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PREFACE

The program reported herein was a joint effort between Pacific-

L. Sierra Research Corporation (PSR) and Appl ied Theory, Inc . (All). Thi s
report distills only the positive results of the calculational program
In support of Test Ban Treaty verification and does not discuss the many
efforts that were unfruitful . The authors would like to thank their
many colleagues at PSR and AT! who contributed to the program ; to
Drs. 0. Harkrlder and E. Herrin, who provided valuable insight Into
the problem ; and to Dr. C. Romney and Colonel G. Bulin at ARPA/NMRO,
who helped keep us on track.

This is the first of two volumes reporting on work performed under
contract to the Defense Advanced Research Projects Agency from October
1975 through November 1978. This volume contains the executive suninary
and main body of the report. Volume II contains the supporting appendices.
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EXECUTIVE SU*tARY

This report discusses a calculational program aimed at improving
U.S. capability to veri fy a Threshold Test Ban Treaty (ITBT) by seismic

• means.
The Soviets, in their PNE and weapon programs, may conduct nu-

clear tests at shallower depths than the United States or the French
experience. Since yield estimation is thus required at depths for

• which little or no direct seismic data are available, we emphasize
shallow bursts in our analysis and examine both body-wave and surface-
wave effects.

Two-dimensional inelastic source calculations , using Applied
Theory ’s AFTON program, were made on a representative set of 150-KT
explosions. This set covers a range of depths and materials that
might be used in Soviet weapon and PNE programs. These sources were
used to develop synthetic seismometer body-wave signals at teleseismi c

• • distances. Considerable effort was devoted to excluding nonpropagating
waves from the source description .

Simple elastic theory indicates that the primary body wave from a
burled expl osion receives positi ve or negative reinforcement from the

• free-surface reflection--the pP wave. The ampl i tude and direction of
the reinforcement depend on timi ng , and therefore on depth of burial
of the explosion. Our more refined calculations , which include in-
elastic and gravitationa l effects, indicate a “reflection” amplitude

• smaller than that calculated for the elastic case. More important,
the reflected wave is relatively delayed in time , so that transitions
between positive and negative reinforcement occur at shallower depths
of burial--depths usable by the Soviets and therefore of crucial im-

• portance In verification of a 150-1(1 TIBI. Using the conventional
definitions and the AFTAC Instrument corrections, we find the depth
of burst varies with mb by at least ±0.2 in the 150-1(1 range.

The surface-wave model developed is based on Green ’s function.
Many problems were encountered in modifying the AFTON source-data pro-
gram to provide an input that was accurate for long-period displacements--
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and to extrapolate data well beyond the reasonable truncation times
for the program.

Though additional calculations must still be performed, our in-
vestigation has yielded the following prelimi nary conclusions :

1. For yield determinations and comparisons , inelastic effects
(including cracking) and gravitational effects must be in-
clu ded i n the analysi s of either body waves or surface waves
from shallow expl osions.

2. For relatively shallow explosions (say, <1500 m at 150 1(T),
burial depth significantly affects both the body-wave and
surface-wave signals. This effect has implications for
earthquake/explosion discrimi nation as well as yiel d estima-
ti on.

3. Wi thout correction for depth effects due to cracking and
gravity , mb (as conventionally defi ned) can result in sys-
tematic yield overestimation of shallow Soviet explosions in
the 150-1(1 range in sedimentary rocks.

4. For burial depths between 200 m and 1500 m, covering the
range of greatest interest for TTBT verification , the body-
wave yield estimates may be improved by using uncorrected
seismometer amplitude (A) from the first displacement swing ,
or from the largest displacement swing , or both--rather than
a combination (conventionally found in mb) of the largest
amplitude with its associated period (1) and instrument cor-
rection . Use of A , al one and uncorrected , also appears to
make mb a more direct measure of radiated energy. Seismic
data from selected explosions should be reexamined from this
viewpoint.

5. Topography near the shot point does not appear to be a major
factor in seismi c signal generation .

Regarding concl usion 4: For modern seismometers , output ampl i-

tude is nearly proportional to the speed of ground motion between 1 Hz
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and 3 Hz, the frequencies of greatest interest for explosion monitor-
ing. Thus , the approximate logarithmic prooortlonalitles :

log (seismometer-ampl i tude) “. log (ground-velocity ) “ log (ground-velocity )2.

The logarithm of the largest interval spanned by peaks and troughs of
ground velocity is roughly proportional to the logari thm of radiated
kinetic energy (and total radiated energy)--and so, therefore, is log (A).
On the other hand , at the frequencies in question , A/T represents ground
acceleration, which is not fundamentally related to radiated energy.

A generalized method for combining body-wave, surface-wave , and
other measurements to refine yield estimates has been reported pre-

*viousty.
Suninaries of the body-wave and surface-wave calculations to date

are presented in the body of this report. The appendices include addi-
tional details and numerical methods.

~.A . Ciervo , et al., PSR Notes 91 , 93, 113 , and 122.
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I. THE PROGRAM OF COMPUTATION

The main goal of the program reported herein was to determine , more
accurately than before, how tel ese i sm i c surface and body waves dr iven by
buried explosions vary with shot depth. At first, emphasis fell on shallow
Sov iet PNEs , and the scope of effort later widened .

A computer code (AFTON 2A) for calculating fields of axisymetric
continuum motion was the key tool used to define the ground motions
studied. Since actual depths of burial seldom exceed a kilometer (km),
and many buried bursts have produced craters , it was necessary in our
computational work to take account of tensile cracking and gravity .

SCOPE OF THE COMPUTATIONAL PROGRAM
At the outset, we hoped to compute fields of motion for 18 buried

bursts. Early on , that number was reduced to 12 when it was found that
inelastic processes (mainly cracking with gravity ) lengthened by at least
a factor of two the time of si gnificant motion in the near field (i.e.,

O within a few kilometers of the shot point for bursts yielding 150 kilotons
(KT) of energy). The hypothetical host media for the 12 bursts--each of
150-KT yield--were Piledriver granite (3 shot depths), wet sandstone (5
depths), dry sandstone (3 depths), and weak dry sandstone (1 depth).

Granite and sandstone were chosen as types of material in which Soviet
PNEs would be likely to occur. Degree of saturation , a key property of
earth media that affects both strength and compactibility , was var ied
(from 0% to 100%) in the change from wet sandstone to dry. Shear strength ,
another key property , was also varied ; its effects on ground motion due
to PNEs were explored via the change from dry sandstone to weak dry sand-
stone. Similarly, the effects of a variation in dry porosity alone (from
10% to 0%) are seen in the fields computed for weak dry sandstone and wet
sandstone , whose strengths were identical.

The 12 bursts covered 5 different depths , viz., (10, 30, 39, 47.622,
and 100) x Wi’3 meters (rn), where W is the yield in kilotons. Containment
was expected only for the depth 100 W~

’3, and shots at depths of 10 W”3

and 100 W1’3 m were simulated only in wet sandstone. Also , s ince
30 x 41/3 = 47.622, the 150-KT field for depth 30 x 1501/3 m is a given
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medium provided a simply scaled version of ground motion from a 600-KT burst
at depth 47.622 x 1501/3 m. That 600-KT field could be compared with the
150-KT field computed for the same depth (47.622 x 1501/3 m ). A s imi lar
comparison was possible between 37.5-KT and 150-KT shots at a depth of

— 30 x 1501/3 m. In addition , to assess gravity-caused departures from
simple scaling rules , a calculation was made of motion for a yield of
600 KT at a depth of 30 w~

’3 m. Then , as interest in Soviet test-media
grew , results obtained in another program for shots in a “Soviet granite ”
were augmented by three further calculations for that medium--two at depths
other than the five already noted . Most important , at the very end of the
program, motion was computed for a 150-KT shot at a depth of 744 ni in wet
sandstone. (Table 1 sumarizes the full problem set.)

The last calculation cited was one of a series of nine , made necessary
by results that surfaced at a late stage of the program . The nine final
calculations were made after mod i fying the AFTON-2A code somewhat, in ways
that Improved its accuracy and thereby made it possible to determine ground
motion at greater depths and later times than before. Besides the shot
744 m deep in wet sandstone , the final series included calculations of
motion for the three granite bursts of Table 1, and the two in wet sand-
stone at depths of 39 Wi’3 and ioo wi’3 (207.2 m and 531 m)--all five of
which had been run earlier. Moreover , each of the three wet-sandstone
problems of the final series was run twice : once with gravity and crack-
ing; once without.

