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I. INTRODUCTION

The performance of the adaptive noise canceller (ANC), pictured in figure 1 , has
been examined extensively within the framework of Wiener filter theory ( [1 1, 12 1, 13 1).
More recently, Glover [4] has shown that for the case of a single sinusoid and no noise in
the reference , the output , e(k), and primary input , d(k), are related by a notched -fi lter
transfer function , a solution which falls outside the scope of the classical theory .

PRIMARY d(k) 

~~~ 
elk)

x(k) ADAPTIVE 1 y(k)
REFERENCE 

~~~. FILTER
INPUT w ik)

2~€ (k)

Figure 1. Block diagram of an adaptive noise canceler (ANC). The update equation
for the filter weights is w(k + 1) = w(k) + 2g.~e(k) x(k).

We examine here a more general situation in which the reference signal consists of
a sinusoid (possibly with random phase) in white noise. In that case the output power
spectrum no longer bears a time invariant relation to the spectrum of the primary. It is
the purpose of this paper to derive an expression for the output spectrum. We obtain an
approximate analytic solution which incorporates second order statistical effects (realized
as terms of magnitude p, the feedback parameter). This result is then compared with experi-
mental data and a computer simulation , which prove to be in close agreement with the
theory .

It is found that when the primary input is independent of the reference signal , a
notch will develop in the output spectrum even though the Wiener solution for the weight
vector (the expected value of w: cf [ I  J ~ is zero. On the other hand , in the appropriate
context (correlated refe rence and primary), our solution reduces to that of Wiener theory.

• In general , although the notch depth diminishes with decreasing reference signal-to-noise

a 

ratio , the exact functional relationship depends on the nature of the primary input.

II. THEORY

‘1 Let the reference input x and adaptive filter w be L-dimensional vectors . We assume
that L ~ 2. The filter is updated using the Widrow LMS algorithm [2 1.

w ( k + l ) w(k) + 2~te(k) x(k ) • ( I )

Ii



Ii

where , from figure 1,

e(k) = d(k) — y(k)

L (2)
y(k) = w • x = w2(k) xQ(k)

with subscripts indicating vector components.
The substitution of (2) into ( 1) yields

w(k + 1) = A(k) w(k) + 2pp(k) , (3)

where A(k) is the matrix

AQr(k) = 6Qr — 2i.zx2(k) xr(k) (4)

and p(k) the vector

pQ(k) X 2(k) d(k) . (5)

The solution to the linear difference equation (4) is given by

w(k) B(k ,0) w(0) + 2p B(k ,m) p(m) , (6)

where
a

A ( k — l ) A ( k — 2 ) . . . A ( m + l )  , m~~k — 2
B(k ,m)

I , m~~ k - l

= TJ A(t) . (7)
t=m+l

The term B(k ,0) w(0) is a transient. If the system is stable (as in the case for small ~z; cf ,
equation (B-JO) and 15 1, 16 1), lim II B(k) I I  = 0, and for large k the transient is negligible.

k—~~Alternately, we may assume w(0) = 0. In either case , it follows from (2) and (6) that

k—l
e(k) = d(k) — 2p ~~~ xT(k) B(k ,m) x(m) d(m)

m 0

d (k )— 2p 
E f(k ,m ) d(m )  

2

’ (8)

• — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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where ~T indicates the transpose of the vector x , and

f(k ,m) = xT(k) ( T~ 
A(t)

) 
x(m) . (9)

t m+l

DESCRIPTION OF INPUTS

• We assume that the reference input vector has the form

x2(k) = C cos (~~0(k — Q) + 0)  + flQ (k) ( 10)

where comfonents of the noise vector , n Q(k), are independent random variables with
variance a :

E [nQ(k) nr(k ’)] ~Qr 6kk~O2 
. • (11)

• (E indicates expectation.) Equation (11 ) is a somewhat stronger condition than in many 
•

• operational noise cancellers (usually nQ (k) = n(k — Q), a white noise sequence~, but is typical
of most theoretical treatments. As indicated in Appendix B, it could be circum vented , but
is retained for the sake of computati onal simplicity. As a furthe r computational conve-
nience , we assume that is bin-centered ; i.e.,

2irs
,~~ —c— s integer . ( 12)

Throughout our development we shall consider x to be a deterministic sinusoid in
whi te noise ; i.e., 0 is fixed. An alternative viewpoint is that of a narrowband process in
whi te noise modeled by equation (10) with 0 a uniform random variable. It should be noted ,
however , that since our calculations assume 0 fi xed , all expectations must be interpreted as
condi tioned on 0. Nonetheless, we shall fi nd that the final results are independent of 0.

