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CHA PTER 1

INTRODUCTION

1.1. Genera l

The purpose of this thesis is to develop a recursive algorithm

for state estimation for systems with uncertain models. In many areas

of electrical engineering, control and conmxunication for example, the

problem of estimating a signal is a very important one. When the

system model is completely specified it was shown (1] that an optimal

solution can be obtained under some assumptions and for various optimality

criteria . However, in many practical situations such a complete descrip-

tion is unavailable, therefore the system ’s model can only be specified

in terms of the unlcnown parameters . It was shown in [2], [3] among others

that the use of an incorrect system ’s model and noise covariances in

particular have a dramatic effect on the system performance and often will

give rise to a problem called “Filter Divergence”. When a complete model

of the system is unavailable there are mainly two methods for estimating

its states: (a) Adaptive Estimation, (b) Nimimax Estimation . The

adaptive approach can be roughly classified into four categories.

Bayesian (4], [53 , Maximum Likelihood [6]; Correlation [6], [7];

and Covariance Matching [6], [7]. In Bayesian Estimation one tries to

obtain a representation of the a poateriori density function viz f(X~,8IY1)

where is th. state, e is the unknown parameter, and Y~, is the collection

of observations up to I. An a priori knowledge- of the system and its

statistics is a necessity.

The Maximum Likelihood method tries to estimate a parameter when

there Is no a priori knowledg, of the parameter available, i.e. one tries
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to solve the “Likelihood Equation” .

~~ [ln f(Y ~I 8 ) ]  0. (1.1)
e~e~~(Y~)

The correlation method had been used mainly in time series

analysis and econometrics . The basic idea is to corre late the output of

the system either directly or af ter  a known linear o peration on i t .

Two different methods can be developed by considering

a. The autocorrelation of the observation

b. The autocorrelation of the innovation process.

Usually the above schemes have good large sample properties but for small

sample the adaptive schemes yield state estimates which have large

error variance .

A ininimax solution to an estimation problem, minimizes a given

cost function for the worst case values of the unknown parameter. A more

in depth treatment can be found in [1] , (10] , [11] . In general Ninimax

schemes yield too conservative estimates for large sample and good

estimates for small sample.

A third method which can be though t of as an intermediate

between classical and adaptive estimation is the “Joint Detection and

Estimation” schemes. Several authors ([12], for example) have considered

joint detection-estimation schemes in which it is assumed that the signal

to be estimated is present with probability P < 1. The system structure

consist of a detector which decides whether a signal is actually present,

and an estimator to provide the estimate when the detector ’s decision is

affirmative. The above schema assumes a priori knowledge of the
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underlying probabilities . An extension of the above approach to the case

of N possible modes have been developed [13]. Another approach suggested

Pearson [18]: design the estimator t as a Minimax estimator and

perform the detection via classical methods. kit extension to [8] was

suggested by (143 , (153 by assigning a cost to the entire detection and

estimation scheme and to minimize it.

The purpose of this work is to develop a recursive algorithm

that will be the extension to [14].

1.2. Problem Statement

t Consider the discrete-time linear system satisfying a state

F equation of the form:

0 (k+l,k) Xk + Fok ‘k’ k 0,1,... (1.2)

and observed in additive noise

~k+l 
- + vk+l, k 0,1,... (1.3)

where 
—

~~ ~k 
are it , in dimensional vectors respectively. The vectors Wk, Vk ,

and p, and in dimensional uncorrelated, white Gaussian noise processes

with zero mean and covariances and Rk, respectively, where without

of generality we can consider only the problem where the unknown parameter

appears only in The extension for the case in which the unknown

parameter appears also in R.K is straight-forward. It is assumed that

is of the following form :

= en‘
~k 

‘
~Ok

where Is a known positive definite matrix, and e - is an unknown

: 1
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parameter which satisfies at least one of the two bounds under the

following hypotheses :

e ~ b

H1: B a

It  is desired to estimate the state X.K of the system based on the past

observations fyi, 1 ~ i ~ k) ~k 
The proposed approach attempts to

derive a recursive algorithm for state estimation in uncertain linear

dynamical systems with unknown noise parameters .

The proposed scheme attempts r.o retain the small sample

properties of the standard minimax estimator while having good adaptive

properties for large observation records . For convenience equation (1.2)

may be rewritten as

= A
1~K
,~ + 4~ t~ Wk (1.4)

where Wk is normalized to have unit covariance, and hence Fk is appro-

priately defined .

1.3. Thesis Outline

In the following the proposed approach is investigated . In

Chapter 2 we describe the approach used to derive the recursive a lgorithm .

Chapter 3 discusses computation procedure and some relevant computation

aspects of the problem.
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CHAPTER 2

PROPOSED SCHEME

2.1. Proposed Approach

Since our uncertainty on the unknown parameters appears in the

form of bounds , a j oint detection and estimation scheme seems to be the

most promising . The joint detection and estimation approach can be

described as follows [14] . Let the measurement space R~~ be divided

into two exclusive and exhaustive regions Y1(k) and Y2 (k) . The estimation

is to be performed according to the rule

= xk (i) if 
~k 

E Y . (k) , i = 0,1 (2.1)

where Xk 
is the estimate of X.

K 
and xk(i) is the estimator appropriate

to B Ea1, i. = 0,1

One approach suggested by Pearson [8] is to design X~ to be

the minimax estimator of x for 
~ € H i with respect to some cost function ,

and then given these estimators to design an optima l detector using

classical detection techniques like Generalized Like lihood Ratio.

Another possibility is to assign a cost to the overall joint

detection estimation scheme and to optimize i t .  This approach is very

appealing since detection and estimation are c losely related to each

other . In fact it was shown [9],  [10] that both the causal minimum

variance est imate of an arbitrary signal process corrupted by additive

white Caussian noise and its associated error covariance matrix can be

obtained from the sequential Like lihood Ratio by means of simp le formulas .

This refined approach can be described as follows :

Assign an overall conditiona l cost denoted by C(B) to the

overall joint detection and estimation. One possibility for a cost
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function is to choose C(9) to be the CMSE “conditional mean square error”

def ined by

C(~ ) ~ E~ Xk+l 
- Xk+l 1

2
19) . (2.2)

Since B is unknown in (2.2) we cannot proceed with the minimization of

(2.2). Instead a modification to (2.2) which can be thought as a

minimax related approach was introduced [14]. The cost function will be

optimized with respect to the decision rule (i.e. the estimators appropriate

to 8 EH~ , i = 0,1; and to the detector). We require that the estimator

max C(8) , i = 0,1 (2.3)
9 EHj

Since this problem is a multiple objective optimization prob lem, a direct

solution of (2.2) cannot be further considered . Instead a scalar cost

functional ~ is to be minimized and is defined by (2.4)

= 

~ 
max C(8) + max C(8) (2.4)
9 EH1 

B E H
0

which can be viewed as a generalization of Magill’s performance criterion.

Here X0, X
1 

are weighting parameters that measure the relative importance

associated to errors in each region H.P . The analogy can be drawn as follows :

The case where the regions in our problem formulation are

mutually exclusive and exhaustive is equivalent to Magill’s, where the

represent the a priori probability that E H~ . The objective now is

to minimize ~ with respect to ~~~~ The cost functional (2.4) was proposed

in [14] for the static case. We consider its extension to the dynamic

case . However , both the decision regions and the estimators de pend on the

entire observation record 
~k ’ and requires increasing computational
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complexity and growing memory requirements with k. Consequently , a sub-

optima l recursive approach is proposed . Let (2.2) and (2.4) at stage

k+l be written with a slight modification .

Ck+1(9) Ef II Xk+l - Xk+l (2.5)

and

= max c
k÷l

(B) + X max C (8) (2.6)k+ 
9E H 1 e E H

0
k

where we assumed without loss of generality that in (2.4) is equal

to 1.

In minimizing the expression (2.6) at stage X.~~ we assume that

the earlier decisions remains unchanged i.e. we don ’t try to update

the earlier estimates X.(i), j ~ k, i=O,l, and the corres ponding past

decision regions . We restrict the problem to be recursive by searching

for an estimate which is only a function of the present observation

~k÷1. 
and the previous outputs of the states of the states such as

Xk 
(i),  i0 ,l and the likelihood ra tio. As a result the overall scheme is

not globally optimal but stage by stage optimal. In order to continue

with the minimization of (2.6) several approaches are possible .

1. Proceed with an exact solution of (2.6)

2. Assume an estimator ’s structure and then proceed with

the minimization.

