Preg 1Ok i) €A (0

>
+ B C T neiy)

2

SUNRY SO IS W——
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- l 3 ' t -1
2o iEic )+ W8 G Tty ) Py 1 (DS Ry )
*ChpAi X (D) + B C Ty tvy ) (B.3)

It should be noted that the first two terms are constants, as far as the

expectation is concerned, and may be denoted by:

1
A et(Cy Pt [k ka1 + Ricpa )
Yk = £n\g

T + L (B.4)
BEC o Pnr e 0 TR X
Furthermore, the following notations are used
-1
= 1 =
G, (1) (Ck+1Pk+1|k(i)Ck+1 +Rey) , 1 =0,1 (B.5)

= o e ' . _— . =
X (1) = (Cp Ay (1448 C Ty vy 1) 161 (1) (Co A K (1)+4/8 CpyT ooy )
i =0,1 (B.5a)

The resulting expression for the likelihood ratio becomes then

1 ] - L 1

Yk + Z (B.6)
where

¥
2 = 5 (Xp(0)6, (03X, (0) = X} (1)G, (1)X; (1))
so that the likelihood ratio is

Ayl =»exp{yk +2} (B.7)

Since Wyes Vi and Xk are Gaussian r.v then the random variable Z is a
quadratic expression in variables which are conditiomally Gaussian.

Consequently, the conditional density of Zk (over which the expectation is
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to be performed) is a generalized chi-square density function [17].
However, it is not possible to obtain a closed form expression to the
density, hence an approximate model is used. Since Z is a difference of
two positive semidefinite quadratic forms of n Gaussian variables, we
approximate its density by a convolution of two density functions each
of which is chi-square with n degrees of freedom, one with positive r.v

and one with negative r.v. This means that the density of Z is given by

fz(t) = fl(z) * fz(z) (B.8)
where -
1 Z == ]
exp(~ —3)(2)2 » 2>0
2% &) e
fl(z) =
q, A (3.9)
1 z 2.1
exp ( 2)(-z)2 - z2<©
2n/2";1"(521') &9
£,(z) =
0 - zz0 (B.10)

In this approximation 02 and oi are parameters to be determined from the

1

moments of the random variable Z. The explicit expression for the

convolution may be written as:

& z-t
T T
£ (t) = I » (z) e (z=t)°  U(z-t)dz
Z n n.2.u
2 (049,) T (3) max(0,t)
o
t/2‘72 L 02 +-o'2 21 2.4
o 1 2 2 2
= j exp{-z(-—i—i——)}(z) (z=t) dz (B.11)

2
(ZGlcz)nl" (g') max (0, t) 20102
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two cases need to be considered.

For £t < 0 we have

2
C/ZQ'Z - 0_2 +0_2 n ox o ok
e 1 2 2 2
£,(t) = ) (255l (-6)°  da.
(20,0,)7r"(3) "0 270,
However, from [19] the following integral is used.
P el -Q -ux 1 ¥ %
[T @n e ™a == @) Zap®irory &
0 o Y

where K is the modified Bessel function and
Vv

|arg 8| < m, Rep > 0, Rey > 0

For our case in (B.13) we have

& 2
o, to,

s 2 2
%010,

Qal-

(St=]

= B
i

so that the solution to (B.13) becomes

(B.12)

(B.13)

(B.1l4a)

(B.14b)

(B.1l4c)

(B.14d)
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2 2 2 2
e"P{t/z"z} 3. e  F- 3 o] - o
£,(t) = [-t(—=] exp{-t(—55)}
(2040 DT @ W o)+ boyo,
: ol +9;
L {-:(;2—2—)} ety (B.15)
22 192

Equation (B.15) may be simplified by using the asymptotic expansion of

" the Bessel function [20].

K (Z) = (—% z[1 +L— ‘L-)-(L-l ey, (B.16
2! (SZ)
2 n 1
where | fixed, ]Z| large and u = 4, . After substituting \, = 2% and
2 2

= t(-—i—i_-) into (B.16) we take only the first term of the

resulting asymptotic expansion of the Bessel function and substitute it

into (B.l5) to obtain the following:

n
2.1
£,(t) = 1 - (=t)> exp{-55} , t<o0 (B.17a)
2 2.2 2,
[2(0'1 + 0'2)]
Similarly for t > 0 we have
t
exp(—5)
zc§ (oz+c§) 2.1 2.,
£,(t) = P jexp{- }(z) (z-t) dz (B.17b)
0405) T (D) 102
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From [19] and [21] the general solution to (B.12) is obtained from the

following integral.