• Consequently, they remain valid from both viewpoints.
• Finally, we make the assumption that the primary is a stochastic process independent

of the reference : i.e., E(xd) = E(x) E(d) where the expectation E is conditioned on 0 in
accordance with the remarks above. It is also assumed that the correlation function of the
primary is stationary .

From equations (4) and (10)

SQr = E(A Qr )

Qr _ 2 1 [C 2 c05 (~~o0 + 0 0 5 o~~~~~~~0~~~~2r 1 g
• 1c2 C2 1

= 6Qr — 2~.z L’T cos w0(Q — r) + —i— cos (c~.,0(2k — Q — r) + 20) +6
~rj 

•

= ( 1 — 2MR) Qr — I J C2 cos (w 0(2k — 2 —  r) + 20) (13)

3
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/
where

R2r cos ~ 0(Q - r) + ~2 6Qr / (14)

is the classical correlation matrix of the process x. A neces~a(ry condition for stability
of the ANC is that the magnitude of the eigenvalues of I —~~ R be less than one ([ 5] ,  [61,

• Appendix B). In Appendix A, it is shown that S = I — has two eigenvalues A and L — 2
eigenvaiues 13 given by

A = l _ 2 I z (C
2 .~~+ o 2)

/ (1 5 )
= 1 — 2p o2 .

OUTPUT CORRELATION FUNCTION

Ultimately we are interested in the relationshi p between the spectra of € and d. It
would thus be desirable to apply transform techniques. However , it is not clear from
equation (8) that the corr~ ation fun ction of € is sta t ion ary , let alone the result of time
invariant operations (which in general it is not) on d. We therefore proceed carefully.

• Denote the corf’elation function of e by

& (k ,k’) = E(e(k) e(k ’)) . ( 16)

Define

G1(k) d(k)-2p E[f(k,m)1 d(m) (17)

and

k-i k’-!
• G2(k ,k’) = 4,.~2 ~~~ (E[f(k ,m) f(k ’,m’)] — E[f(k ,m) E[f(k ’,m’) J )  , (18)

m— m — d(m) d(m ’)

where f is defined in equation (9). Since f and d are independent , it follows from (8) and
(16) through (18) that

~~(k ,k’) = E [G 1(k) G 1(k ’) + G2(k ,k ’)I . (19)

In succeeding calculations we shall have to make approximations which neglect terms of
order p2 (denoted 0(p2)) . This does not mean we may ignore G2 since the summation in
eg,uation (18) yields a factor (I — X 2

~ proportional to ~z ~~
, which with the coefficie nt

p’ is of order p.
It follows from ( 11)  that all the factors of(9) are independent; thus ,

4
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E [f( k ,m)] ~ T(k) ( ‘fl S(t)~ ~ (m) , (20)

t m+l /
where

x2 (k) = C cos (~~0(k — 2) + 0)  . (21)

Furthermore, it is shown in Appendi x B tha t the error in G 1 incu rred from replacing S(t)
• by I — 2pR is of order p2 (a consequence of the oscillatory behavior with respect to k of

• - the second term in equation (13)). Also equation (A-i) implies that x is an eigenvector of
1 — 2pR with eigenvalue A. Thus , (20) becomes , approximately,

E [f( k ,m) ] T (k) Xk m l  
~~m) . ( 22 )