The second approach was chosen mainly because of the possibility

that approach (1) can lead to an intraceable solution [15]. Therefore,

assume that the estimator’s structure appropriate to region 9 € H~ is

given by the following expression , which is motivated by the Kalman filter:
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= A.~x.~(i) + I k+1(i) ~
‘k+l 

- Ck+lA
~K

X.K ( i ) )  i ~ 0,1

(2.7)

We st i l l  haven ’ t said anything about the functional relationship between

- L the estimate of X denoted and the estimator appropriate for

9 € Hi , i = 0,1 denoted X.K+l(i). Since we have shown already that the

introduction of a scalar cost functiona l (2.6) is a generalization of

t Magill’s performance criterion, we have decided to use the generalized

Mag ill’s relationship between the estimate of X and the appropriate

estimators. Therefore, choose the estimate by

= ~~+i(0) + Ak+l (l ,O) Xk+1(I) 
(2 8)1 +

where

~ _________= f(Y l~~
) (2.9)

is the likelihood-Ratio, and 
~~~k+l ’~ i~ 

is the conditional density

function of the output 
~k+l given B~ . From the definition of (2.10) it

is apparent that the avove relationship can be used for cases where

we have more than two associated regions, therefore , more than two

estimators . Illustrating the point for N 3 i.e. i = 0,1,2 we have

~~+i
(0) + 

~~÷i
(1,0) 

~~~~~~ 
+ Ak+l (2 ,O) Xk+1(2) 

2 10
1 + 

~~~~~~~ 
+ Ak+l(2 ,O)

where A
k÷l

(l ,O) and A.K÷1(2 ,O) are def ined as :

~ f(Y 19 1)
Ak+l (l ,O) f ( y J e 0) (2.11k)
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f(Y 19 2)
Ak+l (2 ,O) — f ( Y~B0) 

(2.118)

In what follows we shall denote A k+l(l ,O) by Ak+l.

2.2. Derivation of the Scheme

Based on equation (2.8) we can draw a block diagram of the system given

in Fig . 1. In our case the detector is a device that calculates the

relationship given by (2.8) and also updates the likelihood ratio A k. The

substitutj oit of (2.8) into (2.6)  results in:

k+1 = ~~x E•[lI ~~ 
- 

(
~~+~.(°) + t

~k+l Xk+l~~~)j~21 }+1

S + ~ max E{ 
~(~ j~ 0) + ~~+lc÷l(1)) 2

1 8} (2.12)
9 E H

0

Utilizing the estimator’s structure as given by (2 .7 )  it is apparent  that

we can choose ~~~~ and as the pa rameters that wi l l  minimize the CMSE

Ck+l in (2.12). We now substitute the expressions for the filtered

estimates xk+l ( i ),  i 0 ,1 as defined by (2.7)  into (2 . 14), and take the

derivatives of (2 .12) with respect to ~~~~~ i = 0,1 as shown in detail

in Appendix A to arrive at the result .

O = ~~k+1 ~~~~~~~~~~~~~~~~~~~~~~~~~ -

(0)

+ ~~~ k wkXk (0) k k+lA ’C’ -

- 

~ Ak
X
k

(l) w~ ~~ Cj(.1.1 - (% +~fl1)e rk wkwk r’
k C~~ 1 

- T
~O
A
kXk

(O)*1
k+l

- 

~lAkXk W~
1k+l - 

~% ~~~~ ,~J~rkwkvk+l

A’C’ ++ [Ck+lAk~L( o xj(co k k+1 ~~~
Ck+l Fkwk~~

(0)A
~
C
~+l +

S 
-
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‘ffi

~! L~1

-~ - - - 
_ ______________ _ &_ ____ _ __ ___ _ -_____ --- -----------—- 
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‘F c ’ + 9 C 1’+ ~~ Ck+l AkXk(~~~
7k k k+l k+l OkVkWk 

r1~ c1~~1

+ 
~~ k+l k k k+l k+l k k+1 k+l k

W
k
Vk+1 + Vk+lV

~~~l
]w ’F ’ C’ + C  A X

k
(O)v ’ + .jg c I’

+ ~l4 [C k+lA k~k l~~~ ( l A ~c~+l + AJ~
• Ck+lrkwkxk(O)A kCiC l

+ Vk+lXk k k+1 + ~~ 
c
k+l

A
kxk

(l)w
krkCk+l +

+ ft.Ji vk+lvkrkck+l + Ck+lAkXkØ•)vk+l + ~~ 
C lrk~k

vk+l + Vk+lVI~+l

+1 maX f E C . . .  1) (2.13)

and

O ~~k+l 
max 

~~~~~~~~~~~~~~~~~~~~~~ 
- 

~2
Ak~~~~~~

( k k+l1. )A ‘C’
~~~~~~~ B E H 0

- 

~~~~~~~~~~~~~~~~~~~~~ 
- 
~~ J~

FkWkXk (l)A,~C~~1 - 

~l~~~
Ak 1

~
?
k
F
kck+l

h e r- •
~2 

AJ
~~

A
k

X,
K 
(1 )w~ r k C~+i 

- 

~~~ 
‘ W

k
W
~ ~~‘ 

k Ck+l 
- 

2 k W
k
W
~ ~ k ~I~~l)

- hl
A
k~~

(0)v
~+l - 1l

2
A
k~k

(l)v
~÷l 

- h11 ~~ rk wkvk+l - T)~ ~~ Fk V
k

V
~~+I

•T1 
1K1~~~ [Ck+lA. X~K 

(0 )X.~ (1 )A.~C~÷1 + ~~ Ck+l Fk wkX.~ 
(1 )Aj(C~~1 + vk+lXk+lAkCk+l

+ 
~~ 

C
1
A~X~ (0 )w

k k k+1 k+l k Wk
W
~ ~ k 

C~~1 
+ 
~~ 

vk+l k k k+l‘F’  c’ +ec I’ w’F’ C’

+ Ck lAkXk(O)
~k+l 

+ 
~
i
~
Ck+l Fk WkVk+l + Vk+lV

~ +l ]

+ 110K 
~
[ck+lAkkk(l)i~(

(l)A j~
cl~ l+ AI~ ~~~~~~~~~ k k+l k+lXk (l~~kCk+l1)A’C ’ + v

+
~
/
~
Ck+lAkX.K(l)wk k k+1 k+l ~~~~~~~~~~~~~~~ 

w’r’ C’‘r ’c ’ +B C  F
k+1. k k k+1

+ Ck+lAkXk (1 )v~~1 + ~~ Ck÷l FkWkVk+l + Vk+lV~+l]

+ max fEC .” 3) (2.14)

I
I

_________ _____ ._ a_ _ _.__ _ _____ ______ ___ ______ ._ __ __ _ _,_ __ — - - - - —-— - - — -
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Where h o, 11l~ 112 are combinations of the likelihood ratio

defined as follows:

~11 (2 .15)
Ak+l

~ 
(2.16)

Ak+l

1) ~ 
Ak+l (2 .17)

2 (1+A k+l)
2

and and 112 are their corresponding expected values. -
~

These equations will have to be solved for K.~~ , i 0,1, to

yield the desired estimate. In order to solve these equations the expected

values in (2.13)-(2.14) have to be evaluated. Note that only conditional

expectations, assuming past observations fixed, are taken. However, the

question of how to represent the likelihood-ratio arises? Since we

have shown before that the sequential likelihood ratio is closely related

to the minimum variance estimate and its associated variance, a

sequential likelihood ratio formula given by [10] was chosen.
Let

~~+l 
— exp 

~~+l~ 
(2.18)

then

Lk+l Lk 
+ lit det - in dat (Ck+jPk+i~k 

C~~1 +

F 
+ 