1
- -] - o=
& - 1 -
[ anf teppnax = 2 &) Zrajern@Hr &Y (B.18)
u T W=
with
{Re p > 0, Re Bu > 0} to result in
j -
«xp(—3) 2 2 1 2 . 2
2 , (@, ) §-3 & () *+95)
£ (t) = —= [t ] I (5)exp{~t——7— }
Z oft n.l_Z n = 2 & 2 2 402 2
(@ T @D WM oy +0, 1°2
(Oi ¥ ci)
B T L e , >0 (B.19)
L S L

Following the same approach used for the case of t < 0, the substitution of

the asymptotic expression of the Bessel function into (B.19) results in

(X]}=]

i1 e -t
£,(t) = = (t) exp(—z-} s T3>0 (B.20)
1

$ T
[2@31 + 02]

Thus fz(t) is obtained approximately by (B.12) and (B.20). We can now
proceed to find the required expected values of the functions of the

likelihood-ratio no, ﬂl and nz defined by (2.15)-(2.17). The expected

value of no can be evaluated as follows:
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® 1 J‘O J‘.
E{N.} = £ (t)dt = | (e)dt + | (.)dt
0 [a (1 + eYet)2 & - 0
= A + ?13’ (B.21)
The first term ﬁa may be written as
n
- =1
0 2
- 1 (-t) t
'ﬂo = 2 j; Y €2 exp{—'z-} dt
2 2.2 n . (1 +e'e) 20'2
(2] + 61" I
n
=1
® 2
1 -
- i e i) o
2 g & & 0 (1 + eVe ) 2
@ -l -ux
=c, f = 5 dx (B.22)

0(l-ge ™

where C1 is analogous to the constant term in front of the integral. 1In

order to evaluate (B.22) let |B| < 1 and use a geometric series expansion
to reduce it to the following form:
® y-1 =-ux ® A o8 ¥ "
o) Relospgdenl #7597 3 a0e™ e g
0 (1l -Be ™) 0 n=0

which after interchanging summation and integration becomes
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@® «®
11 . ® rﬁn-lf x\;-le-x(j.J. + n-l)clx

n=0 0
ey -1

= 8" @+0a-1)Vrw)
n=0

This expression is used in (B.22) by recognizing that: g = -ev, M= .

=
and -% to obtain the final result for ;\8
2= 1 s y,n-1 1 -%
Mo = Z n(-e’)” (=3 +n-1)
[2w2+02n§‘“° M2
1 2
Similarly for the second term of (B.21)
n
2.1
2
. 1 P ks =t
To T e Y T exp{zgf} %
(2] +oDI" T (D
which may be reduced to
n
2.1
"2y &)?

‘ﬁ+ =
0 n - =t .2

5 Ol +a e ) 20
(207 + o315 ) .

(B.24)

(B.25)

(B.26)

exp{-t(2 + =)} dt  (.27)

Again recognizing that g = e-‘y, =2+ -—13 and = % and applying (B.22)
2
1

the final answer is obtained
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o -2y = i o
n; - e T ot "t v a+ —LE) 2 (B.28)
n=0 2c

(2657 + o512 :

Equations (B.25) and (B.28) are combined to yield the final expression for

the expectation

® _n
T = (£ (e 40+ L) 2
g e G ey
[2(01 +395)]1T3)
® - -
+ £ n(-e")"lg -1 +-1—2) “ (B.29)
n=0 202

Following the same procedure outlined in (B.22)-(B.29) we find that

$-2
- [ ]
n, = 1 {e-‘v (£) - exp{-t(-l— + 1)} dt
» g 0 (1 +e7Yet)? 27
[2(01 + 0‘2)]21"(5)
i £-1
eV [ —LE . apfee(1 + -5 )Jde)
Jﬁo (1 + eYe 5)2 g
1 = -1, 1 '521'
o el [ £ 0(oa V) (R 4 0el)
2 3. 3 M 20,
[2(01 +0,)]
a a
+ Z n(- V)"'I(Lz + n+l) . ] (B.30)
n=0 202
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n
2.3
2
~ 1 SN | . _=t
n = { e amp {—3]dc
3 1 fo LA Rt 2"

[26] + a1 ) :

n
=1
R 1
+e“Y I T 7 eXP {t:(‘—2 + 2)}dt}
0 (1 +efe 2,
1 s 3. 1 ‘%
= {z n(-eY) —3 +n-1)
2 =0 %
(262 + o210 ®) 3 3
1 7% 2
2 .8
+ n(-e"\’)“'l(—l—2 + aely * (B.31)
n=0 202

where the same procedure of (B.22)-(B.29) has been used.
The expected value of Ak+1 is needed mainly for step 4 of the
computation of the algorithm (see Chapter 3, Section 2). We have denoted
yk-l-Z
Ak+1 =g (B.32)
where the term e " is constant as far as the expectation is concerned and

ez is observation dependent. Therefore, (B.32) can be described by the

following recursion
A = A, C . B.33
k+1 k-k® (B.33)

where Ak and Ck are the first and second terms in (2.20) respectively.