• From (21) and (12 ) we have

~ T(k)~~(m) =  C2 
~~~~cos (w 0(k - Q) + 0)  cos (w0(k - m) + 0)

- • C2 L
= — cos ~~~~ — m) . (23)

We also note that since 0 < A  < I , when k is large the sum Ef(k ,m) I is arbitraily small.

Consequently, the lower summation limit in (17) may be taken to be ~-oo (error 0(p
2)).

Finally, equations (22) and (23) imply E[f(k,m)1 is a function of k — m. Thus, we may
rewrite (17) as

G1 = (~~—2 pf~)*d , (24)

where * represents convolution, ~ is the discrete Dirac delta function, and

C L  s-IA cos w s , s~~ 02

0 s~~ 0 . (25)

• Now letr k — k ’and

D(r) EEd(k)d(k’)] • (26)

It follows from (24) that

E[G 1 (k) (;1 (k ’ )J = (h(s) *h(—s) *D) (r) ( 27 )

where

h(s ) &(s ) - 2pf~(s) • (28)

5
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The expecta tion of G2 i~ ~‘3lculated in Appendix B (under the assumption

fl ID(r)I <~~) . Combining that result , equation (B-28), with (27) and ( 19), we have
r=0 

&(k ,k’) &(r)

= (h(s)*h(—s)*D) (r)  + 2,.? a2C2L q ~(r)

2 2 2C2 L+ D(0) XIrl cos (rw 0)
I - A 2

+4p2a4 ( 2 + L_ 2 \ D( O) ~~(r) , (29)
\l— x 2 l _ 1 32

/

where

q ~~~ As—i ~~~~~~~ cos w0(s — s’) d(s — s’) . (30)
s 1  s’ l

•Note that the last three terms are of order p since ~?/( 1 — A2) is of order p. It is also clear
from (29) that the correlation function of €(k) depends only on k — k’; i.e., it is stationary.

• Thus, its discrete Fourier transform is proportional to the average of an ensemble of output
power spectra (hereinafter simply referred to as the output spectrum).

OUTPUT SPECTRUM

The spectrum of ~~(r) is given by

• ~~ (z) ~~~ ~~(r)z T (31)

where z = e1
~”. It follows fro m t~e convolution theorem for z-transfor ms that the transform

of h(s)*h(—s)*D is given by f~iI
2 D. Also, from (2 5 ) ,  we see that

~ z) ~~~ f~(s) z 5

= As.’ C05 ((A) 0S) ~~~

LC2 cos c~ z-A (32)
2 Z

2 
— 2Az cos + A 2 

•

6
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Combining this with (28) and ‘~(z) 1 , we have

~ (z) = I — 2p ~ z) . (33)

It is not difficult to show that h(z) has zeroes at

+1(A)
z0 (l— 2 pa2) e  0+0(p2) . (34)

Also, in view of (32) . the transform of ~~ cos co0r may be written

cos c~ 0S z S = I + 
~~2 

Re~ (z),

where Re stands f or  real part.
Substituting the above results into (29), we have

~~(z) = ~ (z) I 2 
~ (z) + 2p 2 a C2 L q

• + 2I12o 2c2 L D ( O ) ( l + 4X Re .~ z))

+4p 2o4 ( 2 + L-2 \ D(0) . (36)
\ l - A ~ i _ 1 32 /

A
It is clear from the last three term s of (36), whose z dependence is independent of D(z),

tha t the relation between the output spectrum and the spectrum D of th~ primary input
is not in general time invariant. Note, however, that in the no-noise case, a = 0.Ahese
terms vanish , G-, 0, and the relationship reduces to (24) with transfer function h(z) whose
zero~s then lie (~o order p2) oj~ the unit circle. This agrees with the results of Glover in [4]
(2p f(z) equals J(z) to order p).

In place of a transfer function , we consider the ratio of the output and input power
spectra

T(z)~ 
~ (z) ‘ 

(37)

whi ch for a = 0 red uces to ~(z)l
2. We shall examine two cases: d(k) white noise of unit

variance , and d(k) a narrowband signal (e.g., sinusoid with random phase) centered at
and of uni t amp litude. For white noise, 1 , D(0) = i , and q = 17(1 — A~), thus

• T~0~5~ ~(z)~ + 2p u C L  + 
1M 2 0 + -

~~~~~~ 

Re az))

+4p2o4 ( 2 + L — 2 ’~ (38)
\ l — X  l — 1 3~ f

7
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The au tocorrela tion function of a sinusoid is given by D (r)  = cos w0r. This function
does not satisfy equation (B-l) (also (37) become meaningless); however , we circumvent
these diffic ulties by assuming a slight amount of dampening and taking a finite transform .