~~~ Y~+iR~~ j Yk+t 
- 

~~~ (y
~~l 

- C 1.A1A) ‘(C~~lPk+ljkC~+i +

- C  A T )  (2.19)‘3’k+i k + 1 k k

_________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In order to find the appropriate expectations , the probab ility density

function of the incremented part in (2.19) needs to be derived. For a

complete ana lysis of the derivation of the density and the resulting

expected va lues invo lving the likelihood-ratio see Appeodix B.

t The formula given in (2.19) has three parts , the f i r s t  depends

on ly on the past , the second is measurement independen t , and the third

is measurement dependent. It was shown ( B . 3 ) - (B . 6)  that the likelihood

ratio can be represented as:

Lk+l 
— + in ~~~~~~~~~~~~~~~~~~ “

~+~
a (Ck+l k+l~k~ 

)Ck+l Rk+l

+ 
~ ~

‘k+l 
_ C
k+lAI~

Xk(O)) (Ck+lPk+ljk(O)Ck+l + ~~+l~ ~
‘k+1 Ck+lAk k

(O ))

- 

~ ~~~~+ .  ~
Ck+lAkXI

~
(l))  (Ck+lPk+IIk (l)Ck+l + Rk+1Y 1

(yk+l ~Ck+lAkX.~(l))

(2.20)

Equation (2.20) may be simply expressed as defined in (B.1)-(B.7)

which with (2.18) results in:

— exp (Vk+ ~ 
c(O)Gk(O)x.~

(O) - 
~ 
c(l)ck(l)Xk(l)3 ~ exp (vk+ Z)

(2.21)

Each of the quadratic forms in (2.20) is a generalized chi-square

with n degrees of freedom, (see Appendix B). In order to evaluate the

expected value of (2.21), or a combination of it as appears in (2.l3)-(2.14)

we need to find the density function of the random variable Z which appears

in the exponent of (2.21) and has the form:

Z — 
~ 

[X.~
(O)0k(O)Xk(O) ~x~(l)Gk(l)xk

(l)] (2.22)

I
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The exact density of Z is not possible to express explicitly

hence an approximation is used as shown in Appendix B. The final asymptotic

- expression for the density of Z is given by

.D
2

2 2  1

- 

[:~1 2~(~~~~ ))~~~~~ 
exp 

~~~

- 

~~~~~~~~~ 
, ~ 

>0

a (2.23)
5

- ~~2 a ..1

~ (-t) I t[
~ ~~~~ 

25(c1
Q
2)
5F(~) 

exp ~~~~~~~~~ , t < 0

where and are parameters to be obtained from the first and second

moments of Z. Due to the lengthy derivation only the general approach

I will be given here, and a detailed analysis is given in Appendix C.

As shown in Appendix C the mean and variance of the approximated density

(2.23) are given by

I mean — n(o~ - o~~) (2.24)

variance — Zn(4 + ~~
) (2.25)

These parameters are compared to the mean B0 and variance B 1 of Z which can

be computed directly from

B0 — E CZJ — ~~~ 
Ecc(o)Gk (o)xk (o) - c(l)Gk(l)xk(l)) 

(2.26)

I B~ — E[Z
2
1 - B~ — 

~~

. E((c(O)Gk(O)xk(l) 
- x

~
(l)ck(1)xk(l)]

2
3 - B~ (2.27)

I The exact expressions of B~ and B
~ 

are given by (C.30) and (C-3l).

The resulting equations become

1•
I
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8~ — n(~~ - c7~~) (2.28)

81 2n(~~ + ~~
) (2.29)

where 80, B~ in (2.28)-(2.29) are assumed known. Substituting (2.28) into

(2.29) and sol.ving 2 ~ ;e arrive at an equation of the following form,

[(~+~) +~~4] 
_L~ , 0  (2.30)

to be solved for ~~~.

The solution for o~ as in (2.30) may not be real which implies

( that our approximation to the density of Z is not adequate. Consequently

the following two alternatives are considered:

(a) The expression for o~ is real and positive, which is satisfied if

2B~
81 

> — -—— (2.31)

In this case the approximation for the density is given by (2.23) with

parameters

(b) If the expression for o~ Is complex or negative the general model

(2.23) cannot be used to approximate the density of Z. In this case,

three different cases are distinguished

(1) If Bo > o

then we approximate f2
(.) by a single Chi-Squared density

-

- 

2
n/2:~F(~~) 

•xP {~
} ~ t > 0  (2 .32 )

F!

________ _________________
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with parameter

2 00
= - -  (2.33)

(2) If

then we approx imate 
~~~~~~~~~ 

by a single chi-Squared density

= exp {—~
} , t < 0 (2.34 )

2 ~1 F(~)

with parameter

2 a - -j- (2.35)

(3) If Bo = 0 we shall assume that P(Z—0) 1 Note; that

the motivation for this case stems from the fact that at the

initialization stage we may have -

(2.36)

then

Z ~ X0(G(O) 
- G(1)X

0 (2.37)

which in many practical cases will either have G(O) > G(l), G(O) <

or G(O) a G(l). It is unlikely that such a case will occur after

the initial stage.

Now that the density fz (t) has been determined, we now proceed

to find the expected value of the functions 
~~ 

111, and 112 of Ak+l
previously defined by (2.15)-(2.17). The expectations of h o, 111$ and 11z
are derived by using (2.21) and the density of Z (2.23), in the definition

of expectation.

I
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xi

2 2 /2 ~ n(-e~~) (l  + + 
~~~ 2 

, ~ > o
n O

E[110) 
= 

xi

2 2 /2 Z n(..eV) (
~ 

+ n-i)~~ , t < 0 (2.38)
[2 (c~1 + ~~~~)] xi na0 20’

2

xi

e ’
~
’ n-I. 1 1

2 2 /2 E n(_eV) 
~Tj + n - 2) t > 0

+ ~~~ ) ] fl naO 2
~ l

E C u 1) =

2 2 n/2 Z n(_e
~) (~~~ + , t < 0 (2 .39)

+ °~2~~ 
n 0 20

2

n-i -~~
2 2 /2 ~ n(-e~~) (

~ 
+ n - 

2 
, t > 0) [2(~~ + nao 2c

~i

2 

2 2 /2 E n(_eV) (
~ 

+ ~ + , t < 0 (2.40)
+ ~2)f1 n 0  2c2

where the details may be found in Appendix B. Before proceeding to take

the expected va lue of the terms in (A.21) , (A.23) which are the final

expressions for (2.13) and (2.14) a few definitions will be needed .

E(~~ (0) ç(O)} 
~ ~k I k ~°~ 

2.41

E[Xk
(1) X

1~
(l)3 

~ 
(2.42)

E (X k (O) ç(l)1 
~ 
Sk (2.43)

Using the above definitions and the results obtained for the expected

value of the likelihood ratio and its functions we proceed to take the

I.
1~
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the expected value of (A.2 1) and (A.23) to result in the following equations

for the gains i 0,1,

) 
_____________ A ’C’0 = = - 

~0
A
k
P
kI 

(0)A ’C’ - 11 A S k k k+l 
- 

~~O ~~~~~ 
F
kQk

F
k
Ck+lk k k +l l k k

+ llQK
~+i [Ck+lAkPk I k (O)A

~
Ck+l + 9 C

k+l 
F
kQk

I’
~
C
~+I +

A S ’A’C ’ + e c  F
k+i k k k k+l k+l k~k1’k’ k+1 + Rk+l ]

—- 1 1 A S ’A’ C ’+ x [_
~i~

AkPk I k (o)A
~
ck+l 1 k k k k+1 

- (% + 11
~~ 

9 FkQkFkck÷l

+ %4~~~
[Ck+i

A
kP

k J k
(0)A

~
C

~ +i + 9 C
k+l 

F
kQk

F
~
C
~+l + ~~+l]

+ ~ 1K [ck+iAkcA~c~+l + 8c k+l FkQkFkck+l + R.k+l
]) (2.44 )

A’ C ’ -~~~ eF0 a = - 

~lAkSkA.~C~+i - 

~2
AkPkJk

(1) k k+1 1 k Qk
l’
kCk+l

F’c ’ + h ~- 
~~~ 

r’
kQk k k+l oKk÷i

(Ck+lAkSkAkCk+l + 9 Ck+l FkQkI’kCk+l

+ R.
~+j ] + %4~-~ 

(Ck+lAkPk I k (1 )A~C~~1 + 9 C
1
I~ Q~ Fj~ck+i + Rk+l ]

A ’C ’ -+ XC_ lljAkSk k k+1 llzAkPkIk(l)Akck+l 
T
~l
9FkQk k k+1

- ‘112
91’

k~k k k+l

+ 
~~~~~~~~~~~~~~~~~~ 

+ e Ck+1FkQkFkCk+1 +II
+ %K ~

[Ck+lAkP
k I k

(l)A
~

C
~ +l 

+ 8C
k+l

F
kQk

F
~ C~ +l +

(2.45 )

After some algebra these expressions may be written compactly in the

form.