Using the results given by [19] we obtain




M= E{Ak+1} =AC
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2
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2)] 2I‘(-
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2
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a2
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APPENDIX C

THE DERIVATION OF THE MEAN AND VARIANCE OF fz(t)

The purpose of this appendix is to derive the mean and variance of
fz(t).

The idea here is that we know the mean and variance of fl(z) and fz(z)
which are chi-squared densities. The density of the r.v Z (2.23) is
approximated by a convolution of fl(z) and fz(z), which is a density of a

r.v Z' given by a sum of two independent r.v z, and Z,.

z! .zl+22 (C.1l)

Consequently, the mean of Z' is the sum of the means and the variance of
Z' is the sum of the variances. We also can find the mean and the
variance of the original random variable Z as defined by (B.6). It is
important to note that the mean and variance of Z will be found as a
function of the system parameters. Once we have the mean and variance
of Z' and Z we compare the appropriate terms and thus obtain the
parameters ci and cg of fl(z) and fz(z). Since fl(z) and fz(z) are

chi-squared densities, their mean and variances are given by

(C.2)

-

2
E(zl) = w0, var(zl) = 2n0

E(zz) = nc§ var(zz) = 2ncg (C.3)

where we have noted that fz(z) is a chi-square on the negative axis.

e
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Consequently we have for Z'

E{Z2'} = E{zl + zz} = noi + (-ngg)

R ICHEES! (C.4)

var(Z) = var(zl) + var(z

4 4
= 2n(o‘1 + 02)

2)

We are now about to find the mean of Z via the likelihood-ratio.

It was shown (B.6)-(B.7) that the likelihood-ratio can be written in

the following general form,

1
Apyp = exly, + %‘ x; (0)6, (0)x, (0) = 5% (126, (L)x, (1)} (c.5)

Since Y is a constant we need only find the expected value of the

following term

E(Z} = 1 E{x{(0)6, (0%, (0) - x}(1)G, (1)x, (1)} (C.6)

Substituting into xk(O) and xk(l) their corresponding terms as defined by

(B.5a) we obtain

e{z] %E[(*L(o)“ﬁciﬂ +V8 0 " Cln t Vi) (G (0))

* Copph X (0) +4B Cp il w + V)

7 (] '
(G (DAL + VB o T "W Cl ) + Vi) Gy (1)

¢ oA E (D) + VB Oy wy + v ]] s,

L PPV
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Taking the expected value of (C.7) and after some algebra we find that

E{Z} is given by (C.8)

w
"

1 .
o = E(2} = 5 {exlPy ( (0ALC; 16, (0)C, A,

+ ex[8Qu Iy Ch 116, (00C, Ty ] + ex(Ry G, ()]

er( Py (DAL S (DA = e [8Q T (Ch G (1)C Ty ]
- tr[Rk+1Gk(1)]} (C.8)

Proceeding to find the variance of Z consider the following term

8, = var(z} = 7 E{(x}(0)6, ()%, (0) = x(1)6, (1)x, (1))

(x4 (036, (0%, (0) = x} (16, (1)x, (1T} - 85

% (E{x} (0)6, (0)x, (0)x} (0)G, (0)x, (0)} - E{xy(0)G\ (0)x, (0)x}(1G, (1)x, (1)}

E{xy (1)6, (1)x, (1)x (0)G, (0)x, (0)]

2
E{x (1)6, (L)%, (L)xy (1)G, ()%, (1)} - 8

+

(1) + (2) + (3) (C.9)

Since the evaluation of Equation (C.9) is very lengthy, each term will be
evaluated individually.

(1) Taking the first term in (C.9), and expressing the double quadratic
form with {ts indices. It was shown [18] that if x is Gaussian then a

double quadratic form can be broken as follows
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: J_zk zcij(O)szm)cstxi(mxj(0)}Ei(xk(0>x}z(0>} + E{x; (0%, (0)}E{x,(0)x, (0)]

+ E{xj(0>xk<0>}z{xi(0)xi(0>}]

. : jzk Jzcij(O)le(O){pij(O)pkz(O) + 2, (0B, (0) + ij(O)Piz(O)}

= i’jzk’zcij(o)ckz(o)[Pij(O)sz(o) + 2Pik(O)sz(0)j (C.10)

performing the summation only on the first term of (C.10)

i’j%k,zcij(Ojckz(O)Pij(O)sz(O) = tr(G(0)P(0)tr(G(0)P(Q)) (C.1l)
consider now the second term of (C.10)

Z 2Gij(0)sz(0)Pik(o)P

(0)
i’j’k’z z

i

summing over the appropriate indices as follows
= [(Giijk)le]Piz
= [(c(0R(0)) 6, IR,
= [(e(0)P(0)6(0)), 1P, ,
= G(0)P(0)G(0)P'(0) = > tr[G(0)P(0)G(0)P'(0)] (C.12)