The motivation for the final nine-problem series , and the code modi-
fications that preceded it , are discussed below . Here, we note that
relative values of body-wave magnitude (mb) originally obtained for granite
changed by no more than 0.03; for the two recomputed wet-sandstone bursts ,

relative mb-values changed by 0.22--but only because of slight differences
in seismometer response that bridged an mb

_ discontinuity (see Sec. III).

CRATER ING CALCULATIONS AND THEI R SIGNIFICANCE
In the past , the dimensions of craters calculated for nuclear surface

bursts using codes like AFTON 2A have been smaller by factors if 10 to 50
than observations of actual craters suggest. Yet , it is also true that
the codes predict realistic craters for buried explosions [1] even when
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shot points are much shallower than the depths of interest herein (>50 m
for 150 KT). Those results are explained , at least in part , by the
simplicity of the process of coupling explosive energy to the ground , when
shot depths exceed ~3 m (for 150 KT). Al so, unless shot depths are large
(on the order of 1 km for a 150- KT burst), elastic tensile stresses above
the shot point so greatly exceed strength limits that , to predict cracking,
little detailed knowl edge is needed either of tensile strengths or of
cracking mechanisms . Accordingly, as an important result of our cratering-
burst calculations , we were able to show that an adequate account of the
effects of cracking and gravity is given by AFTON 2A. Specifically, the
volume of our calculated Sedan Crater was 60-percent greater than that
observed (versus error-factors of 10 to 50 for surface bursts); and , for
granite and wet sandstone , our calculated dependence of crater size on
shot depth was consistent with observation .

The ability to compute crater sizes was comforting, but insufficient ,
to secure the main goal of the program. Rather , our toughest computational
problems arose from a need to define fields of motion at much later times
(>2 sec f~’r 150-KT bursts) than those to which explosion calculations are
usually run; by contrast , for buried explosions , crater dimensions are
largely determined by the early history of ground velocity (<0.5 sec for
i50-KT bursts in granite and wet sandstone).

THE NEED FOR CALCULATION TO LATE PROBLEM-TIMES: SURFACE WAVES
At about the time that the last of the program ’ s three one-year phases

began , a major result emerged : Surface-wave magnitudes were found to be
roughly proportional to the logarithm of the net downward impulse delivered
by an explosive source to the earth (Sec. II). More precisely, the critical
quantity proved to be the vertical impulse del i vered to the earth , in a few
tens of seconds , across any surface S in the elastic near-field of the
burst--provided that the shot point is enclosed by S-plus-the-ground-sur-
face. The surface S was taken as a hemisphere H, v iz., the l ower half of
a sphere with its center at ground zero , and having about the smallest
radius consistent with elastic deformation (‘~1.2 km for wet sandstone and
2.1 km for granite).

Apart from in-fl i ght ejecta for the shallowest shot depths studied ,

all signif icant mot i on of material orig inally within the surface H ended
before 10 sec--from which it follows that the vertical impulse delivered

p
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across H in 10 sec is zero. Unfortunately, in all finite-difference or
finite-element codes , the use of discrete analogs of the exact equations
of motion to effect their numerical integration is attended by discretiza-
tion error. As a resu lt , the vertical impulse found from our first calcula-
tions was not exactly zero; that spurious impu l se, though small in terms
of the discretization error required to produce it , domi nated our first
va lues of surface-wave magnitude , M5.

For our purposes , the net effect of discretization error was to im-
part a nonphysica l acceleration of i~O.002 g to ground material in our
“static equilibrium ” fields (g gravitational acceleration). In most
applications , an error of that size would be negligible; in the present
context it was unacceptably large . Translated into vertical displacement ,
for example , it amounted to about 6 centimeters (cm) after 2.5 sec of
motion (the final t ime of most of our calculations); by comparison , the
peak displacement for wet sandstone was ‘~24 cm at the bottom of the hemi-
sphere H. Thus , the error was big enough to affect slightly the first
values computed for mb, althoug h it was serious only for M

~
. As discussed

below , however , it became critical for mb as well , when , late in the
program , new facts came to light as to the properties of elastic near-
fields. In the end , to compute surface- and body-wave fields reliably
enough for this program , the simplest course was to eliminate the error
entirely (see pp. 7-8). That was done , and 5 of our original 12 problems
were then rerun ; a new one was also run.

SPECIAL ACCURA CY REQUIREMENTS IN COMPUTING BODY WAVE S
A major result of ou~~fi~st ca-iculations above was the discovery that

ground displacements , as seen near the bottom of the hemisphere , H,
varied greatly with depth of burial. They were also much different in their
late stages (after ‘~1 sec of motion) than we were led to expect on the

basis of (inexact) elastic hal f-space theory. Further , the duration and
timing of surprising displacement—pulse features were such that tensile
cracking (which was widespread , accordi ng to the calculations), and

gravitational subsidence of the cracked medium , could have produced them.
In late 1977, the approximate picture of elastic near-field motion

previously available gave way to a more accurate one, whose develo pment
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must be counted a major advance in the understanding of elastic near-fields
(surprisingly) (2]: The exact near-field of a compressive , burst-like

**point-source in an elastic half-space was derived (or rederived (3] ).
Thus , early in 1978, we learned that late-time , near-field displacements
similar to those seen in our calculations would occur even in a gravity-
free , uncrackable elastic med i~im. Furthermore , those elastic displace -

3ments would decay so rapidly wi th distance from the shot point as not to
affect teleseismic body waves; they are “local parts” of the complete
near-field. More precisely, drawing on the principle of superposition ,
the parts of a linear near-field whose absence would leave the far field
unaffected , are referred to below as “local” ; the part of the near field
that cannot be altered without changing the far field is called “global .”

The new knowledge of elastic near-fields plainly made it necessary
to distinguish between elastic contributions to our calculated near-field
displacements and all other contributions. In short, our key task became
that of determining , as a function of burial depth , the influence on
teleseismic body waves of processes not amenable to simple theoretical
treatment--particularly, cracking and gravitational subsidence.

To separate elastic displacements from all others in the near-field
of a given burst , we found it easiest to perform two calculations that
were Identical , except for the inclusion of gravitationa l acceleration and
cracking in one of them , and not in the other. In both instances (since
body-wave fields are i rrotational), only the i rrotational part of each
near-field displacement pulse was wanted . That requirement , given avail-
able computational tools , was best met by calcula ting motion at much

The effect of local terms on elastic near-fields was recognized
first by S. Day (T. Bache ; telephone discussion in October or November
1977). A check of the perfect-reflection approximation (Sec. III)
against an exact solution was called for on 7 March an’i 8 August l~77by J. Trullo (at NMRO-sponsored meetings), who sugges~~d that an Selastic-wave-propagation code be used to get it (analytic methods were
used instead).

**Reference 3 is based on a solution to the problem of a compressive
(spherical) time-varying source in a half-space due to L. Cagniard , in
the t rans la t ion  of F lynn  and D ix  (Reflection and Refraction of P rogreea ive
[3eiemic Wavea , McGraw-Hill , 1962) as corrected by J. Workman. Al though
surface waves are omitted , the results in AFSWC-TR-68-27 are virtually
indistinguishable from the complete exact solution at steep takeoff angles ,
at least on the hemisphere H (and below).
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greater depths than in the past. Shear and surface waves were thereby
removed from the displacement pulses that define explosions as sources
of teleseismic si gnals , s imply because these waves travel too slowly to
contribute to the first few seconds of deep near-field motion.

To obtain displacement pulses deep in the ground , motion had to be
computed to even later problem-times than before (> 3 sec , It was found).
Hence , as in characterizing buried bursts as sources of teleseismi c sur-
face waves , forces again had to be in exact equilibrium In the static
AFTON-2A field. For example , at the relatively great depths reached in
our final calculations (t6 km), peak displacements were enly ‘~2 cm,
whereas a discretization errer of 0.002 g tn acceleration would have
altered late-time displacements by 10 cm.

A computer code was available during the program that was supposed
to propagate body waves correctly to teleseismic distances, starting
from the hemispherical near-field surface H, even if the global part of
the irrotational field came mi xed wi th its local parts, and with shear
and surface waves. However , the effects of cracking and gravity on near-
field motion , free of shear and surface waves , and largely free of local
contributions , could only be determined by calculating the near-field
at great depths and late times. To do so , it was necessary to push the
computational art forward a bit , as described below . When that was done ,
we found that the large effects on body waves attributed earlier to gravity
and cracking, both in the near field of a buried burst teleseismically,
remained large (Sec. III).