I

- 
1 ._ Il
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~~~~~ 
[a

l] + 
~i’S~~ 

[b
1
] [c i] (2.46)

~~~ 
[az] + 11QK~ .~ [b

2J [c2] 
(2.47)

where the following notation has been used .

A
a
1 

= (Ck+lAkPklk (O)A~
C
~+i 

+ R,~÷1) ( 1+X)  + SlCk+lFk9kFkCk+l

+ x e O ck+lrkQkrkck+l (2.48 )

‘-“ C ’b 1 ~ (Ck+l~~S~A~C~+l + Rk+l ) ( l+X ) + e lck+lrkQk k k+1

+ 9ock+i
F
kQkFkck+i (2.49)

F ’ c ’c1 
- (_ll

~
A
l
P
kIk

(O)A
~
C
~+l - ~~~~~~~~~~~~~~~~~~ - (‘flo +Tl

l
)e

l
F
kQk k k+l

- 
~~~~~~~~~~~~~~~~~~~

(2.50)

A r ’c ’ + xSA’ C’ +a2 (Ck+lAk k k k+l Rk+l )(l+X) + 9lCk+1I’kQk k k+I. ~O 
Ck+lFkQkFkCk+1

(2.51)

b2 ~ 
(ck+lAkPk k Ck+l+R k+l ) ( I 3

~
X) + G

ick+lFkQkFkck+l + X9 OCk+1FkQkFkCk+1

(2.52)

A — —

c2 
a (- h

l
A
kSk

A
~
C
~+l - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 9 lFkFkck+l )
~~ +~~ 

(2.53)

Equations (2.46)-(2.47 )  are two equations with two unknown ~~~~ i = 0 ,1

which may be solved to yield

C [c 2 1 - [c 1][a 1~~ ][a 2 ]3C % [b 2 ] - 

~~ 
[b
1J[a 1~~][a2]3~~ 

(2.54)

(1)~ -1~a [[c
i] 

- 

~ l[K k+l ) [b
1
]} [11~a~ ]~~ (2. 55) 
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Now , i = 0 , 1 in (2.46)-(2.47) can be obtained explicitly

by using the definitions (2 .4 8 ) - ( 2 . 5 3 )  in (2.54)-(2.55). The expressions

found above allow the recursive computation of the filter gains . However ,

they are given as a function of the convariances and Sk , so that

to comp letely determine the algorithm, the expressions for updating the

covariances need to be derived . We start by deriving the one-step

prediction covariances def ined by

Pk÷lJk
(i) E [xk+l Ik (i) x~+j Ik (i) i , i=0,l (2.56)

where

= - A
kXkjk(i)

= Xk+l -

= AkXk + F~w~ - AkXk j k (i) (2.57)

The substitution of (2.54) into (2.56) yields

P
k+llk

(i) E[A kXk I k (i) +.i’
~
T F

k
w
k

][A
k
X
k{k

(i) +
~J~~~

Fkwk ] )

= A
k
E[X,

KIk
(i)X,L~Ik(i))A~ 

+ 8
i
F
k
E[w

k~~
)
~
’
~

= A P
kIk

(i)A
~ 
+ 9

i
F
k~
’
~
, i=0,1 (2.58)

Where ~0, 9~ are the values of 9 which maximizes the performance index in

the two regions as specified in (2.6). We now form the following random

variables X
k÷1

(O) and 
~~+i

( l) ,  by using (2.7) as follows

I 

- ——— 
__ ..

•
_ _
~ ~- ._ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ (j ~~~= v  -~~ (i
k+l ’ / k+1 ‘k+l ’

- A
kLj~ 

+ ~~ FkWk 
- AkXk(i) 

- K~~~
[Ck÷lAkXk (i) +

~J9j Ck+lWk +V k+l) ,

i = 0,1 (2.59)

The substitution of xk+l (i) , i 0 ,l into the definition of Sk÷l 
in (2.43)

results after taking the expectations in the expressions .

S
k÷l 

A
k
S
k
A
k 

+ 9FkQk
I’
~ 

- (K
1~~ 

+ K~~~ ) (Ck+lAkSkA
~ 

+ eck÷l
F

kQkrk
)

+ K~~~
(Ck+lAkSkA

~
CI~+l + BCk+1FkQkFkCk+1 + Rk+l )K l~~~ 

(2.60)

The filter covariance error matrix is defined by

~k+l E CX IK+1Xk+1) (2 .61)

where

~~~
+1 ~~~+l 

-

= A
k~~ 

+ A ~~~~ Fk
w
k - 

k+l~°~ ~~~~~~~~~~~~ (2 .62)
~ + Ak+l

After some extensive algebra we find that (2.61) becomes

a [AkX~
(0) + ~~~1A1~ 1 (1) ~~~~~~~~~~~ Fkwk 

-

+ 
~~ 

C
l
F
~~k 

+vk+l) 
- 

~~~~~~~~~~~~~~~~~~ 
+ ~~ Ck+j

F
k
w
k

+ v k+1))/(1 ~~~~~ 
(2.63)

On substitutive (2.63) into (2.61), taking the expectation , simplifying ,

and using the notations %, 11k ,  and 11
2 
one obtains

I
- - -------- .-—-——- -------- —.- — —- - —-- -



1’

22

= %Pk+lIk
(O)[I_C

~÷i
K
~~~~

J + 
~~~~~~~~~~~~~~~~~~~~

I 
+ 
~~~~~~~~~~~~~~~~ 

) + 112 Pk+l)k~~
) (  ~~~~~~ ]

+ (1L~ +11l
)2 9FkQk

I’
~ + 

~~~~ 
11i)e FkQkFkCk+lXk+i 

- 
~~~~~~~~~~~~~~~~~~~~~~

~O~~+i
Ck+lPk+l 1k (0) - IllKk+iCk+iAkSkAk + ‘

~0’S~~ 
(Ck+lPk+l 1k (0) C~~1 )

+ 11lKk÷iCk÷lAkSkAj~C~+lK~÷i 
- (

~o~~1)94~~
’kQki’

~
— ‘0’ ‘0’’ — ‘0’ ‘1)’+ ho 8K1(+iCk+lFkQkF

kKk+i 
- 111 9K

~+i
Ck+lFkQkFkCk+lK +l

— ‘1’ ‘0)’ — ‘0) (1)’ ‘1’+ u0~+~ +1ic+1 + hlKk+lRk+lKk+l 
- fl lK~+iCk+lAkSkAk

- 

~‘Z
Kk+iCk+lI’k+l I k~~ ~~~~~~~~~~~~~~~~~~~~~~~~

+ 
~2
Kk+iCk+1Pk+l~k~~~~k+lKk+i

- 
~~~~~~~~~~~~~~~~~~~~~~ 

+ ~le~~+lck+lrkQkrkcK+l~~+l

+ 
~2 

eKk+lCk+lrkQkrkCk+lKk+l + ~lK
~~~~k+1~~~~ 

+ 12K~+1Rk+1Kk+1 (2.64)

Now, we have completed the derivation of all the expressions

required for the computation of the recursive algorithm and evaluating

its performance. The detailed computational procedure is discussed in the

next chapter .

I

1

1F
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CHAPTER 3

COMPUTAfl ON PROCEDURE

3.1. Introduction

In this chapter , the computation procedure of the recursive

algorithm derived in Cha pter 2 , and other computational aspects will be

discussed. In Section 3.2 the evolution of the recursive algorithm will

be considered. Then, the initialization requirements will be given.

Finally several simplifications in the computation are discussed .

3 .2 .  Computation Procedure

Step 1. Initialization

In this part we must specify initial estimates to:

~k k~’~ ’ 
5
k’ ~ ~

0, ~~~ 
and to the likelihood ratio or more specifically

its expected value .

Step 2. Computation of 
~k÷lIk~

°
~ 
and

The computation :f the one step covariance error matrices

~k+lJk~
0
~ 

and 
~k+1Jk~

1
~ 

is based on their equations described by (2.61)-

(2.62). The maximizing values of and 8
~
, initially will be the initial

guesses specified in stage one . At all other times and 8
1 
will be

the result of step 7 of the previous i terat ion.

Step 3: Computation of and

The procedure of deriving ~~ and was given in detail in

Appendix C. First, the mean B~ is computed by using (2.26). It is a

function of the following parameters

1
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80 
= 

~~~~~~~~~~ 
Gk ( i ),  81 , i 0 ,l (3.1)

Then the matrices G
k

(i) ,  iaO , l are obtained from (2 .20) ,  which are a

- 
function of the following parameters

G1~(i) = f j fC k+l ,Rk+j ,Pk+lIk ( i )) ,  i—0 ,l (3.2)

Initially 
~k I k ~~~ ’ iaO ,1 are known . In the computation of Pk+llk ( i ))

i o , i ~ is fixed to its true va lue . After and B~ 
has been computed

we can compute cT~, o~ from (2.28) and (2.29).

Step 4: The eva luation of and the expected value of the likelihood-ratio

is described by Equation B.9 where initially we must use our

estimate for 
~~ 
L~(l) - Lk (O ) which must have been specified in step 1,

with all the other parameters known. The likelihood-ratio is computed

via the recursive relation (B.75).