A ±iw
If we denote the transform length by M D(e O) = M and D(O) = 1 so that for large M , the

• first term in (36) will dominate at z = e 0 Thus , although for general w expression
(36) still does not reduce too readily, we have at

±iW A ±iW i
lim T .ne (e 0) = Ih(e 0)I~. . (39)
M -+ 00

III. EXPERIMENTAL RESULT S

Both a computer simulation and experiments with a hardware-implemented ANC
were performed to evalute the theory of the previous section. The parameters for the
computer simulation were = ir / 2 , L = 16, and p = 0.01. Two hundred twenty -two
iterations (i.e., k 222) were followed by a 1 28-point discrete Fourier transform (DFT).
The input reference power was normalized to one so that the adaptive time constant
([1], [ 5 ] ,  [6 1) was about 50 iterations. An ensemble of 200 output power spectra were
then averaged. The primary inp u t , d(k), and the reference noise , n2 (k), consisted of

• independent pseudo-random white Gaussian noise sequences.

The outpu t spectru m ~~(ei~)) for a reference signal-to-noise ratio (SNR = C2 12a 2 )
of 0 dB is found in figure 2. The theoretical spectrum computed from equation (38)

1.5

1.25
I I IT•

.1 L
(ci) 1.0

I-
C.)
U)
Ci)
I-
0.

~ 0.5
0

025 -

0.0 ir/2 ir
FREQUENCY 21~W

I Figure 2. ANC output spectrum for white noise in primary
(D = 1) and reference SNR of 0dB. The filter length is L l  6 ,
and p-.Ol . The solid line is from a computer simulation; the
dotted line is the theoretical spectrum (eq . (38)).

8
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(T(z) = &(z) for d white) is also plotted and shows exceptionally good agreement. The
same simulation was repeated by replacing the Gaussian noise in reference with noise

• hav ing a uniform distribution. The differences were negligible. Let us define the notch
depth (n.d) as the ratio of the output spectrum to the spectrum of the primary at

+iw
n.d. = T(e 0) . (40)

A comparison of the theoreti cal and simulation notch depths for a range of reference SNRs
is given in Table 1.

Table 1. Theoretical and simulation notch depths for a reference SNR.

Reference - -

SNR 6 3 0 -3 -6 -9 -12
• (dB)

• Theory 0.072 0.12 0.20 0.32 0.47 0.65 0.82

Simulation 0.1 1 0.13 0.23 0.34 0.53 0.73 0.87

The theory was also compared with the results of experiments performed on a
hardwar e-implemented ANC with analog inputs [7] .  The filter length was L = 64, the
normalized frequency was w0 = 0.69 radians and the spectral resolution was 8 X I
radians (M = 8192). The reference power varied , produci ng an equivalent range of p from
0.00005 to 0.0001. Details may be found in [7 1. The reference input noise vector was of

• the form n2(k) n(k — 2). thus violating condition ( 11). Also, all inp uts were low pass
filtered at 0.6 Nyquist (w = I .2ir); consequently, the reference noise spect rum was not white .

If we assume the approximations in Appendix B remain valid , the only effects of
t he colored reference noise spectru m will be on the eigen values of R. In part icula r , a low
pass fil ter with bandwidth BW will result in eigenvalues

/ LC2 ~~?~~~l - 2 p ( —+— - —~ -2BW

• a2f
• 1 3 i — 2p~~~~ , (41)

• where f5 is the sample rate ( [ 5 ] ,  [7]) .  Also, app roximately two eigenvalues are A , - •

• 2L BW/f5 — 2 are /3, and the remainder are zero . Note that this calls for appropriate changes
in the last term of (36).

The experiment was perfo rmed for two prima ry inputs: sinusoidal cente red at w0 and
low pass noise . For the noise ease , the accu racy of the notch depth measurement accuracy was
limited to about 2 dB despite extensive time averaging on a spectrum analyzer. The results.
notch dep th versus refe rence SNR , are shown along with the theoretical calculations in
figure 3. Excellent agreement was obtained despite the fact that was not bin centere d ,

• the in put refe rence noise vectors were not indepe nden t , and theoretical approximations
were made to generalize to a low pass rather than white reference noise spectrum.9
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Figure 3. Comparison of notch depths for theory and experiment. The symbol ~represents experimental results for a sinusoidal primary input , and 0 for a white
noise input. The dashed lines are the theoretical curves.

IV. DISCUSSION

It is enlightening to examine our results in the context of classical LMS filter theory ;
i.e., relate them to the Wiener solution

w* = R 1 E(xd) . (42)

The basic hypothesis of the Wiener theory — stationary stochastic inputs — may be achieved
in the present case by letting the phase 0 of equation (10) be random (Section II).