INNOVATION

The unique flexibility of the AFTON-2A code makes it practical to
compute motion from a 150-KT explosion , wi thout assumptions of small dis-
placement, linearity , etc., and to depths as great as 6 km and times
longer than 3 sec. Speci fically, a domain of AFTON-2A computation can be
held fixed In size while being moved continually downward at the speed of
longitudina l waves. The cost of advancing a numerical solution through
unit time Is then constant, and the total cost of computation Is pro-
portional to the time after burst at which calculation Is stopped . On
the other hand , If all disturbed material had to be Included In the
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computational domain (usual with computer codes), then the cost of calcula-
tion would increase roughly as the cube of a final time of calculation ,
rather than the first power.

To achieve exact static equilibrium in a discrete field proved more

— 
difficult than to avoid excessive computation . As part of the overall
dlscretization process, a continuous medium is divided into finite poly-
hedral cells of mater i al , whose vertices form a “finite difference mesh”
[4]. By adopting a simple approximation to the structure of an exact
continuum field within a cell , di scre te equations of motions are produced .
The properties of those equations--and particularly the absence of pro-
perties not possible for a physical ~ontinuum--depend on the local (cell-
scale) field-structure assumed . The properties of the discrete equations
can be made completely consistent with those of the continuum equations

they replace , but only if stress and strain are locally homogeneous (for
reasons that, though not complicated , would take us too far afield to
present here).

Some of the unique and basic transformation properties of the AFTON
equations of motion--which include exact conservation of mass, momentum,
and energy--are tied to the assumption of homogeneous strain and stress
fields within cells. On the other hand , overburden stresses in a static
equilibrium field (under gravity) increase continuously wi th depth. Those
two different field-structures in the AFTON equations were reconciled--
but the effort was not trivial . Specifically, while preserving all
transformation properties of the AFTON equations , as wel l as the nearly
complete freedom of spatial mesh-point distribution offered by AFTON 2A ,
the code has now been modified so that its gravitational and material
forces cancel exactly in static-equilibrium fields . So modified, the
code was used to recompute the three granite fields studied in the
program, and two of the original wet-sandstone fields (pp . 1-2 , above).
Al so for wet sandstone , motion was computed for one new shot depth , and
fields were calculated for the last three explosive-sandstone systems
both wi th and without cracking and gravity .

a

a
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II. SURFACE WAVES

I NTRODUCTION
The PSR M5 model is based on Harkrlder ’s analytic expressions for

surface-wave Green ’ s functions In a f iat multilayered half-space [5). The
multi l ayer model of the earth structure is adopted because the modelled
explosion sources wi th which we are concerned here all have cylindrical
symmetry , and the symmetry of the l ayered earth model Is also cylindrical .

Previous efforts by S3 (Systems , Science and Software [6)) to calculate
Ms from the same source model failed partly because of the difficulty in
finding an equivalent point-source term for use with the whole-space Green ’s
function. In fact, there is no equivalent point-source term, because the
entire free surface becomes a source when whole-space Green ’s functions
are used . The PSR M

~ 
model uses half-space Green’s functions and there-

fore avoids the source terms from the free surface. This method results
in a source that is localized near the explosion and therefore easier to
treat mathematically.

The following equation used to calculate M5, derived from Marshall and
Basham [7), is dependent only on the maximum vertical ground displacement
near the 20-sec periods at a distance of 10,000 km:

M5 = 9.2 + log (Umax (cm]) . (1)

The constant 9.2 has the distance and period correction already included
according to the prescription in Ref. 7. The value of Umax is taken to be
the maximum displacement from equilibrium in either the positive or
negative direction.

The fol lowing discussion of the PSR M5 model is directed toward a
complete spec ifi ca tion of the source parameters used , followed by a
description of the propagation method of calculating Umax for sources of
interest. Note that this model calculation makes several simplifying
physical assumptions , wh ich are di scusse d briefly as necessary .
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SOURCE MODEL
The following details of the nonelastic source model constitute a

mathematical description of the source suitable for computing surface-wave
magn itudes . Bas icall y, we are dealing with a two-dimensional problem ,
since the theoretical problem of a spherical explosion in a homogeneous
Isotropic half-space has cyl indrical symmetry . The plastic-flow character
of the source need never enter into the description of the source v ls-a-v ls
surface-wave creation. The volume of space where plastic fl ow and all
other nonelastic behavior takes place can be surrounded by an imaginary
surface outside of which the usual equations for small -amplitude linear
elastic-wave propagation are valid . By surrounding the source, only the
specification of the dynamic state of stress for material in contact with
the imaginary surface Is relevant for the propagation calculation , and
the details of rock mechanics , etc., which produced that dynamic state,
are no longer needed in the source description . Of course, by following
thi s source description , we could have sources that are not physically
possible. The above definition of any particular source , however , will
have cer ta in average values that gi ve c l ues to its fa i thfulness to phys ical
reality ; e.g., net verti ca l Impul se should be zero . In prac tice , the
imaginary surface on which the elastic source is specified has been a
closed numerical grid of vertical cylindrical strips and horizontal annular
strips , located about 2-km away from the shot point. At one point during
this study, the imaginary surface was a circular arc that was rotated about
the axis of symmetry to produce a hemisphere centered at ground zero. This
hemisphere acquired the name “magic circle ,” which is still appl ied to the
numerical grid although it Is no longer strictly circular.

The complete mathematical specification of magic -circle data needed
for a formal propagation calculation can be determined by looking at the
wave equation as an Initial value problem in the theory of partial differ-
ential equations. By analogy with the one-dimensional wave equation , the
value of the scalar potential and its first derivative must be specified
on the boundary point to completely determine the solution everywhere .
The analogous boundary conditions for the source considered here are the
values and derivatives of the potential over a two-dimensional surface
embedded in three space dimensions and one time dimension . In practice,
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we would have to specify the potential and its derivatives over the hemi-
sphere for a long time duration . The PSR Ms model , however , is limi ted
1) because it uses force, not potentials; and 2) because derivatives are
not used at all.

The source description currently in use is a collection of directed
ring forces located on the hemisphere swept out by the magic circle and
w i th time dependenc ies determined by the numeri ca l resul ts of the modelled
explosions as calculated by Applied Theory, Inc . We adopt the simplified
source model for two reasons: 1) the solution is much simpler to Implement ,
since point-force Green ’s functions were found in the literature ; 2) good
test cases have not yet been developed for the purpose of checking even
the simple solution , and so the more complicated one would be premature
until such a testing ability is developed , since the simpler method may be
verifiable for explosion sources.

It Is possible to get some idea of the validity of using a collection
of ring forces by trying to imagine what the actual elastic solution for
the ring forces wou ld be , compared to the continuous distributed force
model . First, the si ngul ar i ty in stress near the ring force Is nonphys ica l.
But if one were to observe the motion at a distance from the rings about
equal to the ring spacing, then It is easily imagined that the ring-force
solution would begin to resemble the distrIbuted—force solution , although
the deta i ls woul d depend on interference effects between the rings. In
parti cu l ar , it seems that ring forces would radiate energy both inward and
outward equally, at least locall y, whereas distributed forces would radiate
energy predomi nantly outward relative to the magic circle. IntuitIvely,
one would expect that if the response due to the ring forces at a moderate
distance outside the magic circle could be made by diffraction to resemble
the distributed—force response, then the same diffractive effect would
l imi t energy radiation inward as well . But even if diffraction effects did
not operate as hoped , the energy budget would still not be off by a factor
of more than two; and as long as the different explosions do not differ
radically, which is the case, the relative values of should still be
meaningful .

Figure 1 represents the surface elements for a wet—sandstone grid on
which the ring forces are defined . Note that the surface elements are all
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nearly vertical or nearly horizonta l , but the direction of force on either
does not have to align wi th the surface normal . There are typically about
60 directed force elements for each explosion event , and the time duration
runs about 2 sec .

PROPAGATION MODEL
The basic element of the propagation model is the surface-wave Green ’s

function that describes in one complex number the teleseismi c vertical
ground motion (amplitude and phase) when the source is a buried point force
(horizontally or vertically directed) that has harmonic time dependence.
Figure 2 represents what the Green ’s function does--which is to solve for
the teleseismic vertical displacement due to one component of our model
source. The solution for the complete source is found by superposition
In time and space of the component parts.