Step 5: Computation of %, 
~l’ ~2

Since the solution of %~ ~l and Ti
2 are given in terms of an

inf inite series . It is more convenient to use numerica l integration, a

32 points Gaussian quadrature routine for example . It is especially

appeal ing for the case of n a 2 since then the limits of [0 ,~~J can be

changed to [0,1] via a change of variables, otherwise the original

f integral

~ X~
I’~
l 
~~e 

2 (3.3)
o (1-Be )

can be computed by placing an artificial upper limit on (3.3) by recognizing

that the term that controls the convergence of (3.3) is e~~~. Therefore

let: 

- - - - --- - - - 



25

— 1O~~ (3.4)

where ~ is an arbitrarily chosen desired number sufficiently large in

order to ensure convergence . Once ~ is chosen x can be computed to be

the upper limit of (3.3).

SteD 6: Computation of 4~
, i 0 ,l

i 0 ,l are computed using equations (2.54)-(2.55). It

should be noted that in this stage 8 is fixed to its true va lue .

Step 7: Determination of maXCPk+l i—0 2 1 for 8 E H

Using the results of step 6 we compute the va lue of

i O , l corresponding to max 8 EHj. The procedure is illustrated for

We first substitute the following

~k+l ‘ 
~k+lIk~

’
~ into (2.64) and then find 9~~9=80 

9a9 0

for which (2.64) is maximized . Fortunately , since 
~k+1~

t
~ 

is linearly

related to 0 we can set max to be at its boundry values. As a result

of this step we have the value of Pk+l (i) for the next iteration, and the

values 8o, 
~1 to be used in step 2 of the next iteration.

Step 8; The update of Sk+l

The update of is performed via Equation (2 .60). Note

that in this step 8 is fixed to its true value. At that point one

iteration has been completely finished, and we start again in Step 2.

I
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3.3. On-Line Computation Procedure

I In section 3.2 the necessary steps for analyzing the performance

of the algorithm were described. However, during the computation procedure

when measurements are available the following changes are necessary.

In step 4 of the previous section it is no longer necessary to

compute the expected values of the likelihood-ratio and its functions - 
-

-

I 11o~ 111 and ~~~~~~ 
Instead we evaluate A.~÷1 

using the sequential likelihood

ratio formula [16] given by (2.20)-(2.21). The likelihood formu la together

with the derived gains (2.54), (2.55) are then used in the expressions of

the filter (2.7) to obtain the desired estimates. It should be noted that

in the above mode the observations and the equations for Xk+l (i) ,  i 0 ,1

I and should be included appropriately.

- I

—--- -- -- - -------—----.- - a — —-—--.-—------------ ----—~~~~~~~
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CHAPTER 4

SUMMARY AND CONCLUSIONS

In this thesis a joint detection-estimation scheme has been used

to derive an on line recursive algorithm for a class of systems with

uncertain noise parameters . The algorithm derived is most suitable for

a wide class of systems for which the uncertainty about the unknown

parameter appears in the form of bounds . It is also capable of handling

cases where the unknown parameters are time-varying as well as constant.

The derived scheme is only stage by stage optimal and not globally optima l,

therefore , relieving some of the computational requirements such as memory

requirements and computational speed . The algorithm is capable of

approximately computing the performance of the system rather than

simulation.

Since observations are available in the on-line filtering mode

we can compute the likelihood-ratio and its functions via the sequential

likelihood-ratio formula instead of its expected value. The gains of the

system are computed directly by the algorithm and may in general depend

on the observations. It should be noted that in the above mode the

observations and the equations for xk+1(i) ,  i 0 ,l should be inc luded

appropriately. Both off-line computations of performance and simulations

have been made to demonstrate the information flow in the filter .
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APPENDIX A

THE DERIVATION OF and

I
The purpose of this appendix is to out line a detai led derivation

of and XI~~~~ up to the point where we need to take the expected value.

The scalar cost functional Ck+l to be minimized was given in (2.12) which

may be wri tten as

k+l — max Ck+l (8) + X max Ck+l (8) (A. 1)

For convenience and because of the symmetry of the problem only the first

term in (A.1) will be explicitly derived. From (A,l) and (2.12) the

expression for Ck+l(8) may be explicitly written as:

i
(
~~ l~

0
~~~~k lXk ~(1~~

- 2 ’  +
+1 - +1 +1 +1 1 +

+ ~~k+1 (0) + Ak+lXlc+l. ~1’~~~ ~~k+l (0) + &
~+l

Xk+l (1) h 
A 2

( l + A k+l ) ( l +A k+l ) ( . )

The substitution of (2.7) into (A.2) results in

Ck+l (G) - E{XI~+lXk+l -2c+l~
Akx,K(o) ~~ k+i&k+1 ~Ck+l

Ak~~
(0))

+ ~~+l (AkXk(l) +K
~~~ (Y k+l 

- ck+lAkXI~
(1)))}/ ( l  +

+ (0) + Kk+i ~‘k+1 
- Ck+lAk~~ 

(0)) + Ak+l (Ak~k 
(1)

+ Kk+i (y k+l -C k+lAl~Xl~
(1) ) )}/(l+Ak+l )2} (A.3)

A ‘
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We now need to take the derivatives of (A.3) (after maximizing with respect

to 8) with respect to K1~~ 
and ~~~~ Again on ly one expression will be

derived due to the sy~~ietry of the problem. We shall use the following

results from linear a lgebra

(x’Ky) xy ’ (A.4)

~~ (y ’Kx) yx ’ (A.5)

~~ (x’K’Ky) = K(xy ’ +yx ’) (A.6)

where K is an nxn matrix and x ,y are n and m coluimi vectors . The use of

these relations in taking the derivatives of (A.3) with respect to

(1)and K.K+l results in

Ii
~
Ck+1(O) a E

1
- 
ZX~~1(y~~1 Ck+1AkXIK(O)) +

t 1.. l+A .K+l (l+A ,~~1
)2

+ 
2Ic

~~~
(yk+l

_C
k+lAkxk (0) ) (y k+l

_c
k+lAkXk (O)) ’

( l+i\K+l )2

+ 
2
~~÷i~~+i 

(1) k÷1 k~1Yk
’0
~~ } (A .7)

(l + Ak+l )

After some algebra it may be further reduced to

~C (0)
ECt -  2X.~~1(I. + 

~k+)) +2A kXk (O) +2K
~~~

(yk+l~
Ck+lAkxk (0 ) )

+ 2Ak÷lXk+l ( l )}( (yk+l
_C

k+lAkX.K
(0 ) ) ’ ) )/ ( 1+ A k+l

) 2 (A.8)

The substitution of (1.4) and (2.7) for iai into (A.8) results in:

___________ _________ II



30

(0) 
= E C [- 2(1 + 

~~+l )AkXk 
- 2(1 + )~~ r~W~ + 

~~~~~ 
(0)

I + 2K,
~~~

(yk+l
_C

k+lAkxk
(0)) + 2A

k÷lAkxk (l) + 2A~~1K~~~

[(yk+l
_C
k+1Ak~k

0))’ ])/(l +

(A.9)

In order to perform the expectation, the expression (A.9) is further

simp lif ied in terms of the error estimates def ined as

Xk k ~~~~k (A.lO)

and the system noise Wk and Vk+l . The resulting fina l form of (A .9)

becomes

1~ ~
Ck+l (O)

= - ll
~~kxk (0)x

~(0)A~c~+l -

I - (‘11
0
+~~~

1
) A j~~ rk wk x.~

(o)A.
~C.~+l - 11~j~

- - 11i~/~ 
Akik(1)v~r~

c
~+l 

- (11O+~l )er kwkw~r~cI~+l

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- (110+11l~~

8 
k’~k

”k+l

+ 11o~~ ~~~~~~~~~~~~~~~~~~~~~ +•I~ Ck+l
F
kwkXk(0)AkCk+l

I + v k+lXk (O)A C .hJO C A Xk(O~~~~~ 
+8C r w.w ’F ’C’k k+l k+l k k k k+1 k+1 k K k k k+l

‘r’c’ + C  At + 
~~~ k+l’~k k k+l k+l ~~~~~~~~~~ +

~
/
~

Ck+lrkwkvk+l
.4.vk+lvk+l ]

* I + 
~~~~~~~~~~~~~~~~~~~~~~~~ +J