It is well known ( [ 1 ] ,  [2] ,  [4] through 16 1) that the mean of the ANC weight
vector , E[w] , coverages to w * of equa tion (42). For a random phase sinusoid in the
primary correlated with the reference signal (but not with n(k)), and large M , the power
transfer function reduces to (39) (approximately 0 for w * w0) which agrees to order p2
with the Wiener solution ( [1 ] ) .  However , when d is independent - f  x , w * = R ’ E[xd ] = 0;
that is, the expectation of the filter is 0. How then do we expla • ’ the presence of a notch
filte r “transfer function?”

We first note that even when E(w) = 0, E( 11w112) = Lp~min, the so-called misadjust-
ment noise ( [ 1] ) .  Thus, although the means of the individual weights may be zero , the
magnitude of the weight vector remains finite. To confirm these remarks , let us compute

10
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E(I(w 112) for two different primary inputs , white noise and sinusoid. Applying the approxi-
mations of Appendix B to equation (6), we have

E(11w112) = 4p2 
~~~ E(pT(m) Rk-m-1 Rk-m ’-I p(m ?)) . (43)

For d = white noise , E(p T(m) p(m ’)) = a L D(0) 6(m — m’) where a = C2/2 + a2 ; while for
“2Ld = cos (w 0k + 0) , E(pT(rn) p(m’)) = ~~~

-
~~ -— + b&(m — m’) where b is a constant. It follows

from (43) that

E” 2 — aLD(0)4p 2 
~44~)white — 

— x 
— 

‘

LC2 2
E(11w 112)sine = 0( 1) . (45)

(I -AY

The magnitude of (45) is of the order of the misadjustment whereas that of (46) is much
larger; i.e., that of the Wiener solu tion.

Secondly, we note that no matter how small f(k ,m) (~ f(k ,m) d(m) = w x , the
A 

m A
filte r output) f(z) has poles near the unit circle which give rise to a notch in h(z) . As the
noise in the reference increases , the poles move away from the unit circle decreasing the
notch depth. -

,

In summary , we have derived (and confirmed by a simulation) an explicit expression ,
eq uation (36), for the output spectrum of the adaptive noise canceller when the reference
input consists of a sinusoid (narrowband signal) plus white noise. The primary input was
assumed independent of the reference noise. When the primary contains a component
correlated with the reference sinusoid , the result reduces to the classical Wiener solution .

- j On the other hand , when the primary and reference are independent , the means of the
weights are zero . Nev~rtheless, the narrowband input in the reference gives rise to a second
order solution (E( flwII’ ) * 0), the weights remain highly correlated with each other , and a

• notch appears in the output spectrum.
For a noise-free reference, the relationship between the output and primary input is

approximately time invariant [4] . In general , however , a ti me invariant transfer function
does not exist , and the output spectrum depends explicitly on the primary, not just its
power spectrum. This is reflected in figure 3 which shows a significant difference in notch
dep th between a white noise primary and a sinusoidal primary .
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APPENDIX A: PROPERTIES OF R

C2
Let GQr = —

~~
— cos w0(Q — r). Then xQ(k) = cos (w0(k — Q) + 0)  is an eigenvector of G.

G~~~~(k) = cos w0(Q — r) cos (w 0(k — r) + 0)

= —i-- cos (w0(k — Q) + 0)

LC 2
~~= —i— x2(k) , (A-I )

L
2irs .since = .—

~~
--. implies cos (w 0r + 0) = 0.

r l
It is easy to see that sin (w 0(k — Q) + 0) is an eigenvector of G with the same eigen-

C2
value. Furthermore GQr = —r (cos w02 cos w0r — sin sin w0r) is of rank ~ 2. It

• LC 2
follows that G has two eigenvalues equal to —i-- and the remainder zero ( [ 5 ] ,  [ 6 J ) . The

matrix R equals G .i. ~
2i Let S = I — 2pR. Then has two elgenvalues A and L - 2 o f/ 3

where

~3 l — 2 p a 2 
. (A-2)

• Also, the vector ~ is an eigenvector of S with eigenvalue A , and t he trace of

tl~~k )= 2x k ÷ ( L _ 2 ) / 3k 
. (A-3 )

~ 

~

•
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APPENDIX B: APPROXIMATION OF E [G 2(k ,k ’)J

The central idea is to approximate G2 by replacing the matrix factors A(t) in (18)
• 

. by their expected values. Note fro m (9) and (18) that there exist pairs of factors which are
• correlated. We shall assume that the correlation function of the primary, D (r),  is absolutely

integrable

(B-I)

Let us write ( 18)as

k—I k’— l
E [G 2(k ,k’)I = g(m ,m’) (B-2)

and let ~ be obtained from g by replacing A with S = E(A). For small p, we shall demon-
st rate the existence of no such that

lg( m ,m ’) —
~~

(m ,m ’) I < e 1 (B-3 )
m k—n 0 m =k -n0

and

k—n 0— I k ’— n — l k—n 0— I k ’— n —l
g(m ,m ’) <e 2 ,  

~ m~~~o 
1(m ,m’) <e 2 , (B-4 )

where terms of magn itude e I and e, have a negligible effect on E(G,). It then follows that
• for k , k’> n 0

• E ~~~~ g(m ,m’)~~ ~~~ g(m ,m’)
m 0  m 0 m k—n 0 m’ k -n0

~ (m ,m’) , (B-5)

whe re t he error in :pprox ima tion is of the orde r e 1 + 2e 2.

I 
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SUBSTITUTION OF S = E(A) FOR A

Replacing A by E(A) in the second term of g(equations (B-2) and (18)) produces no
error since the factors comprising f(k ,in) are uncorrelated. Thus we confine our attention
to the first term

E [ f(k ,m) f(k ’,m’)J = E [x T(k) 71 A(t ) x(m) xT(k )  TJ A(t ’) x(m ’)) .  
~~~~~~~~~~~