The desired result is the vertical ground motion U(t) (in centimeters)
at a large but arbitrary range of 10,000 km as a function of time . Once
this function is found , the maximum va l ue , Umax~ is used in Eq. (1) to give
M5. The full-time dependence is found in the usual way by Fourier synthesis
of all component harmonic terms:

U(t) = U(w) e~~
t dw (2)

The Fourier transformed displacement , U(w), depends on the source
terms only at the angular frequency w; but on the individ ual force elements
located at all different positions on the magic circle. The teleseismic
response tJ ~~(w) for the j-th ring force is a linear combination of both
the horizontal and vertical components of the force element at the fre-
quency w , P~~(w), and ~~~~~ 

multipli ed by the horizontal and vertical
ring-force Green ’s functions , G~~(~ ) and

U~ (w) = PVjGVj + PHiGHi . (3)

C

- — - — . , .. _i •,
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The force terms P11~ and ~Hj 
are the Fourier components of each ring

force at the angular frequency w .  In general , the time duration of the
force for the simulated explosion events runs out to about 2 sec , whereas
the frequencies of interest correspond to about 20-sec periods. Since any
finite pulse has all frequency components included , the individual 2-sec
force pulses will have 20-sec components as well , but of very small
amplitude. At first , one is tempted to assume that e1Wt changes so little
for 0 < t < 2 sec for w corresponding to 20-sec periods that the 20-sec
component is nearly the same as the “zero-frequency ” component. In genera l ,
that would be a good approximati on. But for the particular mechanical
situation here , the conservation-of -momentum principle requires that the
net vertical impulse transmitted by the magic circle should be equal to
zero. Therefore the sum over all vertical force elements has a zero
frequency component equal to zero:

{ P~j(w)} 0 - (4)

In practice , Eq. (4) is beyond the range of the modelle d sources be-

cause the l owest frequencies are not strictly zero, but instead correspond

to 2-sec time periods; and at those periods , the conservation of momentum
applied at the mag ic circle is affected by ejecta that may still be in
freefall for some explosion events .

We therefore must be somewhat cautious in using the small-phase
approximation for e

_ 1W t
, since we know the 20-sec component and the zero-

frequency component of the total vertical impulse are not equal. In the
propagation calculation , we have adopted the small-phase approximation ,
and have forced Eq. (4) to be satisfied by modifying the magic-circle
data in a simple manner that simulated the effect of all returning ejecta.

The last piece to the outline of the propagation calculation is the
pair of ring-force Green ’s functions 

~~ 
and GHJ . The force functions

are calculated from the point-force Green ’s functions and 9H of Ref. 5
for the harmonic-force components , corresponding to the depth and radius
of the ~-th ring force of the magic circle. The ring functions Gv and GH
are found from the point functions g

~ 
and 9H by integration of the point-

force density per radian over a complete circle of the azimuth angle.
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Note that all contributions of the azimuthal integration are additive for
the vertical force , but there is cancellation on opposite sides of the
circle for the horizontal force. This cancellation results in a ratio

which is reduced from the ratio 
~H’~V 

by a factor of about ~r/A ,
where r is the radius of the ring (~1 km) and A is the Rayleigh wave-
length (~60 km).

The point-force Green ’s functions used here differ from those of
Harkrider [5] in two relatively minor ways . First , the actual multilayered
Green ’s functions are replaced by an approximation in which both the ampli-
tude and the depth dependence are adjusted for each frequency so that it
looks like a homogeneous half-space Rayleigh wave . This adjustment makes
use of the dispersion relation for the multilayer ed ha l f-space , but it
avoids the necessity of doing the full multilayered calculation once the
dispersion relation is known . The dispersion relation published by
McEvi lly [8] for North America is used here . Second , an amplitude -damping
model is added so that a better estimate of absolute value of can be
obtained , although it is still felt that relative values of are more
meaningful . The damping model uses a constant Q damping factor, where Q
is defined as the inverse of the fractional energy lost per cycle of a
wavetrain. The justification for a constant Q model is given by Knopoff
[9]; and the va l ue Q = 300, which is used in this model , represents a
compromise between values suggested by Knopoff (Q = 150) and Tryggvason
[10] (Q = 1 300).

RESULTS
Results presented in this section are of three basic types: 1) the

versus depth results of the physical model ; 2) a sensitivity study of
the effects of changing a few numerical parameters on the last data frame
of the time sequence; 3) an i dentification of rel evant source parameters
that correlate strongly wi th M5.

Figure 3 and Table 2 show the M5 versus depth results for the nine
explosion events studied . Of the nine , all three shots in granite re-
sulted in craters , whereas only the shallowest one in wet sandstone
cratered . The shallowest one in “elastic ” wet sandstone would have
cratered had not the material been artifically prevented from failing in
tension. Table 2 shows a list of results , including cratering , for the
shots studied .

1

I
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Table 2

RESULTS OF NINE SIMULATED EXPLOSION S WI TH SENSITIVITY TEST

Problem Depth M5 MR AT V 1 H0 M2Number (m)
sec x i0~~

8 x io
_
~
8 x io~~

8

*
1’~ c 159 4.38 4.66 0.1 0.424 0.475 0.636

*lb c 159 4.52 4.66 1.0 0.304 0.531 0.611

1-~ c 159 4.40 4.66 1.0 0.304 0.468 0.558

it c 159 4.38 4.66 0.1 0.424 0.468 0.631
*2(1 c 207 4.59 4.69 0.1 0.475 0.378 0.607
*2b c 207 4.62 4.69 1.0 0.524 0.464 0.700

c 207 4.60 4.69 1.0 0.524 0.558 0.765
*3~1 c 253 4.29 4.70 0.1 0.308 0.378 0.488
*

3b c 253 4.34 4.70 1.0 0.371 0.413 0.555

3c c 253 4.38 4.70 3.0 0.371 0.451 0.584
*10 c 207 4.11 4.62 0.1 0.142 0.108 0.178
*12 531 4.17 4.67 0.1 0.057 0.206 0.213
*26 1000 4.08 4.70 0.1 0.057 0.207 0.215

110 207 3.72 4.69 0.1* 0.052 0.115 0.126

112 531 3.82 4.70 0.1* 0.048 0.146 0.154
126 1000 3.86 4.69 0.1* 0.052 0.174 0.182

c--indicates a crater was formed .

-- in dicates ~~ was set to zero on last time step .
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The surface-wave magnitude falls in the proper range for 150-KT
explosion events when compared with a list of measured M5 versus yield
values from 47 NTS events [11]. Of the 47 events , 4 had yields between
155 KT and 170 KT, with values from 3.97 to 4.32. Our results for
granite are on the high side of that distribution , but it is not known
whether a granite shot is included in the NTS list.

The PSR N5 values for the granite shots as shown in Fig. 3 are all
higher than the wet-sandstone values , but it is felt that this distinction
does not have conclusive theoretical support , because M5 is calculated
from force alone and not from both forces and displacements. Richter ’s
[12] magnitude expression based on total transmi tted energy--which is
proportional to the log of the energy in ergs--is calculated for each of
the explosion events and presented as MR in Table 2. Because the energy
output is about the same for both granite and sandstone media--but since
granite has a larger modulus of rigidity --one would expect larger forces
for granite . But because the rate of energy involves the product of
force and rate of displacement (velocity ) on the magic circle , one would
expect larger displacements for sandstone . The model assumptions used
are not able to preserve the above-mentioned distinction between the rela-
tive magnitudes of the force components for granite and sandstone . This
distinction would require that a oure surface wave passing through the
magic circle should conserve its energy , and therefore if granite forces
were larger than sandstone forces on one side of the magic circle , the
granite forces should also be larger on the other side . This require-
ment is not fulfilled , however, for the Green ’s function method used here,
because the response is measured in centimeters of displacement per dyne
of force , which means that the larger forces of granite will produce dis-
placements that are larger than the sandstone values of displacement ,
contradicting the equivalent conclusion based on conservation of energy
applied to the two media.