~
Ck+lrkwkxk(o)A kck+l

I —

t
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+ vk+lX~k
(O)A

l~
C k+1 + ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ ~*J~
’ V 1 r~c~ f 1  +Ck+lAkXk(l)v

k+l +~~
ck+lrkwkvk+l+~

r
k÷l

vk+lJ

(A.ll)

where we have denoted 11~~, 11k ,  and 112 as defined in (2.15)-(2.17). In a

~C (8)
similar fashion the expression for can be obtained to result in

~~k+1

~Ck+l (O) — — —

(1) 
- llAk~~

(O)X
~
(l)A

~
C
~÷l 

- 112AkXk( 1)X
~
(1)A

~
C
~+l

- ~~~~ rkwk (l)AkCk+l - 112~~

- 111 ~ A (l)vQ~1~C1~~1 
- 112fl Akxk (1) v~F~c~+l

- 11 l8rkwkw~
r
~
c
~+l 

- 112 erkwkWk
l’

kck+l

- 

~lAkXk (0 )v~~1 
- 112Ak~~ 

(1. )v~~ 1 
- 

~~~ 
fl
l
r
k 

W
k

V
k÷l 

- 112AJ~ ~k w
k
vk+l

+ 11
1 (Ck+lAkXk(0)

~ K
(l)Ai

~
C
~(+l 

+v’~ 
Ck+l rkwkxk(l)A

k
ck+l

+ ~~~~~~~~~~~~ +.i~ C~÷lAl(Xk (O) w r~C1~~1+ 8Ck+l rkwkwkrkCk+l

+ ~~ Vk+l w~
r~c~~1+ Ck+lAkXIK(O)v~+l +~J~ Ck+lFkwkv~+l+ vk+lvk+l)

+ 11o~~~~ 
[Ck+lA k(l ~~~~~~~~~~~ 

ck+lrkwkxk(l)A
k
Ck+l

+ v
k+lk (l)A

~Cic+l

4
- -
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‘ F ’ C ’ + 8+ 
~
V’
~
Ck+lAkxIK

(1)w
k k k+l Ck÷l

r
k
w
k
w
~
I’
~
C
~+l+.J~vk+lw k k+l

+ Ck+lAkxk (l)v k+l +*.J~ Ck+l rkwkvk+l+ vk÷lvk+l ] (A. 12)

These are the expressions to be used in (2 .13) and (2.14).
I

I

1

1

I
- 

I
I
I
I
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APPEND IX B

THE EVA LUATION OF THE EXPECTED VALUE OF THE LtI~ LIHO(~~-RATIO

We have shown before that detection and estimation are highly related

to each other via the sequential likelihood ratio formula. Using the

formula given in [16J pp. 157-161 let the natural log of the likelihood

ratio be:

~ 
Ln (A~~1) (B.l)

The sequential likelihood ratio is given by the following formula

J
*det(Ck l Pk ltk

(O)C ’k+l + ~~~~~
Lk+l 

a 

~~
ldet(Ck+lPk+l1k(1)C ’k+l + Rk+l)f 

+ Lk

- Ck+lA kxk (O ))  (C k+lPk÷ 11k (O )Ck+l + R k÷l
) 

1
~~k÷r Ck+lA kX k (O))

- 

F~k+l - Ck+lAkXk( l) )  (Ck+lPk+11k(l )Ck+l + Rk+l ) ’(y k+l
_ Ck+lA kX k ( l ) )

(B .2 )

Now (B.2) may be expressed in terms of the estimation errors

Xk( i) a - Xk(i),  i a 0,1. by substituting into (B.2) the expressions

(1.2) and (1.3) for and ~~~~ After some algebraic manipulation

we obtain 
*

+ Rk+l ).
~Lk+l — 2

~ ldet(C P (l)C ’ + R k+l )
~ 

+

+ f(Ck+lAkxk(O)+ ~~~~~ 
Ck+lrkwk+vk+l)’(ck+1Pk+lIk(O)c~+1

+Rk+l)
1
~
(ck+lAk~

ck(o)

+ ~
,j Ck+lrkwk+vk÷l)



34

- 

~
(C
k+l

Ak~k
(1) + 

~~ 
C k+lr kwk~

z k+l ) (Ck+lP k+lI  k~~~~ k+l~~ k÷l~

•(C k+lA kXk ( l) +~/~ Ck+lrkwk~I~vk÷l) (B.3)

- 

It should be noted that the first two terms are constants , as far as the

expectation is concerned , and may be denoted by:

~ ~~~~~~~~~~~~~~~~~~~~ + Rk+l)~= 1*det (Ck+lPk÷IIk
(1)C

~+l + Rk+j )J + Lk (B.4)

Furthermore, the following notations are used

Gk(i) = (C k÷lPk+l 1k (i)C
~+l + Rk÷l Y~ 

, i - ~),1 (B.5)

X
k(i) 

a (Ck+lAkXk( i)+
~
/eCk+1rkwk+vk+l ) ’Gk( i ) ( C k+lAk~k

( i )+
~JeCk+lrkwk+vk l )

a 0,1 (B.5a)

The resulting expression for the likelihood ratio becomes then

Lk+l = 
~k 

+ 
~~~ 

X~ (O )Gk (O)X k (O) - 
~~~ 

X
~

(l) Gk( 1)Xk(l)

(B.6)

where

Z = 
~ (Xj~

(0)G~(O)X~(O) - X~
( l)G k( l )X k( 1))

so that the likelihood rat io  is

A k+l 
a expt~y~ +Z1 (B.7)

Since wk~ 
Vk+l and Xk are Gaussian r.v then the random variable Z is a

quadratic expression in variables which are conditionally Gaussian.

Consequently, the conditional density of Zk (over which the expectation is
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to be performed) is a generalized chi-square density function [ii~ .

However , it is not possible to obtain a closed form expression to the

density, hence an approximate model is used. Since Z is a difference of

two positive semidefinite quadratic forms of n Gaussian variables, we

approximate its density by a convolution of two density functions each

of which is chi-square with n degrees of freedom, one with positive r.v

and one with negative r.v. This means that the density of Z is given by

* f2(z) (B.S)

where n

2~
”2
~~r(~) 

exp(- —~j ) (z )2  - 1 , z > o

f
1

(z)  a

0 , z~~~0 (B.9)

2’~
2a~r(~) 

exp(—~~~) ( -z )~ 
1 

Z < 0

f2
(z) —

O , z � 0 (B.lO)

In this approx imation c~ and are parameters to be determined from the

moments of the random variable Z. The explicit expression for the

convolution may be written as:

— 
(z—t)

- a -l ~,2 ~ -1
a 

n n 2 n ~ 
e 1 (z)

2 
e 

2 
(z—t)

2 
U(z-t)dz

2 ~~1
0*
2) r (~~) max(O , t )

t/2cy2 2 2 n n2 ~~~~~~ — -1 — -1e 
2 5 expC-z(~~~ 2 

2))(z)2 (z—t)2 dz (B.ll)
(
~~~~1

a
2

)
~~
I’ ( )  max(O ,t) 

~~l~’2
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two cases need to be considered .

For t < 0 we have

t/2ry~ 2 + 2 n 
-1 ~ -le 

n 2 n ~ 
exp [—z( 12 2 

2)~ (z) 2 (z—t)
2 dz . (B.l2)

r 0 2o l~2

However, from r19] the following integral is used.

= L 
~~~~~~ 

2exp C~~ 3r(~ )~~ 
- 

(~~~) (B.13 )

where K is the modif ied Bessel func tion and
V

arg~~~~<rr , ReL~~> O , Re~~> O

For our case in (B.13) we have

2 2+ 0~2— 22 (B.l4a)

~~l~2

Q = l - ~~ (B.14b)

(B. 14c)

B — -t (B.14d )

so that the solution to (B.13) becomes
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2 2 2  n 1 2 _ 2exp[t/2a2) 2~ ~~, - 

~ 1_ _ _ _ _ _ _ _ _  _ _ _ _ _  2 
_ _ _ _ _

2 ~~ 
expt-t( 2(2a1~2

jtr
2(~) 

~~ 
~1 

+ 
~ 2 ~~i~ 2

2 2C. + C .
• r (~ )K1 

- 

[-t( 
1

n . 2 2 
2
)) , t < 0 . (B. 15)

2 2  l°~2

Equation (B.15) may be simplified by using the asymptotic expansion of
- 

the Bessel function [20] .

K (Z) a (...i~~~ 
_Z
~ 1 + +

2 (B.1(- 1V 2
2~ (8Z )

nwhere V fixed, ~~ large and ~ ~~2 After substituting ~~ a - , and
2 2 -

C. +C
~2a -~~~~~~ — t( 12 2 ~ into (B.16) we take only the first term of the

~~~ 1
C.