t=m+I t’=m +1

The matrix A(t) is correlated with A(t ’) only for t and t ’ ranging from 1 + max(m ,m’) to
min(k ,k’) —1. Denote these limites by to and t 1, respectively. The corresponding factors
(possibly the empty set) give rise to terms containing the factor

E[~~~ Ar 1 r2 
(t 0) Ar2r3 

(t 0 + I ) .  . . ArkrQ (t 1) Ar~r~ (t 0) .  . . ~~~r~(t 1)] (B-7)

which is independent of the remainder of (B-6).
Let Q = A ® A be the tensor product of A with itself ,

Qr 1r~~2r~~~Ar , r 2
Ar’ 1 r’2 . 

(B-8)

It then follows from (4), (10), and (B-8) that

E(Q) = S® S + V , 
(B-9 )

where V is a non-negative matrix satisfying II VII ~~ a 1p 2 for some constan t a 1 > 0 (provided
the fourth moment of the noise is bounded). Let T = S 0 S and X-~ indicate the maximum
eigenvalue of T. Then

XT I — a 2p + 0(p 2 )

• XQ = l - a 3 1z + O ( M 2 )~ (B-b )

where 0 ‘~~ a1 and 0 c~ a3 ~ a2. We shall assume that p is small enough so that
0 < AT, XV, X~ < I. Since Q’~ = (T + V)’1 - T’1, we have

IIQ~ -T~II~~~~ (r) I lv I~~~T IIn J

j = l

~ ~n ~n
~~~~~~~~~~~~~~~~ _ A T

< ( i + .~i .)n _ i  . ( B - I l )

16
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-• Secondly, we note that the vectors x are correlated with A(t) in (B-6) only if k * k’
and/or m * m’. In that case a typical factor is

E(x 5(k) Aqr(t ’)) = E(x 5) E(Aqr) + a~i~ + 0(p2 ) . (B- I 2)

There are at most two such factors in (B-6).
Let n 1 = k — m , n2 k’— m ’, and n3 t 1 — t 0 + l .  We tirst replace Q by T in (B-6)

and then make the substitution (B-I 2). Assuming the first two moments of the vector x to
be bounded and taking into account equations (18), (B-2), (B-6), and (B-8) through (B-l2),
we have

k-i k~J
• g(m ,m’) —~~(m ,m’)I

m k-n0 m =k -n0

n0— I n — I

~ p2a5~~~~ ~~~ (zn3 A5
’ 1 ’ 12_2’13 +a~px5

1~~~ 0)

‘11=0 n2 0

ID(n 1 -n 2 ± k - k ’)I (B13)

where a5 is a constant , A5 is the maximum eigenvalue of S, and

Z
n ( i +~~~ )n _ 1  . (B- 14)

Note that A5 < 1 , z~ is an increasing function of n , and n 3 ~ mm (n ,n 2). The
above sum is bounded by twice the sum over n ~ n 2, th us if we let r = n 1 — n 2, inequality
(B-l3) implies

Jg( m ,m ’) — ‘
~(m ,m’)I

m

n0 n 1

~ p2a5(z~ + a4) 2 ~~~ X~ID (r ± k — k’)I
n 1 0 r 0

~~p
2a5(z~~ +a 4 p ) 2 n 0a0 , (B-iS) - •

where we have used (B-I).

ii
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Similarl y,

k—n -1 k ’—n0-1