• The above ambiguity of the model does not apply to the relative
values of different shots in the same medium . For granite , the variation
of M5 is caused by changes in the shapes of the time-dependent forces
acting on the magic circle , and not changes in medium parameters. The
slight change in MR as a function of depth indicates that some mechanism
is withholding more energy at shallower depths , which probably represents
energy required to form the crater and propel ejecta . The variation of
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M
~ 

values for granite suggests signifi cant interaction with the free sur-
face, and also suggests tha t this interaction has a strong enough depth
dependence to cause a measurable (0.3 units ) change in Ms.

Some confirmation is given to the M5 values for granite by the sensi-
tivity test, whose range of values is shown by the error bars in Fig. 3,
and which reveals that the overall shape of the granite curve is unchanged
if M5 is assumed to lie wi thin the error bars.

The interpolated wet-sandstone curve of Fig. 3 shows no strong depth
effect, but the resolution of the data points in the region of cratering
(one point) is not enough to draw any conclusion . The two deep noncrater-
ing wet-sandstone shots have nearly the same M5 value , which is to be
expected according to simple elastic scaling as long as the depth is much
less than one Raylei gh wavelength.

The “elastic ” wet-sandstone N5 values are all consistent with a reduced
interaction with the free surface, although elaatic here refers only to
the absence of cracking and gravity . Generally, the higher values of
for the nonelastic wet sandstone seem to be due to residual block motion
(a free-surface interaction ) that prolongs the force-time histories and
allow s more energy i nto the 20-sec period range . If one fol l ows this line
of reasoning, the shallowest elastic wet-sandstone shot would have the
sma l les t N5 value because the significant interaction with the free surface
would be over with in a shorter time period and therefore would deposit
less energy in long-period components.

Next, all of the results presented in Table 2 and Fig. 3 are based on
time histories of force that were modified in a somewhat ad-hoc manner.
The original force-time histories were characterized by an initial sharp
pulse , followed by a rebound , some reflection arrivals , and then a tail
of l ow-Intensity oscillating force. The cut-off point on the oscillating
tail would , in genera l , be at a time when the net vertical impulse was not
zero; dnd this small residual vertical impulse would dominate the spectral
amplitude near the 20-sec periods. Therefore, after about 2 sec, at the
end of simulation , one extra time step was added , with a resultant force
that , when applied for AT sec, would cause the net vertical impulse to be
zero. This extra force at the end is not completely specified by the
requi rement, V0 = 0, where
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T
V0 

= Fv (t) dt . (5)

0
I.-

The unspecified parts are the distribution of the vertical force over the
magic circle and the prescription for specifying the horizontal component.
The distribution of the vertical component is taken to be uniform and the
horizontal component is either set to zero everywhere or given the value
of the previous time step. This choice is indicated on Table 2 (p. 18) by
an asterisk (*) affixed to the ~alue of AT when the horizonta l component ,
FH, is set to zero, and by no indication when the previous values of
are used . Table 2 shows various combinations of AT and F~ tried for

* ~1
( granite. Only the combination AT = 0.1 is used for wet sandstone. In

either instance , the velocities for the last time step are set to zero,
and so the total energy transmitted is not affected.

Of the various force values used on the artificial last step, all M5
values fall within the error bars shown on the granite curve of Fig. 3.
The largest difference is for Problem 1, the shallowest shot , where
varied from 4.38 to 4.52, a difference of 0.14 units . Figure 4 shows some

*detailed t ime histories for Problem 1 for the case AT = 0.1 - Since the
net vertical force (Fig. 4a) must integrate to zero, the spectral source
amplitudes have a l owest-order dependence on V 1, where

V 1 (T) = FV (t) . t dt - (6)

One can clearly see the artificial last 0.1 sec of vertical force emerge
above the oscillating tail (Fig. 4a) to drive V0 to zero at the end time.
A more realistic force-time history would have involved two oppositely
directed vertical-force components , one upward , due to buoyancy while the
ejecta Is in free fall; the other downward , due to small impact. The fi nal

va lue  of V 1 would therefore depend on momentum carried by the spall and
the periods of the different possible trajectories. The approximations

C
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used here are still of value , however, because they show that various
4 reasonable ways to terminate affect M5 less than the depth of burial

(DOB) physical parameter.

The magnitude of the transient impulse due to ejecta was estimated
to be about one-tenth the value due to spall for a typical cratering

• explosIon [13], which gives a spall inpulse of about 1018 dyne-sec and
an ejecta impulse of 1017 dyne-sec . These transients can be clearly
seen in Fig. 4b, except some interpretation of the curve must be made
because we see in the figure the reaction of the impulse on the rest of

• the world , and there seems to be some rebounding taking place . The value
of V at T 2.1 sec, just before the last artificial time step, is
about -10 dyne-sec , which can be interpreted to be the downward impulse
delivered to the world as the ejecta is thrown up. Additionally, the

• transient spall impulse is assumed to have died out.
With the above interpretations of the shape of Fig. 4b, we find good

agreement between the estimated va l ues for spall and ejecta impulse , and
the numerical values on the figure .

From this point on , since the ejecta is in free fall , there should
be a net upward force due to the lightening of the load removed by the
free-falling ejecta , and this upward force would cause V0 to increase
positively in value , passing through zero and continuing upward until the

• ejecta falls back to earth , at which time V0 returns to a va l ue of zero.
Since this imagined time history was not included in the source data , we
do not know for certain how V 1(t) (Fig. 4c) would be affected; but it is

not expected to be greatly affected because of the results of the sensi-
tivity analysis described above .

Finally, some results of a theoretical nature were found concerning
the correlation of V 1 and H0 with M5, where

H0 
= f  F~(t) dt ; (7)

that is , H0 is the zero-tb time moment of the wei ghted horizontal force FH.
F is not the tota l horizontal force on the magic circle , because by
syninetry that force must be zero at each instant of time . Instead , FH Is
a measure of the surface-wave-producing ability of oppositely directed
horizonta l forces separated by a distance 2r. According to the source
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calculations of the PSR M5 model , the resultant F~(t) is a sunination
over the individual ring sources as given by

F~(t) =~~~~~~~~~~~~~~~~~~

_- FHj(t) , (8)

where X~ is the x-coord i nate of the j-th ring force, and CR is the
Rayleigh-wave phase veloc i ty for 20-sec period waves . One can easily
see that H0 and V 1 both have units of (dyne-sec

2).
In the full-blown propagation calculations , eac h FHj(t) and eac h

Fvj(t) enters into the seismometer response, with factors representing
frequency and depth dependencies ; but most of this dependence is only
slowing changing, and can be factored out to a certain degree of
approximation .

After this approximation is made, the result is that the M5 value
is proportional to M2, where the subscript 2 indicates that it is the
coefficient of in the spectral expansion of the teleseismic ground
response , and where

M2 = %/V~ + H~ . (9)

b r  the vertical moment V 1, it is clear that the net vertical force FV (t)
must reach zero after some time period--say , after all ejecta have re-
turned to earth . The formation of a cavity at the explosion site,
however , has the effect of leaving a residual outward force FH(t)
acting at the magic circle , and so H0(t) will continue to increase
Indefinitely with time , as can be seen in Figs . 4d and 4e. But since
the time moments of the forces are used only as coefficients in the
spectra l expansion , we could always go back and replace the expansion
by exp( - iwt) ,  which would serve to cut off the artificial growth of
the individual spectral components. For the present effort, however,
the expansion must suffice.

Figure 5 shows a scatter plot of M5 versus M2 for the entries in
Table 2 (p. 18). Apparently, a quite good correlation exists between

I
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the single-source parameter M2 and the resulting value of M5, which
indicates that the calculationa l procedure is somewhat transparent to
the details of diffraction from the composite ring source. The regres-
sion line of Fi g. 5 intersects the M5 axis at = 3.9 , which repre-
sents the contribution due to terms of higher order than in the
spectra l expansion . The three “elastic ” wet-sandstone shots fall in
a well-defined group below the regression line of the nonelastic shots .
For these elastic shots , the higher order terms of the spectra l expansion
must be lower in magnitude , possibly because the lack of cracking stops
the late-time block motion of the corresponding nonelastic shots and
therefore less energy gets deposited in the long-period waves.

The graphs for the other ei ght shots are similar in form to those
for the shallowest granite shot , and similar interpretations concern-
ing ejecta, etc., can be made on them. Since many of these interpreta-
tions would be redundant , no further coninent is made on them here (but
they all are presented in Appendix G).