(2)

- i’jzjk’mcij(O)ijz(I)EE(xi(O)xj(0))E(xk(l)x}z(l))+£(xi(0)xk(1))E(xj(O)x’t(l))

* E(xj(O)xk(l))E(xi(O)xL(l))]

= i’j)fk’mc“(O)GM(l)[Pij(O)szu) + ZSijiz] {C.13)

i PESIISRR.




following the same procedure used in (C.10)-(C.12) we find that the

solution to (C.13) is given by
= tr[G(0)P(0)])tr[G(1)P(1)] + 2tr[G(0)SG(1)S'] (C.14)

3)

- \p Gij(l)sz(O){E(xi(l)x

1,9,k (1))E (2, (0)x, (0))48 (x; (1), (0))E(x(1)x ,(0))

]
=t E(xj(l)xk(O))E(xi(l)xL(O))}
= ex[G(1)P(1)]tr[G(0)P(0)] + 2tr[G(1)S'G(0)S] (C.15)

After evaluating terms (1)-(3) we find that Eq. (C.9) becomes

var{z} = tr[G, (0)P (0)]tr[G, (0)P, (0)] + 2tr[G,(0)P, (0)G,(0)P}(0)]

tr[Gk(O)Pk(O)]tr[Gk(l)Pk(l)] - 2cr[ck(0)skck(1)sLj

tr[Gk(l)Pk(l)]tr[Gk(l)Pk(l)] - 2tr[Gk(1)SLGk(0)Sk]

“+

ex( 6, (1P, (1)]ex( G, (1P (1] + 2ex[G, (1P, (1)G, (1)RL(L)] - 82
-8 - Bg (C.16)

The substitution of Pk(i), Gk(i), i =0,1 and Sk into (C.16) result in the

following
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-~ ,];"’i [N (EeR} t -
var{z} = E{{Z(x (DAL 1 + W0 o Chpq + Viey)*6y ()

*Crp A (O BC, T vy ) - %G‘L( DALCL 1+ 80T e i)
.Gk(1).(ck+1Ak;:k(1) +./6 Ck+lrk‘”k+vk+1)}

{FELOALCL ) + /B O Ik #h) Gy (0 Gy (DA g + VB O gy
+ V) - FOLDALC 1 + /B 00 VL) 61 (1) (G AT (1)

+o Ck+1rkwkwk+1)}T} ¢ Bg (€.17)

After some extensive algebra we arrive to the final form of (C.12) given

in (C.18)

e

+

+

+

-+

l 13 1 1 1

7 tT(ALCH 16 (0XC, AP (ON)ET(ALC, 16 (0)C) 1A (0))
£ ' ' '

5 (B C 101 (OC AP (OALCH 1161 (0)C) 18P (0))

l 'l 1 1 1

& OO 16 (00 T Q) B (BT i1 Orc (0Cy T Q)

e, 2

58 TRC 11k (OC 1 T T kC ka1 Cxc (O C e Ti i)

tr(Gk(O)Rk+1)tr(Gk(O)Rk+l) o+ % tr(Gk(o)Rk+IGk(0)Ri+1)

e

1 1 1] '
tr (A" C' 161 (0IC, AP (O ET(AC, 11 Gy(1)C) 1A Py (1))

N =

N

1 L 1 ] 1
€r(ArCh 1161 (00C, AL S ALCL Gk (DC A S

o 1 [ ] |
€r (8T . Ch 1 G (OIC1 g M) EF BT Ch 1161 (1IC 1T Q)

N

2 ] 1 1 1 1]
r (8 T 1Ch 11 C1C ka1 Tk kC k1 Ok (et T i)

N




1]
N

= + + ' '
N e R~ = N =

+
e

We now

The solution of (C.19) and (C.20) for 02
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1 '
tr (G (R, )Er (G (LR 1) = 5 tr (G (OB G (IRY ;)

A S'A'C! .G, (0)C s

1 1
tr(ArC 110k (DC A LSIALC 110k (D185

tr(GZTéC'
er(ALCL 3G (1IC) A (I ET(ACY 4G (1T HA P (1))
£ (ACh 1 Cie (DC AP (DAL G (1) AP (1))
£r (81 Coy1 Cie (1C3 T Qu) €7 (O Che g G (1Cpe 1 TiQye)
0 (0 T 1031 O Dt T U 11 GV Ciepn Q)
0 (G (DR JEF G (D) + 3 LG (DR G (DR = B
have two equations with two unknowns ci and cg A
“G’% 3 °§) =8

2 2
2n(a1 +-cz) = Bl

2
1 and o, yields

B, 8 :
-l - DI+ D

- B
2 %
o = (D) - G-

] 5, 1 '
k1% D 1T QT 1k 18k (OC e Tii) = 2 FT (G (DR G (LR )

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)
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