2

resulting asymptotic expansion of the Bessel function and substitute it

into (B.15) to obtain the following:

a
1 ( — t ) 2 — texp[—~) , t < 0 (B.lla)

[2(~~ ~~~~)]
2

Similarly for t > 0 we have

H 
~xp(~~~~) n a

1‘
exp ~~ 2 

)
2 

- 

(z-t)
2 

- 

dz (B.17b)Z 2~(C.C.)~r
2(~) 

5
~ 

[-z ~~
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From [19] and [21] the general solution to (B.12) is obtained from the

following integral.

- 

5
:

’ l e
~~~~~~~~ 

~~~~~~ (~~) 
- 

2 r (~~)exp (~~~~)K 1~~~ ) ( B.18)

with

tRe ~.i. > 0, Re Bu > 0) to result in

texp (—~) 2 2  n 1 2 2(2C. C. ) (C. +C . )

2~(C.1C.2)~1
2
(~) ~ C.~~+C.~ 

~ 
2 
r(~)exp[-t ~~~ 2

2 2
(C.

1 
+ C.2)• K 

~ 2 2 3 , t > 0 (E.19)
~~~~~ 4C.1C.2

Following the same approach used for the case of t < 0, the substitution of

the asymptotic expression of the Bessel function into (B.19) results in

1 (t) 2 
- 

exp(~~~3 , t > 0 (B.20)

2(C.1 + C.
2
]

Thus f z (t) is obtained approx imately by (B.12 ) and (B.20).  We can now

proceed to find the required expected values of the functions of the

likelihood-ratio 1
~Ø~ 

11
~ 

and 
~2 

defined-by (2 .l5)-(2.17). The expected

value of can be evaluated as follows:
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0
E(11

0
) j~ 

1 
t 2 fz(t)dt a 5  (.)dt +5 (.)dt

-m ( l + e e )  -
~~~ 0

a + (B.2l)

The f irs t term TL~ may be written as
- 

n
1 

a 
L- t)2 - 

~ 2 expC—~~) dt
2 2 ~ _~~~( l + e *~f

e )  202
- [2(C.~ +02)] ~ (~ )

2 

1 

2 
~ (1 +e

I
~
1
e t)

2 exp(~~~J dt

- 
[2~C.~ + 

~~~ ~ (~ )

~~ V 4  ~~ X
F 

~1 ~ 
x e 

-x 2 dx0 ( 1 - 9e )

{ where C1 is analogous to the constant term in front of the integral. In

order to evaluate (B.22) let 
~~ < 1 and use a geometric series expansion

to reduce it to the following form :

~~ 
V..]. -t~.~xx e 

-x 2 dx — 5 x~~~
1
e~~~~ E ~&( 8 e~ ’5~~~’dx (B. 23)

0 ( 1 - Be ) 0 naO

which after interchanging summation and integration becomes

I.
I-.
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a 

n~ o 
~~n-l f x

1
e~~~~~ 

+ n_ l )
dX

— E (~ + n-1)~~ r(v ) (B. 24)
na0

This expression is used in (B.22) by recognizing that: B -e~
’, ~ —

and ~ — to obtain the final result for ii;

n
* — 

n ~ n(_ eV )~~
l(..!~. + n-i) 2 

(B.25 )

+ C.2)]
2 2

Similarly for the second term of (B.2 1)

a . .
I (t ) 2 

~ 2 exp[-43 dt (B.26)
— 0 ( l + e ~’e )  20

+ C.2~ r(~)

which may be reduced to

-2 
_ _ _ _ _ _ _

e (t) 
- 2 exp[-t (2 + 

~~~
)) dt (8.27)a

[2(ai + 02 )] r(~~)

Again recognizing that B — e~~, ~ = 2 + —.
~~~~ and ~ — and applying (8.22)

the fina l answer is obtained

F
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- 
_ _ _  

n-2~ - —e 
~ n ( e 1 ) ’~~

i ( i  + a + 1
) 
2 

(B.28)n n 0
[2(C.~ +

Equations (B. 25) and (B.28 ) are combined to yield the final expression for

the expectation

I
n

1
— f E  n(-e~~’)~~~~(l + n  ~~~~~~ 

2

[2(o~ + o~~)]
2r (~~) 

1

+ E n(-e~5~~~(~ - 1 + 
~~j ) ~

) (B.29 )
n—0 20

2

Following the same procedure outlined in (B . 22)-(3.29 ) we f ind that

• 2
— 

1 
a fe~~

’ 
~ 

(t )  
-t 2 exp(-t(--~~ + 1)3 dt

0 ( l + e ~~’e ) 2~~[2 (o~ + C .2 )] 2I~(~~)

a
• t) 2

+ e~
’ S 

~ 
-t 2 exp [-t(i + —

~~~~~ ))dt3
0 ( l + e e  ~

1 • - —
n

— f E n(-e~~)~~
1(—~~ + n-i) 2

[2(C.
~ 

+ a2 )] 2 n 0

U •
+ E n(-e’1’)’

~~(
--1
~
. + n+i) 2 (B.30)

n—U

- - 1
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- 

2 2 
~ 

° (1 
exp f~~~3dt

+ C. 2
)] r(~)

+ e2V f (t) 2 
-t 2 exp ft(~~~ + 2))dt)

O ( 1 + e ’
~
’e )

a
— 

1 
[En (-e~~)

’
~~ (—~~ + n-i) 

2

[2(C.~ + 0~ )] 2r(~ ) 1

n

+ E n( . .e 1)’~~~(..1~~+ n+l ) 2 (B . 3 1)
a_U

where the same procedure of (B.22)-(B.29) has been used.

The expected value of is needed mainly for step 4 of the

computation of the algorithm (see Chapter 3 , Section 2) .  We have denoted

V k + Z
A k+l e (B.32)

where the term e is constant as far as the expectation is concerned and

is observation dependent . Therefore , (B.32) can be described by the

following recursion

‘~k+l — A kCkeZ

where A k and Ck are the f i r s t  and second terms in (2.20) respectively.

Using the results g iven by [19] we obtain
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- 

ECA k+l) 
a A kCk 

1 

a 
1 

n + 
a

+ C.
2
)]

2
r(~~) (1 + _ _ )2 (—s - 1)2

2ai

I-
F

I

— p—- - - —  —- - — . - -— -- — - -  - —  - —~
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APPEND IX C

THE DERIVATION (~ THE MEA N AND VAR IANCE OF f z (c)

The purpose of this appendix is to derive the mean and variance of

The idea here is that we know the mean and var iance of f
1

(z) and f 2(z)

which are chi-squared densities. The density of the r.v 1 (2.23) is
approximated by a convolution of f 1(z) and f 2 ( z ) ,  which is a density of a

r.v Z’ given by a sum of two independent r.v z1 and z2 .

Z ’  — z 1 + z2 (C . l)

Consequently, the mean of Z ’ is the sum of the means and the variance of

1’ is the sum of the variances. We also can find the mean and the

variance of the original random variable Z as defined by (8.6).  It is

important to note that the mean and variance of Z will be found as a

function of the system parameters. Once we have the mean and variance

of Z’ and Z we compare the appropriate terms arid thus ob tain the

parameters C.~ and of f 1(z) and f 2 (z) .  Since f 1(z) and f 2 (z)  are

chi-squared densities , their mean and variances are given by

E(z1) var(z 1) a 2rx4 (C . 2)

2 4E(z
2) ~~2 

var(z
2
) = 2r~~2 (C. 3)

where we have noted that f 2 (z)  is a chi-square on the negative axis .



1
Consequently we have for Z’

E(Z’3 a E [z 1 + 123 nc~~ + (~~rkJ ~~)

a n(c~~ - C.~~) (C .4)

var(Z) — var(z 1) + var (z
2

)

Aa 2n(~ 1 + C .
2

)

We are now about to find the mean of Z via the likelthood-ratio.