CONCL USIONS
The main conclusion of this section is that the surface interaction

with an underground explosion can cause a measurable change (0.3 units)
in the teleseismic surface-wave magnitude , M5, for different depths of
burial , at least for the simulated explosions in granite . The sand-
stone shots were not done in the appropriate depth ranges to allow such
a conclusion .

Howeve r, assuming that cracking and ejection of the near-surface
material are the dominant forms of free-surface i nteraction for the
wet sandstone shots , which is supported by comparing elastic with non-
elastic results , then we can conc l ude that cracking and ejection are
the dominant source variables that influence the shape of the versus
DOB curves for both granite and wet sandstone in Fig. 3.

We have also found that the surface-wave Green ’s function approach
to the surface-wave propagation calculation can be made Internally con-
sistent and that it is a physically justifiable procedure.
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III. BODY WAVES
I

We have reached three main conclusions regarding the infl uence
of burial depth on body waves:

1. Particularly as it influences the contribution of reflected
waves to i rrotationa l motion , burial depth must be taken into
account in relating values of mb to yield. In wet sandstone ,
mb was found to vary by 0.38 (and , hence , estima ted yield by
a factor of 2.6 to 3.0) over the burial-depth -interval from
200m to 550m.

2. For depths > 200m , magnitudes that are almost depth-independent
can be obtained from the “b’ phase of seismometer displacement;
the role of such magnitudes (denoted “ma”) in yield estimation
is at present mi nor , and should be enlarged .

3. If reflection is assumed to take place elastically at the
ground surface , then estima tes of the effects of burial depth
on body waves emerge tha t are at most qualitatively correct.
To compute the range of variation of mb, or the depth-interval
over which values of mb span that range , we must take account
of both gravity and tensile cracking on the motion of the
medium.

Qualitativel y, the first two of these conclusions are not new (e.g.,
see Ref . 14 and AFTAC-TR-77-37). Previously, however , they have been
reached by assuming reflection to be elastic --a procedure that we find
I nadequate for quantitative purposes (conclusion 3).

BODY-WAVE MAGNITUDES VERSUS SHOT DEPTH: INTERACTION OF DIRECT
AND RELATED WAVES

Conclusions 1 , 2, and 3 above follow from Fig. 6. This figure
contains both our computed mb_values for inelastic reflection , and
compu ted values that show how mb would vary if tensile cracking and
gravity were absent (semielastic reflection). Curve 3 in the figure
refers to purely elastic reflection , treated approximately. As is
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evident from Fig. 6, 
~b 

does not vary monotoni cally with bur ial depth
in any of the three cases . Points obta i ned from phase b of our syn-
thetic seismograms (ma_values) also appea r in Fig. 6; their relative
i ndependence of depth is clear.

The magnitudes of Fi g. 6 are determined by the combined effects
of two waves: 1) a nearly spherical (and initially compressive) wave
driven away from the shot point by high pressures that attend explosive
energy release; 2) a reflected wave (mainly expansive) due to relief
of spherical -wave stresses at the ground surface. More precisely, for
a 150-KT explosion at a given depth , the teleseismic body-wave-field
manifested in Fig. 6 can be viewed as the sum of 1) a “direct ” wave ,
defined as the wavetrain the burst would generate in a whole-space;
and 2) a “relief” wave created by reflection of the direc t wave from
the ground surface. In derivi ng curve 3, the initial wave is taken
as the field calculated for a burst in a uniform whole-space of wet
sandstone , and the relief wave as its negative (implosive) image; the
centers of the two wave-fields are separated by twice the depth of
burial. In every other instance , both waves are generated as part of
a complete numerical solution of the equations of motion .

For explosions at the ground surface , the direct wave and relief
wave are produced at almost the same time , and hence largely cancel
each other. As burial depth increases from zero, howev er, the rel i ef
wave begins to lag behind the direct wave (relief starts only after
the direct wave reaches the ground surface), and the cancelling effects
of one wave on the other dimini sh. At a still greater burial depth ,
the relief wave arrives just as the negative stage of direct-wave
motion (Le., motion back toward the shot point) ends. As a result ,
at points on nearly vertical downgoing rays , the passage of time is
marked by a large , continuous change from downward to upward displace-
ment; when thus in phase , the two waves reinforce each other . Ulti-
ma tely, shot depths are reached when the relief wave lags so far be-
hind the direc t wave that the two no longer interact.

The effects noted have counterparts in seismometer response. Thus,
as shot depth increases , mb increases at first and then decreases ,
arriving finally at a whole-space value (‘~.l25Om for wet sandstone).
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Before r each ing  its whole-space value , ma also varies wi th burial depth.
Since ma is determined by relatively early features of seismograms ,
however , the relief wave ceases to have any effect on ma at a depth of
burial (‘~.82O for wet sandstone) and a lag-time that are relatively
small. For reasons noted below (p. 31), relief-wave effects on ma are
much smaller than for mb, from 820m to depths as shallow as 2O~n.

FURTHER COMMENTS ON FIG. 6: ELASTIC VERSUS INELASTIC REFLECTION
Separating the far field of a burst into a whole-space (“direct”)

wave and a relief wave is convenient in that complete body waves re-
duce to direct waves at great burial depths . More important , for
bursts of a given yield , the separation in question assures that changes
in burial depth will affect the relief wave alone . In addition , given
elastic reflection , the shape and amplitude of the relief wave i tself
become i ndependent of burial depth in the far field. The teleseismi c
body wave then depends on burial depth in one way only: the time by
which the relief wave lags behind the direct wave is proportional to
that depth .

More specifically, seismograms are affected by lag-time . Consider
first elastic near-field reflection. As shown teleseismically, dominant
periods in the direct displacement wave run from 2 sec to 3 sec (com-
ponents with shorter periods are damped relatively strongly by the
earth as they run from near-field to far-field). On the other hand ,
the AFTAC seismometer is a narrow-band instrument most sensitive to
displacement harmonics wi th periods of ‘~O.5 sec . The first forced
oscillation of the seismometer should therefore take place with a
period somewhat longer tha n 0.5 sec . Hence, as the relief wave ’s
lag-time varies from zero to a value somewhat larger than 0.25 sec ,
the si gna l should vary from complete interference with the direct wave
to maximum reinforcement. As a result , given elastic reflection at a
longitudinal wavespeed that averages 2620m/sec (from shot point to
ground-surface and back), full reinforcement should occur at a burial
depth somewhat greater than 330m . As It happens , our synthetic seismo-
grams for elastic reflection show maximum reinforcement at a depth of
about 450 m. However , factors other than the amplitude of seismometer
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response enter the definition of mb (see p. 35) , which therefore r€’~;.~es

• its maximum value (assuming elast ic reflection) at a depth of ~~~~
For a granite medium wi th twice the longitudinal wavespeed of wet sand-
stone , maximum reinforcement of seismometer response (still assuming
elastic reflection) will occur at a bu l ial depth very nearly twice 450m ,
and mb will probably attain its maximum at “~2 870m (or l740m).

If we take into account cracking and the earth ’s gravitational field ,

both the shape and amplitude of the reflected wave at teleseismic dis-
tances change with depth of burial. The head of the relie f wave still
moves downward very nearly at seismic (elastic) speed ; in fact , unload-
ing proceeds almost elas tically unt il cracking occurs . Fcr Jeoths of
burial down to l 000m , however , the period of elastic unloading is
negligibly short. It ends when the med i um cracks , ~ process tha t occurs
computationally as soon as the mean stress reaches zero (isotropic
cracking). Thus , cracking prevents the development of tension , effec-
tively limiting the amplitude of stress-relief waves to overburden
values. Subsequent recompression of the medi um , due to its reassembl y
under gravity , further reduces the amplitude of the relief wave --at
least as seen along rays that are almost vert ical ly downgoing from the
shot point. Moreover , since the motion of cracked ma terial is con-
trolled largely by gravity , development of the relief wave is slowed
by cracking: instead of progressing through continuous material at
elastic wavespeed , signals are repeatedly interrupted by cracks.

By increasing the time between direct - and relief-wave motions at
a given depth , gravity and cracking have the genera l effect of reducing
the shot-depth interval on whi ch all reinforcement-interference phenomena
occur. Thus , body-wave magnitude varies more rapidl y wi th depth in
Fi g. 6 when gravity and cracking are taken into account than if they are
not. So do other features of seismometer response (see p. 35).