~~~ Ig(m ,m’)I
m~~oo m’=-°°

(n i + n 2~

~ a6,? ~~~ 
2 / ID(n 1 - n2 ± k - k’)I

• ‘~l~~o 
‘12~~o

2a~p n
“ a Ar- ~° . (B16)l _ X Q O~~~.1

Since XQ > AT, the same approximation holds for j
It is straightforward to show that u r n  (I  - a3p)~’ = 0 uniformly in p in a neighbor-

hood of zero. It thus follows from (B-b ) that given c 1 ~ 0 arbitrarily small , there exists
c, such that

pn~~’c 2 > X ~~~~c 1 < <I  • (B - l i)

Relation (B-I7) is roughly equivalent to the statement that the adaptive time constant of the
• ANC is inversely proportional top ( [ I L  [5 1, [61).

Also, it follows from (B-b ) that XV/A T = a 1p 2 + 0(p3). If we set b = pn ,

Zb/p (l +a 1p 2 + 0(p3))1”~ — I . (B- 18)

Taking logarithms and applying L’ Hospital’s rule , we fi nd that lim zb/ = 0 (in factp-+ 0 ~A

= 0(p)). Thus , given c3, we can find 4 dependent only on b such that p <4 implies
bzb/p < c3. We then pick p~ < 14, such that

P < M O = > ( zb/M + a 4P ) b < 2c3 . (B-19)

Now , let b = c2, pick 
~~ 

such that (B-I 9) holds , and given any p < p0, choose
n0 = b/p . Then (B-l7Yalso holds. The inequalities (B-IS) through (B -li) and (B-19) then
imply (B-3 ) and (B-4 ) with

e 1 p4a0a5c3

2
= 

I ~~ 
2a0a6c 1 c 1, c3 <<I  . (B-20)

Q
(Briefly, c1 >c, :c 2, c3 = >p 0:p , c~, = > n 0;c 1 and c3 are arbitrary , a5 and a6 depend
on x , a0 depends on D.)

18
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• APPROXIMATION OF S BY S = I - 2pR

It remains to evaluatel(m ,m’):

/ I k—i k’— I 1 H
~ (m ,m’) = 4,? ( E Ix T(k)TT S(t) x(m)x T(k~) ‘J •[ S(t ’) x(m ’)

\ L t m  t ’ rn ’ J
I k-u 1 I k’— I

— E xT(k) ’Jl S(t) x(m) E xT(k~) 7T S(t ’) x(m ’) )D(rn — m’) . (B-2 1)

L t m  J L t ’ rn’ j  /
It follows from equations (12) and (13) that

• / t0+L \ / t0+L \ t~+L

(‘fl S(t)) =(~‘f[ (I - 2PR)) - ~~ pC2 cos (w0(2t - Q-r) + 0)  + 0(p 2 )

Qr ~~~ Qr ~~~

\
= ( 7] (1 — 2PR)

) 
+ 0(p 2) . (B-22)

\ t t 0 / Q r
• Then ,

k-b k - m - l

I ‘ “fJ  S(t) = ((I — 2PR)k—m + 0(p 2 ) L +a 7p, (B-23)

where the constan t , a7, arises from a product of at most L — I terms (i.e., accounts for the
case (k — I — m)/L not integral) and is independent of k and m. Expressions (B- I I )  and
(B-23) imply that the error incurred in replacing S by I — 2pR in the above product is
boun ded by

(1 + a 8 p2 )~~— I +a 7p n = ( k — m —  l) /L . (B-24)

Repeating our previous ar Luments (cf (B-19)), we see that (B-2 1) remains valid under the
additional substitution of S = I — 2pR for S.