It was shown (B.6)-(B.7) that the likelihood-ratio can be written in

p the following general form .

exp(y~ + 
~ 

x
~

(O) G k (O)x k (O) 
~
x

~
( l)G k ( l )x k ( l)3 (C .5 )

Since 
~‘k is a constant we need only find the expected value of the

f01 ow~.ng term

E[Z) - 
~~~ 

E(x~
(O)G k (0)x k (O) - x~

(1)G k (1) xk ( 1)) (C .6 )

I Substituting into Xk(O) and xk(l)  their corresponding terms as defined by

(B.5a)  we obtain

E fZ)  — ~ E ( (~~~(O)A~ C~~ 1 +/e w~r ’kC ’ k+l + v~+l )(c k(0))

(C k l A k~k (O) ~~~~ ck+lr k Wk + vk+1)

- 
- [( (1)A~c~~1 +~J~ wkr kG k+l + vl~+l )(G k( l ) )

1 a (C k+lAk k (l)  +
~~~~ 

ck+lr k Wk + vk+l ) J )

I

LI
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-

Taking the expected value of ( C .7 )  and a f ter  some algebra we find that

E [Z) is given by (C. 8)— E f Z )  — ~~ 
Ctr [P k l k (0)A

~
C
~ +lG k (O )C k÷lA k]

+ tr [eQ F~c~+lck (O)C k+lr k] + tr[Rk+lGk(0)]

- tr[ Pk l k (I)A
~

C
~+iGk (i )C k+iA k] 

- tr[9QkF~
C
~+l

Gk(l)Ck÷lFk]

- tr [ Rk+lGk ( l)] ) (C .8)

Proceeding to f ind the var iance of Z cons ider the following term

— var fZ 3  
~ 

E [(x~
(O )Gk (0)xk (O) - x

~
(l)Gk(l)xk(l))

• (x~
(O)Gk(O)xk(0) 

- x
~
(1)Gk(i)xk(l)

T) -

— 
~~~ 

[Etx ~
(0)Gk (0)x k (0)x

~
(O )Gk (0)x k(0)) - E[x

~
(O)Gk(O)xk(O)x~

(l)Gk(l)xk(1))

- E[x
~
(1)Gk(l)xk(l)x l~

(O)Gk(O)xk(O))

+ ECx
~
(l)Gk(l)xk(i)x~

(i)Gk(l)xk(l)) 
—

— (1) + (2)  + (3) (C.9)

Since the evaluation of Equation (C.9)  is very lengthy , each term will be

evaluated ind ividually .

(1) Taking the f i r s t  term in (C .9) ,  and expressing the double quadratic

form with its indices. It was shown [18] that if x is Gaussian then a

doub le quadratic form can be broken as follows

‘I
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.~ 
Gjj(O)G kL(O)[ECxj(O)x

j(O))Ef(xk
(0)x

L
(0)) + Z

~
x .(0)x k (0 ) )E fx .(0)x

L
( O))

, j ,  ,L

+ Efx .(0)xk(0))Efxj(0)x
i
(O))]

a 

i , j, k ,2 
j j~~~~~~~~~~~ij  kg + 

~~~~~~~~~~~ 
+ PJk (O)P j L ( 0))

= 

~~~~~ Lj kg ij kL 
+ 2Pjk(o)PJL

(0)) (C.1O)

performing the summation only on the first term of (C.10)

E Gi . ( O~
Gk (0)P 

~~~~~ 
(0) = t r (G(O)P(0)tr ~G( O )p ( O) )  (C.l1)

i , j , k ,L .1 L ii L

consider now the second term of (C.lO)

summing over the appropriate indices as follows

= [G
LJ
P
Jk

GkL]PiL

a [( G (O)P(0 ) ) j~ G~~J P j g

a [c 0 P 0 G o
~~jL

]PjL

— G(O )P(O)G(O)P ’(O) — > tr[G(0)P(0)G(0)P ’(O)] (C.l2 )

(2)

Z G~ (O)G k (1)[E(x~(O)x (O))E(xk(l)x (i))+E(xi(O)xk(i))E(x (0)x (1))i j k L ~~~ 
L i L i £, , ,

+ E(xj(0)xk(i))E(xj(0)xL
(l))]

— ~ G (0)G (l)[P (0)? (1) + 2S S 3 (C.13)
~~~~ 

ij kg U kL Jk iL
,J ,

• -.



48

following the same procedure used in (C.lO)-(C .l2) we find that the

solution to (C.l3) is given by

= t r [G(O)P(O) ]t r [G( l )P( 1) ]  + 2 t r [G(O)SG( l )S ’ ]  (C. 14 )

(3)

— 

i,j,k,L ~ kL i j k L  
(O)) +E (x

i
( l)x k(O))E( x

j
( l )x

L
( O) )

+ E(x .(l)xk(0) )E (x j( l )x
L
(0))j

— t r [G( i)P ( l) ] tr [G(0 )P (0 )]  + 2t r [G( l)S ’G(O)S ]  (C . l5)

After evaluating terms (l)-(3) we find that Eq. (C.9) becomes

var fz)  = tr[Gk(0)Pk(O)]tr[Gk(O)Pk(0)] + 2tr[Gk(0)P k(O)G k(0)P
~
(O)]

- tr[Gk(0)Pk(0)]tr[Gk(l)Pk(1)] 
- 2tr [G k (0 )S kGk (l )S

~]

— tr[Gk(l)Pk(1)]tr[Gk(l)Pk(l)] 
- 2tr[Gk(1) S

~
Gk(0)Sk]

+ tr [Gk ( l )P k ( l) Jtr [G k( 1)P k(l)] + 2tr[G k ( l) P k(i )Gk (l )P~ ( l)] -

= B~ - (C.16 )

The substitution of 
~k~

1
~
’ Gk(i), i = 0,1 and 5k into (C.l6) result in the

following

- - 4
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var[Z) = E((~
(x
~

(O)A
~
C’
k÷l +4 J ~ w~r~C~~ 1 +

.(c k÷lA kxk (o)+A/~
ck÷lr kwk+vk÷l ) -

•G k( l)  •(C k÷lA kxk( l )  + ~ Ck+lrkwk+v k+1))

.t ~ (~~ (0)A~Cj ~ 1 + .1t3 w~r~ C~ +l÷v~+l
).G k (O) .CXk(O)A kCk+l +.~N ck+lrkwk

+ Vk+l) 
- 

~(~
c
~
(l)A

~
Ck+l + .J~ 

w~Ck÷l+v~÷l ) G k (l ) ( C k+lA k~
Ck(l)

+ 4J ~ ck+lrkwk+vk+1)) 3 - (C.l7)

After some extensive algebra we arrive to the final form of (C.l2) given

in (C.18)

1B —

+ ~~ tr (A~C~÷lGk (O)C k+lA kPk (0) ) t r (A~C~+lGk (O)C k÷lA kPk (O))

+ A ’ C ’  G2 k k+lGk (0)C k+lA k~’k~
J) k k+l

+ ~~ tr(er~
C
~÷l

Gk(0)Ck+lrkQk)tr(er~
C
~+lGk(O)C k+lFkQk)

‘C’ G+ Z ( e r kc k+LGk (o)C k+lr kQ kr k k+l k (o)c k+lr kQ k )

+ ~~ tr(Gk(O)Rk÷l)tr(Gk(O)Rk+l) + ~~ tr(Gk(O)R k+lGk(O)R
~÷l)

- 
~~~ tr(A

I
k
CI
k+lGk(O)Ck+lAk

Pk(O)tr (A
~
C
~+l

Gk(l)Ck+lAkPk(l))

- 

~ 
tr(A

~
C
~+lGk(O)C

k÷l k k kck+lGk(l k+iAkSk)A S A ’

- 
~~~ 

t r(er kC~ +lGk (O )C k+ir kQ)t r(er~
C
~ ÷lG k(l)C k÷lr kQk )

- 
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_______________________________________________________________________ — I 
~
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- 
~~~ 

tr (G k ( O )R k+l ) t r (G k ( l )R k+l ) - 

~ tr (G~ (O) R C ( l ) R ~~1)
k+l k

1
- 

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
~~~ 

tr(Gk(l)Rk÷lGk(l)R~+l
)

- i4 tr(A~C~+lGk(l)C
k÷l

A
k
Pk

( l ) ) tr(A
~
C
~÷lGk(l) Ck+lAkPk( l ) )

+ f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
+ ~~ tr(er~

C
~+l

Gk(1)Ck+lrkQk)tr(8r~
C
~+l

Gk(l)Ck+lrkQk)

+ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ ~~ tr(Gk(i)R k+l )tr(Gk(l)R k+l) + 
~~~ 
tr(Gk(l)R k+lGk(l)R

~+l) - (C .18)

2 2
We now have two equations with two unknowns C.

1 
and 02

2 2n(C.1 
- 
°~2~ 

= B0 
(C.l9)

2n(ci~ + C .~~) (C.20)

The solution of (C.l9) and (C.20) for c~ and C.~ yields

2 ~l 
- (_2)

2
]¾ + (~2) (C.21)C.1 

— [(
~~
)

2 ~O 2~~ 
B 0

= - 

~7 ~ - (C. 22)
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