The combined effects of cracking and gravity are greatest for
shallow bursts . The farther the shot point from the ground surface
(increasing depth of burial ), the weaker the initial wave when it
arrives at the surface and the more nearly elastic its reflection be-
comes. Thus , at “great enough” shot depths , the relief wave turns
into the pP-wave of elastic -half-space theory . Table 3, however , shows
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quantitatively that reflection is far from elastic at shot depths of
200m to 750m . The table also shows that reflection becomes increasingly
elastic as depth increa ses--but note that apart from the smallest of
the three depths tabulated , higher multipoles of the field probably
affect the durations and amplitudes listed . Large effects of gravity
and cracking on reflected-wave motion are nevertheless demonstra ted by
Table 3, since the “Elastic ” and “Inelastic ” calculations differ in no
other way than exclusion or inclusion of gravity and cracking. Those
same effects are seen in still more detail in the displa cement pulses
of Fig. 7. In particular , note that at the shallowest burial depth ,
for which the displacements are due almost entirely to monopole radia-
tion , hard l y a jot remains of an otherwise-promi nent pP-wave , when
cracking and gravity are taken into account.

For all burial depths in Fig. 7, relatively early arrival of the
first disturbance in the instance of gravity and cracking is due to an
increase in p-wave speed with increasing overburden . By contrast , in
all calculations without gravity and cracking, the sandstone half-space

• is considered homogeneous; its uniform p-wave speed is set to the value
associated with overburden at a depth of 531m. Dispersion in a medium
whose wavespeed increases with depth also accounts , in the main , for
the lower peak displacement seen at each depth in Fig. 7 for calcu la-
t i o n s  wi th gravity and cracking. Resistance to cavity growth that
increases with shot depth is another consequence of variable overburden--
but a minor one--since the medium ’ s shear-strength does not depend on
mean stress. For a shot-depth of 207m , however , shear failure was ob-
served in the relief wave as well as the direct wave. The field calcu-
lated for that shot depth assumi ng perfect reflection (see Fig. 7 for
pulses) therefore differs from the other two fields (i.e., with gravity
and cracking , and without). For all depths , moreover , perfect reflec-
tion eliminates mode conversion ; all explosively generated energy then
resides in an irrotationa l field , whence relief-wave amplitudes are
larger for perfect reflection than if we merely suppress gravity and
cracking .

Note tha t use of an isotropic model of cracking in the calculations
tends to minimize crack formation , and hence to reduce associated
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gravitational effects. We would therefore expect greater body-wave
variations than those of Fig. 6 , Table  3, and Fig. 7 to issue from
calculations in which directiona l cracking is permitted . Al so , the
kind of minor seismogram wiggle that leads to a discontinuous change
in  ro b in Fig. 6 (p. 28) would almost certainly be ignored in practice.
Instead , mb_ values would be obtained from a curve l ike l ’ --for which
our calculated variation of mb with depth wo uld be larger than 0.38
(the value quoted above , p. 27).

DISCONTI NUIT IES IN mb
To better understa nd the results shown in Fig. 6 (p. 28), the

specif ic definition of rob (used in preparing the figure ) must be con-
sulted . In brief , of the severa l terms summed to give mb, only one
varies when depth of burial is changed . That term is log 10 (A /T I) ,
where , as calculated for Fig. 6 , A is the difference between the most
negative va lue of a seismometer~s displacement; the following maximum
v a l u e , 1, is the time between the extremes of displacem ent represented
in A; and I is an instrument correction that depends on I (and only I).
Alternatively, A could be interpreted as the maximum swing of a seismo-
meter over all pairs of conse cutive extremes of its displacement.
Fortunately , if rob is defined in that way , no changes occur in curves
1 , 1’ , and 2 of Fig. 6 , and no important changes in curve 3. However ,
if A is taken as the difference between the most negative seismometer
displacement and the most positive subsequent displacement , then curve
1 continues along 1 ’ instead of dropping discontinuously.

A term like 1og 10 (A /TI) appears in almost all definitions of body-
wave magnitude (though often wi th I 1), and leads directly to the
sharp break seen (Fig. 6) in the mb_depth curve for inelastic reflec-
tion at a depth of i~575m , and in both curves for elastic refl~ ction at

~865m. Those breaks are true discontinuities . They occur because A ,

T, and (hence) I, are discontinuous functions of depth . In turn , jumps

appear in A and I (hence, I) as functions of burial depth because the
consecutive extremes of seismometer displ acement that determine A and
T can and do change abruptly with depth. In their turn , abrupt changes
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occur in those extremes because the tota l response of the seismometer
(a linear operator on ground displacement) is the sum of its individual
responses to the direct wave , and to the relief wave , generated by any
near-surface burst (p. 29). Depending on the delay between the two
waves--and , hence , on burial depth--that sum may show all the extremes
of each individual response; alternatively, a peak or trough of one
response curve can overlie a peak or trough of the other , so that the
two are fused into a single extreme of the complete seismogram. Thus ,
the number of extremes itself depends on burial depth. As a result ,
It is almost inevitable that sudden changes appear in the ampl itude , A ,
of any given cycle of seismometer oscillation; for example , a “second
maximum ” whose value is used to compute A at one burial depth may be
the third maximum at another depth. The approxima te method by which
curve 3 of Fig. 6 was constructed will now serve to show more concretely
how discontinuities in mb arise.

SPECIFICS OF INTERFERENCE AND REINFORCEMENT: APPROXIMATION
OF PERFECT REFLECTION

Increasing the depth of a burst of given yield causes the relief
wave originating at the ground surface to trail farther and farther be-
hind the direct wave always created in such events (p. 29). In fact,
as required by causality , the effects of reflection are delayed , rela-
tive to initial seismometer deflection , by a time equal to that of the
first reverberation between shot point and ground-surface. Those
effects are reviewed in detail here assuming reflection to be perfect.
The relief wave then becomes the negative image , across the ground
plane , of the direc t wave; also , the ground plane becomes a surface
dividing a uniform whole-space i nto two half-spaces .

Take first the instance of great lag (very deep burial), in which

direct-wave displacements determine rob . As a function of time at fixed

position , those displacements form a pulse that looks like a positive

half-cycle of a sine wave (positive displacement being away from the

shot-point); a minor oscillation , due to spherical divergence of the

field , also appears as the pulse ends . Accordingl y, the se i smometer
at first moves away from the point of burst. Being an oscillator with
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its own characteristic period (“p 1 sec ) , it thereafter exhibits stages
of both positive and negative displacement as it swings about its equi-
librium position. Being a damped oscillator , it soon comes nearly to
rest. Thus , for a long whi le , the seismogram contains only two posi-
tive lobes , and one negative lobe , of consequence. Eventually, however ,
the negative of that response appears , as the seismometer moves under
the influence of the relief wave reflected f r m  the ground surface.
The individual seismometer responses , and their superoosition to give
its total response , are shown in Fig. 3 , along wi th both near- and far-
field pulses that define the displacement of ground material . For very
deep burial , the curve of total response--seismogram “A” of Fig. 8--is
duplicated when the individual responses are plotted . Simply put , the

two waves do not interact either as input to the seismometer or as
transformed by it.

A like set of plots is also shown in Fig. 8 for a shot depth of
890m. At that depth , individua l responses to the direct wave and to
the relief wave do interact. The initial response of the seismometer
to the relief wave , which is negative , occurs at such time as to inter-
fere with its second positive outward swing in response to the direct
wave . A minor oscillation is thereby introduced into the latter re-
sponse curve. At a slightly shallower burial depth (860m), and hence
smaller lag-time , overlap of the initial negative relief-wave response
with the second positive direct-wave response is reduced . As a result ,
the low-amplitude maximum-minimum osci l lat ion of seismogram B is de-
graded to a dimple in a curve of constantly increasing displacement
(seismogram C of Fig. 8).