A similar application of (B-24) justifies the same substitution in equation (20).
Note that in that case although the coefficient of the term is only p (as compared with
p2 in (B-IS)) there is only a single summation over m. Hence the factor n~ is absent and
the error is still of order 0(p2). These same techniques could be used to relax condition
( 11)  to nQ (k) = n(k — 2) where n is white; however , we refrain from doing so in order to
avoid complicating what are already fairl y unwieldy calculations.

19
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COMPUTATION OF E(G 2)

Since in (B-2) k > m and k’ > m’, we have from (10) and (21)

• E[X r(k) xr’(k ’) x2(m) x2’(m ’)] 
~~~~~~~~~~~~~~~~~~~~~

+ a2&(k — k’) 6(r — r’) ~2(m) ~2’(m ’)

+ a26(m — m ’) 6(2 — 2’) 
~~~~ ~r’0( ’)

+ o2t5(k ’ — m) 6(r’ — 2) ~r(k) ~2’(m ’)

• + o2&(k — m’) 6(r — £‘Y~r’(k ’)~~2(m)

+ o46(k — k’) 6(r — r’) &(m — m’) 6(2 — 2’) . (B- 25)

These six terms appear in the expansion of the first term of (B-2 1). The evaluation of (B-2 1)
is now straightforward . We note that the occurrence of the first term of (B-25) in (B-2l)
cancels the entire second term of (B-2 1).

For illustration , we carry through the substitution of the second term of (B-25) into
(B-2 I). It follows from Appendix A that ~ is an eigenvector of S with eigenvalue A.
Replacing S by S in (B-2 1) as justified above , and substituting the second term of (8-25) ,
we have

• 
4~2~~~ ~~~~o

2o(k - k’) 6(r - r’) A k-rn-i 
~r(m) ~k ’ m~~ ~r~(m ’) D(m - m’)

= 4p2a2C2 6(k - k’) ~k-m 1 ~k-m ’-1 D(m - m’)Ecos (~~0(m - r) + 0 )

cos ((.,,0(m ’— r ) + O)

4p2a2C2 .
~~ - 6(k - k’) Ak-rn-I ~k -m - l  cos c~0(m - m’) D(m -m’) . (B-26)

The contribution of (B-26) to E[G 2 ] may be calculated by summing over m and m’

2p~a~C~L &(k - k ’) X ~~m l  ~k’ m ’_ 1 cos w~ (m - m ’) D(m - m’)

= 2p 2a 2 C2 L 6(k — k’)~~~~ ~~~~~AS AS cos ~~~~ — s’) D(s — s’) . (B-27)

s l  s’ l
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A reasonable amount of similar algebra including the application of (A-2) and
(A-3) yields

• E[G 2(k ,k’)] = F 1 + F2 + F3 + F4 , (B-28)

• where

F 1 2p2a2 C2 L q 6 ( k - k ’)

F2 2p2a2 C2 L D(0) 
~~~~~ cos c~0(k - k’)

1 -A 2

F3 = 4p 2a4 
( 

2 + L -2  D(0) &(k - k’)
1 — A 2

F4 = 2p 2o2C2 L ~~ cos c~0(k - k’) - sin 
~~ 

1k - k’I ) x I~-k-~ ~(1 - 6(k - k’))

and

q = ~~~ ~~~~~~ X5’_ l cos w0 (s - s’) D(s - s’) D(s - s’)
s i  s’ l

i~ cos w0s D(s) ; q5 ~~~~~~ sin w0s D(s)
s l  s 1

The bracketed ex pression in F3 containing the eigenvalues A and j3 of S arises from summing
the trace of 52k 2m 2 over m. F4 results from combining the effects of term four and
five of(B-25) .

Since A and 13 are of the form I — mp + 0(p 2), the quantities p 2 / ( l — A )  and
p 2/ ( I  132 ) are of the order p. Making use of (B- l), we can also show that q ~~~ a0/ (l  — X )
and that and q5 are uniformly bounded in p. Thus F 1, F,, and F3 are of order p,
whereas F4 is of order p2 .

We also note that p2/(l — AQ) in (B-20) is of order p. Since c 1 and c3 may be taken
arbitrarily small asp goes to 0, we have u rn e l /p = 0 and lim e1/p = 0, This implies

p-~0that e and e2 are negligible compare d with terms of order p for small p. Thus , our
appro ximations are correct to orderp, and we may also neglect F4 in equation (B-28).

a
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