The change from seismogram B to seismogram C has evidently taken
place continuously with depth. It is equally clear , however , that the
difference between the all-time minimum displacement and next maximum
(A 1, say) has changed discontinuously, and wi th it the time between
those two extremes . So has the maximum displacement-swing found among
all pa i rs of consecutive extremes (A2, say); that swi ng occurs between
points 5 and 6 of seismogram B (point 5, the earlier of the two, is a
maximum), and points 2 and 3 of seismogram C (the earlier point , 2, Is
a minimum). Thus , if A 1 or A2 is taken as the ampl i tude A , and I Is
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equated to the time between the extremes that determine A , then the
term 1og 10 (A/T I) wil l  jump on varying the shot depth from 890m (case B)
to 860m (case C).  In deriving curves 1, 2 , and 3 of Fig. 6 (p. 28),
a definition of A1 -type was chosen for A (i.e., from all-time minimum
displacement to the next maximum), which led to the discontinuities seen
in the figure . On the other hand , switching to a definition of A2-type
would leave curves 1 and 2 unchanged , as well as the depth at which
curve 3 jumps . As just noted , however , the size of the jump would
change in the instance of perfect reflection (curve 3 of Fig. 6); points
2 and 3 of seismogram B determine mb if A is A1 -like , and points 5 and
6 if A is A2-like.

A transition from the pattern of seismometer deflection seen in
seismogram C to that of sei smogram B is evident in Fig. 9. Figure 9
contains plots like those of Fig. 8 (“Two Responses ” excepted), but
appl i es to our full -bl own calculations of motion with gravity and crack-
ing . For the corresponding calculations without gravity and cracking,
only pattern C appears (Fig. 10); at burial depths less than “~87Om, some
mechanism must act to enhance lag-time , as gravity and cracking do
(p. 33), or else direct- and relief-wave responses will not be separated
enough to produce pattern B.

As burial depth is reduced from 860m in the instance of perfect
reflection , the initial negative relief-wave response (Ri , say) over-
laps more and more fully the first negative direct-wave response (Di).
Since D~ has more than twice the ampl i tude of ~~ however , only a
modest increase (30 to 40 percent) takes place in the swing between the
first minimum of seismometer deflection (point 2 of seismograms A , B,

C), and either the next-earlier or next-later maximum (point 1 or point
3). Most of the latter amplitude increase with decreasing depth (i.e.,
between points 2 and 3) is due to reinforcement of the second positive
direct-wave response by the first positive relief-wave response.

Major changes occur in the value of A that enters mb only when
burial depths become so shallow (<400m) that the first positive relief-
wave response starts to cancel its image (the first negative direct-
wave response). As shot depth is further decreased , the amplitude A
drops at an ever-increasing rate and , wi th it , mb itself. The same
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process of interference also causes ma anu its amplitude-factor to fall.
That decay , however , occurs at smaller shot depths (<200m ) than for mb .
it takes more comp lete over lap of the relief wave and direct wave to
bring about decay of the f irst minimum of tota l response than to effec t
decay of the second maximum ; to increase the waves ’ overlap, shot depth
roust be reduced .

THE FACTORS THAT ENTER ma AND m b, AND THEIR VARIATION WITH DEPTH

F i gure 8, and the discussion just conc l uded of reinforcement and

interference of direct and relief waves , serves to explain how the
amplitude-factor A varies wi th depth , whether for ma or rob. The varia-
tion of rob (or ma ) wi th depth (Fig. 6) is not determined by A alone ,
however , but by 1og 10 (A /T I) (p. 35 ).  To make that variation intel-
l i g i b l e , A , I, I, and A/TI have been plotted in Fig. 11 (in semilog
fashion) versus depth of burial. Values of A , etc., are separately
displayed in Fig. 11 for four insta nces . In two instances , g r a v i t y

and cracking are included in our calculations of motion; the values
that enter ma are shown , and so are the values that enter mb. Then ,
for the same calcula tions , but without gravity and cracking, the fac-
tors A , etc., are plotted ; in add ition , the figure contains mb_ factors
for the instance of perfect reflection from the ground surface.

Figure 11 s hows that the factors A , etc ., tna t enter ria vary l i t t le
wi th depth. The same should therefore be true of ma~ 

and it is (Fig. 6 ,
p. 28). Also , as explained above (p. 35), A is a weak function of depth
for  m b as wel l as ma~ 

except at quite shallow depths (/200m). On the
other hand , the period T that enters does change appreciably with
depth of burial. However , the most striking result conveyed by the
figure is that for rob, the instrument correction , I, varies a good dea l
more wi th depth than either A or T. Thus , wi th some j ust i f icat ion , the

variation of rob with depth in Fig. 6 might be viewed as a figment of
the mb_ defini t ion. In particular , as discussed below , most of the
depth-dependence of rob would disappear if the term log 10 A / TI were re-
placed by log 10A in defining m

b
. Yet, that view is not exhaustive:

the dependence of T on shot depth , f r om which the variation of I follow s,

is rea l (though as already noted , and as FIg. 11 shows , gravity and

I

3’
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cracking must be taken into account to calculate it). The strong
dependence of I on depth , and more directly the changes in T that it
si gnifies , therefore have a positive side. Those T-changes , which are
amplified by gravity and cracking, may offer a means of deducing shot
depth from the early portions of seismograms , whereas the same data
provide values of log 10A from which to determine explosive yield --a
subject to which we now turn.

CORRELATION OF BODY -WAVE SOURCE STRENGTH WITH FEATURES OF SEISMOGRAMS:
FURTHER COMMENTS

Discontinuities like those of Fig. 6 (p. 28) are troubling chiefly
because they mean that mb has been so defined as to measure different
things at differen t depths . Al though mb can easily be redefined to
avoid jumps , it is no simple matter to obtain an internally consistent ,
useful measure of body-wave strength in the process. For example , A
could be taken as the swi ng from all -time minimum seismometer displace-
ment to the greatest subsequent maxim um , as in the case of points 2 and
5 of seismogram B (Fig. 8, p. 38). Indeed , in a real seismogram , an
oscillation like that of points 3 and 4 in seismogram B would almost
certainly be ignored , and the A-factor reckoned instead from points 2
and 5. At greater depths , however , points 2 and 5 of seismogram B
become 2 and 5 of A. Thus , in an actual seismogram , 5 would be mixed
with late -arriving signals of all kinds , making the true body-wave
amplitude at that point, and even the point ’s identification , hi ghly
uncertain. Moreover , the ampli tude of the oscillation marked by points
3 and 4 would then have become large , and points 2 and 3 would again
span the full amplitude-range covered by the seismogram in its early
cycles of pure body-wave response.

Al ternatively, normalized weights w1 and w2, respectively, might
be used to combine linearly two different sei smometer deflection s:
1) the swing S1 from an all -t ime minimum deflection m 1 to the next
maximum M1 ; 2) the swi ng ~2 

from m 1 to the greatest subsequent maximum.
Weight w2 could be made a smooth function of the time T2 taken to corn-
plete swing S2, with the value of the function equal to zero when T2
exceeds a specified multiple of the period covered by S1 ; w1 would
vanish smoothly as zero is approached by the time from maximum M1 to
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the next minimum (e.g ., from point 3 to point 4 of the seismogram B
in Fig. 8). As we see it , little of value is likely to emerge from
such algebraic thrashing about , because it does nothing to solve the
basic probl em of untangling the direct wave and relief from one another.

L For example , if a weighted average l ike tha t described above were used
to compute the factor A , then ro b would still measure two different
things at different depths--albeit wi th a smooth transition from one
thing to the other.

On balance , given its near-freedom from rel ief-wave influence for
all but cratering bursts , ma seems more closely related than rob to body-
wave strength--yet it too has drawbacks . For one , the ampl i tude of the
first significant positive swing of the seismometer is low relativ e to
those of its subsequent swings , and is often lost in background noise.
In most instances , the factor A is therefore appreciably smaller for
ma than ~b’ 

though not by more than a factor of two . As a result , the
minimum yield for detection of explosi ons is somewhat higher when ma
is used rather than nib . More serious are the large effects of back-
ground noise on the period T that enters ma~ 

as opposed to mb--effects
magnified by the instrument correction , I. For example , noise that
ma kes the first maximum uncertain by a factor of two may only alter A
by 10 percent to 20 percent while giving rise to a 40-percent error
in T and a still larger error in the product TI. More,.ver , the first
max imum of seismometer response is likely to be more sensitive to

variat ions in site medium than are its later extreme s of defl ection.
The d i f f icul t ies cited lead us to suggest that the A-factor alone

be used in place of A/TI as a measure of body-wave strength . Indeed ,

according to Figs. 6 and 11 (pp. 28 and 43), relief-wave effects on
mbl inc luding its discontinuity , are much larger than on the value of
log A that enters mb. We therefore consider log 10 A a better index of
body-wave strength than the mb quantity to which it contributes. A
combination of that value of log 10A wi th ma (or the A-factor associated
therewith) might be more usefu l still.
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